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1 Introduction and preliminaries

The Chebyshev polynomials T),(x), U,(x), V,(x), and W, (x) of the first, second, third,
and fourth kinds are respectively defined by the recurrence relations as follows (see
[2,6,7,12,14]):

Tn+2(x) = 2xTn+1(x) - Tn(x) (I’l = 0): TO(x) =1, Tl(x) =X, (11)
Un+2(x) = 2xun+l(x) - Un(x) (ﬂ = 0)! UO(x) =1, Ul(x) =2x, (12)
Vira(x) = 22V 1 (x) = Viu(x) (> 0), Volx) =1, Vilx) =2x -1, (1.3)

Wi(®) = 22W1(8) - Welx) (n=0),  Wolx)=1, Wiy =2x+1.  (14)

It can be easily seen from (1.1), (1.2), (1.3), and (1.4) that the generating functions for
T,(x), Uy(x), V(x), and W, (x) are respectively given by (see [6, 7, 12])

Lot iT ()" (1.5)
_ 2= n X)L '
1-2xt+t s
1 o0
T = 2 U 16)
n=0
Ft) - — =t Y e (17)
xX)=z ——— = X .
’ _ 2 n )
1-2xt+t s
1+t nd
Glt,x) = —————= =Y _ W,@)¢". (1.8)
_ 2
1—-2xt+¢t s
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The Bernoulli polynomials B,,(x) are given by the generating function
t > "
Xt _ v
o —ZBm(x)m!, (1.9)
m=0
For any real number x, we let
(x) =x—[x] €[0,1) (1.10)
denote the fractional part of x, where [x] indicates the greatest integer < x.
We also recall here that
(a) form > 2,
0 e2m’nx
B, ((x)) = —m! ; 1.11
m((x)) > T (1.11)
n=—o00,n#0
(b) form=1,
~ i erinx _ Bi({x)), forxeR-Z, (112)
= o0 2min 0, forx € Z.
For any integers m, r with m,r > 1, we set
“ r—l+m—1
am,r(x) = Z Z r—1 Vcl (x) e Vcr,,l(x): (113)
1=0 c1+ca+-+cry1=l
where the inner sum runs over all nonnegative integers ¢;,¢y,...,¢41 Withep + ¢ + -+ +

Cry1 = L

Then we will consider the function «,,,({(x)) and derive its Fourier series expansions.

As an immediate corollary to these Fourier series expansions, we will be able to express

(%) as a linear combination of Bernoulli polynomials B,,(x). We state our result here

as Theorem 1.1.

Theorem 1.1 For any integers m, r with m,r > 1, we let

1 & m+2r+k
Apyr=—Y (-1t k+r),2%,
' r!;( ) ( 2r + 2k >( +1)

Then we have the identity

Yo (T e e

1=0 c1+co+etepp1=l
1 (r +j— 1)
=— Z 2 Apjitrejo1Bj(x).
2r P r—1

Here (x), =x(x=1)---(x—r+1), forr> 1, and (x)o = 1.

(1.14)
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Also, for any integers m, r with m,r > 1, we put

B i B m_l<r—1+m—l)
Bor(x) ;Zl( 1) 1 Wal) e W, @), (1.15)
where the inner sum is over all nonnegative integers ci, ¢z, ..., ¢yy1 Wither +ca+- - - +¢41 = 1.

Then we will consider the function B,,,((x)) and derive its Fourier series expansions.
Again, as a corollary to these, we can express f,,,(x) in terms of Bernoulli polynomials.
Indeed, our result here is as follows.

Theorem 1.2 For any integers m, r with m,r > 1, we let

2m+2r+1 & 2k m+2r+k
Qur=—"—""—+— = k .
" r! g( ) 2k+2r+1< 2k +2r )( 1

Then we have the identity

Z Z (_l)m_l (r - i"_—zn ) l) WCI (x) e WCHI (x)

1=0 c1+co+e-+cpp1=l

1 (r+j-1
:522( ri ) )Qm_j+1,,+,_13,(x). (1.16)

Jj=0

Here we cannot go without saying that neither V, (x) nor W, (x) is an Appell polynomial,
whereas all our related results have been only about Appell polynomials (see [1, 8—11]).

We mentioned in the above that, using the Fourier series expansions of «,,,({x)) and
B, ({x)), we can express o,,(x) and B,,-(x) as linear combinations of Bernoulli polyno-
mials as stated in Theorem 1.1 and Theorem 1.2.

In addition, we will express a,, -(x) and B,,.(x) as linear combinations of Euler polyno-
mials by using a simple formula (see (4.1), (4.3)).

Finally, as an application of our results, we will derive some interesting identities from
Theorem 1.1 and Theorem 1.2 together with some well-known identities connecting the
four kinds of Chebyshev polynomials (see (5.1)—(5.3)).

It was mentioned in [11] that studying these kinds of sums of finite products of special

polynomials can be well justified by the following example. Let us put

m—1
o) =3 g BB (= 2) (1.17)
=1

Then just as in [14] and [16] we can express y,,(x) in terms of Bernoulli polynomials
from the Fourier series expansions of y,,({x)). Further, some simple modification of this
gives the famous Faber—Pandharipande—Zagier identity (see [4]) and a slightly different
variant of Miki’s identity (see [3, 5, 13, 15]).

Our methods here are simple, whereas others are quite involved. Indeed, Dunne and
Schubert in [3] use the asymptotic expansions of some special polynomials coming from
quantum field theory computations, the work of Gessel in [5] is based on two different
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expressions for the Stirling numbers of the second kind, Miki in [13] utilizes a formula for

P

the Fermat quotient 2% modulo p?, and Shiratani and Yokoyama in [15] employ p-adic

analysis.

The reader may refer to the papers [1, 8—11] for some related recent results.

2 Fourier series expansions for functions associated with the Chebyshev
polynomials of the third kind

The following lemma, which expresses the sums of products in (1.13) neatly, will play a

crucial role in this section. The corresponding ones for Chebyshev polynomials of the

second kind and of Fibonacci polynomials are respectively stated in [16] and [17].

Lemma 2.1 Let n, r be integers with n > 0, r > 1. Then we have the identity

- r-1+n-1 1
— (r)
o> ( o )vcl(x)mvcm(x)- 5 V@),

1=0 ci+cp+eterp1=l

where the inner sum runs over all nonnegative integers c1,cy,...,Cry1 With c1 + ¢ + -+ +

Cre1 =1
Proof By differentiating (1.7) r times, we have

9"F(¢,x) 21 -1)

- , 2.1
ox" (1 —2xt + £2)r+1 @D
I E(t, > >
% =Y V@ =Y VO e (2.2)
n=r n=0
Equating (2.1) and (2.2) gives
2r(1—t) >
—_ = VY ()¢, 2.3
(1 — 2xt + £2)r+1 Z(; ) (23)

On the other hand, using (1.7)and (2.3) we note that

o]

Z( Z Vcl (x) e VCH1 (x)> "

n=0 “ci+cp+-+Cpy1=n

00 r+1
= (Z Vn(x)t”)
n=0

~ (1 _ t)r+1
I

l o0
= 5= IR O (2.4)
: n=0
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From (2.4), we obtain

1
o Z v @)
n=0

=(1-p7 Z( > Va@ Ve, (x>)t”’

m=0 “c1+co+-+Cpy1=m

= Z <r J;’iql_ 1) o IX:( Z V. (%) Vcr+1(x)> A
=0

m=0 c1+ey+tepy1 =l

Z(Z > (r ' :__i_ 1) Ve () - Vc,+1(x))t”, (2.5)

1=0 c1+ca+-+crp1=l

from which our result follows. O

It is well known that the Chebyshev polynomials of the third kind V,,(x) are given by

(see [6])
1-x
)

~ Z (n + k) 2k (x— 1)f, (2.6)

Ml’—‘

Valx) = o F; (—n n+1l;

where ,F(a, b; ¢; z) is the hypergeometric function.
The rth derivative of (2.6) is given by

V) =Y (”;k")zk(k)r(x— D (0<r<n). (2.7)
k=r

Combining (2.1) and (2.7), we obtain the following lemma.

Lemma 2.2 For integers n, r, with n > 0, r > 1, we have the following identity:

Y o (T e v

1=0 c1+co+-+cpp1=l

1< <n+2r+k

k k
o+ 9k >2 (k+7)(x-1)" (2.8)

r'

For integers m, r with m,r > 1, as in (1.13), we let
" r—=1+m-1
U@ =D > ( o )vcl @)+ Vo (). (2.9)
1=0 cp+ep+e+epp1=l

Then we will consider the function

- —1
o ({ Z 2 (V lriT )Vc1(<x>)---vz,+1(<x>), (2.10)

1=0 c1+cpt-terp1=l

defined on R, which is periodic with period 1.
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The Fourier series of a,,,({x)) is

e
2 : A 2ﬂmx
—00

where

1 1
A;m,r) _ / am‘r(<x>)e—2nimc dx = f am,r(x)e—2ninx dx.
0 0

For m,r > 1, we let
Am,r = c(Wl,r(]-) - Olm,r(o)
~ i Z (r -1+m- l)
1=0 c1+ca+-+cpy1=l r-1

X (Vcl (1) e Vc,“(l) - Vcl (O) e VcHl (0))

Then, from (2.8) and (2.13), we see that

Amp == Z( 1! (’”*”*k)zk(kw)r,
r.

where we observe that

am,r(l) = <m ;r2r) .

Now, from (2.1), we note the following:

d d [ 1
_ (r)
dx Uy, r( ) dx <2,r! Vm+r(x)>

V(r+1 (x)

2r | T

= 2(7’ + l)am—l,r+l(x)~
Thus we have shown that

am,r(x) =2(r+ l)am—l,r+1(x)'

dx

Replacing m by m + 1, r by r — 1, from (2.17) we obtain

i Qvl,r-1 (x) —a (x)
dx 2r s

1
1
/ am,r(x) dx = _Am+1,r—1;
0 2r

am,r(o) = am,r(l) — A, =0

Page 6 of 17

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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We are now going to determine the Fourier coefficients Al

Case 1: n #0.

n

1
A(m,r) _ / am‘r(x)e—ZIrinx dx
0

1 , 1 (/4 ,
:__[amr(x)e—Zmnx];+ : / ( amr(x)> o2

2min 2min dx
1 20r+1) o
=5 (am,r(l) - am,r(o)) + - am—l,r+1(x)e I
2mwin 2win Jy
_ 20r+1) ey L
2min " 2min
_ 2r+1) (2(r + 2)A(’"‘2"+2) B 1 ~ 1
2min 2mwin " omin " 2win
22(r+2)2 2 (- 1)j-1
o \2 m—2.+2) Z Am—j+1,r+j—1
(2min) - 2min)y
27(r + M (0m) 2 r+j-1)
=2 A NTE VTS A
Quimyn " 121: Qriny bl
B 21'-1(r+j—1),_IA
=— Z W m—j+1,r+j-1
j=1
1 & 2(r+j-1)
=—— —— Ay i1 2.21
% 5 (27_”’,1)] m—j+1,r+j-1 ( )
Case2: n=0.
wn _ [ L
A()m,r :f am,r(x) dx = _Am+1,r—1' (222)
0 2r

From (1.11), (1.12), (2.21), and (2.22), we get the Fourier series of «,, ,({x)) as follows:

1 ad 1 & 2(r+j-1) o
oy Dmetr1 = > (; > “Gminy Amjerrja €7
n=—00,n7#0 j=1

1 1 (r+j-1
= ZAWHI,V—I * o ;21( 1 )Am—/+1,r+j—l

( i eZm‘mc )
x | —! —
e o0 2miny

1 1 (r+j-1
= ZAWHIJ—I + ; ]_222]< r—1 )Am—/+1,r+j—lBj(<x>)

Bi({x)), forxeR-7Z,

+ Apr X
0, forx e Z
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1 & (r+j-1
=5 Z 2/( 1 >Am—j+1,r+j—lBj((x>)
=01

Bi({x)), forxeR-1Z,
+ Ay X (2.23)
0, forx € Z.

A ((x)) (m, 7 > 1) is piecewise C*°. Moreover, o, ({x)) is continuous for those positive
integers m, r with A,,, = 0, and discontinuous with jump discontinuities at integers for
those positive integers m, r with A, # 0. Thus, for A, = 0, the Fourier series of o, -({x))
converges uniformly to «,,,((x)). Whereas, for A,,, # 0, the Fourier series of o, ({(x))
converges pointwise to «,,,,({x)), for x € R — Z, and converges to

1 1
2 (am,r(o) + O‘m,r(l)) = (1) - 2 Ay

2 1
= <m; r) - EAM'” for x € Z (see (2.15)). (2.24)
r

From these observations, together with (2.23) and (2.24), we obtain the next two theo-
rems.

Theorem 2.3 For any integers m, r with m,r > 1, we let

LN, g (m+2r+k\
mr=_ " 25(K re
‘kZ: 2 (2r+2k> (k+r)

Assume that A,,, = 0 for some positive integers m, r. Then we have the following.

@ X% D i vertotip =l (r_lri’f’_l) Ve (%))« - - Ve, ((x)) has the Fourier series expansion

D> (r'l,iﬂ"_l)vq«x»---vcm<<x>)

1=0 c1+cg+-+cpp1=L

= lA — i i i 21(7- +j— I)JA lermx (2 25)
% m+1,r-1 o 4 (27Tl}’1)] m—j+1,r+j-1 .
n=—00,n#0 j=1

for all x € R, where the convergence is uniform.

(b)

A e

1=0 c1+cg+-+cpp1=L

1
_1 Z (r +j- ) m /’+1,r+1'*lB]'(<x)) (2.26)

1 0,#1

forall x in R.

Theorem 2.4 For any integers m, r with m,r > 1, we let

m

1 m+2r+k
— _1 k+1 k .
r! Z( ) ( 2r + 2k )2 (k+r)

T k=1
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Assume that A, , # 0 for some positive integers m, r. Then we have the following.

(a)
1 > 1 N 2(r+j-1) ,
_Am+ r-1— A —-Am—‘+ r+j— 2 in
2r bt Z <2rZ 2miny el €
n=—00,n#0 j=1
m r=1+m-l
_ Zl:o ch+c2+<--+cr+1=l ( 171 )VCI (<x>) e VCr+1 (<x>)’ forx ¢Z, (227)
(m;,zr) = 3D forx € Z.
(b)
1 & (r+j-1
% 4 2’( re1 )Am-j+1,r+/—13j(<x>)
“ r—-1l+m-1
2 (el
1=0 c1+cg+tcrp1=l
forxe R-17; (228)

1 & (r+j-1
; Z 21( r—1 )Am/+l,r+lej(<x))

j=0,71

2 1
(") Ay forx el
2r 2

Finally, we observe that, from Theorems 2.3 and 2.4, we immediately obtain the result
in Theorem 1.1 expressing o, -(x) in terms of Bernoulli polynomials.

3 Fourier series expansions for functions associated with the Chebyshev
polynomials of the fourth kind

Here we will omit the details for the results in this section, as all of them can be obtained

analogously to the previous section. We start with the following important lemma.

Lemma 3.1 Let n, r be integers with n > 0, r > 1. Then we have the following identity:

- L (r—1+n-1 | .
oY ’( o )W () Wy, () = o W @),

1=0 ci+cp+etepp1=l

where the inner sum runs over all nonnegative integers ci,¢s,...,Cre1 With c; + ¢y + -+ +

Cre1 =1

As is well known, the Chebyshev polynomials of the fourth kind W,,(x) are explicitly
given by (see [6])

W,(x) = (21 + 1) F; (—n,n +1; ;; l;x)
"% m+k ‘
_(2n+1)k2;m< o )(x—l), (3.1)

where »Fi(a, b; ¢; z) is the hypergeometric function.
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The rth derivative of (3.1) is given by
0)(x - n+k ker
W (2n+1)22k 1( )(k) @-DF (0=r=<n).

Combining (3.1) and (3.2) yields the following lemma.

Lemma 3.2 For integers n, r with n,r > 1, we have the following identity:

> X (T e e

1=0 c1+cy+--+crp1=L

n+2r+k

=—2 )y
(@ +2r+ )Z2k+2r+1( 2% +2r

)(k +7)p(x = k.

Asin (1.15), for m,r > 1, we let

" o [T—1+m—1
Bur@)=>_ Y (-1 l( 1 )Wn(x)---Wcm(x»

1=0 c1+cp+-+cpp1=l

Then the Fourier series of 8, ,({x)) is

1 1
[ puctneran [ orean
0 0

For m,r > 1, we put
Qm,r = ,Bm,r(l) - ,Bm,r(o)

R ma(T—=1+m—1
Y X (T

1=0 c1+ca+-+cpy1=l

X (Wq (1) . Cr+1 (1) WC] (0) e WCH.l (O))

Then, from (3.3) and (3.7), we have

2m+2r+1 & 2k m+2r+k
Q,, = Z(—l)k“i( )(k+ P

r! pa 2k +2r+1\ 2k +2r

where we note that

2m+2r+1 (m+2r
Bns(1) = —— .

2r+1 2r

Page 10 of 17

(3.2)

(3.3)

(3.4)

(3.6)

(3.7)

(3.8)

(3.9)
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From (3.1), we can deduce the following:

d
d_lgm,r(x) =2(r + 1)Bm-1,r11(x), (3.10)
X
(ﬁmﬂzir_(» Brnr(x), (3.11)
r
/ lsmr x) dx=— m+1,r—1r (3.12)
IBm,r(O) = ﬁm,r(l) — Q=0 (3.13)

The Fourier series expansion of 8, ,((x)) is as follows:

1 > 1 & 2(r+j-1) o in
ZQmu,r-l— Z (ZZWQWM’W_I e

n=—00,n#0 j=1
1 & r+ 1
=5 2’( J- > m—js1rj-1B; ((x))
j=0,7#1
Bi({x)), forxeR-7Z,
+ Qur X () (3.14)
0, for x € Z.

We also observe that

1 1
5 (ﬂm,r(o) + ﬁm,r(l)) = ﬂm,r(l) - EQW,’,

_2m+2r+1 m+2r IQ (3.15)
T 2r+1 2r mwr ’

2
Now, the next two theorems follow from (3.14) and (3.15).

Theorem 3.3 For any integers m, r with m,r > 1, we let

2m +2r + 1 2K m+2r+k
Q - _1k+1 k .
" rl ;( ) 2k+2r+1( 2k +2r >( 1

Assume that Q,,,, = 0 for some positive integers m, r. Then we have the following.

(@ Y ZCl+C2+m+CM:,(—1)’” l(r_“m I)W ({x)) - - W,,,, ((x)) has the Fourier series
expansion

m - -1
Z Z (—l)m_l <r ]';i;n ) Wcl (<x>) e WCV+1 (<x))

1=0 ci+co+etepp1=l

1 = 1 & 2(r+j-1) rins
= ZQWI+1,V—1 - Z ; Z WQ —j+1,r+j-1 | € (316)
n=-00,n#0 j=1

Jor all x € R, where the convergence is uniform.
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(b)
Z Z (_l)ml<r—1+}’11’l—l) WCl((x))...WCY+1((x))
1=0 c1+co+-+cpp1=l r—=
1 & 1
o Z (r e ) mojrirsj-1Bj (%)) (3.17)
j=0,j%#
forall x in R.

Theorem 3.4 For any integers m, r with m,r > 1, we let

2m+2r+1 & 2k m+2r+k
Q _ _1k+1 k + .
mr ! ;( ) 2k+2r+1( 2% +2r )( r

Assume that Q,,,, # 0 for some positive integers m, r. Then we have the following:

(a)
1 o0 17 2j(r +j-1); ‘
—Qm+ -1 — — —'19}’71—'-# i 21 inx
2r Lr-1 Z (2’,2 (2riny j+lr+j-1 | €
n=—00,n#0 j=1
D/ D G Vel G LA CO B A ()}
= forxeR-17Z, (3.18)
B (m2+r2r) - iQuy, forxel.
(b)

1~ (r+j-1
2 ( 2 )Qm"”’”"lB’((x))

“ ~l+m-1
:Z Z (_1)’”‘l<r riT )Wcl(<x>)"'Wﬁr+1(<x>)’

1=0 ci+co+etcpp1=l

forxe R-17; (3.19)
r+ 1
— Z ( J- ) —j+1,r+j—lBj(<x>)
] =0,/#1
2 2r+1 2 1
JomrarE L (mrer - =Qu, forxelZ.
2r+1 2r 2

Now, as an immediate corollary to Theorems 3.3 and 3.4, we get the stated result in
Theorem 1.2 expressing B,,,-(x) in terms of Bernoulli polynomials.

4 Expressions in terms of Euler polynomials
Let p(x) € C[x] be a polynomial of degree m. Then it is known that

p) =) biEi(), (4.1)
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where Ei(x) are the Euler polynomials given by

xt_E:
e”+le _k Ek(x)k!’
-0

and

bi ©(1) +p®(0)), k=0,1,...,m.

" 2kl
Applying (4.1) and (4.3) to p(x) = o (x), from (2.17) we have

al® (@) = 20 + K) ki e ().

Hence, from (4.4) we see that

+k
— 2/(71 (r ) (Olm—k,r+k(1) + am—k,r+k(0))

r

r+k
= 2k_1( - > (2am—k,r+k(1) - Am—k,r+k)'

Now, we note from (2.15) that

2r + 2k

m+2r+k
am—k,r+k(1) = ( )

Combining (4.5) and (4.6), we finally obtain

Ttk m+2r+ky\
bi=2 ( r )(2( 2r + 2k Amtorsk |

Thus we have the following theorem from (4.1) and (4.7).

Theorem 4.1 For any integers m, r with m,r > 1, we have the following:

DS ("if‘l)vq(x)mvw(x)

1=0 c1+co+e-tepp1=l

7 k m+2r+k
=S 2 (T (2 — Aok ) Ex(5),
Z ( r 2r + 2k ek | E(®)

k=0

where A, is given by (2.14).
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(4.2)

(4.3)

(4.5)

The next theorem follows analogously to the previous discussion and hence the details

will be left to the reader.
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Theorem 4.2 For any integers m, r with m,r > 1, we have the following:

2. )

1=0 c1+co+etepp1=l

S K\ (2@m+2r+1) (m+2r+k
= k-1 r+ 2(2m +2r+1) o e | »
; ( r 2r+2k+1 2r + 2k kork | Ei(%) (4.9)

<r—1+m—l

-1 ) Wcl (x) o WCHl (x)

where Q,,, is given by (3.8).

5 Applications

Let T, (x), U,(x) (n > 0) be the Chebyshev polynomials of the first kind and of the second
kind respectively given by (1.1) or (1.5), and (1.2) or (1.6). The statement in the following
lemma is from equations (1.2) and (1.3) of [12].

Lemma 5.1 Let u = [%(1 +)] 3. Then we have the following identities:

Wi (x) = (=1)"Viu(—%), (5.1)
Viu(x) = ut Tons1(ut), (5.2)
Wn(x) = uZn(u)~ (53)

From (1.14) and (5.2) and with #« as in Lemma 5.1, we have

“ r—1+m—1
Z Z ( r—1 >T261+1(u) e T2c,+1+1(u)

1=0 c1+c+-+cpp1=l

1 I rvj-1
= Zqu Z 21( ri 1 )Am_jJrLrﬂ‘_lBj(x). (5.4)
j=0

In particular, for x = 0, (5.4) yields

Xm: 5 (r_ iiT_ z) szl(%) . TZcHHl(%)

1=0 c1+co+e+epp1=l

1 (r+j-1
= Z 2’( 1 )Am-j+1,r+j-13j. (5.5)
j=0

43
272 Z

On the other hand, from (1.16) and (5.3) and with « as in Lemma 5.1, we get

> X o (T w0t )

1=0 c1+cg+-+cpp1=L

1 (r+j—-1
:ZZZJ< ril )Qm,’+1,r+,'1B,'(x). (5.6)
j=1
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Now, letting x = 0 in (5.6) gives

£ (e () ()

1=0 cr1+cy+--+crp1=L
1« .<r+j—1>
== Z 2 Qn_ji1,r4j-1B;- (5.7)
2r P r—1

Finally, from (1.14), (1.16), and (5.1), we obtain

> (—1)’(”‘ lri’l”‘l) Wy (5) - Wi ()

1=0 c1+co+-+cpp1=l

Lo~ (r+j-1
=— 21( )Am—j+1,r+j—1Bj(_x)
" r—1

1 2 (r+j-1
= ; (=™ ; 2]< o1 )Qm—jﬂ,rﬁ'—lBj(x)' (5.8)

In particular, when x = 0, (5.8) gives

m .

i(r+]— 1
E 2 ( 1 )Am—j+1,r+j—lBj
0

(T -1
=(-1) 22’( 1 )Qm—j+1,r+j—1Bj' (5.9)
j=0
In addition, from (5.8) and using the well-known fact that Bj(—x) = (=1)/(B;(x) + j¥' '),
we have
“ fr+j-1 i1
-2 Am—'Jr r+j— x
]Zl:( )1]<r_1) j+1,r4+j-1

m—1 .
(r+j-1 ;
= (_l)m E 2]( }”i 1 )(Qmj+1,r+jl + (_1)m—1+1 Am—j+1,r+j—1)Bj(x)r (510)
j=0

where we observed that
Q1,r+m—1 - A1,r+m—1 =0. (5~11)

6 Results and discussion

Let (%), Bu,r(x) denote the following sums of finite products given by

am,r(x) = Z Z (r - itT - l) Vcl (JC) e V5r+1 (x);

1=0 c1+co+-+cpp1=l

(6.1)
“ - ~1
= 3 (—1)”’-1(’ L )wx)--w%l(x),

=0 cp+co+-+cpy1=l
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where V,,(x), W,(x) (n > 0) are respectively the Chebyshev polynomials of the third kind
and of the fourth kind. Then we considered the functions «,,,({(x)), Bm,({x)) which are
obtained by extending by periodicity 1 from «,,,(x), B,,(x) on [0,1). We obtained the
Fourier series expansions of oy, ,({(x)), B.r({(x)), and expressed «,,,(x), B (x) as linear
combinations of the usual Bernoulli polynomials. Moreover, we expressed oy, »(x), B, (%)
in terms of the usual Euler polynomials and derived several identities involving the four
kinds of Chebyshev polynomials. We expect that we can get similar results for some other

orthogonal polynomials.

7 Conclusion

In this paper, we studied sums of finite products of Chebyshev polynomials of the third
kind and of the fourth kind. In recent years, we have obtained similar results for many
other special polynomials. However, all of them have been the Appell polynomials,
whereas Chebyshev polynomials are the classical orthogonal polynomials. Studying these
kinds of sums of finite products of special polynomials can be well justified by the follow-

ing example. Let us put

m-1

1
V(%) = kZI T~ B OBrei@) (m = 2). (7.1)

Then we can express y,,(x) in terms of Bernoulli polynomials from the Fourier series ex-
pansions of y,,((x)), just as we did these for @, (%), Bur(x). Further, some simple modi-
fication of this gives us the famous Faber—Pandharipande—Zagier identity and a slightly
different variant of Miki’s identity. We note here that all the other known derivations of
Faber—Pandharipande-Zagier identity and Miki’s identity are quite involved. But our ap-
proach to (7.1) via Fourier series is elementary but powerful enough to get many results.

We expect that we can get similar results for some other orthogonal polynomials.
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