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Abstract

In this note, we prove that there does not exist a Steiner (v, k, 2) trade
of volume m, where m is odd, 2k +3 < m < 3k —4, and ¥ > 7. This
completes the spectrum problem for Steiner (v, k, 2) trades.

1 Introduction

A (v,k,t) trade T = {11, T3} of volume m = m(T') consists of two disjoint collections
T, and Ty, each containing m k-subsets, called blocks, of some set V', such that each
t-subset of V is contained in the same number of blocks in 77 and T3. The set
of elements of V contained in T} is denoted by F(T}). Note that there may exist
elements of V which occur in no block of T;. In this paper since we are not concerned
with the value of v we write (k,t) trade instead of (v, k,t) trade.

Definition 1 A (k,t) trade T = {T1, T»} is called Steiner (k,t) trade if any t-subset
of F(T1) occurs at most once in T;.

Definition 2 The spectrum S(k,t) of Steiner (k,t) trade is

S(k,t) = {m|there exists a Steiner (k,t) trade of volume m}.
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It is well-known that S(3,2) = {0,4,6,7,8,...} (see [7]), S(4,2) = {0,6,8,9,10,...}
(see [2]) and S(4,3) = {0,8,12,14,15,16,...} (see [5] and references therein). In
[3], Gray and Ramsay show that S(5,2) = {0,8,10,12,13,14,...} and 5(6,2) =
{0,10,12,14,15,16,...}. They also prove that:

Theorem 3 (1) (See [3]) If0 <m < 2k—2 orm = 2k — 1, then m & S(k,2). If
m =0, orm >3k —3, orm is even and 2k — 2 < m < 3k — 4, then m € S(k,2).
(2) (See [4]) 2k +1 € S(k,2) precisely when k € {3,4,7}.

So for k > 7, the inclusion of odd volumes between 2k+3 and 3k—~4 in S(k, 2) has
remained undetermined. In this note we prove there does not exist a Steiner (k,2)
trade T" with m = m(T) odd and 2k +3 < m < 3k — 4 for k > 7. This completely
settles the spectrum problem for Steiner (k,2) trades.

2 Preliminary Results
First we state some results of [6] and [3].

Definition 4 For an s-subset S and trade T = {1, T»}, let rs(T1) be the number of
blocks in Ty which contain S. If S = {z}, we write 4 for 13 (T1).

Lemma 5 (See [6]) If S is an s-subset, 1 < s < t, and T is a (k,t) trade, then
rs(T) # 1, m(T) — 1.

Lemma 6 (See [3]) Suppose T = {T}, Ty} is a Steiner (k,2) trade with rq = 2 for
some a € F(T1) and m(T) < 4k — 10. If B, and By are the two blocks of Ty
containing o, then there exist (distinct) elements ¢ € By and y € By such that at
least k — 1 blocks of Ty (including B) contain x but not y, and at least k — 1 blocks
of Ty (including By ) contain y but not x.

Lemma 7 (See [3]) Suppose T = {11, Tz} is a Steiner (k,2) trade, k > 3, and there
exist distinct elements x,y € F(Ty) such that ro + 1, > m(T). Thenr, =1, =
m(T)/2.

We also make use of the following lemma in the next sections.
Lemma 8 Let z, y, z and k be integers with k > 3 and ¢(z,y,2) = zz+yz—zy. If
() z+y+2z=k-1, and
(2)0<z<y<z2<k-2,

then ¢(z,y,2) >k —2 if k# 4,7 and ¢(z,y,2) > k — 3 if k = 4 or 7. Furthermore,
these minimum values are obtained only at

(i) (z,9,2) =(0,1,k—2) fork=3 ork 2 §;
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(i) (z,y,2) € {(0,1,3),(1,1,2)} for k =5;
(iil) (z,y,2) € {(0,1,4),(1,2,2)} for k=6;
(iv) (z,9,2) = (1,1,1) for k = 4; and

) (z,9,2) = (2,2,2) for k="7;

Proof Ifz =0 then ¢(0,y,2) =yz,0<y<zandy+z=Fk—1. So ¢(0
k — 2. Moreover, ¢(0,1,k — 2) = k — 2. Now let z > 1. Then (2) becomes
y<z<k-2andso k>4. From (1) wehave z=k—-1—-2z—-yso

Y %) 2
1<z <

Y@,y)=d@yk-1-z—y)=(e+y)(k-1-(z+y)) -2y
and z + 2y < k — 1. If we assume z,y are real numbers and 0 < A <y — z then

(+y)k—1—-(z+y)~(@+N)Yy—A)
(z+y)k-1-(z+y) —zy+ Mz —y) + N
(x(+y))(k—l—($+y))—$y+)\(a:-—y+)\)
Y(z,y).

il

IA T

So the minimum of %(z,y) occurs at z = y. Letting y = z in ¢(z,y) we find
Y(z,2) = =522 + 2(k — 1)z and by (1) and (2) we have 1 <z < (k—1)/3. So

P(x, z) >= min(y(1, 1),%((k - 1)/3, (k — 1)/3)).
Now if z =1 then
(1, 1,k—3)=2%—-7>k—2fork>5
and if z = (k — 1)/3 then
o((k—1)/3,(k—1)/3,(k—1)/3) = (z = 1)?/9 >k —2for k > 9.
The case k € {4,5,6,7,8} is left for the reader. O

3 Steiner (k,2) trades with k > 8

In this section we prove that for k > 8 there does not exist a Steiner (k,2) trade T
with m(T) odd and 2k + 3 < m(T") < 3k — 4. We begin with the following crucial
lemma.

Lemma 9 Suppose T = {11,T:} be a Steiner (k,2) trade with k > 8. If there exists
an o € F(Ty) with ro, = 3 then m(T) > 3k — 3.

Proof Let B;, By and B; be the three blocks in 7} which contain the element o

and let Cy, Co and Cj be the three blocks in T which contain the element o (see
Table 1) Note that Bl U Bg U B3 Cl U 02 U 03
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T1 T2
By A{oybiy by, big-n} | O {esen, g, agen}
Bz < {a,bgl, b22, e ,bg(k_l)} 02 : {a, Co1,C22, ... ,Cg(k_l)}
Bg : {oz, bgl,bgg,.. . ,b3(k_1)} Cg : {Ct, C31,C39, ... ,C3(k_1)}

Table 1

Define X;; = (C; N B;) \ {a} and z;; = |X,;| for 1 < 4,5 < 3. Then it follows that
> % =k—1and Y31 zi; = k — 1. Moreover, since T} and Tj are distinct we
have z;; < k — 2. We also define '

P={{#7}Be Xy, v€ X5, and 1 <7 < 5 <3}

for 1 <17 < 3. Note that each P, is the edge set of the complete tripartite graph, G;
say, with parts X;;, 1 < j < 3. Now let A € T1\{By, By, Bs} and P = {{z,y} |7,y €
A}. Since each element of P; occurs exactly in one block of T} we have |P N B;| = 0,
1, or 3. Moreover, if |P N P;| = 3 then these three pairs form a triangle. Therefore
there must be at least

TiTi2 + TiZiz + TioTiz — 2(maximum number of triangles in G)

blocks in T3 to cover the pairs in P,. Assuming z;; < x5 < 253, the maximum number
of triangles in G; is z;12;2. So there must be at least

TinZiz + T %iz + Tiakiz — 2Ti1Tig = Ty Tig + TioZiz — TinTiz

blocks in T} to cover the elements of ;. On the other hand, no element of P; and
P; can occur in the same block of T for ¢ # j. Now applying Lemma 8 we see

mT)>3+(k-2)+(k—2)+(k—2)=3k-3.
This completes the proof. O

Lemma 10 SupposeT = {11, T} is a Steiner (k,2) trade, k > 8 and m(T) < 3k—4.
Then each block of Ty contains an element which occurs in ezactly two blocks.

Proof First note that if r, = 3 for some o € F(T}) then by Lemma 9 m(T) > 3k—3
which is a contradiction. Now consider the block {ay,as, a3, ...,ax} € Ty. If ro, > 3
for all 1 <4 < k then since each element ay, a9, a3, . .., a; occurs at least four times
in the blocks of 77 and no pair of these elements can occur in more than one block
of T; it follows that m(T) > 3k + 1. This is also a contradiction. So each block of
T} contains an element which occurs exactly in two blocks. a

Theorem 11 Let m be odd, k > 8 and 2k +3 < m < 3k — 4. Then there does not
ezist a Steiner (k,2) trade of volume m.
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Proof Let T = {T1, T3} be a Steiner (k, 2) trade of volume m. By Lemma 9, 7o # 3
for all @ € F(T}). By Lemma 10, there exists an element o € F(T1) with ro = 2.
Now since for k > 7 we have 3k — 4 < 4k — 10, by Lemma 6 there exist distinct
elements ¢ and y in F(T}) such that at least & — 1 blocks of 7 contain z but not y,
and at least k — 1 blocks of 7} contain y but not z, and a block from each of these
collections contains o.

(i) If there is a block B in T} with 2,y € B, then we need at least (k—1) + (k—1) +
(k —2) +1 = 3k — 3 blocks in T}, since by Lemma 5 rg > 2 for all § € F(Ty1), which
is a contradiction. So there is no block in 7} containing both z and y.

(ii) If each block of T} contains either z or y then 75 + 1, > m(T’). Now by Lemma
7 1, = r, = m(T)/2 which is impossible since m is odd. So there is a block in T}
which contains neither z nor y.

(iii) Let B € Ty and z,y ¢ B. By Lemma 10 there is an element v € B with r, = 2.
Now since m(T) < 4k — 10 by Lemma 6 there exist distinct elements z and w in
F(T') such that at least k — 1 blocks of 7} contain z but not w, and at least k — 1
blocks of T} contain w but not z, and a block from each of these collections contains
y. If {z,y} N {z,w} = 0 then

mT)>k—-1)+k-1)+(k—-3)+(k—-3)>3k—4fork >38.

So without loss of generality we can assume {z,y} N {z,w} = {z}, say z = w. By (i)
the pair {z,z} cannot appear in any block of Ty. If the pair {y,z} does not appear
in any block of 77 then

m(T) > (k—1)+ (k= 1)+ (k—1) = 3k — 3 > 3k — 4.

So let {y, 2} appears in a block of Ty. This forces that m(T') = 3k — 4 (so k is odd),
ry =71, =71, =k —1 and for any block A € T} we have AN {z,y,z} # 0. Now for
any element § € F(Ty) \ {z,y, z} we must have r; = 2. Therefore

k(3k —4) = (k— 1)+ (k — 1) + (k= 1) + 2(|F (Ty)| — 3).

This is also impossible since left hand side is odd and right hand side is even. This
completes the proof. O

4 Non-existence of a Steiner (7,2) trade of
volume 17

In this section we prove that there does not exist a Steiner (7,2) trade of volume 17.
So by [3] and [4] S(7,2) = {0,12,14,15,18,19,20,...}.

Lemma 12 Let T = {T}, T2} be a Steiner (7,2) trade with m(T) = 17. If there
ezists an o € F(Ty) with ro = 3 then ry > 3 for all x € F(Ty).

Proof Let By, By and B; be the three blocks in Ty which contain the element
« and let C;, C, and C; be the three blocks in T, which contain the element o.
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Note that By U By U B3 = C; UC, UCs. Let X5, x5 and Py for 1 < 4,5 < 3
be defined as in Lemma 9. So we have Z?:l zy; = 6 and Zg’zl z;; = 6. Applying
Lemma 8 and the fact m(T) = 17 forces z;; = 2 for 1 < 4,5 < 3. This implies
that the blocks in 7} have one of the two structures as shown in Table 2. Note
that for both structures C; = {,1,2,7,8,13,14}, C; = {, 3,4,9, 10,15, 16}, and
Cs = {,5,6,11,12,17,18}. Moreover r, > 3 for z € {1,2,3,...,18}.

Ty (Structure 1) T; (Structure 2)
Bi: {a,1,2,3,4,5,6) Bi: {a,1,2,3,4,56)
By: {a,7,8,9,10,11,12} By: {a,7,8,9,10,11,12}
B;: {a,13,14,15,16,17,18} Bs: {0,13,14,15,16,17,18}
By {1,7,13,%,%,%,%} By: {1,7, %, %, %, %, %}
Bs:  {1,8,14, %,%,*,*} Bs . {1,13,%, %, %,% %}
Bg:  {2,7,14, %, %, %, *} Bg': {7,13,%,%, %, %, %}
By {2,8,13,%,%, %, %} Br: {1,8,14, %, %, %}
Bg:  {3,9,15, %, %, %, %} Bg: {2,7,14, %, %,, %}
By: {3,10,16, %, %, %} By: {2,8,13,%,%,%,}
Bio: {4,9,16,%, %, %, %} Bio: {3,9,15,%, %, %, x}
Byy: {4,10,15, %, %%, %} Bii: {3,10,16, %, %, %, *}
By {5,11,17, %, %, %, %} Bio: {4,9,16, %, %, %, }
Big: {5,12,18, %, %, %, %} Bis: {4,10,15, %, %, %, *}
By {6,11,18, %, %, %, %} Big: {5,11,17, %, %, %, %}
Bis: {6,12,17,%, %, %, %} Bis: {5,12,18, %, *, %, %}
Big: {, %, %, %, &, k, %} Big: {6,11,18, *, %, *,*}
Big i {#, %, %, %, &, *, k} Bir: {6,12,17, %, %, %, %}

Table 2

Case 1 Let the blocks in 77 have Structure 1. .

(i) If a block contains an element which occurs exactly in three blocks it cannot
contain an element which occurs in more than five blocks.

(ii) There are at least five elements in B; which occur in exactly three blocks.
Case 2 Let the blocks in T} have Structure 2.

(i) If a block contains an element which occurs exactly in three blocks it cannot
contain an element which occurs in more than four blocks.

(ii) There are at least five elements in B; which occur in exactly three blocks.

Now let o, 8,7 € F(T) with ro = 73 = r, = 3. Then we need at least six blocks in
T, for these three elements. Now let 75 = 2 for some § € F(T}). Since m(T) = 17 <
4.7-10 =18 by Lemma 6 there exist (distinct) elements z and y in F(T}) such that
at least 6 blocks of T} contain = but not y, and at least 6 blocks of 77 contain y but
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not z. So by (i) m(T") > 6+ 6 + 6 which is a contradiction. Therefore, if ro = 3 for
some o € F(T}) then 7, > 3 for all z € F(T1). This completes the proof. O

In a similar manner to Theorem 11 we prove the following lemma.

Lemma 13 Let T = {T1, T3} be a Steiner (7,2) trade with m(T) = 17. Thenr, > 3
for all z € F(T1). :

Proof Let r, = 2 for some a € F(T). Since m(T') = 17 < 18 = 4.7 — 10 then by
Lemma 6 there exist (distinct) elements z and y in F(T}) such that at least 6 blocks
of Ty contain z but not y, and at least 6 blocks of T; contain y but not .
(i) If there is a block B in Ty with z,y € B then since by Lemma 5 7o 2 2 for all
o € F(Ty) we need at least 6 + 6 + 5 + 1 = 18 blocks in 7} which is impossible. So
there is no block in T} containing both z and y.
(ii) If each block of 7} contains either z or y then ry +7r, > m(T). Now by Lemma 7
ry = 1, = 17/2 which is impossible. So there is a block in T; which contains neither
T nor y.
(iii) Let B € Ty and z,y ¢ B. If each element of B occurs in more then three blocks
then m(T") > 3.7 + 1 = 22 which is impossible. Moreover, by Lemma 12 and the
fact that F(T;) has an element which occurs in exactly two blocks, B contains no
element which occurs in exactly three blocks. Therefore there is an element 8 € B
with 75 = 2. So by Lemma 6 there exist (distinct) elements z and w in F'(T3) such
that at least 6 blocks of T} contain z but not w, and at least 6 blocks of T} contain
w but not z. If {z,y} N {z,w} =0 then m(T) > 6+6+4+4 = 20. So without loss
of generality we can assume {z,y} N {z,w} = {z}, say = w. By (i) the pair {z, z}
cannot appear in any block of Ty. If the pair {y, z} does not appear in any block of
T, then

m(T)>6+6+6=18>1T.

So let {y, z} appears in a block of T}. Since m(T) = 17 we have ry =1y =71, =6
and for any block A € T; we have AN {z,y,z} # 0. Now for any element v €
F(T)\ {z,y, z} we must have r, = 2. Therefore

7.17 =119 = 6 + 6 + 6 + 2(|F(T1)| - 3).

This is also impossible since left hand side is odd and right hand side is even. This
completes the proof. ]

The proof of the following lemma is left for ;che reader.

Lemma 14 Let T = {T1, Ty} be a Steiner (7,2) trade with m(T) = 17.
(i) Any block of Ty contains at most two elements which occur in more than three
blocks.

(ii) If a block B € Ty contains two elements which occur in more than three blocks
then ANB # 0 for any block A € T.

Theorem 15 There does not exist a Steiner (7,2) trade with volume 17.
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Proof LetT = {T1,T5} be a Steiner (7,2) trade with m(T") = 17. Then by Lemmas
12 and 13 the blocks of 77 have one the two structures as shown in Table 2.

Case 1 Let 77 have Structure 1 as shown in Table 2. By Lemma 14 part (i),
|Bis N {1,2,3,...,18}| = ¢, where 0 < i < 2. It is straightforward to check that if
i = 0,1 then m(T) > 17. If ¢ = 2 then by Lemma 14 part (ii), Big N B; # 0 for
1 < j < 17. This is impossible since By N By N By = {a}.

Case 2 Let T} have Structure 2 as shown in Table 2. By Lemma 14 part (i) By N
{1,2,3,...,18} = {1,7}. So ByNB; # @ for 1 < j < 17. This is impossible since
Bg n B4 - @ D

5 Conclusion
Here we summarize the results on the spectrum of Steiner (k, 2) trades.

Theorem 16 There ezists a Steiner (k,2) trade of volume m if and only if
(1) m=0;
(2) m > 3k —3;
(3) m is even and 2k —2 < m < 3k — 4; or

(4) m =2k +1 when k € {3,4,7}.

The result of this paper contributes to the understanding of Steiner 2-designs for
(at least) the following reasons.

(1) It lays the foundation for solving the intersection problem for these designs,
which heretofore has only been solved for block sizes 3 and 4. (See [1] for a
survey on intersection problem.)

(2) It aids in the investigation of defining sets (see [8]) for these designs. A defining
set must meet every trade; so every bit of information about possible trades
gives another small step towards understanding the seemingly unfathomable
secrets of defining sets.

(3) In practical applications of design theory (e.g. design of experiments), many
appropriate designs can be found. As the experiment progresses, an additional
constraint on the design might surface. Do we have to scrap it all and start
over with a new design, or can we just wiggle the existing design a bit, so as to
satisfy the new constraint, and only have to repeat some of the trials? Exactly
what is needed here is a small trade. Our results here indicate just what kind
of small trades are possible.

Open problem. What is the spectrum of Steiner (k, 3) trades?
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