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Introduction

Inversion formulas with kernels containing Bessel functions of purely
imaginary order [1, vol. 2] and Legendre functions of complex index with
the real part -4 (conical functions) [1, vol. 1] as variable have become
prominent in recent times as methods in solving certain boundary value
problems of the wave or heat conduction equation involving wedge or conically

shaped boundaries. [3], [4], [6], [10}, [11], [13].

These inversion formulas are:

A. Lebedev transform [7]

gly) = g £(x) K, (y) dx,
(1)
£(x) = 2r %x sinh (nx) (S) y'lKix(y) g(y) dy.

(o]

K;,(y) is the modified Hankel function [K, (y) = § exp(-ycosht)cos(xt)dt].
0

B. Mehler transform [5], [8], [9]

= = f{x) P } ax,
g(y) (5) (x) ix__%(y
(2)
f(x) = xtanh (nx) { Pix_é_(y) g(y) dy.
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C. Generalized Mehler transform [12]

. K
g(y) (S) £(x) Pyy 3 (3) dx,

(3)

£(x) ﬂ_lx sinh (mx) (% -k +1x)T{} -k ~ 1x) {mg(y) Pli(x-g-(y) dy.

For the condition of validity of the above formulas see the quoted

literature. From formula 26 [1, vol. 1, p. 129] (see also the list of

notations at the end of this report),
(4) Pk (cosh a) = (2n sinha) ”%{exp( -iax) T i F.[§+k%,% -k;
ix-% My -k-ix) 271 ’ ?

1l+ix;-4 exp(-a) cscha] + exp(iax) P Fj)k(+ix) .

o ol [ +k,4 -k31-1x;-4 exp(-a)csch al}.

oA, i

This function obviously is an even function of x and is real for real perameters

and real x.

The speclal case k = 0 in (3) yields the case (2). Furthermore
from (4)

[, TUWREE TR

P%'x_%(cosh a) = (Z/w)%(sinh a) -%cos(ax),
(5)

P;é;_%_(cosh a) (2/17)_%( sinh a) _%-sin(ax) .

oo

&

Therefore from (3) for k =4 putting y = cosh a, g ‘
(sinh a)%g(cosh &) = (2/n)ﬁh § £(x) cos (xa) dx, | |

[¢]

(6)

£(x) = (2/m¥ § g(cosh &) (ainna)¥cos(xa) da. o
0

4




For k = -}

% 1
(sinh a)2 g(cosha) = (2/n)§' § xf(x) sin(xa) dx,
0

(7

-1 r %

x Tf8(x) = (2/m? § g(cosha) (sinh a)® sin(xa) da.

0

But these are the Fourier cosine and the Fourler sine transformation

formulas which are therefore a special case of (3).

The behavior of the kernel functions in (1), (2), (3) for large
positive values of x and fixed argument y 1s of great importance.

One has [1, vol. 2, p. 88],

(8) Kip(®) ~ (2n/x)Bexp(- § %) sin [xlog (2x/y) - x+ T ]

for large positive x and fixed y. Purthermore, from (4),

(9 Pt (9 = (2nsinha) LS e tax-ifk+13) + exp(taxtifi -17)]

for large positive x and fixed y = cosh a.

Of further importance are representations of the different types of
waves in the form of an integral transform of the kind expressed in (1),

(2), and (3). Such representations are:

Cylindrical wave

(10) K [p(r? + r'? - 2rrt cos )] = 2 (s:’ K, (Br)K, (pr?) cosh [x(n - |0])]ax,

0< @< 2m.




Spherical wave

2 2

(11) (82 + R'2 - 2RR* cos 0) Fexp[p(R? + R*® - 2RR' cos 6) ¥
= Yt (Sfx tenh (m) B 4 (~cos ) K, (BR) Ky (pRY) ax,

0<6<2n

Generalized spherical wave

2 2

(12) (R2 + R'" - 2RR! cos 6) '%“xa [p(R2 + R'® - 2RR' cos e)’i‘]

= Z%n_%(RR')—q(sin 6)%-—Gl Smx sinh (rx)1(a + iX)I'(ac - ix) -
0
. _24;’;%(-0% 6) K, (BR) K; (pR') ax,

Re a > -1, 062
The following tables (A), (B), (C) represent a list of integral
transforms of the type (1), (2), (3). Most of the results displayed here

are new and have been taken from unpublished material of the authors.

- -M.%m“ p——

Certain combinations of Bessel functions which occur on the

r.h.s. of these tables can be replaced by other combinations such as:

(13) Ja(x) cos (¥ ma) - Ya(x) sin (} ma)= % sec (4 ma) [Ja(x) + J_a(x)]

.

=—%csc (bma) [Y (x) -¥_(x)], .
1
(14) Ja(x) sin (4 ma) + Yu(x) cos (4 ma) = 4 csc (4 ma) [Ju(x) - J_a(x)] '
= 4 sec (} ma) [Ya(x) + Y_a(x) 1, :
&




(15) I (0Y_(y) + I_ (DY (%) = cse(ma) [T (%) (¥) - T_(x)I_(¥)]

= ¢se(na) [Y_a(x)Y_a(y) - Ya(X)Yu(°Y)],

(16) I (Y (y) - Y (0I () = I_(0Y_ (0 = ¥_(03_ ()

= cse(na) [J (¥)J_ (%) - I (0J_ (N1,

A7 I Y () - I_ (01

sin(ma) [Ja(x)Ja(y) + Ya(X)Ya(y)]

sin(m) [J_ ()T_ (y) +¥_(0¥_(y)].




Table A

Lebedev Transform
o
gly) = % f(x)Kix(y)dx

=2 © 1
E(x) = 2n “sinh(nux)[ y7K, (y)e(yddy
0




(=)
£(x) gy) =§ f(x) K;,(y) ax
2
x 4ny exp (-y)
[ ,2n
x2n +n (—l)nl»d on exp{-y cosh z):l
e z=0
2, 2" -1
(& + x%) ina § exp(-ycosht - at)dt
[¢]
oo
(a2 + x2) ] § exp(-ycosh t)KO (at)dt
0]
- (=]
exp (~ax) af (za.2 + t2)_lexp (~y cosh t)dt
0

cos (ax) 4n exp (~y cosh a)
x sin (ax) 41y sinha exp(-ycosha)
sin(ax) sinh (bx) 4n exp (-ycosbcosha)sin(y sind sinha)
cos (ax) cosh (bx) 4n exp (~ycosbcosha)cos(y sinb sinha)
sink (ax) sinh (bx) 4w exp (-ycosacosb)sinh(y sina sin b)

a+ b <
cosh(ax) cosh (bx) 47 exp (-ycosa cos b)cosh(y sina sinb)

a+ b




£(x)

ey) = 5 £(x) K (y) ax
o

sech (nx)

{1 = y[K ()L (3) + Ly &K (1) ]}

sech (mx)cosh (ax)

4n exp (ycosa)Erfe (2y)%]cos Ga)|]
a < _3%&

sech (3mx) cosh (ax)

y Egm(y2 + t2) -‘%exp (=t cos a)Kl[ (y2 + tz)%]

alm

¢sch (mx) sinh (ax)

sina gw exp(~t cos a)KO[ (y2 + tz)%]

aflm

csch (mx) sinh (ax)

(>

4 sina § exp(-tcos a)KO (y + t)at
6]

as%.

tanh (wx) sinh (ax)

4n exp (~y cosa)Erf| (2y)%sin (}a) ]

a £ &1

sech (nx) sinh (ax) sinh (bx)

Infexply cos (a+ b)JErte( (2y)2cos (3a + 4b) ]

- exp[ycos{a-b)]Erfe| (2:/)%005 (38 - 3b) ]} .

a + bSle

sech (nx) cosh (ax)cosh (bx)

{n{exp[y cos(a+ b)]Erfe [n(?_z)%cos(ﬁ-a + 4b) ]
+ explycos(a~ b)]Erfe| (2y)%cos(1§a - 30 1}

a + bz%

x tanh (& mx)

vk (y)
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£(x)

Bx) = § £ Ky(y) ox

¢sch(bx) sinh(mx)cosh(ax)

2,71 5 (n o 1 (y)cos(nﬂa/b)
n=0

é—n
b-a)3dn

tanh(nmx) sinh(bx)csch(ax)

r{exp[-ycos (b+a) ]Erf[(Zy)%sin(-g—b + 418)]
+ exp[-y cos (b -a) JEre[(2y)¥sin(3b - 3a) ]}

a+ b<dn

x sinh (mx) (k4 ix) Mk - $ix)

1-2k_2 2k
2 my

0<Re k <}

x sinh (mx) I(k - 3ix) T(k + 4ix) *

« N4 - k - #Hx)I(F - k + 4ix)

25 %K% e,

x tanh(}nx) P%_ix_%(z)

Yo Ly(d + 32)2)

x tanh (mx) Pix_%(z)

(%ﬂy)%eXp( -zy)

x sech (mx) tanh(mx) Pix——zl( z)

-(2m) '%y%eXP(zy)Ei(—zy -y)

x sinh (mx) sech (2mx) Pi2x—-§-(z)

2
2 4y7f°X1o( 2%y - 3y)D 3[2(2y)§]
-2z

x sinh (3mx) [Pix—é-( z) ]2

{3 hy(2® - 1P

k
sinh (L
x sinh ($mx) Pg-ix 1 (2)

sERL() bk Lk 5, [ythe - 23]

Re k < O




11

£(x)

o0

€y) =§ £(x K, (3) ax
(]

x sinh (Fmx)N(F-k+ix) D($-k-4ix) °

. k z
P%ix—é-( )

n2(2-) PN [y + 40t

Re k < %

x sinh (mx) I(F-k+ix) D(§-k-1x) Pljfx-%—( 2)

2‘??77’3’( L) "%ky%—kexx)( -zy)

Re k > &

x sinh (mx) & -k+2ix) '($-k-21ix) °

k
Pin—é—( 2)

nzg‘ky*'%kl‘(%—k)(zz—l) Hoxp(z?y - ) -

* D %(2zy%) s Re x < %

x sinh (mx) N($-k+5ix) T(F-k-§ix) -

k
" B (8

-1k 2

22 (142) TR [y - pE]

O0<Rek <}

x sinh (mx) N$—-hk+hix) NE-4k-Lix) -

: Pk 1(2)
2

ix—%

228 32 - 1)

Re kx < %

x sinh (mx) M(F = Jk+dix) (] - dk-3ix)

- X (2)
2

ix—

1 o 3 ]
2R (2R - 1)

Re k < §

x sinh ($mx) Plg_ )

-k
ix-é-( 2) P—lgix-—é—( z

Pyl By(2® - D2, [By(2® - 1)2)

x sinh (mx) D k+i+ix) N k+g-5ix) -

e (1P
[P}y (2)]

Py (s (22 - DEP




£(x)

o

e@).=F oa) k(o) dx
0]

x sinh (wx) D(4-k+ix) N(F-k-ix)

[Pf 4 (01

n(3n/y)¥exp(-2® PI_[(22 - 1) y]
Re k < %

x sinh ($nx) [Q%ix-é-(z)+q-§-ix-§-(z) ]

47 [y - H)F)

Jix(a) + J_ix(a)

niglte® - y)% L y<a

0 , YD a

i sin (ax) [Jix(b) = J_ix(b)]

é—wJO(zl) —é—nJO(z2) s 2by sinha < b2—y

2

. 2 2

-é-TTJO(Zl) » 2by sinha > b -y
y<b

0 » 2by sinha < yz—b2

2.2

%—nJo(zl) , 2by sinha > y*-b
y>b

zy = (b2 = y2 + 2by sinh a)i—

2

cos(ax) [J,_(b) + J_j4(P)]

. 2
-anJO(zl) + %"JO(ZZ)’ 2by sinha < b~y

2

2 2
%—nJO(zl) » 2by sinha > b -y
y<b
0 , 2by sinhe < y2-b2
\ 2.2
gnJO(zl) s 2by sinha > y©-b
y>b
7y = (b2 = y2 + 2by sinh a)%

2

3

e e R . SN G0, o rnde oy, S BIING oe

AR A, B,
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£(x)

(=]

ely) =(S) £(x) K, (¥) ax

Isinh(-%-rrx) [Jix(a) +J-ix( a)] g
K 4 si 8
g li cosh ({mx) [Yix(a) —Y_ix(a) ]} i Bl 0
sinh(4mx) [Yix( a) +Y_ix( a)]
X ):}Kix(a) —4m cos (-%—a2/y)

-1 cosh ($mx) [Jix(a) -J_ix(a

[333() )% + [¥yy (2))°

2n o (v -4a2) B i B [y - (74002

-ix sech (mx) [Jix(a)Y_ix(a) - (a)

X

-7 ()]

exp( -y-%az/y) Erfela(2y) '%]

x sinh ($mx) {[Ji%x(a) ]2+[Yi%x(a) ]2}

2y(4a® + y9) -+

x sinh (3mx) [ Ji%_x(a) Iy %x(b) +

+ Yi—é—x(a)Yi%—X(b) ]

2y(y%+4ab) Feos (41 (a/0)F-(b/a) 21 (y244a0) )

x sinh (4nx) [Ji%x(a)Yi%x( b) -

- 3 (DY, ()]

-2y( Aab+y2) Fein 31« a/b)%-( b/a)%] ( Aab+y2) %}

x sinh (4mx) [Ji%_x(a)Y_i%x(b) +

-2y(4ab-y?) Feos &l (a/b)%+( b/a)%] (Aab-yz)’s}

+ 3 (DY, ()] ) ¥ < 2(an)?
: 0 y YD 2(ab)’5
X pa (DY _gg(8) Ypyqg,(0) 0 12%*1a%Ky (12242 Fyi(yR14a2) ) 2K

: Jk-i—é—x( a) ]
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£(x)

o

B() = £(x) Ky () ax

cosh(ax) Kix( b)

%"KO [(b2+y2+2by cos a)%] " adm

x sinh (nx) Kiz)ga)

%an( 2y/m) "é‘exp[-y - 52/(8}’)]

x tanh (mx) Kix('a)

sn(ap¥la + y) Lexp(-a—y)

x sinh (bx) Kix(a)

Yray sin b( a2+y2+2ay cos b) +.

-Kl[(a2+b2+2ay cos b)%], vgm
x(c:2 + x2) —lsinh(nx) Kix(a) -é-nzlc(y)l{c(a) ,y<a
31 _(2)K_(y) Ly > s

Lo e L e e s S

x sinh (mx) T(c+idx) N(c-1x)K ix( a)

21 B ay/2) 2K (2)
C
Re c 20

z = (y2+a2)_§'

x sinh (2mx) T(c+ix) (c-1x) Kix(a)

2B (r(3-c) 17 La oy ) (y-al).

0 {Rec <%

x sinh (mx) Mct+ix) I{c-1x) Kix(a)

2By g + o)k (y4a)

Re c 2 0

[N(§+i4%) T(§-14) ] Fx tanh (n)K,_(a)

%(ﬂa,y/Z)%exp( -z)
z = (a2+y2)é—
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£(x)

B) = § 20 Ky () ax

x sinh (wx) Plibix( z) Kix(‘ a)

2_k_2ﬂg-( zz—l)é‘kc#k( 2-T) —%k-t.]_k_é_[c ( z-’c)%]
a2 >IN
0 ;2< T

c = (2ay)%, T = ¥(afy + y/a)

x tanh (1x) P%ix(z)xix(a)

4m( ay)_zL( a2+y2+2azy) _é-e xp[ —( a2+y2+2azy)%]

-Kix(a)

x sinh (mx) F(cH) M-t PR, (2)- 2752 (ay/b) °(2n¥eH (v)

b= (y2+a2+2ayz)%

X[y (T_y (BT (@)1 (0)] | 24y(4abey® Foosh {3 ((a/0)2-(0/a) %] (4ab-y2)%}

» ¥ < 2(ab)%
0 y T D 2(ab)%

x sinh (3mx) [Ty ()41 gy (2) JKyy (1) my(4ab-y2) Fexpf3[(a/0)¥-(v/a)¥] (4ab-y2) P}

, ¥ < 2(eb)®

my(y?-4ab) Fsinf[ (a/0)E-(b/a) ¥ ) (y2-sab) ¥}
, ¥ > 2(eb)?

x tanh (mx) [1, ()4T_; (a)]K, (a) kin exp (—y—ka¥/y)Ere[ia(2y) 3]

T i@ Kpagan (@) g s (DK (8) ka{%[(Aa2+y2)%—y] }Kk&[(l.azwz)t‘y]}
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£(x)

[+

g(y) = § £(x) K; (y) ax
o

sinh(mx) [K—é-ix%(a) K_b_ix_%(b) -

b) » ¥ < 2(ab)%

- Kyg ey (DK, (0] 21n2(y2-4ab) Feos (4 [ (b/a)E-(a/0)3] (yP-4aD) )
, v > 2(ab)
x sinh (mx) [Kilx(a) ]2 0 , v < 2a
2
"Zy(yz—z.az)'% , ¥y > 2a

x sinh ($0x) Ki%x( e) Ki—é—x( b)

—gn2yz_lexp [-4(ab) -%’-'(az+bz) 1

z = (y2 + Lab)%

x sinh (nx)Kiél_x( a) Ki%—x(b)

0 .y < 2(a0)?

2y (32-4ab) Foos (5 (a/0)F-(b/a)](3%-4av)F}

, 3> 2(ab)E

x sinh (mx) Kix( a) Kix( b)

2 b b
e [dy(E + 2+ D)

x tanh(r.s) Kix(a) Kix(b)

.é.nzexp[-%(gbl + Pal + a_y‘tz) ]

1
. ~5(&Y . by . &b
Exfe[272(3E + K + y)]

(a)

x sinh ("x)K%ixﬁ:(a)K fxec

o] , ¥y < 2a

2—20-la—2cﬂ22—1y[ (y+e) 20+(y-z) 2c]
y Y > 2a

1
z = (y2—4a2) 2
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£(x)

[>=]

gly) = § £(8) K ly)ax
o]

x sinh (mx) K-g—ix+ic (a) K—é-ix-—ic (a)

0 y ¥y < 2a

nzy(yz—Aaz) -%cos {2c log [-%ya-1+(fy2a_2—l)%] }

» ¥ > 2a

x sinh (4nx) S0 ix(a)
H

%way(a2 + y2) -1

x tanh (mx) 5o , 2ix(a)

- %( 2y/m) Fa exp [-y+a?/(8y) 151 [-a%/(8y) ]

x sinh (mx) N -4k—4ix) M(&-tk+ix) *

2kak+1n2yl_k(a2 o y2) -1

Re k <1

x sinh (mx) ($-k+ix) D(&-k-ix) -

n(2y/n) _%22k_3ar‘(l-k) exp [-y+ a2/(8y) ]-

"Soy,21x(2) -T[k,a%/(8y) ]
Re k < &
x tanh (mx) [D-%—+ix(a) D-%——ix( -a) + ny_é-cos[a(2y)%]
+ D_%ﬂx( —a)D_%_ix(a)]
x sinh () M(dkrid) D(E-k-14x) - (42) nPy' oxp pay?/(4a) ]

Wy, 31x(8)

Re k < &

x sinh (mx) I($-k+ix) I(4-k-1ix) W, ix( 2a)

n(gn) $ar(1-x) y%_k( aty) *Lexp( -a-y)

Re k < ¥
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Table B

Mehler Transform
@®
g(y) =,£ f(x:)Pix_é(y)dx

©
f(x) = x tanh(nx)f Pix_é(y)g(y)dy
1

As noted in the introduction, a Mehler transform pair can
be obtained from any generalized Mehler transform by setting
k = 0, 1In general, the transform pairs that can be so

obtained have not been included in Table B,

-
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f(x)

©
g(y) = { £(0) By, g (y) dx

1

x tanh(nx)

2ly + (y° - 1)*]‘%1({[3! v 2 - l)é]'l}

x tanh(nx) (a‘2 + x2)-1

Qa-‘k(y)

tanh(nx)sech(nx)sinh(ax)

Z%n-l(y+c os a)-éarc tan[(1-cos a)%(y+cos a) _lk]

sin(ax)tanh(nx)

(2cosha - 2y)_§ , ¥ < cosha

0 , ¥ > cosha

(sech nx)zcos(ax)

w1 (%y-% cosh a) _#arctan[ (L=sosh a)gl

l+cosha

, ¥ > cosha

Z&n_l(%cosha - %y)-% 0

. log (cosha + l)% + (cosha - y)ﬂ
(cosha + 1)t - (cosha - y)t

, ¥ <cosha

cosh(ax) [sech(nx)]2

2-%(5{ - cos a)-% - Z%n_l(y - cos a)é .

« arctan[(1 + cos a)é(y - cos a)_‘é]

x sinh(nx)C(a - #0)T(a + &x) -
'F(é—a—%x)l"(%-a+%x)

2n2(y2-1) B [ye (y2-1)B1E-20, 1y 2oy ByE-20)

0 < Rea 5%‘

arony, A,

s e

RPN A g i

-

-
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£(x)

O
g(y) =,(J; £(x) Py, a(y) ax

x tanh(nx)I'(a - %x)f'(a + Ex) o

'F(%—a+%x)1“(%-a—zi-x)

2nzsec(2m)(y2_l)'% i
: {[y+(y2—l)%J%_Ea-"y_(yz_l)é]ﬁ‘-Za}

L

O<Rea < %

[¥(% + ix) + (% - ix)Jcos(ax)

n{cosh y < cosha

—2—% a - y)—%

(3y - % cosh a)-%[— Y - logh + i‘log(y'2 -1

i

- log(y - cosha)l , ¥ > cosha

x tanh(nx)l"(%—ouix)F(%—a—ix)Pf%+ix( z)

1
(22 - 1)7F0(1 - a)(z + y)a-l

Rea < %

x tanh(nx)[sech(nx) ]2Pix__:§(z)

T:-z(y - z)_llog(yzi—i)

x sinh(%nx)sech(nx)P%ix_é(z)

P o ¥oes - %yc)’k] - KO (% - %yc)%]}
c = (y2 + 3z - %)-%

X sinh(%nx)sech(nx)Pa%ix_%(Z)

2‘%"%0(1 i z)%‘—a(yz " %Z _ %)‘2"%0« .

S STNE T TR S

x sinh(#nx)sech(nx) -

. . o
T = a+ BOMG - a - 20P, 4(2)

22'“‘111%1"(53 - 20)(z - 1)'#“(%2 + %)"} .

(P LRl Gy, o tneh)?

(E;—l _y2 )%G-EPZ:%[Y(éiH%)-%J , y<(%z+§)é

Rea < %
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£(x)

@
g(¥) =£ £0x) By, a(y) dx

xtanh(nx)l"(% -a + izx)l"(% -a - %x)-

d Pt%x_%(z)

Zi-éanél"(g - 2a)(z+l)-éa(y2 + z?-l)ﬁu-i- .

)e

NI

x tanh(nOT(F -  + dorG - % -

o
: Pix;ﬁ( z)

21+an%(y2+z2—1 ) -%( 22-1 ) 4o [y+ (y2+z2-l )é]

Reaf%

[«

xtanh(nx)l“(g - % + %X)F(E - % - %x)-

o
Pix-%( z)

2%x z(zz—l)_%a(y + z‘2 - l)-s .

2 2

'[y-a(y2+z —l)%][y+(y2+z -1

<2
Rea < 5

Y2y

x tanh(nx} [P—%+ix(a)]2

S iaid - 1 o y);"(y - 1)";" ,1<y< Bat-1

0 3 y>.2a2

a>1

-1

x sinh(%nx)sech(nx)Pgix_%(z) .

-0
: Pv,lgix—%( z)

8,82 .

- e + %)P(:*(c/y)P;a(C/y) AR

. P;(c/y)P:;(C/y)]

c = (y2 2o l)é

1 i 1
x tanh ()T + 3+ Ex)r‘(a +3-3

~0 2
[Péix-é( z)}

~ 5

2‘“‘én%r(za + g)(z‘2 - l)éy_éc—lp;a(c/y) .

" P_3(e/y)
c = (y2+22—l)

t

.I'.
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£(x)

@®
g(y) = g £GPy a(y) ax

xtanh(nx)l'(% S ix)l"(% gl = ez

C P (2017

% .

2

(z° - l)—o‘(y + l)-%(y -1+ 2z2)

o Iy + 2,2 + (v + l)t(y -1+ 2.’42)é]‘Jl

xsech(nx)sinh(%x)[Yix(a) + Y, (a)] (Za/n)%sin(ay - En)
xsech(nx)sinh(-g-x)[Jix(a) + J—ix(a)] (2a/n)%cos(ay = En)
xtanh(nx)sech(’—ztx)[Jix(a) + J_ix(a)] Z(a/n)%[sin(ay) - cos(ay)]
xtanh(nx)sech(gx)[Yix(a) + Y_ix(a)] -2(a/n)%[sin(ay) + cos(ay)]

x tanh(nx) [Jix(a)Y—ix(b)

+ ¥, ()3 (5]

1
—Zn—l (ab )%( a2+b2+2aby )%sin[ ( a2+b2+2aby )2]

X tanh(nx)[Yix(a)Y_ix(b)

-3, (a)d_, (0]

2n-l (ab )%( a2+b2+2aby5%c osl( a2+b2+23by)%]

x t:anh(xtx){[Jix(a)]2 + [Yix(a)]2}

Z%Tt_l(y = l)_%exp[—a(ay = 2)%]

x tanh(mx)exp (-0 [ L ()17

1
—Z_En-l(l + y)_éexp[ia(a + Zy)%]

xtanh(nx)[Iix(a) + I_ix(a)]

(2y - 2)-%sin[a(2y - 2)%]

x tanh(nx)K, (a)
ix

(-;-an)%exp(-ay')
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£f(x)

DO
8(¥) =£ £0x) By, 4 (y) dx

x tanh(ux)KiZX(a)

%axo[a(% 7 %y)%fl

x sech(nx)tanh(nx)Kix(a)

—(Zn)_%a%exp(ay)Ei(- ay - a)

. 1
x 51nh(2nx)sech(nx)Ki%x(a)

1 1
(%n)gé%xp(aya - a)D_%(ZyaE)

x sinh(%nx)sech(nx)[Jix(a)+J_ix(a)]'

’ Kix(a)

2

i i
(2y) Rexp(~ay”)sin(ay

x sinh(énx)sech(nx) .

° [Yix(a) + Y_ix(a)]Kix(a)

)

—(Zy)_%exp(—ay%)cos(ay

X tanh(nx)[Iix(a)Kix(b)—Kix(a)Iix(_b)]

& 3 3
(ab)‘(a2+b2-2aby) 2cosh[(a2+b2—2aby)2]

l1a lb
== = =
Y*2v*32a
o] otherwise

x sinh(nx)[K, (a)]2
ix

1 ;
2—§i(y - 1) 2coslal2y - 2)%]

x tanh(nx)Kix(a)K.lx(b)

i =4
%n(ab)z(a2 + b2 + 2aby) "% -

0 exp[-(a2 + b2 + 2aby)§]

i

]
3




x tanh(nx)K, (ae
ix

-in/4
)Kix(ae )
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©
£(x) g(y) .—.'EI; £(x) Pixdb(y) dx
in/h 2 g’y_%exp[--8(2)7);"%]

x tanh(nx)l'(% + %y)r'

1 i
(E - zy)s,k,.lx(a)

h(an)é[sin(ay)Ci(ay) - cos(ay)si(ay)]

1 1

x tanh(nx)l"(z -3a+
1 1 .

1"(2 - 3= ix)S

ix) -

(a)

o,2ix

Lra - Lor?s | fad + Inf

Rea<1
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Table C
Generalized Mehler Transform

£ Kk
gly) =g f(x)Pix_%(y)dx

£(x) = n Ysinh(uOT(E -keix)T(E -k-ix)fm P L (y)a
a 2 2 3 S kg
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= K
£(x) g(y) = g £(x) Py 3 (y) dx
= pY -~y
A adobird - wrle? - n¥ -yt
Rek< %
cos(ax) (%ﬂ)é[r(% _ k)]_l(yz = l)%k(y - cosha)—k‘%
, ¥ > cosha
0 , ¥ < cosha
Rek <%
cos(ax)sech(nx) 2_%_k(l+y)%k(y+cosh a)-%-%k .

P};[ (1+cosh a)%(y+cosh a)"}g]

cos(a.x)l"(% -k + ix)l"(% - k - ix)

(%ﬂ)%r(% - k)(y2 - l)-ék(y + cosh a)k-é

Rekf%

cosh(nx)r(% -k + ix)r(% — 13 o 53

1 el
Gnird - we? - DG - pE

=

< Rek <

Nl

o . 1
I"(% - g + %x)l"(% - g - %x)cos(ax) n2k+§1"(% - k)(y2 + sinhza)-% .
. E}j%[cosh a(y2 + sinhza)-%]
I’(E - g + %x)l'(% - g - ;—x)cos(ax) nzk_%yl"(-g- - k)(y2 + sinhza)_% .

. P}g[cosha(yz + sinhea)d%]
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f(x)

i k
g(y) = g £(x) P, _3(y) ax

x sinh(nx)T(a + ix)T(a - ix)

Bl s ord - k- w1t -
< (y - 1)'%4“""(5'2 - 1)5k
Re(2¢1+k—%)<0

Rea > O

xsinh(nx)!"(% -k + ix)F(% -k - ix) -

e

i k i
5+ zx)r(a +3 - EX)

k= ke -3
ngz-g k Zar(% 250y 2 2a(y2 -1 sk

Re(a + g) >

i o

Rek <

xsinh(nx)l‘(% -k + ix)I‘(-;- -k - ix) -
¢ T(2 one 502 a1 S_k, i,y .
F(h A+2X)F(,+ A ZX)[I'(A 2+2x)

e r(g-5-Lot

o - H17ra - - 52 - M

1 2
H<Re>‘_<_l+

Rek <

ol

x sinh(2nx)'(a + ix)[(a -~ ix) -

~k . 1 .
1(2—k+1x)r(a-k—1x)

TLZZ%MLF(% 5 B o k)[l"(% e
C(y - POER LBk

Re(2a - k =~ %) <0, ReaZz O
RekS%

F(%—lﬂix)l"(%—k-ix Ytanh(nx)sinh(ax)

-2k_ln%F(l-2k)(y—l)-%k(y+l)-%(y+cosa)bk-é“

o [Pk_%

—k—‘%( z)- Pk-%

“—k—%(—Z)J
z = (1 - cosa)%(l + y)-;s

Rek <

A8 1
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P2 k "
£(x) gly) = 6 £(x) Pix—%(y) ax i |

2%“‘1"(1-21() (y-1 )_‘ék(cosh a-y)'kk"b .

e-lnlefk[(%cosha-%y)-écosh(%a)], y < cosha

cos(ax)sech(nx)l"(%—luix)l"(%—k-ix)

zkr(l-ak)n%(ya-l)“*(y-lft‘%k(y-cosha)*k'*-

g g W :
PI:-%K2+§y) cosh(za)] . y > cosha

Rek<%

cosh(ax)sech(nx)I‘(%-k+ix)l"(%—k-ix) (%n)%l“(%-k) (yZ_l)-%k{ (y-cos a)k—%

+ 2—k-én_%l'(l—k)[(y+l) (y-cos a)]%k_*'
k%

k-3
. [E_k_%(z)-f_k_%(—z)]]

z = (1 + cos a)%(l + y)-%

Rek <

N

3 2
x s:mh(nx)sech(‘.nx)PZix_%_(z)

2_'57-%1?141)%1{

( zZ+-12;y-%) -§- gk

s 21 1,-%
. £§+kEZ(Z +3¥-3) *1

xsinh(nx)r(% -k + ix)r(% -k - ix)-

: P-§+ix(a)

a1 2 By > a1
[¢] ,l<y<a

0 < Rek <

o=

x sinh(nx)F(%—cH»ix)l"(%-a-ix) .

. I'(%—k+ix)l" (:]é-—k—ix )P(f§+ix( z)

AL - @ = 6)(22 - 1)75%2 - 1)k .

5 o y)k+m—l

Re(a,k) < =

o
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£(x)

3 k
g(y) = { £(x) Py, a(y) dx

x tanh(nx)l"(% -k+ix)r(% -k"ix)P_éﬁx(a)

l"(l-k)(yz-l)‘%k(y'r!sn)k-l

IA
o=

Re k

x tanh(an)l"(% -k+ix)r'(% “k-1)P,, , 3(2)

z-g'ﬁknér(é _2k) (201) " Fo( 2, ’;—5*“‘ e

Q Pé k[Z(z +L)&]

Re k

1A
-

x tanh(nX)r(E-—i-—x)I"(—-E-% ) .

Pix4'®

21+kn§(y2+22-1 ) _é(yz-l)-ék[z+(y2+z2-l )‘k]k

1
< =
Rek_2

x tanh(nx)r‘(g -].;.4. .;.x)r(g_ 15(_ %x) .

Pix-3)

kb2 2,2 )8

. [z-k(y2+z2-l)b][z+(y +2 -l)%]

Rek <

£

xs1nh(nx)F(E-z+ x)l‘(E-—_ix) 0

. ]“(E_k-pix)r(z -k—ix)P;x%(z)

Zlmn g'(yz-l)_é.kr‘( l-k-a) (y2+22—1)bk_% *

. g‘l‘k[y(yzmz-l ) -%]

Re(a,k) < =

xsinh(nx)F(E-%+%X)r(£-%-%x) .

. r‘(%-kux)r(%: —k-ix)PZx_%(z)

mﬂ:'gI'(Z-a.-k)z(y2-1)-ék .

0 (y +z -llék l__i’ k[y(y +2 —l) #
Rea <g
Rek < %

';#

)
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£(x)

D
gy) =] £ p k(YD ax
(o]

1 i 1 i
:nh( Lt =Y e
x51nh\nx)r‘(2 a+2x)1"(—-u2 2X)

. I"(;—k+ix)f’(%-k-ix)Pgéx_%(z)

2’3'32‘%%(1”)'5‘“1'(%*-2(:) (yz-l)-%k .

-1.% e =
c(y2 bR R, el

1
Re(a,k) < 5

1 1 1
; L kaixIT(2—k—i .
xsuxh(znx)r(z k+ix) (2 k=ix)

‘ P‘Z’ix-ﬁ (2)

2'%“'% %F(é k)(z+1)%a(y2‘l)-%k

(y%+ 'l)g(k'“'%) P 1M%[y(yzx& z=lyky
Rek < %

% sah(TE) [r(%-k+ix)r<%_k-ix) e

- P, (1

2—kn%r‘(1 k) (22-1) "K(y-1) B (ya1)BEE
* (2z 1+y)k é

Rek < 5

x sinh(nx)sech(2nx) *

° F(%—k+ix)F(%—k-ix)Pi2x_%(z)

#5330 2o (y-1) Focdyady
G Y——)?“‘% - %[z(-y»u—) 8, . > (—y+—)%
L .2 yEi-bp k—%[z( Iy+d) %, < Gy+s X

Rek <

l\)ll—‘

x51nh(—nx)r'(——o:+—x)1"( S—o-= X) .

. F(E_k”‘x)r(i_k'lx)Pi%x-%( z)

L - - =
| (42- %}_)g(tuk 1)P§tk L) %J’y>(Z_g;)é
(ztl 2)is(a+k-1) a+k=1- ,z+1\~% z+1.%
> =y P 3 [y(—z—) ],y<(—2)

a=z

230arGuior(Gok-za) (z-1) 78 (2thy H (20 H6
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£(x)

:-CD k
g(y) ='é £(x) Pix-i;(y’ dx

xl'(%—ku’.x)l"(;—k-ix) .

2 2
- g, (a)1%- [_; ()17}

z ia'bg'nai'k(yd)—t(y-l ) -ikJ t_k[a(2y+2 )%]

o
Rek<§

x sinh(u)l"(é—k-rix)l"(%—k-ix) .

- 10, (@) (a)-1, (a)Y_; (a)]

ot Byt gy Byt

[ L

< Rek<

=

x sinh(nx)KiZX(a)

L <N
a2~ 8k(1+y)éka1+kJ_k[(%ay-%a)i]

Rek < O

x sinh(2nx)l'(%—k+ix)F(é—k-ix)Kin(a)

2_2-%}‘1:2( 1+y) —%kal =

)é]

Klay 2a
=k 2 2

Rek<%

. 1 . 1 .
X 51nh(nx)F(2—k+1x)F(Z-k-lx)KiZX(a)

Zsk_znal_k(y-l)-%k}(k[a(yz—l)%]

Rek < 5
1 SN T 1. -4k 2k
x tanh(nx)r'(z—k+1x)F(E-k—lx)Kix(a) (Ena) r(1-k)(y~1) (y+1) .
exp(ay)l(-k,ay+a)
Rek < %

. sinh(nx)l"(-ll;—gq»-;-x)r'(i——g-%x)l(ix(a)

2%+kn2aéJ_k[a(y2-l)#]

Re k

1A
ol
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f(x)

(e o]
g(y) =£ £x) P, _4(y) ax

x sinh(nx)I‘(%—lu-ix)l"(%—k-ix)Kix(a)

a'tng aé'k ( y2 -1 )-ékeXP (-ay)

Rek <

M

x sinh(%nx)r(%—}wix)F(%—k-ix)}(i&x(a)

naé-ka*"bkr (Zlk) ( ya-l ) -%kexp ( aya-a) 0

Rek <

=~

. 1 1 i 1 .
x 51nh(§1tx)l"(§~k+3x)l"(§-k-1x) .

Loy (a)+d_; (2)IR, (a)

1GnBoRn eyttt
. [exp(i%—iﬁk)Kk_%[a(Ziy)é]

- exp(i-}fk-iﬁ)xk _é[a(-Ziy)t]}

Rek < %
xsinh(%ﬂx)f’(é—k+ix)r‘(;~k-ix) . —(%n)%(yz-l)-%k(2y/&a)ék_i .
. [Yix(a)+Y—ix(a)]Kix(a) {exp(iﬁ—iﬁk)l{k_%[a(Ziy)i]
+ exp(i%k)Kk_%[a(-?.iY)é]]

Rek < %

e

x sinh(nx)l"(%—k—ix)l"(%—lﬁ-ix) .

2
: [Kix(a)J

¥z %*J"k(yu)'*(y-l)‘%kxé_k[a(ay»fz)é]

Reks%

x sinh(nx)Kix(a)Kix(b)

o] y<rT
2-k—2n%c#+k(y2_l)ék(y_.r)‘bk"i‘ J_k_é[c(y-’r)%]

y>r

= (2ab )é
L(a/Brv/a)

[¢]
t

-
I
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f(x)

4 k
g(y) = { £0x) Py, 3(y) ax

x sinh(nx)r(%—kﬁlx)l"(%-k-ix) .

+ [M(-ke i) (ki) 17N K, (a)7°

ng 2" §.‘Z.ak-%y%_k( y2-1 )ékJ _%_k[a( 2y=2 )é]

Re k _<_--;-

xsinh(nx)F(%—lﬂix)T(%—k—ix) .

z-éng—(ab)é-k(yz—l ) -#k,

) Kix(a)Kix(b) (a2+b2+2aby)§-k_tKé_k[(a2+b2+2aby)é]
Rek < %
x s ()T Gk 10T Gmket0W, | (8) [ dnaGren) B0y Foexp(Lay) -
Rek < %
x sinh( nx)f’(%-kyix)l"(é—-k-ix) G 21—kna%-ék(ya-l)_%kexp(%a-ayz)
Wyt dx(2) Rek < %
5
x sinh(nx)I‘(;—}wix)F(%—k—ix)wékwt’%_x(a) El-knaz_%ky(ya-l)-%kexp(%a-ayz)
Rek < %
X sinh(nx)f‘(-é——k+ix)r(%-k-ix) g n221—ka%- §(y2-1)-%kexp(ay2-%a)13rfc (ya%)
1k i 1k i 1
- TG0l (520 Kk 4 (a) HEREES
x sinh(nx)l‘(%—lﬂ-ix)r'(%—k-ix) . 'r.g'a‘“%'ga%'ér(%.za_k) g
: F(%-a+(%x)r(%—a-%x)wd’%ix(a) (yz—l)-%kexp(-é-ayz-é—a)DZa+k_% l'y(Za)é]

Re(1,k) < %
F Y

{
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£(x)

S Kk
g(y) =£ £0x) Py, 3(y) ax

x sinh(nx)r'(l-luix)r(l-k-ix) .

L F(l+5+1x)l"(%+k iow (a)

k,2ix

ik §--k 1) -£k

2 exp(~ %a2+a2y2 )Erfc(ay)

1 1
=S < -
> Rek 5

x sinh(nx)l"(%—u«rix)l’(%—a—ix) .

1 . 1 .
F(2~K+1X)F(2—k-1x)wa ’ ix(a)

m(}-a)é_%kl'(l-a)l“(l-a-k)(y-l)-#k(yd)-% .
. exp(-,:ay——a)w k -3, §(Za+—ay)

Re(a,k) <

ol

lalrlal .
535t G33%

. F(%—kux)r‘(z-k—M)Sa,ix(a)

x sinh(nx)T(=—=

2§+an%al-kr(g-a-k)y%(y -1) %ksa-bk—l %(ay)

Rea < 1
Rek < %
x sinh(nx)r(l—k+ix)r(l—k—ix) ° na% [a( 2-'.1.)%]
2 3 yK Laly
1
Siek,1x(2) e kS
xsinh(nx)]“(%—k;ix)r(%—k—ix)- %k 2 k+l Kk[a(—y %
1
* S 21x(® Rek < 3
x sinh(nx)r(%—k+ix)r(i—-k—ix) 0 na%Kk[a(yz-l)%j
1
sk_%,ix(a) Rek < 3
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List of Abbreviations, Symbols and Notations

"‘pn = Neumann's numbers, g, = i\, g = 2, n=1,2,3,...

ay _ ay _ Nat+l
kb) = Binomial coefficient, (b) = Mo Tt

i
Y = Buler's constant, ¥y = 0.57721...
\

1. Elementary functions

Trigonometric and inverse trigonometric functions:

sin x, cos x, tan x = sin x/cos x, ctn x = cos x/ sin x,

sec x = 1/cos x, csc x = 1/sin x, arcsin X, arccos X, &rctan X,
arcctn x
Hyperbolic functions:

sinh x = (eX~e™¥)/2, cosh x = (e®™+e™¥)/2, tanh x = sinh x/cosh x,

ctnh x

cosh x/sinh x, sech x = 1/cosh x, csch x = 1/sinh x.

2. Orthogonal polynomials

Legendre polynomials:

P (%) = 27an T L (Pa)”

-n,n+l;l;12;x)
dx

= oy

Gegenbauer's polynomials:

E(x) = [niN(2a) 17 (204m) HF; (-n,2a4n;a+1/2;25%)




Chebycheff polynomials: ‘ﬁ

; — = 1-xy _
I‘n(x) = cos{narccosx) = 2F1(—n,n;§-;7x) = % a_ﬁ_.r(r)x (a) Cc, %(x)

Un(x) = (l—xz) -%sin[(n+l)arccos x]
= x(n+l) (1£n,3;n;5;1-x2) !

Jacobi polynomials:

ptPro) () = [nIP(14+8) ] T (Lt pn) B (-n,mba el B+ 5155

Laguerre polynomials:

1%(x) = (n! )'1 magx & xtey [n41(1+0) 17 D (e 14n) | F. (-njl+a;x

dx ’ ’ j

I, (%)

Lg( x)

Hermite polynomials:

Hen( x) = (=1) nexp( x2/2) d—r; exp( -x2/2) ) ;
dx

on(®) = ("2 (D) H(2n) 1 F (ns3580)

Hey 4p (%) = (-1)"27(nn) " (2n+1)!x1F1(~n,2,—x )
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3. Gamma function and related functions

oo
Bba) = § o T&°ay. .Beia @
0

P-function:
¥(z) = -g; log I(z)

Beta function:

o) = SR

See also under incomplete gamma function.

be Riemann's and Hurwitz's zeta function

[ee)
2(s) = = n™® Res>1
n=1

2s,v) = T (n+v)"%, Res>1
n=0

5. Legendre functions (definition according to Hobson)

B/2
(- 1HED " F (-a,04151-p5550)

PP(2) :
a z-1
QPlz) = 27 r(ar3/2) 1Lt P U Matpt1) 2 0~F-1(,21) P/2.
. F (M’ ﬂ&; a+3/2; 2’2)
271 2 2
z 1is a point in the complex 2z plane cut along the real axis

from - o to +1.

-1(1+x B/Z

BE(X) [P(1-p) 1 (5= 2Fl(-a,u+1;1-f3;lg-’—‘), -1<x<1

P(x) = 4o IP [ 2P xr10) + 2B/ 2QB(x-10), 1< x <1

() = P2); qz) = Q=) 2% = Ex); () = &O(x)
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Bessel functions

o ; A n - 2)a+2n
a =0 nil(atntl

¥ (2)

ctn(na)Ja(z) o csc(rra)J_u(z)
B (2) =g () + v (2); 8P (2) =7 (2) - 1¥_(2)

Modified Bessel functions

+2n
_ -ima/2 inf2y _ © (2/2)°
Ia(z) =G Ju(ze ) = ni:O nil{a+n+1

Ka(z) = +necsena) [I_a(z) = Ia(z)]
= 3in eiﬂa/QHc(ll) (zein/Z) = - in e—iﬂa/2H((12) (ze—in/Z)

Anger-Weber functions

——

. m
“a(z) =n"" § cos(zsint - at)dt
0

m
Ea(z) =t § sin(z sint - at)dt
0

3,(2) =3 (2), n=0,1,2,...
1,(2) = (n2/2) Ffeos 2 [C(z) - S(2)] + sinz [8(z) + C(2)]} = E_y(2)

,L_é_(z) = (nz/Z)'é‘{cosz [c(z) + 8(z)] - sinz [C(z) - §(z)} = Eé_(z)

Struve functions

o n at2n+l
-1) (z/2 _ ol-a_-% -1
Ha(z) - ZO I(n+3/2)Matn+3/2) ~ 2772 (a41/2) ] su,a(z)

n=

o—im a/2 in/ 2)

I.u(Z) = -1 "u( ze




10. Lommel functions

(z)

sy, p(2) = [(ompt2) (atprl) 172 p (18882 B2, 0%/0); 0 B F -1,2,-3,0 0
Sa,p(2) = 55 g(2) + 22 (SR (S [51n(T0TBY (2) - con(TB)Y (2)]
Special cases of Lommel's functions:

5, o(2) = 2% N (at1/2) W (2)

s (z) = nf'lfz"‘lr(aﬂ/z)[ H (2) —\Ya(Z)]

SO,ﬁ(Z) = %‘"CSC(TTﬁ)[ JB(Z) - J__B(z)]

So,pl?) = 5 ese(mB) [ 4p(2) ~ 3_g(2) - 3p(2) +3_g(2)]

sy,p(®) = - P esc(np) [ ay(2) + 3 (2)]

5,52 = FF Tese(n) [T (2) + 3 _g(a) - s(z) - 3 g(a)]

o1,6(2) =14 By g(a)s 8y (e =1+ g7 (o)

S, 1(z2) = z_%; Sy 4(2z) = z%—

S_%’%(z) = z—%[sinzCi(z) - coszsi(z)]; S__:_’%(z) = —z_%[sinz si(z) + cos zCi(z)]

Ln (70 - )17s,  gla) = 2Pr(p(2)

Lommel functions of two variables:

; ( —l)n(W/Z) c.+2nJ
n=0

U (w,2) = (2)

at2n

cos(dw + %zz/w + 4aom)+ Uz_a(w,z)

Va(w,z)



L2

I(a+n)T{b+n) 22 l2] < 1

- I"(bl) '--I‘(bn) ozo I‘(a1+k) ---I‘(am+k) R

" D(ay)++T(a_) k=0 I(by+k)*+-I{b_+k) kI

1l. Gauss's hypergeometric function

gy (L.B5a ) = p<§§§2b) ngo o) AT *
12. Generalized hypergeometric series

an(al,aZ, <ees8 3 byyboseeasb gz
13. Confluent hypergeometric functions

'(at+n) gi
I(e+n) n!

= I(e)
1Fy(ase52) = I‘(:) nEO

1Fl(ea.;a;z) = &%, 1F1(a;2a;2z) = 23“%r‘(a + %—)z%-aezla_%(z)
B0 = o R (Ldan) = /0P e + 15(0]

Whittakerts functions:

Ma,ﬁ(z) = zﬁ%e—%lel( B-a + 43;2pt+l;z)
- _ (-2 2
0 2) = FTSTRT Mo, 65) * FCRdgy Yo, ()

Special cases of Whittaker's functions:

M. _(2)

b,5(8) = TR 2PL(3/2) VT 5 Wy o(a) = (a/m Bk (a/2)

Ma,O(z) = z%e—%ZLu_%(z); M%’%(z) = i %n%zi‘ed%zErf(izé’)

Parabolic cylinder function:

py(2) = 25 W2 o (272

2
D (2) = e /e (2), 1n=0,1,2,...
2
D_l( 2) = (n/2)%ez /I‘Erfc(Z-%z)
D_y(2) = (%Z/ﬂ)%K*(zz/A)

e

e




Error integrals:

) = 2(ua)Fe /2

Erf(z) = 217"%5 e -t2 dt = 211-% 1(%;2,

_ -+%
Erfe(z) = 1 - Erf(z) = 2n°% 5:0 ot at = (mz) Fa" /"’w 4z 3 =
Ere(x2el™4) = 28614 o(x) - 18(x)]

Erte(x2eX™4) = 1 - o(x) - S(x) - 1[c(x) - S(x)]

Fresnel's integrals:

o(x) = (211)‘%‘5z + Rcos tdt; S(x) = (2‘rr)-%_§z t%sin ¢ at
0 0

Exponential integral:

—Ei(—z)=5mt—le dt = -y - log z - 2 K—)——z-% /2W

-1 n=1

-n<arg z < m

[o o)
ET(x) = $[Ei(x+10) + Ei(x-10)] = -P.V. § t T~ lat
-x
S n
=y + log x + Zln)'(n!’ x>0
n:

Ei(-ix) = Ci(x) - isi(x); Ei(ix) = Ci(x) + im + isi(x)
Sine and cosine integral:

-5 tlsintat = si(x) - %

x
si(x) = § t_lsin tdty si(x)

% [Ei(-ix) - Ei(ix)]

o0 [2<]
ci(x) = = § t Leostat = 5 [Ei(-ix) + Ei(ix)] =y + log x + =
x

(Z)

(L, 2?)

) = P(O z),

1 nx2n
n=1 2n% 2n) !

e Sl




14,

Ly

Incomplete gamma function:

a-l -t
e

at = * 2°
a

z
v(a,2z) =§ t z 1Fl(a;a+l;—z)
o

Na,z) = M(a) - y(a,z) = im = et = z(m—l)/ze-Z/zw(a-l)/2,a/z(z)
N$,22) = nPErec(a); I(0,2) = Bi(-2); 13,22 = n2Ere(z)

Elliptic integrals and theta functions

Complete elliptic integrals:

2

n/2
(k) = (5) / (1 - KPsint) Pt = 2 F (h1560)

n/2 -
E(k) = § / (1 - KPsin?t) Pt = 2 F (5158
0

Theta functions:
8,(v,1t) = (-16)F 3 () exploin(v + 0 - 3
ez(v,t) = (-it)’% ; (-1)"exp[-in(v + n)zt‘l]

85(v,0) = )tz exp[-in(v + n)%6 ]

8,(v,t) = -1y ? 2 exp[-in(v + n - $)°t71]

WMNLA




45
Symbol Name of the Function Listed under
c(x) Fresnel's integral 13
Ci(x) Cosine integral 13
Cg( x) Gegenbauer's polynomial 2
Da( x) Parabolic cylinder function 13
E(k) Complete elliptic integral 14
Ei(-x) } —
— Exponential integrals 13
Ei(x)
Erf(z) } !
Error integrals 13

Erfec(z)
Ea( z) Anger-Weber function B R é; ;
- Hypergeometric function 11, 12, 13
Hen( x) Hermite's polynomial 2
Hil’ 2) (x) Hankel's functions 6

H a( z) Struve's function ' 9
I,(2) Modified Bessel function 7
Ju(z) Bessel's function (3

J c1( z) Anger-Weber function 8
K(k) Complete elliptic integral 14
K (2) Modified Hankel function ) 7
Lg( x) Laguerre'!s polynomial 2

I'a( 2) Struve's function 9
M _(2)

P } Whittaker's functions 13
Yo, B( z)
Pn(x) Legendre's polynomials 2
Piu, m(x) Jacobit!s polynomials 2

3 . s i) < E i S
‘ t i ks RS ﬁu { T

m B ety Sl o
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Symbol Name of the Function Listed under
PS(Z)
8 Legendre functions 5
BF(x)
a
QS(Z)
B Legendre functions 5
2,(x) .
S(x) Fresnel's integral 13
si(x)
Sine integrals 13
si(x)
Sy B(Z)
’ Lommel's function 10
Sa s ﬁ( Z)
()
Chebycheff's polynomials 2
U_(x)
n
Ua(w » Z)
Lommel's function of two variables 10
V {w,z)
a
W ﬁ(z) Whittaker's function 13
’
Yu( z) Neumann's function 6
B(x,y) Beta function 3
I'(z) Gamma function _ 3
IMa,z)
Incomplete gamma functions 13
Y( a, Z)
¥(z) Psi function 3
eu( vyt) Theta functions 14
Z(s) Riemann‘s zeta function 4
Z(s,v) Hurwitz's zeta function 4

,.
’
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