
UNCLASSIFIED 

AD 267 210 
Reproduced 

luf. ike 

ARMED SERVICES TECHNICAL INFORMATION AGENCY 
ARLINGTON HALL STATION 
ARLINGTON 12. VIRGINIA 

UNCLASSIFIED 

i 



1 

NOTICE:    When government or other drawings,   speci- 
fications or other data are used for any purpose 
other than In connection with a definitely related 
government procurement  operation,   the U.   S. 
Government thereby Incurs no responsibility,  nor any 
obligation whatsoever;  and the fact that the Govern- 
ment may have formulated,   furnished,  or in any way 
supplied the  said drawings,   specifications,  or other 
data Is not to be regarded by implication or other- 
wise as in any manner licensing the holder or any 
other person or corporation,   or conveying any rights 
or permission to manufacture,   use or sell any 
patented invention that may in any way be related 
thereto. 



to 

XEBOX 
D1-82-0136 

BOEI NG?I H I FIC 
RCH 
ATORI ES 

o**. 

Tables of Lebedev, Mehler, and 

Generalized Mehler Transforms 

A S T f A 
tZMTi" 

■■'   ^A^—f-'^Q 

*$. 

t 

S   DEC?    1961 

Fritz Oberhettinger 

T.P. Higgins 

Mathematics Research 

October 1961 
■MUX.    ,    ...    , 

l 



Dl-82-0136 

TABLES OF 

LEBEDEV,   MEHLER,   AND GENERALIZED HEHLER TRANSFORMS 

by 

Professor Fritz Oberhettinger 
Oregon State university 

and 

T. P. Higgins 

Mathematical Note No. 2k6 

Mathematics Research Laboratory 

BOEING SCIENTIFIC RESEARCH LABORATORIES 

October 1961 



Introduction 

Inversion formulas with kernels containing Bessel functions of purely- 

imaginary order [1, vol. 2] and Legendre functions of complex index with 

the real part -4 (conical functions) [1, vol. 1] as variable have become 

prominent In recent times as methods in solving certain boundary value 

problems of the wave or heat conduction equation involving wedge or conically 

shaped boundaries.  [3], Mi   [6], [10], [ll], [13]. 

These inversion formulas ares 

A.  Lebedev transform [7] 

(1) 

;(y) = 5 f(x) K (y) dx, 
o    1X 

f(x)   = 2TT"2xsinh(TTx)     S    y^K.   (y)   g(y)   dy. 
0 ax 

K.   (y)     is  the modified Hankel function     [K.   (y)   = J  exp(-y cosh t)cos(xt)dt]. ix IX 0 

B.       Hehler transform  [5],   [81.   [91 

o 1X^ 
(2) 

f(x)   =    xtanh(nx)     5     pix_i.(y)  siy)   dy. 

— . 

k 



C.       Generalized Mehler transform  [12] 

g(y)  =   i    f(x)  P?v ,(y)  dx. 

(3) 
0 

-1 

ix-bK 

f(x)  = TT"J-xSlnh(Fx)r(^-k + ix)r(i-k-ix)  J g(y)  Pf, .(y)   dy. 
1 ix-j- 

For the condition of validity of the above formulas see the quoted 

literature. From formula 26 [l,  vol. 1, p. 129] (see also the list of 

notations at the end of this report), 

U)  Pix-ir(c0sha)=: (2TTSlnha)-^exp(-iax)  ^^L  F fe + k^-k; 

rjix) 
l+ix;-^exp(-a) cscha] + exp(iax) W i _ k+lx) 

• 2F.. [^- + k,-|--kjl-ix;-^-exp(-a)csoh a]]. 

This function obviously is an even function of x and is real for real psrameters 

and real  x. 

The special case k = 0 in (3) yields the case (2).  Furthermore 

from (4.) 

-t 
(5) 

P? i(cosh a) = (2/TT)2'(sinh a)"S"cos(ax) XX-ff 

P,^ ,(cosh a) = (2/TT)2(sinh a)_^sin(ax). 

Therefore  from (3)   for    k = -J-    putting    y = cosh a, 

(6) 

(sinh a)"g(c08h a)   =  (2/n)2     $   f(x) cos (xa) dx, 
0 

f(x)   = (2/n)2  J  (^(cosh a) (sinha)2cos(xa) da. 
0 

1 
I 

J 



For k = -■£• 

i !  ^ -1 
(sinh a)2 g(oosh a) = (2/TT)^' J  X f(x) sin (xa) dx, 

(7) 

x'-'-fCx) = (2/TT)2 5 g(Gosha) (sinha)2"sln(xa) da. 
0 

But these are the Fourier cosine and the Fourier sine transformation 

formulas which are therefore a special case of (3)• 

The behavior of the kernel functions in (l), (2), (3) for large 

positive values of x and fixed argument y is of great Importance. 

One has [1, vol. 2, p. 88], 

(8) Kix(y) ~ (2TT/x)8exp(- | x) sin [xlog (2x/y) - X + | ] 

for large positive x and fixed y.   Furthermore, from (4-), 

(9) P1^  ,(y) ~ (2TT sinha)-2xk_2[exp(-iax-i5c + i-.) -f expUax+i^k - iy) 1 
ix—p £,        i\ tt        1+ 

for large positive x and fixed y = cosh a. 

Of further importance are representations of the different types of 

waves in the form of an integral transform of the kind expressed in (l), 

(2), and (3).  Such representations are: 

Cylindrical wave 

(10) Kn[ß(r
2 + r'2 - 2rr' cos<I>)^] = - 5 K, (pr)K. (pr1) cosh [X(TT - |«|)]dx, 

0 < <t < 2TT. 



Spherical wave 

(11) (R2 + R|2  - 2RR' cose)~^exp[-ß(R2 + R'2  - 2RR' cose)*] 

= ^RR')"^ I   xtanh(TTx) -Eix_i(-=03 6) Kix(ßR) Kix(ßRl) dx' 

0 < 6 < 2TT 

Generalized spherical wave 

(12) (R2 + R'2 - 2m< cose)~SaK   [ß(R2 + R'2  - 2RR' cos 6)*] 

i _3 X   00 

= 2^TT 5"(RR')"<1(sln Q)t~a  5 x slrh (TTx)r(a + ix)r(a - lx) • 
0 

•i|^(-cos 6) Kix(ßR) Klx(ßR') dx, 

Re a > -1,   0 < 6 < 2TT 

The following tables (A), (E), (C)  represent a list of integral 

transforms of the type (l) , (2), (3). Most of the results displayed here 

are new and have been taken from unpublished material of the authors. 

Certain combinations of Bessel functions which occur on the 

r.h.s. of these tables can be replaced by other combinations such as: 

(13) J (x) cos (^na) - I (x) sin (iTTa)= -J-sec (^-na) [J (x) + J  (x)] 

= -icsc(^/TTa) [Ya(x) -Y_a(x)], 

(U)   J (x) sin (-^TTCt) + Y (x) cos (-£-TTa) = -^csc (^TTa) [J (x) -J  (x)] 

= ^-sec {jfim)  [y (x) + y_ (x)], 

» ~TT— 



(15)       Ja(x)y_a(y)   + J_a(y)ya(x)   = cso(na) [Ja(x)Ja(y)   - J_a(x) J_a(y) ] 

= osc(na) [Y_a(x)Y_a(y)   - Y^xjjjy)], 

(16)       Ja(x)Ya(y)   - ya(x)Ja(y)  - J_a(x)Y_a(x)   - Y_a(x)J_a(y) 

= csc(TTa)[jQ(y)j_a(x)   - J^x) J_Q(y) ], 

(17)       Ja(x)y_a(y)   - J_a(x)Ya(y)   = sinCna) [Ja(x)Ja(y)  + Ya(x)Ya(y) ] 

= sin("a)[j_a(x)j_ci(y)   + Y_a(x)Y_a(y): 



i 

€ 

Table  A 

Lebedev Transform 

g(y)   = J     f(x)K.   (y)dx 
0 :LX 

-2 f*   -1 
f(x)   = 2«    sinh(7ix)j     y    K.   (y)g(y)dy 

0 :LX 

  



f(x) 

 5S   - 

g(y) = J  fU) K.x(y) dx 

2 
X ■J-ny exp (-y) 

2n 
X iT,(-l)n 

,2n 
„ exp(-y cosh z) 

_dz z=0 

(a^x2)"1 -1 -J-ira   5 exp (-y cosh t - at)dt 
0 

(a2 + x
2)-* 

oc 

5  exp(-ycosht)Kr,(at)dt 
0              ü 

exp(-ax) 
00  2   2-1 

a J  (a + t )  exp (-y cosh t)dt 
0 

cos(ax) ^n exp (-y cosh a) 

x sin (ax) -J-Try sinh a exp (-y cosh a) 

sin (ax) sinh(bx) ■J-TT exp (-y cos b cosh a) sin (y sin b sinh a) 

cos (ax) cosh (bx) -g-TT exp (-y cos b cosh a) cos (y sin b sinh a) 

sinh (ax) sinh (bx) ^■TT exp (-y cos a cos b)Binh(y sin a sin b) 

a + b ^ i-ir 

cosh (ax) cosh (bx) ■^-TT exp (-y cos a cos b)cosh(y sin a sin b) 

a + h <, ^v 

 -——— ST 



f(x) 
CO 

g(y)  * i    f(x)  K.   (y)   dx 
o                 1X 

sech (^-TTX) in[l - y[K0(y)L_1(y)  + L^K-^y)]} 

sech (TTx)cosh (ax) inexp (yoosa)Erfc[ (2y)"2"| oos (^-a) |] 

a <^1 a -^   2 

sech (^-TTX) cosh (ax) y TCy2 +  t2)"*exp(-tcosa)K1[(y2 +  t2)*] 
0 

a ^ n 

esch(^-TTx) sinh (ax) sinaj     exp(-tcosa)K0[(y2 +  t2)*] 

a ^ n 

csch (nx) sinh (ax) 
CO 

-|-sin a J     exp(-t cos a)Kn (y + t) dt 
0                                  U 

tanh (nx) sinh (ax) in exp (-y cos a)Erf [ (2y)^sin (|-a) ] 

a ^ in         ■• 

sech (nx) sinh (ax) sinh (bx) in[exp[ycos(a+ b)]Krfc[(2y)2Cos(i-a +   ib) ] 

- exp[ycos(a-b)]P>fc[(2y)2cos(ia - -l-b) ]]  , 

a+b^^ 

sech (nx) cosh (ax) cosh (bx) in{exp[ycos(a+ b)]Erfc [ (2y)"5cos (^-a + ^-b) ] 

+  exp[ycos(a- b)]Erfc [ (2y)^cos (-^a - J-b) }J 

a+   bi^ 

x tanh (j- nx) yK0(y) 

L 
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!              fu) g(y)   = [" f(x)  K     (y)   dx                             | 
o                        **                                                         \ 

03ch( bx) sinh( TTX) cosh( ax) 
oo                                                                                                                          1 

inV1  1 (-l)nEnI  TT(y)coS(nTTa/b) 
n=0                  n^ 

b - a > -g-n                                i 

tanh(TTX) sinh(bx) csch(ax) ^TT[exp[-ycos(b + a)]£rf[(2y)^sin(^b + ^-a) ] 

+ exp[-y cos (b-a)]Erf[(2y)^sin(^b - ^-a) ] ]     | 

a +  b < -J-F                                , 

x sinh (nx) r( k+J-ix) r( k --^-Ix) 
,)l-2k 2 2k                                                                               1 2         TT y 

0 < Re k < -^                           | 

x sinh (TTX) r(k - ^ix)r(k + J-ix)   • 

1      • r(5- - k -iix)r(i _ k + ^lx) 
^^.^(y) 

x tanhC-Anx) P, .     .(z) 
S lx-2 

yK0[y(* + iz)*] 

x tanh (TTX) P.      ! ( z) (-l-TTy)aexp(-zy) 

xsech(TTx)   tanh(TTx) P.      ^(z) -(2TT)~2y2exp(zy)El(-zy - y)                                         | 

x sinh (TTX) sech(2TTx) P.^     l(z) 2"^exp(iz2y  - iy)D 8[zC2y)*]                                     ! 

_2 

x slnh(iiTx) [P.x_1_(z)]2 iTTy[j0[iy(z2   -I)*]]2 

x sinh (^nx)   Piix_i_(z) .a-l^d^ 8)*V+kJ.k[y(i*-i)*] 
Re   k  < 0                                      ! 

• 
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f(x) 
oo 

g(y) = 5   fU) Kix(y) dx 
0 

x slnh(^TTx)r(^-k+^ix)r(^-k-^ix)   •         j 

• pWz) 
Tr2^(z-l)-frV~kKk[y(i + *■>*]                                   i 

Re k <i                       i 

x sinh(TTx)r(i-k+ix)r(i-k-ix)P^    ,(») 2-frni-(zZ  - l)-^ky5-k
exp(-Zy) 

Re  k > i                              1 

x sinh (TTx)r(^-k+2ix)r(^-k-2ix)   • TT2|-
k
yi4V(|-k)(z2-l)^kexp(z2y  -y)   ■ 

•   Dk_ |(2zy*),             Re   K  < ^                                j 

x sinh ( TTX) r(i-k-^ix) rC-J-k-^-lx)   • 2^V(l+Z)-frky1-kJ_k[y(iz  -i)*] 

0 < Re k < -^ 

x sinh ( TTX) r(i-ik+i-ix) r(i4-k-i-ix)   • 

Re  k < i                              j 

x sinh(TTx)r(|--i-k+-Lix)r(|--i-k-i-ix)  • 

• pWz) 
2k_Mji-zJ_k[y(z2  - 1)*] 

Re   k  < | 

x sinh (iTTx)?!;-       Jiz)P^    Az)' 
g-lX-j-            -flX-2 i-yJk[4y(z2 - i)*lJ.k[iy(z2 - D*] 

x sinh (Txx)r(k+i-+i-ix)r(k+i-i-ix)   • U2y[Jk[*y(22 - i)*]]2 

1                                                     Re  k > - |-                           j 

V 
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f(x) 
oo 

g(y)   = i     f(x)   K.   (y)  dx 
o                  1X 

x sinh (nx) r(^-k+ix) r(-J-k-ix) • 

•[Pix^(z)] 

n(in/y)*exp(-z2y)l_k[U2  - l)   y] 

Re k < i 

x sinh (irrx) [Qiix_i,( z)+Q_^ix_L(z) ] -i"V0[y(i2 - J.)*] 

Jl^^   + J_lx(a) nJ0[(a
2 - y2)*]          ,  y < a 

o                         , y > a 

i sin(ax)[Jix(b)   - J_lx{b)] 
2    o 

^-TTJ0(Z1)-^TTJ0(Z2)      ,   2bysinha < b -y 

2    2 
^TTJQCZ.^)                          ,   2byslnha > b -y 

y < b 

2    2 0                              ,   2by sinh a < y -b 

i-TrJ0(z1)                            ,   Zbysinha > y2-b2 

y > b 

Zl  =  (b2  - y2 ± 2bysinha)"S' 
3 

cos(ax) [J.   (b)   + J   .(b)] ■|-nJ0(z1)   + iTTJ0{z2),   2bysinha <  b2-y2 

2     2 
^irJ0(z1)                            ,   2by3inha >  b  -y 

y < b 

0                            ,   2by sinh a < y2-b2 

fajQ(z^)                           ,   2byslnha > y  -b 

y > b 

Zi  =  (b2  - y2 + Zbysinha)5" 
2 



■ 
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f(x) g(y)  " I    fU)  K.   (y)   dx 
o :LX 

f sinh(^TTx) [Jix(a)+J_lx(a) ]    | 

[i cosh (^-TTX) [y.   (a) -y_lx(a) ]j 
K.   (a) 

IX 

2 
£TT sin (^-a /y) 

fslnh(^nx) [Ylx(a)-^_.x(a)] 

K..(a) 
-i cosh (-A-nx) [j.   (a)-J   .   (a)] '■ ix -ix       ' 

2 
■+" cos (ia /y) 

[Jllx(a)]2+   [Yilx(a)]2 2T,-1K0{i[y+(y2-4a2F]]K0[i[y-(y2-^a2)i; 

-ix sech (nx) [J.   (a)Y   .   (a)-J   .   (a)' v        L   ixv        -ix^ -ixv 

•Y,   (a)] 

exp(-y-4-a2/y) Erf c [a( 2y)'S"] 

x slnh (^TTX) [[J      ,(a) ]2+[y. !   (a) ]2j 2y(Aa2 + y2)-^ 

x slnh (inx) [J  ,   (a) J  !   (b)   + 
xax J.2x 

+ Y  !   (a)y       (b)] 

2 , -J- 
2y(y*i+^ab)   2cos[i[(a/b)*-(b/a)^](y Hab)^"] 

x sinh (inx) [J,,   (a)Y,i   (b) 
i+x 1-5-x 

Wb>Yi^a>: 

-2y{Aab+y2)_5"sin[i[(a/b)2-(b/a)2](Aab+y2)*] 

xslnh(^TTx)[j  !   (a)Y  ,,   (b)   + 
l-g-X -ig'X 

+ J.iix(b)V(a)3 

i. 1 
-2y(/,ab-y'i)"ä'coS[i[(a/b)*+(b/a)t](/tab-y2)*] 

,   y <  2(ab)* 

0 ,   y >  2(ab)^ 

x[J, ^.i   (a)Y,    .,   (a)-Y, ,.!   (a)' 1   k+i^-xv       k-i^-xv k+i^-xv 

■Jk-lix(a): 

.02k+l  2k  , ,   2    2N-J-r     ,   2l ,   2Nl-1-2k 12 a    yl^a +y )   a[y+(y   t^a )2] 

V. 
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f(x) 
oo 

g(y)   = J     f(x)   K.   (y)   dx 
o                       ;1-x 

oosh(ax)K.x(b) ^nK0[(b
2+y2+2by cos a)*] ,         a < TT 

x sinh (TTX) Ki2^a) ^n(2y/TT)^exp[-y - a2/(8y) ] 

x tanh(Trx)Kix(a) ^-TT(ay)2(a + y) ~ exp(-a-y) 

x sinh (bx) K.   (a) 
2    2                         l 

^-naysinb(a +y -t2ayco3b)   s   • 

•K1[(a
2+b2+2ay cos b)»],          b < TT 

x(c     + x )_ sinh(TTx) K..,(a) -LTT2Ic(y)Kc(a)               ,   y  < a 

J-TT2Ic(a)Kc(y)               ,  y > a 

x sinh (nx) r(c+i^-x) r(c-i^-x)K.   (a) 21-2CTf
2(ay/Z)2cK2c(Z) 

Re  c > 0 

z =  (y2+a2)* 

x sinh (2TTx)r(c+ix)r(c-ix)K.x(a) 2c
tTi-[r^-c)]-1(|a-1-y-1|)Kc(|y-a|). 

0  < Re c  < i 

x sinh (nx)r(c+.ix)r(c-ix)K.   (a) 2c-1TT^(a-1+y-1)-Cr(^ +   c)Kc(y+a) 

Re  c > 0 

[r{|+i^x)r(|-.lix) rlx tanh (Trx)K.x(a) ^(TTay/z)2exp(-z) 

z  =   (a2+y2)* 
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f(x) g(y)   = 5°° f(x)  Kix(y)  dx 

x sinh ("x)pVix(z)Kix(.a) 

,    Z   >    T 

0                                                              ,    Z   <   T 

c  ■ (2ay)*,     T ■ jrWy + y/a) 

x tanh (TTx)P_^+ix(Z)Kix(a) J-7T(ay)2'(a2+y2+2azy)~S'exp[-(a2+y2+2azy)^] 

x sinh (TTx)r(c+lx)r(c-ix)p'57^ix(z) • 

•K.x(a) 

2-iJ-( ay/b) c ( z2-!)^ ^ (b) 

b = (y2+a2+2ayz)^ 

xcI.^ft>IVb)"V(a)Wb)] 21y(^b-y2)^"oosh[i[(a/b)*-(b/a)*](Aab-y2)2i 

,  y < 2(ab)^ 

0                                              ,  y >  2(ab)* 

xSlnh(inx)[liix(a)+I_lix(a)]K.^(b) TTy(-Vab-y2)-3-exp^[ (a/b)*-(b/a)"2"] (4.ab-y2)^] 

,  y <  2(ab)^ 

ny(y2-^ab)-^Sln[i[(a/b)*-(b/a)*](y2-^ab)*] 

,  y >  2(ab)* 

x tanh (TTX) [llx(a)+I_ix(a) ]Klx(a) 41TT exp ( -y-J-a2/y) Erf [la{ 2y) "*] 

h-i^K^ixM+h^K^M nIk[i[(^2+y2)*-y]]Kka[(AaV)i+y]^ 

— 

♦. 



16 
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f(x) 
CO                                                                                                                                                      r 

g(y)  = 5    fU)   K    (y)   dx 
1                                o                 :LX                                           l 

sinh(nx)[Kiix+i(a)Ki.x^(b)   - 

-Vx_Ja)Kxix_i(b)] 

0                                              ,  y < 2(ab)* 

2in2(y2-Aab)^cos^[(b/a)Ma/b)*Ky2-Aab)*] 

,  y > 2(ab)* 

xslnh(Tix)[Kiix(a)]2 0                                              ,  y < 2a                         i 

n y(y -^a )"*                              ,  y > 2a                         j 

x sinh (iTTx)KiJLx(a)Klix(b) 2-1                        -L-                                                            1 ■^v yz~ exp[-^(ab)   a(az+bz)]                                         j 

z =  (y2 + ^ab)^ 

x sinh (TTX)K. ,   (a)K.1   (b) 
|                                           2 "^               ^"^" 

0                                                 ,   y  <  2(ab)* 

n2y(y2-^ab)^cos{i[(a/b)*-(b/a)*](y2-Aab)*] 

,  y > 2(ab)*               j 

x sinh (Trx)Kix(a)Kix(b) i"2exp[_^(|+|+äb)] 

x tanhMKlx(a)Klx(b) 

xsinh(,Tx)Kii^(a)V^-=(a) 0                                             ,  y < 2a                         > 

„-2c-i  -2c 2 -1  r,   .  .20^,       x2c1 2           a       TT  z    yL(y+c)     +(y-z)      ] 

,  y > 2a 

z  =  (y2-^2)* 

r 
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f(x) 
oo 

g(y)  = 5     f(x)   K.Jy)   dx 
o                   ■" 

XSinh(,Tx)V^iC
(a)Kiix-lc(a) 0                                             ,  y < 2a 

"2y(y2-^a2)-^coSf2c log [iya^+l^a-2-!)*] ] 

,   y > 2a 

x sinh(-l-TTx)S0  ^(a) 2         2   —1 
-i-TTay(a    + y )~ 

x tanh (HX)S0  2ix(a) - |<2yA) -S-a exp [-y+a2/(8y) ]El[-a2/(8y) ] 

x slnh (nx)r(i-i-k-i-ix)r(^-i-k+i-lx) • 

•3,    .   (a) k,ixv   ' 

„k k+1  2 1-k,   2 _._    2s-1 2 a       TT y       (a    + y ) 

Re  k < 1 

x slnh (TTx)r(i-k+ix)r(i-k-ix) • 

•S2k,2ix(a) 

„( 2y/TT) -5-22k-3ar(l-k) exp [-y-la2/(6y) ] • 

.r[k,a2A8y)] 

Re  k < i 

x tanh (nx) [D   i^.   (a)D  .    .    (-a)   + 

+ D4+ix
(-a)V-(a)] 

TTyi'co3[a(2y)2] 

x sinh ( TTX) r(-J~k+i^x) r(-J-k-iJ-x) • 

•Wk,ilx(a) 

/ .   xk 2 l-2k       r  ,       2/,,  , 1 
(Aa)  TT y        exp[-Ja-y /(w] 

Re k < i- 

x sinh ( TTX) r(i-k+ix) r(i-k-ix) W     .   ( 2a) TT(in) ^ar( 1-k) y^_k( a+y) k"1exp< -a-y) 

Re  k  < i 

V 
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Table B 

Mehler Transform 

S(y)   = /    f(>:)Pn-v i(y)dx 

f(x)   =   x tanh(7ix)[    P       i(y)g(y )dy 

As noted in the introduction, a Hehler transform pair can 
be obtained from any generalized Hehler transform by setting 
k = 0.  In general, the transform pairs that can be so 
obtained have not been included in Table B, 
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f(x) 
CD 

gCy) = f f(x) Pix_^(y) dx 

x~ tanh(itx) 2[y + (y
2 - l)*]^K{[y + (y2 - I)*]"1} 

x tanh(nx)(a + x ) w^ 
tanh(Tix)sech(7ix)sinh(ax) 2^n~  (y+oos a)_*arctanC(l-cos a)*(y+oos a)-*] 

sin(ax)tanh(Ttx) (2 cosh a - 2y)-*          , y < cosh a 

0                  , y > cosh a 

(sech TIX) cos(ax) ^(ly-* cosh a)-iarctan[(^|^)*] 
x+cosn a. 

, y >  cosh 

2"*7l'
1(#cosha - 4y)"* • 

r       i         r 
(cosha + l)s + (cosh a - y) 

a 

a 

|_(corha + 1)E - (cosha - y)^ 

, y < cosh 

cosh(ax) [sech(TIX)] 2"*(y - cos a) * - ^n  1(y - cos a)* • 

i          _i 
• arctan[(l + cosa)E(y - cos a)  ] 

x sinh(-n;x)r(a - ix)r(a + gx) • 

• r(# - o - 4x>r(# - a + jx) 

2K2(y2-l)-*{ [y+(y
2-l)*]*-2a+[y- (y2-!)*]^211} 

0 < Rea <| 
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■ 

f(x) 

x tanh(roc)r(a - tbc)r(a + ^x)   " 

• ret - « ♦ ^x)r(4 - a - 4x) 

[f(f +  ix)   +  *<f -  ix)]cos(ax) 

x tanh(7tx)r(|-a+ix)r(^-a-ix)P^i   .   (z) 

x tanhdix) [sechCrtx) ]   P.     i(z) 
ix-e 

g(y)  =   f    f(x)   P       i(y)   dx 
O s 

2Ti2sec(27Hx>(y2-l)"^   ■ 

•  i[y+(y -D2]        -[y-(y -D ]        J 

0 < Re a < # 

-2~5Ti(cosh a  - y) 4 ,   y  <  cosh a 

(fcr  - ^ cosh a)  ?[-  Y  -  log*   + ^logCy     -   1) 

- log(y  -  cosh a)] ,  y >  cosh a 

(z2  -  l)-5ar(l  -  a)(z  + y)01"1 

Rea < i 

i_2(y  -  Z)"
1log(2-^) 

x sinh(irn:x)sech(Ttx)P: ,      i(z) 
axx-5 

x sinh(5nx)sech(Tix)P  i.      i(z) 

x sinh(gTix)sech(nx)    • 

r(#   -  a  +  ix)r(*   - a  -  ix)Pi     i(z) 
-iX-a 

2"V1   c*{2Eiii - iyc)*] - KC(* - iyo)*]] 

(y2  + 4z   - J)-* 

>-*-**(!   +  z)*a(y2   +  I«   - i)-*-*« 

2+a 

a**-1^«   -   2a)(z   - l)"*a(iz   + *)-*    • 

(y2_    Sli^-i^CyC^i)-»],    y>(«z+4)^ 
C U —2 

Rea < I 
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f(x) g(y) = |    f(x) Pix_i(y) dx 
0                  ^ 

x tanh(7ix)r(— - a + -rx^i— - a  - -rx) • 2*-K*r(| - 2a)(z+l)-*a(y
2 ♦  Z-1)*a-* • 

Re a < | 

xtanh(7ix)r(i - | + |x)r(i  - | - |)e). 2      n"{y +z -1) ^(z -1) ■  Ly+(y +z -l)"] 

Rea< | 

xtanh(nx)r(| - | + |x)r(| - | " |x) • 

Pa    iCz) xx--g 

2aA(z2-l)"*a(y +  z2 - I)-* • 

•   Cy - a(y
2 +  z

2 -  l)*]Cy +  (y
2  +  z

2 - l)*]a 

Rea< | 

x tai]h(7ix)CP_i    .   (a)]2 
1x"1(2a2  - 1 - y)*(y  - 1)"*   ,  1 < y < 2a2-1 

0                                   ,           y > 2a2-1 

a > 1 

x sinh(—Tix)sech(Tix)Pi .     xCz)   ' 2-V*(z2-l)V1   • 

• t(a  +  ^)P"   (c/y)P"a(c/y)   -   (a   - i)   • 

• P|(c/y)P^(c/y)] 

c   =   (y2
+z2-l)* 

xtanh(nx)r(a  +  p   +  2X)r(a  + p  ~  2X^' 2-a-*A(2a  ♦ |)(z2   -  DV^c^P^Cc/y)    • 

• Pl|(c/y) 

c   =   (y2
+z2-l)* 

. 
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f(x) g(y)   =  .f^fCx)   P^^Cy)   d* 

xtanh(nx)r(— - a + ix)r(— - a  -  ix)° (z2 - IJ**(y ♦ l)"*(y - 1 + 2z2)-* • 

.   [y   +  z
2  +   (y   +  l)*(y  -  1   «  2z2)*]" 

xsech(7tx)sinh(fx)[Y.   (a)   + Y   .   (a)] (2a/Ti)?sln(ay - ^TI) 

s 

xsech(Tix)sinh(|x)[Jix(a)   + J_ix(a)] (2a/Ti)   cos(ay  - j-n) 

x tanh(7ix)sech(^x)CJ.    (a)   +  J   .(a)] 
C.               XX                         -XX 

2(a/-n;)2[sin(ay)   -  cos(ay)] 

xtanh(nx)sech(|x)[Yix(a)   +  Y_ix(a)] -2(a/7i)'-![sin(ay)  + cos(ay)] 

x tanh(7tx)CJ.    (a)Y   .    (b) Xx         —xx 

+  Yix(a)J-ix(b)] 

-2TI"1 (ab )^( a2+b2+2aby )*sin[ (a2+b2+2aby )S] 

x tanh(Tix)[Y.    (a)Y_ix(b) 

"  Jix(a)J-ix(b)3 

2Tl"
1(ab)*(a2

+b2+2abyT^cosr(a
2
+b2

+2aby)*] 

xtanh(rac)[[Jix(a)]2  ♦   CY
ix(a^2^ 2V1(y  -  l)"*expC-a(2y  -  2)*] 

x tanh(nx)exp(-7ix)[H[x
)(a)]2 ^n^d  +  y)"*exp[ia(2  +  2y)*] 

x tanh(7ix)[I.    (a)   +  I       (a)] (2y  -  2)"*sin[a(2y   -  2)*] 

x tanh(Tix)K.    (a) 
ix 

(-a7i)^exp(-ay) 
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f(x) 
CD 

g(y)   .   f     f(x)   P       A(y)   dx 
0                          s 

x tanh(7tx)K. p  (a) iaK0[a(| + |y)*: 

x 3ech(7ix)tanh(7ix)K.    (a) -(27x)"®a*exp(ay)Ei(-  ay  -  a) 

x sinh(-Tix)sech(Kx)K. i   (a) 
2                             i-gx. 

(iTiAtxpCay2  -  a)D   .^ (2ye*) 
2                                                     "S 

x sinh(-Tix)sech(Tix)[J.    (a)+J_.    (a)]* 

•   Kix(a) 

i                    i                    i 
(2y)   2exp(-ay:;)sin(aY£) 

x sinh(—TuOsechCnx)   • 

•   "ix(a)   +   Y-iX
(a)3Kix(a) 

-(2y)"^exp(-ays)cos(ay2) 

x tanh(7ix)[I.    (a)K.   (b)-K.   (a)I.    (b)] 
IX               IX                   IX               IX 

(ab)s'(a2+b2-2aby)"5cosh[(a2+b2-2aby)5J 

<  1  a       lb 
y       2  b   +  2  a 

0                                  otherwise 

x sinh(7ix)[K.   (a)]2 2"*n(y  -  l)"^cos[a(2y  -  2)*] 

xtanh(nx)K.    (a)K.    (b) inCabAa2  -c  b2   +  2aby)"*   • 

•    exp[-(a2  +  b2  +  2aby)*] 

—        ——-I... 
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1                                      f(x) g(.y) - X   f(x) Pix_^(y) dx                       | 

x tanh(Kx)K.x(aei7v/Zt)K.x(ae-W4) T[2""*y"*exp:-a(2y)*] 

xtanh(Tix)r(jj- + |y)r(jj- - |y)3i      (s) 't(a7x)*[sin(ay)Ci(ay)  - cos(ay)si(ay)]               i 

x tanh(7ix)r(— - ^a + ix)   • 

'     r(|-^-ix)Sa,Pix(a) 

|a[r(l  - |a)]\_1)0[a(| ♦ |y)*3                          | 

Rea< 1 
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Table C 

Generalized Hehler Transform 

g(y)  = X     f(x)P^     ,(y)dx 

1 Ir 
f(x)   =   7i     sinh(7tx)r(i-k+ix)r(i-k;-ix)J'    g(y)P^     i(y)dy 
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f(x) g(y)   = /    f(x)  Pfx_i(y)  dx 
0                    s 

a a(|7t)*[r(i _ k)]"1(y2  -  l)*k(y  -  l)"k"* 

Rek< | 

cos(ax) (in^Cni -  k)]"1(y2  -  l)*k(y  -  coSha)'k^ 

,  y > cosh a 

0                                       ,  y < cosh a 

Rek   < i 

cos(ax)sech(7ix) 2-*-k(l+y)*k(y+cosha)-^k- 

fk[(lfcosha)*(y+cosha)"*] 

cos(ax)r(- -  k +  ix)r(— -  k  -  ix) (2n)      (2  "     )(y     "  D        (y  +  cosh a)     2 

Rek < i 

cosh(nx)r(-  -  k  +   ix)r(-  - k  -  ix) (in)*r(i  -  k)(y2   -   l)-^(y   -   l)k-* 

-  | < Re k < | 

PCjr  -  2   +  2X^r^  _  2  "  2X^C0S'aX^ 7r2k+'5r(i -  k)(y2  +  sinh2a)~T • 

k                      2                2     -4 ■   P  xCcoshaCy    +  sinh  a)      ] 

IXf " 2  +  2X^r^ _  2  ~  |x)cos(ax) Ti2k^yr(| - k)(y2  ♦ sinh2a)"^ • 

k                    2                 2     —^ '   Pi[cosha(y     +  sinh  a)   2] 
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f(x) g(y)  =  f    f(x)  P^(y)   dx 

xsinh(nx)r(a +  ix)r(a -  ix) K2a"*r{| + a)[r(| - k - a)]"1   • 

•   (y - l)-*-k-a(y2 - l)*k 

Re(2a  +  k  - |)  <  0 

Rea   > 0 

x sinh(7ix)r(- - k  + ix)r(— - k - ix) • 

•   r(a  +  2   +  2X^^a  +  2  ~  2X^ 

n^2^-k-2ar(i  +  2a)y-*-2a(y2  -  l)-«k 

Re(a  + |) > 0 

Rek <i 

x sinh(7ix)r(r' -  k  +  ix)r(— -  k  -  ix) • 

• r(J-x+|x)r(J-x-|x)[r(J-| + ix) • 

' r(|-|-|x)J"1 

Tts^ucx - ^J^rci - x - |)(y2 - l)^1 

Rek < i 

x sinh(27ix)r(a +  ix)r(a  -  ix)   ■ 

r(| - k + ix)r(i - k - ix) 

n^Wcl + a - k)[r(| - a)]"1   • 

•  (y - ^-^(y2 - l)"*k 

Re(2a  - k - |)  < 0,     Re a >  0 

Rek< | 

r(—k+ix)r(—-k-ix) tanh(iix)sinh(ax) -2k":Ln*r(l-2k)(y-l)"*k(y+l)"T(y+cosa)*k"4- 

• tP^Cz)- p^c-)] 

z  =   (1  -   cosa)*(l +  y)"^ 

Rek < i 

-— 
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f(x) g(y)  =   f    f(x)  P^iCy)  ax 
0                        ^ 

cos(ax)sech(Ttx)r(--k+ix)r(—k-ix) 2*+kr(l-2k)(y-l)"*k(coSh a-y)*k"* • 

•   e"i7lkQk
k[(|cosha-iy)"*coSh(|a)],    y < cosh a 

2kr(l-2k)n*(y2-l)-+(y-l)i"*k(y-coSha)*k'f- 

Pf'iK|4y)"*coSh(ia)]   ,         y>coSha 
"K-T|  2   2                       2 

Rek < | 

cosh(ax)sech(7ix)r(--k+ix)r(—k-ix) (iTl)*r(i-k)(y2-l)-*k{(y-cos aH 

+ 2"k"*Ti"*r(l-k)[(y+l)(y-cosa)]*k"*- 

z =   (1  +  cosa)*(l  + y)"* 

Rek < i 

x sinh(7ix)sech(2Tix)P_>.      x(z) 2-i-^1+y)^(z2+iy-|)-«-*k   • 

x sinh(Tix)r(- -  k  +  ix)r(- -  k  -  ix) • 

•Pi       (a) -f+ix 

rtrr(k)]"1(y2-l)"*k(a-y)k"1      ,   y > a >  1 

0                                    , 1 < y < a 

0 <  fle k < i 

xsinh(nx)r(—-a+ix)r(—-a-ix)   • 

• r(|-k+ix)r(i-k-ix)p^+ix(z) 

nr(l   -  a  -  !0(z2   -  l)-*a(y2   -  l)-*k   • 

,            ,k+a-l (z  +  y) 

He(a,k)   < | 

. 
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f(x) g(y) = J   f(x) P^v_i(y) dx 
o                 "^ 

xtanh(itx)r(i-k+ix)r(i-k-ix)P ,    .   (a) 
d.                         ti                       —5+1X 

r(l-k)(y
2-ir*k(y+a)k-1 

Rek < | 

x tanh(2Ttx)r(i-k+ix)r(i -k-ix)P2i    i(z) 2-^-*kA(|-2k)(z+l)-*
k(z2

+£fi)*k-«-  • 

Re k < | 

xtanh(7ix)r(i-| + iX)r(i-|-ix)   • 

'  Pix-^z> 

.1+k ^,  2    2 n.-I-  2 ,%-|kr     .22,.*-* 
2       TiK(y  +z -1)  "(y -1)  ■  [z+(y +z -l)e] 

Rek < | 

xtanh(Kx)r(2-| + ix)r(|-|-|x)   • 

*   Pix-i(z) 

_k 4-  2  n ,-^k,   2    2  , ,-§ 
2  Ti-'Cy  -1)   K   (y  +z  -1)    2y    • 

•   [z-k(y2fz2-l)*][z+(y2
+z2-l)*]k 

Rek <| 

xsinh(Ttx)r(jj--- + -x)r(^----x)   • 

• r(|-k+ix)r(|-k-ix)p^x_^(z) 

0l+a  i-,   2  ...-Jk-,.,   ,       ,,2    2 -,Nik-*. 2       Jt"<y -1)   ■  r(l-k-a)(y +z -1)K     E * 

• P?k[y(y2+22-i)_*] 

Re(a,k) < | 

xsinh(Ttx)r(|-| + |x)r(|-|-ix)   • 

■ r(i-k+ix)r(|-k-ix)p^x_i(z) 

2a^r(2-a-k)z(y2-l)-*k • 

•  (y +z -1)"     fi_kLy(y +z -i)    J 

Rea < | 

Rek < | 



32 

f(x) g(y)   = J"     f(x)  P^^Cy)   dx 

x sinh(Ttx)r(—a+r-x)r(^-a—x)   • 

•  r(i-k+ix)r(i-k-ix)P^_i(z) 

2*-K*(l+Z)-^r(|-k-2a)(y2-l)-*k • 
. (y2+ ^«^Dj^^^^jij 

Re(a,k) < | 

x sinh(^n:x)r(--k+ix)r(~k-ix)   " 

*  Piix-i(z) 

2-*a-^*r(|-k)(2+l)*a(y2-l)-^ • 
(^z-l^k-a-jy^^^^z-l^ 

Rek < i 

x sinh(Tix)[r(--k+ix)r(—-k-ix)] 

•   ^Vix(z)]2 

2"kA(|-k)(z2-l)"k(y-l)'^k(y+l)*k-*   • 

•   (2z2-l+y)k"* 

Rek < | 

x sinh(Ttx)sech(2Txx)   • 

• r(|-k+ix)r(i-k-ix)p.2x_|(z) ,   2     y+lxtjk-*k;-lr   ,1     l.-s-,          .     ,1     l.| 
(z     -i^-)2   2Pk_i[2(^+2) "], »> (-y+2) 

-y+l      2,fek-iLk-lr   ,1    l,-i,        ^ ,1    ls4 (*^-   z )■     ^_|Ca(|y+j) s], z < (Jy+I)18 

Rek < | 

x sinh(T7Tix)r(--a+-x)r(--a-^rx)   • 2            2       c         2       2 
• r(|-k+ix)r(i-k-ix)p^x_i(z) 

2*%r(|-k)r(|-k-2a)(z-l)-^(^1)-*-(y2-l)-*k. 

(y2_  z+l^a+k-iy.k-l^z+l^^ >(-!)* 

(z.l  .y2)*(«^-l)^*k-ll:y(S5*l)^](y<(^l)i 

Ro(a,k) < i 
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f(x) g(y)  =   f     f(x)  P^Cy)  dx 

xr(|-k+ix)r(i-k-ix)   • 

•   {[Jix(a)]2-  [J_ix(a)]2) 

- ia+^na^Cy+l^y-ir^J^Ca^y^)*] 

Rek < | 

xsinh(Ttx)r(|-k+ix)r(~k-ix)   • 

'   CJix(a)J-ix(a)-Yix(a)Y-ix(a)] 

A*k+*a^"k(y+l)"*(y-l)"*kY^_k[a(2y+2)*: 

-|<Rek<i 

x sinh(Ttx)K.2   (a) n2-5~lk(l+y)*V+k
J_k:(iay-ia)*] 

Rek < 0 

x sinh(2nx)r(~k+ix)r(|-k-ix)K       (a) 0-2-4k 2,,      ^-ik l-kT     -1       1  £. 
2       * n  (1+y)   "  a      ^»^f*'  J 

Rek < i 

x sinh(7ix)r(—k+ix)r(—-k-ix)K       (a) 2«k-2na1-k(y-l)-*kKk[a(i|i)^ 

Re k < | 

x tanh(Ttx)r(i-k+ix)r(~k-ix)K.   (a) (|na)*r(l-k)(y-l)'*k(y+l)*k   • 

exp(ay)r(-k,ay+a) 

Rek < | 

x sinh(Tix)r(jj-^+|x)r(2j-j-|x)Kix(a) 2*+k.2a*J_k[a(y2-l)^ 

Rek < | 

■   ■ 
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f(x) s(y) = f f(x) P^W dx 

x sinh(Tix)r(|-k+ix)r(i-k-ix)Kix(a) 2-*n'a*-k (y2-l)-*kexp (-ay ) 

Rek < | 

x sinh(|7ix)r(|-k+ix)r(|-k-ix)Kiix(a) K2*-ka^kr(|-k)(y
2-l)-*kexp(ay

2-a)   • 

Re k < i 

xsinh(|TCx)r(|-k+ax)r(i-k-ix)   • 

•   [Jix(a)+J-ix(a)]KiX
(a) 

i(|K)^(y
2-l)-^k(2y/a2)*k-*. 

• {exp(i2-i2k)Kk_^Ca(2iy)i] 

-  expCi^k-i^K^CaC-^iy)*]) 

Re k < | 

x sinh(|nx)r(|-k+ix)r(i-k-ix)   • 

*   "ix(a)+Y_.x(a)]Kix(a) 

.(^^(/.D-ik^^^k-i. 

[exp(iJ-iik)Kk_^[a(2iy)*] 

+  eXp(iik)Kk_i[a(-2iy)*]} 

Rek < i 

x sinh(juc)r(--k-ix)r(--k+ix)   • 

■   CKix(a)]2 

n^2-i-+*k(y+l)-
:i(y-l)-*kKi_kCa(2y+2)*3 

Re k < | 

xsinh(nx)K.x(a)Kix(b) 
0                                                                     y <   T 

2-k-2.M+k(y2-l)^(y-T)-ik^J_k_|[c(y-T)4: 

y   >    T 

c  =  (2ab)* 

T   = i(a/b+b/a) 
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f(x) g(y) = |   f(x) pfx_^(y) dx 

x sinh(7ix)r(--k+ix)r(—-k-ix)   • 

•   [r(-k+ix)r(-k-ix)]"1[Kix(a)]2 Re k < - | 

x sinh(Tix)r(—k+ix)r(--k-ix)   • 

•  Kix(a)Kix(b) 

2-M(ab)*-V-l)-*k • 

(a2
+b2+2aby)*k"^_kC(a2

+b2
+2aby)*] 

Rek < i 

xsinh(nx)r(i-k+ix)r(i-k-ix)W,    .    (a) -na(y+l)     (y-l)~* exp(--ay) 

Rek < i 

x sinh(Tix)r(--k+ix)r(j-k-ix)" ,1-k    f-ik,  2  , ,-ik       ,1         2, 2       na*   E   (y  -1)   E   exp(|a-ay   ) 

Rek < | 

x sinh(Tix)r(--k+ix)r(—-k-ix)Wi     i  i   (a) 21-kna*-*ky(y2-l)-*kexp(ia-ay2) 

Rek<i 

xsinh(Kx)r(—-k+ix)r(—-k-ix)   • 

• r(H4x)r(rrH-Ux(a) 

7i221"ka*~^(y2-l)"*kexp(ay2-|a)Erfc(ya^) 

Rek < i 

K sinh(nx)r(--k+ix)r(—k-ix)    • 

' . rcl^rci^w^u)     . 
.^^-M-^rc^a-k) . 

(y2-l)"*kexp(|ay2-ia)D2a+k_#
ry(2a)*] 

Re( t.k)   "1 

- 

• 
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f(x) g(y)  =  f    f(x)  P^Cy)  dx 

x sinh(7ix)r(--k+ix)r(—k-ix)   • 

• n^mfö 2
1x)wk^ix(a) 

7:221"ka^"k(y2-l)"*kexp(-|a2
+a2y2)firfc(ay) 

-|<Rek<i 

x sinh(nx)r(—a+ix)r(—-a-ix)   • 

- r(|-k+ix)r(i-k-ix)wa ix(a) 

TC(ia)*"*kr(l-a)r(l-a-k)(y-l)-^k(y+l)"^  • 

•   exp(iay-ia)Wa_k_^_^(|a+iay) 

Re(a,k) < i 

xSinh(T[x)r(i-|+ix)r(i-|-|x)   • 

•   r(i-k+ix)r(~k-ix)S     .   (a) d                   d                a,xx 

2K^1-kr(|-a-k)y*(y2-l)-*kSa+k_1^(ay) 

Rea < 1 

Rek < i 

x sinh(nx)r(—k+ix)r(—k-ix)   • 

•   3,    i   .   (a) k+g,ix 

Tta^CaCy2-!)*] 

Rek < | 

x sinh(nx)r(—-k+ix)r(—k-ix) • 

•   S2k)2ix(a) 

^k-2ak+1(l+y)*kKk[a(iy-i)^ 

Rek < i 
—   C 

x sinh(Tix)r(--k+ix)r(—-k-ix)' 

•   3,    ,    .    (a) k-f.lx 

^a^CaCy2-!)*] 

Rek < i 
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List of Abbreviations,   Symbols  and Notations 

E    - Neumann's numbers,    e    =1,  e    =2,    n=l,2,3,- rn 'on 

(*) = Binomial coefficient,  (*) = ^^jpfi-b+l) 

f -  Euler's constant, y = 0.57721. 

1.  Elementary functions 

Trigonometric and Inverse trigonometric functions: 

sin x,  cos x,  tan x = sin x/cos x,  ctn x = cos x/sin x, 

sec x = l/cos x,  esc x = l/sin x,  arcsin x,  arccos x,  arctan x, 

arcctn x 

Hyperbolic functions: 

slnh x = (e -e  )/2,  cosh x = (e +e  )/2,  tanh x = sinh x/cosh x, 

ctnh x = cosh x/sinh x,  sech x = l/cosh x, csch x = l/slnh x. 

2.  Orthogonal polynomials 

Legendre polynomials: 

Pn(x) = a-^nJ)"1 ä_- (x
2_i)n = ^(-n^+l;!;^) 

dx 

Gegenbauer's polynomials: 

C"(x) = [n!r(2a)]"1r(2a+n) ^C-n^a+nia+l/Zji^) 
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Chebycheff polynomials: 

1-Xx       n Tn(x)  = cos(narccosx)   = ^(-11,115^;^)   = |   lim r{a)   C°(x) 
a=0 

2 -k IT  (x)   =  (l-x )~2siri[(n+l)arocos x] 

= x(n+l)2Fl(if ,2+n;|;l-x2) 

Jacobi  polynomials 

9(M l-Xx p\P»"/(x)   =  [njr(l+ß)]   Yd+ß+^^C-n.n+a+ß+l^+l;^) 

Laguerre  polynomials: 

L°(x)  = (nl)"1x-V-^-(9-V+a)  =  [nir(l+a)]-1r((t+l+ii).P.(-n|l+a|3i 
dx 

L  (x)   = L0(x) n nK 

Hermite polynomials: 

Hen(x) = (-l)nexp(x2/2) -3-exp(-x2/2) 
dx1 

He2n(x) = (-l)n2-n(n!)-1(2n)!1F1(-n;i;^x
2) 

He 3.1 2s 
2nTl(x) = (-l)

n2-n(n!)-±(2n+l)Jx1F1(-n;|-;|x'
i) 

I   
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Gamma function and related  functions 

r(z) = J    e~ttz~:Ldt, Re  z > 0 

i|)-function: 

♦(«) = Ijlog r(z) 

Beta function: 

- r(x)r(y) B(x)y)   = i^i 

See also under incomplete gamma function. 

Riemann's and Hurwita's zeta function 

CCs) = 2 n  ,  Re s > 1 
n=l 

t{s,v)   = Z (n + v) B,  Re s > 1 
n:=0 

Legendre  fianctions  (definition according  to Hobson) 

e/2 
pP(Z)  =   [rd-ß)]-^^)       ^(-^a+ljl-ß;^) 

Qp(z)   =  2-a-1[r(a+3/2)]-;LeiTT^n  ^(a+ß+l)z-a-p-1(z2-l)ß/2• 

„  / a+ß+1     a+ß+2 . , /-       -2s 
•   2F1(—|—.   —^—5   a+ 3/2;   z     ) 

z     is a point  in  the complex    z     plane  cut along  the  real axis 

from    - °o to +1. 

ß/2 
EJU)   =   [rd-ß)]"1^)       ^(-a.a+ljl-ß;^),        -1 < x < 1 

QP{X)  = xe--ß [e-^ß^Q^x-flO)   + e^^QjCx-lO),       -1< x < 1 

Pa(z)   =  P°(z);     Qa(z}   =  Q°(z)5     Ea( x)   =  E°(x);      ^(x)   =  a°(x) 
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6.       Bessel functions 

'.(.> ■«mfear n=0 

Y   (z)  = otn(iTa)j  (z)   - csc(TTa)j     (z) 

H^Cz)   = J  (z)   + iY   (z);     E[
2)
(Z)   « J  (■)   - 11  (z) 

^ a a u Ci ci 

7.  Modified Bessel functions 
«>    ,    ,„sa+2n (z/2) Ia(z)  - e Ja(Ze    M  = ^   ■1r(a+n+l) 

K   (z)   =   iflO«3(Tw)tl      («)    -   I   (z)] 

_   i .      iTra/a^Cl),     in/2N   _       , .       -lTTa/2T.( 2),     -iTT/2^ = -J-ilf«      '   IT     (ze    '    )  = - •J-ITT e        '   Hv   '(ze      '    ) 

8.       Anger-Weber functions 

-,     " 
J  (z)   = TT ■L  5     cos(z sin t  - at)dt 

-1 E  (z)  = - TT-    j   sin(z sin t - at)dt 

Jn(z)   = Jn(»).       n=0,l,2,. 

Jj_(z)   =  (TTZ/2)"5"[COS  Z [C(Z) - S(z)]  +  sinz [S(z)   +  C(z) ] ]  = E   ,(z) 
2 "T 

J  i(z)   =  (>TZ/2)~2{COS z [C(z)   + S(z)]   -  sinz[C(z)   - 3(z)j  = E,(z) 

9.       Struve  functions 

H  (z)  =    Z 
n=0 iT 

l)n(//2) 
n+3/2)r( 

aT2n+l n _L i 

(z)  = -ie-1,Ta/2    H (ze1"/2) 

——,  
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10.    Lommel functions 

Sajß(z)   =  [(a_ß+i)(a+ß+i)]-1
z

a+1
iF2(i.°z|+3,S+pj_z2A).     a + ß / -1,-2,-3, 

sajß(z) = Sajp(z) + 2"-ir{Sr|±l)r(2±Ml)[Sin(^)Ja(z) - cos(I^%a(z)] 

Special cases of Lommel's functions: 

sn     (z)  = 1,^-^(^1/2) HU) 

S„     (z)   = T,*2a-1r(a+l/2)[ H  (z)   - Y  {*)] 

S
0    ß(Z)    =   i"CSc(lTß) [    J   (z)    -       J_ß(z)] 

S0jß(z)    =|cSc(TTß)[    Jß(z)    -      J       (ü)     -Jß(z)    +J_ß(z)] 

n «-1 s^^Cz)   = - ^ß     cscOßH  Jß(z)   +    J_ß(z): 

" „-1 
S-l,ß(z)   =2ß     CSc(lTß)l:Jß(a)   + J-ß(z)   "    Jß(z)   "    J-ß(z)] 

sljß(z) = i + ß2
S_ljß(Z);    S1>ß(z) = 1 + ß s_1)ß(z) 

Sx iU;   =   z  «;     S3  iCz)   - z£ 

S j_ ^(z)   = z  8[sln zCi(z)   - coszsi(z)];   S 3  ^{z)   = -z-s[sin z si(z)   + cos z Ci(z) ] 

jß-lr lim   [r(ß  - a)]-xsn  1    R(z)  =  -2P-Xr(ß)j  (z) 
a=ß Q"1'P P 

Lommel  functions of two variables: 

üa(v,a)  =    M.l)fl(w/B)0+2n
Ja+2n(i 

n=0 

V  (w,z)   =  cos(-5W +  -g- z /w + i an) + U-     (w,z) 
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11.     Gauss's hypergeometric  function 

w     u \  -      Hgj v    r(a+n)r(b+n)   zn \   \   s ■, 
n=0 

12.  Generalized hypergeometric series 

/n(al'a2'---'V VV---'bn'
z) = —1 

13.     Confluent hypergeometric  functions 

r(bj-"r(b) «•    r(a,+k)'"r(a +k)     k x  tr „       x  1               v  m        z 

r(a-,)"-r(a ) k=0 r(b-,+k) •••r(b +k)   k! 
1                m 1                    n 

.      - CO 
r(a+n)   z 

n=0 
r(c+n)   ni 

n 

^(ajajz)   = eZ,     ^(a^.a^z)  = 2aJS"r(a + ^z*  ^lA'. 

^(i^jix)   = eix ^(Ijls-ix)    = (in/x)*[C(x)   + is(x)] 

Whittaker's functions: 

Ma,ß(z) = »P+*«"^*1P1(M + i;2ß+i;z) 

Vß(z) = frfeiTMa,ß(z) + iT^Sir Ma,-ß(z) 

Special cases of Whittaker's  functions: 

M0)ß(z)  = r(l+ß)22ßIp(Z/2)^   ;    W0jp(z)   =  ( Z/TT)"^ z/2) 

M    -(») = zK^t    ,U)j    M.   ,(z) = -i4-«*z*e"^Erf(i8'*) 
a,0 a-g- T>4" 

Parabolic cylinder function: 

Da(z)=2^/
2z^n+^p_+(z

2/2) 

2, 
Dn(z) = e"z /^He^z),   n=0,l,2,... 

n 

D^Cz) = (TT/2)*ez /'WcU^z) 

D_^(2) = (iz/TT)*Ki(z2/4) 
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Error integrals: 

0 
Erf(Z)   = 2T,^ S     e-1 dt = Zn^z^i^-z2)  = 2(,TZ)-V

Z
 ^X A(«^ 

Erfc(z)  = 1 - Erf(z) = 2TT"* J    e"* dt = (mO^e-2 ^  .   , (z2)  = TT"^r(|,Z
2) 

ErfCx^e1"/'4) = 2*eiTT/4[c(x)   - iS(x)] 

ErfcCx^e1^) = 1  - C(x)   - S(x)  - i[C(x)   - S(x) ] 

Pre snel' s integral s: 

C(x)  = (2TT)"^5     f^costdtj     S(x)  = (2TT)"^ J    t"*«lntdt 
0 0 

Exponential integral: 

-Ei(-z)   = J    t^e^dt =  - Y _ log z   -    2    ^L- = z^e"z/2W  .  n(z)   = r(0,z), 
z n=l n ■ n! -^0 

-TT < arg z < TT 

-1 -t 
Ei(x)   = ^[Ei(x+iC)   + Ei(x-iO)]  = -P.V.  J     t    e    dt 

-x 
oo       a 

= Y + log x +    2    -i-r- ,       x > 0 & .   n*n!   ' 
n=l 

Ei(-ix)  =  Ci(x)   -  isi(x)5     Ei(ix)  =  Ci(x)   + irr + isi(x) 

Sine and cosine  integral: 

x ro 
Si(x)   = J     t'-'-sintdtj     si(x)   =  - I     t    sin t dt =  Si(x)   - 5 

0 x ^ 

= | [Ei(-ix)   - Ei(ix)] 

00    -1 1 ^     l"   -Mn  2n 

Ci(x)  =  - 5     t    costdt = | [El(-lx)   + El(ix)]  = Y + log  x +    2     ^^Tj 

L 
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Incomplete gamma function: 

r(a,z)  = 5     t^e^dt = | z^Fjaja+lj-z) 
0 all 

r(a,z)  -It«)   - Y(a,Z)   = f t^e^dt = z(a"l)/2e"z/2W(a_l)/2ja/2(z) 

r(i,z2)  = TT^ErfcCz);     r(0,z)  = -Ei(-z);     r(i,z2)  = TT*Erf(z) 

14..    Elliptic  integrals and theta functions 

Complete elliptic  Integrals: 

K(k)   = .f     (1  - k2sin2t)-*dt = | »F-Ci^ljk2) 
0 «e < J. 

E(k)  =5"     (1  - k2sin2t)*dt = I ^(^ijllk2) 

Theta functions: 

9  (v,t)   = (-it)"* 2 (-l)nexp[-in(v + n - ^V1] 
-OO 

6  (v,t)  =  (-it)"* 2: (-l)nexp[-iTT(v + n)^-1] 

öo(v,t)   =  (-it)"* 2  exp[-ln(v + n)2!"1] 

O/Cvjt)   =  (-it)"* 2 exp[-iTT(v + n - i)2!"1] 
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^rmbol Name of the Function Listed under 

C(x) 

Ci(x) 

C°(x) 

Da(x) 

E(k) 

El(-x) 

ElCx) 

Erf(z) 

Erfc(z) 

Ea(z) 

F 
m n 

He (x) 
n 
(1,2) H (x) 

Ha(B) 

Ia(z) 

Ja(z) 

Ja(z) 

K(k) 

Ka(z) 

L°(x) 

iaU> 

Ma,ß(2) 

Pn(x) 

P^'P^x) 
n 

Fre snel's integral 

Cosine integral 

Gegenbauer's polynomial 

Parabolic cylinder function 

Complete elliptic integral 

Exponential integrals 

Error integrals 

Anger-Weber function 

Hypergeometric function 

Hermite's polynomial 

Hankel's funotions 

Struve's function 

Modified Bessel function 

Bessel's function 

Anger-Weber function 

Complete elliptic integral 

Modified Hankel function 

Laguerre's polynomial 

Struve's func tion 

Whittaker's functions 

Legendre's polynomials 

Jacobi's polynomials 

13 

13 

2 

13 

l/. 

13 

13 

8 

11, 12, 13 

2 

6 

9 

7 

6 

8 

U 

7 

2 

9 

13 

2 

2 

V. 
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Symbol Name of the Function Listed under 

pP(z) 

£P(x) 

(jJU) 

aJ(X) 
S(x) 

sl(x) 

Sl(x) 

a,ß 

Sa,ß^) 

Tn(x) 

ün(x) 

Ua(w,z) 

Va(w,z) 

Wa,ß(z) 

Ya(Z) 

B(x,y) 

r(z) 

r(a,z) 

Y(a,z) 

^(z) 

ea(v,t) 

CCs) 

CCs.v) 

Legendre functions 

Legendre functions 

Fresnel's integral 

Sine  integrals 

Lommel's function 

Chebycheff's polynomials 

Lommel's function of two variables 

Whittaker's function 

Neumann's function 

Beta  function 

Gamma  func t i on 

Incomplete gamma  functions 

Psi  function 

Theta  functions 

Rieraann's  zeta function 

Hurwitz's zeta function 

5 

13 

13 

10 

10 

13 

6 

3 

3 

13 

3 

4 

4 
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