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A Proofs

Preliminary. The geodesic path between Us € R?*" and U, € R?*" on a Grassmann
manifold is described by

Uiy =UsST() —UsSE(, 1 €0,1], (A.0.1)

where Us € RY™"" is an orthogonal complement matrix to U and § € R"™" and § € R4~"*"
are orthonormal matrices given by the (generalized) SVD of

Ulu,=STT", U.U,=-8%T", (A.0.2)
I' = diag({cos 6k };_;), Y = diag({sin 6 };_,), (A.0.3)
Cy= diag({cos(t6x) }—1), L= diag({sin(t6) }r_1), (A.0.4)

which use an orthonormal matrix T € R"™*" and the canonical angles {6 };_, between U
and U .
Based on the geodesic path, the gradient flow kernel (GFK) matrix [1] is formulated in

G =[UsS,US] [2; ﬁj [US,0:8]", (A.0.5)
where the diagonal matrices are
A= diag({ 1+ Sinz(zf") };zl) : (A.0.6)
Ay= diag({ % }kl) , (A.0.7)
A3:diag<{l - Sinz(zf")};l). (A.0.8)
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On the other hand, the proposed method is based on the domain-sum matrix of

H=Y U(,)U(T,) =UU! +U, Ul =Ps+P,. (A.0.9)
re{0,1}

The main manuscript presents several relationships among these matrices which are proven

as follows.

A.1 Proof for Proposition 1

Proposition 1. GFK matrix G (A.0.5) and DS matrix H (A.0.9) are similarly eigen-decomposed

as
k& T
G= [U‘F?U*] |: ‘I“_] [U‘F?U*] ) (A.1.1)
o, T
H = [U+,U7] |: d)_:l [UJr,Uf} 5 (AIZ)
where
Ui=colnorm(UsS+U,T) € R, (A.1.3)
W, =diag({1 £sincb}r_;), (A.1.4)
D, =diag({1£cosb}r_;), (A.1.5)

and colnorm is a column-wise normalization operator.

Proof. Based on the definition (A.0.9), H is written as

H=[UsU,|[Us. US| = 2 US.U,] {

T-T||T-T

.
5 58 } {S S} Us, U, (A.1.6)

where we apply the orthonormal matrices S and T in (A.0.2) to provide

1 T
SIEEAIEEAR A1)

By using the following relationships,

%(USS+UTT)T(USS+UTT) =I1+T, (A.1.8)
%(USS— U,T) (UsS+U,T)=0, (A.1.9)
%(USS— U,T) (UsS—U,T)=1-T, (A.1.10)
(A.1.6) is reduced into
H= %[USS—i— U,T,US-U,T|[UsS+U,T,UsS—U,T]" (A.1.11)

.
=[U.. U] [”r,_r} v v, (A.1.12)
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which is the eigen-decomposition of H using I' = diag({cos 6 };_,) in (A.0.3) and

%(USSi U,T)I+T) 2. (A.1.13)

As to G, for simplicity, we focus on the k-th component in (A.0.5) as

U, =colnorm{Us;S+U,T} =

sm(29 ) cos(26;)—
1+ =" zek

G[k] [Ussi, Ussi] coq(29k)k 1— 91n(29k) [USSkJ_JSS‘k]Tv (A.1.14)
20, 26,

and omit the subscript k from now on. We can rewrite the parts based on the canonical angle
0 by using sinc 6 = % for0 < 6 < 7, into

in(26
1+ sz(e ) _ 1 ¢ sincBcos, (A.1.15)
20)—1
% = —sincOsin 6, (A.1.16)
20
in(2
— sin(26) =1—sincOcosH. (A.1.17)
260
Thereby, we have
1+ sm( 0) cos(20)—1
cos(29) 1— %{?1(29) (A.1.18)
20 20
. cosO —sinf
—I—l—smce[sine COSG} (A.1.19)
20 _ 0 im0
_ [ 4sincg | 2608 g 1 —2cosasin 2 (A.1.20)
—200878111 5 2sin? 7
= (1 —smc@)]—i—Zsch[ cos 29] { cos } (A.1.21)
sin 5 —sin
cos% sin & 5 1+4-sinc@ cosg sing !
= -0 ] 1—si 9 -0 0 . (A122)
—sinz cos5 sinc —sin3 cos 5
This is put into (A.1.14) to produce
1+ sinc 6,
G[k] = [u+k7u7k] |: 1 — sinc 0k:| [quk?u*k]T’ (A.1.23)
where we apply (A.1.32) and (A.1.38) to provide
O - 0 O - 0
Ui, = Usgsicos ?k — Ugsysin Ek’ u_; =Ugs;sin ?k + U S cos ?k (A.1.24)

Thus, through aggregating (A.1.23) for all k, we can finally obtain the eigen-decomposition
of Gin (A.1.1). O]

We here show the following lemma regarding the principal component subspace U ...
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Lemma 1. The principal component subspace U . = colnorm(UsS +U,T) is the center
point on the geodesic path (A.0.1) as

U,=U, U.ST — 17532(,:%>. (A.1.25)

=5 = (=3)

Proof. In (A.0.2), for clarity, we describe I' = cos @ and £ = sin ® with @ = diag({6k}}_,),
and thereby obtain

)
UsUIU,T+UsS=US(cos®+1) =2UsScos? > (A.1.26)
o - e e
U0 U, T =-0:8sin®=—20,8sin 5 c0s o (A.1.27)

The center point on the geodesic path is thus written by

UsST (1)~ UsSE_ ) (A.1.28)
=U Scos(;) U S‘sin% (A.1.29)
1 o e
=3 {USUSTUTT +Uss+USUSTUTT} cos™' = (A.1.30)
1 o <)
= E{U$s+(U$U5T+USU§)UTT}COS—1 > (A.131)
1 2)
=3 (UsS+U,T)cos™! 3= U,, (A.1.32)
where we use
UU! +0.0! =1, (A.1.33)
U, =colnorm{Us;S+U,T}, (A.1.34)
(UsS+U,T) (UsS+U,T) =2I+2cos® = 4cos’ %. (A.1.35)
Similarly, we can also obtain
USSsm@) +UssCOS% (A.1.36)
1 T — =T 1 ®
= 5{—USUS U, T+UsS—U,U,U,T}sin 5 (A.1.37)
1 . —1 @
—E(USS—UTT)sm EzU,. (A.1.38)
O

A.2 Proof for Proposition 2

Proposition 2. Suppose backbone DNN can flexibly produce a feature vector x which is
normalized as ||x||2 = 1; for a well separable classifier W = {w.}_,, it can produce {x;}_
such that w,, (PS +P)x; > w/ (Ps+ P;)x; Yc, where P is a r-rank subspace pm]ectlon

matrix for x,, ie, x; = Psx;, and P is an arbitrary subspace of rank r. We partition a
feature space into S(0;P;) = {x € Ps|||x|| = 1,4(Ps,P;) = 8} where £ is an operator to
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measure canonical angles. We define a softmax loss {cg optimized w.r.t x € S(0;P,) and W,
given 0 and Pr as

n exp(w,.(Ps + Pr)x;)

lep(0;P;) = min —)Y lo . (A2.1)
cz(6:Pr) {xES(6;Pr )}, W ; & exp(X.w/ (Ps+ Pr)x;)
Then, we have the following relationship between the loss and the canonical angle 0;
0°<0 = éCE(O*;PT) </lcg(0;P;). (A.2.2)

Proof. Without loss of generality, such as by relying on representor theorem [6], the classi-
fier weight vector w is described by

w= Z s + P )x;0; = (Ps+ P )ws, ws € Ps. (A.2.3)

Thus, the classifier logit is given by

wl (Ps+P)x=w](Ps+P,)x (A2.4)
=w. Ps(Ps+P;)*Psx =w. (Ps+3PsPPs)x (A.2.5)
—wlUS(I+3T3)S'Ulx (A.2.6)
—wlUsS(I+3cos’@®)S' U/ x, (A2.7)

where we use (A.0.2) and
ws = Psws, x = Pgx, (A.2.8)
Ps=UU!, P, =U, U], P>=P;, P>=P,. (A.2.9)

For P} which produces the canonical angles 8" with 8" < 8, we can have x* and w* such
that

s(I4+3cos’ @) (U%S*)'x* = (I +3cos>@®)(UsS) " x, (A.2.10)
(UL8") 'w* = (UsS) " w, (A.2.11)

where s < 1 since cos>’@®* > cos>® and ||(UsS) x> = ||(ULS*) "x*|| = 1. Therefore,
differences between class-wise logits are described by

0< (wy—w.) (Ps+Pr)x (A.2.12)
= (wsy —wsc) UsS(I+3cos’ @) (UsS) ' x (A.2.13)
=s(wi, —wi) ULS* (I+3cos* @) (U:S") ' x* (A.2.14)
< (Wi, —wk.) ' ULS*(I+3cos> @ )(ULS") ' x* (A.2.15)

= (W) —w}) (P, +Pr)x", (A.2.16)

which leads to

! exp (P5+P )x;i)
Lep(0;P)
ce( ™) Z{ exp( ZCWT(PS+PT)xl)

. T (PL4P)x)
& %% exp(LwiT (P+P,)x))

> lep(07;Pr). (A.2.19)
O

(A2.17)

(A.2.18)
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Algorithm 1 Subspace extraction module

Input: X € R¥*5: features on a mini-batch of size B,
r: subspace rank,
M € R?*2: memory bank to store samples,
Output: P € R?*¢: subspace projection matrix
I: [X,M =UAV" : SVD [8]
2 P=U.,U 7; : extract the first r-rank basis vectors
3: Enqueue X to M and dequeue old samples from M
4: return P

B Subspace computation

As shown in Algorithm 1, a subspace is computed by applying stable SVD [8] to mini-batch
samples and memory-bank samples. The memory bank which stores previous mini-batch
samples is introduced in order to further stabilize the subspace computation by smoothly
updating subspaces through mini-batch training; the performance is improved as shown in
Table B.1. It should be noted that the back-propagation is not applied to the memory-bank
samples, and this subspace computation is applied only on training as described in Sec. 2.3.

Table B.1: Performance results by memory bank.
Office-31

memory A

W—
size D w A

D ‘ Avg.

84.95
86.56

0=0 8635 8755
Q=232 8855 88.18

69.65 97.74
7220 97.86

68.44 100.00
72.56  100.00

C Training protocol in deep domain adaptation

The deep domain adaptation is applied to the datasets in Table C.1 and trained with the
following procedure. B image samples are randomly drawn from source and target do-
mains, respectively, to simultaneously construct domain-specific mini-batches of size B.
They are passed through the backbone of ResNet-50 [2] and the projection head to produce
d-dimensional normalized features on which the domain adaptation methods work such as
by means of transformation and/or regularization losses. A fully-connected classifier is fi-
nally applied to the features for constructing a primary loss based on softmax cross-entropy.
The whole network is trained by SGD optimizer with momentum of 0.9, weight decay of
0.0005 and initial learning rate of 0.0003 for a backbone and 0.003 for other modules which
are decayed by (140.0003-¢) =075 where ¢ is the optimization step; the ResNet-50 backbone
is pre-trained on ImageNet and thus is subject to smaller learning rate. The other parameters
for respective datasets are shown in Table C.2.
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Table C.1: Datasets.

Dataset Domains Classes  Samples
Office-31 [5] 3 Amazon, DSLR, Webcam 31 4,110
Office-Home [7] 4  Artistic, Clipart, Product, Real-world 65 15,500
Adaptiope [4] 3 Product, Real, Synthetic 123 36,900
DomainNet [3] 6  Clipart, Infograph, Paint, Quickdraw, Real, Sketch 345 569,010

Table C.2: Training parameters.

Feature Subspace Batch Memory Training

Dataset dim. d rank r size B size Q steps
Office-31 256 32 32 32 25,000
Office-Home 256 64 64 64 40,000
Adaptiope 512 128 128 128 80,000
DomainNet 512 352 64 320 160,000

D Detailed performance results

In Table 4, we showed performance comparison on the tasks of multi-target domain adap-
tation, though averaging classification accuracies over the multiple target domains. Ta-
bles D.1~D.3 detail the performances by reporting accuracies on respective target domains.
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Table D.1: Detailed performance results (accuracy %) of domain adaptation on Office-31

dataset.
(a) Single-target domain adaptation (see Table 1 in the main manuscript)

Trans.
Method matrix A—D A—-W D—A D-W W—A W—D Avg.
Raw 1 8293 7899 66.13 97.86 6574 100.00 81.94
1
Auto-Corr. A2 2329 2893 1555 18.11 1565 26.10 21.27
o1
CORAL C:Cs? 7651 7123 5275 8528 5666 9679 74.20
Principal component U+UI 81.93 78.11 64.64 9585 6532 99.00 80.81
1
GFK G? 85.14 84.53 7057 97.74 69.47 100.00 84.58
1
Sum-of-subspaces H>2 84.74 8503 7100 97.74 69.86 100.00 84.73
Ours H 86.55 8591 7121 97.74 70.04 100.00 85.24

Trans. Reg.  Cls. Sub. A-D A—W D—A D—W W—A W—D Avg.

- - 8293 7899 66.13 97.86 6574 100.00 81.94
v - 82.33 8478 7220 97.23 7036 99.80 84.45

v - - 86.55 8591 7121 97.74 70.04 100.00 85.24
v v - 87.15 8579 72.10 9698 71.32 100.00 85.56
v vY(n=2) - 8454 8679 7149 96.86 68.05 99.80 84.59
v v v 87.15 87.92 7260 98.11 73.02 100.00 86.47
(b) Multi-target domain adaptation (see Table 2 in the main manuscript)
Office-31
A— D— W—

D w A W A D | Avg.

_ raw 82.93 78.99 [ 66.13 97.86 | 65.74 100 | 81.94

§ DANN  80.93 82.26|63.08 96.98 |65.74 99.60 | 81.43

S BNM 8594 87.30 |61.85 94.84|63.22 98.19 | 81.89

§ SCDA  85.14 87.04 |59.67 93.08 | 63.54 99.20 | 81.28

K DSAN  87.15 89.18 6539 96.48 | 64.71 98.80 | 83.62

Ours-c  88.96 87.80|71.92 97.86 | 71.35 100 | 86.31

DANN  84.94 86.16|6585 9459 |69.72 98.19 | 83.24

- BNM 8494 87.17|60.67 90.31 |6581 98.19 | 81.18

§ SCDA 8594 87.67|60.28 92.08 | 64.50 99.60 | 81.68

DSAN  84.74 8692|6124 92.70 | 6507 98.39 | 81.51

Ours 88.55 88.18 (7220 97.86|72.56 100 |86.56

T +DANN 8835 89.94 (7252 97.99 [ 72.35 100 | 86.86

§ +BNM  91.77 93.84 | 74.80 97.86 | 74.76 100 | 88.84

E +SCDA 8896 90.94|72.38 97.99 | 72.02 100 | 87.05

= {DSAN 8996 9195|7295 97.86|73.00 100 | 87.64
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Table D.2: Detailed performance results (accuracy %) of multi-target domain adaptation on

Office-Home dataset.

Office-Home
A— C— P— R—
¢ P R A P R A C R A C P | Avg.
_ raw 46.03 5596 67.34|52.62 6022 61.90 | 54.64 47.40 73.08 |67.04 52.76 77.07 | 59.67
§ DANN 3906 44.51 57.54|47.14 5150 5254|5245 47.38 65.14|67.28 5049 73.03 | 54.00
S BNM 33.01 36.56 49.53 |46.44 4850 50.42|49.49 4497 6291|6638 5095 72.81(51.00
§ SCDA 3775 4123 55.18|46.72 5046 51.82 4825 43.89 65.60 | 66.01 49.55 72.83|52.44
S DSAN 3906 42.85 5572 |46.85 49.90 50.81 |49.40 44.95 65.02|65.55 50.06 72.92|52.76
Ours-c 5622 7024 76.04|60.65 68.75 71.72|61.39 50.42 77.85|69.80 55.72 80.33 | 66.59
DANN 4030 4593 55.68|46.89 5429 54.42(49.07 47.61 64.72|65.60 53.61 72.29|54.20
- BNM 3469 3859 51.50|45.57 49.47 50.77 |47.30 4520 62.68|65.22 51.18 73.35|51.29
;; SCDA 3858 4373 56.55|47.14 52.58 5334 |49.03 44.83 65.71 6630 52.19 74.93 |53.74
DSAN  31.07 34.83 46.39|44.05 46.14 47.90 [46.11 44.08 61.79 | 64.94 5036 72.43|49.17
Ours 56.79 70.33 76.38|60.69 70.33 71.93|61.52 5274 77.74|69.02 5879 81.39|67.30
< +DANN 5503 69.61 75.83|62.22 71.95 7253 |62.05 56.66 77.76 | 72.11 60.57 82.16 | 68.21
‘g +BNM 5863 71.80 77.09|64.52 73.89 74.39 [ 65.10 56.24 78.88|70.58 60.60 82.36|69.51
£ +SCDA 5698 70.44 7629 |61.31 70.56 71.93|61.76 53.29 77.90 | 69.26 58.81 81.44 | 67.50
S LDSAN 5693 71.07 7670 | 62.01 71.64 7234 |62.96 5420 77.87|69.02 59.18 81.84|67.98
Office-Home

AC— PR— AP— C,R— AR— C,P—
P R A C C R A P C P A R | Avg.
~ raw 59.18 66.01 | 63.29 51.00 | 53.65 74.78 | 63.29 70.96 | 51.73 66.84 | 55.38 67.91 | 62.00
§ DANN 5623 63.94 | 6527 53.88|55.03 74.23 |63.37 67.06|49.46 6562|5200 6521|60.94
S BNM 54.58 61.65(65.02 53.77 | 51.89 71.38 | 62.09 67.56 | 47.22 60.58 | 56.94 65.39 | 59.84
§ SCDA 5623 63.62|63.86 51.84|53.13 73.79 | 62.51 68.55|50.84 64.36 |55.13 66.08 | 60.83
S DSAN 5684 63.32|64.48 52.46|54.14 73.86|62.13 67.88 |51.41 64.11 5587 65.64|61.01
Ours-c  76.05 79.39|70.21 56.88 | 59.54 82.05|70.70 81.19 | 61.67 80.56 | 66.87 80.08 | 72.10
DANN  50.03 51.66 | 62.55 52.00 | 43.99 62.43 | 62.88 71.39|52.88 7259|4549 62.34|57.52
-~ BNM 5001 51.00|64.85 51.71 |45.11 6222|6572 73.46 | 51.43 73.39|49.20 62.86 | 58.41
;; SCDA 5053 51.85|64.69 50.97 [45.02 6472|6527 74.03 |51.41 73.98|49.16 64.86 | 58.87
DSAN  37.17 41.15|63.58 4843|4293 60.55 | 65.06 72.65|49.64 72.88|45.57 60.82|55.04
Ours 75.13 78.75(69.39 60.50 | 59.93 82.30 | 70.00 81.93 |61.03 81.12|66.17 80.63 | 72.24
T +DANN 76.12 78.66 | 71.61 61.58 | 63.41 82.99 | 71.90 83.31|61.58 81.10|64.52 79.57|73.03
§ +BNM 7779 80.03 | 71.20 62.59 | 61.95 82.79 [ 71.78 83.19 | 62.73 82.29 | 69.02 81.64 | 73.92
£ +SCDA 7549 78.77|69.55 61.01 | 60.21 8230 |70.42 82.14 | 61.19 81.32|66.63 80.81 | 72.49
S LDSAN 7695 79.23 | 69.59 60.96 | 60.32 81.98|70.25 8254 |61.70 81.21|66.79 8042 |72.66
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Table D.3: Detailed performance results (accuracy %) of multi-target domain adaptation on
Adaptiope and DomainNet datasets.

Adaptiope
P— R— S—
R S P S P R | Avg.

raw 68.70 39.91|76.82 34.28 |51.95 34.62|51.05
DANN  70.89 46.62|75.24 37.02|56.37 33.67|53.30
BNM 69.11 39.89 | 7620 33.94 |56.37 35.06|51.76
SCDA 6842 3620|7691 32.5853.01 31.07|49.70
DSAN  68.76 3854|7693 3333|5463 32.85|50.84
Ours-c 7359 41.94 8870 34.07 |64.44 41.84|57.43

Domain Concat.

Ours 71.61 48.58 | 87.55 41.63 | 66.76 48.60 | 60.79

+DANN 7420 54.5990.27 52.09|70.73 53.50 | 65.90
+BNM  72.03 52.45|88.11 43.67|68.72 50.55|62.59
+SCDA  71.77 49.31|87.80 41.42|66.20 48.21|60.78
+DSAN 7226 50.49 | 88.02 42.45|67.33 49.52|61.68

Joint method |Multi.

DomainNet
C,LP— QR,S—

Q R S C I P | Avg.

. raw 3.37 1165 1028|1653 504 1434 |10.20
§DANN 242 10.87 9.13 | 1665 526 14.07| 9.73
S BNM 3.16 1133 994 | 1675 525 14.4410.14
§ SCDA 328 1151 10.10|1631 500 14.19]10.07
& DSAN 259 1026 827 [1621 442 13.01| 9.13
Ours-c 1034 41.32 35.09|45.46 1527 38.65|31.02

; Ours 1292 6348 50.28 | 61.84 20.56 50.50 | 43.26
T +DANN 1253 61.75 48.77 | 60.52 20.66 50.04 |42.38
§ +BNM 12,67 63.49 50.39|61.57 20.38 50.46|43.16
£ +SCDA 1296 63.67 50.09|61.59 2047 50.64 |43.24
= 4DSAN 1290 63.69 50.10|61.47 2050 50.78 | 43.24

DomainNet
Cl— PQ— R,S—

P Q R S C I R S C 1 P Q | Avg.

_ raw 6.03 2.88 862 805|939 445 1232 1073|1791 574 1653 2.86 | 8.79

S DANN 495 253 714 677|796 344 1139 845 1776 533 1652 267 | 7.91

S BNM 596 2.88 854 799 | 933 438 1224 10.72|17.84 571 1642 284 | 8.74
=

§SCDA 596 2.88 848 795|929 443 12.14 10.65|17.82 571 1641 2.83 | 8.71

S DSAN 441 138 769 509 | 823 3.17 1311 929 |17.22 483 1761 235 | 7.86

Ours-c 2820 851 3694 31.22(30.57 13.44 37.50 29.70 | 48.49 18.78 4426 8.45 |28.00

; Ours 40.77 12.81 57.95 44.88|48.11 1635 5335 38.16|61.01 21.60 51.53 12.53|38.25

T +DANN 4020 12.50 56.02 44.11 |47.67 16.19 52.12 38.94|59.27 21.06 5129 12.72|37.67

§ +BNM 4167 12.84 5833 4523|4845 16.00 53.65 38.62|60.87 22.01 51.48 12.69|38.49

£ +SCDA 41.67 12.82 5825 45.15|4825 16.14 53.59 38.88|60.90 21.92 5148 12.62|38.47
)

S +DSAN 4075 1279 57.95 4491 |48.03 1636 53.45 38.19|61.03 21.69 51.56 12.61 | 38.28




