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Abstract. The goal of this paper is to show a connection between FCA
generalisations and the Chu construction on the category ChuCors, the
category of formal contexts and Chu correspondences. All needed cat-
egorical properties like categorical product, tensor product and its bi-
functor properties are presented and proved. Finally, the second order
generalisation of FCA is represented by a category built up in terms of
the Chu construction.
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1 Introduction

The importance of category theory as a foundational tool was discovered soon
after its very introduction by Eilenberg and MacLane about seventy years ago.
On the other hand, Formal Concept Analysis (FCA) has largely shown both
its practical applications and its capability to be generalized to more abstract
frameworks, and this is why it has become a very active research topic in the
recent years; for instance, a framework for FCA has been recently introduced
in [19] in which the sets of objects and attributes are no longer unstructured
but have a hypergraph structure by means of certain ideas from mathematical
morphology. On the other hand, for an application of the FCA formalism to
other areas, in [11] the authors introduce a representation of algebraic domains
in terms of FCA.

The Chu construction [8] is a theoretical method that, from a symmetric
monoidal closed (autonomous) category and a dualizing object, generates a *-
autonomous category. This construction, or the closely related notion of Chu
space, has been applied to represent quantum physical systems and their sym-
metries [1,2].

This paper continues with the study of the categorical foundations of formal
concept analysis. Some authors have noticed the property of being a cartesian
closed category of certain concept structures that can be approximated [10,20];
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others have provided a categorical construction of certain extensions of FCA [12];
morphisms have received a categorical treatment in [17] as a means for the
modelling of communication.

There already exist some approaches [9] which consider the Chu construction
in terms of FCA. In the current paper, we continue the previous study by the
authors on the categorical foundation of FCA [13,15,16]. Specifically, the goal of
this paper is to highlight the importance of the Chu construction in the research
area of categorical description of the theory of FCA and its generalisations. The
Chu construction plays here the role of some recipe for constructing a suitable
category that covers the second order generalisation of FCA.

The structure of this paper is the following: in Section 2 we recall the prelim-
inary notions required both from category theory and formal concept analysis.
Then, the various categorical properties of the input category which are required
(like the existence of categorical and tensor product) are developed in detail in
Sections 3 and 4. An application of the Chu construction is presented in Section 5
where it is also showed how to construct formal contexts of second order from
the category of classical formal contexts and Chu correspondences (ChuCors).

2 Preliminaries

In order to make the manuscript self-contained, the fundamental notions and its
required properties are recalled in this section.

Definition 1. A formal context is any triple C = (B, A, R) where B and A are
finite sets and R C B x A is a binary relation. It is customary to say that B is
a set of objects, A is a set of attributes and R represents a relation between
objects and attributes.

On a given formal context (B, A, R), the derivation (or concept-forming)
operators are a pair of mappings 1: 28 — 24 and |: 24 — 2B such that if
X C B, then 1X is the set of all attributes which are related to every object in
X and, similarly, if Y C A, then Y is the set of all objects which are related to
every attribute in'Y .

In order to simplify the description of subsequent computations, it is conve-
nient to describe the concept forming operators in terms of characteristic func-
tions, namely, considering the subsets as functions on the set of Boolean values.
Specifically, given X C B and Y C A, we can consider mappings 1X: A — {0,1}
and [Y: B — {0,1}

1. 1X(a) = /\ ((be X)= ((b,a) € R)) foranya € A
beB

2. [Y()= )\ ((a€Y)=((b,a) € R)) for any b€ B
acA

where the infimum is considered in the set of Boolean values and = is the truth-
function of the implication of classical logic.
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Definition 2. A formal concept is a pair of sets (X,Y) € 28 x 24 which is a
fixpoint of the pair of concept-forming operators, namely, 1X =Y and Y = X.
The object part X is called the extent and the attribute partY is called the intent.

There are two main constructions relating two formal contexts: the bonds
and the Chu correspondences. Their formal definitions are recalled below:

Definition 3. Consider C; = (B1, A1, R1) and Co = (Bs, A, Ry) two formal
contexts. A bond between C1 and Cy is any relation B € 2B1%42 sych that its
columns are extents of C1 and its rows are intents of Co. All bonds between such
contexts will be denoted by Bonds(Cy,Cs).

The Chu correspondence between contexts can be seen as an alternative
inter-contextual structure which, instead, links intents of C; and extents of Cs.
Namely,

Definition 4. Consider C; = (B1, A1, R1) and Co = (Bs, A, Ry) two formal
contezts. A Chu correspondence between C1 and Cq is any pair of multimappings
» = {¢rL,¢r) such that

- QL Bl — EXt(Cg)
— QYR: A2 — Int(Cl)
= Ta(pr(b1))(az) = li(pr(az))(b1) for any (b1,a2) € By x As

All Chu correspondences between such contexts will be denoted by Chu(Cy,Cs).

The notions of bond and Chu correspondence are interchangeable; specifi-
cally, we will use the bond 3, associated to a Chu correspondence ¢ from C;
to Co defined for by € By, a9 € Ay as follows:

Be(b1,a2) = T2 (¢r(b1))(az) = |1 (pr(az))(b1)

The set of all bonds (resp. Chu correspondences) between any two formal
contexts endowed with set inclusion as ordering have a complete lattice structure.
Moreover, both complete lattices are dually isomorphic.

In order to formally define the composition of two Chu correspondences, we
need to introduce the extension principle below:

Definition 5. Given a mapping ¢: X — 2¥ we define its extended mapping
41 2% = 2Y defined by o (M) =, (@), for all M € 2%,

The set of formal contexts together with Chu correspondences as morphisms
forms a category denoted by ChuCors. Specifically:

— objects formal contexts

— arrows Chu correspondences

— iddentity arrow v: C — C of context C = (B, A, R)
e (o) =11({b}), forallbe B
e tp(a) =1 ({a}), foralla e A
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— composition g 0 p1: C1 — C3 of arrows p1: C1 — Ca, @a: Co — C3 (where
Ci=(B;,Ai,R;), i€ {1,2,3})
e (paop1): By — 233 and (w2 0 ¢1)R
e (p2001)L(b1) = 313 (924 (p10(b1)))
e (p2001)r(a3) = Tl (v1r+ (p2r(a3)))

The category ChuCors is *-autonomous and equivalent to the category of
complete lattices and isotone Galois connection, more results on this category
and its L-fuzzy extensions can be found in [13,15,16,18].

1A3 — 2A1

3 Categorical product on ChuCors

In this section, the category ChuCors is proved to contain all finite categorical
products, that is, it is a Cartesian category. To begin with, it is convenient to
recall the notion of categorical product.

Definition 6. Let C; and Cs be two objects in a category. By a product of Cy
and Co we mean an object P with arrows m;: P — C; for i € {1,2} satisfying
the following condition: For any object D and arrows §;: D — C; for i € {1,2},
there exists a unique arrow v: D — P such that v om; = §; for all i € {1,2}.

The construction will use the notion of disjoint union of two sets S; W .S,
which can be formally described as ({1} x S1) U ({2} x S2) and, therefore, their
elements will be denoted as ordered pairs (i, s) where i € {1,2} and s € S;. Now,
we can proceed with the construction:

Definition 7. Consider C; = (By, A1, R1) and Co = (Ba, Aa, Ry) two formal
contexts. The product of such contexts is a new formal context

C1 xCy = (B1W By, Ay & Ay, Rix2)
where the relation Ryxo 15 given by

((4,0),(j,a)) € Rixz2 if and only if (('L =j)=(b,a) € Rz)
for any (b,a) € B; x A; and (i,5) € {1,2} x {1,2}.

Lemma 1. The above defined contextual product fulfills the property of the cat-
egorical product on the category ChuCors.

Proof. We define the projection arrows (m;r, m;r) € Chu(Cy xC2,C;) fori € {1,2}
as follows

— TG Bl ] BQ — EXt(Cl) - QBi
— T;R: Al — Int(C1 X Cg) - 2A1UA2
— such that for any (k,z) € By W By and a; € A; the following equality holds

1o (min(k, x))(a;) = Jixe (mir(a:))(k, x)
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The definition of the projections is given below

Liti (Xa) (i) for k =i
mir(k,2)(b;) = -
(i 2)(h) {mi (0) (bs) for k # i

~f tidi (Xa ) (y) for k=i
mir(a;)(k,y) = {Tm (0)(y) for k21

The proof that the definitions above actually provide a Chu correspondence
is just a long, although straightforward, computation and it is omitted.

Now, one has to show that to any formal context D = (FE,F,G), where
G C E x F and any pair of arrows (41, d2) with 6;: D — C; for all ¢ € {1,2},
there exists a unique morphism «y: D — C; X Cy such that the following diagram
commutes:

for any (k,z) € By W By and b; € B;

for any (k,y) € AjW Ay and a; € A;.

Cl&ClXCQgCQ
SN T 6,
D

We give just the definition of 4 as a pair of mappings vr: E — 2B1¥B2 and
YR: Al & A2 — 2F

— vr(e)(k,z) = dgr(e)(x) for any e € E and (k,z) € By W Bs.
— vr(k,9)(f) = dkr(y)(f) for any f € F and (k,y) € A1 W As.

Checking the condition of categorical product is again straightforward but
long and tedious and, hence, it is omitted. O

We have just proved that binary products exist, but a cartesian category
requires the existence of all finite products. If we recall the well-known categorical
theorem which states that if a category has a terminal object and binary product,
then it has all finite products, we have just to prove the existence of a terminal
object (namely, the nullary product) in order to prove ChuCors to be cartesian.

Any formal context of the form (B, A, B x A) where the incidence relation
is the full cartesian product of the sets of objects and attributes is (isomorphic
to) the terminal object of ChuCors. Such formal context has just one formal
concept (B, A); hence, from any other formal context there is just one Chu
correspondence to (B, A, B x A).

4 Tensor product and its bifunctor property

Apart from the categorical product, another product-like construction can be
given in the category ChuCors, for which the notion of transposed context C* is
needed.

Given a formal context C = (B, A, R), its transposed context is C* = (A, B, R?),
where R'(a,b) holds iff R(b,a) holds. Now, if ¢ € Chu(Cy,Cs), one can consider
p* € Chu(Cs, CY) defined by ¢} = ¢r and ¢} = ¢r.
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Definition 8. The tensor product of formal contexts C; = (B;, A;, R;) for i €
{1,2} is defined as the formal context C;KCy = (B x Ba, Chu(Cy,C3), Rx) where

Rg((b1,b2), ) = L2 (¢r(b1))(b2).

Mori studied in [18] the properties of the tensor product above, and proved
that ChuCors with X is a symmetric and monoidal category. Those results were
later extended to the L-fuzzy case in [13]. In both papers, the structure of the
formal concepts of a product context was established as an ordered pair formed
by a bond and a set of Chu correspondences.

Lemma 2. Let C; = (B;, A;, R;) fori € {1,2} be two formal contexts, and let
(B,X) € Bonds(Cy,C3) x 26M(CC2) be an arbitrary formal concept of C; X Ca.
Then B = /\weX By and X = {¢p € Chu(C1,C3) | B < By}

Proof. Let X be an arbitrary subset of Chu(Cy,C3). Then, for all (by,bs) €
B1 x By, we have
lege, (X)) = N\ (0 € X) = 2 (vn(br)(b2)

¥ €Chu(C1,C3)

= A L @))) = A Bulbrbs)

YveX peX
Let 8 be an arbitrary subset of By x Bs. Then, for all ¢ € Chu(Cy,C3)

Teyme. (B)(¥) = A (B(b1,b2) = L2 (¥r(b1))(b2))

(bl,bg)GBl X Bo

- /\ (B(b1,b2) = By(b1,b2))

(b1,b2)€EB1 X B3

Hence Te,me, (8) = {¢ € Chu(Cy,C5) | B < By} =

We now introduce the notion of product of one context with a Chu corre-
spondence.

Definition 9. Let C; = (B;, A;, R;) for i € {0,1,2} be formal contexts, and
consider ¢ € Chu(Cy,Cs). Then, the pair of mappings

(C() X QO)LI B() X Bl — 2B0><Bz (CO X @)RI Chu(CO7C2) — 2Chu(Co,Cl)
is defined as follows:

— (Co® ) (b,b1)(0,b2) = leyme, Teome, (V371) (0, ba) where
73}’1 (0,b2) = ((b = 0)/\<pL(b1)(b2)) for any b,o € By, b; € B; withi € {1,2}

— (CoR @) r(2) (1) = (Y1 < (Y2 0 9*)) for any 1; € Chu(Co,C;)

As one could expect, the result is a Chu correspondence between the products
of the contexts. Specifically:
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Lemma 3. Let C; = (B;, A;, R;) be formal contexts for i € {0,1,2}, and con-
sider ¢ € Chu(Cy,C3). Then Cy K € Chu(Co X Cy,Co X Cs).

Proof. (Co®¢)r(b,b1) € Ext(Cy K Cs) for any (b,b1) € By x By follows directly
from its definition. (Co X ¢)g(¥) € Int(Co X Cy) for any ¢ € Chu(Cy,Cy) follows

from Lemma 2.
Consider an arbitrary b € By, by € By and 2 € Chu(Cy,C3)

Teomcs ((Co X )1 (b, b1)) (12)
= TeoRes deomes Teomes (V5) (12)
= Teome, (V3")(12)
= A (72" (0,02) = L (¢2r(b2))(0))

(O,bQ)GBUXBQ

- A (((o = 1) A pr(b1)(02)) = L($ar(b2)(0) )

(0,b2)€Bo x Ba

= A A (0=b)= (pb)(b2) = L (Y2r(b2))(0))
0€Bgy boEB>

- A (<o=b>:» A\ (Lb)(b2) = 4 (@2n(b2))(0)))
o€ Bo ba€B>

= A\ (p(br)(b2) = L (¥2r(b2))(b))
ba€B2

= A (pe00)02) = A @2r(be)(@) = Rb,a)
ba€B>2 a€A

= A (V@) Atzn(b2)(@) = R(b,a)
acA byeBs

= A ((V2ri(er0:0)(@) = R(b,a))
a€cA

= L (Y2r+ (9L (01))(0) = IN (Y2r+ (0L (01))(b) = L((# 0 ¢2)r(b1))(b)

Note the use above of the extended mapping as given in Definition 5 in relation
to the composition of Chu correspondences.
On the other hand, we have

beome, ((Co X ) r(102))(b, b1)
= /\ ((Co M) r(¥2) (1) = L (Y1r(b1))(b))

(U GChu(Co ,Cl)

_ N\ (= o) = L(Yiar(b))(b)

(VR GChu(Co ,Cl)
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= /\ 1 (1r(b1))(b) = L ({0 0 ¥2)r(b1))(b)

11 €Chu(Co,C1)

Y1 2>potha
Hence Te,me, ((Co ® ¢)rn(b,01))(v2) = deome, ((Co X p)r(12))(b,b1). So if
© € Chu(Cy,Cs) then Cy ¥ € Chu(Co X Cy,Co K Cs). O

Given a fixed formal context C, the tensor product C X (—) forms a mapping
between objects of ChuCors assigning to any formal context D the formal context
CKRD. Moreover to any arrow ¢ € Chu(Cy,Cs) it assigns an arrow CXy € Chu(CX
C1,C X Cy). We will show that this mapping preserves the unit arrows and the
composition of Chu correspondences. Hence the mapping forms an endofunctor
on ChuCors, that is, a covariant functor from the category ChuCors to itself.

To begin with, let us recall the definition of functor between two categories:

Definition 10 (See [6]). A covariant functor F': C — D between categories C
and D is a mapping of objects to objects and arrows to arrows, in such a way
that:

— For any morphism f: A — B, one has F(f): F(A) — F(B)

— F(go f)=F(g)o F(f)

— F(la) = 1ray-
Lemma 4. Let C = (B, A, R) be a formal context. C K (=) is an endofunctor
on ChuCors.

Proof. Consider the unit morphism ¢c, of a formal context C; = (Bi, 41, Ry),
and let us show that (C X ic,) = teme, - In other words, C X (—) respects unit
arrows in ChuCors.

Tewe, ((CHee, )(b, 1)) (1)
= A (0= rie®o) = L@ o)

(0,01)€EBXB1

A (Lt (o) (01) = b (L (8))(01)

01E€DB,

A (ilTl(Xbl)(01)=> /\ (¥L(b)(ar) = R(o1,a1)

01€B; a1€A;

/\ /\ <¢1T1 Xo1)(01) = (¥r(b)(a1) = R(o1,a1)

01€B1 a1€A;

)
)
=N A ( = (hiT1 (xe,)(01) = R(or,a1) )
)

01€B1 a1€A;

- A (wL(m(al):» At (o)) = Rior,ar)

a1 €A 01€B;

- /\ (¢r(b)(a1) = T1dat1 (xe,)(a1))

a1€A;
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= A (@r®)(a1) = Ri(br,a1)) = 11 (¥.(b))(b1)

a1 €A

and, on the other hand, we have

Teme, (tewe, (0,01))(1)
= Teme, (X(v,61)) (¥)
= A (Xeo(0,01) = 11 (¢L(0)(01))
(0,01)EBX By
= 1 (¥r(b))(b1)
As a result, we have obtained fege, ((CKee,)(b,01))(¥) =tere, (teme, (b, 61)) (@)
for any (b,b1) € B x By and any ¢ € Chu(C,C1); hence, tere, = (C K, ).
We will show now that C X (—) preserves the composition of arrows. Specif-

ically, this means that for any two arrows ¢; € Chu(C;,Cit1) for i € {1,2} it
holds that C X (¢1 0 v2) = (C K 1) o (C K ).

Tewe, ((C B (010 02)), (b,b1)) (13)
= A (=0 A(erop2)br)bs) = Hesr(bs))(0))

(0,b3)€BX B3
= A ((p1092)1(b1)(b3) = L (¥3r(b3))(b))
bs€B3

(by similar operations to those in the first part of the proof)

= 1 (((¢1 0 p2) o 93)L(b1))(b)

On the other hand, and writing F' for C X — in order to simplify the resulting
expressions, we have

Tre; ((Fo1 o Foa)r(b,01))(v3)
= tresdresTres (Fo2) v (Fe1)n(bb1)))(vs)

:/\<

(O,bg)EBXBg

Vo ((Pon)s) b A (Fon)sGiba)(0,00)) = 4 (Gan(ba))o))

(4,b2)€B X B2

A A ((r00b) Ao (b2)(3)) = L(sr(bs) (D))

b3 € B3 bs€Bs

AV (ane) hasba)t) = Lwaa)(0)

bz3€B3 “b2€DB>

= A (Pers(ern(e))(b) = LWar(b))(0))

b3€ B3
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= /\ ((301 o o)1 (b1)(bs) = i(l/}BR(bS))(b))

b3€B3

From the previous equalities we see that C X (¢1 0 ¢3) = (C K 1) o (C K ¢3).
Hence, composition is preserved.
As a result, the mapping C X (—) forms a functor from ChuCors to itself. O

All the previous computations can be applied to the first argument without
any problems, hence we can directly state the following proposition.

Proposition 1. The tensor product forms a bifunctor — X — from ChuCors x
ChuCors to ChuCors.

5 The Chu construction on ChuCors and second order
formal concept analysis

A second order formal context [14] focuses on the external formal contexts and
it serves a bridge between the L-fuzzy [3,7] and heterogeneous [4] frameworks.

Definition 11. Consider two non-empty index sets I and J and an L-fuzzy
formal context (U;cr BisU ey Ajs 1), whereby

~ By N By, =0 for any 41,12 € I,
- A NAj, =0 for any j1,j2 € J,
— T:UieIBiXUjeJAj — L.

Moreover, consider two non-empty sets of L-fuzzy formal contexts (external for-
mal contexts) notated by

- {(Bi,Ti,pi) + i € I}, whereby C; = (By, Ty, pi),
- {<Oj;Aj;Qj> _] S J}, whereby Dj = <Oj7Ajan>'

A second order formal context is a tuple

(UBidcsien, UAn osient, U )

icl jeJ (i,)eIxJ

whereby r; ; : B; x Aj — L is defined as r; j(0,a) = r(o,a) for any o € B; and
a < Aj.

The Chu construction [8] is a theoretical process that, from a symmetric
monoidal closed (autonomous) category and a dualizing object, generates a *-
autonomous category. The basic theory of *-autonomous categories and their
properties are given in [5, 6].

In the following, the construction will be applied on ChuCors and the dual-
izing object L = ({0}, {0}, #) as inputs. In this section it is shown how second
order FCA [14] is connected to the output of such construction.

The category generated by the Chu construction and ChuCors and L will be
denoted by CHU(ChuCors, L):
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— Its objects are triplets of the form (C, D, p) where
e C and D are objects of the input category ChuCors (i.e. formal contexts)
e pis an arrow in Chu(CXD, 1)
— Its morphisms are pairs of the form (p,): (C1,Ca, p1) — (D1, D2, p2) where
C; and D; are formal contexts for i € {1,2} and
e ¢ and 1 are elements from Chu(Cy,D;) and Chu(Ds,Cz), respectively,
such that the following diagram commutes

C, X
C, XD, Gy C1XC,

X DQ\L J//Ji

DiXDy —> |
P2

or, equivalently, the following equality holds
(C1 W) opr = (pKDy)ops

There are some interesting facts in the previous construction with respect to
the second order FCA [14]:

1. To begin with, every object (C1,Ca, p) in CHU(ChuCors., L), and recall that
p € Chu(C; K Cy, L), can be represented as a second order formal context
(from Definition 11). Simply take into account that, from basic properties of
the tensor product, we can obtain Chu(C; ¥ Cs, 1) = Chu(Cy,C3).
Specifically, as ChuCors is a closed monoidal category, we have that for every
three formal contexts Cq, Ca, C3 the following isomorphism holds

ChuCors(C1 X CQ,Cg) = ChuCors(Cl, Cg —o0 Cg),

whereby Co —o C3 denotes the value at Cs of the right adjoint and recall that
Cy —o L 2 (5 because ChuCors is *-autonomous. The other necessary details
about closed monoidal categories and the corresponding notations one can
find in [6].

2. Similarly, any second order formal context (from Definition 11) is repre-
sentable by an object of CHU(ChuCors., 1).

6 Conclusions and future work

After introducing the basic definitions needed from category theory and formal
concept analysis, in this paper we have studied two different product construc-
tions in the category ChuCors, namely the categorical product and the tensor
product. The existence of products allows to represent tables and, hence, bi-
nary relations; the tensor product is proved to fulfill the required properties
of a bifunctor, which enables us to consider the Chu construction on the cat-
egory ChuCors. As a first application, we have sketched the representation of
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second order formal concept analysis [14] in terms of the Chu construction on
the category ChuCors.

The use of different subcategories of ChuCors as input to the Chu construc-
tion seems to be an interesting way of obtaining different existing generalizations
of FCA. For future work, we are planning to provide representations based on the
Chu construction for one-sided FCA, heterogeneous FCA, multi-adjoint FCA,
etcetera.
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