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ABSTRACT

Let D be an oriented graph. The inversion of a set X of vertices in D consists in reversing the
direction of all arcs with both ends in X. The inversion number of D, denoted by inv(D), is the
minimum number of inversions needed to make D acyclic. Denoting by 7(D), 7/(D), and v(D)
the cycle transversal number, the cycle arc-transversal number and the cycle packing number of
D respectively, one shows that inv(D) < 7/(D), inv(D) < 27(D) and there exists a function g
such that inv(D) < g(v(D)). We conjecture that for any two oriented graphs L and R, inv(L —
R) = inv(L) + inv(R) where L — R is the dijoin of L and R. This would imply that the first
two inequalities are tight. We prove this conjecture when inv(L) < 1 and inv(R) < 2 and when
inv(L) = inv(R) = 2 and L and R are strongly connected. We also show that the function g of the
third inequality satisfies g(1) < 4.

We then consider the complexity of deciding whether inv(D) < k for a given oriented graph D. We
show that it is NP-complete for £ = 1, which together with the above conjecture would imply that it
is NP-complete for every k. This contrasts with a result of Belkhechine et al. [6] which states that
deciding whether inv(T") < k for a given tournament 7" is polynomial-time solvable.

Keywords Feedback vertex set - Feedback arc set - Inversion - Tournament - Oriented graph - Intercyclic digraph.

1 Introduction

Notation not given below is consistent with [2]. Making a digraph acyclic by either removing a mininum cardinality set
of arcs or vertices are important and heavily studied problems, known under the names CYCLE ARC TRANSVERSAL
or FEEDBACK ARC SET and CYCLE TRANSVERSAL or FEEDBACK VERTEX SET. A cycle transversal or feedback
vertex set (resp. cycle arc-transversal or feedback arc set) in a digraph is a set of vertices (resp. arcs) whose deletion
results in an acyclic digraph. The cycle transversal number (resp. cycle arc-transversal number) is the minimum
size of a cycle transversal (resp. cycle arc-transversal) of D and is denoted by 7(D) (resp. 7/(D)). Note that if F is
a minimum cycle arc-transversal in a digraph D = (V, A), then we will obtain an acyclic digraph from D by either
removing the arcs of I or reversing each of these, that is replacing each arc uv € F' by the arc vu. It is well-known and
easy to show that 7(D) < 7/(D) (just take one end-vertex of each arc in a minimum cycle arc-transversal).

Computing 7(D) and 7/(D) are two of the first problems shown to be NP-hard listed by Karp in [9]. They also remains
NP-complete in tournaments as shown by Bang-Jensen and Thomassen [4] and Speckenmeyer [14] for 7, and by
Alon [1] and Charbit, Thomassé, and Yeo |7].
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In this paper, we consider another operation, called inversion, where we reverse all arcs of an induced subdigraph. Let
D be a digraph. The inversion of a set X of vertices consists in reversing the direction of all arcs of D(X ). We say that
we invert X in D. The resulting digraph is denoted by Inv(D; X). If (X;);cy is a family of subsets of V' (D), then
Inv(D; (X;)er) is the digraph obtained after inverting the X; one after another. Observe that this is independent of the
order in which we invert the X; : Inv(D; (X;);e) is obtained from D by reversing the arcs such that an odd number of
the X; contain its two end-vertices.

Since an inversion preserves the directed cycles of length 2, a digraph can be made acyclic only if it has no directed
cycle of length 2, that is if it is an oriented graph. Reciprocally, observe that in an oriented graph, reversing an arc
a = wv is the same as inverting X, = {u,v}. Hence if F is a cycle arc-transversal of D, then Inv(D; (X,)aer) is
acyclic.

A decycling family of an oriented graph D is a family of subsets (X;);cs of subsets of V(D) such that Inv(D; (X;)icr)
is acyclic. The inversion number of an oriented graph D, denoted by inv(D), is the minimum number of inversions
needed to transform D into an acyclic digraph, that is, the minimum cardinality of a decycling family. By convention,
the empty digraph (no vertices) is acyclic and so has inversion number 0.

1.1 Inversion versus cycle (arc-) transversal and cycle packing

One can easily obtain the following upper bounds on the inversion number in terms of the cycle transversal number and
the cycle arc-transversal number. See Section

Theorem 1.1. inv(D) < 7/(D) and inv(D) < 27(D) for all oriented graph D.

A natural question is to ask whether these bounds are tight or not.

We denote by C_";; the directed cycle of length 3 and by 7'T;, the transitive tournament of order n. The vertices of 17,
are vy, ..., vy, and its arcs {v;v; | i < j}. The lexicographic product of a digraph D by a digraph H is the digraph
D[H] with vertex set V(D) x V(H) and arc set A(D[H]) = {(a,x)(b,y) | ab € A(D), ora =band zy € A(H)}.
It can be seen as blowing up each vertex of D by a copy of H. Using boolean dimension, Belkhechine et al. [5] proved
the following.

Theorem 1.2 (Belkhechine et al. {5]). inv(TT,[Cs]) = n.
Since 7/ (TT,,[C5]) = n, this shows that the inequality inv(D) < 7/(D) of Theoremis tight.

Pouzet asked for an elementary proof of Theorem Let L and R be two digraphs. The dijoin from L to R
is the digraph, denoted by L — R, obtained from the disjoint union of L and R by adding all arcs from L to R.

Observe that T'T), [63] =0y — TTn_l[C_”g}. So a way to elementary prove Theorem would be to prove that
inv(C3 — T) = inv(T') + 1 for all tournament 7. In fact, we believe that the following more general statement holds.

Conjecture 1.3. For any two oriented graphs L and R, inv(L — R) = inv(L) + inv(R).

As observed in Proposition this conjecture is equivalent to its restriction to tournaments. If inv(L) = 0 (resp.
inv(R) = 0), then Conjecture holds has any decycling family of R (resp. L) is also a decycling family of
L —- R. In Section we prove Conjecture|1.3|when inv(L) = 1 and inv(R) € {1,2}. We also prove it when
inv(L) = inv(R) = 2 and both L and R are strongly connected.

Let us now consider the inequality inv(D) < 27(D) of Theorem One can see that is tight for 7(D) = 1, that
is A(1) = 2. Indeed, let V,, be the tournament obtained from a 7"T},,_; by adding a vertex z such that Nt (v;) =
{v; | 1is odd} (and so N~ (v;) = {v; | i is even}. Clearly, 7(V},) = 1 because V,, — x is acyclic, and one can easily
check that inv(V},) > 2 for n > 5. Observe that Vj is strong, so by the above results, we have inv(Vs — V5) = 4
while 7(V5 — V5) = 2, so h(2) = 4. More generally, Conjecturewould imply that inv(7TT,[Vs]) = 2n, while
7(TT,[V5]) and thus that the inequality (ii) of Theoremis tight. Hence we conjecture the following.

Conjecture 1.4. h(n) = 2n for all positive integer n. In other words, for every positive integer n, there exists a digraph
D such that 7(D) = n and inv(D) = 2n.

A cycle packing in a digraph is a set of vertex disjoint cycles. The cycle packing number of a digraph D, denoted by
v(D), is the maximum size of a cycle packing in D. We have v(D) < 7(D) for every digraph D. On the other hand,
Reed et al. [12] proved that there is a (minimum) function f such that 7(D) < f(v(D)) for every digraph D. With
Theorem(ii), this implies inv(D) < f(v(D)).



Theorem 1.5. There is a (minimum) function g such that inv(D) < g(v(D)) for all oriented graph D and g < 2f.

A natural question is then to determine this function g or at least obtain good upper bounds on it. Note that the upper
bound on f given by Reed et al. [12] proof is huge (a multiply iterated exponential, where the number of iterations
is also a multiply iterated exponential). The only known value has been established by McCuaig [10] who proved
f(1) = 3. As noted in [12], the best lower bound on f due to Alon (unpublished) is f(k) > klog k. It might be that
f(k) = O(klog k). This would imply the following conjecture.

Conjecture 1.6. For all k, g(k) = O(klog k): there is an absolute constant C' such that inv(D) < C'-v(D)log(v(D))
for all oriented graph D.

Note that for planar digraphs, combining results of Reed and Sheperd [13] and Goemans and Williamson [8], we get
7(D) < 63 - v(D) for every planar digraph D. This implies that 7(D) < 126 - v(D) for every planar digraph D and so
Conjecture|1.6|holds for planar oriented graphs.

Another natural question is whether or not the inequality g < 2f is tight. In Section we show that it is not the case.
We show that g(1) < 4, while f(1) = 3 as shown by McCuaig [[10]. However we do not know if this bound 4 on g(1)
is attained. Furthermore can we characterize the intercyclic digraphs with small inversion number ?

Problem 1.7. For any k € [4], can we characterize the intercyclic oriented graphs with inversion number £ ?

In contrast to Theoremand the difference between inv and v, 7, and 7’ can be arbitrarily large as for every k,
there are tournaments T}, for which inv(7}) = 1 and v(T}) = k. Consider for example the tournament T}, obtained
from three transitive tournaments A, B, C' of order k by adding all arc form A to B, B to C' and C to A. One easily
sees that v(T},) = k and so 7/(T}) > 7(T%) > k; moreover Inv(T}; A U B) is a transitive tournament, so inv(7}) = 1.

1.2 Complexity of computing the inversion number
We also consider the complexity of computing the inversion number of an oriented graph and the following associated
problem.

k-INVERSION.
Input: An oriented graph D.

Question: inv(D) < k ?

We also study the complexity of the restriction of this problem to tournaments.

k-TOURNAMENT-INVERSION.
Input: A tournament.

Question: inv(T") < k ?

Note that O-INVERSION is equivalent to deciding whether an oriented graph D is acyclic. This can be done in
O(|V(D)|?) time.

Let k be a positive integer. A tournament T is k-inversion-critical if inv(7T") = k and inv(T — z) = k — 1 for all
x € V(T'). We denote by ZCy, the set of k-inversion-critical tournaments. Observe that a tournament 7" has inversion
number at least k if and only if 7" has a subtournament in ZCj,.

Theorem 1.8 (Belkhechine et al. [6]). For any positive integer k, the set ZCy, is finite.

Checking whether the given tournament 7" contains [ for every element I in ZCy 1, one can decide whether inv(7") > k
in O(|V(T')|™*+1) time, where my1 be maximum order of an element of ZCp ;.

Corollary 1.9. For any non-negative integer k, k-TOURNAMENT-INVERSION is polynomial-time solvable.

The proof of Theorem neither explicitly describes ZCj, nor gives upper bound on my. So the degree of the
polynomial in Corollary[1.9is unknown. This leaves open the following questions.

Problem 1.10. Explicitely describe ZCy, or at least find an upper bound on my.
What is the minimum real number 7, such that k-TOURNAMENT-INVERSION can be solved in O(|V (T)|"*) time ?

As observed in [6], ZC; = {(73}, so m; = 3. This implies that 0-TOURNAMENT-INVERSION
can be done in O(n3). However, deciding whether a tournament is acyclic can be solved in O(n?)-

time. Belkhechine et al. [6] also proved that ZCo = {Ag,Bs,Ds,T5,Vs} where Ag = TTQ[C_"3} =

Inv(TT6; ({v1,v3}, {va,v6})), Be = Inv(TTs; ({v1,v4,v5}, {v2,v5,06})), D5 = Inv(TT5: ({ve, va}, {v1,v5})),
Rs = Inv(TTs; ({v1, vs,v5}, {va,v4})), and Vs = Inv(T'T5; ({v1,vs5}, {vs,v5})). See Figure



Figure 1: The 2-inversion-critical tournaments

Hence my = 6, so 1-TOURNAMENT-INVERSION can be solved in O(n®)-time. This is not optimal: we show in
Subsectionthat it can be solved in O(n?)-time, and that 2-TOURNAMENT-INVERSION can be solved in O (n5)-time.

There is no upper bound on my, so far. Hence since the inversion number of a tournament can be linear in its order (See
e.g. tournament 7}, described at the end of the introduction), Theoremdoes not imply that one can compute the
inversion number of a tournament in polynomial time. In fact, we believe that it is not.

Conjecture 1.11. Given a tournament and an integer k, deciding whether inv(7T") = k is NP-complete.

In contrast to Corollary we show in Subsectionthat 1-INVERSION is NP-complete. Note that together with
Conjecture this would imply that k-INVERSION is NP-complete for every positive integer k.

Conjecture 1.12. k-INVERSION is NP-complete for all positive integer k.

As we proved Conjecture when inv(L) = inv(R) = 1, we get that 2-INVERSION is NP-complete.

Because of its relations with 7/, 7, and v, (see Subsection , it is natural to ask about the complexity of computing
the inversion number when restricted to oriented graphs (tournaments) for which one of these parameters is bounded.
Recall that inv(D) = 0 if and only if D is acyclic, so if and only if 7/(D) = 7(D) = v(D) = 0.

Problem 1.13. Let k be a positive integer and +y be a parameter in {7’, 7, v}. What is the complexity of computing the
inversion number of an oriented graph (tournament) D with y(D) < k ?

Conversely, it is also natural to ask about the complexity of computing any of 7/, 7, and v, when restricted to oriented
graphs with bounded inversion number. In Subsection we show that computing any of these parameters is NP-hard
even for oriented graphs with inversion number 1. However, the question remains open when we restrict to tournaments.

Problem 1.14. Let k be a positive integer and ~y be a parameter in {7/, 7, v}. What is the complexity of computing
~(T) for a tournament D with inv(7") < k ?

2 Properties of the inversion number
In this section, we establish easy properties of the inversion number and deduce from themTheorem and the fact
that Conjectureis equivalent to its restriction to tournaments.

The inversion number is monotone :
Proposition 2.1. If D' is a subdigraph of an oriented graph D, then inv(D’) < inv(D).

Proof. Let D’ be a subdigraph of D. If (X;);c; is a decycling family of D, then (X; NV (D’));c; is a decycling family
of D'. O



Lemma 2.2. Let D be a digraph. If D a source (a sink) x, then inv(D) = inv(D — z).

Proof. Every decycling family of D — x is also a decycling family of D since adding a source (sink) to an acyclic
digraph results in an acyclic digraph. O

Lemma 2.3. Let D be an oriented graph and let x be a vertex of D. Then inv(D) < inv(D — z) + 2.

Proof. Let NT[x] be the closed out-neighbourhood of =, that is {z} U NT(x). Observe that D' =
Inv(D; (NT[z], NT(x))) is the oriented graph obtained from D by reversing the arc between x and its out-neighbours.
Hence x is a sink in D’ and D' — z = D — z. Thus, by Lemma inv(D) <inv(D')+2<inv(D —z)+2. O

Proof of Theorem As observed in the introduction, if F' is a feedback arc-set, then the family of sets of end-vertices
of arcs of F is a decycling family. So inv(D) < 7/(D).

Let S = {z1,...,x} be a cycle transversal with ¥ = 7(D). Lemma|2.3|and a direct induction imply inv(D) <
inv(D — {x1,...,2;}) + 2i for all ¢ € [k]. Hence inv(D) < inv(D — S) + 2k. But, since S is a cycle transversal,
D — Sis acyclic, so inv(D — S) = 0. Hence inv(D) < 2k = 27(D). O

Let D be an oriented graph. An extension of D is a tournament 7" such that V(D) = V(T') and A(D) C A(T).
Lemma 2.4. Let D be an oriented graph. There is an extension T' of D such that inv(T') = inv(D).

Proof. Setp = inv(D) and let (X;);c[,) be a decycling family of D. Then D* = Inv(D; (X;);¢[p)) is acyclic and so
admits an acyclic ordering (v1, ..., v,).

Let T be the extension of D constructed as follows: For every 1 < ¢ < j < p such that v;v; ¢ A(D*), let n(i, j) be the
number of X, ¢ € [p], such that {v;,v;} C X;. If n(z, ) is even then the arc v;v; is added to A(T'), and if n(i, j) is
odd then the arc v;v; is added to A(T"). Note that in the first case, v;v; is reversed an even number of times by (X;);cp),
and in the second v;v; is reversed an odd number of times by (X;);c[p). Thus, in both cases, v;v; € Inv(T’; (X;)icpp))-
Consequently, (v1,...,vy,) is also an acyclic ordering of Inv(T"; (X;);c[p)). Hence inv(T") < inv(D), and so, by
Proposition inv(T) = inv(D). O

Proposition 2.5. Conjecture is equivalent to its restriction to tournaments.

Proof. Suppose there are oriented graphs L, R that form a counterexample to Conjecture that is such that
inv(L — R) < inv(L) + inv(R). By Lemma|2.4| there is an extension T of L — R such that inv(7) = inv(L — R)
and let Ty, = T(V(L))) and T = T(V(R))). We have T' = T1, — Tx and by Proposition inv(L) < inv(Ty)
and inv(R) < inv(Tg). Hence inv(T) < inv(Ty) + inv(Tr), so Ty, and T are two tournaments that form a
counterexample to Conjecture O

3 Inversion number of dijoins of oriented graphs
Proposition 3.1. inv(L — R) < inv(L) + inv(R).

Proof. First invert inv(L) subsets of V(L) to make L acyclic, and then invert inv(R) subbsets of V' (R) to make R
acyclic. This makes L — R acyclic. O

Proposition 3.2. Ifinv(L),inv(R) > 1, then inv(L — R) > 2.

Proof. Assume inv(L),inv(R) > 1. Then L and R are not acyclic, so let Cy, and Cr be directed cycles in L and
R respectively. Assume for a contradiction that there is a set X such that inverting X in L — R results in a acyclic
digraph D’. There must be an arc zy in A(C,) such that z € X and y ¢ X, and there mustbe z € X NV (Cr). But
then (z,y, z, z) is a directed cycle in D’, a contradiction. O

Further than Proposition the following result give some property of a minimum decycling family of L — R when
inv(L) =inv(R) = 1.

Theorem 3.3. Let D = (L — R), where L and R are two oriented graphs with inv(L) = inv(R) = 1. Then, for any
decycling family (X1, X3) of D, either X1 C V(L), Xs C V(R) or X1 C V(L), X2 C V(R).



Proof. Let (X1, X2) be a decycling family of D and let D* be the acyclic digraph obtained after inverting X; and X»
(in symbols D* = Inv(D; (X1, X2))).

Let us define some sets. See Figure

e Foric 2, X' =X,nV(L)and XF = X, NV (R).

Z0 = V(D) \ (XL U XE) and Z% = V(R) \ (XF U XJ).
XL = XFn XFand X = XFn XL
for {i,j} = {1,2), XF, = (X \ XF) and X | = (XF\ XF)

Figure 2: The oriented graph D*

Observe that at least one of the sets X1 o, X* , XI | and X{ , must be empty, otherwise D* is not acyclic.
By symmetry, we may assume that it is X{* , or XJ* ;. Observe moreover that X7* , U X' | # () for otherwise
XF = X! = X[\ and D*(V(F)) = F is not acyclic.

Assume first that X{* , = () and so XJ* | # 0.

Suppose for a contradiction that X{% # () and let a € X£ |,b € X{%. Let C be a directed cycle in L. Note that V (C')
cannot be contained in one of the sets X1 o, X1 or X4 . If V(C) N ZL # 0, there is an arc cd € A(L) such that
ce XF ,UuXELUXE andd € Z%. Then, either (¢, d, a, c) or (c,d, b, c) is a directed cycle in D*, a contradiction.
Thus, V(C) C X, UXELUXE |  IfV(C)N XE +# 0, then there is an arc ¢cd € A(L) such that ¢ € X% and
d € Xl , U X% | which means that dc € A(D*) and (d, c,b,d) is a directed cycle in D*, a contradiction. Hence
V(C) € X¥ , U XL | and there exists an arc cd € A(L) such that c € X£ |,d € X , and (¢, d, a, c) is a directed
cycle in D*, a contradiction.

Therefore X{% = () and every directed cycle of R has its vertices in X4° ; U Z. Then, there is an arc ea € A(R)
with a € X' | and e € Z. Note that, in this case, ea € A(D*) and (e, a, c, e) is a directed cycle in D* for any
ce XLUXE | Thus, X5 = X£ |, =0and X; C V(L), X5 C V(R).

If X£ | = (), we can symmetrically apply the same arguments to conclude that X; C V(R) and Xo C V(L). O
Theorem 3.4. Let L and R be two oriented graphs. If inv(L) = 1 and inv(R) = 2, then inv(L — R) = 3.

Proof. Let D = (L — R). By Proposition we know that inv(D) < 3.



Assume for a contradiction that inv(D) < 2. Let (X, X2) be a decycling family of D and let D* = Inv(D; (X1, X32)).
Let L* = D*(V(L)) and R* = D*(V(F)). We define the sets X1, X&', X', X%, 7L, z® XL xXE Xxb ., XE |,
XTI, and XJ | as in Theorem|3.3| See Figure Note that each of these sets induces an acyclic digraph in D* and
thus also in D. Fori € [2], let D; = Inv(D; X;), let L; = Inv(L, X}) = Inv(L*; XX ), and R; = Inv(R, XF) =
Inv(R*; X4 ). Since inv(D) = 2, inv(D;) = inv(Dy) = 1. Since inv(R) = 2, R; and Ry are both non-acyclic, so
inv(R;) = inv(Rz) = 1.

Claim 1: X2, XE £ 0 forall i € [2).

Proof. Since inv(R) = 2, necessarily, X{¥, X5 £ ().

Suppose now that X = (). Then D; = L — R;. Asinv(L) > 1 and inv(R;) > 1, by Propositioninv(Dz-) >2,a
contradiction. O

Claim 2: X' # XF and X # XE.

Proof. 1f X} = XX, then L* = L, so L* is not acyclic, a contradiction. Similarly, If X7* = X, then R* = R, so R*
is not acyclic, a contradiction. O

In particular, Claim 2 implies that X{ , U X1 | # ().
In the following, we denote by A ~~ B the fact that there is no arc from B to A.

Assume first that X7* , = (). By Claim 1, X{ # (), so X{% # () and by Claim 2, X # X £, so XI* | # ().
If XX | # 0, then, in D*, X' | UXE ~ Z® because X, U X, — XE | — ZF. Butthen Ry = Inv(R*; X£)
would be acyclic, a contradiction. Thus, X4 | = 0.

Then by Claims 1 and 2, we get X1, X% , # 0. Hence, as X{t — X} , — X', — X — X[ in D*, there is a
directed cycle in D*, a contradiction. Therefore X{* , # (.

In the same way, one shows that X£* | # (. As X', — XF , — X£ | — X£ | — X{, in D*, and D* is acyclic,
one of X , and XJ , must be empty. Without loss of generality, we may assume X{ , = 0.

Then by Claims 1 and 2, we have X{5, X} , # (. Furthermore X{% = () because X% — XI |, — X', —
X5 — XEin D*. Now in D*, X£ | ~ X , U Z% because X&' | — X¥ | — X', U ZF, and X, ~ ZF
because X{* , — X[, — Z%. Thus, in D, we also have XJ* | ~ X, U Z® and XT? , ~ Z%. So R is acyclic, a
contradiction to Inv(R) = 2.

Therefore inv(D) > 3. So inv(D) = 3. O
Corollary 3.5. inv(D) = 1 ifand only if inv(D — D) = 2.

Theorem 3.6. Let L and R be strong digraphs such that inv (L), inv (R) > 2. Then inv (L — R) > 4.

Due to lack of space, the proof of this theorem is left in appendix.

Corollary 3.7. Let L and R be strong digraphs such that inv (L), inv (R) = 2. Then inv (L — R) = 4.

4 Inversion number of intercyclic digraphs

A digraph D is intercyclic if v(D) = 1. The aim of this subsection is to prove the following theorem.
Theorem 4.1. [f D is an intercyclic oriented graph, then inv(D) < 4.

In order to prove this theorem, we need some preliminaries.

Let D be an oriented graph. An arc uv is weak in D if min{d* (u),d™ (v)} = 1. An arc is contractable in D if it is
weak and in no directed 3-cycle. If a is a contractable arc, then let D /a is the digraph obtained by contracting the arc

and D /a be the oriented graph obtained from D by removing one arc from every pair of parallel arcs created in D/a.



Lemma 4.2. Let D be a strong oriented graph and let a be a contractable arc in D. Then D /a is a strong intercyclic
oriented graph and inv(D/a) > inv(D).

Proof. McCuaig proved that D/a is strong and intercyclic. Let us prove that inv(D) < inv(D/a). Observe that
inv(D/a) = inv(D/a).

Set a = uw, and let w be the vertex corresponding to both w and v in D/a. Let (X7, ..., X},) be a decycling family of
D' = D/a that result in an acyclic oriented graph R'. Fori € [p], let X; = X! ifw ¢ X/ and X; = (X/\ {w})U{u,v}

if w e X/. Let a* = wv if w is in an even number of X and a* = vu otherwise, and let R = Inv(D; (X1,..., X,)).
One easily shows that R = R’/a*. Therefore R is acyclic since the contraction of an arc transforms a directed cycle
into a directed cycle. O

Lemma 4.3. Let D be an intercyclic oriented graph. If there is a non-contractable weak arc, then inv(D) < 4.

Proof. Let uv be a non-contractable weak arc. By directional duality, we may assume that d~ (v) = 1. Since wv is
non-contractable, uo is in a directed 3-cycle (u, v, w, u). Since D is intercyclic, we have D \ {u,v,w} is acyclic.
Consequently, {w, u} is a cycle transversal of D, because every directed cycle containing v also contains u. Hence, by
Theorem|1.1] inv(D) < 7(D) < 4. O

The description below follows [3]. A digraph D is in reduced form if it is strongly connected, and it has no weak arc,
that is min{6~ (D), 6T (D)} > 2.

Intercyclic digraphs in reduced form were characterized by Mc Cuaig [10]. In order to restate his result, we need
some definitions. Let P(x1,...,Zs;y1,...,y:) be the class of acyclic digraphs D such that z1,...,zs, s > 2, are
the sources of D, y1,...,y:, t > 2, are the sinks of D, every vertex which is neither a source nor a sink has in- and
out-degree at least 2, and, for 1 <14 < j < sand1 <k < ¢ <t, every (x;, y¢)-path intersects every (z;, yx)-path. By
a theorem of Metzlar [11], such a digraph can be embedded in a disk such that 1, zo, ..., s, Yt, Yt—1, - - ., Y1 OCCUL, in
this cyclic order, on its boundary. Let 7 be the class of digraphs with minimum in- and out-degree at least 2 which can
be obtained from a digraph in P(z*, y*; 27,y 7) by identifying 2+ = 2~ and y™ = y~. Let D7 be the digraph from
Figurea).

(@) (b) (©)

Figure 3: (a): the digraph D7; (b): the digraph D/, obtained from D7 inverting the set {y, yo, y4, ys }; (¢): the acyclic
digraph DY obtained from D7, by inverting the set {y2, ¥s, Y5, Y6 }-

Let K be the class of digraphs D with 7(D) > 3 and 6°(D) > 2 which can be obtained from a digraph K from
P (wo, z0; 21, w1) by adding at most one arc connecting wy, zo, adding at most one arc connecting wy, z1, adding a
directed 4-cycle (xg, x1, T2, 23, To) disjoint from Ky and adding eight single arcs wxg, w122, 2171, 2123, ToWo,
Towo, T120 »T320 (see Figure|4). Let H be the class of digraphs D with 7(D) > 3 and §°(D) > 2 such that D is the
union of three arc-disjoint digraphs He, € P(ya,y3,y1;Ys,Y2), Hp € P(ya, Ys; Y3, y1,y2), and H, € Py, Y25 Y3, Ya),
where y1, y2, Y3, Y4, Y5 are the only vertices in D occuring in more than one of H,, Hg, H., (see Figure|5).

Theorem 4.4 (McCuaig [10]). The class of intercyclic digraphs in reduced form is T U{D7} UK U H.

Using this characterization we can now prove the following.

Corollary 4.5. If D is an intercyclic oriented graph in reduced form, then inv(D) < 4.

Proof. Let D be an intercyclic oriented graph in reduced form. By Theorem itisin7 U{D7z} UK UH.



Figure 4: The digraphs from K. The arrow in the grey area symbolizing the acyclic (plane) digraph K indicates that
20, Wo are its sources and zq, w are its sinks.

L D P P Y, Y,
y5 yZ y3 yl yZ y3 y4
H, Hj H,

Figure 5: The digraphs from H.

If D € T, then it is obtained from a digraph D’ in P(z+,y™; 2™,y ) by identifying z* = 2~ and y* = y~. Thus
D—{z%,yt} =D —{z*,y", 27,y } is acyclic. Hence 7(D) < 2, and so by Theorem inv(D) < 4.

If D = D, then inverting X1 = {y, y2, y4, ys} so that y becomes a source and then inverting {y2, y3, ys, Yo }, We
obtain an acylic digraph with acyclic ordering (y, ys, Y3, Y4, Ys, ¥, y2). Hence inv(D7) < 2.

If D € K, then inverting {x¢, 23} and {zo, x1, x2, T3, w1, 21 }, we convert D to an acyclic digraph with acyclic ordering
(23,2, 21,0, v1,...,Vp) Where (v1,...,vp) is an acyclic ordering of K.

If D € H, then consider D' = Inv(D,V(H.,). The oriented graph D is the union of H, € P(y4,Ys,Y1; V5, Y2),

- —
Hpg € P(ya,ys5; Y3, Y1, y2), and H ., the converse of H.,. As H., € P(y1,Yy2;Y3,ya), we have H,€ P(ya,y3; Y2, Y1)
SetY = {y1,Y2,Y3, Y4, Y5}

We claim that every directed cycle C’ of D’ contains ys. Since D’ — Y is acyclic, C” is the concatenation of directed
paths Py, Ps, ..., P, with both end-vertices in Y and no internal vertex in Y. Now let C be the directed cycle obtained
from C by replacing each P; by an arc from its initial vertex to its terminal vertex. Clearly, C' contains ys if and
only if C’ does. But C is a directed cycle in J the digraph with vertex set Y in which {y4,y3,v1} — {y5,v2},
{ya,y5} — {3, vy1,92}, and {ya,y3} — {y1,y2}. One easily checks that J — vj is acyclic with acyclic ordering
(y4, Y3, Y1, Yy2), so C contains y5 and so does C".

Consequently, {ys } is a cycle transversal of D’. Hence, by Theorem(ii), we have inv(D’) < 27(D’) < 2. As D' is
obtained from D by inverting one set, we get inv(D) < 3. |

We can now prove Theorem

Proof. By induction on the number of vertices of D.



If D is not strong, then it has a unique non-trivial strong component C' and any decycling family of C'is a decycling
family of D, so inv(C) = inv(D). By the induction hypothesis, inv(C') < 4, so inv(D) < 4. Henceforth, we may
assume that D is strong.

Assume now that D has a weak arc a. If a is non-contractable, then inv(D) < 9 by Lemma If a is contractable,

then consider D /a. As observed by McCuaig [10], D/a is also intercyclic. So by Lemma and the induction
hypothesis, inv(D) < inv(D/a) < 4. Henceforth, we may assume that D has no weak arc.

Thus D is in a reduced form and by Corollary inv(D) < 4. |

5 Complexity results

5.1 NP-hardness of 1-INVERSION and 2-INVERSION
Theorem 5.1. 1-INVERSION is NP-complete even when restricted to strong digraphs.

In order to prove this theorem, we need some preliminaries.

Let J be the digraph depicted in Figure@

Figure 6: The digraph J

Lemma 5.2. The only sets whose inversion can make J acyclic are {a,b, e} and {b, c,d}.

Proof. Assume that an inversion on X makes D acyclic. Then X must contain exactly two vertices of each of the
directed 3-cycles (a, b, ¢, a), (a,b,d, a), and (e, b, ¢, €), and cannot be {a, ¢, d, e} for otherwise (e, b, d, e) is a directed
cycle in the resulting digraph. Hence X must be either {a, b, e} or {b, ¢, d}. One can easily check that an inversion on
any of these two sets makes D acyclic. O

Proof of Theorem Reduction from MONOTONE 1-IN-3 SAT which is well-known to be NP-complete.

Let ® be a monotone 3-SAT formula with variables z1,...,x, and clauses C4,...,C,,. Let D be the digraph
constructed as follows. For every ¢ € [n], let us construct a varlable digraph K; as follows for every j € [m], create a
copy J] of J, and then identify all the Vertlces (J into one vertex c;. Then, for every clause C; = x;, V 3, V x4, we
add the arcs of the directed 3-cycle D; = (a] aj al).

1,17 127 13

Observe that D is strong. We shall prove that inv(D) = 1 if and only if ® admits a 1-in-3-SAT assignment.

Assume first that inv(D) = 1. Let X be a set whose inversion makes D acyclic. By Lemma. 5.2} for every i € [n],
either X N V(K;) = U]- " {al bl el or X NV(K;) = Ui {0} ci, d?}. Let ¢ be the truth 3551gnment defined by

177 'L

o(x;) = trueif X NV (K;) = szl{b ci,d?}, and p(x;) = falseif X NV (K;) = Ui~ al bl e

177 ’L
Consider a clause C; = x;, V x;, V 2;,. Because D, is a directed 3-cycle, X contains exactly two vertices in V(D).

Let ¢; and {5 be the two indices of {i1, 42,73} such that a?l and aéz are in X and /3 be the third one. By our definition
of ¢, we have p(xy, ) = ¢(x4,) = false and p(xy,) = true. Therefore, ¢ is a 1-in-3 SAT assignment.

Assume now that ¢ admits a 1-in-3 SAT assignment . For every ¢ € [n], let X; = U;"zl{b{7 ci, d2}if p(x;) = true
and X; = /= Aal bl el}if o(x;) = false, and set X = I, X;.

177 ’L
Let D’ be the graph obtained from D by the inversion on X. We shall prove that D is acyclic, which implies
inv(D) = 1.

Assume for a contradiction that D’ contains a cycle C'. By Lemma there is no cycle in any variable gadget K, so
C must contain an arc with both ends in V' (D;) for some j. Let C; = z;, V @, V x;,. Now since ¢ is a 1-in-3-SAT



assignment, w.1.0.g., we may assume that o(xi,) = @(x;,) = false and @(x;,) = true. Hence in D', al — a{l,

. . . ,L2
aj — aj ‘and aj, — aj, . Moreover, in D’(V(J] ), @], is a sink, so a] is a sink in D’. Therefore C' does not goes

through a , and thus C contams the arc a],a]_, and then enter JJ But in D’ (V(Jijs)), agB has a unique out-neighbour,

namely blS, which is a sink. This is a contradlctlon. O
Corollary 5.3. 2-INVERSION is NP-complete.

Proof. By Corollary we have inv(D — D) = 2 if and only inv(D) = 1, so the statement follows from Theorem
E1l O

5.2 Solving k-TOURNAMENT-INVERSION for k € {1,2}

Theorem 5.4. 1-TOURNAMENT-INVERSION can be solved in O(n?) time.

Proof. Let T be a tournament. For every vertex v one can check whether there is an inversion that transforms 7" into a
transitive tournament with source v. Indeed the unique possibility inversion is the one on the closed in-neighbourhood
of v, N~ [v] = N~ (v) U {v}. So one can make inversion on N~ [v] and check whether the resulting tournament is
transitive. This can obviously be done in O(n?) time

Doing this for every vertex v yields an algorithm which solves 1-TOURNAMENT-INVERSION in O(n?) time. O

Theorem 5.5. 2-TOURNAMENT-INVERSION can be solved in in O(n®) time.

The main idea to prove this theorem is to consider every pair (s, t) of vertices and to check whether there are two sets
X1, X5 such that the inversion of X; and X5 results in a transitive tournament with source s and sink ¢. We need some
definitions and lemmas.

The symmetric difference of two sets A ad Bis AAB = (A\ B)U (B\ A).

Let T" be a tournament and let s and ¢ be two vertices of T'. We define the following four sets

Als,t) = N+<s>mN (t)
Bls,t) = N~(s)nN*()
Cls,t) = N+(s)mN+<t)
D(s;t) = N~(s)NN~(t)

Lemma 5.6. Let T’ be a tournament and let s and t be two vertices of T. Assume there are two sets X1, Xo such that
the inversion of X1 and X4 results in a transitive tournament with source s and sink t.

(1) If{s,t} C X1\ Xo, thents € A(T), C(s,t) = D(s,t) =0 and X1 = {s,t} U B(s, ).

(2) Ifs € X1\ Xo, t € Xo\ Xy, and the inversion of X1 and Xo makes T acyclic, then st € A(T), A(s,t) N
(X1UXs) =0, Xy ={s}UB(s,t) UD(s,t), and Xo = {t} U B(s,t) U C(s,1).

(3) fse XiNXoandt € X1\ Xo, thents € A(T), X1 = {s,t}UB(s,t)UC(s,t), and Xy = {s} UC(s,t)U
D(s,t).

(4) If {s,t} € X; N Xo, then st € A(T), C(s,t) = 0, D(s,t) = 0, X1 N Xy C A(s,t) U {s,t}, and
B(S,t) = X1AX2.

Proof. (1) The arc between s and ¢ is reversed once, so ts € A(T).

Assume for a contradiction, that there is a vertex ¢ € C(S,t). The arc tc must be reversed, so ¢ € X7, but then the arc
sc is reversed contradicting the fact that s becomes a source. Hence C(s,t) = (). Similarly D(s,t) = 0.

The arcs from ¢ to B(s, t) and from B(s,t) to s are reversed so B(s,t) C X;. The arcs from s to A(s,t) and from
A(s,t) to t are not reversed so A(s,t) N Xy = 0. Therefore X; = {s,t} U B(s,1).

(2) The arc between s and ¢ is not reversed, so st € A(T). The arcs from s to A(s,t) and from A(s,t) to ¢ are not
reversed so A(s,t) N X7 = @ and A(s,t) N Xo = (. The arcs from ¢ to B(s,t) and from B(s,t) to s are reversed
so B(s,t) C X; and B(s,t) C Xs. The arcs from s to C(s,t) are not reversed so C(s,t) N X; = () and the arcs



from ¢ to C'(s,t) are reversed so C(s,t) C Xs. The arcs from D(s,t) to s are reversed so D(s,t)
arcs from D(s,t) to d are not reversed so D(s,t) N Xy = (. Consequently, X; = {s} U B(s,t)
Xo = {t} UB(s,t) UC(s,1).

X, and the

-
U D(s,t), and

(3) The arc between s and t is reversed, so ts € A(T'). The arcs from A(s,t) to ¢ are not reversed so A(s,t) N X = .
The arcs from s to A(s, t) are not reversed so A(s, )N Xy = ). The arcs from ¢ to B(s, t) are reversed so B(s,t) C Xj.
The arcs from B(s,t) to s are reversed (only once) so B(s,t) N Xo = (). The arcs from ¢ to C(s,t) are reversed
so C(s,t) C Xj. The arcs from s to C(s,t) must the be reversed twice so C(s,t) C X,. The arcs from D(s, ) to
t are not reversed so D(s,t) N X; = . The arcs from D(s,t) to s are reversed so D(s,t) C X,. Consequently,
X1 ={s,t} UB(s,t) UC(s,t), and Xo = {s,t} UC(s) U D(s,t).

(4) The arc between s and ¢ is reversed twice, so st € A(T).

Assume for a contradiction, that there is a vertex ¢ € C(s,t). The arc tc must be reversed, so c is in exactly one of X
ad X5. But then the arc sc is reversed contradicting the fact that s becomes a source. Hence C(s,t) = {). Similarly
D(s,t) = (). The arcs from s to A(s,t) and from A(s,t) to ¢t are not reversed so every vertex of A(s,t) is either in
X1 NXgorin V(T)\ (X1 UXy). The arcs from ¢ to B(s, t) and from B(s,t) to s are reversed so every vertex of
B(s,t) is either in X7 \ X5 orin X3 \ X;. Consequently, X1 N Xy C A(s,t) U{s,t}, and B(s,t) = X1A0X,. O

Lemma 5.7. Let T be a tournament of order n and let s and t be two vertices of T'.

(1) One can decide in O(n3) time whether there are two sets X1, Xo such that the inversion of X, and Xs results
in a transitive tournament with source s and sink t and {s,t} C X; \ Xo.

(2) One can decide in O(n?) time whether there are two sets X1, Xo such that the inversion of X1 and Xs results
in a transitive tournament with source s and sinkt and s € X1 \ Xo andt € X5\ X;.

(3) One can decide in O(n?) time whether there are two sets X1, Xo such that the inversion of X, and Xs results
in a transitive tournament with source s and sink t and s € X1 N X and t € X1 \ Xo.

(4) One can decide in O(n*) time whether there are two sets X1, Xo such that the inversion of X1 and X» results
in a transitive tournament with source s and sink t and {s,t} C X1 N Xa.

Proof. For all cases, we first compute A(s,t), B(s,t), C(s,t), and D(s, t), which can obviously be done in O(n?).

(1) By Lemma[5.6] we must have ts € A(T) and C(s,t) = D(s,t) = (). So we first check if this holds. Furthermore,
by Lemma we must have X; = {s,t} U B(s, t). Therefore we invert {s,¢} U B(s, t) which results in a tournament
T’. Observe that s is a source of 77 and ¢ is a sink of 7. Hence, we return ‘Yes’ if and only if inv(7” — {s,t}) =1
which can be tested in O(n?) by Theorem

(2) By Lemma we must have st € A(T). So we first check if this holds. Furthermore, by Lemma the only
possibility is that X; = {s} U B(s,t) U D(s,t), and Xo = {t} U B(s,t) U C(s,t). So we invert those two sets and
check whether the resulting tournament is a transitive tournament with source s and sink ¢. This can done in O(n?).

(3) By Lemma|5.6f we must have ¢ts € A(T'). So we first check if this holds. Furthermore, by Lemma the only
possibility is that X1 = {s,t} U B(s,t) UC(s,t), and Xo = {s} UC(s,t) U D(s,t). So we invert those two sets and
check whether the resulting tournament is a transitive tournament with source s and sink ¢. This can done in O(n?).

(4) By Lemma we must have st € A(T), C(s,t) =0, D(s,t) = 0. So we first check if this holds. Furthermore, by
Lemma the desired sets X and X5 must satisfy X; N Xy C A(s,¢) U {s,t}, and B(s,t) = X1 AX,.

In particular, every arc of T4 = T'(A(s,t)) is either not reversed or reversed twice (which is the same). Hence 7’4 must
be a transitive tournament. So we check whether 7’4 is a transitive tournament and if yes, we find a directed hamiltonian
path P4 = (ay,...,a,) of it. This can be done in O(n?).

Now we check that B(s,t) admits a partition (X1, X4) with X/ = X; N B and the inversion of both X7 and X}
transforms 7T'(B(s,t)) into a transitive tournament T with source s’ and sink ¢’. The idea is to investigate all
possibilities for s, ¢’ and the sets X{ and XJ. Since (X7, X}) is a partition of B(s,t) and (X1, X3) is a decycling
family if and only if (X}, X7) is a decycling family, we may assume that

(@ {s,t'} C X]\ X}, or



(b) s’ € X|\ Xyand ' € X} \ X.

check that C'(s',¢') = D(s',t") = () (where those sets are computed in T(B(s, t))). Furthermore, by Lemma|5.6| we
must have X| = {s,t} U B(s',t’) and X} = B(s,t) \ X7. So we invert those two sets and check whether the resulting
tournament 7' is transitive. This can be done in O(n*) (or each arc t's’.

For the possibilties corresponding to Case (a), we proceed as in (1) above. For every arc t's’ € A(T(B(s, tﬁ we

For a possibilities corresponding to Case (b), we proceed as in (2) above. For every arc t's’ € A(T(B(s,t))), by
Lemma the only possibility is that X| = {s'} U B(s',t') U D(s',t'), and Xo = {t'} U B(s',t') U C(s',t'). As
those two sets form a partition of B(s, t), we also must have B(s’,t') = () and A(s',t') = 0. So we invert those two
sets and check whether the resulting tournament 7 is transitive. This can be done in O(n?) for each arc ¢'s’.

In both cases, we are left with a transitive tournament 7'z. We compute its directed hamiltonian path Pg = (b1, ..., b,)
which can be done in O(n?). We need to check whether this partial solution on B(s, ) is compatible with the rest of
the tournament, that is {s,¢} U A(s,t). It is obvious that it will always be compatible with s and ¢ as they become
source and sink. So we have to check that we can merge 74 and T into a transitive tournament on A(s,¢) and
B(s, t) after the reversals of X; and X5. In other words, we must interlace the vertices of P4 and Pp. Recall that
Z =X1NXo\{s,t} C A(s,t)and X; = X]U Z U {s,t}, i € [2] so the arcs between Z and B(s, t) will be reversed
exactly once when we invert X; and X5. Using this fact, one easily checks that this is possible if and only there are
integers j; < --- < j, such that

e cither b; — a; for j < j; and b; < a; for j > j; (in which case a; ¢ Z and the arcs between a; and B(s, t)
are not reversed),

e orb; < a; for j < j;and b; — a, for j > j; (in which case a; € Z and the arcs between a; and B(s, t) are
reversed).

See Figurefor an illustration of a case when we can merge the two orderings after reversing X; and X5.

N N N @) (@) (@) N @) N
@ 2 & (& & m (Y (& \% Y

\b_sy b1 1y 12,

L 2

Figure 7: Indicating how to merge the two orderings of A and B. The fat blue edges indicate that the final ordering will
be by — b3, a1 — a4, by — bg, a5 — ag, by — by, ag — a1, b10 — bi2. The set Z = {aq, ag, a10} consists of those vertices
from A(s, t) which are in X7 N X5. These vertices are shown in red. The red arcs between a vertex of Z and one of the
boxes indicate that all arcs between the vertex and those of the box have the direction shown. Hence the boxes indicate
that values of ji,...,jip satisfy that: j; = ... =54 =3,J5 = ... =jg =06, =... = 7j11 = 9.

Deciding whether there are such indices can be done in O(n?) for each possibility.
As we have O(n?) possibilities, and for each possibility the procedure runs in O(n?) time. Hence the overall procedure
runs in O(n*) time. 0

Proof of Theorem By Lemma by removing iterately the sources and sinks of the tournament, it suffices to
solve the problem for a tournament with no sink and no source.



Now for each pair (s, t) of distinct vertices, one shall check whether there are two sets X, Xo such that the inversion
of X7 and X5 results in a transitive tournament with source s and sink ¢. Observe that since s and ¢ are neither sources
nor sinks in 7', each of them must belong to at least one of X7, X». Therefore, without loss of generality, we are in one
of the following possibilities:

{s,t} € X3 \ Xa. Such a possibility can be check in O(n?) by Lemma(l).
s€ X1\ Xzandt € X5\ X;. Such a possibility can be check in O(n?) by Lemma(2).
s€ X;NXoandt € X; \ Xo. Such a possibility can be check in O(n?) by Lemma 3).

t € X1 N Xoands € X3\ Xs. Such a possibility is the directional dual of the preceding one. It can be tested
in O(n?) by reversing all arcs and applying Lemma(3).

e {s,t} C X; N Xs. Such a possibility can be check in O(n*) by Lemma(4).
Since there are O(n?) pairs (s, t) and for each pair the procedure runs in O(n*), the algorithm runs in O(n%) time. [

5.3 Computing related parameters when the inversion number is bounded

The aim of this subsection is to prove the following theorem.

Theorem 5.8. Let y be a parameter in T, 7', v. Given an oriented graph D with inversion number 1 and an integer k,
it is NP-complete to decide whether v(D) < k.

Let D be a digraph. The second subdivision of D is the oriented graph S2(D) obtained from D by replacing every arc
a = uv by a directed path P, = (u, T4, Ya, u) Where x,, y, are two new vertices.

Proposition 5.9. Let D be a digraph.
(i) inv(S2(D) < 1.
(ii) 7'(S2(D)) = 7'(D), 7(S2(D)) = 7(D), and v(S2(D)) = v(D).

Proof. (i) Inverting the set |, A(D) {Zq,ya} makes So(D) acyclic. Indeed the x,, become sinks, the y,, become source
and the other vertices form a stable set. Thus inv(S2(D)) = 1.

(ii) There is a one-to-one correspondence between directed cycles in D and directed cycles in Sz (D) (their second
subdivision). Hence v(S3(D)) = v(D).

Moreover every cycle transversal S of D is also a cycle transversal of So(D). So 7(S2(D)) < 7(D). Now consider a
cycle transversal T'. If z, or y, is in S for some a € A(D), then we can replace it by any end-vertex of a. Therefore,
we may assume that T C V' (D), and so T is a cycle transversal of D. Hence 7(S2(D)) = 7(D).

Similarly, consider a cycle arc-transversal F' of D. Then F’ = {a | z,y, € F'} is a cycle arc-transversal of Sa(D).
Conversely, consider a cycle arc-transversal F’ of So(D). Replacing each arc incident to x,, y, by z,y, for each
a € A(D), we obtain another cycle arc-transversal. So we may assume that I/ C {z,y, | a € A(D)}. Then
F ={a | z,ys € F'} is a cycle arc-transversal of D. Thus 7/(S2(D)) = 7/(D).

Proof of Theorem Since computing each of 7, 7/, v is NP-hard, Proposition(ii) implies that computing each
of 7, 7/, v is also NP-hard for second subdivisions of digraphs. As those oriented graphs have inversion number 1
(Proposition (i)), computing each of 7, 7/, v is NP-hard for oriented graphs with inversion number 1. O
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Appendix: Dijoin of oriented graphs with inversion number 2

In this appendix, we give the proof of the following Theorem|3.6
Theorem Let L and R be strong digraphs such that inv (L),inv (R) > 2. Theninv (L — R) > 4.

Proof. Assume for a contradiction that there are two digraphs L and R such that inv (L), inv (R) > 2 and inv (L —
R) = 3. By Lemma and Proposition we can assume that L and R are tournaments.

By Theoren inv(L — R) > 3. Assume for a contradiction that inv (L — R) = 3. Let (X3, Xs, X3)
be a decycling sequence of D = L — R and denote the resulting acylic (transitive) tournament by 7. We will
use the following notation. Below and in the whole proof, whenever we use subscripts ¢, j, k together we have

{i,7,k} ={1,2,3}.

o XL =X,NV(L),XE = X,nV(R)foralli € [3].

ZE=v(L)\ (Xt uXiuXxlyand Z8 = V(R)\ (XU XFUXE)
Xho=XxInXxinxt xE, = XEnXEnxE
XE o= (XEnXxP)\ XFand X[, = (X0 XF)\ X

XE = XE\(XFUXE) and X, = XP\ (XPUXE).

For any two (possibly empty) sets @, W, we write () — W to indicate that every ¢ € ) has an arc to every w € W.
Unless otherwise specified, we are always referring to the arcs of 1" below. When we refer to arcs of the original
digraph we will use the notation © = v, whereas we use © — v for arcs in T'.

Claim A: X}, X2 () forall i € [3).

Proof. Suppose w.l.o.g. that X = () and let D’ = Inv(D; X1). Then D’ contains C3 — R as an induced subdigraph
since reversing X{ does not make L acyclic so there is still a directed 3-cycle (by Moon’s theorem).

Claim B: In T the following holds, implying that at least one of the involved sets is empty (as T is acyclic).

R L R L R
(@) Xip3 = Xip3 = X5 = Xji_; — X5

,—>X,L

b) Xt x> X5 - XxF LA

3

Proof. This follows from the fact that and arc of D is inverted if and only if it belongs to an odd number of the sets
X1, X2, X3. O

Claim C: For all i # j, we have X' # XjL and X # XJR.

Proof. Suppose this is not true, then without loss of generality X+ = XZ but this contradicts that (X, X, X¥)isa
decycling sequence of L as inverting X# and X1 leaves every arc unchanged and we have inv(L) = 2. O

Now we are ready to obtain a contradiction to the assumption that (X, X2, X3) is a decycling sequence for
D = L — R. We divide the proof into five cases. In order to increase readability, we will emphasize partial conclusions
in blue, assumptions in , and indicate consequences of assumptions in red.

Case1: X" ;, =0 = X[, foralli,j, k.

By Claim C, at least two of the sets X{, 5, X{ , X% , are non-empty and at least two of the sets
XE o XE . XLE | are non-empty. Without loss of generality, X, 5, X% , # (. Now, by Claim B (b),
implies that one of X{%_5, X{& , must be empty. By interchanging the names of Xo, X3 if necessary, we may
assume that X%, = () and hence, by Claim C, X{%_,, X% | # (). By Claim B (a), this implies X4 _, = ). Now



XE o Xh s XE g so X8 XE L As XL o — XE . — XL, wemusthave XT , — X[,
By Claim B (a), X{5; — X _ 5 — XE&_, — XB. — X}, so one of X153 and X, is empty. W.l.o.g. we may
assume X{%; = (). As R is strong and X% _, dominates X{5_ in R (these arcs are reversed by X»), we must have
Z® = (). Moreover the arcs incident to Z% are not reversed, so the set Z% has an out-neighbour in X{%_, U X£_,.
But X _,UXE& | — Xk 5, — Z% so T has a directed 3-cycle, contradiction. This completes the proof of Case 1.

Case 2: Exactly one of X{ o5, X2 1o XE o XF oo XI5 XE |, is non-empty.

By reversing all arcs and switching the names of L and R if necessary, we may assume w.l.o.g that X ,; # (). As
Xt # XE wehave X5, U X[, # (). By symmetry, we can assume that X7, # ().

Suppose for a contradiction that X'\ | — (I. Then Claims A and C imply X% , # (). Now, by Claim B (b), one of
XL ., Xk, is empty. By symmetry, we can assume X{;_, = (). Now, by Claim C, X¥ # X% so X}, . # 0.
Note that X% 5 — Xt o — XF o5, thus X, . — X[ . because T is acyclic. We also have X[, — X/, .
as Xty — XB 5 — Xk 5,and Xy o — XL as X 5 — X 5 — X% . This implies that in L all arcs
between X% 5 and X2 | U X{5, U X, are entering X[, (the arcs between X {55 and X7, were reversed
twice and those between X{ 5, U X% | and X{,_, were reversed once). Hence, as L is strong, we must have an arc
uz from X{_5to ZL. But Z% — XE_, — Xf_ 5 so together with uz we have a directed 3-cycle in 7', contradiction.
Hence X% | # 0.

Observe that X{3_, U X7 o, — X% as X ,uXxf , - X0 - XE .

If X[, 40, then X& | — X} 3 — XB 5 — X& | acontradiction. So X{ 5 = ). But X # X1 by Claim
C.Thus X5 , # 0. As XE | — XE . — XE,, wehave X£ | — X[,. This implies that in R all the arcs
between X£%_; and X, U X[i, U X[, are leaving XJ%_ . So as R is strong there must be an arc in R from Z
to X£ . This arc is not reversed (in fact reversed twice), so it is also an arc in 7. But since X4%_, — X} _, — ZF,
this arc is in a directed 3-cycle, a contradiction. This completes Case 2.

Case 3: Exactly one of X{ 55, X£ |5, XF |, is non-empty and exactly one of X{? 5o, X2 .. X |, is non-empty.
By symmetry we can assume X{ o, # ().

Subcase 3.1: X[t ,, 0.

By Claim C, X4 # X1 so0 one of X} 5 and X[;_, is non-empty. By symmetry we may assume X7, , # (.

Suppose ¥ |} . Then X2 | =0as XF oy - X8 | - XL o - XE o — XF o, and X | = 0 as
X{lgs = Xfo 5 = X5 5 = Xf5_ 1 = X{os.

By Claim B (b), one of X{5_,, X, is empty. By symmetry, we may assume X {5 , = (.

Observe that V(R) \ Z% = XE, U XE_UXE 5,50 V(R)\ Z8 — XE 53 — ZB,s0 V(R) \ Z%® — Z%. Butall
the arcs incident to Z% are not inversed, so in R, there is no arc from Z to V/(R) \ Z%. Since R is strong, Z* = ().
NowX{' .. — X .U X[, because XF ,; — X% 5 — XE .U X[, Butall the arcs between Xt ,; and

X uXE, =V(R)\ X[, are inversed from R to 7. Hence in R, no arcs leaves X{* 55 in R, a contradiction to
R being strong.

Hence X755 = 0. As X£ # XZE this implies X%, # 0.



Suppose that X1 | = (I, then X{%, # () because X1 # () by Claim A. Furthermore X% , — X%, as Xf&_, —
Xiy 3 = Xfbg, and X{y 5 — X[ o588 X[y 3 — X33 — X[ o5, This implies that X[55 = 0 as X{5p3 —
XE - XE,— XL,

Since L is strong, there must be an arc uv leaving X% _, in L. But v cannot be in X{ ,, since all vertices of this set
dominate X{_, in L. Moreover v cannot be in Z* for otherwise (u, v, w, u) would be a directed 3-cycle in 7" for any
w e XI o since ZF — X 5, — XE_ 5. Hencev € X _,UXE (,s0 Xy U XL | 0.

As X1L372 — X{}’FQ — X2L371 — Xlﬁ;zg — X{“372, precisely one of X1L372, X2L37l is non-empty.

If X5 o #0and Xk | =0, then X o — X o, — XF oo UXE 5 implies that Xf5_5 — XF 53 UXE 4. As
di (XE_5) > 0 there exists z € Z% such that there is an arc uz from X%_, to ZX, but then z — X{ 3 — u — z s
a contradiction. Hence X1y , = (and X% | # (). Then X2y | — Xl as Xk | — XF .o — XF.

Note that Z© = () as every vertex in V(L) \ Z* has an in-neighbour in V (R) in T, implying that there can be no arc
from V(L) \ ZF to ZV in L. Thus V(L) = X¥ 53 U X{5_5 U XL | where each of these sets induces an acyclic

subdigraph of L and we have X{ 53 = X% _, = X% |, = X'72%in L. But now inverting the set X{* 53 U X% _,
makes L acyclic, a contradiction to inv(L) = 2. Thus X£%_, # 0.

Suppose X2, 0. Asabove ZL' = (), so V(L) = X¥. As X} o3 — X | — XL .U XL 5 we have
Xt oy = XE_5 U XE_,. Thus, using df (XE 53) > 0, we get Xy # 0. As XBy — Xhy — XE | —
XE o — XE. wehave Xfi, = (. Moreover X[t — XI! | because X{* — X} ,5 — XJ . We also have
X, — XE Jas XE o — XEy - XE . Now V(R)\ Z8 = XE ,uXxE ,uXxE | — X5, — ZE
Thus Zf = () and V(R) = X¥ 53 U X _, U X£_, where each of these sets induces an acyclic digraph in R and
XP o= X8 = XE_, = X ,;in D. But then inverting X7* 5, U X£ | we make R acyclic, a contradiction to
inv(R) = 2. Thus XZ;_; # 0.

Therefore X5 5 = 0 as Xi5_ 5 — X{§ 5 = Xg5y = X331 = X{30. As X{ 93 = X35 | = X5y
we have X[ o, — X5 o5 As XE | — X . — XE . UXE 5 wehave X2 | — XT o U X5 55 As
XP oo — XE 5 — X8 wehave X[ o, — XB sas X, — X& | — XF . UXE | wehave X%, —
Xitps UX3E 1.

As every vertex in V (R) \ Z has an out-neighbour in V (L), we derive as above Z** = (). Similarly, as every vertex in
V(L) \ Z% has in-neighbour in V(R), we get Z© = (). Next observe that at least one of the sets X{%,, X, must be
empty as Xi5, — Xby = XE | - X5 o — XE, It XE, =0then V(R) = X 55 UXE_, U XL | where
each of these sets induces an acyclic subtournament of R and X{¥ 55 = X£ | = X% _, and X 53 = X% _,. Thus

R is acyclic, contradicting inv(R) = 2. So X%, # () and X1, = (). As above we obtain a contradiction by observing
that L is acyclic, contradicting inv(L) = 2. This completes the proof of Subcase 3.1.

Subcase 3.2 X ,, = ().

By symmetry, we can assume X4 ;5 = () and X% |, # . Hence X{ ,; — X1 because X o3 — X' |, — XL,
and X' — XZI ., because X' — X[ ,, — XI',,. Note that one of X , X[ , is empty since
Xk o, - XE , - Xt — X, — X[ _,. By symmetry we can assume that X/3_, = (). By Claim C,
XE £ XE so X5 5 #0.

Suppose first that X/, # (. Then X% , = 0 since X& | — XB&. — Xt ., — XL |. Now, by
Claim A, X¥ # 0 so Xk, # 0. Now XL, — X& , - XE ., — Xk, so XA, = (. Furthermore,
xXE - Xxh .- XB, - XE o, — XE | so XL | = (. Therefore X = X, a contradiction to Claim C.
Thus X {4, = 0.

Next suppose X/, + (.. Then X1§ . = () because X1 4 — X, — XL, — X .. By Claim A, X[, XF £,
so X{§ 5 # 0and X35 | # 0. As Xf§ 5 — X[ o3 —» X, UXE | wehave X5 , — X§,, UXE .



Since d; (X%, _,) > 0 we have Z + (.. However, there can be no arcs from Z% to Xf = V(R) \ ZF, because
X3 — X[, — Z. This contradicts the fact that R is strong. Thus X155 = 0.

By Claim A, X% # (), so X245 | (). Thus X£{_| = @ because X% | — XL . — X , - XL | - X£& | By
Claim A, X5 #£ (0 so X5, # (. By Claim C, X{ # XB so X£ _, #0. As X} 5 - XE_ - XE . uXE |,
we have X1, — X¥ 5, U XL, . Thus the fact that dj (X{5_5) > 0 implies that there is an arc vz from X{_; to
ZE . But then for any u € X{_,, (u,v, z,u) is directed 3-cycle, a contradiction.

This completes Subcase 3.2.
Case 4: All three of X{ 53, XF |4, X1 |, orall three of X{? 55, X2 |5, X% |, are non-empty.

By symmetry, we can assume that X{* .4, X% 5, X¥ |, # (. There do not exist i,j € [3] such that
XFN\N XX\ X # 0, for otherwise X[, — (X[P\ X[ — X[, — (XF\X[) = X[, a
contradiction. Hence we may assume by symmetry that Xé2 \ X xRN\ XE XE\ XE = (). This implies that
X = XE,, XE = XB,uXE 5 and XP = XE, 0 X5, uXE ;. Moreover, X1* o5, X1, X, # 0 by
Claim C. As X — X1 |, — X ,5 we have X — X[ ,,, so since d(XT¥ 53) > 0 we must have an arc from
ZR 1o X 55 and now X 53 — XF 55 — ZT gives a contradiction. This completes Case 4.

Case 5: Exactly two of X{ o5, X' . XE |, ortwo of XF o5, XI5, X £ |, are non-empty.
By symmetry we can assume that X{ ,,, X2 |5 # (@ and X£ |, = 0.

Subcase 5.1: X{ .. XI . XF =0

As XE oo - XB - XE o — XE_, — X 55, oneof XB_,, XJt | is empty. By symmetry we may assume
that X2t | = 0. By Claim C, X{¥ # X2 and X{* # X £, s0o X% _, # 0 and X5 5 # 0. Now V(R)\ 2! = XF —
XE . — ZE, thus there is no arc leaving Z®. As R is strong, we get Z% = ().

As XB o — XE . — XE 5, wehave X5 — X _,. Hence as R is strong, necessarily X {5, # 0. If X{5, # 0,
then XB, — XB UXE ,as XB, — X5, — XE_, U XE_,. This contradicts the fact that R is strong since
dh(X%3) = 0. Hence X155 = (). By Claim A, X4 # 0,50 X1, , U XL | #0.

Since X{{, — XI . — XE _,, we have X{i; — X[t ,. We also have X5 , — X[i, because X% , —
XE ,uXxl | — XE; Hence V(R) = X _, U XE_, U X{, where each of these sets induces an acyclic
subtournament of R and X{%_, = Xt . = X[, = X£ .. Thus inverting X{_, U X%_, makes R acyclic,
contradicting inv(R) = 2.

This completes Subcase 5.1
Subcase 5.2: X{ 5, # () and X2 ;U XTI, = 0.

We first observe that since X& 5 U X4s | — X! oo — X[ we can conclude that X1 |, — X[ and X% | — XT.
As XE - XE o - XE oo — XB | wehave X£_| = 0. Now V(R)\ Z® = X and XF* — XL .5 —
ZE So V(R) \ ZF — ZE. Since R is strong, Z® = (). Now Claims A and C imply that at least two of the
sets X{%_o, X1%., X1 _, are non-empty. This implies that every vertex of V(L) has an in-neighbour in V(R) (as
XP oo XEXE uXxE o — XL and X — X2 |5) so we must have Z1 = ).

Suppose first that X ). By Claim A, XX +£ (), so X%, # (). Moreover, by Claim C, X£* # X £, so X7, , # 0.
Since Xt s UXE 5 — XB, — XE 0 — X5 s uXE , wehave Xy ;U X, = 0. If X4 | # 0, then
Xho=0as X& | —» Xhy — XE . — X4 | and we have XI5 — XL | as XF 5 — XE , — X4 .
Now we see that d; (X4;_,) = 0, a contradiction. Hence X725 | = ) and X5, # 0 because X4 # () by Claim A.
Moreover X1, — X1, because Xf53 — X o — XF 55 Now V(L) = X¥ 53 U X2 |5 U XF, where each
of these sets induces an acyclic subdigraph in L and X{’_23 = X{@S = X2L_13 = XlL_23. Then inverting the set



XF 5 U XE |5 makes L acyclic, a contradiction to inv(L) = 2. Thus X75_, # (.

Note that X% 5 — XP s UXE a8 X . — X0 — XPoouXE . Thus X1, = 0 because
Xy — XB_ 5 — XP,, — XL, Furthermore the fact that dj,(X{_;) > 0 implies that X[5; # 0 and
that there is at least one arc from X{3_5 to X{, in T (and in R). We saw before that X5 , — X{ ,; and
by the same reasoning X{5; — X o5, hence, as Z® = () and d(X{* ;) > 0, there is at least one arc from
XP oo t0 XB_,. Hence X[ _, # Oand X2y | = 0as X, — XL | — X' ,.. We have X[, _, = () since
xXb - XxXE,—» xE o — XP,, — X% 4. Finally, as X2 5 — X 55 — X we have X' |, — X[, But
now d; (X¥) = 0 (recall that Z- = ()), a contradiction. This completes Subcase 5.2

Subcase 5.3: X1 |, # () and XT¥ 53 U X |, = 0.

As X§371 — X2L713 — X@HQ — X1"123 — XQHZa)fl one of the sets X11%372, X21?371 must be empty. By symmetry we
may assume that X5 | = ().

Suppose first that X ; . Then, by Claim A, X% # (), so X5, # (), and by Claim C, X{* # X%, so X[} , # 0.
Now X/, = () because Xty — XTI o — XE 53 — XE 1) — Xhs As X — X2 5 - XE uXE L, we
have X715, — X% , U X1, Next we observe that X3, = () since X{4_, — Xt — XI* ., — XL . Now, as
X% # () by Claim C, we have X1, | # () but that contradicts that X% _;, — X, — X& ., — X% _|. So we must
have X% 5 # ().

First observe that Xf5, = () as Xy — X o — XE o5 — XE 5, — Xh, As X # XF by Claim C,
we have X[% 5 # 0. Now Xf5 o = Qas X5 o, - XE o - XF, — XE ., — X 5. As XF #£ 0 by
Claim A, we have X1; | # . Since X{5_5 — X5& o — XI . — X , — X} 5 wehave X[, 5 = 0. As
Xt — X, — XL |, wehave XF ,; — XL . Moreover X1 1, — XE . — XL | u XL ,, implies
XE o — X5 LU XE ;. Wealso have Z1 = () since every vertex in X{ 53 U XZ; | U XZ |, has an in-neighbour
in R, implying that there can be no arc entering Z-. Now V(L) = X 5, U X% | U X1 |, where each of these
sets induces a transitive subtournament in L and X{ o, = X% | = X% |, = X[ ,,. However this implies that
inverting X{ 55 U X% |5 makes L acyclic, a contradiction to inv(L) = 2. This completes the proof of Subcase 5.3.

Subcase 5.4: X[ . XTI . £ (and X2 |, = 0.

This case is trivial as X{ o5 — X2 o — X% . — X, — XF ,; contradicts that 7 is acyclic.
By symmetry the only remaining case to consider is the following.

Subcase 5.5: X[t o, XI ) £ (and X2 5, = 0.

As X& o — XP oy —» X,y — XB L, — X& | wehave X%, = (0 and as X5 | — X1 . —
XP o — X o — XE | we have XJi | = (. Note that every vertex in V(L) has an in-neighbour in
V(R) (as XT3 — X{ and XJ' — XZI |,) and every vertex in V(R) has an out-neighbour in V(L) (as
Xt — XI ., and XF ., — XZI). This implies that Z1 = () and Z% = (). At least one of X{_,, X5 _,
is empty as X% , — X , — X, — X, - XL , and at least one of X{5_ 5, X% . is empty as
X5 = X{5 5 = X343 = X{Log = Xip_s.

Suppose first that X5 . = = X[ _,. Then X£ # () by Claim A, so X1}, # 0.
12-3 13—2 2 123

Moreover X{%, — X1t 5 U XE |, because XT5; — X1 15 — X 53 UXE |, This implies that d;(X15;) =0, a
contradiction.



Suppose next that X{5_5 = 0 = X{;_,. Then X% # () by Claim A, so X[y, # (). Moreover X{ o, U XE 2 — X1,
as Xt o U XL 13— X£ 5 — X1y, This implies that d; (X{53) = 0, a contradiction.

Now assume that X%, =0 = X[ _,and X _, # 0 # XL _,. Then XL, # 0 as XL # () by Claim A and now
we get the contradiction X1, — X o, — X[ 00 — XF |, — XL,

The final case is X155 # 0 # X o and X{_, = 0 = XF%_,. We first observe that X{%, = 0 as X, — X 53 —
Xt —-Xb = XE, As XE - XE o — XP oo wehave X5 — X 5 andas XP ,, — XE o, —
X1 |, wehave Xt 55 — X2 ,,. This implies that dj (X{* ,3) = 0, a contradiction. This completes Subcase 5.5 and
the proof of the theorem.
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