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Abstract. Given p € N, apdistance coloringisacoloring f : V' — {1,2,--- /n}
of the vertices of G such that f(u) # f(v) for all pair of vertices u and v in G
where d(u,v), the distance between v and v, is at most p. Here d(u, v) is de-
fined as the minimum number of edges required to connect v and v in G. The
p distance chromatic number AP (G) of a graph G is the minimum 7 such that
G admits a p distance coloring of GG. Such type of distance coloring is relevant
when frequency assignment problem is formulated as a graph coloring problem.
In the context of frequency assignment problem, sometimes cellular network can
be modelled as an infinite hexagonal grid 7. Therefore A?(T'x) has practical
relevance. For even p > 8, it was conjectured by Jacko and Jendrol [Discussiones

A\ 2
Mathematicae Graph Theory, 2005] that \? (Tx) = [3 ( p+ 7) where [z]

8 3

1 1
is an integer, * € R and z — 5 <[z] <z + 5 In this paper, we prove that

X3(T#) = 33 which coincides with the conjectured value.
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1 Introduction

Assigning frequencies to the communication channels in a communication network is
one of the fundamental challenges as frequencies must be allotted in such a way that
interference cannot occur during communication. The frequency channel assignment
problem (CAP) can be modelled as a graph coloring problem where vertices are repre-
sented as users and proximity between vertices can be measured in terms of minimum
number of edges between them and color of a vertex represents frequency assigned to
the corresponding user [1]. Sometimes CAP is formulated as a variant of graph col-
oring problem where two vertices at distance at most p cannot have same color. This
type of graph coloring is called a p distance coloring of a graph G(V, E). Wegner [2]
introduced p distance coloring of G as a coloring f : V' — {1,2,--- ,n} of the vertices
of G such that f(u) # f(v) for all pair of vertices v and v in G where d(u,v) < p.
Here d(u,v), the distance between u and v in G, is defined as the minimum number of
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edges required to connect u and v in G. The objective of such coloring problem is to
find the p distance chromatic number AP (G) where A?(G) is the minimum n such that
G admits a p distance coloring of G. Several authors studied the distance graph color-
ing problems [7-9]. Sometimes CAP in cellular network can be modelled as a graph
coloring problem in infinite regular hexagonal grid or honeycomb grid T . In Fig. 1,
honeycomb representation of Ty have been shown. The coordinates of the vertices of
T’y have also been shown here.

0.4) [1.4) (2.9 [3.9 &4)

40,3) 1,3) [(2,3) [(3,3) [(4,3)
(0,2) [(1,2) [(2,2) [(3,2) &2)

40,1) (1,1) [(2,1) [(3,1) [(4,1)

0,0) [(1,0) [(2,0) [(3,0) f47,0)

Fig. 1: Honeycomb representation of T and coordinates of its vertices.

Several authors studied p distance graph coloring for T [3-6]. When p is odd, the
exact value of A\P(Ty) has been determined in [5]. But for even p, the exact value of
AP(Tyr) has not been determined yet [5,7, 10, 11]. In [5], it was conjectured that for

every even p > 8,
3 4\?
N(Ty) = | = -
(Tw) [8 <p+3>

1 1
([«] is an integer, € R and = — 3 < [z] <z + 5) and is still an open problem.
It has been shown in [5] that

)]

3 3
TV B = (307 + 5o+1) @

where T7;(V’, E’) is the maximum subgraph of T such that d(u,v) < 2p for every
pair of vertices u, v € V. Using equation (2), a lower bound of A\?P(T};) was obtained
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in [5]. The result is as follows:
2 349, 3
P (Ty) > ip +§p+1 + 1. 3)

equation (3) implies that A\3(Tz) > 32 [5]. But this value is one less than that of the
value obtained from equation (1).
Again in [5], it was shown that when p = 4m where m is a positive integer,

3 A
N (Tw) < 8(P+3> +3 “)
equation (4) implies that \3(TF) < 33. Moreover, using a computer routine that ex-
plores all possible colorings of a subgraph of T with 109 vertices, authors in [5] found
that 33 colors were required for the subgraph for 8 distance coloring and this value
exactly coincides with the value obtained from the conjecture stated in equation (1)
as well as with the upper bound stated in equation (4). In this paper, we prove that
AN8(Ty) > 33. Since \3(Ty) < 33 [5], we get A®(Ty) = 33, thus answering the
conjecture stated in equation (1) positively.

2 Problem statement and key ideas

Definition 1. A vertex with coordinates (i, j) in Ty is said to be a right vertex, or x, if
it is connected to the vertex with coordinates (i + 1, j) by an edge.

A right vertex x, with coordinates (¢, j) is adjacent to the vertices having coordinates
(i+1,4), (4,j+1) and (¢, j—1) but not adjacent to the vertex with coordinates (i—1, j).

Definition 2. A vertex with coordinates (i, 7) in Ty is said to be a left vertex, or x; if it
is connected to the vertex with coordinates (i — 1, j) by an edge.

A left vertex x; with coordinates (i, j) is adjacent to the vertices having coordinates
(¢ —1,7), (i,7 + 1) and (i, — 1) but not adjacent to the vertex with coordinates
(¢ +1,7). In Fig. 2, aright and a left vertex in Ty are shown.

Definition 3. A subgraph D? (p € N) of Ty centered at vertex v € V(Ty) is the
maximum ordered vertex induced subgraph of T'y such that for each pair of vertices
u,v € V(D?P), d(u,v) < 2p and for every vertex w € V (D?P), d(w, x) < p.

In Fig. 3 different D2? in Ty are shown.

Note that for any right vertex x,. and left vertex z;, D2p and sz are isomorphic. So
any property that holds for D2P also holds for D2” Therefore we w111 state and prove
our results for sz and these also hold for D2P
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X1 Xr

Fig.2: x, and x; are right and left vertices in 1.

X Fs N{xl .

a.DY  b.D2 ¢ D2 d. D*

Fig. 3: Different D2P.

Consider a right vertex x, and we assume the coordinates of z,. are (0,0). The
subgraph Dglc? is shown in Fig. 4. Note that there are 35 vertices which are at distance

7 from z,, where 1 < j < 8. In Fig. 4, the 35 vertices are denoted as v{, vg, e ,vgj
where 1 < j < 8. We now define F; = U {vzj}wherel <j <8 Forh<q<8,
1<i<3;

we define the following sets of vertices.

v {vf :i<1<j} wheni<j
T\ VA, UV, wheni > j

3 Results

Consider V' = V(D) \ V(D§ ) = F5 U Fs U F7 U Fs. In the following discussion,
we investigate how many times at maximum a color used in Dir can be reused in V'
and where it can be reused in V.

As |V(D§ )| =14 |Fi| + | F2| + | Fs| + | F4| = 31, we need 31 distinct colors to
color the vertices of DS and hence A®(D$ ) > 31.In Fig. 4, we denote the 3 colors of

the vertices in F; as c{, cg, s q?3j, where 1 < j < 4. 1Itis evident that color c assigned
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Vi M V3
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Vi Ve Mz M5 Viled) ¥ v Vi G
Vi Via  Via(cly) Mi(e}) vi(cy) M3 v Vi
Vio  Vis  Vi(ely) va(ed) vi(ef) vi(cf) vi(es) Vi Ve
vis  vis Mve(ed) viler) y3(c) vi(c§) i vé
vy YZ7 vio(cio) Va(cd) x0.0)(c) vi(cd) vi(ci) w3 Vi
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Fig.4: All the vertices v with 1 < d(v,x,) < 8 and color of all the vertices v with
d(u, z,) < 4 (Color is mentioned within brackets next to the corresponding vertex).
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to - cannot be reused at all in V"’ due to the reuse distance. In subsequent Observations
we will state and prove how many times at most the colors ¢, ¢}, - -+ , ¢} j can be reused
in V' and where they can be be reused to attain their maximum reusability.

Observation 1 Each color ¢} with i € {1,2,3} can be reused at most three times in
V'. For maximum reusability, each color c} must be reused three times in Fg.

Proof. There are three vertices in F; where the colors ¢} with i € {1,---,3} are
used. We first consider the color c} used in vertex vi. Observe that ¢! can be reused in
R=V® ., =R URyUR3where Ry = V8 ¢, Ry =V |,and R3 = V§_,; are
three disjoint subsets of vertices. Note that every pair of vertices in R; are at distance at
most 8, and the same is true for Ry and R3. Hence c% can be reused at most three times
in V/, once in R;, once in Ry and once in R3. Note that v% and v% are symmetric with
respect to z,. where ¢} and c} are used respectively. Hence result obtained regarding
how many times the color ¢} can be reused in V"’ also holds for c}. So we are remaining
to consider the color c% used in vertex v%. For c%, the corresponding sets R, R;, Re and
Rj can easily be obtainedas R=V§_|, R = V& _15, Ro =V _ 5 and Ry = Vi,
respectively. Hence ¢} can also be reused at most three times in V.

It is evident that each ¢} with i € {1,2,3} can only be reused in Fs. Hence for
maximum reusability, each color cll must be reused three times in Fs.

Observation 2 Each color ¢ withi € {1,--- ,6} can be reused at most two times in
V'. For maximum reusability, each color cf must be reused two times in F; U Fg.

Proof. There are six vertices in F, where the colors ¢7 with i € {1,---,6} are used.
Observe that the vertices v? and v3 are symmetric with respect to z, where c? and c3
are used respectively. Similar fact holds for ¢3 and c3; ¢ and 2. Hence results obtained
regarding how many times the colors ¢?, ¢3 and ¢2 can be reused in V" also hold for c7,
c3 and c2 respectively. Therefore we need to consider the colors ¢3, ¢ and ¢Z only.

— We will first consider the color 3. It can be reused in R = V{_;; UV .. Observe
that R = Ry U Ry where Ry = Vi ; UV ,and Ry = V5 15 UVE 4,
are two vertex disjoint subsets. Note that there does not exist any pair of vertices
in Ry at distance 9 or more. Same fact holds for R>. Hence c% can be reused at
most two times in V', once in R; and once in R». It is evident that each c? with
i€ {l,---,6} can only be reused in F7 U Fg. Hence c? must be reused two times
in F7 U Fg to attain its maximum reusability. Similar result holds for ci also.

For the colors c% and cg the sets R, R; and R, are stated below.

— & R=V5 19UV 9y = RiURy Ry = V5 15 UVE 175 Ry = Vi_19 U
Vis_o1-

- R=V UV g=RIURy R =V ,UVE s Ry =V JUVE .

Observation 3 Each color ¢3 withi € {1,---,9} can be reused at most three times
in V'. For maximum reusability, each c3 with i € {2,5,8} must be reused at least two
times in Fr U Fg and each ¢} with i € {1,---,9} \ {2, 5,8} must be reused at least

once in F7 U Fg.
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Proof. Note that the pair of colors ¢ and ¢} are assigned to the vertices v§ and v§ which
are symmetric with respect to x,.. Similar fact holds for 3 and ¢2; ¢ and c}; ¢ and ¢3.
Hence results obtained regarding how many times the colors c3, 3, ¢3 and ¢ can be
reused in V" also hold for ¢, ¢2, ¢3 and ¢3 respectively. Therefore, we need to consider

the colors ¢3, ¢3, 3, c3 only. We will consider the case for the color ¢ separately.

— First consider the color c3. It can be reused in R = V5 1, UV UVE o =
Ry U Ry U R3 where Ry = ‘/8778 U ‘/},879, Ry = V76710 U valm U ‘/180713 and
Rz =V _13UVS - UVE ¢ are three disjoint subsets of vertices. Observe that
every pair of vertices belonging to the same subset are at distance at most 8. Hence
c‘i’ can be reused at most three times, once in By C J7 U Fg, once in Ry and once
in R3. To reuse c? three times in V”’, it must be reused at least once at F; U Fg.
Similar result holds for ¢} also.

For each of the colors ¢3, ¢3, ¢3 and ¢ the set R and its corresponding partitions
R1, Ro, Rj3 are as stated below.

- G R=Vfy_13UVh 15UV 5 = RIURy URg; Ry = Vgl 103 Ry = Vi 43U
Vo 15 UVE _16: Rs = V&% _5; To reuse ¢ three times, it must be used once in
Ry C Fg C F7UFg,oncein Ry and once in Ry C Fg C F7 U Fg. Hence to reuse
c% three times, it must be used at least two times in F7 U Fg. Similar result holds
for ¢2 also.

- 3R =V _1gUVh_1yUV 1 = RiIURURs; Ry = Vi _1,UVE_1,UVy 65
Ry =V5 (s UVE_1qUVE o0 Ry = V5 1o U VS _1; Toreuse cj three times,
it must be used once in Ry, once in Ry and once in R3 C J7 U Fg. Hence to reuse
c3 three times, it must be used at least once in F7 U Fg. Similar result holds for ¢}
also.

- R=V) qUVS o UVE . =RIURURy; R =V qUVZ LUV
Ry =VE UV 1 UVS 155 Ry = V5 1, UVE_|.; Toreuse ¢ three times, it
must be used once in R, once in Ry and once in R3 C JF7 U Fg. Hence to reuse
¢ three times, it must be used at least once in F7 U Fg. Similar result holds for ¢3

also.
Vi g UVE g R3 = V& _5; To reuse c3 three times, it must be used once in

R, C Fg C F7U Fg,once in Ry and once in Ry C Fg C F7 U Fg. Hence to reuse
cg three times, it must be used at least two times in J7 U Fg.

Observation 4 Each color ¢} withi € {1,--- 12} can be reused at most three times
in V'. For maximum reusability, each ¢} with i € {1,--- 12} must be reused at least
two times in F7 U Fg.

Proof. Note that the colors ¢} and ¢} are used at v{ and v3 respectively which are
symmetric with respect to z,.. Similar fact also hold for cj and cg; ¢3 and c2; g and ciy;
cs and cf,. Hence result obtained regarding how many times the colors ci, c3, c3, cs
and c§ can be reused in V"’ are same for the colors c#, c¢, c2, cl, and ¢}, respectively.
Therefore we need to consider the colors cf, c3, c3, ca and cg only. We will consider the

remaining two colors ¢} and ¢f, separately.

— We first consider the color cj. It can be reused at R = VJ_;; UVS 1, UV o U
‘/'88_18 = R; U Ry U R3 where Ry = ‘/65—8 U V76_9 U V77_10 U ‘/88_11, Ry =
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Vol U Vi3 U Vi1, UV jg and Ry = Vi5_14 U Vi35 are three disjoint
subsets. Observe that every pair of vertices belonging to the same subset are at
distance at most 8. Hence 0‘11 can be reused at most three times, once in R, once in
R5 and once in R3.

Observe that c‘f can be reused two times in F5 U Fg only when c‘l1 is used once
inu e VP gUVPSy C Ryandonceinv € Vg, UVE_15 C Ry such that
d(u,v) > 9. Note that for any such (u, v) pair, there does not exist any w € Rj
such that d(u, w) > 9 and d(v, w) > 9. That is, in that case, ¢} cannot be reused
once more in R3. This implies that for maximum reusability, ¢] can be reused at
most once in F5 U Fg. Hence c‘l1 must be used at least two times in J7 U Fg to attain
its maximum reusability. Similar result holds for c# also.

For each of the colors c%, c%, cji, cg, 03 and 0‘110 the set R and its corresponding
partitions R, Ra, R3 are stated below.

3 R=V3 11 UV 13U Ve 19U Vg o = Ri URy U Ry

Ry = Vg—n U V98—12§ Ry = V95—11 U V1%—13 U V172—15 U V183—17§ Rs = V176—19 U
Va1

To reuse cé three times, it must be reused once in Ry C F7 U Fg, once in Ry and
once in R3 C JF7 U Fg and hence it must be reused at least two times in F7 U Fg.
Similar result holds for ¢} also.

e R=V3 14UV 14 UVI]_ 50 UViy 9 = R1 U Ry U Ry;

Ry = Vg 1, UV 43U Vi1 U Vi 165 Ro = V175—16 UV 185 Ry = Vi1, U
Vﬁ—w U V177—20 U V189—22§

Observe that c§ can be reused two times in F5 U Fg only when c§ is used once
inue€ Vg ;UVE 13 C Ryandonceinv € V%5 1, UVS 14 C Rs such that
d(u,v) > 9. Note that for any such (u, v) pair, there does not exist any w € Rp
such that d(u, w) > 9 and d(v,w) > 9. That is, in that case, cj cannot be reused
once more in Ry. This implies that for maximum reusability, ¢} can be reused at
most once in F5 U Fg. Hence cg must be used at least two times in JF7 U Fg to attain
its maximum reusability. Similar result holds for c3 also.

it R=VA_ 1 UV g UVh UV = RiIURyUR;.

Ry =V 15UV 173 Ro = V1, UV 16U VG 1s UV 05 Ry = Vig_; U
Vai_1s

To reuse cﬁ three times, it must be reused once in R; C F7 U Fg, once in Ry and
once in R3 C F7 U Fg and hence it must be reused at least two times in JF7 U Fg to
attain its maximum reusability.

e R=VP ,UuVE UV cUVE g=RURyUR3;

Ry =V UVa_ 3R =V ,UVE UV UVE Ry =V qUVE g5
To reuse c§ three times, it must be reused once in Ry C F7 U Fg, once in R3 C
J7 U Fg and once in Ry and hence it must be reused at least two times in F7 U Fg
to attain its maximum reusability. Similar result holds for ¢}, also.

g R=VP qUVE UV _qUVE_ 1y =R URyU Rg;

Ri =V g UV UV qUVay 5s Re = Vi g UVE 55 Ry = VP gU VY - U
Voo UVE 105

Observe that cj can be reused two times in F5 U Fg only when cj is used once in
we VP sUVE s C Ryandonceinv € VP g UVE . C Ry such that d(u,v) > 9.
Note that for any such (u,v) pair, there does not exist any w € Ry such that
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d(u,w) > 9 and d(v,w) > 9. That is, in that case, ci cannot be reused once more
in Ry. This implies that for maximum reusability, cj can be reused at most once in
F5UFg. Hence cé must be used at least two times in F7 U Fg to attain its maximum
reusability. Similar result holds for ¢}, also.

- R=Vy qUVS UV L UVE o= RiURyURg;
Ri=V  JUVE s Ro = VP g UV UV gUVE g5 Ry = Vil 1o UV 35
To reuse c‘fo three times, it must be reused once in By C JF7 U Fg, once in Ry and
once in R3 C F7 U Fg and hence it must be reused at least two times at F7 U Fg.

Now we investigate whether the colors used in Dgr are sufficient to color the ver-
tices of V"’ or new color/s is/are to be introduced to color them. Note that if new color/s
is/are necessary then the required number of new color/s will depend on the number
of vertices of V'’ which cannot be colored with the colors used in DgT and how many
times at maximum a new color can be used in V. In following Observation, we first
state that how many times at maximum a color not appearing in Dgr can be used in V'
and then based on this result, in Theorem 1, we finally state the minimum number of
colors required to color the vertices of D2°.

Observation 5 A color c,, not appearing in ij,r can be used at most five times in V'.

Proof. The color ¢, canbe usedin V' = FsUFsUF,UFg = VE o, UV 5, UVS (U
V5 15. Observe that V'’ can be partitioned into six disjoint subsets Ry = V3 _; U
V179—1 U V166—1 U V154—1’ Ry = V187—20 U V175—18 U V163—15 U V151—137 Rs = V182—16 U
Vi UVEa UVE 40, Re = VE [ UV UV gUVE 7 Rs = V3 gU VS 5 U
VY ,UVy 4 and Rg = Vi, where every pair of vertices in a subset is at most distance
8 apart. If ¢, is not used in vg , the only vertex in Rg, then c¢,, can be used at most
five times in V’. In other words, to use c,, six times in V', ¢,, must be used in vg .
If ¢, is used in v then the set of vertices where c,, can be reused is R’ = V{§_, U
Vn 1 U V9 1 U V9r 15- Now observe that R’/ can be partitioned into four disjoint subsets

V11 15U V11 13U Vg 12U Vg 10 = Vig— 19 UV 18 UVS_15 U Vi3,

=VH o, UV o UVE L UVy s and R, = V& 5, UV/_ | where every pair of
vertices in a subset is at most distance 8 apart. This implies that ¢,, can be used at most

five times in V' regardless of whether c,, is used or not used in v.

Now we state and prove our main theorem.
Theorem 1. \3(Ty) > 33.

Proof. As |V(D3) (D3%)] = 109, (109 — 31) = 78 vertices are to be
colored with the colors from cf, ¢}, - -+, c3;, where 1 < j < 4 (Note that color c of
cannot be reused in D16 as any vertex in D2 is at distance at most 8 from z,.). From

Observation 1, Observation 2, Observation 3 and Observation 4, using these colors we
cancoloratmost ( (3x3) + (6x2) + (9x3) + (12x3) )=84
—— —— —— ——

clie{1,2,3}  c%ie{1,2,--,6} cBie{1,2,--,9} ctie{1,2,--,12}
vertices in V" if each of them are reused with their maximum potential of reusability.
As discussed in Observation 1, all ¢},i € {1,2,3} must be reused three times in

Fg to attain their maximum reusability in V’; Hence all ¢}'s, i € {1, 2, 3} together must
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occupy 9 vertices in Fg here. As discussed in Observations 2, all ¢2,i € {1,2,---,6}
must be reused two times in F U Fg to attain their maximum reusability; Hence all
c2s,i € {1,2,---,6} together must occupy 12 vertices in Fg U F7 here. As discussed
in Observations 3, each of ¢3, ¢ and ¢3 must be used at least two times in 77 U Fg to
attain their maximum reusability and each of ¢},i € {1,2,---,9} \ {2,5,8} must be
reused at least once in JF7 U JFg to attain their maximum reusability. So, all cfs, 1€
{1,2,---,9} together must occupy at least 12 vertices in F7 U Fg here. As discussed in
Observations 4, all ¢}, i € {1,2,---, 12} must be reused at least two times in F7UFg to
attain their maximum reusability. So, all ¢'s, i € {1,2,--- , 12} together must occupy at
least 24 vertices in F7 U Fg here. Therefore, to satisfy the maximum reusability of each
color used in Dip, total positions required at F; U Fg is at least 9+ 12 4 12424 = 57.
However, total positions available at F7 U Fg is 21 4+ 24 = 45 only. Since two or more
colors cannot be given at the same vertex, these colors together must loose the potential
of maximum reusability by at least 57 — 45 = 12 in V. Hence they together can color
maximum (84 — 12) = 72 vertices in V. Since V' has 78 vertices, new color/s must be
needed to color at least (78 — 72) = 6 vertices of V’. From observation 5, a new color
can color at most five vertices in V’. So at least two new colors are required to color
these six vertices. Since 31 distinct colors are required for DiT, at least (31 +2) = 33
colors are required for D2¢. Hence A3(D1%) > 33.

As for any left vertex x;, D;° and D% are isomorphic, so A\¥(D1%) > 33. As D1
and D}q? are subgraphs of Ty, we conclude that \*(T) > 33. Hence the proof.

4 Conclusion

In our work we show that AP(Ty) > 33 and this exactly coincides with the value
obtained from the conjecture and upper bound of A\P(Ty) as obtained in [5] when
p = 8. Exact value of \P(T}y) for even p > 8 is still unknown and determining it is an
interesting problem for future work.
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