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Vorwort

Die anwendungsbezogene Lastverteilung ist das zentrale Thema bei der Opti-

mierung von Anwendungsprogrammen auf parallelen und verteilten Systemen.

Das Thema hat daher auch eine besondere Rolle im Sonderforschungsbereich 342

"

Werkzeuge und Methoden f

�

ur die Nutzung paralleler Rechnerarchitekturen\

und im Graduiertenkolleg

"

Kooperation und Ressourcenmanagement in verteil-

ten Systemen\ der Technischen Universit

�

at M

�

unchen. Als Querschnittsthema

im Sonderforschungsbereich 342 wurde die anwendungsbezogene Lastverteilung

zun

�

achst bezogen auf Multiprozessorsysteme mit verteiltem Speicher untersucht.

In den letzten Jahren hat sich der Schwerpunkt der Arbeiten dann auf Netze

von (Arbeitsplatz-)Rechnern verschoben, die ebenfalls durch verteilte Speicher

gekennzeichnet sind, intern jedoch auch das Modell des gemeinsamen Speichers

benutzen k

�

onnen. Fragen des Lastausgleichs und der Ressourcenverwaltung sind

dabei ebenso eng verkn

�

upft wie die des anwendungsintegrierten und des system-

integrierten (anwendungs

�

ubergreifenden) Lastausgleichs. Je nach Zielsystem, Be-

triebssystem, Programmiermodell und Anwendung sind hier unterschiedlichste

Verfahren vorgeschlagen worden. Es ist das Ziel des Workshops, Forscher und

Anwender, die im Bereich der dynamischen anwendungsbezogenen Lastvertei-

lung t

�

atig sind, zusammenzubringen und dabei insbesondere die Arbeiten im

Sonderforschungsbereich 342 und dem Graduiertenkolleg

"

Kooperation und Res-

sourcenmanagement in verteilten Systemen\ mit externen Kooperationspartnern

eng zu verkn

�

upfen.

M

�

unchen, den 28.1.1998 Arndt Bode

Sprecher SFB 342
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Extended Abstract

Abstract

We present a dynamic distributed load balancing algorithm for parallel, adap-
tive finite element simulations using preconditioned conjugate gradient solvers
based on domain-decomposition. The load balancer is designed to maintain good
partition aspect ratios. It calculates a balancing flow using different versions of
diffusion and a variant of breadth first search. Elements to be migrated are cho-
sen according to a cost function aiming at the optimization of subdomain shapes.
We show how to use information from the second step to guide the first. Ex-
perimental results using Bramble’s preconditioner and comparisons to existing
state-ot-the-art load balancers show the benefits of the construction.

1 Introduction

Finite Elements (or Finite Differences or Finite Volumes) can be used to numerically
approximate the solutions of partial differential equations (PDEs) describing, for ex-
ample, the flow of air around a wing or the distribution of temperature on a plate which
is partially heated [2, 30]. The domain on which the PDE is to be solved is discretized
into a mesh offinite elements(triangles or rectangles in 2D, tetrahedra or hexahedra
in 3D) and the PDE is transformed into a set of linear equations defined on these ele-
ments [30]. The coupling between equations is given by the neighborhood in the mesh.
Usually, iterative methods like Conjugate Gradient (CG) orMultigrid (MG) are used
to solve the linear equational systems [2].

The quality of solutions obtained by such numerical approximation algorithms de-
pends heavily on the discretization accuracy. In particular, in regions with steep solu-
tion gradients, the mesh has to be refined sufficiently, i.e. the elements should be small

�This work is partly supported by the DFG-Sonderforschungsbereich 376 “Massive Parallelität: Al-
gorithmen, Entwurfsmethoden, Anwendungen”.
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in order to allow a good approximation. Unfortunately the regions with large gradients
are usually not known in advance. Thus, meshes either have tobe refined regularly
resulting in a large number of small elements in regions where they are not necessary,
or the refinement takes place during the calculation based onerror estimates of the cur-
rent solution [28]. Clearly, the second variant should be favored because it generates
fine discretizations only in those regions where they are really needed. The resulting
solutions have the same quality as if the mesh was refined regularly but the number of
elements, and thus the time needed to determine the solution, is only a small fraction
of the regular case.

The parallelization of numerical simulation algorithms usually follows the single-
program multiple-data (SPMD) paradigm: The same code is executed on each proces-
sor but on different parts of the data. This means that the mesh is partitioned intoP
subdomains whereP is the number of processors, and each subdomain is assigned
to one processor [12]. Iterative solution algorithms mainly perform local operations,
i.e. new values at certain parts of the mesh only depend on thevalues of nearby data
(modulo some global dependencies in certain iteration scemes which we neglect here
as they are independent of the way the mesh is partitioned). Thus, the parallelization
requires communication mainly at the partition boundaries.

The efficiency of such a SPMD parallelization mainly dependson the equal distri-
bution of data on the processors. As the individual iteration steps are synchronized by
a data exchange at partition boundaries the time the processors need to perform one
iteration step should be the same on each processor. This canbe achieved by splitting
the mesh into equal sized subdomains. If each processor contains the same number of
elements, the time each needs for one iteration will be approximately the same [12].

In the case of adaptive refinement, the distribution of data on the processors be-
comes unbalanced if the number of newly generated elements is not the same on each
processor (which usually is the case with solution adaptiverefinement). Therefore, the
partition has to be altered in order to re-establish a balanced distribution.

As already mentioned, iterative solvers are easy to parallelize and they mainly
require communication of data at partition boundaries. Thus, most existing FEM par-
titioners and load balancing algorithms aim at minimizing the boundary length which
is a valid measure for the time needed to complete a communication step.

A powerful method to speed up linear solvers is to improve thecondition of the
equational system [2, 5, 30].Domain Decompositionmethods (DD) belong to the most
efficient preconditioners. Unfortunately, their speed of convergence depends on the
way the partition is generated. The shape (the Aspect Ratio)of subdomains determines
the condition of the preconditioned system and has to be considered if partitions are
changed due to load balancing.

PadFEM(Parallel adaptive FEM) is an object-oriented environment supporting
parallel adaptive numerical simulations [3, 24].PadFEMincludes graphical user in-
terfaces, mesh generators (2D and 3D, sequential and parallel) [22], mesh partition-
ing algorithms [12], triangular and tetrahedral element formulations for Poisson and
Navier-Stokes problems [30], different solvers (especially DD-PCGs) [2, 5], error es-
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timators [28], mesh refinement algorithms [20], and load balancers [12].
The load balancing module inPadFEMdetermines the amount of load to move be-

tween different subdomains in order to balance the distribution globally. The neighbor-
hood between subdomains defines thecluster-or quotient-graph[12]. On this graph
the algorithm determines abalancing flowwhich tells the partitions how many data
items (i.e. elements) they have to move to each of their neighbors. This balancing
flow calculation can optionally use different kinds of diffusive methods [4, 9], in par-
ticular first and second order diffusion iterations [13, 15], and a heuristic for convex
non-linear min-cost flow [1].

In a second step, the elements to be moved are identified. Whenchoosing these
elements, the load balancer tries to optimize partition Aspect Ratios in addition to
load balance. The elements at partition boundaries are weighted by a cost function
consisting of several parts. The migration chooses elements according to their weight
and moves them to neighbors.

The element weight functions are used to “guide” the balancing flow calculation.
We consider the existing partition and define weights for theedges of the cluster graph
expressing a kind of “cost” for moving elements over the corresponding borders. The
aim is to avoid a large flow demand between partitions whose common border is very
small.

The next section gives an introduction into the field of balancing adaptive meshes.
Section 3 describes the element migration strategies used within PadFEM. This second
step in load balancing is presented first, as parts of it are used in Section 4 where the
balancing flow calculation is described. Section 5 finishes the paper with a number of
results about Aspect Ratios and iteration numbers of the DD-PCG solver withinPad-
FEM. Comparisons are made toJostle, the Greenwich parallel partitioning tool [29].

2 The Problem

In most cases, the computational load of a finite element problem can be measured
in terms of numbers of elements. Thus, a load balanced parallel execution requires a
partition of the mesh into subdomains containing the same amount of elements each.
Such an initial partition can be generated using any of the existing very efficient graph
partitioning algorithms (see e.g. [12] for an overview) or by generating the mesh in
parallel [7].

If the mesh is refined adaptively, the existing partition will probably become unbal-
anced. Scalable load balancing algorithms can take benefit from an existing partition
by moving elements on thequotient graphdefined by the adjacency between subdo-
mains. The quotient graph contains one node for each partition. Edges denote common
borders between the corresponding partitions. Figure 1 shows an unbalanced partition
of a simple mesh (domain “Square”) into four subdomains (left) and the resulting quo-
tient graph (center). Any reasonable load balancing takingthe existing distribution into
account has to move data (elements) via edges of this graph. We add weights to nodes
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