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Abstract 

Profile shift is a highly effective technique for optimizing the performance of spur gear transmission systems. How-
ever, tooth surface wear is inevitable during gear meshing due to inadequate lubrication and long-term operation. 
Both profile shift and tooth surface wear (TSW) can impact the meshing characteristics by altering the involute tooth 
profile. In this study, a tooth stiffness model of spur gears that incorporates profile shift, TSW, tooth deformation, 
tooth contact deformation, fillet-foundation deformation, and gear body structure coupling is established. This model 
efficiently and accurately determines the time-varying mesh stiffness (TVMS). Additionally, an improved wear depth 
prediction method for spur gears is developed, which takes into consideration the mutually prime teeth numbers 
and more accurately reflects actual gear meshing conditions. Results show that consideration of the mutual prime 
of teeth numbers will have a certain impact on the TSW process. Furthermore, the finite element method (FEM) 
is employed to accurately verify the values of TVMS and load sharing ratio (LSR) of profile-shifted gears and worn 
gears. This study quantitatively analyzes the effect of profile shift on the surface wear process, which suggests 
that gear profile shift can partially alleviate the negative effects of TSW. The contribution of this study provides valu-
able insights into the design and maintenance of spur gear systems.
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1  Introduction
Gears play a vital role in power and motion transmission 
for various applications, including helicopters, wind tur-
bines, and other fields [1, 2]. Tooth surface wear is inevi-
table during operation, leading to deviations in the tooth 
profile due to material removed from the tooth surface 
[3]. In order to enhance gear performance, particularly 
under heavy loads, gear profile shift is often implemented 
[4], which involves altering the tooth profile of a gear. 
Both profile shift and tooth wear can impact the mesh-
ing characteristics by altering the involute tooth profile. 

Therefore, research that examines the effect of profile 
shift and wear processes is of great value.

According to previous studies, the variation of the tooth 
profile induced by surface wear can lead to changes in 
the load distribution across the tooth profile [5, 6]. Addi-
tionally, the profile shift of a spur gear can also influence 
the TVMS and LSR to improve the meshing character-
istics [7, 8]. Consequently, the precise calculation of key 
parameters such as the TVMS and LSR for profile-shifted 
and worn gears is of great significance for this study. 
Chen et al. [5] presented an evolution of the influences of 
TSW on TVMS, which established a TVMS model to cal-
culate the stiffness with different wear degrees. Huangfu 
et al. [6] simulated wear depth according to the FEM, and 
the proposed method can greatly reduce computation 
time. The mesh stiffness under different modification 
coefficients can be obtained in Ref [7], which indicates 
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the influence of profile shift on TVMS. However, the 
tooth deflection due to the neighboring loaded tooth is 
not considered in these works [5–8]. In recent years, the 
deflection of the tooth caused by the structure coupling 
has been observed in some research [9–11]. Xie et  al. 
[12] introduced the structure coupling effect in the fillet 
foundation stiffness calculation process. Furthermore, a 
comprehensive analytical gear mesh stiffness model con-
sidering tooth error was established by Chen et al. [13], 
which also includes the gear body structure coupling 
effect as well as tooth profile deviations. Recently, Chen 
et al. [14] built an improved model for TVMS consider-
ing tooth surface wear, and the TVMS and transmission 
error with tooth profile modification and wear fault have 
been analyzed. Nevertheless, a stiffness calculation model 
including profile shift, surface wear, tooth deformation, 
tooth contact deformation, fillet-foundation deformation, 
and gear body structure coupling effect has not been fully 
considered.

At present, many researchers have focused on the 
tooth surface wear process, which has a significant influ-
ence on meshing stiffness. Archard’s wear model [15] has 
been widely used for calculations of wear depth [16–18]. 
Ding et al. [19] proposed a gear wear model that includes 
the influence of the worn profile to study the interaction 
of surface wear and dynamic behavior. Shen et  al. [20] 
calculated the planetary gear wear depth according to 
Archard’s equation and incorporated it into the dynamic 
model due to the TVMS. Feng et  al. [21] put forward a 
new approach to calculate the wear depth distribution of 
gears; the wear model is improved with consideration of 
contact pressure, which is more reasonable. Wang et al. 
[22] developed a numerical model with high computa-
tional accuracy for elastic rough surface contact and pre-
dicted tooth surface wear for spur gears. Liu et  al. [23] 
proposed a dynamic wear prediction methodology to 
investigate the coupling effects between surface wear and 
dynamics of spur gear systems. Besides, the calculation 
results by Archard’s wear equation are mainly dependent 
on load distribution and lubrication condition [5]. There-
fore, accurate calculation of key parameters such as the 
TVMS and LSR is essential since they are continuously 
updated during the meshing process.

In addition, the analysis and research on the influence 
between gear profile shift and tooth surface wear are 
still insufficient. There remains a lack of comprehensive 
investigation into the correlation and synergy between 
gear profile shift and tooth surface wear. Avil et  al. [23] 
simulated wear on a combination of different tooth-sum 
alterations and profile shift factors based on a general-
ized Archard’s wear equation. Zhou et al. [24] proposed 
a TVMS model of a modified gear–rack drive with tooth 
friction and wear, which presents the influence of the 

modification coefficient and pressure angle on the TVMS 
of the gear-rack drive. The performance of the gear–rack 
drive can be enhanced by optimizing the modification 
coefficient. Furthermore, selecting an appropriate modi-
fication coefficient may weaken the negative influence of 
tooth wear.

In this paper, a tooth stiffness model including profile 
shift, surface wear, tooth deformation, tooth contact 
deformation, fillet-foundation deformation, and gear 
body structure coupling has been established. Then, 
an improved wear depth prediction method for spur 
gears considering the mutual prime of teeth number 
is proposed. The values of TVMS and LSR of profile-
shifted gears and worn gears are verified by FEM. 
Finally, the effect of profile shift on the wear process 
is discussed. The structure of this paper is shown in 
Figure 1.

The significance of this research lies in the establish-
ment and accurate verification, through FEM, of a tooth 
stiffness model that incorporates profile shift, surface 
wear, tooth deformation, tooth contact deformation, 
fillet-foundation deformation, and gear body structure 
coupling. This calculation efficiency is greatly improved 
compared with FEM. Additionally, an improved wear 
prediction method has been developed, which takes 
into consideration the mutually prime teeth numbers 
and more accurately reflects actual gear meshing condi-
tions. On the basis of quantitative analysis, this paper 
suggests that gear profile shift can partially alleviate the 
negative effects of TSW and thus can be a useful guide 
for design.

2 � TVMS of the Profile‑Shifted Spur Gear 
Considering TSW

2.1 � Tooth Stiffness Model of Profile‑shifted Spur Gear 
with TSW

In this section, a tooth stiffness model of profile-shifted 
gear with TSW is proposed. Compared with the standard 
involute gear, the tooth of the profile-shifted spur gear 
with TSW is regarded as a nonuniform cantilever beam 
model. From the perspective of potential energy theory 
[25, 26], the meshing stiffness is separated into Hertzian 
contact energy, bending energy, shear energy, axial com-
pressive energy, and fillet-foundation energy.

The tooth deformation of the profile-shifted gear is 
contributed by the bending, shear, and axial compres-
sive deformations. Since the profile shift of the gear will 
change the dedendum circle without affecting the base 
circle, two cases need to be considered in the calculation.

Case I: The dedendum circle is smaller than the base 
circle

When the teeth number with modulus 2 is less than 
22 or the modification coefficient is less than 0.6, the 
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dedendum circle is smaller than the base circle as 
shown in Figure  2. This section takes the tooth of 
positive profile-shifted gear as the research object with 
the addendum coefficient h*a is 1, coefficient of tip 
clearance c* is 0.25, pressure angle a0 is 20 degrees and 
the modification coefficient is represented by x1.

Figure 2 shows the comparison of the profile-shifted 
gear tooth model with TSW and traditional tooth 
model. The standard profile is represented by the black 
dotted line and the modified profile is represented by 
orange line. The tooth profile starts from the dedendum 
circle and ends at the addendum circle, where tooth 
wear occurs on the part between base circle and adden-
dum circle which is indicated by the red dotted line. 
While the transition curve is from the dedendum circle 
to base circle which is simplified by a straight line [27] 
and the rest part is the involute curve.

It can be found in Figure  2 that the involute pro-
file of tooth varies with the modification coefficient 
x1 and the related parameters also change compared 
with traditional tooth model. Where the distance dbs is 
determined by the dedendum circle radius rfs, and the 
distance dss is related to the initial meshing point Ss 
and the angle on the dedendum circle a3s. The values 
of h′s, hxs and h′xs are related to the wear depth hswear 
and the half tooth angle on the base circle a2s. In view 
of the profile-shifted tooth model, three correspond-
ing stiffness of positive profile-shifted gear tooth can be 
described based on the gear tooth geometry.

Profile shift gear parameters

(Modification coefficient x1)

TVMS and load sharing ratio

Tooth stiffness of profile-shifted gear

kas, kbs, kss, kh, kf

Structural coupling effect stiffness

kfs12, kfs21

The tooth surface wear depth E12

Stiffness model of profile -shifted gear

Improved wear depth

prediction model

Consideration of the number of

teeth mutually prime

Wear parameters calculation

hwear, h, kcoe, Re, sp1, sp2

Improved wear depth model

Surface wear process analysis
Effect

Model verification

(FEM/Traditional method)

End

Start

Figure 1  Schematic of this paper

Figure 2  Tooth model of profile-shifted spur gear considering TSW 
in Case I
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where kbs, kas and kss are bending, axial and shear 
stiffness of profile-shifted gear respectively. The sub-
script ‘s’ indicates the variables with profile shift and 
the superscript ‘′’ indicates the variables with TSW 
respectively. E and G represent modulus of elasticity 
and rigidity, respectively. Ixs and Axs represent the area 
moment of inertia and the area of the section that has 
a distance x′s away from the acting point of the applied 
force F along the profile-shifted gear tooth center line. 
The main variables in Eq. (1) dbs, dss, d′s, hxs, h′xs and 
h′s can be written as:

The detail derivation and comparison of above main 
parameters a2s, a3s, aps, rfs, x′s, I′xs and A′xs are shown in 
Appendix A.

Case II: The base circle is smaller than the dedendum 
circle

When the teeth number with modulus 2 is more than 
22 or the modification coefficient is more than 0.6, 
the base circle is smaller than the dedendum circle as 
shown in Figure 3. The profile is involute curve between 
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the dedendum circle and the base circle which will be 
extended by profile shift.

Similarly, three corresponding stiffness can be 
described based on the gear tooth geometry.

where the distance dss and hxs can be expressed as
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Figure 3  Tooth model of profile-shifted spur gear considering TSW 
in Case II

Figure 4  Profile-shifted gear tooth deformation due to structure 
coupling effect
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Under the action of applied force F, the nonlinear 
contact Hertzian stiffness has proven by many author 
[28], which can be calculated using equivalent elastic 
modulus Eeq, width of tooth L, contact force Fi.

What is worth nothing is that the load sharing ratio 
of the profile-shifted meshing tooth pair is LSR which is 
different from standard gear. Thus, the LSR will be cal-
culated specially in the following sections. Besides, fil-
let foundation stiffness can be expressed as

where the main parameters ufs and Sfs are described in 
Section 2.2.1 and the symbols L*, M* and P* are given in 
Ref. [30].

2.2 � Mesh Stiffness Calculation Considering TSW Depth 
and Structure Coupling Effect

2.2.1 � Structural Coupling Effect Stiffness of Profile‑shifted 
Gear

An interaction caused by the neighbor meshing tooth 
pair can pass through the gear body to the other loaded 
gear teeth pair. Therefore, the fillet foundation stiffness 
during the double tooth meshing period should be 
revised by considering the structure coupling effect in 
order to increase the accuracy of wear analysis process. 
As shown from Figure  4, fillet foundation deflection of 
tooth is obtained based on the theory of Muskhelishvili 
[31]. The profile-shifted gear body structure coupling 
deformation is defined as the displacement along the line 
of action when the force F1 and F2 applied to the tooth 1 
and tooth 2. It should be noted that the parameters uf and 
Sf of standard gear tooth varies from the modification 
coefficient x1 and the ufs and Sfs of modified gear tooth 
can be obtained from Figure 4.

Based on Ref. [13], the stiffness considering structure 
coupling effect of profile-shifted gear in double mesh 
period can be calculated as:

(9)dss = rbaps sin aps2 + rb cos aps2 − rfs cos a5s,

(10)hxs = rb(a4s − as) cos as − rb sin as.

(11)kh =
E0.9
eq L

0.8(Fi)
0.1

1.275
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(12)
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)2

+M ∗

(
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)
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(

1+ Q ∗ tan2 as

)

]

,

where the symbols Li, Pi, Ri, Si and Vi (i=1,2) can be cal-
culated from Eq. (15), and Mi, Qi, Ti and Ui can be calcu-
lated from Eq. (16). The values from Ai to Ii are listed in 
Ref. [13].

where the symbol hfs can be expressed as rfs/rb, and the 
symbol θfs is equal to the half angle on the dedendum cir-
cle a3s and a5s in Figures 2 and 3.

2.2.2 � Mesh Stiffness Calculation Considering TSW Depth
As stated in the introduction, tooth surface wear is a pro-
cess in which material is removed from the tooth surface, 
leading to deviation of the tooth profile. Consideration of 
the factors caused by TSW will eventually complicate the 
interactions among the contact forces of the tooth pairs 
during the meshing period. This section regards TSW as 
the excitation for tooth errors at certain mesh positions, 
which will change the teeth contact force and further 
affect the process of TSW. When a pair of gears is in a 
statically balanced state, the total deformation of each 
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tooth pair is equal to the equivalent displacement on the 
line of action due to the pinion rotation [32], which can 
be expressed as:

where the symbols ‘p’ and ‘g’ in the subscripts represent 
the pinion and gear respectively. The numbers ‘1’ and ‘2’ 
in the subscripts represent the tooth 1 and tooth 2. F1 and 
F2 are the mesh force in Figure 4. The symbol δs denotes 
the loaded static transmission error of the gear pair when 
the mesh force F applied. The symbols hwear1 and hwear2 
represent the surface wear depth of tooth 1 and tooth 2 
respectively, the calculation of hwear1 and hwear2 will be 
shown in Section 3.

Since the wear depth of pinion is much more than that 
of gear in the same meshing time. It is assumed that the 
TSW occurs in the pinion and the gear is healthy, the 
mesh stiffness of single tooth pair can be obtained.

where ki_wear denotes the stiffness of ith single tooth 
pair with TSW. The subscript symbol ‘wear’ indicates 
the tooth is worn. Finally, the mesh stiffness of profile-
shifted gear with TSW and the load sharing ratio can be 
obtained from Eq. (17).
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where the force F in contact can be calculated by moment T 
and the base circle rb, and the tooth error E12 caused by the 
TSW is expressed as E12=hwearp2+hwearg2−hwearp1−hwearg1. 

Therefore, the values of the wear depth are calculated and 
analyzed in Section 3.

3 � Improved Wear Depth Prediction Method 
for a Spur Gear

An improved TSW depth prediction model is employed 
to calculate and analyze the process of wear in this sec-
tion, which considers the fact that the number of teeth 
on the pinion and gear is typically chosen to be mutually 
prime in the actual working process. According to the 
concept in Ref. [33], the Archard’s model and the depth 
of nth mesh cycle are given the form as follows:

where hwear denotes the depth of the TSW and Δhwear, n 
denotes the wear depth of nth mesh cycle at the point 
applied force, kcoe denotes the wear coefficient, P denotes 
the local contact pressure, s denotes the sliding distance 
and sp denotes the sliding distance at the point applied 
force, which can be expressed as follows.

where symbol λ can be expressed as hmin/Rr, hmin is the 
minimum film thickness, and Rr is the equivalent surface 
roughness, and k0 is the wear coefficient in the boundary 
lubrication region, the detail expression is shown in Ref. 
[33].

The calculation of the depth hwear of TSW follows the 
prediction method in Figure  5. The initial surface and 
gear parameters are first determined. Consideration of 
the actual working conditions of gears that the number 
of teeth on the pinion and gear are typically chosen to 
be mutually prime. Consequently, when wear occurs on 

(21)







hwear =
� S
0
kcoePds,

�hn = kcoePnsp,
hwear, n = hwear, n−1 +�hn−1,

(22)kcoe =















k0, � < 0.5,

(8− 2�)

7
k0, 0.5 < � < 4,

0, � > 4,
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a tooth of the pinion and a tooth of the gear, the worn 
tooth surface of the pinion will not continuously engage 
with the worn tooth surface of the gear. Instead, it will 
engage with the healthy tooth surface of the gear. The 
worn tooth surfaces on both the pinion and gear will only 
come into contact again after n=z1z2 rotations, where N 
represents the total number of rotations and z1 and z2 
represent the number of teeth on the pinion and gear, 
respectively.

Therefore, the proposed model categorizes the gear 
TSW process into two distinct steps based on the above 
characteristics:

Step 1: the pinion with worn surface and the gear with 
healthy surface

Step 2: the pinion with worn surface and the gear with 
worn surface

Specifically, when the remainder of the pinion revolu-
tion count and z1z2 is non-zero, Step 1 is executed, and 
judge whether the wear threshold ε is reached. Con-
versely, when the remainder of the pinion revolution 
count and z1z2 is zero, Step 2 is executed, and the TVMS 
and LSR models are updated accordingly. If the wear 
threshold ε has not been reached, Step 1 is executed 
again. The symbol ‘c’ represents a coefficient to adjust the 
execution time of Step 2 to simplify the calculation. This 
partitioning of the wear process facilitates more precise 
predictions of gear wear. Thus, the main parameter E12 

of Eqs. (19) and (20) under Step 1 and Step 2 is equal to 
−(hwearp1+hwearg1) and −hwearp1 respectively and the wear 
depth hwear of in Eq. (21) can be expressed as:

where the symbols ‘s1’ and ‘s2’ in the superscript 
represent the step 1 and step 2, respectively, ug1 and 
up1 represent the sliding velocity of the pinion and gear, 
a is the half Hertzian width. The expression of these 

(23)

�hwear =























2ks1coeP
s1as1

�

�

�

�

�

us1g1 − us1p1

us1p1

�

�

�

�

�

, Step1,

2ks2coeP
s2as2

�

�

�
us2g1 − us2p1

�

�

�

�

1

us2g1
+

1

us2p1

�

, Step2,

New calculation of

TVMS and LSR

Initial surface and gear parameters

Calculation of TVMS and LSR

E12, km, LSR

Contact parameters analysis

F_lsr, P, kcoe, Re, sp1, sp2 h

Yes

Yes
n < N ?

No

No
Tooth surface wear distribution

hs = 0
Yes

New calculation of

contact parameters

No

hwear = hwear hnew

hs = hs+ hnew

n2 = n2 +1

n1 = n1 +1

mod(N, cz1z2)=0 ?

Step 1

Step 2

hs = hs+ h
hwear = hwear h

hs < ?

n = n1 + n2

Figure 5  Improved TSW depth prediction method

Table 1  The parameters of the gear pair

Parameters Parameters

Tooth number 19/48 Modification coefficient − 0.1~0.4

Modulus (mm) 2 Elastic modulus (Pa) 2.1e11

Pressure angle (°) 20 Poisson’s ratio 0.3

Tooth width (mm) 20 Inner bore radius(mm) 10/10

Roughness (μm) 0.3 Input torque (N·m) 300

Rotation speed 
of pinion speed (r/
min)

100 Initial wear coefficient 9.7e–19[34]
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parameters can be found in Appendix B. Therefore, the 
wear depth of pinion can be expressed as follow:

where n1 and n2 represents the number of Step 1 and Step 
2. Thus, the TSW depth hwear can be calculated.

4 � Effect of Profile Shift on Wear Process of Spur 
Gear

4.1 � Mesh Stiffness Calculation Considering TSW Depth 
and Structure Coupling Effect

Verification of the tooth stiffness model with differ-
ent modification coefficients is given in this section 
by comparing the results obtained from the FEM. The 

(24)

hwear = 2

n1
∑

i=1

ks1coe, iP
s1
i as1i

∣

∣

∣

∣

∣

us1g1, i − us1p1, i

us1p1, i

∣

∣

∣

∣

∣

+2

n2
∑

j=1

ks2coe, jP
s2
j as2j

∣

∣

∣
us2g1, j − us2p1, j

∣

∣

∣

(

1

us2g1, j
+

1

us2p1, j

)

,

TSW depth calculated by the improved model is com-
pared with that obtained by the traditional model. The 
parameters of the gear pair are listed in Table 1.

4.1.1 � TVMS and LSR under Different Modification 
Coefficients

The enhanced model presented in Section  3 is 
developed using precise calculations of mesh stiffness 
and load sharing ratio. Using the parameters listed 
in Table  1, the results of the TVMS and LSR of the 
standard gear without TSW using three different 
methods are illustrated in Figure  6. These methods 
include the traditional method in Ref. [5], the method 
in this paper, and the FEM. Observing Figure  6, it 
is evident that the results obtained from the paper 
method and the FEM demonstrate good agreement for 
the TVMS and LSR. Conversely, the traditional method, 
which could not consider the effect of structure 
coupling, leads to an overestimation of the amplitude 
of double mesh period stiffness when compared to 
the paper method in Figure  6(a). Furthermore, the 

Double tooth Double tooth

Single

tooth

(a)

Double tooth Double tooth

Single

tooth

(b)

Figure 6  Results of TVMS and LSR of standard gear without TSW using different method: a Mesh stiffness in one mesh period, b Load sharing ratio 
in one mesh period

Pinion Gear

x1= -0.1

x1= 0.2

x1= 0.4

Pinion

Gear

x1= 0 x1= 0

Figure 7  Schematic of finite element model of spur gear with different modification coefficient x1
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traditional method yields lower values of LSR during 
the first double tooth meshing period compared to the 
paper method, while the former method leads to higher 
values of LSR during the second double tooth meshing 
period. This discrepancy is expected to have an impact 
on the TSW process of gears.

The finite element model is established with different 
modification coefficient x1 as illustrated in Figure 7. The 
torque T is loaded on the gear and the rotation speed Nr 
is applied to the pinion. Subsequently, the displacement 
based on the hub bores and tooth pressure force can 
be obtained and the mesh stiffness and load sharing 
ratio can be further calculated based on the transient 
structural module. The results for TVMS and LSR are 
shown in Figure  6 when the modification coefficient is 
set to zero. Based on the above descriptions, the TVMS 
and LSR are analyzed under different modification 
coefficients. Figures  8 and 9 show the results of TVMS 
and LSR for the profile-shifted gear without TSW using 
different method.

It can be found in Figures 8 and 9 that the mesh stiff-
ness and LSR of profiled-shifted gear with modification 
coefficient x1 ranging from −0.1 to 0.4 are calculated 
based on the tooth model. Both methods yielded an error 
in mesh stiffness and LSR of less than 4%. As x1 increases 
from −0.1 to 0.4, the double tooth meshing period grad-
ually decreases from 0.22 to 0.19 rad, while the single 
tooth meshing period increases from 0.1 to 0.14 rad. And 
the results in Figures 8 and 9 show the values of the mesh 
stiffness remain steady, and the LSR of the first double 
tooth pair increases and decreases in the second dou-
ble tooth meshing period, which indicates a relationship 
between the mesh period and modification coefficient 
x1. This relationship implies that the tooth surface load 
in the first double tooth meshing period increases and 
decreases in the second double tooth meshing period as 
the x1 increases. Therefore, the variations in tooth mesh 
period, the mesh stiffness and the LSR caused by x1 will 
further affect the TSW process.

x1=0.4
x1=-0.1

x1=0.2

x1=0.4

x1=0.2

x1=-0.1(a)

x1=0.4
x1=-0.1

x1=0.2

x1=0.4

x1=0.2

x1=-0.1(b)

Figure 8  Results of TVMS of profile-shifted gear using different method: a Paper method, b FEM

x1=0.4
x1= -0.1

x1=0.2

x1=0.2

x1=0.4

x1=-0.1

(a)

x1=0.2

x1=0.4

x1=-0.1

x1=0.4
x1= -0.1

x1=0.2

(b)

Figure 9  Results of LSR of profile-shifted gear using different method: a Paper method, b FEM
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4.1.2 � TVMS and LSR Considering TSW
In light of the improved wear depth prediction model in 
Section 3, the analysis of the TSW process is conducted. 
Figure 10 illustrates the TSW depth for one mesh cycle 

with varying pinion revolution count n on the basis of 
Eq. (4). According to Figure  5, n acting on the gear is 
the number of revolutions that can reach Step 2. As the 
revolution count n of pinion is considerably higher than 

Figure 10  The wear coefficient and TSW depth: a The TSW depth of the pinion, b The TSW depth of the gear

Without worn

surface

(a)

Considering worn

surface

(b)

Figure 11  The TVMS of the pinion for Step 1 and Step 2 with different n: a Step 1, b Step 2

Figure 12  The LSR of the pinion for Step 1 and Step 2 with different n: a Step 1, b Step 2
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that of gear within the same meshing period, the TSW 
of pinion is more serious than that of the gear. Notably, 
the severe wear is observed in the tooth root region due 
to the large contact load, high sliding ratio and large 
wear coefficient. Since these findings have already been 
analyzed by Ref. [6] and the phenomenon in this paper 
align with previous research. Hence, this section does not 
reiterate the same conclusions.

Unlike previous research, the improved model 
presented in Section  3 takes into account the primality 
of the number of teeth, resulting in the TVMS and LSR 
will be constantly recalculated in Step 1 and Step 2 due 
to the variations in n. Figures  11 and 12 illustrate the 
TVMS and LSR for Steps 1 and 2 in Figure 5, respectively, 
with different revolution counts n. During Step 1, the 
calculations of TVMS and LSR are based on the worn 
surface pinion engaging with the healthy surface of the 

gear. The stiffness values during single tooth meshing 
period and second double tooth meshing period changes 
only slightly due to the small wear depth of the pinion as 
shown in Figure 10(a). During Step 2, the calculations of 
TVMS and LSR are based on the worn surface pinion 
engaging with the worn surface of the gear. The stiffness 
values exhibit a more pronounced variation during single 
tooth meshing period and second double tooth meshing 
period. This feature is consistent with the wear depth 
trends illustrated in Figure 10.

Although there appears to be only a slight change 
depicted in Figures 11 and 12, it is important to note that 
this could have a significant impact on the wear depth 
after numerous iterations and updates, as indicated 
by our improved model. Figure  13 compares the wear 
depth (n=600000) of our improved model in this paper 
with that of a traditional model from Ref. [6]. The 

Figure 13  Wear depth comparison and finite element model with TSW (Take the n=600000 as an example)

Figure 14  Results of TVMS and LSR of standard gear considering TSW using different method
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maximum error occurs at the meshing position of the 
root of the pinion. The wear depth in this paper method 
is larger than that obtained by traditional method, with 
the maximum error is 5%. This finding highlights the 
significance of the modifications made to our model.

Based on the finite element model, the mesh stiff-
ness calculated by FEM is used to validate the meshing 
characteristics obtained through paper method. Taking 
the worn profile of the pinion after 600000 revolution 
counts as an example, the tooth profile information is 
imported to establish an irregular tooth profile with 
TSW as shown in Figure 13.

The mesh stiffness and LSR of standard gear 
considering TSW are obtained from the two methods 
as shown in Figure 14. As shown in Figure 14, there has 
been a sharp drop in TVMS and LSR when the gear pair 
is engaged, because the maximum of the wear depth is 
at the tooth root of the pinion. As the TSW gradually 
decreases, the mesh stiffness returns to normal value. 

It can be found that the maximum error of the TVMS 
between the paper method and FEM is about 4% and 
the variation trend of the paper method is consistent 
with the FEM. The maximum error may likely be 
attributable to modeling inaccuracies in Figure 13.

In summary, the variations of the TVMS and LSR 
caused by the modification coefficient will affect the 
TSW process. The TVMS and LSR considering the TSW 
further affect the wear depth as the increase of the revo-
lution count n. Therefore, it is imperative to conduct a 
more comprehensive analysis of the effect of profile shift 
on the TSW of spur gears.

4.2 � Effect of Profile Shift on TSW of Spur Gear
This section investigates the effect of profile shift on the 
tooth surface wear (TSW) of spur gears by combining the 
findings from the previous studies (Sections 2–4.1). The 
influence of modification coefficient x1 and revolution 
count n on the TSW is quantified. Figure 15 presents the 

Figure 15  Effect of the modification coefficient x1 and revolution count n on the wear coefficient kcoe: a Wear coefficient maximum distribution, b 
The main curve in Figure 15(a)

Ⅰ

Ⅱ

Ⅲ

Ⅳ

Ⅴ

Ⅵ
(a)

Ⅰ

Ⅱ

Ⅲ

Ⅳ

Ⅴ

Ⅵ
(b)

Figure 16  Effect of the modification coefficient x1 and revolution count n on the mesh stiffness: a The distribution of feature values for Step 1, b 
The distribution of feature values for Step 2
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effect of the modification coefficient x1 and revolution 
count n on the wear coefficient during the meshing 
process. As shown in Figure 10(a), the maximum of the 
wear coefficient is a critical parameter. Thus, Figure 15(a) 
depicts the distribution of the maximum wear coefficient, 
which reveals that an increase in revolution count and 
modification coefficient leads to a decrease in wear 
coefficient, and the value of kcoe rises to a peak at 6.9×10-

17. Figure 15(b) presents the primary characteristic curve 
(from I to IV) of wear coefficient kcoe with modification 
coefficient x1 at different revolution counts n to describe 
the trends better, which indicates the wear coefficient kcoe 
gradually decreases and the downward trend gradually 
slows down with the increase of the modification 
coefficient x1.

In the above section, an analysis was conducted on the 
mesh stiffness for Step 1 and Step 2 with a modification 
coefficient x1=0. The feature point of the TVMS for Step 
1 and Step 2 corresponds to the initial point during the 
first double tooth meshing and the last point during 
the second tooth meshing, respectively. Figure  16 
presents the effect of the modification coefficient x1 and 
revolution count n on the mesh stiffness according to 
the main characteristic curve (from I to VI). The results 
demonstrate that the amplitude (from I to VI) of stiffness 
variation increases with increasing revolution count as 
the modification coefficient decreases. This finding shows 
that a smaller modification coefficient has a greater 
influence on the degree of wear.

Figure  17 illustrates the effect of the modification 
coefficient x1 and revolution count n on the wear depth 
of pinion and gear. It can be observed in Figure  17(a) 
that as the modification coefficient x1 decreases and 
the revolution counts increases, the TSW depth of the 
pinion increases, with a peak value of 3.6×10-5mm, which 

demonstrates that the wear depth of the pinion decreases 
and the downward trend gradually slows down with 
the modification coefficient increases under different 
revolution counts.

Conversely, Figure  17(b) indicates that increasing the 
modification coefficient x1 and the revolution counts 
leads to an increase in the TSW depth of the pinion, with 
a peak value of 2.4×10-7mm, which shows the wear depth 
of the pinion increases and the upward trend gradually 
slows down with the modification coefficient increases 
under different revolution counts. Overall, this finding 
suggest that a gear positive shift can weaken the TSW 
depth, while a negative shift will increase it, for the same 
revolution counts. However, the variation in wear depth 
resulting from a positive shift in the pinion is significantly 
greater than that in the gear. Therefore, appropriate gear 
profile shift could partially alleviate the negative effects of 
TSW.

5 � Conclusions
This paper presents a tooth stiffness model that accounts 
for profile shift, TSW, tooth deformation, tooth contact 
deformation, fillet-foundation deformation and gear 
body structure coupling effect to calculate the TVMS and 
LSR efficiently and accurately. The results of the TVMS 
and LSR under different modification coefficients and 
TSW are validated by the FEM, with the maximum error 
is less than 4%.

Additionally, an improved wear depth prediction 
method is developed, which takes into considera-
tion the mutually prime teeth number and more accu-
rately reflects actual gear meshing conditions. Some key 
parameters such as wear coefficient and wear depth dur-
ing meshing process can be obtained. Taking the worn 
profile of the pinion after 600000 revolution counts as an 

Figure 17  Effect of the modification coefficient x1 and revolution count n on wear depth: a The pinion root wear depth, b The gear root wear 
depth
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example, the wear depth in this paper method is larger 
than that obtained by traditional method, with the maxi-
mum error is 5%. Results show that consideration of the 
mutual prime teeth number will have a certain impact on 
the TSW process.

The paper also discusses the effect of profile shift on 
the wear process. On the basis of quantitative analysis, 
the results show that a positive gear shift can weaken the 
TSW depth, while a negative shift will increase it, for the 
same revolution counts. But the variation in wear depth 
resulting from a positive shift in the pinion is significantly 
greater than that in the gear. Therefore, an appropri-
ate gear profile shift can partially alleviate the negative 
effects of TSW.

Appendix A
Figure  18 shows the tooth model with TSW of tradi-
tional model. The geometrical relationship of involute 
profile varies from the modification coefficient x1. Where 
rfs denotes the dedendum circle radius of profile-shifted 
gear, a2s and a3s denote the half angle on the base circle 
and dedendum, respectively. The main parameters in Fig-
ure 2 can be calculated.

The initial meshing point S varies with the modifica-
tion coefficient. The value of dbs denotes the distance 

(25)rfs = rf +mx1 = 0.5m(z1 − 2.5+ 2x1),

(26)a2s =
4x1 tan a0 + π

2z1
+ tan a0 − a0,

(27)a3s = arcsin

(

rb sin a2s

rfs

)

.

from the dedendum circle to the base circle which is 
equal to db-mx1. The value of dss denotes the distance 
from the initial meshing point Ss of profile-shifted gear 
to the dedendum circle. Then, the variables dss can be 
expressed as:

Further, the initial meshing angle aps1 and pressure 
angle aps on the point Ss can be calculated based on 
cosine law. Thus, compared with Figure 18 the distance 
x′s can be expressed as:
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