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We investigate the construction of an ultra-fast laser probe to determine the response of the electron dynamics of ethane 

using next generation QTAIM (NG-QTAIM). This is undertaken by applying a pair of simulated left and right circularly 

polarized ultra-fast laser pulses of duration 10 femtoseconds. A proportional increase in the C-C BCP bond strain with peak 

electric field was discovered. NG-QTAIM was used to identify a characteristic morphology associated with ultra-fast laser 

probes. Candidate ultra-fast laser probes were selected on the basis of the ground state population remaining undisturbed at 

a time t = 15 fs.  
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1. Introduction  

 

Ultra-fast optics is an emerging field that requires new analysis tools designed for ultra-fast (femtosecond) 

timescales[1]. This requirement implies using the electron charge density distribution ρ(r) rather than differences 

in atomic positions which move on orders of magnitude slower time scales. Experiments by Beaulieu et al. were 

undertaken on neutral molecules that utilized the coherent helical motion of bound electrons[2]. For example, the 

relationship between steric and electronic factors was recently discovered to be more complex[3] than previously 

understood discernable from inspection of molecular structures for the helical electronic transitions of 

spiroconjugated molecules[4,5]. Ethane was earlier used in an investigation with next generation QTAIM (NG-

QTAIM) interpretation of an achiral molecule[6]. Recently, ethane was used with third generation eigenvector 

trajectories, using ultra-fast non-ionizing laser pulses [7]. This enabled the analysis of the mechanical and chiral 

properties of the electron dynamics of ethane without needing to subject the C-C bond to torsions of the H-C1-

C2-H dihedral angles as was the case for second-generation eigenvector-trajectories[5]. In another recent 

investigation NG-QTAIM was used to quantify the effect on the electron dynamics of an ethene molecule of a 

simulated linearly polarized non-ionizing ultra-fast laser pulse of 20 femtosecond duration with a peak amplitude 

electric-field ±E = 200x10-4 a.u.[8]. The goals of the earlier investigation on ethane included determining the 

effect of the laser pulse on the electron dynamics in terms of the mechanical properties of bond-twisting, bond-

flexing as well as the chiral character of left-handed counter-clockwise (CCW [-1]) and right-handed clockwise 

(CW [+1]) direction of an applied circularly polarized ultra-fast laser pulse. The goal of this investigation is to 

explore optimal laser pulse ‘probes’ that comprise a trade-off between minimal disruption of the superposition of 

states and the numerical accuracy of the NG-QTAIM analysis. Such a probe will be useful for optimal control. 

In this investigation we determine the use of ultra-fast laser pulses as probes of the electron dynamics of ethane 

using third-generation eigenvector-following trajectories F(s) within NG-QTAIM[7,9,10], see the theoretical 

background section for further details. We will investigate the use of a simulated ultra-fast laser pulse of 10 

femtoseconds (fs) duration to define an ultra-fast laser ‘probe’ of the NG-QTAIM properties, as close as possible, 

of the relaxed ethane. We will again use a pair of right-handed (R, [+1]) and left-handed (L, [-1]) circularly 

polarized laser pulses for the yz plane, see Scheme 1.  This search for ultra-fast laser pulse probes will be 

undertaking by selecting candidate ultra-fast laser probes to locate the minimum peak electric-field ±E strength 

selected from E = 1.0x10-4 au, E = 2.0x10-4 au, E = 5.0x10-4 au, E = 10.0 x 10-4 a.u., where the molecule remains 

almost entirely in the ground state 15 fs after the pulse has ended. The numerical accuracy of the candidate ultra-

fast probes will also be considered, i.e. ensuring the peak E-field is still sufficient to yield numerical significant 

values of the NG-QTAIM properties. 

 

 

 



 

 

 

 

 

 

 

Scheme 1. The molecular graphs of ethane indicating the yz plane of the applied circularly polarized ultra-fast laser pulse. 

The most (±e2) and least (±e1) preferred eigenvector directions of the total charge density accumulation ρ(rb) at the C1-C2 

bond critical point (BCP) are represented by green spheres.  

 

 

An additional ‘non-probe’ pair of left and right circularly polarized laser pulses with a larger E-field (E = 200.0 

x 10-4 a.u.) is also included in this investigation. This larger value of peak E-field is included to demonstrate that 

the short 10 fs laser pulse is sufficiently long for a mixture of excited states with significant populations to be 

induced.  

 

2. Theoretical Background  

 

The background of QTAIM and next generation QTAIM (NG-QTAIM)[9–17] is provided in the Supplementary 

Materials S1, including the procedure to generate the Hessian of ρ(r) eigenvector-following trajectories F(s) 

and the -space distortion set { , , }. Note the use of the subscript “F” to denote eigenvector-following 

trajectories F(s) which are created using laser irradiation and not bond torsions as was the case for second-

generation trajectories.  

The ±e1 and ±e2 eigenvectors lie in the yz plane of polarization, see Scheme 1. Note that the ±e2 eigenvector 

corresponds to the most facile, i.e. easier, direction for displacement of the BCP electrons when the BCP is 

torsioned. In the -space distortion set { , , } the bond-flexing , defined as  = [(e1∙dr)max]CW - 

[(e1∙dr)max]CCW, provides a measure of the ‘flexing-strain’ that a bond-path is under when subjected to an external 

force such as an E-field or a circularly polarized laser pulse. The intermediate results for the -space distortion 

sets are provided in the Supplementary Materials S4. 

The bond-twist  is defined as the difference in the maximum projections (the dot product of the Hessian of ρ(r) 

e2 eigenvector and the BCP displacement dr) of the F(s) values between the left-handed circularly polarized (L, 

CCW [+1]) and right-handed circularly polarized (CW [-1]) laser pulse:  = [(e2∙dr)max]CW - [(e2∙dr)max]CCW. The 

bond-twist  quantifies the circular displacement of the C1-C2 BCP i.e., where the largest magnitude Hessian of 

ρ(r) eigenvalue (λ2) is associated with ±e2. The ±e2 corresponds to the direction in which the electrons at the BCP 

will be most easily displaced when the BCP is subjected to circular displacement i.e. torsion[18]. Note for 



conventionally chiral molecules we use the variable chirality  instead of bond-twist , however, the form of the 

expression  [(e2∙dr)max]CW - [(e2∙dr)max]CCW is the same. 

The bond-axiality  is defined as  = [(e3∙dr)max]CW - [(e3∙dr)max]CCW; this quantifies the direction of axial 

displacement of the bond critical point (BCP) in response to the left-handed (CCW [-1]) and right-handed (CW 

[+1]) circularly polarized laser pulses, i.e. the sliding of the BCP along the bond-path[19]. The twist-helicity 

function helicity = | |, i.e., the numerical product of the bond-twist and the magnitude of the bond-axiality , 

can be used to determine the nature of any chiral behaviors present in ethane in the absence or presence of a 

circularly polarized laser pulse. A value of helicity ≈ 0 was previously discovered for ethane using second-

generation eigenvector trajectories and characterizes conventional achiral molecules [5].  

 

3. Computational Details 

 

The geometry of the ethane molecule was first optimized in zero applied external electric (E) field. Pseudo-CI 

(configuration interaction) singles eigenvectors were then built using a set of configuration state functions, using 

the hybrid linear response time-dependent density functional theory/configuration interaction (LR-TDDFT/CI) 

approach described in detail in previous work[20–22]. Both the geometry optimization and the construction of 

the configuration state functions were carried out using TD-DFT at the CAM-B3LYP[23] /aug-cc-pVTZ[24,25] 

level using the Gaussian G09 v.E.01[26] package. This choice of basis set and functional has been shown 

elsewhere in the literature[27] to provide accurate descriptions of excited states. The fifty lowest-energy excited 

states were computed using an ‘ultrafine’ integration grid and no symmetry constraints. A linear combination of 

the singly-excited configuration state functions was used to construct each time-independent many-electron state. 

Using the time-dependent CI implementation in the detCI module[20,21] within the ORBKIT[28] package, a 

‘library’ of transition dipole moments between states was precomputed and saved.  This ‘library’ was then later 

used in the propagation of the electron dynamics.  

The electron dynamics was then propagated within the ‘clamped nuclei’ approximation, with the wavefunction 

being propagated as a linear complex-weighted sum of the previously computed pseudo-CI singles states, as 

described in previous work[20,21]. Modelling of the physical effect of the laser pulse driving out-of-equilibrium 

polarization in the electron density distribution can be carried out using a number of methods, including the ‘real-

time TD-DFT’, also known as ‘time-dependent Kohn-Sham’, methods of Zhu et al. [29,30]. The alternative hybrid 

(TD-DFT/TDCI) approach used in this work, previously described by Tremblay et al. [31,32] can, in particular, 

make use of the CI-singles states, energies and transition dipole moments computed by any quantum chemistry 

code and also takes account of state-mixing, implicitly required to describe propagation of the laser-induced 

superposition state. In this hybrid (TD-DFT/TDCI) approach, using the many-electron time dependent 

Schrödinger equation, the field-free Hamiltonian is used, along with the additional semi-classical dipole 



interaction approximation term -µ.E(t), where the dot indicates a vector dot product, µ is the dipole operator and 

E(t) is the time-dependent applied electric field vector. The pre-computed dipole moment library, evaluated using 

the aforementioned transition densities, was used at each dynamics time-step to calculate the dipole interaction 

term -µ.E(t) and the electron dynamics were propagated for a total of 25 fs in the ‘interaction’ representation. 

The electric field E components as a function of time were precomputed and tabulated at 10,000 equally-spaced 

times from t = 0 fs to t = 10 fs. The time-dependent CI dynamics calculation then computed the instantaneous 

field at any given dynamics timestep within the duration of the ultra-fast laser pulse by cubic-spline interpolation 

from these precomputed values.  

A ‘field broadening’ approach was employed:  for a ‘sin2’ amplitude envelope function pulse of duration ΔT the 

energetic broadening of the field is simply ΔE = ħ/ΔT. Low-lying electronic states are usually well-separated 

energetically, so only very short pulses, such as the 10 fs pulse used here, are broad enough to excite the desired 

superposition states. As short pulses are inherently energetically broad, they are also inevitably unselective. 

Therefore a laser carrier frequency (excitation energy) of ω = 0.350 a.u. was chosen to span a relatively wide 

range of the lower-lying excited states. More selective strategies for excitation of superposition states are still an 

active research topic in the literature, e.g. ‘undertuning’ and ‘overtuning’ strategies have had only partial success 

[33], although laser-induced selective alignment of molecules relative to fields is now experimentally feasible 

[34,35]. 

The electron dynamics was propagated using a dynamics timestep of 2.158236x10-4 fs, chosen to yield exactly 

2012 dynamics timesteps per cycle of the chosen laser carrier frequency (excitation energy) with ω = 0.350 a.u. 

This magnitude of timestep and number of timesteps per cycle was found in previous work [7] to provide good 

accuracy for the Runge-Kutta integration of the electron dynamics within the ‘detCI’ code. The overall dynamics 

propagation time was 25fs [115836 timesteps]. Populations of the time-varying multi-reference ground |0> and 

excited states |1> , |2>, |3>, ... |20> quantifying the content of the superposition state were recorded every 20 

dynamics timesteps. These populations were confirmed to preserve overall normalization during the entire 

dynamics simulation. A ‘timeslice’ was defined within the dynamics run, corresponding to two full cycles of the 

laser excitation frequency, centered on the ‘peak’ of the laser pulse at t = 5fs i.e., exactly midway through the 10 

fs laser pulse, with one full field cycle on either side of t = 5fs. The CRITIC2 code[36] with the ‘density-

smoothing’[37] option was used to obtain the bond critical points (BCPs), bond paths and eigenvectors of the 

Hessian of the total electronic charge density ρ(r) for each snapshot within the ‘timeslice’. Additional checks 

were made ensuring that the Poincaré-Hopf relationship was satisfied in all cases. NG-QTAIM properties were 

obtained for the total electron density snapshots using the in-house QuantVec[38] suite, which is compatible with 

the output of the CRITIC2 code. Eigenvector-following NG-QTAIM trajectories were then calculated for each 

‘timeslice’.  

The specification of the electric field, generation of the gridded total electronic charge density distribution ρ(r) 

and tabulated excitation frequencies  are provided in the Supplementary Materials S2. 



 

4. Results and discussions 

 

 

The populations of the multi-reference superposition states of the candidate right-handed (CW[+1]) circularly 

polarized non-ionizing ultra-fast laser probes with peak E-fields of E = 1.0x10-4 a.u., E = 2.0x10-4 a.u., E = 

5.0x10-4 a.u. and E = 10.0 x 10-4 a.u. in the yz plane are presented in Figure 1(a-d) respectively, see also Scheme 

1. A larger peak E-field of 200.0x10-4 a.u. is also included where the mixture of electronic states comprises 

significant populations of the  |4>, |6>, |7>, |9> and |12> excited states, see Figure 1(e). The (CW[+1]) and 

(CCW[-1]) plots are indistinguishable and therefore the CCW plots are provided in the Supplementary 

Materials S2. The tabulated ethane excitation frequencies are also provided in the Supplementary Materials S2. 

Additional plots of the variation of the populations of the multi-reference superposition states for a selection of 

electric E-field values are provided in the Supplementary Materials S3. 

The populations of the ground state at 15 fs, i.e., 5 fs after the end of the 10 fs ultra-fast laser probes, are presented 

in Table 1. Initial inspection of the population of 1.000 of the ground state indicates that a peak E-field of 1.0 

x10-4 a.u. does not significantly populate any excited states at 15 fs after the application of the laser pulse, see 

Table 1. A decrease of the ground state population for the four candidate laser pulse probes, with peak E-fields 

of E = 1.0x10-4 a.u., E = 2.0x10-4 a.u., E = 5.0x10-4 a.u. and E = 10.0 x 10-4 a.u., with increase in the peak E-field 

is observed. The value of 0.1134 of the ground state population at 15 fs for the non-probe laser pulse with peak 

E-field E = 200.0 x 10-4 a.u. indicates significant contributions from the |4>, |6>, |7>, |9> and |12> excited states, 

see Figure 1(e).  

 

Table 1. Populations of the ground state at t = 15 fs for the ultra-fast right-handed (CW[+1]) circularly polarized laser 

probes. 

 
 

Peak E-field (a.u.)                population of the ground state at t = 15 fs 

 

1.0x10-4                                         1.0000 

2.0x10-4                                         0.9997 

5.0x10-4                                         0.9984 

10.0x10-4                                       0.9936 

 

200.0x10-4                                     0.1134 

 

The plots of the populations of the ground states for the candidate ultra-fast laser probes are indistinguishable, 

see Figure 1, therefore we will now consider the variations of the C1-C2 BCP ellipticity ε, see Figure 2. 
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                                                                                                      (e) 

Figure 1. The variations of population with time of significantly populated electronic states for the right-handed clockwise 

(CW[+1]) and left-handed counter-clockwise (CCW[-1]) ‘sin2’ shaped pulses, circularly polarized in the yz-plane at t = 10 

fs with peak electric fields with values E = 1.0x10-4 a.u., E = 2.0x10-4 a.u., E = 5.0x10-4 a.u., E = 10.0x10-4 a.u. and E = 

200.0x10-4 a.u. are presented in sub-figures (a-e) respectively. For further details also refer to the computational details and 

Scheme 1.  

  



The effect of the right-handed (CW[+1]) and left-handed (CCW[-1]) circularly polarized laser pulse in the yz 

plane on the electron charge density distribution ρ(rb) at the C1-C2 BCP is considered using the variation of the 

C1-C2 BCP ellipticity ε, see Figure 2. Note, for comparison the same scale is used for all values of the peak E-

field in the plots of C1-C2 BCP ellipticity ε. A proportionate increase in the amplitude of the variation of the C1-

C2 BCP ellipticity ε is observed for all laser pulses, with the response of the lowest peak E-field of E = 1.0x10-4 

a.u. being negligible on the scale chosen, see Figure 2(a-e). The response to the candidate laser probe with the 

largest associated peak E-field (10.0 x 10-4 a.u.) is an order of magnitude lower than the non-probe pulse peak 

with a peak E-field of 200.0 x 10-4 a.u., compare Figure 2(d) and Figure 2(e). The ethane C1-C2 BCP ellipticity 

ε however, does not provide a complete understanding of the response of  ρ(rb) at the C1-C2 BCP to the ultra-

fast lasers, due to the lack of full symmetry-breaking[9] as a result of the lack of consideration of the ±e1, ±e2 and 

±e3 eigenvectors.  
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                                                                                                    (e)  

 

Figure 2. The variation of the ethane C1-C2 BCP ellipticity ε for the right-handed (CW[+1]) and left-handed (CCW[-1]) 

circularly polarized in the yz plane with peak E-fields, E = 1.0 x10-4 a.u., 2.0x10-4 a.u., 5.0x10-4 a.u., 10.0x10-4 a.u. and 

200.0x10-4 a.u. are presented in sub-figures (a-e) respectively. For further details refer to the computational details, Scheme 

1 and Figure 1.  

 

A limitation of using the C1-C2 BCP ellipticity ε for understanding the response of the ρ(rb) to the applied ultra-

fast laser pulses is the lack of physical basis. To overcome this limitation, the circularly polarized ultra-fast laser 

generated Hession of ρ(r) eigenvector-following trajectories F(s) will be used to analyze the response of the 

electron dynamics, see Figure 3. All of the F(s) in this investigation are smooth and continuous. The F(s) of 

the candidate laser probes possess simple tightly wrapped morphologies, see Figure 3(a-d) in contrast to the 

complex loosely wrapped morphologies of the F(s) corresponding to the large peak E-field, see Figure 3(e). 

The values of the bond-flexing  approximately increase with peak E-field for all values of the peak E-field, 

however, the corresponding values of the bond-twist  only increase approximately with peak E-field values of 

E = 2.0 x10-4 a.u. or greater. In contrast, values of the bond-axiality , which comprise the twist-helicity helicity 

= | |, are found to be insignificant in all cases of the peak E-field, see Table 2.  

 

 

 

 

 

 

  



Table 2. The variation of the C1-C2 BCP -space distortion sets { , , } comprising the bond-flexing , bond-twist  

and bond-axiality , with application of a pair of right-handed (CW[+1]) and left-handed (CCW[-1]) circularly polarized 

laser pulses of duration 10 fs with peak electric field intensity E in units of 10-4 a.u. in the yz plane. The twist-helicity 

function helicity = x| |. Note, the value of the twist-helicity function helicity  = 0 in all cases. 

                             

                                                                                              { , , }     

Electric field E 

 

1.0x10-4 au                                                  {0.00000023,  -0.00000069,   0.00000095}   

2.0x10-4 au                                                  {0.00000327,  -0.00000068,   0.00000029}   

5.0x10-4 au                                                  {0.00001067,   0.00000262,  -0.00000757}   

10.0x10-4 au                                                {0.00001913,   0.00000487,  -0.00000001}   

 

200.0x10-4 au                                              {0.00329274,   0.00257559,   0.00000230}    



 

(a)                                                                                        (b)   

 

                                                 

 

 

 

 

 

 

 

 

 

 

 

 

                                                (c)                                                                          (d)  

 
(e) 

Figure 3. The ethane C1-C2 BCP Hessian of ρ(r) eigenvector-following trajectories F(s) for the right-handed, clockwise 

(CW[+1]) and left-handed, counter-clockwise (CCW[-1]) circularly polarized laser pulses in the yz plane corresponding to 

the electric field E = 1.0 x 10-4 a.u., E = 2.0 x 10-4 a.u., E = 5.0 x 10-4 a.u., E = 10.0 x 10-4 a.u. and E = 200.0 x 10-4 a.u. are 

presented in sub-figures (a-e) respectively. 

  



5. Conclusions 

 

In this investigation we explored the construction of an ultra-fast laser pulse of duration 10 fs to act as a ‘probe’ 

applied to understand the electron dynamics of ethane. This was undertaken by choosing a selection of candidate 

simulated left clockwise (CW[+1]) and right counter-clockwise (CCW[-1]) circularly polarized ultra-fast laser 

probes with peak E-fields of 1.0 x 10-4 a.u., 2.0 x 10-4 a.u., 5.0 x 10-4 a.u. and 10.0 x 10-4 a.u. The criterion for 

choosing the candidate ultra-fast laser probes was that the populations of the ground state at time t = 15 fs for 

these pulses was as high as possible. The resulting populations of the ground state at time t = 15 fs for the candidate 

probes were found to be in the range from 1.000 down to 0.9936. An additional non-probe pair of laser pulses 

with a larger E-field (E = 200.0 x 10-4 a.u.) was chosen and demonstrated that the very short 10 fs laser pulse was 

sufficiently long for a mixture of excited states with a ground state population of only 0.1134. 

We quantified the response of the electron dynamics to the circularly polarized laser pulses of the scalar C1-C2 

BCP ellipticity ε. The choice the best value for the peak E-field as the laser probe was not fully informed by 

consideration of the variations of the ellipticity ε with time. This is because the ellipticity ε is a scalar measure 

that does not provide any physical vector-based indicator of the ideal choice(s) of ultra-laser probe.  

The C1-C2 BCP Hessian of ρ(r) eigenvector-following trajectories F(s) with the -space distortion set { , , } 

revealed and quantified the complete absence of chiral character, determined from the value of the twist-helicity 

function helicity = 0 for all values of the peak E-field, in line with expectations of a conventionally achiral molecule 

and our previous investigation of ethane[7].   

The use of the vector-based Hessian of ρ(r) eigenvector-following trajectories F(s), however, provided 

information about the -space distortion set { , , } to better inform the probe selection. This is to enable the 

best possible trade-off between minimal disturbance of the electron dynamics of the superposition of states and 

the maximum accuracy of the -space distortion set { , , }.  

The contrasting effect of the laser probe using (very low) peak E-fields (E = 1.0 x 10-4 a.u., 2.0 x 10-4 a.u., 5.0 x 

10-4 a.u. and 10.0 x 10-4 a.u.) and high peak E-field (E = 200.0 x 10-4 a.u.) on the electron dynamics is visualized 

by the F(s). The significant disturbance induced by the high peak E-field is apparent by the loose wrapping of 

F(s) which has a complex morphology in contrast to the tightly wrapped F(s) and simple morphology associated 

with the very low peak E-field laser probes. Therefore, we suggest that the tightly wrapping simple morphology 

observed for the F(s) corresponding to the very low peak E-fields is characteristic of laser probes. The loose 

wrapping of the F(s) with the high peak E-field indicates a high degree of disruption of the electron dynamics 

and therefore this E-field is completely unsuitable for use as a laser probe. 

The best choice of ultra-fast laser as a probe may therefore be a peak E-field of 5.0 x 10-4 a.u. Future planned 



work includes using ultra-fast lasers as probes and NG-QTAIM to investigate chiral molecules, to understand how 

ultra-fast lasers may influence chiral, achiral and mixed chiral/achiral character [39].  In particular, on much 

longer timescales, namely after laser-induced nuclear rearrangements have occurred, a final pair of non-ionizing 

left and right circularly polarized ultra-fast low intensity laser pulses will be used to generate a probe F(s) again. 

In addition, the laser carrier envelope phase difference will be varied to induce different time dependent mixtures 

of excited states. Other areas of application include the solid state e.g. superconductivity induced by higher 

intensity ultra-fast left and right circularly polarized laser pulses, informed by the Fermi energy. The subsequent 

effects on the electron dynamics will be determined by the laser probes, informed by NG-QTAIM, introduced in 

this investigation. 

The optimal ultra-fast laser probe information obtained using NG-QTAIM in this investigation is important 

because of its application to optical control and will be suitable for use with relatively large molecules. 
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