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Abstract

In this paper we extend a sensorless algorithm proposed by Bonnardot & al. for
angular resampling of the acceleration signal of a gearbox submitted to limited speed
fluctuation. The previous algorithm estimates the shaft angular position by narrow-
band demodulation of one harmonic of the mesh frequency. The harmonic was
chosen by trial and error. This paper proposes a solution to select automatically the
mesh harmonic used for the shaft angular position estimation. To do so it evaluates
the local signal to noise ratio associated to the mesh harmonic and deduces the
associated low-pass filtering effect on the time synchronous average (TSA) of the
signal. Results are compared with the TSA obtained when using a tachometer on
an industrial gearbox used for wastewater treatment. The proposed methodology
requires only the knowledge of an approximate value of the running speed and the
number of teeth of the gears. It forms an automated scheme which can prove useful
for real time diagnostic applications based on TSA where speed measurement is not
possible or not advisable due to difficult environmental conditions.

Key words: Time Synchronous Averaging without speed sensor, gearbox vibration
signal, automated methodology, condition monitoring applications.

1 Introduction

Time domain averaging or time synchronous averaging (TSA) is a well adopted
signal processing technique which enables periodic waveforms to be extracted
from noisy signals [1,2]. It is particularly suited for the vibration analysis of
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mechanical systems such as gearboxes, as it enables the vibration of a single
gear to be separated from the vibration of the complete system. This technique
requires the measurement of the ”trigger” signal, i.e. a signal phase-locked
with the angular position of one rotating shaft in the system. This speed
measurement is typically delivered by a tachometer which delivers one pulse
per revolution. An optical encoder (with multiple pulses per revolution) can
also be used for a better angular resolution.

In some particular environments however, a speed sensor could be rather in-
convenient - if not impossible - to use for condition monitoring purposes.
Optical encoders need to be attached to the end of a shaft, which is possible
for limited applications only. Optical ”pick-up” sensors (tachometers) could be
easier to manipulate, but in some environments they can cause problems, for
example in high ambient light conditions or where they are subjected to con-
taminants like dust, oil or steam. In these conditions, a condition monitoring
methodology that would operate without the need of any speed measurement
would be of great interest in practice.

Recently, an original method has been proposed by Bonnardot & al. [3] for
angular resampling of the vibration signal of a gearbox without the need of a
speed sensor, when the gearbox is submitted to limited speed fluctuation (i.e.
under relatively steady load condition). The idea was to estimate the angular
position of the shaft by narrow-band demodulation of one harmonic of the
mesh frequency. The harmonic was chosen by trial and error. However, in order
for this method to be applicable in a real time and industrial environment,
different parameters in the method need to be adjusted in an automated and
reliable fashion, i.e. without the need of any visual inspection of the frequency
spectrum of the signal or of the estimated speed.

The objective of this paper, which can be viewed as a extension of this previous
work [3], is to propose an automated methodology in order to obtain the time
synchronous averaged signal for any particular shaft in a gearbox without
speed sensor. In that purpose, different points in the methodology must be
discussed: which stage in the gearbox and which mesh harmonic to select, how
to quantify the accuracy of the estimated speed and of the TSA, and which
interpolation method to use for resampling the signal.

In section 2 we first briefly recall the method proposed in [3] for estimation
of the instantaneous shaft angular position and we show that the phase error
of the estimation can be quantified by the local signal to noise ratio of the
demodulated mesh harmonic. In section 3 we discuss the interpolation method
to use for performing angular resampling and TSA, and we quantify the low-
pass filtering effect on the TSA due to the phase error by what we call the
”cut-off order” of the TSA. These results are then illustrated in section 4
on an industrial gearbox used in wastewater treatment. Finally, a complete
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methodology is proposed in section 5 for the selection of the mesh harmonic
to demodulate and the estimation of the TSA of a particular shaft in the
gearbox.

2 Shaft speed estimation from a mesh harmonic

2.1 Recall of the method

The model of the vibration signal for one stage of the gearbox used in [3] and
first proposed in [4] is:

x(t) =
K

∑

k=1

Xk(1 + ak(t)) cos(2πkfmt + φk(t) + Φk) + b(t) (1)

where Xk is the amplitude of the kth mesh harmonic, fm is the average mesh
frequency for the stage considered, ak(t) and φk(t) are the amplitude and phase
modulation functions of mesh harmonic k and Φk is the initial phase of har-
monic k. b(t) represents the additive background noise. The phase modulation
of mesh harmonic k is assumed proportional to that of the mesh fundamental
φm(t):

φk(t) = k φm(t) (2)

The mesh frequency fm is linked to the two rotation speeds f1 and f2 of the
gears in mesh by:

fm = N1f1 = N2f2 (3)

where N1 and N2 are the corresponding number of teeth of the meshing gears.
Figure 1 presents an example of a mesh frequency with its surrounding first
order sidebands. Spectral components (mesh and sidebands) are smeared due
to slight speed fluctuations. In order to extract the instantaneous speed, a
narrow-band filter centred at the mesh frequency and with a bandwidth equal
to 2B is applied. The choice of B will be discussed later on part 2.2. The
closest sidebands around the mesh frequency are those of the meshing gear
with the lower rotation speed. Since these sidebands are modulated the same
way as the mesh frequency due to speed fluctuations, the maximum frequency
fluctuation of the kth mesh harmonic δfk that causes no overlap is [3]:

δfk ≤ Bmax (4)
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with Bmax the maximum width of the band-pass filter:

Bmax = min(f1, f2)/2 =
fm

2 max(N1, N2)
(5)

This maximum bandwidth fixes the maximum fluctuation allowed by the
method: since fm = fk k, the maximum allowed relative speed fluctuation
for mesh harmonic k is:

δfk

fk
≤ 1

2k max(N1, N2)
(6)

Equation (6) shows that the higher the rank of the mesh harmonic k, the lower
is the maximum allowed speed fluctuation.

After band-pass filtering, the mesh harmonic k is shifted to zero frequency,
and the phase modulation φk(t) is extracted from the analytic signal and
unwrapped. The instantaneous angular position of the shaft is then obtained
by:

φsh(t) =
φk(t)

kNsh

+ 2π
fm

Nsh

t (7)

where Nsh = N1 or N2 depending on the shaft considered.

Notes:

• In model (1) fm is constant and so we are dealing with limited speed fluc-
tuation only, especially this model is not appropriate for a ramp speed.

• This model is for one stage of the gearbox only. For a multistage gearbox,
we then have the choice of the stage to use. This will be discussed later on
an example (section 4.3).

• The transmission path effects (response of the structure) are not taken into
account in the model. This can create additional phase modulations due
to variation of the transmission path phase when the speed is fluctuating,
as mentioned in [5]. However, if a structural resonance is located near the
demodulated mesh component, its effect can be neglected if we assume the
resonance frequency peak is wide compared to the demodulation bandwidth
2B. This is equivalent to assuming a damping factor of the resonance large
compared to the relative speed fluctuation [6].
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Fig. 1. Narrowband filtering of a mesh component of a gearbox for instantaneous
speed estimation by phase demodulation.

2.2 Phase estimation error

For the speed estimation it was advised in [3] to try many different harmon-
ics and to select the best one(s) based on a visual comparison between the
estimated speeds. However this would not be a viable solution in a real time
environment and we are looking here for an automated choice of the rank
of the harmonic to use for demodulation. This choice must be performed in
order to achieve the best angular precision of the recovered instantaneous po-
sition φsh(t). Eq. (7) shows that this precision is conditioned by the error on
the phase modulation φk(t) estimated from mesh harmonic k. By writing the
estimated phase φ̂k(t) as:

φ̂k(t) = φk(t) + δφk(t) (8)

where δφk(t) is the phase error on the estimated phase modulation, the stan-
dard deviation of the phase error can be expressed as (see appendix A):

σ[δφk] =
1√
2
10−SNRk/20 (9)

where SNRk represents the local Signal to Noise Ratio (in dB) of mesh har-
monic k in the demodulated band of width 2B. This phase error δφk(t) then
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yields an error on the angular position of the shaft:

σ[δφsh] =
σ[δφk]

kNsh
(10)

Eq. (10) shows that the shaft phase error will be lowered for a gear with a
higher number of teeth and also by using a higher rank for the demodulated
mesh harmonic. However a high rank k is also more restrictive for the max-
imum speed fluctuation allowed by eq. (6). Therefore care must be taken in
the choice of the mesh harmonic.

In order to quantify the phase error from eq. (9), the local SNR of the de-
modulated mesh harmonic must be estimated. For the sake of simplicity we
set the band-pass filter width to: B = Bmax (eq. 5). The level of the noise
power spectral density (PSD) is first estimated at both edges of the band-pass
filter, as shown on figure 1. For this estimation we suggest to use a bandwidth
equal to 10% of the filter half bandwidth B. The noise is then assumed lo-
cally white inside the filter bandwidth with a level equal to the averaged PSD
levels estimated at each edge of the filter. This provides an estimation of the
noise power Pb inside the filter bandwidth. Note that for this estimation we
assume that no ”parasite” component is included in the demodulation band
(this case will be discussed on section 6). The total power Ptot (signal + noise)
in bandwidth 2B is then estimated by integrating the PSD of the signal over
this bandwidth. We thus obtain an estimation of the local SNR for each mesh
harmonic k by:

ˆSNRk = 10 log
(

Ptot − Pb

Pb

)

(11)

This estimation provides an estimate of the shaft phase error (eq. 9 & 10).

3 Estimation of the time synchronous averaged signal

3.1 Definition of the TSA of a shaft

In [3] Bonnardot used the speed estimation in order to perform angular re-
sampling of the signal. Our work is more specifically focused on the estimation
of the time synchronous average (TSA), from which a number of diagnostic
methods can be tackled out. In fact the TSA of a signal is a practical esti-
mation of the signal average (first order cyclostationarity), which is defined in
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angular domain as:

mx(θ) = E[x(θ)] = mx(θ + Θ) (12)

where Θ is the period of the cycle to which the machinery operation is peri-
odic and E[.] refers to the expectancy (ensemble average). Under the assump-
tion of cycloergodicity, the ensemble average can be conveniently replaced by
the cycle average (TSA) [7]. Note that gearboxes introduce different cycles
related to each individual shaft. In this context signals have been named poly-
cyclostationary because they are a combination of cyclostationary processes
with different basic cycles [7].

3.2 Angular resampling techniques

In order to estimate the TSA, the time signal must be resampled according
to the angle of rotation: this is known as the angular resampling or order
tracking technique [8]. Different interpolation techniques have been proposed
in the literature for resampling based on a tachometer or a shaft encoder [8,9].
Here this interpolation must be performed by using the shaft angular position
φsh(t) estimated from one harmonic of the mesh vibration. In this purpose we
consider the two following interpolation methods:

• Spline Angular Resampling (SAR): this is the method used in [3]. By using
a 3rd order spline interpolation (cubic spline), this ensures a smooth inter-
polation function as its first two derivatives are continuous.

• Tacho Pulse Recovery (TPR): this is the alternative method proposed here.
The tacho pulse instants tp(n), occurring once per revolution, are first re-
covered from the estimated shaft position inverse function by:

tp(n) = φ−1
sh (2πn), n = 1, . . . , Ntot (13)

where Ntot is the integer number of shaft revolutions on the total duration
of the signal. Then, by using Fourier interpolation [10] each shaft period is
resampled up to a constant number of points between the recovered tacho
instants tp(n).

Estimation of the tacho instants in eq. (13) requires to interpolate Ntot points
on the inverse function of the shaft instantaneous position φsh(t). This in-
terpolation is not computationally demanding and moreover can be linear in
practice since φsh(t) is slowly varying in time. It is however not the case for
the interpolation of the signal versus angle (angular resampling), which is also
more computationally demanding.
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For modelling the phase variations, the SAR method is a smoother interpola-
tion (3rd order method), whereas the TPR method is piecewise linear. This
can introduce some distortions in the resampled signal, however limited as the
shaft speed is considered slowly varying within the shaft rotation period.

3.3 Comparison and limitations in the real time computation

The angular resampling scheme involves two stages: interpolation of the time
signal and resampling according to the angle of rotation. Considering the
real time objective of our methodology, the cost in time computation and in
memory space is quite different for the two techniques presented in section 3.2
(TPR and SAR).

The TPR method being a piecewise method, each shaft period is resampled
separately by using Fourier interpolation (Fourier transform, zero-padding in
frequency domain and inverse Fourier transform [10]). Conversely, classical
B-spline interpolation requires to solve a tridiagonal linear system and then
to interpolate at least as many samples as in the original time signal (to avoid
aliasing), which can be a highly computationally demanding task. Note that
a running spline interpolator could be used for the online interpolation of the
signal, which enjoys a significant computational advantage [11]. However this
also needs to address the problem of online estimation of the shaft angular
position, i.e. when each new data sample has been recorded.

In this paper the application is limited to the processing of a block of N
samples of data only after these N samples have been recorded. Therefore,
the algorithm is not completely real time as this needs to wait that the whole
block duration (say 100s) has been recorded before being processed. However
such a delay is acceptable for the application considered here. Nevertheless,
the problem of real time angular resampling without speed sensor for online
applications still needs to be considered (online tracking and filtering of a
mesh harmonic, online estimation of the angular position).

The two angular resampling techniques will be compared in section 4.4 on a
real case.

3.4 Cut-off order of the estimated TSA

The TSA estimation results from the instantaneous phase position of the shaft
estimated in section 2 and, consequently, will be affected by the shaft phase
error, which has been quantified from the local SNR in eq. (10). We aim here
to quantify the effect of the phase error on the TSA estimation.
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It is known that errors on the estimated speed fluctuation will induce smearing
of the higher shaft orders and, due to the averaging process, these higher
orders will be lowered in the resulting TSA signal. The resulting low-pass
filtering effect has been quantified in previous works and shown to correspond
to the Fourier transform of the probability density function of the phase error
[7,12]. A simple demonstration of this effect is given here in appendix B when
considering only the phase errors of the recovered tacho pulses.

Let us assume that the density probability function of the shaft phase error
δφsh(t) can be modelled as a Gaussian function (see section 4 for justification),
with zero mean and standard deviation σ[δφsh] given by eq. (10). This error
being expressed as a phase (in radians), it must be related to the jitter error
of the recovered tacho pulses on each shaft period, which is: σ[δφsh]/(2π)
shaft period. The corresponding low-pass filter (in order domain) will also
have a Gaussian shape with a 3dB cut-off order equal to:

√
ln 2/σ[δφsh] '

0.83/σ[δφsh]. Thus we define the 3dB cut-off order o(k)
c of the TSA signal

estimated from mesh harmonic k as:

o(k)
c =

0.83

σ[δφsh]
= 0.83

√
2 k Nsh 10SNRk/20 (orders) (14)

Cut-off order o(k)
c represents the maximum ”resolution” in terms of shaft orders

recovered in the estimated TSA signal, and the ratio o(k)
c /Nsh represents the

resolution in terms of the number of recovered mesh harmonics. Eq. (14) shows
that this ratio depends on two parameters: the rank k and the SNRk of the
mesh harmonic k selected for speed estimation. Shaft orders above the cut-off
order are expected to be affected by phase errors and so will be lowered by
the averaging process. This effect will be illustrated in next section on a real
case.

4 Real case study

The gearbox under study is a two-stage helical reduction gearbox with ratio
20.5:1 designed by WYKO Fenner UK and here used in a wastewater treat-
ment installation. It is driven by a 1.5kW motor. The output shaft speed is
about 70rpm. Fig. 2 shows the gearbox under experiment as well as a sim-
ple schematic of the gear components with their respective number of teeth.
An optical pick-up sensor was used as a tachometer for measurement of the
output shaft speed. This speed measurement was used in a first instance in
order to validate the methodology based on TSA. Experimental conditions
are however not ideal in this outdoor environment for installation of the speed
sensor. The metallic protection covering the chain driving the paddle system
had to be removed, and consequently the reflective tape stuck onto the output
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shaft could be easily moistened and the measurement affected. Thus it would
be advantageous for future trials to avoid the need of this speed measurement.

70rpm

86 teeth
gear pinion

59 teeth
gear

13 teeth

pinion
19 teeth

motor
output

Fig. 2. Two-stage helical reduction gearbox used in a wastewater treatment site
(left) and simple schematic (right).

Fig. 3 shows the Power Spectral Density (PSD) in the low frequency part of
the vertical acceleration signal measured on the casing near the output bearing
(see figure 2). The first three harmonics of the output stage mesh (at ' 69Hz)
are indicated. Some electrical components can be observed at 50 and 100Hz.
The strong component at about 30Hz is related to the load (chain driven by
the gearbox). Although the highest mesh harmonic is here the second one,
it appears to be also the noisiest of the three (Tab. 1 lists the local SNR
estimated for each component).

4.1 Phase error of the recovered tacho pulses

The tachometer signal will be used here as a reference for the comparison
between the recovered tacho pulse instants with the measured ones. The har-
monics of the output stage mesh are first band-pass filtered with a band-
width 2B equal to the lowest shaft speed (here the output shaft at 1.2Hz).
This bandwidth is chosen in order to allow a maximum speed fluctuation, i.e.
B = Bmax = 0.6Hz (eq. 5).

The estimated and maximum allowed speed fluctuations are shown in table 1
for the first three mesh harmonics (for higher harmonics the estimated speed
fluctuation becomes higher than the allowed one and so may be affected by
unwrapping errors). Phase demodulation of each one of the mesh harmonics
yields an estimation of the shaft angular position. Fig. 4 shows the analytic
signal obtained after band-pass filtering and demodulation of the first two
mesh harmonics, performed by selection of the part of the Fourier transform
and then translation to zero frequency. The second harmonic appears much
noisier than the first one here. The tacho instants are then recovered and
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Fig. 3. Low frequency part of the spectrum of the vertical acceleration measured on
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mesh (' 69Hz) are indicated.

the tacho phase errors are computed as the difference between the measured
and recovered tacho instants (with time origin taken at the first measured
tacho pulse). The distributions of the tacho errors computed on a 200s signal
duration (about 230 rotations of the output shaft) are shown on fig. 5 for the
first two mesh harmonics. Note that the Gaussian assumption regarding the
shape of the error distribution made in section 3.4 seems to be reasonable
here.
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Fig. 4. Representation of the demodulated analytic signal in the complex plane
from: first mesh harmonic (left), second mesh harmonic (right).

The experimental tacho phase error can now be compared with the phase
error standard deviation predicted from the local SNR of the mesh harmonics
(eq. 9). Results in Tab. 1 show that the standard deviation of the predicted
phase error is relatively well in accordance with the experimental one for the
first three harmonics of the output stage mesh. This result validates the phase
error estimation based on the local SNR of the mesh harmonic.
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Table 1
Local SNR and speed fluctuation estimated for each mesh components and com-
parison of the predicted and measured phase errors for the output shaft.

output stage input stage

Mesh harmonic demodulated 1st 2nd 3rd 1st

estimated local SNR (dB) 22 7 13 17

cut-off order of the TSA 970 320 920 3220

estimated speed fluctuation (%) 0.19 0.38 0.23 0.31

maximum allowed fluctuation (%) 0.85 0.42 0.28 0.58

Output shaft phase error (std dev. in degree)

predicted from local SNR 0.048 0.145 0.051 0.015

measured from tacho signal 0.068 0.166 0.096 0.057

4.2 Comparison of the estimated TSA

The TSA signal is now computed for the three mesh harmonics of the output
stage after resampling by using the TPR interpolation method (section 3.2).
The TSA is affected by the phase error by a low-pass filter which 3dB cut-
off order, defined by eq. (14) in section 3.4, is inversely proportional to the
phase error standard deviation. Fig. 6 compares the spectra of the TSA signals
(obtained by Fourier transform of the TSA) estimated from tacho signal and
the first two mesh harmonics. Although the two TSA spectra for tacho and
mesh fundamental appear very similar, the low-pass filtering effect is clearly
observed when using 2nd mesh harmonic (due to a lower local SNR of this
component): on this spectrum the higher mesh harmonics (rounds) are low-
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ered compared to the other two spectra. The cut-off order estimated for 2nd
harmonic (320) seems in accordance with the low-pass filtering effect observed
on the spectrum.

4.3 Use of the input stage mesh

The speed estimation can also be performed by using the input stage mesh
between the motor and inner shafts of the gearbox, running at about 450Hz
(see fig. 2). In this case however only the mesh fundamental can be used since
from second harmonic the estimated speed fluctuation becomes higher than
the maximum allowed one by eq. (6).

4.3.1 for estimating the output shaft TSA

In this case, in order to recover the output shaft angular position φout(t), the
phase modulation of the input mesh fundamental is first divided by the number
of teeth of the inner shaft gear (86), which provides the instantaneous angular
position of this shaft: φin(t), and then further divided by the gear ratio R of
the output stage (R = 59/13 ' 4.54). As a consequence the phase error of the
output shaft should in theory be R times lower than that of the inner shaft.
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The phase error standard deviation estimated from the local SNR of the input
mesh frequency is 0.068deg. for the inner shaft, which gives an theoretical error
of 0.015deg. for the output shaft. However, the experimental error obtained
by comparison of the recovered tacho pulses with those of the measured tacho
signal is almost 4 times higher (see table 1). This brings to the conclusion
that the phase error of one shaft cannot simply be divided by the gear ratio
of the stage to estimate the phase error on the other shaft. This is likely to
be due to the transmission errors in the meshing process (static transmission
error, tooth deflection, torsional vibrations of the shafts) which are not taken
into account here in the model. A better estimation of the output phase error
would require further modelling of these effects, which is out of the scope of
this paper. However the experimental phase error obtained from the input
stage is still lower than that of the output stage, whatever harmonics. This
comes from the fact that we use a higher frequency component, so that the
phase errors in the transmission are compensated by a better accuracy of the
demodulated phase.

4.3.2 for estimating the inner shaft TSA

For estimation of the inner shaft angular position and TSA, the input stage is
more advantageous than the output stage (in the case of a reduction gearbox).
By using the output stage the phase error for this shaft is 0.24deg. (with 1st
harmonic), corresponding to a cut-off order of about 200, whereas by using
the input stage the error is reduced to 0.068deg. (690 orders). The effect on
the TSA signal can be observed on figure 7: the spectrum contains higher
frequency components when using the input stage compared with the output
stage. The low-pass filtering effect can also be observed on the TSA signal.
This difference in phase error is mainly due to rather different number of teeth
of the inner shaft gears at the input and output stages (86 and 13 respectively).
Thus when two wheels are connected to a same shaft, the one with the higher
number of teeth, i.e. with the higher mesh frequency, should be preferred
(similarly to a shaft encoder).

In conclusion, the use of the input stage mesh performs well for both the
output and inner shafts. It is also obviously preferable to use for the TSA
of the motor shaft. However the maximum allowed speed fluctuation is lower
here because the input stage gear has a higher number of teeth than the one
at the output stage (see table 1).
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Fig. 7. Estimated TSA signals for the inner shaft of the gearbox (500 averages)
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4.4 Comparison of the Tacho Pulse Recovery and Spline interpolation meth-
ods

The TSA signals in previous sections were estimated by using the Tacho Pulse
Recovery (TPR) method presented in section 3.2. In this section we compare
results when using the Spline Angular Resampling (SAR) method [3]. Fig. 8
shows the interpolated tacho pulses of the TPR method on the estimated shaft
phase fluctuation. Although this method assumes a piecewise linear model of
the phase fluctuation, the difference between the model and the real phase fluc-
tuation remains small because the estimated phase is slowly varying, so that
we can expect the TSA signal not to be too affected by this approximation.

4.4.1 in the rate of convergence of the TSA

In order to compare the TSA signals for both interpolation methods, we ob-
serve how the TSA energy decreases versus the number of averages n. For a
purely random signal, the energy decreases as 1/n, thus forming a straight line
in a log-log diagram. For a gearbox signal the situation is more complex since
the decrease is not as regular due to interferences from other shaft compo-
nents [13]. However when all random and non-synchronous components have
been averaged out the TSA energy should stop decreasing and converge to a
constant value, ideally represented by a horizontal line in the diagram (note
that this method could be an empirical way to estimate the required minimum
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number of averages, but this is not further developed here).

Fig. 9 shows the decrease of the output shaft TSA energy versus n for both
interpolation methods when using the output stage mesh fundamental. On the
left figure the convergence is assessed to be reached at about 100 averages and
the final value is almost identical for both methods (0.03dB difference). On the
right figure the signal has first been low-pass filtered with a cut-off frequency
corresponding to the estimated cut-off order for this mesh component (970
orders). In this case no significant difference appears between the two methods.
Note the convergence seems faster with prior low-pass filtering: this is due to
the fact that orders higher than the cut-off order are affected by the phase
error (the remaining jitter effect) so that their amplitudes in the TSA are
slowly decreasing with the averaging process.

4.4.2 in the computation time

We now compare in table 2 the computation time for both methods. As ex-
pected in section 3.3 the SAR method appears to be more demanding in time
and in memory space than the TPR method. Indeed for a long signal duration
(300s) the usual spline resampling function running under Matlab on a stan-
dard PC could not be computed due to a memory error, whereas for the TPR
method the computation time remains small and increases in a more linear
fashion. Therefore we argue that the TPR method should be preferred in a
real time environment due to its gain in simplicity and in computation cost
and its efficiency.
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Fig. 9. Decrease of the output shaft TSA energy versus the number of averages for
the tacho recovery and spline resampling interpolation methods: full range frequency
spectrum (left), range limited to cut-off order 970 (right). No significant difference
appears in the TSA energy rate of convergence between the two methods.

Table 2
Computation time of the output shaft TSA for both interpolation methods and for
different signal lengths (100s representing 1125000 samples or 118 shaft rotations).
Programs are running under Matlab on a PC with 3GHz clock speed and 1Go
memory.

Interpolation method signal duration: 100s 200s 300s

Tacho Pulse Recovery computation time: 3s 4s 5s

Spline Angular Resampling 8s 40s pb memory

5 Proposed methodology for estimation of the time synchronous

average without speed sensor

Based on the previous theoretical developments and experimental study we
now propose a complete methodology for the estimation of the TSA signal of
a particular shaft in a gearbox by speed estimation from the mesh vibration.
Figure 10 presents the flow chart of the proposed methodology. Each step is
now detailed in the following.

The method first requires an a priori value of the shaft speed and the number
of teeth of the two gears in mesh at the considered stage. The mesh frequency
is then adjusted to its actual value by a peak detection performed on the
signal spectrum in a certain frequency range around the a priori mesh fre-
quency (eg. ±5%). In order to avoid spurious maxima, the spectrum is first
smoothed by convolution with a narrow window (we used a Parzen window
with a 9 frequency bin width). Also, for a better robustness in the detection,
we recommend to use several mesh harmonics by accumulating the spectrum
amplitudes at multiples of the search frequency (eg. 3 harmonics).
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The next step is to estimate the local SNRs for a set of mesh harmonics (eq.
11). The filter half bandwidth is set to half the slowest gear speed in order to
allow maximum speed fluctuation (eq. 5). The cut-off order for each harmonic
is then computed via eq. (14). The selected harmonic at this stage will be that
with the highest cut-off order for the TSA signal (or with the lowest phase
error of the estimated speed). We performed this selection among the five first
harmonics only since higher harmonics generally have a lower SNR.

The previously selected harmonic is then demodulated and the shaft angular
position is estimated (eq. 7). Before angular resampling, a test is performed
on the estimated speed: the peak-to-peak speed fluctuation must be lower
than the maximum allowed one (eq. 6). If this is not the case it means the
estimated speed is not accurately estimated (unwrapping problems may have
occurred) and a lower rank harmonic is selected and then again demodulated.
This scheme is performed as long as the speed test is not satisfied. If even the
first harmonic does not pass the test it means the speed fluctuation are too
high for the method to perform. In that case the use of another stage can be
considered.

Once the shaft instantaneous position has been estimated, the tacho pulse
instants are recovered and each rotation period is resampled up to a constant
number of samples (which must be higher than the highest number of samples
per period in order to avoid aliasing). The average of all resampled shaft
periods provides the TSA signal for the considered shaft.

It should be noted that the proposed methodology applies for one stage of the
gearbox only. The choice of the stage will depend on the application consid-
ered: if we are interested in monitoring the output gear only then the output
stage should be preferred since we have here a higher allowed speed fluctua-
tion and also a good agreement between the experimental and predicted phase
errors (Tab. 1). However if all gears need to be monitored in the gearbox then
all TSA signals of all shafts need to be estimated. In that case the input stage
should be preferred as shown in section 4.3. It is even possible to perform
only one angular resampling and then to estimate the TSA of each shaft by
extracting the appropriate components in frequency domain [7].

6 Discussion

A particular problem mentioned in [3] can arise when a ”parasite” component
is included in the demodulation bandwidth of a particular mesh harmonic.
The effect of the parasite component will be first to decrease the local SNR
and so to lower the cut-off order for this harmonic, and second to create an
additional strong fluctuation in the estimated speed, so that it is likely that
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Fig. 10. Methodology for estimation of the TSA of a particular shaft in a gearbox
without speed sensor.

the mesh harmonic will not pass the speed fluctuation test in that case.

Table 3
Selection of input stage mesh harmonic for estimating the inner shaft TSA. The
third harmonic is here selected (highest cut-off order). The SNR of first harmonic
is low here due to a parasite component close to this mesh.

mesh harmonic 1 2 3 4 5

local SNR (dB) -1.4 13.5 13.9 1.1 8.9

cut-off order 84 938 1478 448 1376

Table 3 presents an interesting case when estimating the inner shaft TSA for a
different type of load coupled to the same gearbox. In this case the input stage
is used and the mesh frequency is estimated at 452.5Hz after peak detection.
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Fig. 11. Estimated TSA from tachometer (top) and from mesh second harmonic
(bottom) for a spur gearbox with a simulated 10% surface pitting on one tooth of
the gear. A time shift appears between the two TSA as the zero angle position is
undetermined when using the proposed method for speed recovery.

The filter half bandwidth is set to Bmax = 2.7Hz (inner shaft speed is 5.4Hz).
The local SNRs and the cut-off orders are estimated for the first five mesh
harmonics (see table 3). The third harmonic is here selected due to its highest
cut-off order. Note that the first harmonic SNR is abnormally low here: an
inspection of the spectrum reveals an electrical component at 450Hz which is
inside the demodulation bandwidth of this harmonic. This parasite component
is the reason for this low SNR. The estimated speed fluctuation for the third
harmonic is 0.11% (0.19% max.). By using first harmonic it would have been
0.33% due to the parasite, which is however still in the allowed range (0.58%).
Thus in this particular case the parasite is discarded by the SNR estimation
rather than by the test on the speed fluctuation.

The proposed methodology has also been tested with success on other types of
industrial gearboxes, especially with spur gears. However the helical gearbox
presented here was a more difficult case since the mesh harmonics were found
to be lower than that of the spur gears. The tested gearboxes being used under
relatively steady loading conditions, we have not found so far cases where the
speed fluctuation limitation prevented the method to perform. It should be
mentioned however that one drawback of the method is that, contrary to a
tachometer, we have obviously no more angular reference available here for
the localisation of a fault on the gear, as shown on figure 11.
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7 Conclusion

The purpose of this paper was to extend the original idea proposed in [3] for
angular resampling by using the mesh vibration of a gearbox and to propose
a general methodology that could be used as an automated scheme for condi-
tion monitoring of gear systems without the need of a speed sensor. First the
angular precision of the shaft has been quantified by the phase error standard
deviation, which is related to the local signal/noise ratio (SNR) of the demod-
ulated mesh harmonic. By assuming a normal distribution of the phase error,
the corresponding low-pass filtering effect on the TSA can be quantified by
its 3dB cut-off order, which depends on both the rank and the local SNR of
the selected mesh harmonic. Comparison on a real case shows good agreement
between the predicted and measured (from a tachometer) phase errors of the
estimated shaft angular position, and the filtering effect on the TSA signal
has also been observed for some mesh harmonics. Furthermore an alternative
method for angular resampling of the signal from the estimated speed has
been proposed: the Tacho Pulse instants Recovery. This method showed no
significant difference compared to the spline interpolation method. Its advan-
tage is to be much less demanding in computation time and in memory space,
especially for relatively long signal duration, and is thus better adapted to real
time applications. Finally a methodology has been proposed for estimation of
the TSA without speed sensor, which requires only an a priori estimation of
the shaft speed and the number of teeth of the meshing gears. The choice
of the stage to use has been discussed and will generally depend on the ap-
plication considered. The proposed methodology forms an automated scheme
which could be easily implemented and can be useful for condition monitoring
applications where speed measurement is not advisable due to difficult envi-
ronmental conditions. One drawback of the method is obviously that no more
angular reference is available for the TSA for the localisation of a fault on the
gear.
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A Relation between phase error and local SNR in the demodula-

tion band

The signal from model (1) after band-pass filtering of mesh harmonic k and
frequency shift to zero is written

x(t) = Xk cos ϕk(t) + b(t) (A.1)

where ϕk(t) = φk(t) + Φk is the phase modulation to be recovered and b(t) is
the noise present in the filter bandwidth, assumed zero mean and with variance
σ2

b . After applying the Hilbert transform, we obtain the analytic signal:

x̃ = Xke
jϕk + Bejβ (A.2)

with j2 = −1, the time dependency being omitted here. In eq. (A.2) Xk is
a constant, ϕk is a deterministic function of time, B and β are random and
represent the analytic function of noise b(t) (so that b = B cos β). By assuming
β uniformly distributed in interval [−π, π] the variance of noise b is

σ2
b = E[|B cos β|2] = σ2

B/2 (A.3)

The signal to noise ratio (SNR) in dB of demodulated signal x is written

SNR = 10 log
X2

k/2

σ2
b

= 20 log
Xk

σB
(A.4)

The analytic signal x̃ is represented as a vector in the complex plane on figure
A.1. At one given instant t, the effect of the additive noise of amplitude B will
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be to create a phase error δ on the estimated phase ϕ. The resulting position
of the analytic signal is located on a circle of radius B, all points on this circle
being equiprobable since angle β is assumed randomly distributed. From this
figure we can write the trigonometric relation:

tan δ =
B sin β

Xk + B cos β
(A.5)

By assuming a relatively good SNR, the noise amplitude B remains small
compared to Xk, so that (A.5) can be simplified by

tan δ ' δ ' B sin β

Xk
(A.6)

The mean phase error of δ is zero. The variance is

σ[δ]2 =
E[B2 sin2 β]

X2
k

=
σ2

B

2X2
k

(A.7)

since E[sin2 β] = 1/2. Thus the phase error standard deviation is related to
the local SNR at mesh harmonic k by

σ[δ] =
1√
2

10−SNR/20 (A.8)

B Effect of the tacho phase error on the time synchronous average

Due to the phase error of the shaft angular position estimation, the tacho
pulse instant at rotation i is estimated with an jitter error εi. After angular
resampling, the shaft ith rotation period xi(t) can be written

xi(t) = s(t − εi) + bi(t) (B.1)

where s(t) is the deterministic part of the signal which is periodic with the ro-
tation period of interest and b(t) represents the random and non-synchronous
sources. The ”ideal” time synchronous averaged (TSA) signal, i.e. after suffi-
cient number of averaging, is

mx(t) = E[xi(t)] = E[s(t − εi)] (B.2)

The TSA being exactly periodic, its spectrum (orders) is simply computed by
a Fourier transform. Assuming commutativity with expectancy (linear opera-
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tors) we get:

Mx(f) = FT{mx(t)} = E[S(f) e−j2πfεi] (B.3)

where S(f) = FT{s(t)} is deterministic. By denoting p(εi) the probability
density function of random variable εi, we obtain:

Mx(f) = S(f).E[e−j2πfεi] = S(f).
∫

e−j2πfεip(εi)dεi = S(f).Φ(f) (B.4)

where Φ(f) represents the Fourier transform of p(εi), which acts as a low-pass
filter on the TSA spectrum. The narrower is p(εi) (the lower is the phase
error), the higher is the cut-off frequency (or cut-off order) of filter Φ(f) and
the more orders of signal s(t) can be recovered in the TSA.
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