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Robust Transceiver with Tomlinson-Harashima
Precoding for Amplify-and-Forward MIMO
Relaying Systems

Chengwen Xing, Minghua Xia, Feifei Gao, and Yik-Chung Wu

Abstract—In this paper, robust transceiver design with
Tomlinson-Harashima precoding (THP) for multi-hop amplify-
and-forward (AF) multiple-input multiple-output (MIMO) relay-
ing systems is investigated. At source node, THP is adopted to
mitigate the spatial intersymbol interference. However, due to its
nonlinear nature, THP is very sensitive to channel estimation
errors. In order to reduce the effects of channel estimation
errors, a joint Bayesian robust design of THP at source, linear
forwarding matrices at relays and linear equalizer at destination
is proposed. With novel applications of elegant characteristics of
multiplicative convexity and matrix-monotone functions, the op-
timal structure of the nonlinear transceiver is first derived. Based
on the derived structure, the transceiver design problem reduces
to a much simpler one with only scalar variables which can
be efficiently solved. Finally, the performance advantage of the
proposed robust design over non-robust design is demonstrated
by simulation results.

Index Terms— Amplify-and-forward (AF), multiple-input
multiple-output (MIMO), Tomlinson-Harashima precoding, ro-
bust design, majorization theory.

I. INTRODUCTION

RANSCEIVER design for amplify-and-forward (AF)

multiple-input multiple-output (MIMO) relaying systems
attracted a lot of attention recently, as it has a great potential to
enhance the communication range of a simple point-to-point
system, while providing spatial diversity and multiplexing
gains. AF MIMO relaying systems have a broad range of
potential applications including resource exploration, vehicle
communications, military ad hoc networks, satellite commu-
nications, etc [1]. This system has also been considered to
be adopted in the emerging wireless systems, such as LTE-
Advanced and WINNER project.

Linear transceiver design for dual-hop AF MIMO relaying
systems has been extensively studied in [2]-[12]. In particular,
joint design of relay forwarding matrix and destination equal-
izer minimizing mean-square-error (MSE) of data streams
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is discussed in [4]. Joint design of source precoder, relay
forwarding matrix and destination equalizer minimizing MSE
is investigated in [5], [6], [9]. The capacity maximization
transceiver design has also been reported in [2], [3], [9]. On the
other hand, linear transceiver design for multi-hop AF MIMO
relaying systems with prefect channel state information (CSI)
is discussed in [12]. Furthermore, robust design, which takes
channel estimation errors into account, is recently investigated
in [7], [8], [10], [11], where the channel estimation uncertainty
is considered as nuisance parameters and removed in Bayesian
sense.

In general, there are two goals in transceiver designs:
transmitting as much information as possible and recovering
the signal at receiver as accurately as possible. The latter one
is the starting point of this paper. For multiple-antenna systems
with fixed bit rates, it is well-known that nonlinear transceivers
usually have performance advantage in terms of bit error
rate (BER) than their linear counterparts [13]-[15]. Recently,
nonlinear transceiver design for AF MIMO relaying systems
assuming perfect CSI, was introduced in [16]. There are
two kinds of nonlinear transceiver design: decision-feedback
equalization (DFE) based design and Tomlinson-Harashima
precoding (THP) based design. In fact, there exists a duality
between these two designs [16], [17]. However, as THP is
performed at transmitter, it is free of error propagation com-
pared to DFE based one. THP is the transmitter counterpart
of the vertical BELL-Labs Layered Space-Time (V-BLAST)
system. THP can effectively mitigate intersymbol interference
or multi-user interference, and is also widely used as one-
dimensional dirty paper coding (DPC). Due to its nonlinear
nature, unfortunately, THP is more sensitive to channel es-
timation errors than its linear counterpart. In the presence
of channel estimation errors, the performance of THP would
degrade severely [18]. Therefore, robust nonlinear transceiver
design is a promising way to mitigate such problem. This is
the motivation of the current work.

In this paper, we consider a general multi-hop AF MIMO
relaying system. The THP at the source, linear forwarding
matrices at multiple relays and linear destination equalizer
matrix are jointly optimized under channel estimation errors
at all terminals. As in this case many design objectives of
THP can be considered as a multiplicatively Schur-convex
or multiplicatively Schur-concave function, in this work, a
unified optimization problem is investigated whose objective
functions are multiplicative Schur-convex/concave. With novel
applications of results in multiplicative Schur-convexity and
matrix-monotone functions, the optimal diagonal structure of

0733-8716/12/$31.00 (© 2012 IEEE
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the transceiver is derived. With the obtained optimal struc-
tures, the transceiver design is then significantly simplified
and then iterative water-filling alike solutions are adopted to
solve for the remaining unknown variables. It is found that
if the objective function is multiplicatively Schur-concave,
the proposed nonlinear transceiver design reduces to linear
transceiver design. The performance advantage of the pro-
posed robust design is assessed by simulations and is shown
to perform much better than the corresponding non-robust
design. Notice that while delay is a critical consideration
for relaying communication, in this paper, we assume that
the network size is limited and the effects of time delay in
transmission are not considered.

The following notations are used throughout this paper.
Boldface lowercase letters denote vectors, while boldface
uppercase letters denote matrices. The notation Z" denotes
the Hermitian of the matrix Z, and Tr(Z) is the trace of the
matrix Z. The symbol Iy denotes an N x N identity matrix.
The notation Z'/? is the Hermitian square root of the positive
semidefinite matrix Z, such that Z'/2ZY/2 = Z and Z'/?
is also a Hermitian matrix. The symbol E{e} represents the
statistical expectation. For two Hermitian matrices, C = D
means that C — D is a positive semi-definite matrix. The
(n,m)'" entry of a matrix Z is denoted as [Z],, , and \(Z)
represents the vector consisting of the eigenvalues of Z.

II. SIGNAL MODEL AND PROBLEM FORMULATION
A. Signal Model

In this paper, a {-hop amplify-and-forward MIMO relaying
system is investigated, in which there is one source, one
destination and K —1 relays, as shown in Fig. 1. The source is
equipped with N ; transmit antennas. The k! relay has Ng
receive antennas and N7 ;41 transmit antennas. The destina-
tion is equipped with N i receive antennas. At the source, at
each time slot, there is a /N x 1 vector a = [al, ag, - - ,aN]T
to be transmitted. Specifically, the data symbols are chosen
from M-QAM constellation with the real and imaginary parts
of ay belong to the set A = {+1,43,- -, £(vVM —1)} .

As shown by Fig. 1, at the transmitter, the data vector
a is fed into the a precoding unit which consists of a

'In this paper, only square QAM is considered.

Multi-hop AF MIMO relaying system with Tomlinson-Harashima Precoding at the source.

N x N feedback matrix B and a nonlinear modulo operator
MOD p/(e). The square matrix B is a strictly lower triangular
matrix which allows data precoding in a recursive fashion and
the MOD (o) is defined as

MODM (x)

:a:_z\/'A_/lH;{\e/%+%J+\/__1BH\l/%+%H’ (1)

where the symbol | z| denotes the largest integer not exceeding
z. The nonlinear modulo operator reduces the output signals
into a square region [—v M, VM) x [~V M,/ M). In the
equation, Re(x) and Im(z) denote the real and imaginary parts
of x, respectively.

Generally speaking, nonlinear operation is more compli-
cated to be analyzed than linear operation. To simplify the
following analysis, as shown by Fig. 1, the nonlinear precoder
can be interpreted as the following linear operation as

k—1

b =ar — »_[Blrabi + di )
=1

where dj, = 2/ M1}, and I}, is a complex number whose real
and imaginary components are both integer. While we do not
need to know the exact value of dy, it has the effect of reducing
by into the square region [—\//V, m) X [—\/./\_/l, m) The

previous equation can be written into a compact form as

b=B+Iy) (a+d) 3)
EYe) =
where b e [bl,'-- ,bN]T, d £ [dl,-'- ,dN]T, and C is

a lower triangular matrix with unit diagonal elements, i.e.,
[Clky =0 for k <!l and [Clg = 1.

After the nonlinear operation, the vector b is multiplied
with a precoder matrix P; under a transmit power constraint
Tr(P;RpP) < P, where P; is the maximum transmit
power at the source. When the elements of a are independent
and identically distributed (i.i.d.) over the constellation and
the dimension of modulation constellation M is large, b can
be considered as i.i.d. [19], i.e.,

Rp = 2(M —1)/3Ix £ o?1y. )
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The received signal x; at the first relay is formulated as
x; = HPib+mny (5)

where H; is the channel between the source and the first
relay and n; is additive Gaussian noise with mean zero and
covariance matrix Ry, = o2 dng -

At the first relay, the received signal x; is multiplied
by a forwarding matrix P and then the resultant signal is
transmitted to the second relay. The received signal at the
second relay can be written as

X9 = H2P2H1P1b + H2P21’ll + ny (6)

where H> is the MIMO channel matrix between the first and
second relay, and ny is the additive Gaussian noise vector at
the second hop with zero mean and covariance matrix Ry, =

022 Ing . Similarly, at the kM relay the received signal is

xp = HyPypxp_1 +ny @)

with Hj, and nj, are the channel and additive noise at the k"
hop, respectively. In this paper, we considered slow fading
channels with H;, being fixed in each transmission.

The covariance matrix of nj is denoted as R,, =
072% Iny . Finally, for a K-hop AF MIMO relaying system,
the received signal at the destination is

K K—-1 K
y= [H(Hkm b+ { I P nk} +ng,
k=1 k=1 I=k+1

(®)

where Hlezk denotes Z X - -- X Zj. In order to guarantee
the transmitted data s can be recovered at the destination, it
is assumed that N7 and Np j are greater than or equal to
N [4].

In practice, the channels Hj are estimated and channel
estimation errors are inevitable. Therefore, the channel Hj,
can be expressed as

H, = ﬁk + AHk, ©)]

where Hj, is the estimated channels, and AHj, is the corre-
sponding channel estimation errors’> whose elements are zero
mean Gaussian random variables. Furthermore, the Np j X
Nt matrix AHj, can be decomposed using the widely used
Kronecker model [7], [8], [20] as AH, = 2116/2HW7;€\II,1/2,
where the elements of the Ng ;, X N, matrix Hyy,;, are i.i.d.
Gaussian random variables with zero mean and unit variance.
The specific formulas of ¥ and ¥ are determined by the
training sequences and channel estimators [7], [8], [11], [21].

B. Problem Formulation

As shown by Fig. 1, at the destination, a linear equalizer G
is adopted and is followed by a modulo operator. As the real
and imaginary parts of d are both integer multiples of 2v/M,
the effect of d will be perfectly removed by modulo operator
at the destination. As a result, estimating s is equivalent
to estimating a [14], [15]. Thus at the destination, a linear
equalizer G is used to detect the data vector s. The MSE

’In this paper, only channel estimation errors are taken into account.
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matrix of the data vector is defined as E{(Gy —s)(Gy —s)"}
[15], [19], where the expectation is taken with respect to
random data, channel estimation errors, and noise. Following
a similar derivation to that in [8], it can be shown that

®(G, {Pi}i=;, C)
=E{(Gy — Cb)(Gy — Cb)"}
= G[HgPxR,, ,PLAL + Tr(PxRy,  PRT S

K
+ R, JG" - 07G [ [ (FPy) C"
k=1

K
— o} [G I] @E.Py) c®
k=1

H
+o2CCH (10

where matrices Ry, is defined as
Ry, = E{xyx}'}
= H,P,R,, ,PIHI+Tr(P Ry, PIW,)Z, R, .
an

It is obvious that Ry, is the covariance matrix of the received
signal at the relay. Notice that Rx, = Rp = agl N.

For MIMO transceiver design, a wide range of ob-
jective functions can be expressed as a function of
the diagonal elements of the MSE matrix. For exam-
ple, for sum MSE minimization, the objective function is
f(IMSEy, --- ,MSEx]T) = 3" MSE,,, where MSE,, =
[®(G,{Pr}E |,C)|yn For product MSE minimization,
the objective function is f([MSEq,---,MSEx]T) =
Hﬁle MSE,,. Furthermore, worst-case MSE minimization
corresponds to minimizing the objective function given as
f([MSEl, s ,MSEN]T) = INaXp=1,2,.. ,N{MSEn} [9],
[13], [15], [23]. On the other hand, weighted geometric mean
MSE minimization corresponds to minimizing the following
objective function f([MSEy, - -- , MSEx]T) = [T_, MSE""
with wy > wsy -+ > wpy > 0. Therefore, a unified transceiver
design optimization problem can be formulated as

Xk—1

1 DRI T
Gmin f(IMSE4,--- ,MSExN]")
st.  MSE, = [®(G,{Pr}i—1,C)lnn

Tr(PyRy, P <Py, k=1,--- K (12

where the matrix C is a lower triangular matrix with unit
diagonal elements and Py is the maximum transmit power at
the £*" node.

In general, the objective function f(e) possesses two im-
portant properties:
(1) f(e) is an increasing real-valued vector function RV —
R, ie., for two vectors u = [uj,ug,--,uyn|T and v =
[v1,v2,- -+ ,un]T, when u, > v,, we have f(u) > f(v).
This property is natural in transceiver design. This is be-
cause for two designs resulting in [MSEy, - ﬂSEN]T and
[MSEq, --- ,MSExN]|T, suppose MSE,, < MSE,, for all n,
we will prefer the former design. This fact is reflected in f(e)
being an increasing function.
(2) f(e) is multiplicatively Schur-convex or concave, with
definitions given below.
Definition 1: For any z € R", let zp;) denotes the kP largest

elements of z and 2(k) denotes the k™ smallest elements of z,
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ie., 2] 2 2 2N and z(1) < -+ < 2. For two vectors
v, u whose elements are nonnegative, v <, u is defined as

k k N N
HU[Z—]SHUM, k=1,---,N —1 and H’UMZHUM.
=1 =1 =1 =1

(13)

Definition 2: A function ¢(e) is multiplicatively Schur-convex
if and only if v <, u implies ¢(v) < ¢(u). Notice that
¢(e) is multiplicatively Schur-convex if and only if —¢(e) is
multiplicatively Schur-concave.

Notice that Definition 2 cannot be directly used to prove
whether a function is multiplicatively Schur-convex or Schur-
concave. In practice, we need the following Lemma 1.
Lemma 1: Let ¢(e) be a continuous real-valued function
defined on D = {z : 21 > -+ > zy > 0}. Then ¢(e) is
multiplicatively Schur-convex if and only if for all z € D,

¢(Z]_, oty Rk—1, Zk/e7 Zk+1 X €, Zk+27 e 7ZN)
is decreasing in e over the following regions
1<eand z;/e > zp41 xe for k=1,--- ,N—1. (14)

Proof: See Appendix A. B

With Lemma 1 and straightforward computation, it can
be proved that the four objective functions mentioned above
are multiplicatively Schur-convex or concave. In the fol-
lowing, for notational convenience, multiplicatively Schur-
convex/concave is referred to as M-Schur-convex/concave.
Remark 1: Notice that in [14], [15], there is another way to
prove whether a function is M-Schur-convex/concave. How-
ever, the method in [14], [15] requires all input variables
21,22, ..., 2N > 0. In contrast, Lemma 1 provides a stronger
result and allows elements of z being zero.
Remark 2: The differences between our work and [14], [15]
are twofold. (a) The system considered in [14], [15] is a
point-to-point MIMO system, while our work focuses on
a multi-hop AF MIMO relaying system. (b) In the above
two works, the involved CSI is perfectly known. In this
paper, we consider a robust transceiver design under Gaussian
distributed channel estimation errors. Generally speaking, the
problem tackled in this paper is more complicated and more
challenging, because of more variables, more constraints, a
more complicated objective function.

III. OPTIMAL DESIGN OF G AND C

The linear minimum mean-square-error (LMMSE) equalizer
is obtained by setting the differentiation of the trace of (10)
with respect to G* (the conjugate of G) to be zero, and we
have
H

GLMMSE = 0} [Hx PRy,  PIAL

K
H (H,P;) C

+ Tr(PKRxK,lP%IIK)EK + R, ]!
(15)

In terms of MSE, LMMSE estimator is a dominated estimator
in linear estimators [23], i.e.,

®(Grvmise, {Pr}iei,C) < ®(G (16)

) {Pk}kKZD C)
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which implies
[@(GLyvmse, {Prtizr, O)lnn < [(G,{Pr}is1, C)lnn.

As f(e) is an increasing function, and there is no constraint on
G in (12), the optimal linear equalizer is LMMSE equalizer,
i.e., Gopt = GLMMSE~

Substituting the optimal equalizer (15) into the MSE for-
mulation (10), the MSE matrix is rewritten as

®yise({Pr}i—,,C)
K

:UbC<IN Ub H HkPk
k=1

B Tr(Pg

H
[HxPg Ry,

xK 1PK‘IIK)2K + RnK]

x [ﬁ (HyP;) C" )CH (17)

k=1

based on which the optimization problem (12) becomes
i MSEq, -+, MSEy]"
pin f(MSEy, -, MSEN]T)

s.t. MSE,, = [‘}MSE({Pk}gzp
Tr(PrRx,_ ,Pi) < P.

C)]n,n
(18)

From the definition of Ry, in (11), it is noticed that Ry,
is a function of P; with [ < k. In other words, the constraints
in (18) are coupled with each other. In order to simplify the
analysis, we define the following new variables

(19)

F, = PR/’ Qf
and Fj, = P, K" (Kp /°H, F, FiL A K.'/?
+Ive) QL (20)

where Ky, is defined as’

Kr, £ Tr(FF )5, + 00 Ing ., (21)

and the matrix Qy, is an additional unknown unitary matrix.
Based on the definition of Fj in (19) and (20), it is easy
to show that FyFil = P,R,, , P} and thus the power
constraints becomes

Tr(PyRx, ,P}) = Tr(FyFi) < P (22)

Therefore, in terms of the new variables Fy, the power con-
straints become independent of each other, which facilitates
further manipulations.

Meanwhile, using (19) and (20), the MSE matrix is further
reformulated as (23) on the top of the next page. Based on
(22) and (23), the optimization problem (18) is simplified as

1 “ e T
pin F(MSEy,--- ,MSEN]")
st. MSE, = o} [C(Iy — Qil©Q,)C"]
e =MIQll.. MiQlQxMf---Q,M,
Tr(FrFY) < Pe, QiQk = Ing,. 24)

Notice that the largest singular value of M}, is smaller than
one. Therefore, the largest eigenvalue of ® is smaller than

3Puttmg the definition of Fy, into (11) and comparmg (11) with (21), the
matrix Kg L can be interpreted as the equivalent noise covariance matrix at
the k" hop.
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H
Byise(Qr, {Fr}f,,C)=C (IN = Q%}{ [TIQ:(xs A, P FIATK, 2 + INR,J—”QK;i”ﬁka]}

k=1

K
x { [TiQx Ky AP FEREIK, 2 + INR,ul”K;;/Qﬁka]}Qo) co?
k=1

AM,,
=0 C(Iy — Qy MI'QI'MY'Qy - -- Mg Qi Qx Mk - - - Q2M2Qi M, Q)C'. (23)
20
one (see Appendix E) and then Iy — Qll©Q is a positive be established [24]
definite matrix. With the Cholesky factorization N 1
T
(In — Q'®Qq)o} = LLY @5 lH(l —M(O)| @1y < [[LF,,- Lk N s
n=1
where L is a lower triangular matrix, and the definition of (31)

MSE,, in the second line of (24), we have

MSE, = o7[C(Iy — Q{©Qo)C"],.
= ([CH]:,n)HLLH[CH]:m
n—1

L2 |[(CLD™H) i * + L]

n,n
1

Io s (26)

where D is a diagonal matrix defined as

D = diag{[Ly,1, -, Lan]"}

L

Y

27)

In order to make the equality in the final line of (26) to hold,
we need Y7} [L)?,|[(CLD~)H]; ,|> = 0, whose solution
is

Copt = DL (28)

As a result MSE,, = [L], ,, and the optimization problem for

robust transceiver design is formulated as

in LR ] )
st. op(In — QHOQy) = LLY

® = MII{QI;I .. 'M%Q%QKMK e QiM;
Te(FiF}) < Po, QQr =1y, (29)

IV. OPTIMIZATION PROBLEM REFORMULATION FOR F,
A. Optimal Solution of Qg

Because the objective function of the optimization problem
(29) is M-Schur-convex or M-Schur-concave. In the following,
we will discuss the two cases separately.

M-Schur-convex:
Taking the determinant on both sides of (25), we have

N

N
o7 (Iy = QY'OQu)| = [JII%., = o™ [[(1 - Au(©))

n=1 n=1

(30)

where )\, (®) is the n'" largest eigenvalue of ©. Based on
(30), the following multiplicative majorization relationship can

where the symbol ® denotes the Kronecker product and 1
is a NV x 1 all-one vector. With Definition 2 and f(e) being
a M-Schur-convex function, (31) leads to

1
N

®1N )

N

FUILE e LR n] ) £ o7 [Hu—An(@»

n=1

29(x(0)]
(32)

where A(®) = [A\1(®),---,An(0O)]T. The equality in (32)
holds when < in (31) is replaced by equality, which means
that [L]2 , are identical for all n. Notice that from (25), we
can write LL" = 67Q}(I — ©)Qy. Since I — © is positive
definite, there always exists an unitary matrix Qg which makes
the Cholesky factorization matrix of Q(I — ©)Qq have
identical diagonal elements [15]. An explicit algorithm for
constructing such Qg is given in Appendix B.
M-Schur-concave:

From definition of L in (25) and based Weyl’ theorem [25],

we have

(L2, [Ln]’ <« o2[ln —A(@).  (33)

Applying f(e) on both sides of (33) and with Definition 2,
we have

T
UL - LRn] ) 2 flofin = X(©O)). (34)
£9[x(®)]
The equality in (34) holds when <, in (33) is
replaced by equality, which means that [L]?
equals to oZ[l — X\,(©)]. On the other hand, taking
eigenvalues on both sides of (25), we can obtain

oIy — A(©)] = [AN(LL"), - A (LLT)]T. Therefore,
L)1, (LI ] = Aw(LLH), - A (LLE)]T, which
implies L is a diagonal matrix. With L being a diagonal
matrix, Q'®Qq is also a diagonal matrix. This can be
satisfied if we take Qo = Ug, where the unitary matrix Ug
is defined based on the eigendecomposition ® = Ug A@Ug
with the elements of Ag arranged in decreasing order.
Notice that since L is a diagonal matrix, C in (28) is also
a diagonal matrix. Based on the definition of C in (3) and with
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the fact that C is a lower triangular matrix with unit diagonal
elements, it can be seen that the feedback matrix B must be an
all-zero matrix. Therefore, when the objective function is M-
Schur-concave, THP becomes linear precoding. The optimality
of linear transceiver for M-Schur-concave objective function
has also been obtained in point-to-point MIMO systems with
perfect CSI [14], [15], [17].
Remark 3: The equal bit rate assumption at the beginning
of Section II is for the operation of the nonlinear precoder
only (this assumption also appears in [14], [15], [19]). Notice
that we have not used the equal bit rate assumption in the
derivation of the optimal solution. If the objective function is
chosen such that a linear transceiver is obtained, this equal bit
rate assumption will not appear in the solution. On the other
hand, if the objective function is chosen such that a nonlinear
transceiver is obtained, the nature of the optimal transceiver
is of equal bit rate (see the discussion below (32)). Therefore,
the equal bit rate assumption is not a restriction.
Summary:

Summarizing the previous results, when the objective func-
tion is M-Schur-convex or M-Schur-concave, the optimization
problem (29) is equivalent to

min  g[A(O)]

ks k

st. ©=M'Q! MEQEQrMf - - Qi M;
Tr(FFY) < P, QHQy =1y, (35)

where g[A(©)] equals to

FO2TIo (1= M(©)]~ @ 1y)
)

if f(e) is M-Schur-convex,

flof[in — A(©)])
if f(e) is M-Schur-concave.
(36)

It is difficult to directly solve the optimization problem
(35), because © is a product consists of matrices IMj’s which
in turn are complicated functions of the variables Fy’s. In
order to simplify the optimization problem (35), we exploit the
multiplicative majorization theory and transforms the objective
function of (35) to be a direct function of Fy. To this end, we
first provide useful results which form the theoretical basis of
the following derivation.

g9IAM(©)] =

B. Prerequisites of Multiplicative Majorization Theory

Definition 3: For two vectors v,u € D with D = {z: z; >
- > zn > 0}, v <« 4 u is defined as

k k
HU[Z‘] SHU[Z'], k=1,--- N
=1 =1

Notice that there is a subtle difference between Definition
1 in (13) and Definition 3. In Definition 3, when £ = N,
Hivlv < Hl 1 U] rather than H'fil v = Hiil U] in
Deﬁnltlon 1.
Lemma 2: Let ¢(e) be a real-valued function on D. Then
¢(e) is decreasing and multiplicatively Schur-concave on D
if and only if

(37)

V <y U= P(V)

> ¢(u). (38)
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Proof: See Appendix C. B
Lemma 3: When ¢(e) is increasing and multiplicatively
Schur-concave, for vvueC={z:1>2; > --- > zy > 0}

V<X,wu:>gz5(1N—v)Zgz5(1N—u). (39)

Proof: See Appendix D. B

C. Problem Reformulation

Based on the given results of multiplicative majorization
theory, the optimization problem (35) can be transformed into
a much simpler one. Before presenting the result, two useful
properties of the objective function g(e) are first derived based
on the multiplicative majorization theory.

Property 1: The vector A(®) has the following relationship

A(©)=x,w [ (Fr} o0 2 (Fr}isy), - w{Frhisy)]”

éw{mf )
FHHHK 1Hka)

K
with 7, {F , (40
where the equality holds when
Qk_VM]H,lUMkv kzlavK_l (41)

where Upng, and Vi, are defined based on the singular
value decomposition M, = UMkAM,CV&k with the diagonal
elements of Apg, arranged in decreasing order. Notice that
(41) does not cover the design of Qpg, but it can be any
unitary matrix because it always appears in the form Q%Q K
and equals to an identity matrix in the objective function.
Proof: See Appendix E. B

Property 2: The objective function g[A(@®)] in (35) is a de-
creasing M-Schur-concave function with respective to A(®).
Proof: Based on Lemma 2, it is obvious that g[A(®)]
is a decreasing M-Schur-concave function if and only if
A(O®) <x.w A(©) = g[A(®)] > g[A(©)]. In the following,
we will prove the latter.

When f(e) is M-Schur-convex, g[A(®)] = f(ab [Hf:/ (1=
A (©)]V @ 1y). Using Lemma 1, [[)_ (1 — \,(©))
can be proved to be a M-Schur-concave functlon of (©).
Furthermore, it can be easily seen that Hn: (I =X (©)) is
a decreasing function. If A(®) <y ., A(©) is true, based on
Lemma 2, we have

N N B
[T = x@©) =TT =
n=1 n=1

Together with the fact that f(e) is an increasing function, it
is concluded that

(42)

N

FEa - 2@ @ 1y)

n=1

g[A(®)]
N
> fop[JJA =M@Y @1y).

n=1

(43)

9[A(©)]
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On the other hand, when f(e) is increasing and M-Schur-
concave, g[A(®)] = f(o7[1y — A(®)]). Using Lemma 3 we
directly have A(®) < . A(©) implies

f(0i[1n = X(©)]) > f(o7[1y — A(O))).
g[A(©)]

(44)

9IA(©)]

]

Based on Properties 1 and 2, the objective function of (35)
has an achievable lower bound g[A(®)] > g[y({Fx}£ )]
with equality achieved when (41) is satisfied. When the lower
bound is achieved, we have the following three additional
observations:

(a) The constraints QEQ;C = Iy, are automatically satisfied.
(b) The objective function g[y({F;}~_,)] is independent of
Qx.

(c) When Fj’s are known, Qp’s can be directly computed
using (41).

Applying these three observations into (35), we have the
reformulated optimization problem

min - g[y({Fx}iy)]

k

»(FYH'Kg 'HF))
(FIHIKG HFy)

(45)

K
s.t. {Fk}]@ 1 H 1+ )\

k=1
TI‘(Fka ) S Pk.

V. SOLUTION OF F,

In the following, we first derive the optimal structure of
F), and then present an algorithm to solve for the remaining
unknown variables.

A. Optimal Structure of F,

Notice that g(e) is a decreasing function, and 7, ({Fy }X_,)
is an increasing function of /\n(FI,;II?IEKl;iI?Ika). Therefore,

gY({F,}E_))] is a decreasing matrix-monotone function of
FIHIK, 1HkF;€ [10]. Following the derivation in [11], it
can be proved that at the optimal solution, the power con-
straints hold at the equality, i.e., Tr(FkFE) = P, meaning
that the relays transmit at the maximum power.

Defining a variable 7, as

Nf, = OékTI‘(Fka \I’k) + o2 with ap = TI‘(E]C)/NR_’]C,

(46)

ngk

Tr(FyF}) = P is exactly equivalent to Tr[F, F} (o P+
o2 Iny,)l/nf. = Pe as proved in [10], [11], [26]. Thus the
robust transceiver design problem (45) is equivalent to
min - gly({Frhis,)]
K HEHK =1
A (FyH K HyFy)
st (i) = 11 ) FTATK T, F
i1 L A (FHE K HiyFy)

Te[FrF) (nPo®s + 02 Ing /g = Pr. (47)

It is proved in Appendix F that when Wy, oc Iy, , or Xy
Iy, the optimal solutions of the optimization problem (47)
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have the following structure

VE&(Ax) (P + 07 In, )7
X Vo, NAF, Uk, v
with & (Ax,) =02 LA —= oszr[VHk N(pPe Py + O’nk
X INT,k) 1/2 \I,k(akpkq,k‘ko'nkINT,k) 1/2
X Vg, NAZ ]}, (48)
where Ax, is a N x N unknown diagonal matrix, and
Vo, .~ and Up,p, v are the matrices consisting of the first N
columns of V4, and Uy,y,, , respectively. The unitary matrix
Uasb, is an arbitrary Ng p—1 X Npg —1 unitary matrix, and
the unitary matrix V4, is defined based on the following
singular value decomposition
(KFk /nfk)_l/Qﬁk(O‘kPk‘Ilk + U?LkINT,k)_l/Q
= UHkAHk V'gl'tk

Fk,opt =

(49)

where the diagonal elements of A4y, are arranged in decreas-
ing order.

Remark 4: In general, the expressions of ¥, and 3, depend
on specific channel estimation algorithms. Denote the transmit
and receive antennas correlation matrices and the channel
estimation error variance in the k" hop as Rz, Rg, and
o2, respectively. When the channels are estimated based
on the algorithm proposed in [21], [22], it can be shown
that ¥, = Rpy and X = Ug,k(INR,k + Ug_’kRE}k)_l
If the transmit antennas or the receive antennas are spaced
widely, we have Ry o< In,, or Rrg o< Ing,. These
imply ¥y oc Iy, , or ¥y o< In,,. Moreover, if the
length of training is large, the value of Ug_’ , Will be small
and Iy, , + af_’kRI}’lk ~ Inp,. As a result, 3 will also
approximate an identity matrix even when Rp i & In,,.
On the other hand, if the channel statistics are unknown, and
using least-square channel estimator, it can be derived that
Y o< Iy, ,, always holds regardless of the antenna correlation
or training length [8].

B. Computation of AFr,

It is obvious that in (48), the only unknown variable is Az, .
In the following, we will discuss how to solve Ax, in more
detail. Denoting the following diagonal elements as

[A'Hk]n,n [A.’Fk]nm = fk,na

substituting (48) into the optimization problem (47) and notic-
ing that {,(Ax,) = 7y (shown by (79) in Appendix F),
after a straightforward derivation, the optimization for robust
transceiver design is simplified as

g {Fi}iz))]

= hien, (50)

min
frn

K

s.t. {Fk}k 1 H fkfkn k,n

Zf;f,n = B
n=1

The solution of (51) depends on whether f(e) is M-Schur-
convex or M-Schur-concave.

(1)
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M-Schur-convex functions:

Notice that when f([MSEy,---,MSEy]T) is an M-Schur-
convex function, regardless of the specific expression of
f(e), the optimization problem (51) is equivalent to minimize
I, (1 — 7 ({Fr}E ) [15]. Therefore, the transceiver
design problem (51) equals to

N K 2 72
Hk:l fkmhk,n

log | 1 - —%
n=1 Hk:l(fl?,nhi,n + ]‘)
N
s.t. Z fl?.,n = P..
n=1

In order to solve the optimization problem (52), iterative
water-filling can be used to solve for f;; with convergence
guaranteed. More specifically, when f; ;’s are fixed with [ # k,
fr,i is computed as

min
fri

(52)

1 [~ %%n+ \/a%_’n +4(1 — ag,pn)arnhi /1

2
Tin = n, 21— apn)
+
-1 n=1,---,N
with apn = [ f2000 0/ (flahin +1) (53)
I#k
where pj is the Lagrange multiplier which makes

SN | f2, = Py hold [27]. Notice that this iterative water-
filling algorithm is guaranteed to converge, as discussed in
[28].

M-Schur-concave functions:

When f([MSEy,---,MSEN]T) is a M-Schur-concave
functions, there is no unified solution. In this case, Ar,
should be solved case by case. In the following, we use
the example f([MSEy,--- ,MSEy]T) = [[2_, MSE“" for
wyp > wg--- > wy > 0 to illustrate how to compute
Az, . For this objective function, using (36) it follows that
g (F )] = 0, TIhy (L= 3a({(Fi},)"™" and
the optimization (51) is equivalent to

N K 2 12
Hk:l fk,nhkm

wplog [ 1 — Ve
1 Hk:1 (flg,nhz,n + 1)

min
fri

n=

N
S.t. Z fl?m = Py.
n=1

Equation (54) has the same form as (52). Therefore, the
solution can also be obtained by iterative water-filling solution.
Notice that the design problem becomes linear transceiver
design problem when f(e) is M-Schur-concave.

(54)

C. Summary and Implementation Issues

The design idea and procedure of the proposed robust
transceiver are summarized in Table I. For the implementation
of the proposed algorithm, the execution order is in reverse,
i.e., from Step 8 to Step 3. Notice that in Step 8, iterative
water-filling is adopted to solve for Ax,. In general, only
local optimality of the solution can be guaranteed [29], which
is a common problem for AF MIMO relaying design [6], [9],
[26].
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TABLE 1
SUMMARY OF ROBUST TRANSCEIVER DESIGN

—_

Derive the data estimation MSE matrix (10).

2. | Formulate the optimization problem (12) with G, P and C
as variables.

3. | Derive the optimal equalizer G as a function of P, and C
given by (15). Substitute the optimal G into the optimization
problem (12) to reduce the number of variables and have

a reformulated optimization problem (18).

4. | Simplify the constraints of the optimization problem (18)

by replacing P, with Qg and Fy, and obtain an equivalent
optimization problem (24).

5. | Derive the optimal C as a function of Qj and F, given

by (28). Substitute the optimal C into the optimization problem
(24) and reformulate the optimization problem as (29).

6. | Derive the optimal Qj as a function of F;, based on
majorization theory and substitute the optimal Qg in (41)

into the optimization problem (29) to reduce the number of
variables. The optimization problem is then simplified to be (45).
7. | Derive the optimal structure of Fj, given by (48).

8. | Solve for the unknown diagonal matrices Az, in the optimal
structure using (51).

For information sharing in the implementation of the pro-
posed solution, we can consider two algorithms.
Central Algorithm:

In centralized implementation, a natural assumption is that
there is a central node performing the transceiver designs.
All other nodes send its own estimated CSI to the central
node via control channels, and after completing the design the
central node informs each node the corresponding transceiver
matrix. Since the channel does not change (or change very
slowly), estimated CSI transmitted on control channels can be
considered error-free due to low data transmission rates and
heavy channel coding.

Distributed Algorithm:

Based on the derived optimal structure F, ¢ in (48) and
(49) and the optimal Qj in (41), using the definition of
F; given by (19) and (20), we can derive that the optimal
forwarding matrix at the k' node has the following structure

P, = (Oszk‘I’k + 072%:[]\77“’,6)71/2

XVHk,NAPkU%k_hNKEif’ (55)

where Ap, is a diagonal matrix whose elements are functions
of the diagonal elements of Az for all m. It can be
seen that except Ap,, all other matrices in (55) are only
the functions of the channels immediately preceding and
succeeding the k' node. It is easy for each node to obtain
such channel information. As a result, the only information
shared among all the other nodes is the diagonal elements of
matrix Az, denoted by {fm »}2_;. Notice that {fy, }Y_,
is the solution of the optimization problem (51). Exploit-
ing the linear network topology and the fact that in the
first constraint of (51) {fm.n}Y_, appears in the form of
Hszl fenhin/(f2nhi., + 1), only local information needs
to be shared between adjacent nodes.

VI. SIMULATION RESULTS AND DISCUSSIONS

In this section, the performance of the proposed algorithms
is assessed by simulations. In the following, we consider
an AF MIMO relaying system where the source, relays
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Fig. 2. BERs of the proposed transceivers with M-Schur-convex and M-
Schur-concave objective functions when p¢ = 0, p, = 0.4, ¢2 = 0.001.

and destination are all equipped with four antennas, i.e.,
N7 = Npg, = 4. The estimation error correlation matrices
are chosen as the popular exponential model [¥;] = o2 kil
and [X;] = plrl =l [7] where p; and p, are the correlation
coefficients, and ag denotes the estimation error variance. The
estimated channels H},’s are randomly generated based on the
following complex Gaussian distributions [7], [30], [31]
2
ﬁk ~ CNNR,k;NT,k(ONR,k;NT,k7 (10,7208)2/6 ® ‘I’g), (56)

e

such that channel realizations H;, = Hj; + AH}, have unit
variance. We define the signal-to-noise ratio (SNR) for the
kth link as Py / aflk. At the source node, four independent data
streams are transmitted and in each data stream, Npat, =
10000 independent 16-QAM symbols are transmitted. Each
point in the following figures is an average of 10000 trials
and the bit error rates (BER) are computed [33]-[35].

First, we consider the objective function as weighted ge-
ometric mean MSE with equal weighting. In this case, the
objective function is both M-Schur-convex and M-Schur-
concave. There are two optimal solutions: one being linear
transceiver and the other one being nonlinear transceiver.
Fig. 2 compares the BERs of these two solutions. Both two-
hop and three-hop systems are simulated with p, = 0, p, =
0.4, 02 = 0.001, P»/o2, = Ps/on, = 30dB and Py/o?
being varied from 5 to 30dB. As expected, the nonlinear
transceiver has a better performance than linear transceiver, but
the performance improvement of nonlinear transceiver comes
at the expense of higher complexity. Comparing to linear
transceiver, the THP nonlinear transceiver has an additional
N x N triangular matrix multiplication. Thus the additional
complexity is N(1 4+ N)/2 complex multiplications and
N(N —1)/2 complex additions for each vector transmission.
Furthermore, although the three-hop system performs not as
good as the two-hop system, due to the extra hop of channel
and noise amplification, the performance of the two-hop and
three-hop systems shows the same trend. In the following,
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Fig. 3. BERSs of proposed robust design with M-Schur-convex objective
functions and the algorithm based on estimated CSI only when p; = 0.5,
pr =0, and Py /o% = 30dB.

we focus on the M-Schur-convex objective function (i.e.,
nonlinear transceiver) for two-hop system only.

Next, we investigate the effect of the channel estimation
error on the BER performance. Fig. 3 shows the BERs of
the proposed robust nonlinear design and the corresponding
algorithm based on estimated CSI only (which takes the
channel estimates as true channels) with p; = 0.5, p; = 0,
Py/o2 =30dB, and P,/o?2 being varied from 10 to 35dB.
The algorithm based on estimated CSI only is obtained by
simply setting W; = 0 in the proposed algorithm (similar
approach has been used in [20] and [21]). From Fig. 3,
it can be seen that smaller estimation errors lead to better
performance for both algorithms, but the performance of the
proposed algorithm is always better than that based on the
estimated CSI only. Furthermore, the performance gap be-
tween the proposed robust design and the algorithm based on
estimated CSI becomes larger as the channel estimation error
increases. Of course, the performance of the two algorithms
coincide when o2 = 0.

Finally, we illustrate the effects of correlation in the channel
estimation errors. Fig. 4 shows the BERs of the proposed
robust design with M-Schur-convex objective functions and
the corresponding algorithm based estimated CSI only for
different p,, when p; = 0, 02 = 0.002, P, /02 = 30dB, and
P, /o2, being varied from 10 to 35dB. It can be seen that in
addition to the fact that the performance of the proposed robust
design is always better than that based on the estimated CSI
only, as p, increases, the performance gain of the proposed
robust design with respect to that based on CSI only becomes
larger. It is most obvious when p, = 0.9 and at high SNR
at the second hop. The performance gaps come from the
fact that when correlation becomes stronger, 33 will be very
different from identity matrix. Therefore from (48) and (49),
the proposed optimal structure will be significantly different
from that of the algorithm with estimated CSI only. As the
designed precoding and forwarding matrices can be considered
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Fig. 4. BERs of proposed robust design with M-Schur-convex objective
functions and the algorithm based on estimated CSI only with different p,.,
when p; = 0, 02 = 0.002 and Py /c?, = 30dB.

as the transmission directions, Fig. 4 shows that correlation of
channel estimation error would affect the direction of data
transmission, and subsequently affect the final BER perfor-
mance. Fig. 5 shows the corresponding BERs for different
pt, with p,. = 0, 02 = 0.002, Pg/a,%2 = 30dB, and Pl/a,%1
being varied from 10 to 35dB. It can be seen that a similar
conclusion can be drawn.

VII. CONCLUSIONS

Joint Bayesian robust transceiver design for multi-hop AF
MIMO relaying systems was investigated. It was assumed
that channel estimation errors exist in CSI in all hops. At
the source node, a nonlinear Tomlinson-Harashima precoding
was used, and was jointly optimized with linear forwarding
matrices at all relays and linear equalizer at the destination.
A general transceiver optimization problem was formulated
with objective function being either M-Schur-convex or M-
Schur-concave. Using elegant properties of multiplicative ma-
jorization theory and matrix-monotone functions, the optimal
structure of the transceivers was first derived. Then, the
original optimization problem was greatly simplified and an
iterative water-filling solution was proposed to solve for the
remaining unknown variables. Simulation results showed that
the proposed robust design has much better performance than
the non-robust design.

APPENDIX A
PROOF OF LEMMA 1

Based on Definition 2, ¢(z) is M-Schur-convex over D =
{z:21>-->2y >0} if and only if for v,u € D, v <x u

implies ¢(v) < ¢(u).
For a vector z € D, define

k
Z=1[z,--,2y" and 2z =[] (57)
=1
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Fig. 5. BERSs of proposed robust design with M-Schur-convex objective
functions and the algorithm based on estimated CSI only with different p¢,
when pr =0, 02 = 0.002 and Py/c? = 30dB.

For v,u € D, it is obvious that v <y u is equivalent to

{0 < @}t and Oy = dn. (58)
On the other hand, based on (57), z; equals to
2k = Zx/Zk—1, k< Ly, (59)

where L. — 1 is the number of the nonzero elements of z.
Therefore ¢p(v) < ¢(u) can be written as

¢(1~)17’52/’51 7’5L1,/’5L1,71707"' 7)
29(9)
< (U, U2/t - -+ g, /UL, -1,0,--+,),  (60)
29(i)

Based on (58) and (60), proving ¢(z) is M-Schur-convex is
equivalent to proving when {05 < &k}kN:_ll and oy = Un
hold, we have t(v) < (). In other words, the proof
becomes to prove (o) is a vector-valued increasing function.

To prove v(e) is increasing, we only need to prove that
when 0y, < @y and 0; = @; for all I#£k, we have ¥(V) < (1)
[24]. As v, > 0 and ur, > 0, U < ug is equivalent
to U = ur/e with e > 1. Substituting 0, = Ux/e and
0 = @y for all Ik into (60) and replacing uj, = Uy /@1
for k < L, — 1, proving ¢(¥v) < (@) is equivalent to
proving ¢(uq, -+ ,ug/e, ugy1e,- -+ ) is increasing over e > 1
and ug /e > ugy1e.

APPENDIX B
ALGORITHM FOR COMPUTING Qg

Following the sufficient conditions given in [32], an explicit
algorithm for constructing Qq is given as follows. Without loss
of generality, in this Appendix, for both singular value decom-
position (SVD) and eigendecomposition, the elements of the
diagonal singular value or eigenvalue matrix are assumed to
be in decreasing order.
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Step 1: Define A based on the following eigen-decomposition

Iy —MIQY - MEQEQxMk --- QiM;) 20,
=UmAMUY,. (6D
———
LA
Step 2: Initialize S = O x n and set
JAHA|UN — [Am]n N

(S =

[Ami1 — [Am]ny

_ [[Am]ia — [AHAUN
Sl _\/ [Am]11— [AM]v N

(62)

Meanwhile, the orthogonal complement matrix of [S]. 1 is set
to be

—[S]i1 O
[S]h = 0 I (63)
[Slyi O

Step 3: Begin recursion for £ = 1,--- , N — 2. Compute a
(N — k) x (N — k) unitary matrix V(*) based on the following
eigendecomposition

(A[S].0) "I — A[S]. 1k ([S]T ., AT A[S] 1x) !

x S AM(A[S) ) = VAR (VW (64)
Then update the (k -+ 1) column of S as
[S]:k+1 = [S]:J,_lzkv(k)y(k) (65)
\/|AHA|1/N AM) N N 0
LN—k—1,
AP Jia—1 A( )]N kN—k
AR JAHA|L/N

\/ [<k> - |<k> | -+ (66)

AW = [AY N N—k

Based on the SVD S = UgAgVY, the orthogonal comple-
ment matrix of [S]. 1,511 is computed as

= [Us]: k+2:N- (67)
= [S]:Jfl:N—zv(Nig)y(Nfl)

[S]fl:kﬂ
Step 4: When k = N —1, [S]. v
|AHA|1/N

and
\/ AN, —
[A(N72)]Ll — [A(N72)]2 )
_ \/ [AMA|/N — [A(N 2)]2 2
[A(N—Q)]Ll _ [A(N—Q)]272
m Finally, Qg equals to Qo = UnS.

9y

y(Nfl) _

- (68)

APPENDIX C
PROOF OF LEMMA 2

Proof of “if”* direction

First, we will prove that for any two vectors v,u € D,
V <xw U = ¢(v) > ¢(u) implies ¢(e) is a decreasing
M-Schur-concave function over D.

When v <y, u = ¢(v) > ¢(u) holds, v <4 u =
¢(v) > ¢(u) must hold. Using Lemma 1, ¢(e) must be M-
Schur-concave over D.
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Furthermore, for v,u € D with vy < ug and v; = u; for
all i#k, we have v <y, u. Then v <, u = ¢(v) >
¢(u) implies ¢(e) is a decreasing function. Therefore, when
V <xw U= ¢(v) > ¢(u), then we have ¢(e) is a decreasing
M-Schur-concave function.

Proof of ‘“only if”’ direction

On the other hand, when ¢(e) is a decreasing M-Schur-
concave function, we need prove that v <y , u = ¢(v) >
¢(u). For any two vectors v,u € D with v <y, u we
can construct a vector 7 € D with 7; = u; for ¢ < N and
TN is chosen to makes Hfil T = Hivzl v;. It is obvious that
7~ <un.Thenif v <y , u,wehave v <y 7and 7 <« , w.

As ¢(e) is M-Schur-concave, based on Lemma 1 we
directly have ¢(v) > ¢(7). Furthermore, since the difference
between 7 and u is only in the last element with 7y < uy,
as ¢(e) is decreasing, we have ¢(7) > ¢(u). Combining the
two inequalities, we have ¢(v) < ¢(u).

APPENDIX D
PROOF OF LEMMA 3

Based on Lemma 1, it can be proved that Hle (1—z;) is an
M-Schur-concave function. It is also obvious that Hle (1—2)
is a decreasing function forz € C = {z: 1> 2 > --- >
zny > 0}. Using Lemma 2, for v,u € C with v <4 ,, u, we
have

k
H1—UZ>H1—uz>o k=1,---,N. (69

i=1

*U( ) —u( )

We construct a vector # = [7(1),--+ ,F(n]" with %(1- =
iy for i < N and 7(y) is chosen to makes [[;_, 0y =
[I;=1 7(;) hold. It is obvious that 7(n) > wu(y). As the only
difference between 7(;) and u(;) is at i = N, when ¢(e) is in-
creasing, we have ¢(7) > ¢(f) where @t = [i(1), - -+ , G(w)] T

On the other hand, based on (69) and the fact that 7;) = ;)
for ¢ < IV, it can be concluded that (a) Hle Oy = Hle ()
for 1 < k < N. Based on the definition of 7, it can also
be concluded that (b) Hfil Oy = sz\il 7y > 0. Results (a)
and (b) implies ¥ <. 7 where ¥ = [0, ,0(n)]" [24].
As ¢(e) M-Schur-concave, using Lemma 1, we have ¢(v) >
¢(7). Together with the conclusion in the last paragraph, we
can obtain ¢(¥V) > ¢(i). Finally, with v = 1y — v and
@ = 15 — u, the proof is completed.

APPENDIX E
PROOF OF PROPERTY 1

First notice two facts in matrix theory: (a) for two matrices
A and B with compatible dimension \;(AB) = \;(BA) [24
9.A.1.a]; (b) for two positive semi-definite matrices A and B,
[Tio, M(AB) < T, A\i(A)A:(B) [24, 9.H.1.a], where the
equality holds when A and B has the same unitary matrix in
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eigendecomposition. With these two facts, we have

H M(MYQY - MEQREQrMy -+ QM)
i=1

=[[nyQY - MEQEQxM - -
i=1

x Q2M,Q;M;M'Q})

5QY - MEQIQrMy -

< Q2Mo)

et

[Ai(M
1

K2

nzla"'va (70)

where the first equality is due to fact (a) and the second
inequality is based on fact (b). Repeating the above two pro-

cesses and based on the fact that \;(M;M}) = \;(MH M)
we can obtain the following inequality
[[»e
i=1
< TN MEM N (M Mg 1) -+ A (M{My)),
i=1
Ly ({FR})
(71)

where the equality holds when Qj’s satisfy

Qr=Vm., Uy, k=1, K1, (72)

where Ung, and Vi, are defined based on the following
singular value decomposition M, = U, Am, VE,[,C with the
diagonal elements of Ay, arranged in decreasing order. Fur-
thermore, based on the definition of M}, in (23), Pyi({Fk}le)
in (71) equals to

%({Fk}g 1) H

k=1

N (FHPK G HFy)
1+ X\ (FUHIKE HyFy)

(73)

APPENDIX F
OPTIMAL STRUCTURE OF Fj,

Defining new variables

F), = 1/ /M5 (ap Pe ¥y + afzkINTyk)l/sz, and
Hi = (Kr, /np) " Hy(orx Po ¥y + 07 I, )72, (74)

the optimization problem (47) is reformulated as

min  gly({Fr}i))]
Fy
K
. (FUHIH,F)
st v ({FE An( k
n({Fkfimr) ,};[11 A (FEHEH,Fy)

(75)

When ¥y, o< Iy, , or 3y o Iy, ,, for the optimal solution
Ky, /1y, is constant [10], [11], [26] and thus H}, is constant.
Let f‘hopt be the optimal solution of (75). With the following
singular value decompositions,

HiFropt = Ua,Aa, V4, Hi = Uz, Aw, Vi, (76)
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where the diagonal elements of A 4, and A4y, are arranged
in decreasing order, we can construct a matrix Fj, equals to

Fj, =V Ax, VY, . (77)

where Ax, is a rectangular diagonal matrix with the same
rank as A4, and 1/b;€AH Ax, = Aa,. The scalar by is

chosen to make that Tr(FkFH) Py, holds.
Usmg Lemma 12 in [23] we can show that
FH Hk Hka >~ k optHk Hka opt- Together with

the formulation of 7, ({F, }/ r—1) in (75), it can be concluded
that v, ({Fr}ie,) > 'Yn({Fk opt } e 1) Since g(e) is an
decreasing function, g[y {FHE )] < g Frope )
Because Fkiopt is the optimal §01ut10n, it is impossible to
have g[v({Fi}ii1)] < glv({Fropt}izi)]. Therefore, Fy
must be the optimal sglution. Furthermore, based on the
relationship between of F; and Fy, it follows that

Fi opt = /11 (Ozkpk\I’k + U?lkINTyk)il/g\f'HkAkagk.
(78)

Notice that in general the unitary matrix V 4, depends on the
optimal solution Fk,oph However, from (75), it can be seen
that the value of V 4, does not affect the objective functions
and therefore it can be an arbitrary unitary matrix. Meanwhile,
as the minimum dimension of FR'H ', F), is N, only N x N
principal submatrix of Ax, can be nonzero. For notational
convenience, we denote that [Ax, J1.x, 1.8 = Ax,.

Substituting (78) into the definition of 7y, in (46), we obtain
a simple linear function of 7y, , and 7y, can be easily solved
to be

o2 {1 — axTr[VE, N(awPe®i+ 02 Ing, ) /2
X \Ilk(akPk\Ifk + UZL,CINT,k)_l/QV?'(k,NA?Fk]}
E(Ax,). (79)

Nfe =
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