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A Class of Optimum Nonlinear Double-Error-
Correcting Codes*
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Nonlinear double-error-correcting block codes of length (2» — 1)
(n even) are presented in this paper. They have the largest possible
number of code-words for their length and minimum distance and
are formed by adjoining to a certain linear code (referred to as the
“kernel’’} a specific subset of its cosets. The kernel results from the
juxtaposition and superposition of Bose-Chaudhuri-Hocquenghem
codes of length (2% — 1). The presented codes are systematic and
are comparable to the corresponding linear eodes with regard to the
complexity of the encoding and decoding operations.

1. INTRODUCTION

Some examples of nonlinear binary codes have been reported in the
literature over the past years (Vasil’ev, 1962; Nadler, 1962; Green,
1966). Particularly interesting for its structure and generality was the
class discovered by Vasil’ev (1962), i.e., a class of perfect single-error-
correcting group and nongroup codes containing the Hamming codes.

Recently some interest in nonlinear codes has been revived by the
discovery made by Nordstrom and Robinson (1967) of a (15, 8) non-
linear double-error-correcting code, of which previously reported (12, 5)
(Nadler, 1962) and (13, 6) (Green, 1966) nongroup codes were shortened
versions. The (15, 8) code had the interesting features of being system-
atic and of meeting the Johnson’s upper bound (1962) on the number of
code words in a code of length 15 and distance 5. Subsequently the
(15, 8) code has been described in terms of polynomial (i.e., linear)
codes over GF(2) (Preparata, 1968a): This description proved to be a
useful framework, since it led to the formal demonstration (Preparata,
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1968b) of the distance properties of the code, previously heuristically
assessed.

A question which was first asked by Nordstrom and Robinson (1967)
was whether the (15, 8) code was a member of a class of codes. The
purpose of this paper is to answer this question in the affirmative. Non-
group double-error-correcting (2" — 1, 2" — 2n) codes exist for each
even n = 4, and contain the (15, 8) code as a special case. Here again
the polynomial deseription has been the essential device in the construe-
tion of these codes.

The interesting features of these codes can be summarized as follows:
1) They contain twice as many code words as the double-error-correcting
BCH codes of the same length, which is the largest number of code words
possible for given length and distance, i.e., they are optimal; 2) their
decoding can be based on the caleulation of syndrome-like quantites and
its complexity is comparable to the corresponding BCH codes; 3) the
codes are systematic and encoding can be accomplished very simply by
shift-registers in as many time units as are required by the serial trans-
mission of the information digits.

The following sections are devoted to the description of the eodes and
to the demonstration of the properties stated above.

2. DESCRIPTION OF THE CODES:!

In the sequel all polynomials considered belong to the algebra A,_;
of polynomials over GF(2) modulo (:c2n_1"1 + 1)(n = 4). Given
a(z) € Anaa, Wie(z)] denotes the number of nonzero coefficients of
a(z); given b(z) € An, dla(z), b(z)] = Wla(z) + b(z)]is the Ham-
ming distance between a(z) and b(z). By the symbol a(z) we shall also
denote the row vector [am~1_z, @m-1_5, *+ - , @] Where a(z) = 2 ap’.

Let {m(x)} be a single-error-correcting BCH code of length 2" — 1,
generated by gi(#), a primitive polynomial of degree (n — 1); that is,
if by @ we denote a primitive element of GF(2"™), g1(a) = 0. Consider
now the code {s(z)}, whose generator polynomial has roots a, o® and 1:
clearly {s()} is a BCH code of minimum weight 6 (see Peterson (1961),
p. 167) and {s(z)} < {m(z)}. Clearly {s(x)} exists only for 2" — 1 =
2(n — 1) + 1, ie, forn = 4; whenn = 4, s(x) isidentically 0. Finally
by u(z) we denote the polynomial (™ ~*41)/(z + 1).

t There is some overlap between this section and (Preparata, 1968b) since this
work is a conceptual and chronological generalization of the latter.
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Given two polynomials a(x) and b(z), (a(z) € An-, b(x) € An)
and a binary parameter 7, we construct (2" — 1)-component vectors
over GF(2) of the form

la(@), %, b(x)].

Given m(z) € {m(z)}, s(z) € {s{(z)} and arbitrary ¢, we now set
a(x) = m(z) and b(z) = m(z) + (m(1) + Dulz) + s(z). We obtain

v = m(x), 3, m(z) + (m(1) + u(x) + s(z)] (1)
We claim that
Lemya 1. The vectors v given by (1) form a linear code @,.

Proof. The statement follows immediately from the verification that
C, is a group with respect to addition over GF(2). In fact: 1) @, contains
the additive unity [0, 0, 0], obtained by setting in (1) m(z) = 0, s(z) =
0,7 = 0;ii) @, is closed with respect to addition, since both {m(z)} and
{s(z)} are group codes.

Q.E.D.

LemMa 2. The minimum distance between any two code words of @, 18
at least 6.

Proof. Since @, is a linear code its minimum distance coincides with
the minimum weight W of its nonzero code words, which we now deter-
mine. Assume first that m(z) = 0. If also ¢ = 0, then W = Ws(z)] = 6.
Ifi = 1,then W = 1 + Wu(z) + s(z)] = 1 + Wlu(z)] — max W(s(x)]
We know that Wu(z)] = 2" — 1 and that max Wis(z)]is 2" — 6
forn > 4 or is O for n = 4 (since max W(s(z)] is the maximum even
weight of code words of the double-error-correcting BCH code) ; hence
Wz1+2""~1-2""4+6=6.

Assume now thatm(z) # 0. ¥ m(z) ¢ {s(x)}, thenm™(z) = m*(x) +
(m(1) + Dulz) + s(z) # 0 and m*(z) € {m(z)}. Tt follows that
W = Wn(z)] + Wim*(z)] = 3 + 3 = 6, since both m(x) and m™(z)
are nonzero and {m(z)} has minimum weight 3. If, alternatively,
m(x) € {s(z)}, then Wim(z)] = 6 and W = Wm(z)]| = 6. QE.D.

The number of information bits of @, is readily obtained when one
considers that the independently selectable m(x), s() and ¢ contribute
(2" — n), (2" ~ 2n) and 1 information bits, respectively. Therefore
Cpisa (2" — 1,2" — 3n + 1) linear code of minimum distance 6.

Consider now the polynomial o(z) = (™ = + 1)/g(2), ie., a
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minimum degree maximum length sequence of length (2" — 1). We
first show that

LumMa 3. There exists an s(0 £ s £ 2™ — 2) such that (fe(2))" =
2o ().

Proof. We compute the product ¢(x)e(z). Since ¢(x) is not divided
by gi(z), ¢ (2) is not zero; moreover, ¢’ («) belongs to the code generated
by o(z), i.e.

o'(z) = a'o(x) (2)

forsomer,0 < r < 27 — 2. If we multiply (2) by 2 we have %" () =
(), ie. (2 @(fv)) = 2°p(z)-2"". The lemma follows if ™" = 1,

ie.,if r+ s = 0(mod 2" — 1), or, equivalently, s = 2" — 1 — r

mod (2~ —1). Q.ED.
We define f(z) = 2'o().
A polynomial ¢(z) = az’(a = 0,1;5 = 0,1, -+~ , 2" — 2) is clearly

a minimum weight coset leader of {m(z)} for @ = 1. We now construct
vectors u of the form

u = [g(z), 0, g(x)f(2)]. (3)
We have the following leramas:
Lemma 4. The polynomial q(z) + g(x)f(x) belongs to {m(z)}.

Proof. The assertion follows immediately from Lemma 3, since

f(@)g(z) + g@)f(@)} = f(=)q(e) + f(2)g(x) = 0

ie., q(z) + q(x)f(x), being orthogonal to f(x), is divided by ¢:(x).
Q.E.D.

Levmma 5. The sum of two vectors vy and g of the form (3) admits of
the representation (n = 4)

Wt u=v+q+p (4)
with
v = [m/(z), 0, m' (z) + m'(Du(x)], m' (z) € {m(x)} Le.vEe,
g = [g(=), 0, ¢(@)], (5)
p=1[0 ,0m'(2) ],m "(x) € {m(z)}- (6)

If g(z) = 0, then m'(x) = 0; if g(x) O then either m (x) 0 or
m' (z) is a trinomial.
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Proof. Let w = [qi(x), 0, qa(2)f(w)] and s = [ga(2), 0, gu(2)f(2)]. We
have
w4+ w = () + ¢(2), 0, (¢i(2) + @(2))f(2)]. (7

Let ¢(x)f(z) = (qu(2) + ga(2))f(z) and m(z) = () + ga(x) + ().

Clearly, since (¢(z) + qi(x) + @(@)f(z) = 0, m'(2) € {m(z)}. If

qu(z) = qa(), it follows that ¢(z) = 0 and m'(x) = 0. If gu(x) = qu(2),

either ¢(z) = qi(z)(Z = 1, 2) or u(2), q2(x), q(x) are nonzero and dis-

tinct: in the former case m'(z) = 0, in the latter m'(z) is a trinomial.
This given we can write

a(z) + (@) = m'(x) + q(=)
and rewrite (7) as
u 4wy = '(2), 0, m'(2) + m'(Du()] + [g(=), 0, ¢(2)]
+ 10,0, g() + g(2)f(z) + m'(z) + m'(Vu(x)].

It is pow evident that m”(z) & (¢(x) + g@)f(x)) + m'(x) +
m'(1)u(z) € {m(z)} since it is the sum of polynomials belonging to
{m(z)}. Q.ED.

Levma 6. For any trinomial m(z) € {m(z)}
777:(0(3) — (xl)‘s(ah + a?h)
where s and h are integers modulo 2" — 1, h % 0.

Proof. Let m(z) = 2* + 2* + o’ with distinet s, 4, . Then m(a®) =
o® + o" + o, Recalling that m(a) = o' + o + &’ = 0 we have

o™ = (o' + )’ = o¥ + oY + a'al(a’ + o)

or equivalently m(a®) = a'd’a’ = o' a"™. But o/ = 1 + &
hence, letting ¢ — s = h # 0, the assertion is proved. Q.E.D.
Consider now the matrices:
Hi=""" e, 1]
Hy = [(&)"77, -, a1,
U=[1 yoee, 1,1

The matrix H = [H,", Hs", U’]" is the parity check matrix of {s(x)}
(the superscript 7’ denotes ‘“transpose’). Given a polynomial h(z), we
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define h{x)H" £ [81, Bs, ¢l as the characteristics of h(x). For arbitrary
s(z) € {s(z)}

Wih(z) + s(@)] 2 Wik(z)]
where k(z) is a minimum weight member of the coset of {s(z)} to which

h(zx) belongs. We now calculate the characteristics of some polynomials
which we shall frequently use in the sequel:

g(z) = o g(@)H" = [o', a", 1]
m(z) € {m(z)} m@)H" = [0, m(a"), m(1)] (8)
m”(z) (see (6)) m”(z)HT = [0, m' (o) + %, 1].

The first relation is straightforward. The second follows from m(a) = 0,
since m(z) € {m(z)}. To prove the last relation, recall that m”(z)
= ¢(z) + g@)f(x) + m'(Du(e) + (), and that: q(z)f(z)H"
= [a’, 0, 0], since f(z) is divided by the minimum function g;(x) of
&S andby (& + 1);m' (Du(z)H" = [0, 0, m'(1)], since u(z) is divided by
gs(x) and the minimum function g:(z) of a.

LemMa 7. For m” (z) = g(x) + ¢(z)f(z) + m' (Du(z) + m'(z), and
arbitrary s(zx) € {s(z)},

4 for even n
2 for odd n.

Proof. The characteristics of (m” (z) + ¢(z)) is [}, m'(d®), 0] (see
(8)). Wim" (z) 4+ ¢(z) -+ s(z)] is the minimum number of columns of
H which add to [, m(a®), 0]%. Since ¢ = 0, this number is even. Let
us assume that there are two elements x; and z, of GF(2"™) which
satisfy the equations

Win' (z) + q(e) + s(2)] 2 {

Tt a2 =a
3 3 / 3
I +.’)C2 =m(a).

Since o' # 0 we make the substitution y1 = (z/e), ¥ = (22/a"). After
easy manipulations we recognize that 4, and 3, are the solutions of the
single equation

¥y 4+ 14w (&) e = 0.

Since either m'(z) = 0 or m'(z) is a trinomial (Lemma 5), Lemma 6
yields m'(a¥)/a* = a" + & (0 £ h £ 2"7—2) and the previous
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equation becomes
(++@+aH+1=0

or, equivalently, letting y + o = 2

d+z+1=0. (9)
But solutions of (9) are primitive cube roots of unity, whence (9) has
solutions in GF(2"™) only for odd n. Q.E.D.

We now construet (2" — l)r-components vectors of the form
w = [m(z) + ¢(), 7, m(z) + q(z)f(x) (10)
+ (m(1) + D)u(z) + s(z)]

where m(z), ¢(z), %, s(z) are independently chosen and contribute
(2™ — n), (n — 1), 1, (2" —2n) information bits respectively, for a
total of (2" — 2n) information bits. The vectors w form a (2" — 1,
2" — 2n) code X,: the generic vector w can be decomposed as

w=v+4u (11)

where v and u are defined by relations (1) and (3), respectively. Let
w; = w3 + u; and w2 = V2 -+ U be two distinet code words of X, . Using
relations (4) (Lemma 5) we have

wtw=nmtwn)F Wt =vn+vut+tvtqgtp
or
W1+w2=v'+q+p (12)

where v 2 v, + v2 + v. Clearly v’ is an arbitrary member of €, , but
q + p can be decormposed as

4+ p = [g®), 0, ¢(2)f(z) + m'(z) + m'(1)u(=z)]
la(2), 0, g(2)f(=)] + [0, 0, m'(z) + m'(1)u(x)]
u + 00,0, m (z) + m' (1)u(x)].

When m'(z) 5 0, we recall that m'(z) ¢ {s(z)} (Lemma 5), that is
[0, 0, m (x) + m (1)u(x)] ¢ C.: hence X, is a nonlinear code. Further-
more, in (11) each nonzero u identifies a coset of €, , since ¢(z) = 0
identifies a coset of {m(z)}. Hence X, can be seen as the set union of
e, and of a subset of its cosets, whose cardinality is 2"t 1.
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Let W denote the weight of (w; + wz). We can now prove the central
result of this paper.

TrroreM 1, For even n = 4, R, is a nonlinear (2" — 1, 2" — 2n) code
of minimum distance 5.

Proof. If q(x) = 0, w1 + Wy € €, and, by Lemma 2, W = 6. Assume
now that g(z) = 2 (0 £ s < 2" — 2). In general, W is given by

W = ¢+ Win(z) + q(2)]

+ Win(z) + (m(1) + dulz) + s(z) + m’ (x) + ¢(z)}.

Depending upon the values of m(1) and ¢ we distinguish three cases:

1) m(1) = 0,7 = 1, Relation (13) becomes

W 2 1+ Wha(z) + ()] + Whu(z) + s(z) + m”(z)]
- Wim(z) + q(=)]
=14+ W(z) + s(z) + m"(z)].
From relations (8) and u(z)H" = [0, 0, 1], we obtain (u(z) + m" (z))H”
= 81, Bs, ¢| = [0, m'(¢®) + &, 0]. But by Lemma 5 and Lemma 6
m () = ¥ + o™),0 =<k =27 — 2. Hence, m'(a*) + &
= a”(1 + o + &) # 0in GF(2" ™), n even: it follows that W{u(z)
+ s(z) + m” (z)] # 0. Furthermore, Wlu(z) 4+ s(z) + m”(z)]is even
and >3, since ¢ = 0 and 8 = 0 (H: is the parity check matrix of a
single-error-correcting code). We conclude that W = 1 4+ 4 = 5,
2y m(1) = 0,7 = 0. I m(z) # 0, relation (13) yields
W = Win(z)] + Win(z) + m(2) + s(2)] ~ 2Wlg(=)].
Relations (8) give (m(z) + m"(2))H® = 81, Bs, ] = [0, m(a’)
+ m'(®) + o®,1], that is, Wim(z) + m"(z) + s(z)]is odd (¢ = 1)
and Z 3 (81 = 0). Furthermore, m(z) # 0 and m(1) = 0imply Wim(x)]
= 4, whence W = 4+ 3 — 2 = 5. If m(z) = 0 relation (13) becomes
W z Wig(2)] + Wim' () + g(z) + s(z)].
From Lemma 7, we have that Wim” (z) + ¢(x) + s(2)] = 4 for n even,
whence W = 1 4 4 = 5.

3) m(1) = 1. In this case W[m(z) + ¢(x)]is even and = 2. Assume
at first that Wim(x) + ¢(z)] = 2: this implies that m(x) = 2* + ' + &’
(s, 7, j distinet), whence by Lemma 6 m(a’) = o* (o + o™) for some &,
1 < h < 2" — 2. Relation (13) yields

W =i+ 2+ Wim(z) + (1 + 9) u(x) +m"(x) + ¢(z) + s(z)].

(13)
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For simplicity we let k(z) = m(z) + (1 + Du(z) + m"(z) + ¢(z)
4+ s(x). With the help of relations (8) the characteristics of k(z) is
readily obtained as

K@)H" = [81, 83, ¢ = [o, m(a’) + m' (), d].

Since m'(a®) = &®(@® + *)(0 = k £ 2" — 2), it follows that
m(a®) + m'(a®) = o®(a" + &) with » = h + k. Therefore, from
Lemma 7, Wik(z)] > 2 for even n, that is, W[k(z)] = 4 — ¢ (since ¢ is
the parity of Wk(z)]). We conclude that

Wzi+2+4—1=6.

Finally assume that Wim(z) + g¢(z)] = 4. Since 81 = <, we obtain
Wlk(xz)] 2 1, whence W = ¢+ 4+ 1 = i + 5. o
Q.E.D.

Note. Tt is interesting to consider the problem of extending the method
employed for the construction of X, to other values of the number of
correctable errors, namely tot = Lorto¢ > 2.

Two distinet schemes appear to be eandidates for successful generaliza-
tions. Consider again relation (10) which deseribes the double-error-
correcting &, , i.e., ;

w = [m(x) + ¢(),4,m(z) + (m(1) + u(z) + s(z) + ¢(2)f(@)].
Here &, is constructed in terms of two codes, i.e., {m(z)} and {s(2)},
with {s(z)} < {m(x)}. Specifically, if « is primitive in GF(2"™), then

{m(z)} is characterized by the root a, and {s(x)} by the roots 1, a, &’
Therefore two potential generalizations for ¢-error-correction are:

A. {m(z)} has root o, and {s(x)} has roots 1, a, &', - -+ , &
B. {m(z)} bhas roots a,d’, -+, a" ™, and {s(z)} has roots 1, &,
26—1 .
a, ., a

For ¢ = 1, both schemes are successful and generate the same codes,
as can be easily shown. Specifically with scheme B, m(2) is the generic
member of A, ;, and {s(x)} has (x 4+ 1)gi(z) as its generator, which
gives the code %o

wg = [m(2), 3, m(z) + (m(1) + ulz) + s(2)]. (14)

Surprisingly, %," is a group code, as is apparent from (14). Moreover,
it can be shown that it coincides with a Vasil’ev code (1962). In fact

(14) can be expressed as

ws = [m(2), 1, m(z) + p(z)]
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where
p(z) = (m(1) + Dulx) + s(x).

If we now impose the condition that p(z) belong to the code generated
by ¢:(x), this relation becomes an equation in the unknowns s(x) and 4,
which ean always be solved if

= parity Wim(z)] + parity Wip(z)]

thereby yielding a Jinear Vasil’ev code (equivalent to a Hamming code).
For ¢ > 2, the question whether either of the two outlined schemes
produces a viable generalization remains entirely open.

3. THE FORM OF THE REDUNDANCY FUNCTIONS

Consider the expression (10) of the generie vector of &, , that is
w = [m(z) + (=), 1, m(z) + (m(1) + Du(z) + s(x) + g(z)f(2)].

It is easily seen that ®, can be encoded as a systematic code, i.e.,
(2" — 2n) binary information digits can be arbitrarily assigned in fixed
positions and the remaining (2n — 1) redundant digits can be computed
as functions of the information digits. In this section we investigate the
nature of these functions. For convenience, we now represent w as

+(0) L0y 0y o (L) (1)
W o= [on=1g, <~ * , 81 390 4% lgn=la, """ ,%50—1 ;Pin-2, """ ,291,?90}

where 7’s and p’s denote information and redundancy digits, respectively.

Assume for a moment that s(z) = 0. Then the leftmost 2" digits
[iég)—x_z, -+, 4] completely determine the 2" — 1 rightmost ones; we
denote the latter ones by [pm-1_3, * -+ , @], and analyze their dependence
upon the former set. Let

i(z) = 24, g@)f(@) & o@) = Leg,  fl@) = L,
m(x) = 2, ma’

where all summations run forj = 0,1, - -+, 2" — 2, If g(x) = 0, then
¢; = 0 for every j. If ¢(z) = 2°, then due to the unique property of the
maximum length sequence (see Peterson (1961), p. 148), ¢o4Cerpy * *
Coqbrntz = 1 and Cjyp +** Cippnsa = 0 for j £ s, where b is such that
fofswt -+« foentza = 1. We readily have

g(z) = Z Ciyb " " Cj+b—n+2ﬂ¢j, m; = 2;(0) + Ciip 7t Cizbonqs
and

0 . (0)
0; = 30 + Cigp 0+ Cippnir + 1+ Ek_: (% ~+ Ceqp -+ Craboni2) + €5
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or, after regrouping the terms

={2 @ +ite} +{ 2 o aal. (15)
k=5 h#j+b
We now recall that, since c(z) = q(z)f(z) = i(x)f(x), ¢; = 2, fiuwis)
is a linear function of the variables 45", ¢t”, - -+, -1y . Specifically,

sinee f(z) is a maximum length sequence, for distinet 7 and s there is a ¢
such that ¢, + ¢ = ¢ . If gu(2) is a trinomial, for s = (r + n — 1), ¢
satisfies the relations r < ¢ < r 4 n — 1. Hence

Crlhrt *** Chnd2 T CheiCh *** Chonil

= Chp~1 """ ch—n+2(ch + Cﬁr—n+1> = Ch-1 """ Chpt2 -

It follows that in the last term of (15), which is the sum of 2" — 2
products, each pair of consecutive products of (n — 1) factors is con-
tracted into a single product of (n — 2) factors, for a total of 2*% — 1
produets. In conclusion we obtain

gn—1—g 9n—2—g p—3
i = {z +i4+ 2, A+ fy-m“”} + 20 I owmm—  (16)
which shows that (i1 s, <+, 45, ) is the sum of a strictly linear
function and of a nonlinear functlon of degree at most (n — 2). As a
check, for the (15, 8) code, n = 4, the latter function is quadratic.
This given, let &;; be the generic entry of the parity check matrix
H” of {s(z)} in systematic form, i.e., the (2n — 1) rightmost columns of
H* form the unity matrix and the index j runs from right to left. Then
the relations
on—l—g

iseit 20 bl te) (=01, 20— 2) (17)
give the sought redundancy functions.

Expressions (15) and (17) are suggestive of a very simple implementa-
tion of encoding. In fact, ¢; is a eyclic function of its arguments. Hence
it can be realized by a recirculating nonlinear convolutional encoder
consisting of a cyelic shift register and of a combinational circuit realiz-
ing ¢ = ¢m-12 (see Figure 1). The complete encoder consists of three
shift-registers SR1, SR2, SR3 with 1, (2" — 1) and (2n — 1) stages,
respectively. The operation is organized in four phases Gi, Gz, Gs,
G. , whose durations are 1, (2" ~ 1), (2" — 2n) and (2n — 1) time
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=%} » Quiput
Gz [Gate J+Ga Gs

B o Gate | :
| N‘TR‘; ]
SR2 3
(2n1-1) Stages qr?*——— (2n-1) Stages

i Gates I
L—f—f_l A
Gs Gq
F1a. 1. Encoder for the &, code.

units, respectively. The indicated gates are permissive when the applied
signals are active. All registers are initially set to 0. The information
digits are fed in the sequence 7, twri_y, <+ , 18, Tis, -+« , lone1 , ODE
per time unit. Then during Gy the digit ¢ is fed to SR1 and during G,
ii1_g, - 08" are fed to SR2 (while they are concurrently sent to the
output): both SR1 and SR2 are recirculating, as shown. During phase
Gs, ¢; + 4§ appears at point A to be fed to SR3, which is a feedback
shift register performing the division of a polynomial by (x + 1)gi(z)-
g2(z) (see Peterson (1961), p. 149); then at the end of G; SR3 contains
the parity checks D _; his(48Y + @;). During G4 the input is 0 and at
point B the functions p; are formed and fed to the output. Therefore
the caleulation of the redundant digits takes no longer than the serial

transmission of the information digits.

4. QPTIMALITY OF THE . CODES

A code K, is a (2" — 1, 2" — 2n) double-error-correcting code. It
contains one information digit more than the corresponding linear code,
i.e., the BCH double-error-correcting code of the same length (which is
a (2" —1,2" — 1 — 2n) code).

In this section we prove a stronger statement, namely, that a &, code
has the largest number of code words for its length and minimum dis-
tance, since it meets the Johnson’s bound 4 (¥, d) (Johnson, 1962) for
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N = 2" — 1 (n even) and d = 5. In fact the Johnson’s bound for
d = 2t + 11is given by

.
: N Y= (%) raw, g,
Z(¥)+(t+1>[t%>jz‘7“)

where [a) is the integral part of a, and R(N, d, t) satisfies the upper

bound
wnsos PRS0 B=-T) o

When N = 2" — 1 and ¢ = 2, relations (18) and (19) specialize as
42" — 1,5) <

(18)

A(N,d) =

=0

22%—1
7 = 1) - (g) R(2" —1,5,2) (20)

(P (P +( 3
et R

R(2" —1,5,2) £ [Zn; ! [27: 2[2n ; 3:“] (21)

Consider relation (21). For even n, (2° — 4) is divisible by 3, hence
(2" — 3)/3] = (2" — 4)/3. Moreover (2" — 4) isdivisibleby 4. We must
now show that (2" — 1)(2" — 2)(2"% — 1) is divisible by 5. This
follows immediately from the observation that the residues modulo 5 of
2" (n even) alternate as 1 and 4, i.e., the residue of (2" — 1) alternate
as 0 and 3: since (2" — 1)(2" —2)(2" — 1) contains two consecutive
even powers of 2, we have

(2" — 1)(2" — 2)(2" — 4)

R(2" —1,5,2) £ 0

2 The observation that 4 (2* — 1,5) (n even) is a power of 2 is originally due
to J. P. Robinson. Prior to this, the author formulated a conjecture, based on
rather fuzzy geometric arguments, that nonlinear codes of length (2 — 1) and
distance 5, analogous to the (15, 8) code, existed only for even n (private com-
munications, Jan. and March 1968).
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from which we readily obtain for even n

=1 _(5\per — 1,59
[2 3—1] -

(2" = 1)(2" = 2)
6
@ -1

= 2"t — 1.

v
@

We then conclude that

on_1
A" - 1,5) = 2 2n

= gl 9u-1 L] (2,,,__1 _ 1) = ('IL even)

which is exaectly the number of code words of X, . Clearly for odd =,
ratio (22) isstrictly larger than 2" — 1, since [(2" — 3)/3] = (2" — 5)/3:
which also shows, from a different angle, the unrealizability of &, codes
for odd #.

5. DECODING OF A X. CODE

In this section we show that decoding of a X, code can be easily
accomplished through the caleulation and examination of syndrome-like
quantities.

With the vector

e = [eﬁ(x)7 €, 61(;3)]

we represent an error pattern, where e;(2) € 4,1 and ¢ is a binary
parameter. The distance properties of &, give the following condition on
e for correctability

Wieo(x)] + Wie(z)] + ¢ = 2. (23)

In general the received vector is r = [r(z), 7, n(x)] = w + e, with
w £ &, . We now compute the following functions:

gy 2 To(x)HlT’

a1 A Tl(x>H1T;

o & (ro(e) + ru(x))Hs",
d &7 n(z)UT.

Since ro(z) = m(x) + ¢(z) + e(x), and m(x)H," = 0, letting ()
= bz’, we have oy = ba' + ea). Similarly, from n(z) = m(z) +
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(m(1) + DHu(z) + gl@)f(x) + s(x) + efx) and u(z)H," = 0,
s(z)H," = 0, q(z)f(zx)H," = ba’ we obtain ¢1 = ba’ + e(a). From
r(z) + n(z) = ¢(@) + q(x)f(2) + s(z) + e(2) + alx) + (m(1) +
t)u(z), recalling that s(z)H;" = 0, f(z)H;" = 0, u(x)H;" = 0, we ob-
tain ¢ = ba® + eia®) + e(e®). Finally since Wig(z)f(z)], Wis(z)],
Wim(z) + m(1)u(x)] are even, d = r + ¢ 4 e1(1) = ¢ + ¢;(1). This
is summarized as follows:

oo = b’ + efa),

1= bo’ -+ 61(a),

¢ = ba® + a(a®) + ald?),
d = ¢+ e(1).

The quadruple £ = (g, 01, o, d) is conventionally termed the syn-
drome of r.

We now give a lemma which is based on rather well-known results of
the theory of finite fields.’

LemMa 8. The set © of all 6 € GF(2") for which y* +y + 6 = 0
has solutions over GF(2"™) is a vector space of dimension (n — 2), give_rg

by the even linear combinations of a normal basis 8, &, 34, e, B

of GF(2™ ™).

Proof. It is well-known (see, e.g., Albert (1956) p. 121) that there are
bases of GF(2"") consisting of complete sets of conjugates (normal
basis): let 8, 8% -+, & be one such set of linearly independent
conjugates. Then every v € GF(2"™) is uniquely expressible as

v =B+ o+ -+ s (c; € GF(2)).

(24)

Since

B8

on—1 on~—32

= {5, then 4= Cn-28 + 6+ o A Cosf
and
VoA = dB + B+ desf T (di € GF(2))  (25)

with d; = ¢; + ¢;.1 (the subscripts are modulo n — 1). But the right
side of (25) is the generic element of ©: assume then that dy, dy, -+ -,
dn are given. We thenhave s = do + o =dh+ v+ a1 = -+ =

3 The argument given here is substantially borrowed from Albert (1956). A very
similar theorem was proved by Berlekamp et al. (1962, Thm. 1). A particularly
lluminating reference is Berlekamp (1968), which also contains a generalization
of the lemma (p. 166). Since the statement given here is particularly geared to
subsequent considerations, lemma and proof are given in full.
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dO + Ve + dﬂ——2 + Cp-2 3 i'e',
do+di+ - dpa=0
l.e., the number of nonzero d;’s is even. QE.D.

This lemma provides a rule for testing whether v € GF(Q" Y is a
member of ©. In fact, we must first find a normal basis 8, g TN 62"—
of GF(2™™), (see, e.g., Berlekamp (1968), pp. 253-254). Let + denote
the column vector representation over GF(2) of vy € GF( 2"'1) with
respectto the basis 1, @, <+ , ", andlet M & [8, ---, 8" '], & non-
singular (n — 1) X (n — 1) matrix. Then v is related to the repre-
sentation [dy, + - - , dn_s] of ¥ with respect to the basis 8,6% , 85 :
by

[do y " dﬂ—2]T

ie, M7y = [do, -, ,,_2] Premultiplying both sides by the row
vector u = [1, 1, ---, 1} we have the condition

0 if vy O
{1 if vy¢0
which, denoting by A" the row sum of M, is translated into
. {o if €O
Ay =

ufde, -+, dna)’ =

26
1 if v¢ 0. (26)

The following lemma provides some insight into the distance rela-
tionship between the generic vector r and the members w of %, .

Lemma 9. Given any vector ¢t = [ro(x), r, r1(z)] there exists a w € X,
such thatt + w = [0, e, e(z)] with We(z)] < 3.

Proof. Let {t(x)} be the double-error-correcting BCH code gen-
erated by gl(x)gs(x) We decompose ro(x) as ro(z) = mo(z) + qofz)
and form rni(z) = r(z) + mu(x) + (mo(1) + ru(z) + q)f(z).
Next r*(x) is decomposed asr*(x) = t(x) + e(x), where () € {i{z)}
and ¢(x) is a minimum weight coset leader of {¢(x)} : it is known (Goren-
stein, et al. (1960)) that Wle(z)] < 3. It is also of immediate verifica-
tion that (¢(z) + ¢(1)u(z)) € {s(x)}. We then form the code word

w = [mo(x) + qolz), r + t(1), mo(x) + (mp(1)
+ 7+ H(1))ulz) + g@@)f(z) + t(z) + 1(1)ulz)]
= [ro(z), 7 + ¢(1), r(x) + e(z)]
Letting t(1) = ¢, + w = [0, ¢, e(z)]. Q.E.D.
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Hereafter the subseript 7 of 75 or e;(x) is to be considered modulo 2.
We define p £ ¢ + (oo +. 0’1) and prove the following basic Lemma.

-Lemma 10. The conditions p + o = 0 (j = O and 1), d = 0 hold
zf and only zf re X, 1.e., they characterize the code %, .

~ Proof. From Lemma 9, we can assume without loss of generality
that the discrepancy between r and some w € X, be of the form
[0, ¢, e(2)], Wle(z)] < 3. Then relations (24) become

oy = ba’,

Jo1 = ba® + e(a),
o= ba" + e(a%), 27)
d =¢+ e(1).

The direct statement follows immediately by settmg e(z) =0,e =0
in (27). To prove the converse, assume that p + ¢ = 0 (j = 0, 1).
This implies o’ = o, and, due to the uniqueness of the cubic root in
GF(2" ™), n even, o; = From (27) it follows that e(a) = 0. We
then have: p + ¢/ = o + of = e(a’) = 0. 8Since [H,", H;"] is the parity
check matrix of a double-error-correcting code, and Wle(z)] < 3 (Lemma,
9), from e(a) = e(a’) = 0 we conclude that e(x) = 0. Finally d = 0
vields e = e(1) = 0. Q.E.D.

We readily recognize thatp + ¢ = 0 (j = 0,1),d = 0 are equivalent
to

gy = 01, g = 0‘03 = 0'13, d=10 (28)

which characterize the code.
" Following is a sequence of three theorems (2.1, 2.2 and 2.3) which
establish a correspondence between sets of syndromes and sets of cor-
rectable error configurations. The statements and the relative proofs
follow an . almost identical pattern. The necessary condition (*“if”)
is demonstrated by showing through relations (24) that an error con-
figuration of the prescribed type produces a syndrome of the preseribed
type. The converse (“only if”’) is demonstrated as follows: we form a
“correction” veetor ¢ = [co(z), ¢, ci(x)] which is a function of the
syndrome = alone and such that ¢ + Wleo()] —l— W[cl(x)] = 2 then
we show that r + ¢ € %, , since the syndrome =* = (", 01*, o, d¥)
calculated for (r 4 c¢), that is ‘
' ‘Ti* = ¢; + Cj(a) (.7 = 07 1))
o =0+ ala) + ala’), (29)
d* =d -+ c+ e(1)
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satisfies the conditions of Lemma 10 (or, equivalently, (28)); finally,
due to the distance properties of &, , we conclude that € = ¢ is the only
correctable error configuration which could have produced r. Clearly
each of these theorems also yields a decoding rule, embodied by the
calculation of the vector ¢ from Z. After this introduction the proof of
each theorem will be simply sketched.

TueorEM 2.1. For correctable e the condition p + o;° = 0 is verified for
exactly one value of 7 = 0, 1 ¢f and only if Wle(z)] + Wlei(z)] = 1.
Proof. “If”: e;(z) = a*, ej11(x) = 0 give o; = ba’ + o, o1 = bal',
o = ba™ + o, whence p = ba™. Then p + oie = 0 and
0 + (Tjs — a3]c[(bas—k)2 + bas—k + 1] # O

since 2° + z 4 1 5% 0 for any value of z € GF(2"™), n even.
“Only if”: I p 4+ o # 0, p + o941 = 0, we calculate g + oy = o
then we set ¢;(z) = 2", ¢j1(x) = 0, ¢ = d + ¢1(1) and compute =¥, i.e.,

off =o;+d =0 =0, d'=0,
ot =<r—i-a3h=cr+ (o’o-l-ol)s =p=a§'+1=aﬁ1
i.e., (28) are satisfied with ¢ + Wlee(z)] + Wlei(z)] £ 2. Q.E.D.

Theorem 2.1 yields the following decoding rule:
Rule 1. If ~/p = a;, /p 5 oj41, thencj(z) = 2" and ¢ = d +
e(1) where o = oy 4 0.

THEOREM 2.2. For correctable e the conditions p + ¢;° 5 0 (j = 0, 1),
d = 1 hold if and only if e = O and Wie;(z)] = 1 (§ = 0, 1).

Proof. “if”: e;(z) = 2", e = 0 give o; = ba' + &7, ¢ = ba® + o™
+ o™i*1 d = 1, whence p = ba™ + o6 i+ (" + o"*1), We then have

2
p+ o =a™ l:(%?) + ai:tl + 1] # 0
ok oki
in GF(2"™), n even. v
“Only if”. I d = 1,p + o 0 (j = 0, 1) we caleulate o’ 2 ¢
deo1(oe + o1) and obtain o1 + +/p’ = o?. Then weset ¢ = [, 0, 2"
and compute =¥, i.e., '

- ki ~ *
oj =0t a’ =oj+ o1+ Vo = oin
®

o =04+ = (o + VD) (o5 + \3/;7)3
= (0 + o050 + o)) + 0) + (05 4+ oja + V5 = o
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since ¢ + ojoin(ojen + o;) = p. Finally d* = d 4+ ¢(1) = 0. Re-
lations (28) are satisfied with ¢ + Wle(z)] + Wiei(z)] = 2. QED,

We have therefore the following decoding rule:

Rule2. If /p # oy, /p # 01,d = 1, thenc = 0 and ¢;(z) = 2",
where o = o+ Vo + oori(os + a1)-

Before giving Theorem 2.3, we notice that subject to (oo + 1) # 0
the functions 7; 2 (p + o)/(o0 + a1)*(j = 0, 1) are related by

X . Gp01 -
T + Ti41 + ('0-_0_~""—_‘+ 0_1)2 + 1 0.

Expressing these elements of GF(2"™) as column vectors with respect
tothebasis 1, e, -+, «" and premultiplying by 2.” (see (26)) we have
chj + lT‘Ej_H =1
since A7+1 = 1 and (og01)/ (00 - 01)* € O (in fact oo/ (oo + o1) solves
the equation 4 + ¥ =+ [o001/ (00 + 01)’] = 0). This proves the following

lemma.

Lemma 11. If (o0 + o1) # 0O, then exacily one of the two functions
Tiy Tit+l belongs to 0.

TrrorEM 2.3. For correctable e the conditions p + o5 # 0 (j = 0, 1),
d =0, (60 + 1) ¥ 0 hold if and only if e;(z) = 0, Weju(z)] = 2,
e =0. :

Proof. “If”: e = 0, ej(x) = 0, e;u(z) = 2 + 2 give o; = b,
il = ba’ -+ €j+1(a), o = bass + e_,-+1(a3), whence (6j+1(a) # 0)

p+ of = eula) + en(a’) .
o+ ot = ehula) + ea(a’) + dala) [1 + -+ ( % >]

e41(e) ejr(a)

Recalling that ef1(a) + eju(d’) = oMo (" + o?) and letting
v 2 d1/af = 0,y £ oj/eja(a) wehave p + o = o™ y(L +7) # 0
since v # 1(ky # kz), and

p At oty = (1 + ,),)3(y2+ y+1 +—1—+’Y-—Y—Z> #0
since 1 € @ andv/(1 ++°) € O imply: 1 + v/(1 + +*) ¢ ©. More-

over, d= 0 and (1] + o, = e,-+1(a) # 0.
“Only if”: M d =0,p + o #0(j =0,1), (e + a1) ¥ 0 we obtain
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&*/(e0 + o1) and &**/(ac + o1) as the solutions of

3 |
P Nt sk M (30)

(o0 + 0)® ;

(that (30) has solutions over GF(2"™) for exactly one value of j is
guaranteed by Lemma 11). Set ¢;a(z) = 2 + 2, ¢;(z) = 0,¢c =0
and compute =% ie.,

d* =d 4+ (1) =0,

* Otk1 + Otkz *
oin = o1 + ———— (07 + o51) = 05 = 05,
oj + oin
. & o™ ( .
6 =g+ ———= (00 + a1
(o0 + o1)?

Bk k %
ool a‘+a2>

3
o+ (o0 + o1) (1+(0'0+01)2 P

]

o+ 0"3 *
o+ (o0 + 01)3(1 +m> =g; =g
since (a* + a**)/(00 + 1) = 1 and "o/ (0y + 01)* = (p + o)/
(sg + 01)°, being the sum and the product of the solutions of
(30), respectively. Relations (28) are satisfied with ¢ + Wie(z)] +
Wla(z)] = 2. Q.E.D.

This yields the following decoding rule:

Rule3. If </p Z a0, ¥p Zo1,d =0, 00+ o1 # 0, thenset ¢ = 0,
¢i(z) = 0and ¢;a(x) = " + 2, where o' and o** are the solutions
of 22 + (o0 + o)z + (p + )/ (00 + 1) = 0.

Rules 1, 2, 3 constitute an algorithm which encompasses the cor-
rection of all the correctable error patterns. What is the behavior of this
algorithm when the received r is at distance 23 from any w € X, ?
The answer to this question is implicitly provided by the previous three
theorems, which give necessary and sufficient conditions for the exist-
ence of a code word within distance 2 from the received word r. Therefore
r lies at distance =3 from any code word if and only if p + ¢ = 0
(7 = 0,1) (Theorem 2.1), d = 0 (Theorem 2.2) and oo + o1 = 0 (Theo-
rem 2.3). When T satisfies these conditions, clearly we can no longer
perform the correction. In fact, while the distance properties of %,
guarantee that an existing correction vector ¢ of weight <2 is.also
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unique, more than one ¢ of weight 3 can be constructed when Rules 1
2 and 3 are inapplicable. This is shown by the following argument.
Assume that the conditions /p = ¢; (j = 0, 1),d = 0, 6y = oy hold
for r. We determine o such that (1 + (¢ + o¢')/a™) E ©: there are
2" values of h which meet this requirement, since o® generates the
multlphcatwe group of GF(Z"—I) and, for ﬁxed (¢ +ab), (1 + (¢ +
o0’)/o™) spans the set {0, a, o, -+, o '} which contains @ for
even n (Lemma 8). We then form a correction vector ¢ as follows:
¢ =0 c(z) =2 c(z) = 2 + 2", where o = oy + 20" (i =1, 2)
and 2; , 2, are the solutions of

2 +z+1+"+"" =0.

We notice that o' + o** = (21 + @)a" = o since 2 + 2 = 1. Recalling
that o = oy, the syndrome = yields (see (29))

* h k k *
o =ota =at+a+a® =0,

0'* =g + a3flf a3l'61 + a3’c2 =q + aklakz(akl + akz)
= ¢ 4+ d'(o0 + 2" (o0 + 2a") = (00 + ) = o,
& =c+al)=0

ie, r + ¢ € %,. This discussion proves that there are several® code
words at distance 3 from r (but none at distance <3) and yields the
following error detection rule:

‘Rule 4. If /p 5 o0, V/p # 01,d = 0, o9 + o1 = 0, then the re-
ceived r is at distance =3 from any code word.

An “extra bonus” of the same discussion i that given any r there are
code words at distance =3 from r: this property is analogous to the one
found by Gorenstein et al. (1960) for BCH double-error-correcting
codes.

In Figure 2 we sketch a possible organization of a decoder for a X,
code. The serially received message is stored in three recirculating
registers SR1, SR2, SR3, corresponding to the homologous registers of
Figure 1. The received message is also fed to the SYNDROME COMPUTER,
which; once reception is completed, stores the functions d, ¢, o¢, o1,
i.e., the syndrome =. These functions constitute the inputs of combi-
national networks, which we now describe (in the illustration heavy

¢ Another weight 3 correction vector is obtained through Rule 2, ie, ¢ =
[o*, 1, o*] where o* = 00 + Vo = o1 + Vo



NONLINEAR DOUBLE-ERROR-CORRECTING CODES 399

Switching =— Conrol | 1 Syndrome
Network2 Unit Computer
' d loojeile
A
— L7284 Auxiliary
Switching PEa3 | munctions
Network 1 = RE-TY Computer

Quadratic
Equation
Solver
[} +.,3/ O +0p0y (0p+07)
oy + ST+ Gpur Got o)

Fie. 2. Decoder for the K. code.

lines denote bundles of (n — 1) bmary lines). The AUXILIARY FUNCTIONS
cOMPUTER produces p + oo, p + o', 03 + o1, 0 + Vo + 0001(0'0 + o)
and o1 + Vo + oooi(as + o1). Of these, p + o', p + o, 06 + o1,
together with d, are fed to the conTrOL UNIT, Which deternunes which
decoding rule must be applied. In parallel, p + o', p + o, 00 + o
are fed to the QuabpraTIC EQUATION SOLVER, where 7, = (p + o°)/
(00 + 1)’ and 71 = (p + 01°) /(00 + o1)° are computed and tested for
membershlp in@.If r; € O, Tr; and (1 4 Tr;) are the solutions of the
equation 3° + y + 7; = 0, where T is an approprlate square matrix
(see, e.g., Berlekamp et al., (1967)); T'r; and (1 + Tr;) are then
multlphed in GF(2" Y by (0‘0 - o1) in order to obtain the solutions

Yand & of & + (o0 + 01)z + (p + ¢,°) /(00 + o1) = 0 (see Rule 3).
Since Wico(z)] + Wiei(z)] = 2, at most two correction bits ‘must be
produced. This is accomplished as follows: 1) o + o1, oy +
Ve + cori(oo + 1), 01 + Vo -+ auoi(oo + 01), &, o are fed to the
SWITCHING NETWORK 1: here signals from the control unit govern the
selection of two correction functions v;, v» in the form of the vector
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representations of two elements of GF(2""); 2) the combinational
circuit INVERT computes the inverse of v; = a* (if v; = 0, the output
of INVERT is conventionally 0) and o™ is loaded in the Galois field
counter C;. It must be noticed that, assuming no delay in the com-
binational elements, loading of C; with o™ (j = 1, 2) occurs simul-
taneously with the produetion of d, o, oy, o1 . At this point the contents
of SR2 and SR3 are recirculated synchronously with the stepping of
C; and C: : once the condition 10 --- 0 is detected in C; a time unit
duration signal is generated by D and routed through the swrrcaiNg
NETWORK 2 to perform the required correction of the contents of the
registers. The decoding operation therefore terminates (2" — 1)
time units after the serial reception of the message is completed.

This completes the presentation of the decoding procedure.
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