provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

SCIENCE DIRECT® JOURNAL OF
@ PURE AND

£ - APPLIED ALGEBRA
ELSEVIER Journal of Pure and Applied Algebra 205 (2006) 452468

www.elsevier.com/locate/jpaa

Real reduced multirings and multifields™
M. Marshall!

Department of Computer Science, University of Saskatchewan, Saskatoon, SK Canada, S7TN SE6

Received 28 May 2004; received in revised form 12 June 2005
Available online 6 September 2005
Communicated by C.A. Weibel

Abstract

We work in the big category of commutative multirings with 1. A multiring is just a ring with
multivalued addition. We show that certain key results in real algebra (parts of the Artin—Schreier theory
for fields and the Positivstellensatz for rings) extend to the corresponding objects in this category.
We also show how the space of signs functor A~~Qreq(A) defined in [C. Andradas, L. Brocker, J.
Ruiz, Constructible Sets in Real Geometry, Springer, Berlin, 1996; M. Marshall, Spaces of Orderings
and Abstract Real Spectra, Springer, Berlin, 1996] extends to this category. The proofs are no more
difficult than in the ring case. In fact they are easier. This simplifies and clarifies the presentation
in [C. Andradas, L. Brocker, J. Ruiz, Constructible Sets in Real Geometry, Springer, Berlin, 1996;
M. Marshall, Spaces of Orderings and Abstract Real Spectra, Springer, Berlin, 1996]. As a corollary
we obtain a first-order description of a space of signs as a multiring satisfying certain additional
properties. This simplifies substantially the description given in [M. Dickmann, A. Petrovich, Real
semigroups and abstract real spectra I, Cont. Math. 344 (2004) 99-119].
© 2005 Published by Elsevier B.V.

MSC: Primary 14P10

Spaces of signs [1, Chapter 3], also called abstract real spectra in [7, Chapters 6—8], arise
naturally in the study of semialgebraic sets, more generally, in the study of constructible
sets in the real spectrum of a commutative ring with 1.
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Spaces of signs are obtained by ‘patching together’ other more basic structures called
spaces of orderings [1, Chapter 4; 7, Chapters 2—4], reduced special groups [4] or reduced
quadratic form schemes [9]. These structures arise in the study of the reduced theory of
quadratic forms over a real field.

Let V be an algebraic set in R"” where R is a real closed field, e.g., R =R, and let A
denote coordinate ring of V, i.e., the ring of all polynomial functions f : V — R. Consider
[, & € Atobe equivalent if fand g have the same sign at each point of V. The space of signs
of A, denoted Qeq(A), can be viewed as the set of all equivalence classes of elements of A
equipped with the structure inherited from the ring structure on A.

In this paper we work in the big category of multirings (commutative with 1) and show
how certain well-known results in real algebra (part of the Artin—Schreier theory for fields
and the Positivstellensatz for rings [3]) extend to the corresponding objects in this category.
We also show how the space of signs functor A~» Q.q(A) extends to multirings. The proofs
are no more difficult than in the ring case. In fact they are easier, because everything takes
place in a single category. As a corollary we obtain an elementary description of spaces of
signs as multirings satisfying certain additional properties. This is the goal of the paper.

A multiring is just a ring with multivalued addition. The idea of a multiring is very
natural, although there seems to be no reference to it in the literature. Some basic properties
of multigroups and multirings are established in Sections 1 and 2.

The simplest example of a real reduced multifield is Q, := {—1, 0, 1}. Here addition
and multiplication are defined in the obvious way, by interpreting 1 to mean ‘positive’, —1
to mean ‘negative’, and 0 to mean ‘zero’,ie.,0-x=x-0=0, (D) =(—-1)(-1) =1,
MHEEH=FEH)=-1,x4+0=0+x=x,1+1=1,(-)+(-1)=—1,and 1 +-(-1) =
(—=1) 4+ 1={-1,0, 1} (since ‘positive plus negative’ is indeterminate).

An ordering on a multiring A is just a multiring homomorphism e : A — Q»>. A multiring
A has an ordering iff —1¢ ) AZ2. The real spectrum of A, denoted Sper(A), is the set of
all orderings of A. This has a natural topology giving it the structure of a spectral space.
Each a € A determines a function a : Sper(A) — Q> defined by a(c) = g(a). The

mapping a — a defines a multiring homomorphism from A into Qgper(A). Copying what
is done in the ring case in [7, Chapter 5], we develop a version of the Positivstellensatz

for multirings, and use this to show that the image of A in Qgper(A), denoted Qreq(A),2 is

itself a multiring, and is strongly embedded in Qgper(A). Actually, we prove a more general
result; see Proposition 7.3.

A multiring A with —1 ¢ 3~ AZ is called real reduced if the natural multiring homomor-
phism from A onto Qq(A) is an isomorphism. Corollary 7.6 provides a simple character-
ization of real reduced multirings. The functor A~>Qq(A) is a reflection’® from the cate-

21f A is the coordinating ring of an algebraic set V. C R", R real closed, then V is embedded in Sper(A)
via x > oy where ox € Sper(A) is defined by oy (f) = sgn(f(x)). Applying a suitable version of Lang’s
homomorphism theorem, e.g., [7, Theorem 5.3.1], we see that sgn(f(x)) = sgn(g(x)) holds for all x € V iff
o(f)=0(g) holds for all ¢ € Sper(A). This shows that the definition of Q¢q(A) coincides with the previous one
in this case.

3 A functor F from a category % to a subcategory ¢’ of % is a reflection if F is left adjoint to the inclusion
functor.
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gory of multirings with —1 ¢ 3~ A? onto the (full) subcategory of real reduced multirings.
A space of signs is nothing more or less than a real reduced multiring.

Simplifications occur when the multiring in question is a multifield, so we consider this
case first. In Sections 3 and 4 we show that part of the standard Artin—Schreier theory holds
for real multifields, extend the functor F~-Q.q(F) to real multifields, characterize real
reduced multifields, and explain how these objects axiomatize spaces of orderings.

We remark that other first-order descriptions of a space of orderings are known, see [4,9].
Just recently, a first-order description of a space of signs was also given in [5]. At the same
time, it seems that the descriptions given here are the most natural and the most easily
understood.

One would expect many of the results presented here to extend to non-commutative multi-
rings and to orderings of higher level. The (non-reduced) special groups [4], called quadratic
form schemes in [9], provide additional examples of multifields. We do not consider these
topics in the present paper.

1. Multigroups
Multigroups are a natural generalization of groups.

1.1. Definition. A multigroup is a quadruple (G, II, r, 1) where G is a non-empty set, II is
asubsetof G x G x G,r : G — G is a function and 1 is an element of G satisfying:

(1) If (x, y,z) € Il then (z,r(y), x) € Il and (r(x), z, y) € I1.

2) (x,1,y) elliff x =y.

(3) If 3 p € G such that (u,v, p) € Il and (p, w,x) € Il then 3 g € G such that
(v,w,q) € Il and (u, q, x) € II.
A multigroup is said to be commutative if

4 (x,y,z) € Hiff (y,x,z) €Il

1.2. Example. Suppose (G, -, 1) is a group. Define I := {(x, y,2) € GXG X G : z=xY},
r(x) := x~!, the inverse of x. Then (G, IT, r, 1) is a multigroup. (1) asserts that z = xy =
x =zy land y = x~'z. (2) asserts that y = x1 iff x = y. (3) asserts that if p = uv and
x = pw [i.e., x = (uv)w], then there exists g such that g =vw and x =ugq, [i.e., x =u(vw)],
i.e., that the group operation is associative.

A multigroup is nothing more or less than a group with multivalued group operation. See
[2] for the more general notion of multigroupoid. We record basic properties.

1.3. Lemma. For any multigroup G:

O r) =1
(6) r(r(x)) =x.
(7 (x,y,2) € I iff (r(y), r(x),r(z)) € 1.
@) (,x,y) el iffx=y.
%) If 3q € G such that (v, w,q) € Il and (u,q,x) € Il then 3 p € G such that
(u,v, p) € Hand (p,w, x) € IlI.
(10) Foreacha,b € G there exists c € G such that (a, b, c) € 1.
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Proof.
S L,y,nypell= F@),L,)ell =ri)=1
®) x,,x)ell = (rx),x,n)ell = (rrkx)),,x)ell =rrkx)) =nx.
(7) (x,y,2) € I iff (z,r(y),x) € ITiff (r(z),x,r(y)) € I iff (r(y),r(x),r(z)) €Il
®) (x,y) €M & (r(x0), 1,r() € M & r(x) =r(y) & x=y.
(9) This follows from (3), by applying r, using (6) and (7).
(10) (a,1,a) € Il and (b, r(b), 1) € II so by the associative property, there exists c € G
such that (a, b, ¢) € Il and (c, r(b),a) € II. [

2. Multirings

A multiring is a ring with multivalued addition. Every ring is a multiring. Here, we only
consider multirings which are commutative with 1.

2.1. Definition. A multiring is a system (A, I, -, —, 0, 1) satisfying:

(1) (A, II, —,0) is a commutative multigroup.

(2) (A, -, 1)isacommutative monoid, i.e., - is a binary operation on A which is commutative
and associative and al = a foralla € A.

(3) a0=0foralla € A.

@) (a,b,c) €Il = (ad, bd, cd) € II.

Property (4) is the distributive property; more precisely, it is the first half of the distributive
property. The second half is (ad, bd, ) € II = 3 c such that (a, b, ¢) € Il and e =cd. We
do not assume the second half. For a ring, the second half is automatic from the first half.

Since (A, II, —, 0) is a commutative group, we have —0 =0, —(—a) = a. We also have
a(—b) = (—a)b = —(ab) and (—a)(—b) = ab.

Proof. (b, 0, b) € IIso(—b, b,0) € IIso(a(—b), ab, a0) € Il so (—(ab), a0, a(—>b)) €
11. Since a0 = 0 this implies a(—b) = —(ab).

Note: For aring, (3) is a consequence of (4). It is not clear if this is true in general.

2.2. Definition. If A and B are multirings, a mapping f : A — B is called a multiring
homomorphism if, for all a, b, c € A,

(1) (a.b,c) e Iy = (f(a), (D), f(c)) € I,
@) f(=a)=—f(a),

3) f(0)=0,
4) f(ab) = f(a)f(b) and
S fH=1

For multirings, there are various sorts of ‘substructure’ that one can consider. For rings,
these all coincide. If A, B are multirings, we say A is embedded in B by the multiring
homomorphism i : A — B if i is injective. We say A is strongly embedded in B if A is
embedded in B and, for all a, b, c € A, (i(a),i(b),i(c)) € I[Ig = (a,b,c) € I14. We



456 M. Marshall / Journal of Pure and Applied Algebra 205 (2006) 452—468

say A is a submultiring of B if A is strongly embedded in B and, for all a, b € A and all
ce B, (i(a),ib),c) e lIp = c €i(A).

Given a multiring A and subsets S and 7 of A it is convenient to define S + T to be
the set {¢ € A : thereexistsa € S§,b € T such that (a,b,c) € II}. This satisfies
S+T=T+S,S+T)+U=S+(T+U)and (S+T)U C SU + TU. We also define
S—T : =S+ (-T) where =T := {—a : a € T}. >_S denotes the union of the sets
S+---+ S (k times), k> 1.

Note: In particular,a +b={c € A : (a, b, ¢) € II}. A submultiring of A is a subset S of
A satisfying S — S C 5,85 C S,and | € S.

Many concepts available in the category of rings extend naturally to the category of
multirings. We describe some of these now.

If A;, i € I are multirings then the product [[;_; A; is a multiring in the natural (compo-
nentwise) way.

An ideal of A is a non-empty subset a of A such that a + a € a and Aa C a. The
kernel of a multiring homomorphism f : A — B is an ideal of A. The smallest ideal of A
containing the elements ay, ..., a;r of Ais > Aaj +---+ Y Aay. If the second half of the
distribute property holds, then >~ Aa = Aa. An ideal p of A is said to be prime if 1 ¢ p and
ab € p = a € porb e p. The prime spectrum of A, denoted Spec(A), is defined to be the
set of prime ideals of A. As in the ring case we have the following:

2.3. Proposition. For any multiring A, Spec(A) has a natural topology giving it the struc-
ture of a spectral space [6]. Basic open sets have the form D(a) := {p € Sper(A) | a ¢ p},
aeA.

Proof. The standard argument in the ring case carries over. Consider the embedding @ :
Spec(A) — {0, 1}4 defined by p fp where

_JO ifaep,
f"(")_{1 if adp.

The topology on Spec(A) induced by @ (giving {0, 1} the discrete topology and {0, 1} the
product topology) is the so-called patch topology, i.e., the topology with subbasis consisting
of the sets D(a), Spec(A)\D(b), a, b € A. It suffices to show that Spec(A) with the patch
topology is a Boolean space or, equivalently, that the image of @ is closed in {0, 1}4. This
is easy to check. [J

2.4. Proposition. For any multiring A, the intersection of the set of prime ideals of A is the
ideal of nilpotent elements of A.

Proof. Again, the argument in the ring case carries over. Suppose a € A, a" # 0 for all
n=0.Let S={a" |n>0}. Use Zorn’s lemma to pick an ideal p of A maximal subject to the
condition p N S = . Suppose b, ¢ € A, bc € p, b, ¢ ¢ p. Consider the ideals p + > Ab,
p + > Ac. Thus, ak e p+ > Ab, at e p+ > Ac, for some integers k, £ >0. Then
a*t e (p+ > Ab)(p+ Y Ac) C p (using be € p), a contradiction. This proves the ideal
pis prime. [
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For any ideal a and any multiplicative set S, A/a and S~' A are again multirings and the
natural maps A — A/a, A — S~ A are multiring homomorphisms.

Let a be an ideal in A. Elements of A/a are the cosets 2 = a + a, a € A. I consists of
all triples (@, b, ¢) such that (a, b,c) € II. —: A/a — A/ais defined by —a = —a. The
zero element of A/a is 0. Multiplication on A/a is defined by ab = ab.

Let S be a multiplicative set in A. Elements of S~ 1 A have the form a /s,a € A, s €
S. a/s = b/t iff atu = bsu for some u € S. (a/s)b/t = ab/st - ((a/s,b/t,c/u) €
ST iff (atuv, bsuv, cstv) € Il for some v € S.

A multifield is a multiring F with 1 # 0 such that every non-zero element has a multi-
plicative inverse.

Note: For multifields, the second half of the distributive property does hold. If D is a
multidomain, i.e., {0} is a prime ideal of D, then one can form the multifield of fractions
ff(D) := (D\ {0)~!' D. Unlike what happens in the domain case, the natural homomorphism
D — {f(D) need not be injective.

The theory of multirings is more complicated than the theory of rings. Every multiring
homomorphism f : A — B factors through A/a where a is the kernel of f but the induced
multiring homomorphism f : A/a — B need not be injective. Even if f is injective, the
embedding A/a < B need not be a strong embedding.

2.5. Example. (1) Let A be the coordinate ring of an algebraic set V in R", R real closed,
and consider the multiring Qreq(A) mentioned in the introduction. Denote by f € Ored(A)
the image of f € A under the natural homomorphism A — Qrq(A). By definition,
f g iff sgn(f(p)) =sgn(g(p)) holds for all p € V. Addition in Qred(A) is defined by
f € g+h iff there exist fi, 81, hieA suchthatf fl, g=gi, h=h; and fi=g1+h.
Multiplication is defined by fg = fg. For the proof that Q.cq(A) is indeed a multiring see
[7, Chapter 5] or (which is no harder) look ahead to the general result in Section 7. The
homomorphism A — Qrq(A) has kernel zero but is obviously not injective. For example,
f3= f,but f3 # f in general.

(2) Suppose now that V is irreducible. Then A is a domain and D := Qrq(A) is a
multidomain. The natural homomorphism D — ff(D) is not injective in general. For
example, suppose V is the elliptic curve y2=x(x+ 12 in R2. Since (x + 1)x and (x 4 1)x?2
have the same signon V,x +1-X =x + 1 - ¥> in D. Since x + 1 # 0 in D this implies
¥=x%inff(D).Butx * %2 in D (since x and x?2 have different signs at the isolated point).
Suppose now that V = R (50 A is the polynomial ring R | x ]). In this case the homomorphism
D — ff(D) isinjective. Since 1 € 1+ 1 holds in D and %2=1holds in ff (D) (since PB=x
holds in D and X # 0), we see that 2 € 1 + 1 holds in ff(D). But X2 € 1 + 1 cannot hold
in D (because x vanishes at the origin but 1 is positive at the origin). Thus, the embedding
D — ff(D) is not a strong embedding.

We make frequent use of the following construction.

2.6. Example. Fix a multiring A and a multiplicative subset S of A. Define an equivalence
relation ~ on A by a ~ b iff as = bt for some s, € S. Denote by a the equivalence
class of a and set A/,,S ={ala € A}. A/ S is given the structure of a multiring by
defining I1={(a,b, )| (as, bt,cu) € II for some s,t,u € S}, —a = —a and ab = ab.
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(A/mS, I, —.0, -, I) is a multiring and the map a +— a from A to A/,,S is a multiring
homomorphism.
Note: 1If 0 € S then A/,, S = {0}.

A special case of this construction appears already in quadratic form theory. Let F be
a field of characteristic # 2, F # [F3, Fs, and consider the multifield Q(F) := F/,, F*?
where F*2 denotes the subgroup {a” |a € F*} of the multiplicative group F* = F\{0} of
F. (Q(F3) and Q(Fs5) are also defined, but the definition is not quite the same.) Q(F) is
nothing more or less than the special group of F [4] (also called the quadratic form scheme
of F [9]) with zero adjoined. If a; € Q(F),a; # 0,i=1,...,nthena; + --- + a, is
precisely the value set of the associated diagonal quadratic form. If F*2 has finite index in
F* then Q(F) = F*/F*? U {0} has order 2" + 1 where 2" = (F* : F*?). The possible
structures of Q(F) (as F varies) have been computed for n <5; see [9]. For n = 0O there
is just one possibility, namely Q1 := {0, 1} with addition and multiplication defined by
x-0=0-x=0,1-1=1,0+x=x4+0=x,1+1=/{0, 1}. For n = 1 there are three
possibilities (the multifield Q> defined earlier and 2 others). For n =2 (resp., 3, 4, 5), there
are six (resp., 17, 51, 155) possibilities.

If the field F is real, i.e., —1 is not a sum of squares in F, one can also form the multifield
Ored(F):=F/n Y F *2 which is the reduced special group of F [4] (also called the reduced
quadratic form scheme of F [9]) with zero adjoined. Qreq(F) is a rather complicated object
even in relatively simple cases (e.g., if F is the rational function field R(x), R real closed)
but, at the same time, it is better understood than Q(F'). Reduced special groups play an
important role in real algebraic geometry; see [1,7].

2.7. Example. Suppose V is an irreducible algebraic set in R", R real closed, A is the
coordinate ring of V, and F is the function field of V, i.e., F = ff(A). The reduced special
group Qred(F) is naturally identified with the multifield of fractions of the multidomain
Ored(A). (But to obtain a better understanding of Qreq(A) it is also necessary to consider
reduced special groups of function fields of irreducible algebraic subsets of V.)

In [1,7] the space of signs Qreq(A) is defined for an arbitrary ring A with —1¢ " AZ.
Again, this is a multiring. Abstract versions of spaces of signs, special groups and reduced
special groups are also defined; see [1,4,7,9]. These objects provide additional examples of
multirings and multifields.

2.8. Remarks. (1) For any multiring A, prime ideals p of A correspond bijectively to mul-
tiring homomorphisms o : A — Q1, where Q1 is defined as above. The correspondence is
given by p = ker(a).

(2) If Ais aring, A # {0}, the prime subring of A is isomorphic to either Z or Z/(m) for
some positive integer m. One can similarly define the prime submultiring of a multiring A
to be the smallest submultiring of A, but this is a very complicated object in general. For
example, if F is a field of characteristic # 2, F # [F3, Fs, then the subset 1 4+ (—1) of
Q(F) is all of Q(F), i.e., the prime submultiring of the multifield Q(F) is all of Q(F).
Similarly, for any ring A (more generally, for any multiring A) with —1 ¢ > A?, the prime
submultiring of the multiring Qreq(A) is all of Qreq(A).
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(3) Every ring is expressible as a factor ring of a polynomial ring over Z in suitably many
variables. There is no known analog of this result for multirings. It is not even known if a
multiring homomorphism Z — A exists, for a general multiring A.

3. Artin-Schreier theory

We show how part of the standard Artin—Schreier theory for fields extends to multifields.

Let F be a multifield. A subset P of F'is called an ordering it P+ P € P, PP C P,
PU—P=F and PN —P ={0}. Orderings on a field F' correspond to order relations on F
defined by a <b iff b — a € P. For multifields this is not true in general. The real spectrum
of a multifield F', denoted Sper(F), is defined to be the set of all orderings of F.

3.1. Proposition. Sper(F) has a natural topology giving it the structure of a Boolean space.
The sets U(a) := {P € Sper(A) |a ¢ — P}, a € F, are a subbasis for the topology.

Proof. The proof is the same as the proof of Proposition 2.3, except that now the patch
topology and the spectral topology coincide:

sper(F)\U(a)={gE1_)a) fazo O

A preordering of F is defined to be a subset T of F satisfyingT +7 € T,TT C T and
F? C T.Here, F? := {a’|a € F}. Every ordering is a preordering. }_ F? is the unique
smallest preordering of F. For any preordering T, T* := T'\{0} is a subgroup of F* (using
1=1%and 1/7 = (1/1)*t). A multifield F is said to be real if —1 ¢ M F2.If F is real, then
—1 # 1. A preordering T of F is said to be properif —1 ¢ T.

3.2 Lemma. Suppose F is a multifield with —1 # 1. For a preordering T of F, the following
are equivalent:

(1) Tis proper.
2) T #F.

Proof. Suppose —1 € T.Leta € F.Ifa=0,thena € T. Supposea # 0.Fixb € 1 +a.
Thenb? e l+a+a+a®,sob>cl+u+a’>,uca+a Thenueb>*—1—-a%>eT.
ufael+1,sou/aecT,u#0(since—17#1)anda=(a/w)uecT. O

3.3. Lemma. A preordering which is maximal proper is an ordering. F has ordering iff F
is real.

Proof. The second assertion follows from the first by Zorn’s lemma. Let P be a preordering
of the multifield " which is maximal proper. Let a € F. Consider the preordering P —aP.
If—-1€e P—aP,then—1€s—at,s,t € P.Ift =0,then —1 =5 € T, a contradiction.
Thusr # 0. Thenate 1 +s,s0a € 1/t + s/t € P.If —1 ¢ P — aP, then by maximality
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of P, —a € P.Thisproves PU—P =F.Ifs € PN —P,s #0,thens =—t,1 € P, so
—1=s/t € P,acontradiction. This proves P N —P ={0}. O

For a preordering 7 of F, denote by X7 the set of all orderings P of F with T C P.
3.4. Proposition. For any proper preordering T, T =) p. x; P

Proof. One inclusion is clear. For the other, fixa € F,a ¢ T.T —aT is a preordering of F
and the argument in the proof of Lemma 3.3 show that —1 ¢ T — aT. Use Zorn’s lemma to
pick a maximal proper preordering P lying over 7 —aT . By Lemma 3.3, P is an ordering,
and —a € P,soa¢ P. U

4. Real reduced multifields

Suppose F is a real multifield. For any proper preordering 7' of F, we can build the
multifield Q7 (F) := F/, T*, see Example 2.6. In particular, we can build QZ 2 (F)
which we denote simply by Qeq(F). If T1, T> are preorderings with 71 € T5 then the
multiring homomorphism F — Qr, (F) factors through Qr, (F).

Consider the multifield Q> defined earlier. {0, 1} is an ordering of Q5. For any ordering P
of amultifield F, Q p(F) = Q> by aunique multiring isomorphism. Orderings of a multifield
F correspond bijectively to multiring homomorphisms ¢: F — Q, via P = ¢~ ({0, 1}).
Sper(Qred(F)) is naturally identified with Sper(F). Sper(Qr (F)) is naturally identified
with X 7. This is clear.

4.1. Proposition. For a real multifield F the following are equivalent:

(1) The multiring homomorphism F — Qreq(F) is an isomorphism.
(2) X F?=1{0.1}.
(3) Foralla € F,a’ =aand, forallae F,(1,1,a) eIl = a=1.

Proof. Assume (3). Then a’=1ifa # 0 and, by induction on n, 1 is the only element of
14 ---+ 1 (n times) for any n > 1. It follows that ) F? = F? = {0, 1}. Everything else is
clear. [

A real reduced multifield is defined to be a real multifield satisfying the equivalent
conditions of Proposition 4.1.

4.2. Corollary. A multifield F is a real reduced multifield iff the following conditions hold
(foralla € F):

(1) a® =a.
2) (1,l,a)ell =>a=1.

Proof. Assume (1) and (2). As explained above, this implies ) F?2={0,1}.1f —1 € {0, 1},
then —1=0,s01=0,0or —1=1,s00 € 1+ 1 which, by (2), implies 1 =0. This contradicts
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1 #0. Thus —1¢ ) F2,so0 F is real, and F is a real reduced multifield by Proposition
4.1. The converse is clear. [

For any proper preordering 7" of a real multifield F, QO (F) is a real reduced multifield.
In particular, Qreq(F) is a real reduced multifield. If p: F| — F; is a multiring homomor-
phism of real multifields, then p(}_ F 12) CY F 2 50 p induces a multifield homomorphism
Ored(F1) = Ored(F2). In this way, Qreq defines a functor (a reflection) from the category
of real multifields onto the subcategory of real reduced multifields.

4.3. Lemma. Let F be a real reduced multifield, T = F?.Foranya,b € F*,
(@a+b)*=(Ta+Th)* ={c € F*|Vo € Sper(F), (c) = a(a) or a(c) = a(b)}.

Proof. Since F is a real reduced multifield, T = {0, 1},so Ta + Tb = {0, a, b} U (a + b).
In particular, F =T — T = {0, 1, —1} U (1 — 1). To prove (a + b)* = (Ta + Th)*, it
remains to show a, b € a + b. By symmetry, it suffices to show a € a + b. If a # +b, then
b/a #*lsob/acl—1,ie,beca—a,ie,aca+b.Supposea=>b.Sincel € 1+ 1,
a€a+a=a+b.Suppose a=—b.Since —b € —b —b,a € a —b,i.e.,a € a+ b. This
proves (a + b)* = (Ta + Th)*.If c € Ta + Tb then (a) = a(b) = d(c) = o(a). Thus,
a(c) = a(a) or a(c) = a(b) for any ¢ € Sper(F). Conversely suppose this holds for any
o.Then a(b/a) =1 = o(c/a) =1 for any o, so by Proposition 3.4, c/a € T + T (b/a).
Multiplying by a, this yields ¢ € Ta + Tb as required. [

Real reduced multifields have a natural representation in terms of functions.

4.4. Corollary. For any real reduced multifield F, the natural embedding F — Q;per(F)
is a strong embedding.

Proof. Itfollows from Proposition 3.4 that the multiring homomorphism from F to Qgper(F)
defined by a = (a(a))sesper(r) 18 injective. It remains to show that if (a(a), a(b), a(c)) €
Il for all ¢ € Sper(F) then (a, b, ¢) € II. If a =0 then a(b) = o(c) for all ¢ € X7 so by
Proposition 3.4, b = c. Similarly, if » = 0 then ¢ = @ and if ¢ = 0 then b = —a. Suppose
now that a, b, c are not zero. Then (a, b, ¢) € Il by Lemma 4.3. [

Real reduced multifields and spaces of orderings are essentially the same thing: if F
is a real reduced multifield, then the pair (Sper(F), F*) is a space of orderings in the
terminology of [7, Section 2.1], and every space of orderings is of this form, for some
unique multifield F. This is clear. It follows from the theory of spaces of orderings that
finite real reduced multifields (more generally, real reduced multifields having finite chain
length) are completely classified recursively [7, Theorem 4.22].

Suppose F is an arbitrary real reduced multifield. For each proper preordering T of F we
have a natural multiring homomorphism from F to the real reduced multifield Q7 (F). In
view of the above-mentioned result, we are especially interested in the 7' such that Q7 (F)
is finite, i.e., T* has finite index in F*. A major question is the following: which positive
primitive formulas in the language of multifields with parameters in F have the property
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that they hold in F iff they hold in Q7 (F) for each preordering T of F such that 7* has
finite index in F'* [8]?

5. The Positivstellensatz

We define the real spectrum of a multiring and prove an abstract version of the Posi-
tivstellensatz.

Let A a multiring. A subset P of A is an orderingif P+ P € P, PP C P,PU—-P=A
and P N —P is a prime ideal of A (called the support of A). Orderings of a multiring A
correspond bijectively to multiring homomorphisms ¢ : A — Q> via P =6~ ({0, 1}). For
a prime ideal p of A, orderings on A having support contained in p (resp., containing p,
resp., equal to p) correspond bijectively to orderings on the localization of A at p (resp., on
A/p, resp.,onff(A/p)). The real spectrum of A, denoted Sper(A), is the set of all orderings
of A.

5.1. Proposition. Sper(A) is endowed with a natural topology making it a spectral space.
The sets U(a) := {0 € Sper(A) |a(a) = 1}, a € A, are a subbasis for the topology.

A preordering of a multiring A is a subset T of A satisfying 7 +7 € T,TT € T and
A% C T, where A% := {a?|a € A}. A preordering T of A is said to be properif —1¢T.
Every ordering is a proper preordering. 3 A? is a preordering, and is the unique smallest
preordering of A. A multiring A is said to be semireal if —1 ¢ A%

Fix a preordering T of A. Define X1 := {o € Sper(A) : a(T) = {0, 1}}. A T-module in
A is defined to be a subset M of A satisfying M + M € M, TM C M,and 1 € M (so
T CM).

5.2. Proposition. Suppose T is a proper preordering of A and M is a T-module in A which
is maximal subjectto —1 ¢ M. Then M N —M is a prime ideal of A, and M U —M = A.

Proof. First we show thatp=MN—M isanideal. Let M'={a € A|(a+a)NM # @#}. Then
M’ 2> Mand M’ isaT-module. If —1 € M/, then (—1—1)NM # @,saya € (—1—1)NM.
Then —1 € 1 +a C M, a contradiction. Thus —1 ¢ M’. By maximality of M, M’ = M.
Clearly p+p S p, —p=p,and Tp C p. Suppose a € A, b € p are given. Fixc € 1 4 a.
Thenc? € 1+a+a+a?,s0c? € 1+d+a*forsomed € a+a.Thend € ¢>—1—a?,so
db € c>b—b—a’b C p C M.Atthe same time, db € (a+a)b C ab+ab. This provesab €
M’ =M. A similar argument shows thatab € —M.Thus ab € M N—M =p. This proves that
p is an ideal of A. Next we show p is prime. Suppose ab € p,a ¢ p, b ¢ p. Replacing a by
—a and b by —b if necessary, we can assume a ¢ M, b ¢ M. Thus —1 lies in the T-module
M+Y" aT and alsoin the T-module M+ bT.Then —b* € Mb*>+" ab>T C M (using
the fact that ab € p), so b e p. Writing —1 € ¢ +¢,q € M,c € Y_ bt;, t; € T, we have
—cel+gq,s0c* € 1+q+q+q? Ontheother hand, ¢® € Y b?4t; C p. This implies
—1 e —c?>+q+q+q* < M, acontradiction. This proves that p is a prime ideal. Suppose
nowthata € A,a¢ M,a¢—M.Then—1 € M+ aT,—1 € M—>_ aT.Multiplying by
a?, and noting that a(}_ aT) C T, this yields —a’eM+na,—a*eM—ta,t;,heT.
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Then —fia € a> + M C M and ha € a> + M C M, so titha € p. This is not possible. If
either of 71 or #; is in p, then —a’e M,soa € p.Ifa € p,thena € M (and alsoa € —M)
which contradicts our assumption. This proves A=M U —-M. [

5.3. Corollary. Sper(A) = @ iff —1¢> A?. For a preordering T of A, X1 # @ iff T is
proper.

Proof. The first assertion follows from the second. If X7 # ¢ then clearly T is proper.
Suppose now that T is proper. Use Zorn’s lemma to choose a maximal proper preordering
PinAwithT C P, and a P-module M of A maximal subjectto —1 ¢ M. If P # M then for
anya € M\P, P+)_ aP isapreorderingand P+ )  aP C M,so P+ )_ aP is proper.
This contradicts the maximality of P. It follows that P = M. Proposition 5.2 implies that
P is an ordering. [

For a fixed preordering 7 of A we have a multiring homomorphism a > a from A to the
product multiring Qé(T defined by a(c) = g(a) foreach o0 € X7.

5.4. Proposition. Suppose c,d € A. Then c>0 = d = 0 holds on Xr (ie,Yo € X,
6(c)>0=0a(d)=0)iff—d* e T + 3 A2c for some integer k > 0.

Proof. Let B=S"1A, T'=S"!T, where § := {de | k >0}, and consider the 7-module T +
3" A2candthe T'-module 7'+ B?c.If —SN(T+Y. A%c)=f,then—1¢T'+3" B’c,
so there is a 7’-module M in B containing 7’ + 3" B%c and maximal subject to —1 ¢ M. By
Proposition 5.2, p := M N—M is a prime ideal. Also, T' € M, so (T'+p)N—(T"+p)=p.
It follows that the preordering T” := {(a + p)/(b + p)|a,b € T',b¢ p} is a proper
preordering in the multifield F := ff(A/p). Since d ¢ p (d is invertible in B), it follows
from our assumption that ¢ + p ¢ P for all orderings P of F containing 7”. According to
Proposition 3.4, this implies that ¢ + p € —T”. This yields elements s,z € T' + p with
s,t,¢p such that —sc =¢. Thenst € T' +p C M and —st =s’c € 3 B>c € M, so
st € M N —M = p, acontradiction. [J

5.5. Corollary.

(1) @a=0on X7 iff — a** € T for some k>0.

Q@ a=lonXriff—1eT - A%a.

(3) a=0on X7 iff—a* e T — > A2a for some k>0.

(4) Fixaeb®>+c>. Thenb=con Xt iff —a** €T — 3" A%bc for some k>0.

Proof. Apply Proposition 5.4 as follows: (1) take c =0,d =a. (2) Take c = —a,d =1. (3)
Take c = —a,d = a. (4) Take c = —bc,d =a. 0O

6. Real ideals

We indicate briefly how the theory of real ideals and real prime ideals extends to
multirings. An ideal a in a multiring A is said to be real if (3 a?) Na#0 =a €a
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for each i. Every real ideal is radical in the sense that a’ € a = a € a,ie., ais the
intersection of prime ideals of A. The converse is not true, in general.

6.1. Proposition. For a prime ideal p in a multiring A, the following are equivalent:

(1) pisreal.
(2) The residue multifield ff(A/p) is real.
(3) p is the support of some ordering of A.

Proof. This is clear. [

The real radical of an ideal a in A is

e = {aeA|EIbieAandk>Osuchthat <a2k+2b3)ma;ﬁw}.

6.2. Proposition. %/a is the intersection of all real prime ideals of A containing a.

Proof. One inclusion is clear. For the other inclusion, use Corollary 5.5(1). Suppose a €
p for each real prime p with a € p. Consider T = Y A% + a (the preordering in A
generated by a). Then @ =0 on X7 so, by Corollary 5.5(1), —a** € T for some k >0. Then
@k +y b?)ﬁa;ﬁ ¢ for some bj,s0a € ¥a. O

6.3. Proposition. For an ideal a of a multiring A, the following are equivalent:

(1) ais real,

2) Va=a

(3) ais the intersection of real prime ideals.

(4) ais radical and every minimal prime ideal over a is real.

Proof. Clearly (1) < (2). (2) < (3) by Proposition 6.2. If a is radical, then a is the
intersection of the minimal prime ideals over a, so (4) = (3). It remains to show (3) =
(4). Suppose q is a minimal prime ideal over a which is not real. Thus, for every real prime
p of A with a C p, there exists ayp € p, ap ¢ q. By the compactness of Sper(A) in the patch
topology, there exist finitely many elements ay, ..., a, of A such that a; ¢ q for each i, and
for each real prime p with a € p, a; € p, for some i. Leta =ay, ..., a,. Thena € p for
each real prime p containing a so, by (3), a € a. This contradicts a ¢ q. [J

A multiring A (with 1 # 0) is said to be real if the ideal {0} is real. If a is a real proper
ideal of A, then A/a is real. In particular, if —1 ¢ Y A?, then A/ £/{0] is real.
7. Real reduced multirings

We assume that A is a multiring with —1 ¢ 3~ A? and T'is a proper preordering of A. We
use the notation introduced in Section 5. We prove that the image of A in Q§ T is a multiring
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which is strongly embedded in Q; T, We develop a first-order axiomatization of the spaces
of signs (also called abstract real spectra) introduced in [1,7].

We introduce notation as in [7]: For ay,...,a, € A, define the value set of ¢ =
(ai,...,a,) tobe

D) =D@, ... @) ={blbe Y Ta+-+ Y Ta|.
We say b is represented by ¢ if b € D(¢).

7.1. Lemma.

(1) D@@) = {p*alb € Ay={ialt € A,i>0} = {b| foreach c € Xr either b(c) =
0 or Ez_(o)b(a) > 0}. B
(2) D(a, b) ={c|foreach o € Xr, either c(c) =0 or a(g)c(c) >0 or b(a)c(o) > 0}.

3) Ifn>3,D@.....a) = Usepa...o D@, 0.
4) D(ay,...,a,)dependsonlyonay, ..., a, (notonthe particular representativesay, . . .,
a).

Proof. See [7, Proposition 5.5.1]. (1) is clear. (2) If ¢ € Y. Ta + . Tbh, then ¢* €
> Tac+ Y Tbc. It is clear from this that for any ¢ € X7, either ¢(6) = 0 of one of
a(0)é(0), b(0)é(0) is strictly positive, so ¢ belongs to the second set. Now pick ¢ such that
¢ belongs to the second set. Denote by A’, the localization of A and the multiplicative set
S={c* | k >0} and let T’ be the preordering in A’ definedby T’'={r/c* | k >0}. Leta’=ac,
b’ = be. On Xg1_5 111, b’ > Os0, by Corollary 5.5(2), =1 € T/ — Y T'a’ — 3 AV
Multiplying by ¢?"+!, m sufficiently large, —c*"*! € Tc — > Ta — Y Tb. This yields
c| € (Z Ta+) Tb) al (cz’"+l + Tc). It follows that ¢ = ¢1 € D(a, b). (3) This follows
from (2).

Note: by (2), D(aq, ¢) depends only on ¢, not on the particular representative c. (4) For
n =1 and 2, this is immediate from (1) and (2). For n >3, it follows by induction on n,
using (3). O

7.2. Lemma. Foray,...,a, € A, the following are equivalent:

/
n*

(1) There exist a; € A such thata_;za_,-ando €ay+---+a
(2) —a; e D@y, ..., 01, qix1s...,ap) fori =0,...,n.

Proof. See [7, Proposition 5.5.3] (1) = (2). By symmetry, it suffices to show —ay €
D@, ...,a,). Since 0 € aj + --- + a,, —a, € a} + --- + a,, so —ag = —% €
D(Z, e, Z) = D(ay, ..., a,), using Lemma 7.1(3). (2) = (1). We have alf with a_lf =
a; suchthatO € aj+3;,; > Ta;. Then0 € O0+---+0C 37 o(a;+> ;4 > Taj)=
Yisolal+>" Ta;),sothereexista! € aj+ Y Ta; suchthatO € aj + - - - +aj,. Clearly,

a! =a;. O

Denote the image of A in Q?T by Q7 (A). Addition on Q7(A) is defined by IT =
{(a, b,¢)|a,b,c € A, (a,b,c) € II}. ab := ab, —a := —a. The zero element of Q7 (A)
is 0.
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7.3. Proposition. Suppose T is a proper preordering of A. Then

(1) Or(A) is a multiring.
(2) Or(A) is strongly embedded in Qé(T.

Proof. (1) Everything is clear except the associativity of II. Suppose x,u,v,w, p € A
are such that (u, v, p) € IT and (p,w, x) € II. Then X € D(p,w) and p € D(u, v), so
x € D(u, v, w). Also( X, p, w)eHso—weD( X, p),ie., —w € D(—x,u,v).
Also (—p, 0, —it) € IT and (—x, w, —p) € II, so —u € D(—p,v) and —p € D(—x, w),
ie., —u € D(—x, v, w). Similarly, (u, —p, —v) € IT and (—%, W, —p) eIl so—1 ¢
D(—x,u, w). Accordmg to Lemma 7.2 this 1mpl1es there exist x’, u’, v/, w’ € A such that
X'=x,u'=i,vV=0,w=w,and x’ € u' +v' +w'. Pickq € v+ w’ suchthatx eu' +gq.
Then (9, w, §) € II and (i1, G, X) € II. This completes the proof of (1).

(2) Let a,b,c € A. According to Lemma 7.2, (a, b,¢) € Miff ¢ € D(a,b), —a €
D(—¢,b) and —b € D(—c, a. Accordlng to Lemma 7. 1(2) this occurs iff forall ¢ € X7,
é(a)a(o) > 0 or é(a)b(a) > 0 or a(a)b(a) <0 or a(s) = b(o) = (o) = 0, i.e., iff for all
o € X7, (a(o), b(c), () € Il,. This completes the proof of (2). [

The real spectrum of Q7 (A) is naturally identified with X7. Now that we know that
addition is a well-defined associative operation on subsets of Q7(A), we have another
more intrinsic description of value sets.

7.4. Corollary. Let T ={i|t € T}={i|t € A,7>0}. Then

() Tai+-+Ta={b|be). Tai+ -+ Ta,}.
@ 0ea+ - +a, & —a,eZH&,Talforizo,...,n¢>E|a6,...,a;lsuchthat

Ocay+---+a, anda_;za_i,izo,...,n.
Proof. (1) follows from Lemma 7.1, by induction on n. (2) is clear from Lemma 7.2. O

We restrict our attention now to the case where T = Y. A? and consider the multiring
homomorphism a +— a from A into Qgper(A) . We denote QZ 42(A) by Ored(A) which
we refer to as the real reduced multiring associated to A. The multirings A such that the
multiring homomorphism a + a from A onto Qreq(A) is an isomorphism are obviously of
special interest.

7.5. Proposition. For a multiring Awith —1 ¢ A2, the map a — a from A onto Qyeq(A)
is an isomorphism iff A satisfies the following three properties (for all a,b € A):

D) @ =a.
(2) a + ab? ={a).
(3) a? + b? contains a unique element.

Proof. Ifc € a®+b?, thenc € (a*+b*)(a* +b2) C a*+a?b*+a*b?+b*=(a*+a’b*) +
(b + a®b?). Since a? is the unique element of a*> + a?b>, and b? is the unique element
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of b2 + a%b?, this implies c? € a® + b2, Consequently, 2 =c,ie., the unique element
of a® + b2 is necessarily a square. It follows by induction that, for any ay,...,a, € A,
af 4+ a,% contains a unique element, which is a square. In particular, A% =A%

LetT=) A%>=A? Supposea=h.Letc € a’>+b>. Thus —c** € A2~ A%ab. Since
3 =c, ¢* = ¢%. Thus, there exists d € Y. A%ab withd € ¢® + A%, ac € a(a®> + b*) C
a’+ab>=a+ab*=a,soac=a. Similarly, bc=b and cd=c. Thus, ad=(ac)d=a(cd)=ac=a
and, similarly, bd = b. Say d € ) eizab. Thenab=abd € )" el.zazb2 C AZ. This implies
ab € A%, soab=a’b*. Thus,a’>=a’d € }_ e}a’b=)" e}ab=Y" e?ab? and, similarly,
b? € Y e?a’b*. Since ). e?a’b” is a singleton set, this implies a> = ab = b>. Finally,
a=a’=aa® — ab* = (ab)b = b*b = b> = b, as required. [

A multiring satisfying —1 ¢ Y~ A? and the equivalent conditions of Proposition 7.5 will
be called a real reduced multiring.

7.6. Corollary. A multiring A is a real reduced multiring iff the following properties hold
(foralla, b, c,d € A):

(1) 1#£0.
) a®=a.

(3) (a,ab* ¢) el = c=a.

4) (@®,b* ¢) e Hand (a*>, b*,d) € Il = c=d.

Proof. As noted above, (2), (3), (4) imply Y. A? = A2 If —1 € 3_ A2, then —1 = a? for
some a, 50 0 € 1+ a®. By (3), 0 = 1. This contradicts (1). Thus, —1 ¢ >~ A2. Now apply
Proposition 7.5 to conclude that A is a real reduced multiring. The converse is obvious. [J

Real reduced multirings and spaces of signs are the same thing: if A is a real reduced
multiring, then the pair (Sper(A), A) is an space of signs in the terminology of [7, Section
6.1] , and every space of signs is of this form. This is clear.

If A is a multiring such that —1 ¢ 3" A2, then for each proper preordering T of A, Q7 (A)
is a real reduced multiring. In particular, Qeq(A) is a real reduced multiring. If Aq, A;
are two such multirings, then any multiring homomorphism A; — Aj; induces a multiring
homomorphism Qred(A1) — QOred(A2). In this way, QOreq is a functor (a reflection) from
the category of all such multirings onto the subcategory of real reduced multirings.

For a multiring A with —1 ¢ 3~ A2, and a proper preordering T of A, the primes of Q7 (A)
are the images under A — Q7 (A) of the supports of orderings in X7, equivalently, the
images under A — Q7(A) of the primes p in A such that (T + p) N —(T +p) =p. In
particular, the primes in Qreq(A) are the images under A — Qreq(A) of the real primes of
A. If p is a real prime of A such that (T + p) N —(T + p) = p and p denotes the image of p
in Qr(A), and T’ denotes the preordering in ff(A/p) induced by T, then ff(Qr(A)/p) is
identified with the real reduced multifield Q7/(ff(A/p)). In particular, if p is a real prime of
A and p is the image of p in Qreq(A), then ff(Qreq(A)/P) is identified with the real reduced
multifield Qyeq(ff(A/p)).

In areal reduced multiring A every ideal is real. Moreover, for each prime ideal p in A, the
residue multifield ff(A/p) is a real reduced multifield. As explained in [1,7], considerable



468 M. Marshall / Journal of Pure and Applied Algebra 205 (2006) 452—468

information concerning the real reduced multiring A can be read off from the structure of
the real reduced multifields ff(A/p), p € Spec(A). Additional information concerning A is
obtained from certain multiring homomorphisms (relating the residue multifields ff(A/p)
and ff(A/q) in case p C q) that arise from the specialization relation on Sper(A). In case
A 1is finite (or, more generally, has finite chain length), this local information suffices to
determine A completely [7, Section 8.5].
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