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1. Introduction

The interpolation-supplemented lattice-Boltzmann equation is proved to recover the Navier-Stokes equation as long as
a second order interpolation scheme for the distribution functions is used [1]. Using a linear interpolation scheme generates
numerical viscosity degrading the lattice Boltzmann scheme. So lattice Boltzmann (LB) methods using grid refinement have
to use interpolations of higher order to obtain suitable results [2-4]. This makes the algorithm more nonlocal, since for a
higher order interpolation at least three coarse grid points have to be used and information from the next-next neighbor
is needed. Here we propose a more local scheme avoiding this problem. The paper is organized as follows: In Section 2 we
shortly sketch the LB method, in Section 3 we present a new interpolation scheme and in Section 4 the scheme is checked
for consistency. Section 5 concludes the paper.

2. Lattice Boltzmann method

The Lattice Boltzmann method [5,6] is a numerical method to solve the Navier-Stokes equations, where mass fractions
(also called particle distribution functions) propagate and collide on a regular grid. In the following x represents a two-
dimensional vector in space and f a b-dimensional vector, where b is the number of microscopic velocities. We discuss the
d2q9 model [7] with the following microscopic velocities,

. 0 c 0O —¢c 0 ¢ —c —-c ¢
{e,-,l—O,...,S}—{O 0 c 0 —c ¢ ¢ -—c —c} (1)
generating a space-filling lattice with a nodal distance h = cAt, where c is a constant microscopic velocity and At the time
step. The lattice Boltzmann equation is

fitt + At, x4+ eAt) =fi(t,x) + £2;, i=0,...,8 (2)
where f; are mass fractions (with unit kg m~3) propagating with speed e; and £2 is the collision operator. We use a multi-
relaxation time MRT model [8-10] with a modified transformation matrix yielding simpler expressions for the collision
operator [11]. The collision operator is

2 =Mk, (3)
where M is the transformation matrix given in Appendix and k is the change of mass fractions in moment space.
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The moments m of the mass fractions are given with
m = Mf := (p, polx, Polly, € Pxxs Prys x, hy, k), (4)

where p is a density variation, pg is a constant reference density and (poouy, poly) is the momentum. The moments e, pyy, Pxy
of second order, hy, hy of third order and « of fourth order are related to the flow field by Eq. (7). Vector k is given with

k() =0, ]C] =0, kz =0
ks = ke = —s. (e — 3 po(uy + 1))

ks = ke = =5, (pxx - :00(”)3 - uﬁ))

ks = ky = =Sy (Dxy — Po Uix Uy) )
ks = kpx = —sp hy
k; = kny = —su hy
ks =k, = —s,k,

where s, is a relaxation rate related to the viscosity and s, s, and s, are relaxation rates related to the higher order moments.

Performing either a Chapman-Enskog [12,5] or an asymptotic expansion [13,14] of Eq. (2), where the time step At (and
therefore the mesh spacing) as well as the Mach number go to zero, it can be shown that the LB-Method is a scheme of first
order in time and second order in space for the incompressible Navier-Stokes equations. To couple the mesh spacing to the
Mach number (diffusive scaling), the microscopic velocity c is defined as

co ho
c=— (6)

where hg and ¢g are a constant reference length and velocity. In the lattice Boltzmann context they are usually both set to
one. The time step is related to these values by At = h/c = h?/(co ho).

The analysis yields solutions of the moments e, px, Pxy, hx, by and « up to second order in terms of density and
momentum [11] (for an expansion in distribution space using the advective scaling see [15]):

e =3 po(u} + uy) + O(h%)
2 Atp
Dxy = o Ux Uy — To(ax uy + 3y uX) + G(hz)

v

2c2 At p
Dxx = Po (uf - uﬁ) - TO(BX Uy — 0y Uy) + @(hz)
' (7)
c? At po ) 2
hy = (O = 20y tty + 20y Uy — 4vdti) + o(h?)
h
c? At
hy, = 37’)0(—2 Bty — By U2 + 2 ity — 410y, 1) + O (h2)
h
Kk =0+ (9(h2) .
The kinematic viscosity is related to the relaxation rate s, by
_A e
V= c” At. (8)
3 \s, 2
The hydrodynamic pressure is given by
2
= —p. 9
p=3p 9)

Collision rates s, s, and s, are not relevant for the incompressible limit of the Navier-Stokes equations and can be chosen
in the range [0, 2]. They can be tuned to improve stability [9], where the optimal values depend on the specific system
under consideration (geometry, initial and boundary conditions) and can not be computed in advance. For high Reynolds-
number flow a good choice is to set these values to one, for low Reynolds-number flow the magic combination given in is
suitable [15]. A good choice is to set these values to one.

We can solve Eq. (7) for the elements €,4 of the strain rate tensor:

Sy 3 Dxx
Ry =€ =—— > (2 -2 -2 o (h?
x Ux €xx CZAIT<4(X y p0>)+ ()

Sy 3 2 2, Px 2
d = = —— |- |—-u +u, + — + O(h 10
vty €w c2 At (4 < Ux uy £o )) ( ) ( )

s
Bxuy+8yux=26,<y=3c—v(uxuy—l;ﬂ>+(9(h2).
0
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Fig. 1. Cell composed of four lattice nodes.

The velocity gradient matrix is not a tensor and is composed of the strain rate tensor €,4 and the rotation tensor ryg =
Op Uy — Oy Ug:
1
8,9 Uy :eaﬂ+5ra5. (11)

The diagonal entries of r, 4 are zero and in two space dimensions the off-diagonal element is the vorticity:

Oplly Oy Uy € €xy 1/0 o
= — . 12
<3x u, oyuy €y Eyy + 2\—o 0 (12)

With Eq. (7) it is not possible to compute the elements 9, uy, dx u, of the velocity gradient matrix separately or the vorticity
@ = 0y Uy, — dy U, with the local information contained in the moments. So it is not possible to do a higher order interpolation
of the velocity between two nodes, since information is missing. In Section 3 we propose a non-local method using a cell
composed of four nodes to obtain these entries.

3. Second order interpolation of the flow field

We consider a cell composed of four lattice nodes as shown in Fig. 1. The following ansatz for the velocity field u, in the
cell is chosen
Uax®,Y) = a0+ a1 X + 6y +a3x'y +c(1 - x*) +¢,(1 - y?)
Uay(X,¥) =bo +b1x +byy +bsx'y +d(1 = X?) +dy(1 - y?),
where

(13)

,_Z(X—Xo)_1 y,_Z(V—YO)_
h ' ~ h

and with a first set of 8 unknown coefficients {a;, b;|i = 0, 1, 2, 3} and a second set of 4 unknown coefficients g = (c;, d;|i =

0, 1) This ansatz is of second order and the first set of coefficients is related to a simple bilinear interpolation and the second

set introduces the quadratic terms. The special form of this ansatz guarantees that the velocity field is matched exactly at

the 4 nodes.

The first set of coefficients is determined by demanding at each node of the cell

1, (14)

Ugx(Xm» Ym) = Ux(Xm, Ym)

(15)
ua,y(xm».]/m) =uy(xm’J’m)y m=1,...,4
and results in a simple bilinear interpolation. In the following the values X, and y, are set to zero to simplify the notation.
The first set of coefficients {g,;,i =0, ..., 3, @ = x, y} with g, = aand g, = b is then given by
8u,0 1 1 1 1 U, (0, 0)
an| _1[-1 1 1 —1)][us(h0) .
2| 4l-1 -1 1 1 ug(h ) |> ¥=%Y (16)

8a,3 1 -1 1 -1 u, (0, h)
Now we can proceed to determine the second set of coefficients. The elements of the strain rate tensor can be computed
locally at the four nodes using Eq. (10). At each node of the cell we require now
Ox Ug x(Xm, Ym) = €x(Xm, Ym)
8y ua.y(xmaYm) = ny(xvam) (17)
Oy Uax(Xm, Ym) + Ox Uay(Xm, Ym) = 2€xy(Xm, Ym), m=1,...,4.
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This yields an equation system Cg = r of 12 equations

% 0 0 o %0, 0) — ti(h, 0) ; w0 o . 0.0

0 0 % 0 %©.0) — 40 ) ;uy CL €,y(0,0)

0 % 0 % 1, (0, 0) — u,(0, h) —;l-uy(O, 0) — uy(h, 0) +264(0,0)
—% o 0 o0 (0.0 = (1. 9) ;uX(h’ 9 4 eulh,0)

0 0 % 0 ty(h, ) = uy (. B) ; uyh. 1) €,y(h, 0)

0 % 0 _% E; ) uy(h, 0) — uy(h, h) —;; u,(0, 0) — uy(h, 0) +26y(h, 0) -

4 d, | — ux(0, h) — uy(h, h) ’
- 0 0 0 di — + exx(h, h)

0 0 —% 0 M + ey (h )

0 _% 0 _% y(h, 0) — uy(h, h) : w©. 0 —whh o 1)

% 0 0 0 M + ex(0, h)

0 0 —% 0 M + 6,0, h)

0 _% 0 % (0, 0) — uy (0, h) JI: w O 0 —whh e @)

From the 12 equations only 4 are linear independent (the rank of the coefficient matrix C is 4) and we can build the
Moore-Penrose pseudo-inverse of C [16,17] to compute the unknown coefficients g:

g=Cc'r. (19)

The matrix C~! is given by

I 0 —% 16 0 % 0 0

h h h

. 0 0 — 0 0 — 0 0 —_— 0 0 —_—

c ! = I 16 16 I 16 b 16 , (20)

0 E 0 0 E 0 0 _E 0 0 _E 0

h h h h

0 0 — 0 0 —_— 0 0 —_— 0 0 —

16 16 16 16

and the second set of coefficients is given with
h
Cx = ﬁ [€xx(0, 0) + €xx(0, h) — exx(h, 0) — €xx(h, h)]

h
dy = E [ny((), 0) + Eyy(hs 0) — 6yy(os h) — ny(h’ h)]

h 1
by = § [ny(O, 0) + €xy(h, 0) — €4(0, h) — €y (h, h)] + § [uy(O, 0) + uy(h, h) —uy(0, h) —uy(h, O)]
dy = g [€x(0, 0) + €4, (0, h) — €y (h, 0) — e (h, )] + % [u(0, 0) + ux(h, h) — uy(0, h) — ux(h, 0)].

Eq. (21) shows the added value by using the information contained in the second order moments. If one would not use this
information, but compute the elements of the strain rate tensors by finite differences using the four nodes of the cell, the
coefficients ¢, ¢y, dy and dy would be zero.

4. Check for consistency: Arbitrary flow field

To check whether the procedure proposed for the reconstruction of the velocity field yields second order accurate results,
we consider an arbitrary, smooth flow field. The Taylor expansion of the flow field u = (fy(x, ¥), f;(x, ¥)) around the point
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(X0, yo) is given by
Uy = Uy (Xo, Yo) + Oy Ua (X0, Yo) (X — Xo) + 3y Ua (X0, Yo) (¥ — Yo)
1 1
+ Eax,x Ug (X0, Yo) (x — X0)* + iay’y Ug (X0, Yo) (Y — ¥0)*

+ Oxy Ua (X0, Yo) X —X0) ¥ —Yo) + -+, a=Xx). (22)

We substitute the Taylor expanded flow field (22) in Eq. (16) to compute the coefficients ({a;,i = O, ..., 3}, {b;,i =
0,...,3}) and in Eq. (21) to compute the coefficientsg = ({¢;,i = 0,...,1},{d;,i = 0, ..., 1}). The difference between
the interpolated flow field given by Eq. (13) and the Taylor expanded flow field (22) is then

Uga(®.Y) —Ue(x,y) = O(F®), a=x,y. (23)

This shows that the interpolation (13) together with the coefficients (16) and (21) is exact up to second order.

5. Conclusions and outlook
We have proposed a new method for the reconstruction of the flow field in a cell composed of four lattice nodes for the

d2q9 model. This method can be the base of a more local grid refinement algorithm for the LB method or it can be used to
implement higher order boundary conditions. The extension to three space dimensions is straightforward.
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Appendix. Transformation matrix M

The Transformation matrix M is given with

- 1 1 1 1 1 1 1 1 1 -
0 c 0 —C 0 c —C —C c
0 0 [« 0 —C c [« —C —C

—2¢? c? c? c? c? 4c*  4c? 4c? 4c?
M=| O e 0 0 0 |. (A.1)

0 0 0 0 0 2 =c? c? c?
0 -3 0 c3 0 28 —2c8 —2¢ 2¢8
0 0 -3 0 A 28 288 28 —2¢é

L ¢t  —2¢* —2¢* —2¢* —2¢* 4ct 4t 4t 4t A
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