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these parameters have been applied in organic chemistry as natural structural indexes
different from the usual ones in order to achieve an improvement in the discrimination
between different molecules that have similar structural behaviours. This new application
has started an important and fruitful line of research which has carried the computation
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Kirchhoff Index of the Kirchhoff index into some symmetrical networks such as distance-regular grahs
Cluster or circulant graphs. Moreover, a wide range of generalized Kirchhoff indexes for some
Corona networks have been introduced. The objective of the present work is to obtain the Kirchhoff
Effective resistances index for composite networks such as corona or cluster networks.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

The Kirchhoff index, also known as the Total Resistance of a network, was introduced in chemistry as a better alternative
to the other parameters used for discriminating among different molecules with similar shapes and structures; see [11].

Chemically, the Kirchhoff index of a molecular graph is the sum of the squared atomic displacements produced by
molecular vibrations of atoms from their equilibrium positions (see [9]). Small values of the Kirchhoff index indicate that
the atoms are very rigid in the molecule. For instance, in 2,2,3-trimethylbutane (shown on Fig. 1) the smallest displacement
is obtained for the carbon atom connected to three methyl groups, that is, the carbon atom connected only to other carbon
atoms. In view of the applications of the Kirchhoff index, a new line of research with a considerable amount of progress has
been developed and the Kirchhoff index has been computed for some classes of graphs with symmetries; see for instance
[1,4,10,14] and the references therein. Moreover, it is of great interest to calculate this parameter for composite networks
and find possible relations between the Kirchhoff indexes of the original networks and those of their composite networks;
see for instance [15].

In [5,6] a generalization of the Kirchhoff Index of a finite network, which is based on defining the generalization of the
effective resistance between any pair of vertices with respect to a value A > 0 and a weight w on the vertex set, was
introduced. Here we show that this generalization is essential to obtain the expression for the Kirchhoff index of a composite
network in terms of the Kirchhoff indexes of the factors.

In this work the role of Green'’s function is crucial in order to evaluate the effective resistances of the network. So, after
the introduction of the main definitions of the involved operators and their properties, we obtain the expression of Green’s
function for some composite networks in terms of the Green’s functions of the factors. Therefore, as a by-product, we obtain
the expression of the effective resistances and hence of the Kirchhoff index, all of them in terms of the corresponding
parameters of each factor network.

Although the techniques and notations used in this work belong to a discrete framework, they have their origin on the
continuum: they are similar to the ones used in partial differential equations research. The adaptation of these techniques to
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Fig. 1. 2,2,3-trimethylbutane.

the discrete context is shown to be suitable and for that reason we can work with functions instead of vectors or operators
instead of matrices.

Given a finite set V, the set of real valued functions on V is denoted by € (V). The standard inner product on C(V) is
denoted by (-, -) and hence, if u, v € €(V), then (u,v) = >, ., u(x) v(x). Forany x € V, &, € C(V) stands for the Dirac
function at x and 1 is the function defined by 1(x) = 1, for any x € V. On the other hand, w € C(V) is called a weight if it
satisfies that w(x) > 0 for any x € V and moreover (w, ®) = 1. The set of weights on V is denoted by £2 (V).

The triple I = (V, E, c¢) denotes a finite network; that is, a finite connected graph without loops or multiple edges,
with vertex set V, whose cardinality equals n, and edge set E, in which each edge {x, y} has been assigned a conductance
c(x,y) > 0. So, the conductance can be considered as a symmetric function c:V x V. — [0, +00) such that c(x,x) = 0
for any x € V and moreover, vertex x is adjacent to vertex y iff c(x, y) > 0.

The combinatorial Laplacian, or simply the Laplacian of the network I" is the endomorphism of € (V) that assigns to each
u € C(V) the function

L(U)(x) = Zc(x,y) (u(x) — u(y)), xeV.

yev

Given q € C(V), the Schrdodinger operator on I with potential q is the endomorphism of C(V) that assigns to each
u € C(V) the function L4(u) = £L(u) + qu, where qu € C(V) is defined as (qu)(x) = q(x)u(x); see for instance [2,7].
It is well-known that any Schrodinger operator is self-adjoint, and we are interested in those Schrédinger operators that are
positive semi-definite. The characterization of this type of operator was obtained in [2] by considering, for any w € £2(V),
the potential determined by w defined as the function q, = —w~!.£(w). The Schrédinger operator given by this kind of
potential, £y, contains as a particular case the normalized Laplacian introduced by Chung and Langlands in [8].

Proposition 1.1 ([2, Proposition 3.3]). The Schrodinger operator L is positive semi-definite iff there exist » € $2(V) and
A > 0 such that q = q,, + A. Moreover, w and A are uniquely determined. In addition, £ is singular iff A = 0, in which case
(Lq, (), v) =0iff v=aw, a € R Inany case, A is the lowest eigenvalue of L4 and its associated eigenfunctions are multiples
of w.

Theorem 1.2 (Fredholm Alternative). Given f € C(V), £y, (u) = f is solvable if and only if (f, w) = 0. Moreover, there exists
only one solution u € (V) with (u, w) = 0.

If £, is positive definite, then it is invertible and its inverse is called the Green operator. On the other hand, when £,
is positive semi-definite and singular the operator that assigns to each function f € €(V) the unique u € € (V) such that
Lq(w) =f — {f, w)w and (u, w) = 0 is called the Green operator. In any case, the Green operator is denoted by g, see [5].
Moreover, the function G : V x V — R, defined as G4 (x, y) = $4(¢,)(x) forany x, y € V, is called Green function. Observe
that §q(w) = Afw, where AT = 27" when A > 0and AT = 0 when A = 0. Moreover, 4, is self-adjoint as a consequence of
the Fredholm Alternative and g4 is a symmetric function.

Observe that u = Gg(:,y) is the only solution of the problem £4,(u) = & — w()w, (u,w) = 0wheni = 0
and Lg(u) = &, when A > 0. In addition, if A > 0 then §4(£Lq(u)) = uforallu € €(V) and if A = 0 then
G40 (Lg, (W) = Lyg, ($q, W) = u — (u, w)w. In both situations G4(w) = AMo.

In [5,6], a generalization of the concept of Kirchhoff index was introduced by defining the effective resistance and the
Kirchhoff index with respect to a value A > 0 and a weight w € £2(V). Specifically, if we consider the functional on C(V)
defined as

u(  uy)

JxyW) =2 [m - rm] —{Lq(W), u),

then we can give the following definitions.
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Definition 1.3. Given x, y € V, the effective resistance between x and y with respect to A and w, is the value
Ryo(X,y) = max {3.,w}.
ueC(V)

Moreover, the Kirchhoff index of I" with respect to A and w, is the value

1
kb @) = 2 ) Rio (6 )0’ (%) 0’ ().

x,yev

In addition, if we consider the functional
u(x)

Sx(u) =2 |: - <u’ w>i| - (ch(u)» Ll)

o(X)
the total resistance at x € V with respect to X and w is defined as

Mo(X) = urerg{;){m(u)}-

In the following we drop the expression with respect to A and w when it does not lead to confusion. When A = 0 we
usually omit the subindex A in the above expressions and when w is constant we also omit the subindex w. Therefore, nR
is nothing else than the standard effective resistance of the network, whereas % is the Kirchhoff index introduced in the
context of organic chemistry, see for instance [13].

The following formulae, which express the different parameters in terms of Green’s functions, will be crucial for obtaining
the main results of the present paper, see [5] for the proofs.

Proposition 1.4 (/5, Proposition 4.3]). For any x,y € V, it is satisfied that

Gq(x, x) Ge(x,x) Gq(v,y) 2Gq(x,y)
o) ="y M Ro®) = S50 5 T atel)
Therefore,
k(b 0) = D ro®e’(®) = Y Gy x) — A%
xeV xeV

From now on we will work on two different composite networks: cluster and corona networks. In fact, we will follow
the techniques used in [3] in order to obtain the effective resistances and the Kirchhoff indexes of join networks in terms of
the same parameters on the factors.

2. Cluster networks

The standard cluster I = I'p{I7} of two graphs I'y and I'y with vertex sets V and V; (with a distinguished vertex x € V;)
and edge sets Eg and E; consists of m = |V;| copies of the graph I'f, each one attached to a vertex of Iy identifying the vertex
x with this one, as shown in Fig. 2. The edges are maintained as in the original graphs.

For this composite graph the expression of the Kirchhoff index was obtained in [15].

In this section we consider the generalization of the cluster graph to the case of m + 1 different networks and we obtain
the expression for Green’s function, the effective resistances and the Kirchhoff index with respect to a weight in terms of
the corresponding parameters of the factors.

Let Iy = (Vy, Ep, cg) be a connected network with vertex set given by Vo = {x1,...,xp} and let I = (V;, E;, ¢),i =
1,..., m, be connected networks such that x; € V. Let V = ]_[i"l1 V; be the disjoint union of all vertex sets and consider
w € (V).
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Fig. 3. Cluster network I'o{I7, I3, I3, I4).
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Fig.4. [Ru(bpz); {Fe(CN)5}6]]6 metal complex.

We call cluster network with base I'y, satellites { I3} ; and weight w the network I" = (V, E, c) obtained by attaching the

networks I3,i = 1,..., m, to Iy by identifying the vertices x; € V; and x; € Vj; that is, the network whose conductance is
given by c(x,y) = ¢i(x,y) forany x,y € V;,i = 0, ..., m, and by c(x, y) = 0 otherwise. This network will be denoted by
I = Iy{Iy, ..., Iy}, see Fig. 3.

We do not exclude the case V; = {x;} for somei = 1, ..., m, and it is worth mentioning that when this happens the

attachment of 75 at {x;} does not alter the base network.

Cluster networks are highly relevant in chemistry applications since all composite molecules consisting of some
amalgamation over a central submolecule can be understood as a generalized cluster network.

For instance, they can be used to understand some issues on metal-metal interaction in some molecules, see [12],
since a cluster network structure can be easily found. We can observe that fact in Fig. 4, which is a representation of the
[Ru(bpz); {Fe(CN)5}6]16 metal complex that clearly shows its cluster structure.

1
Consider, forany i = 0, ..., m the value 0; = <ZX€V1' a)z(x)) : .Then, giveni = 0, ..., m, if for any x € V; we define

wi(x) = cri”w(x), it is clear that w; € £2(V;). Moreover, forany i = 0, ..., m, we identify C(V;) with the subspace of (V)
formed by the functions that are null on V \ V;. On the other hand, if u € G(V), the restriction of u to V; is also denoted by u.
Observe thatifu € ¢(V;) and v € C(V), then (u, v) = ervi u(x)v(x) and, in particular, (u, v) = 0 when v € C(V)) with

j#iandi,j=1,...,mand (u, v) = u(x;)v(x;) when v € C(Vy) with i £ 0. Observe that Z]"’:] aj2 =1
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From now on, .£ will denote the combinatorial Laplacian of the cluster network I" and fori = 0, ..., m, £ will denote
the combinatorial Laplacian of the network 7. Then, we get the following result.

In the following we consider the potential on I" given by q,, and its corresponding semi-definite and singular Schrodinger
operator £, . In addition, foranyi = 0, ..., m, we also consider the potential on /7 given by g, and its corresponding semi-
definite and singular Schrédinger operator °££1wi

Proposition 2.1. For any u € C(V), it holds that
Lg, W) (x) = L W)(X) + °C3w0 W (x)ey(x) forallxe Vi, i=1,...,m.

Proof. It suffices to observe thatifx € V;,i =1, ..., m, then
LX) = L' WK + LYW E)E,(®)  and G, () = Gy (%) + oy (X)ex (). O

2.1. Green'’s function and effective resistances

The main objective in this section is to obtain Green’s function of the cluster network in terms of Green’s functions of
the satellites. As a by-product we also obtain the effective resistances and the Kirchhoff index, with respect to a weight, in
terms of the corresponding parameters of each factor by applying Proposition 1.4.

Throughout the section, 95&0,- denotes Green’s operator for °£qu,- onl;,i=0,...,mItwill be useful to consider, for any

f € €(V), the function g € C (V) defined as
Uj(fv wj) _ (fv wj)

a)(xj) a)j(xj) ’
which is motivated by the following result.

gf (Xj) =

Lemma 2.2. Let f € C(V) such that (w, f) = 0 and consider u a solution of the Poisson equation £q, (u) = f on V, then

£2w0 (u) = g onV.

Proof. From Proposition 2.1 we get that u is a solution of £, (u) = f on V iff u satisfies £Q(u w)=f- °Cow0 (u) (xj)sxj onV;.
Keeping in mind the Fredholm Alternative and that, for fixedj = 1, ..., m, Gquj (wj) = 0 we get that

0=1{,w)— £2wo (W) (%) wj(%;)
and hence the result follows. 0O

Proposition 2.3. Let f € C(V) such that (w, f) = 0 and consider the Poisson equation on V, L4, (u) = f. Then, the function

i -1 i
u= ; Gt F — &ex) + ; e (95,6 — ge0 0 — 95, @) [0 — 1]

is the unique solution of the Poisson equation such that (w, u) = 0.

Proof. From Proposition 2.1 we get that u is a solution of £y, (u) = f on V iff u satisfies L o) (w) =f —gegony for all
j=1,...,mand, hence, there exist fy, f; € R, such that

u=Gq, (&) + Powo onVy,
u= 9,1 (f gfsxj) + Bjw; onV;.

Consequently, if we define u; = 9{,&)_ (f— & sxj) + Bjwj € C(V)), thenu = Z]'L u; satisfies Ly, (u) = f and

m

m
=D (@) =) owy 1) Z%ﬂf

=1 j=1

—.

Therefore, (u, w) = 0 if and only if Zj:] Bjoj = 0. On the other hand, keeping in mind that x; € V; N V, and that

Uga)o(X
wj(xj) = 71

, we get that

90, ) = G4, (F — &&5) () 450

w;(X}) 00

)j =
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Therefore,

Po=o00y — = (9, (F —gex) () — 95, X)),
j=1

wj (Xj)
and the result follows. O

Theorem 2.4. The Green function of the cluster network Ip{I1, ..., I'm} on V; x V; is given by

. 1 . .
Cao = qu“’j + ;(X;) [(GjaiG;wi(" Xi) — G]qwj(" Xj)) ® wj]

1 . .
+ W [wi ® (CTJ'O'I'G]qwj (', Xj) - Gil”i (', X,’))] + 8ijwi 24 wj

where

0i0j | & 010 | o
gj = ﬁ |:Z U]<2<R2)O(stxj) + RO, (X, Xi) )i| — [ZZ% o RO, (X, Xe) — Rwo(Xz,XJ):|
0

k=1 k=1 ¢=1

+ 0i0; |:Z oprs, () — 1, (%) — 1, (X;):| + 13, (X)),

Proof. Foranyy € V,u = Gg, (-, y) is the unique solution of £, (u) = &, — w(y)w such that (u, w) = 0. Then, applying
Proposition 2.3 to f = &, — w(y)w, the explicit expression of G, is deduced if we reduce the problem to some cases: as
y e Vforagivenj € {1,...,m}, thenf = &, — ojw;(y)w and therefore

(. o) = 0j(1 =)

0 (f’ wj) _ a)j(y) O m Qw (X], Xl)

g ((Uj(Xj) ) - w;(%)) Gaoo (. X)) — 0je;(y) Z o ()

o, D 0) = G, (5,9

b, X =G, (.y), x€V
(f’ C()k) = _():]Uka)](Y)v k #]

0 (f, wr) o (%) c° IG% (Xk, X1) .
g‘quio (wk(xk) ) N j (X ) qwo (Xk, X] O}w] (y) Z CL)[(X[) ’ k ¢]

Gg, ) =0, k#]j
9e, (N =0, x€Vi, k#].

Applying Proposition 2.3, keeping in mind that G, (x, ¥) = u(x), and taking into account that x can be either in V; or in V,
for k # j, we get the result using the formulae corresponding to each case. O

The following result gives the expression of the Kirchhoff index and the effective resistances with respect to a weight in
terms of the corresponding parameters of the satellites. These expressions follow directly from the formulae for the Kirchhoff
index and for the effective resistances given in Proposition 1.4. In all expressions, the superscript i in a parameter stands for
the corresponding parameter on the network 7.

Proposition 2.5. The Kirchhoff index of the cluster network I'o{I", ..., Iy} is given by
m l m m m
k(w) = K(w) + — o?a?R° Xi, Xi) + 1—0oDr (x).
(@) ; (@) 2%2;; 2o7R), (xi.x;) ;( 2l (xi)

Moreover, the cluster total resistances and effective resistances with respect to w are given, forallx,y € V, by
2

. . (o] )
ro@) = 10 —1 (%) — 71?] (X X)) + -
J ] O'] 0

m
Z op o [R0, (i ) — RO, (e x0)]
k,t=

+ Zoz T (X0, X €V,



C. Arauz / Discrete Applied Mathematics 160 (2012) 1429-1440 1435
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Fig. 5. The resistance between purple x and y is the (weight-adapted) resistance in the satellite network whereas the resistance between brown x and

yellow y is the (weight-adapted) sum of the resistance between x and x; on [}, the resistance between x; and x; on I and the resistance between x; and y
on [;. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Iy

N

Tooly

Fig. 6. The corona I" = I o I'y of two graphs I and I7.

R, ()
Ro(x,y) = —=—, xyeV,
%
R (x,x) R (x,x) R, (.9
Ry y) =420y 0 0 L T XeVy eV, i)
Ui O'o O']

We can say now that the result about effective resistances could have been deduced from the observation of the cluster
network structure: the resistance between two vertices belonging to two different satellite networks is the (weight-adapted)
sum of the resistances between each one of the vertices and the corresponding vertex in the base network and the resistance
between these two vertices on the base network, see Fig. 5.

For the standard case, that is, when all the satellites are the same and the weight and the conductance equal 1, the last
result was obtained in [15].

3. Corona networks

The corona I" = Iy o I'y of two graphs Iy and Iy with disjoint vertex sets Vy and V; and edge sets Eg and E; is the graph
set up by I'y and m = |Vy| copies of I'}. The edges are the ones connecting each vertex from a copy of I'; with one vertex of
Iy, in addition to the ones on the original graphs, as shown in Fig. 6.

For this composite graph the structure of the Kirchhoff index has been also studied (see [15]).

In this section we consider the generalization of the corona graph to the case of m+ 1 different networks and we proceed
to study the same parameters and operators as has been done in the previous section for cluster networks.

Let Iy = (Vo, Eg, co) be a connected network with vertex set given by Vo = {x1,...,x,}and let I; = (V;, E;, ¢;),i =
1, ..., m,be mconnected networks.LetV = V; U]_[:-”:] V; be the disjoint union of all vertex sets. We also consider w € £2(V).
We call corona network with base I'y, weight w and conductances {a;} ; the network I' = (V,E,c), denoted by
Iyo (I, ..., I;y), where the conductances are given, for every pairx,y € V, by
ci(x,y), x,yeVi,i=1...,m
c(x,y) = JaiwXo), x€Viy=x
0, otherwise,
see Fig. 7.
Remark 3.1. Iyo (I, ..., ) = o {(I'1 + {x1}), ..., (U'm + {xm})}, where I'; + {x;} is the generalized join network with
join conductance a;,i = 1, ..., m, see [3]. This equivalence is shown graphically in Fig. 8.
1
Consider, for any i = 0,...,m, the values 0; = (ervi wz(x)) ‘) Moreover, we define w;(x) = o; 'w(x) for all

x€V;,i=0,...,mltis clear that w; € £2(V;). Observe thatifu € C(V;) and v € C(V), then (u, v) = Y

in particular, (u, v) = 0 when v € C(V;) withj # iandi,j=0,..., m.Observe that )", 0> = 1 — o;.

xeV; u(x)v(x) and,
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Fig. 7. Generalized corona.

Fo+{xa}
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To{l1 +{z1},... . Ty +{z4}}

Z3

ZIa

Fig. 8. Equivalence between corona networks and a cluster of join networks.

If £ is the combinatorial Laplacian of the corona network I" and, fori = 0, . .., m, £ denotes the combinatorial Laplacian
of the network I';. Moreover, we consider the potential on I" given by q,, and its corresponding semi-definite and singular
Schrodinger operator £g,. In addition, for any i = 0, ..., m, we also consider the potential on I; given by q,, and its
corresponding semi-definite and singular Schrédinger operator DCﬁlwi.

Proposition 3.2. Foranyu € C(V) and forallj=1,...,m,
Lo, () = £5, @)05) + a0 (u0) — cr0(x) (@), W),
Lg, W (x) = OC{DJ_ (W) (%) — gjogwo (X)) u(xj)ojwij(x), withx eV,
where pj = qu,; + y; and y; = ajog w§ (X))
Proof. It suffices to observe that foranyu € ¢(V) and forallj =1, ..., m,
LW () = L£2W) () + 000 (X)) G (u) (@, 1) — (@, u))
LW)(x) = L W) x) + gojoj(X)wo(x) (ukx) —u(x)), withx € V;
and hence
Qo (X) = Guy (X)) + ajoj(0j — Gowo (X)) (wj, 1)),

o (X) = u; (X) — Gjoowo (%)) (0jw; (%) — dowo (),  withx € V;. O

3.1. Green’s function and effective resistances

The main objective in this section is to obtain Green’s function of the corona network, as well as the effective resistances
and the Kirchhoff index, using the techniques developed in the previous section for the case of the cluster network.
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From now on, 92% will denote the Green operator for Gngo on I and 9;}, will stand for the Green operator of QC; on I3,

i=1,...,mItwill be useful to consider, for any f € €(V), the function hf € C(Vy) defined as
oi{f,w;) .
h(x)=-"""T j=1,....m.
e (X))
g.z
J

In particular, h, (%) = . The definition of h, is motivated by the following result.

w(Xj)
Lemma 3.3. Let f € C(V) such that {w, f) = 0 and consider u a solution of the Poisson equation £, (1) = f onV, then

chmo (u)=f+h, onVp.
Proof. From Proposition 3.2 we get that u is a solution of £, (u) = f on V iff it satisfies, for everyj = 1, ..., m and for any
X eV

ngwO W)(x%) = f (%)) — gjoj(oju(x;) — Gowo (X)) (wy, u)),

L, (W (X) = f(X) + Goowo (x)u(X)) o) (X).
As £}, is self-adjoint on C(V)) and £}, (w)) = Go¢w?(x;)w;, we get that

@05 5 (%)) (@), ) = (L}, (@), 1) = (wj, L], W) = {wj, f) + ajojo0wo (X)) (x).
Therefore, u(x;) can be expressed in terms of the unknown (wj, u) and some of the parameters. Specifically, we get that

oowo (X)) {wj, u) h; (x;)
% ajof

u(xj) =
and the result follows. O

Proposition 3.4. Let f € C(V) such that (w, f) = 0 and consider the Poisson equation on V, £, (u) = f. Then, the function

. h
u= %’wo(f +h) — <<%2w0(f +h),g,)+ Z s (1) ) o onV

= aw(xy)
u(x;)
(X))

is the unique solution of the Poisson equation such that (w, u) = 0.

u= Jpj(f)—i- w onV,j=1,...,m,

Proof. From Proposition 3.2 and the above lemma, u is a solution of the equation £, (u) = f on V iff it satisfies, for every
j=1,...,mandforanyx eV,

Lo, W =f+h, onV,
£y, W) = f + ajoowo(u)ojey, onV;
where

oowo (X)) {wj, u) hy (%))

u(xj) =

oj g0’
Applying the Green operators of the factors we get that

u— (u, wo)wo = g, (f +hy), onVo,

and forallj=1,...,m
: oiu(x;)
u= ]' T onV..
p’(f) * oowo (X)) !

Taking into account that (w, u) = 0 iff

1 m
(wo, u) = —— Y gj(ej, u)
oo =1
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and the two expressions obtained for u on Vj, we get that

oowo (X)) h, (x )
= oy, +wo(Xj)Z (. 10) = G5, + )5+ -
J J'
This linear system is equivalent to
(e +Z”w 0% (g8 (74 )05) +
s joiten ) = wo(Xj) o ! go? |’
whose coefficient matrix isH = 0'02 | + 0 ® o, where | is the identity matrix and ¢ = (o, ..., o). Therefore, H™! =
o5 [l — 0 ® o], which implies that
f< ,) m h, (x;)
(U, @) = 99 (F +h)(x) + Z 9a.,  + ) (x) + :
(x ) 0 = aio?
forallj =1, ..., m, and the results follow by substituting this expressiononu. O

Theorem 3.5. The Green function of the corona network I is given by
G, = Gga, —[w® 92% (h,) + 92% (h,) ® w] + goow ® w on Vg x Vo,

0
5o, ()X 1

Gq, = o0 )9%0( x) @ W — ng (h,) ® 0+ (goo T T et %>a) ®w onVyx Vg,

G = @90 (5) — @G (h)—i—(goo—w—l)w@w on Vi x Vo,
o) g 7k flog = @ (X) Yk

G = b +<g00_ RUBCONETH (hw)(x;)>w®w+<_1 1+qw0(xk,x])>w®w e
co w(X) (X)) ¥ o®ol)

where goo = (h,,, ng (h,))+ 20, 7’

Proof. It suffices to note thatif y € V, thenu = Gy, (-,y) = §q,(¢y) is the unique solution to the equation £4, (1) =
&y — w(y)w such that (w, u) = 0. Then, applying Proposition 3.4 with f = &, — w(y)w, the explicit expression of G, is
deduced if we reduce the problem to some cases:

1. Ify =x; € Vyforagivenj € {1,..., m}, thenf = &y — Oowo (X)w and therefore, foralli=1,...,m,
0 P R
ngo Hx) = quo (xi, %)
{f, wi) = —0ogoiwe (X))

i(fa i) iz
52, (owo(xc:; ) — —o0an ()50, (T(ixi))

oiwo (X)) ;i (X)

Gp (N = — , xeV.
b aioowi (X;) I
Applying Proposition 3.4, keeping in mind that G, (x, ¥) = u(x), and taking into account that x can be either in V or in
Vi, wherei € {1, ..., m}, we get the result using the formulae corresponding to each case.
2. Ify e Viforagivenj € {1, ..., m}, thenf = ¢, — ojw;(y)w and therefore, foralli = 1,...,m,

(f, @) = 0y x,, ) — 0j0iw;(y)
Gou, P (x) =0

: ) 2
92,”0 (m(f,wz)):(fjwj(y) fel (x,,X]) %w]@)ngo< o; )

o (X;) wo (X)) wo(X;)

UiCTjwi ) wj(y)
aio, a)o (XI)

Applying Proposition 3.4, keeping in mind that Gy, (x, y) = u(x), and taking care of the fact that x can be eitherx = x; € Vp
orx € V;, wherei € {1, ..., m}, we get the result using the formulae corresponding to each x-case for thisy. O

x e V.

G0 HN®) = G (X, Y) X, @) —
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The following result gives the expression of the Kirchhoff index and the effective resistances with respect to a weight in
terms of the corresponding parameters of the networks that form the corona network. In all the expressions, the superscript
iin the parameters stands for the corresponding parameters of the network 75 ifi =0, ..., m.

Proposition 3.6. The Kirchhoff index of the corona network is given by

k(w)—ko(wo)+2k,(yl,w,)+2(1 Zo, Tao %) + =5 ZUZGZR (%3, X)).

01]1

Moreover, foranyi = 1, ..., m, it is satisfied that
m m m 0.2
T (06) = 15, () = D 010, () = L3 7o, () +— z R0+
k=1 &) k.j=1 j=1 j=1 7
ri ()
o) = 24— — —— +r1,(0), x€V;,
9 i Vi
and foranyi,j=1,...,m
R?u (xivxj)
R, (xi, %) = ———,
9
R (xi,%) 1, (%) 1
R, (xi,y) = — ; =+ V]’wlz +—=— YeV,
0 i 0;Y
R, (%)
Ro(x.y) = 25—, xyeV,
J
R (xx) i ox) r,® 1 1
Ro(x,y) = —0- 20 et | B0 4 xeViyeV,i#]
% 9 9; oiYi OV

Proof. It suffices to apply the formulae given in Proposition 1.4 and that

269 (h,)(x) m, 26y, (%, %)
o) OZJZ T o (i) wo (X))
= Zo (1o (%) + 10, (x) — RO, (xi, X))
%0 j=1
= g 0 (Xl) + — ZO’Zr (Xj) - Z ZR (Xh )
GO 0 j=1 j=1
On the other hand,
o 3 m o ‘ 012
(han g’wo(hw)> - gg’wo(h(u)(xl) C()(Xi)
1— 2 m 1 m 1 m
B (e STt ) -3 St ) o
%0 =1 i=1 0 j=1
(1—-03) 2 2,0
= 2310 (xo? ——Zo 07 Ray (i, %). O
99 i=1 20, %o ij=1

For the standard case, that is, for a standard corona with unnormalized constant weight &« = 1 and constant conductances
1, the last proposition was obtained in [15].

4. Conclusions

We remark that the results on this paper justify the definition of the effective resistances with respect to a non-negative
value, since they naturally appear when we want to calculate the effective resistance of a composite network in terms of its
satellite networks. Moreover, it justifies the generalization of the concept of Kirchhoff index with respect to a value A > 0

and a weight w € (V).



1440 C. Arauz / Discrete Applied Mathematics 160 (2012) 1429-1440

Acknowledgment

This work has been partly supported by the Spanish Research Council (Comisién Interministerial de Ciencia y Tecnologia),
under project MTM2010-19660.

References

[1] R.B.Bapat, S. Gupta, Resistance distance in wheels and fans, Indian J. Pure Appl. Math. 41 (2010) 1-13.
[2] E.Bendito, A. Carmona, A.M. Encinas, Potential theory for Schrédinger operators on finite networks, Rev. Mat. Iberoam. 21 (2005) 771-818.
[3] E.Bendito, A. Carmona, A.M. Encinas, The Kirchhoff indices of join networks, Discrete Appl. Math. (2011).
[4] E.Bendito, A. Carmona, A.M. Encinas, ].M. Gesto, A formula for the Kirchhoff index, Int. J. Quantum Chem. 108 (2008) 1200-1206.
[5] E. Bendito, A. Carmona, A.M. Encinas, J.M. Gesto, Characterization of symmetric M-matrices as resistive inverses, Linear Algebra Appl. 430 (2009)
1336-1349.
[6] E.Bendito, A. Carmona, A.M. Encinas, ].M. Gesto, M. Mitjana, Kirchhoff indexes of a network, Linear Algebra Appl. 432 (2010) 2278-2292.
[7] T.Biyikoglu, J. Leydold, P.F. Stadler, Laplacian Eigenvectors of Graphs, in: Lecture Notes in Mathematics, Springer, Berlin, 2007.
[8] F.Chung, R.P. Langlands, A combinatorial Laplacian with vertex weights, ]. Combin. Theory Ser. A 75 (1996) 316-327.
[9] E.Estrada, N. Hatano, Topological atomic displacement and resistance distance in molecules, in: Novel Molecular Descriptors. Theory and Applications
I, Math. Chem. Monograph. 8 (2010) 3-28.
[10] A. Ghosh, S. Boyd, A. Saberi, Minimizing effective resistance of a graph, SIAM Rev. 50 (2008) 37-66.
[11] DJ.Klein, M. Randi¢, Resistance distance, J. Math. Chem. 12 (1993) 81-95.
[12] H.E. Toma, Supramolecular chemistry and technology, An. Acad. Brasil. Ciénc. 72 (2000) 5-25.
[13] W. Xiao, I. Gutman, Resistance distance and Laplacian spectrum, Theor. Chem. Acc. 110 (2003) 284-289.
[14] Y. Yang, H. Zhang, Kirchhoff index of linear hexagonal chains, Int. J. Quantum Chem. 108 (2008) 503-512.
[15] H.Zhang, Y. Yang, C. Li, Kirchhoff index of composite graphs, Discrete Appl. Math. 157 (2009) 2918-2927.



	The Kirchhoff indexes of some composite networks
	Introduction
	Cluster networks
	Green's function and effective resistances

	Corona networks
	Green's function and effective resistances

	Conclusions
	Acknowledgment
	References


