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Abstract
We define a so-called square k-zig-zag shape as a part of the regular square grid.
Considering the shape as a k-zig-zag digraph, we give values of its vertices according
to the number of the shortest paths from a base vertex. It provides several integer
sequences, whose higher-order homogeneous recurrences are determined by the help of
a special matrix recurrence.
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1 Introduction

The present paper studies diagonal and zig-zag paths on a particular £+ 1 wide, infinite part
of the usual square lattice, and along these paths we determine linear recurrence sequences
that are mostly defined in the On-Line Encyclopedia of Integer Sequences (OEILS, [9]) without
combinatorial interpretations. In this manner our investigation, among others, gives them
geometrical and combinatorial background. The consideration of zig-zag shapes is not an
isolated challenge. For example, Baryshnikov and Romik [2] examined the so-called Young
diagrams, which are similar to our construction, and defined a kind of ‘zig-zag’ numbers
by the help of the alternating permutations. Stanley [10] published a survey in which he
dealt with the ‘zig-zag’ shapes and the alternating permutations. Recently, Ahmad et al. [1]
studied some graph-theoretic properties of special zig-zag polyomino chains.

This article proceeds our work on the variants of Pascal’s arithmetic triangle for which
there are several approaches to generalize or extend (see, for instance, [4]). One recent
variation is called hyperbolic Pascal triangles, see [3], where we described how to construct
them as we follow and generalize the connection between the classical Pascal triangle and
the Euclidean regular square mosaic. The principal idea behind is to leave the Euclidean
plane because in the hyperbolic plane there exist infinitely many regular mosaics. These
are characterized by Schlifli’s symbol {p,q}, where p and ¢ denote two positive integers
(p,q > 3). The parameters indicate that for regular p-gons of cardinality exactly ¢ meet at
each vertex. A well-defined part of each regular mosaic leads to an infinite graph such that
each vertex possesses a value, giving the number of distinct shortest paths from the fixed
base vertex. The structured version of the graph with labeled vertices is called hyperbolic
Pascal triangle.

More generally, if we consider an infinite connected graph G, the number of the shortest
paths from a fixed base vertex to the other vertices analogously generates its ‘G-Pascal
triangle’. In this paper, we present a natural family of graphs called zig-zag shape, and
investigate its properties, especially the ‘G-Pascal triangle’ of the graph. In this sense, we
give a non-trivial example of ‘G-Pascal triangles’, which may be the object of further studies.

Returning to the hyperbolic Pascal triangle linked to mosaic {4, 5} one finds the Fibonacci
sequence (A000045 in the OEIS [9]) by going along a specific zig-zag path. The authors
proved in [3, 7] that all the integer linear homogeneous recurrence sequences { f;};>o defined
by

fi=afii1 % fisa, (i >2),
where « € N, a > 2, and fy < fi are positive integers with ged(fo, f1) = 1, appear along

corresponding zig-zag paths in this hyperbolic Pascal triangle. This interesting result also
inspired us to examine zig-zag paths on certain parts of the Euclidean square mosaic.


https://oeis.org/A000045

2 Square zig-zag shapes

Consider the Euclidean square lattice and take £ consecutive pieces of squares. This is the
Oth layer of the k—zig-zag shape. The upper corners are the 1st, 2nd, ..., kth and (k + 1)st
vertices according to Figure 1. Extend this by an extra Oth vertex, which is the base vertex.
We color it by yellow in the figures, and we join it to the 1st vertex by an extra edge. We
denote the vertices of the Oth line by small boxes in Figure 1. Now move the Othe layer to
reach the right-down position in the square lattice to obtain the 1st layer, and repeat this
procedure with the latest layer infinitely many times. Thus, we define the square k—zig-zag
shape or graph, where £ > 1 is the size of the array. Finally, we label the vertices such that
a label gives the number of different shortest paths from the base vertex. Figure 2 illustrates
the first few layers of the square 4-zig-zag digraph, the vertices are denoted by shaded boxes
with their label values and the directed edges are the black arrows. (Certain black arrows
are re-colored by red for some reason. There are also particular blue arrows in the Figure;
their role will be discussed later.) Let a; ; denote the label of the vertice located in ith row
and jth position (0 < j < k+1, 0 <1i). Clearly, the fundamental rule of the construction is
given by

1 it i =0
e Hr=0tsn 1)
’ i1+ im0, H1<7<k1<0;
aik, ikt 1,1<4.

For fixed £ > 1 and given 0 < j < k + 1, let Ag-k) be the sequence defined by Ag.k) =
(a; )72, The sequence Agk) is the jth right-down diagonal sequence of the square k—zig-zag

shape. In Figure 2, the blue arrows represent the sequence A§4). We found A(()k) = (1, Agk))
and A = A"

= Apgr
Let Zj(k), j € {0,1,... k} be the jth zig-zag sequence of the square k—zig-zag shape,

(%)

where Z j(k) is the merged sequence of Ag»k) and A (In Figure 2, the red arrows represent

jH1-
the zig-zag sequence Z§4).) More precisely, ZJ(-k) = (2:;)2,, where
; if ¢ = 2¢;
gy= T 2)
apjr1, ifi=20+1

Since Zék) and Z,ik) are the ‘double’ of A(()k) and A,(ck), respectively, usually we examine se-
quences for j € {1,2,...,k—1}.

Now we record the two main theorems of this paper. The second one is a simple corollary
of the first one.

Theorem 1 (Main 1). Given k > 1. Then all the right-down diagonal sequences Agk) for

j € {0,1,....k,k + 1} have the same (|%] + 1)-th order homogeneous linear recurrence



relation

k+1—1 k
n,j — -1) n—1—1,7» Z = 1

n,j io( )( i1 )a 1—ij n {ZJ—F

0 1 2 3 ko k+1

(mR O—0—O0—0—0

T 1 2 3 k
Figure 1: Zig-zag shape

0 1 2 ko k1

Figure 2: Square 4-zig-zag digraph (k = 4)

Theorem 2 (Main 2). Fizing k > 1, the zig-zag sequences Zj(k) forj€{0,1,...,

a (2 LgJ + 2)-th order homogeneous linear recurrence relation given by

5]

k11— k
Zng = ZO(—].) ( i1 )Zn—l—Qi,ja n Z 2 \‘EJ + 2.

SIS

k} satisfy



For example, in case k = 4 (see Figure 2) the sequences

AW = (1,1,2,5,14,42,131,417,1341,4334, 14041, ...) = A080937,
AW = (1,2,5,14,42, 131,417, 1341, 4334, 14041, . ...) = A080937 (i > 1),
AW = (1,3,9,28, 89,286,924, 2993, 9707, 31501, . . .) = A094790,

AW = (1,4,14,47,155, 507, 1652, 5373, 17460, 56714, ...) = A094789,
AW = (1,5,19,66,221, 728, 2380, 7753, 25213,81927,...) = A005021,

possess the common recurrence relation

(pj = DAp—1; — 6An_2; + ap_3, n > 3,
and
Z® = (1,1,2,3,5,9, 14, 28, 42,89, 131, 286, 417, . ...) = not in the OEIS,
Z® = (1,1,3,4,9,14, 28,47, 89, 155, 286, 507, 924, . ...) = A006053 (i > 3),

Z§4) = (1,1,4,5,14,19,47,66, 155,221,507, 728,1652,...) = not in the OEIS,
all satisfy the recursive rule
Znj = 92Zn—2,j — 62n_4; + Zn—s, n > 6. (3)

For more examples see Section 6.

Remark 3. The orders of recurrence relations in Theorem 1 and 2 are not always minimal.
Some sequences could have lower order, for example, the minimal recurrence relation of the
4) . . .

sequence ZQ( ) is Znj = Zn—1j + 2252, — 2Zn—3 . Of course, its 6-order extension is (3).

3 Recurrence relations of the square zig-zag shapes

First look at Figure 3 and the fundamental rule (1). We find that any item a,, ;, (n > 1) is
the sum of the certain items of (n — 1)st row. More precisely, if 0 < j < k + 1, then

Jj+1
Unj = Gn1,g41 + ot = Gnog st + ooty +Angoo === Y ano1s. (4)
(=1

Consider (4) for all j € {1,2,...,k+ 1}. We obtain the system

Gp1 = Qp-11 + Ap_12
p2 = Qap—11+ Ap_12 + Ap_13

Un3 = 0ap—11 + Ap-12+ Ap-13+ An_14

Upj—1 = 0ap11+ ap12+ ap13+0p1a+ -+ ap_1k-1+ A1k
Upj = Op-11 +t Qp_12+ Ap_13+ Ap14+ -+ Qp1 -1+ Ap_1 + Qp_1 k41

Apj41 = Ap—11+ Ap_12 + Ap13 + Cp14a+ -+ Ap_1 -1+ An_1% + Apn—1k+1,

5
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which includes homogenous linear recurrence sequences.

0

J J+1

k41
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Figure 3: Two consecutive rows
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We know from [6, Lemma 6] that the characteristic polynomial of any recurrence sequence

(r) defined by the linear combination of the recurrence sequences (a;) =

(az‘,j)izo of system

(5), moreover the characteristic polynomial of the coefficient matrix M of system (5) coincide.
(The reader find a more precise theorem in [8].) Consequently, we have to determine the
characteristic polynomial py(z) of M, and then py(x) yields the common recurrence relation
of the sequences {a;} and their linear combinations.

Since

pr(x) = |21 — M|,

where 1 is the appropriate unit matrix, we obtain

po()

pi(z)

r—1,
r—1 -1
-1 x-1

':x2—2x,



and

r—1 -1 0 0 0 0
-1 z-1 -1 0 0 0
—1 -1 z—1 -1 0 0
pe(x) = | —1 -1 -1 z-1 0 0
-1 —1 —1 —1 r—1 -1
-1 —1 -1 —1 -1 x-1 (D) x (bt 1)
z —1 0 0 0 0
-z x -1 0 0 0
0 —x =« -1 0 0
= 0 0 —x =z 0 0
0 0 0 0 T —1
0 0 0 0 -z z—1 (k+1)x (k+1)
zx -1 0 --- 0 0 - -1 0 --- 0 0
—-x x -1 --- 0 0 0 r —1 0 0
0 —x =z 0 0 0 —x =z 0 0
0 0 0o --- =z -1 0 0 0o --- =z -1
0 0 o - —x I_lkxk 0 0 0O --- -z x—lkxk
r -1 0 0
—xr 0 0
= v -pra(z) -2 : :
0 0 T —1
0 0 —z z—1 (k—1)x (k—1)

= x-pp_1(x) — 2 pr_s(x).

In the calculation above, first we subtracted the second column of the determinant from the
first column, then we subtracted the third column from the second one, and so on. Secondly,
we expanded the determinant by its first row. Thirdly, we expanded the second determinant
by its first column. Finally, for py(x) we have the binary recurrence relation

pr(r) =2 pr1(¥) — 7 - pr_2(). (6)

To derive the explicit form of py(z) we solve the characteristic equation 22 — zz +x = 0
of (6). Note that the left-hand side is a quadratic polynomial in z. The solutions are
21 =1(z+x(x—4)) and 20 = L (z — /z(z — 4)).



By the fundamental theorem of homogenous linear recurrences py(x) = azf + 525, where
a and 3 are determined by the linear equation system

po(r) = a+p,
pi(r) = az + PBa.

Obviously,
122 =5z +4+ (z—3)\/x(x — 4)
a=_
122 =5 +4— (z—3)y/z(x —4)
f=1 |
2 x—4

Hence we have proved the following theorem.

Theorem 4. The characteristic polynomial pi(x) has degree k+1, it satisfies (6), its explicit
formula with (7) is

pk(:z:):ae(“ x(m—4))>k+ﬁ(%(x— x(x—4))>k.

Because each recurrence coefficient in (6) is one of £z, the factorization of pi(z) contains
a factor x™ for some positive integer m. The next theorem provides, among others, the
precise exponent m in the factorization of py(z).

Theorem 5. The characteristic polynomials px(x) can be given by
e
pie) a1 o (TR alth ez

1
1=0

Proof. Observe that (%W + ng =k, and ng +1= L%J Put n := k + 2. Thus,
/2] n—1 P | /2] n—i 0 .

Now we shall apply Theorem 1 of [5], but first, for the convenience of the readers we
present it in

Lemma 6 ([5, Theorem 1]). The terms of the sequence (1,), given by

L(n—p)/(q+r)] .
n—q xn—p—(q+r)iyp+ri
D+ ri

(]

Tn+1 -
1=0

satisfy the linear recurrence relation

Tn - (:) Tn—l + l’2 (2) Tn—2 + -+ (_1)7’xT <r) Tn—r - ern—r—Q'
r

8



We choose the parameters of Lemma 6 as r = ¢ = 1, p = 0, and y = —x. Hence the
terms Ty 41 = ZZLZ{)ZJ ("7 (—x)'a" % satisty 1), = 2Ty, +(—z)T,,—5 for n > 3. Consequently,

(]

pr(x) = T,,—o(x)/x implies
pk+2($> = TPk+1 — TPk, k> 1. (8)

Since the initial polynomials are

1 1 1 1
po(z) = ETg(ZE) = ;(ﬁ —z)=x—1, and p(x)= ET4($) = ;(x?’ —22%) = 2% — 2z,
then (8) is true for k = 0, too. O

For example, the first few characteristic polynomials are

po(z) =2 — 1,

pi(z) = z(z = 2),

pa(r) = x(2” = 3z + 1),

ps(r) = 2*(2” — 4z +3),

pa(x) = 22 (2® — 52”4 62 — 1),

ps(x) = 2°(2® — 62% + 100 — 4),

pe(r) = 2*(x* — T2® + 152 — 102 + 1),

pr(x) = 2*(z* — 82° + 212% — 202 + 5),

ps(r) = 2*(2® — 92" + 282° — 352% + 157 — 1),
po(r) = 2°(2° — 102" + 362° — 562% + 352 — 6),
pio(z) = 2°(2° — 112° + 452* — 842% + 702 — 21w + 1).

4 Proofs of the main theorems

4.1 Right-down diagonal sequences

Now we are ready to give the recurrences of the right-down diagonal sequences Aﬁ-k) by the
help of Theorem 5.

Theorem 7. In case of a fized j we have the recurrence relation

|&]+1 ,
Ak +2— k
0= (_1)z< + . Z) An—i 5, n Z \‘§J + 1,0 Sj S k + 1. (9)

- 1
=0

[S1ES

Proof. Recall that py(z) is not only the characteristic polynomial of M but also of any
recurrence sequence of system (5), moreover, of any linear combination sequence of them.



This is why, if we substitute the power a’ by a;; in pi(x) = 0 in Theorem 5, then since

x # 0, we get

4]+

-3
4]

[STESIERSS

=0

0
+1

I

+1

ME

| —

(T et =

(—1) (k + 2 — z) i

1

o

1=

«4V(k+f_">awjﬂiﬂzqw+wd

O

Expressing the item a,, ; from recurrence equation (9) we obtain the result of Theorem 1.

For example,

k=0:
k=1:
k=2:
k=3:
k=4:
k=5:
k=6:
k=T1T:
k=38:
k=9:
k=10:

the first few recurrence relations are

Qp,j = Ap—1,5,

n,j = 2an71,j7

Unj = 3p—1,j — An-2j,

Qp,j = 4an—l,j - 3an—2,j7

Upj = Op_1; — 60p_9; + apn_2,

Upj = 6a,-1; — 10a,_2; + 4a, 2,

Qp,j = 7CLn_17j — 156Ln_2’j + 106Ln_2’j — Ap—3,5,

Qp,j = 8an,17j — 21@n72,j + 20&71,27]' — 5an,37j,

Ap,j = 96Ln_17j - 280%_27]‘ + 3561%_27]‘ - 156Ln_37j + ap—3,5,
Qn,j = 10an,17]’ — 3601”727]‘ + 560%7273‘ — 356Ln737j + 6an74,j7

CLnJ’ = 11an_17]— — 45@,1_273‘ + 84&,1_273‘ — 7Oan_3,j + 21an_47j — Cln_57j.

4.2 Zig-zag sequences

Theorem 2 is the simple corollary of Theorem 1.

satisfying the same recurrence relation. Hence the statement is obvious.

Indeed, we only merge two sequences

5 Sum of rows, columns, and left-down diagonal se-

quences

Let R = (r,(lk)) be the sum sequence of the values of the nth row of square k—zig-zag shape.
Considering the partial sum relation (4) we obtain

k+1
k
rit) = g An,j = An,0 + Opy1k-
3=0

10



So, the recurrence sequence r{¥ is the linear combination of sequences A%k), therefore they

have the same characterlstlc polynomial and the same recurrence relation.
Let O = ( ) be the sum sequence of columns. AS G109 = Gn1 = Ao + Gp_12 =

min{n,k+1}— 1
(po+ Qp_11 + Qpo3 ="+ = Z an—j;, then

n

min{n,k+1} )

(k) (41,05 if n <k;
Cn’ = E , An—j,j = ,

An+1,0 + Ap—k—1,k+1, ifn > k.

J=0

Let D®) = (d{) be the left-down diagonal sequence, where

(0<%, u<k
E az_pou, if n is even;
=0

<8 20<k+1

E az_p2e41, if n is odd.

\ =0

Since all the Ag-k) sequence satisfy the same recurrence relation, then C*) and D) are

SO.
For example, see Figure 4 when k = 4.
= (6,20, 68,226, 742, 2422, 7884, 25630, 83268, 270444, . . .) = not in the OEIS,
= (1,2,5,14,42,132,422,1360, 4400, 14262, 46270, . . .) = not in the OEIS,
(dg;) =(1,2,6,19,61,197,638,2069, 6714, 21794, 70755, . . .) = A052975,
(d 2n+1) = (1,3,10,33,108, 352, 1145, 3721, 12087, 39254, 127469, ...) = A060557,
=(1,1,2,3,6,10,19,33,61, 108,197,352, 638, 1145, 2069, ...) = A028495.
6 Examples

In this section, we give some example sequences with different k values appearing in the
On-Line Encyclopedia of Integer Sequences [9] (see Table 1 and Table 2).

11
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k=0 A" = A® =A000012.

k AW =A000079

k AP=A001519  AP=A001519* AP =A001906*

k AP=A124302 AP=A000244  AP=A000244  AP=A003462

k These sequences are presented in Section 2.

k=5 AP=A024175  AP=A024175+  AP=A094803 AP =A007070
AP=7004806  AP=A094811

k=6 AP=A080938  A®=A080938*  A¥=A094826 AP =A094827
AP=7094828  AP=A094829  A=A094256

k=7 Al=A033191 AV=7033191*  A=A033190 A} =A094667
AP =A03010%; AlD=7004788  A"=A004825  AY)=A094865"

A093131*
k=8 AP=A211216  AP=A211216+ A®=A224422 AP —A221863
k=9 AP=A216263

n>1,*"n>3.

Table 1: Sequences A§k) appearing in the OEIS

k=0 2zY=A000001
=1 z®=A000045, Fibonacci sequence  Z{’=A001906*
ZP=A124302  ZP=A000244  Z{’=A232801"

k =4 These sequences are presented in Section 2.

7 =A052993

Table 2: Sequences Z ](-k) appearing in the OEIS
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Figure 4: Sum of rows, columns, and left-down diagonal sequences
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