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ABSTRACT

This paper considers the worst-case complexity of multi-round join
evaluation in the Massively Parallel Computation (MPC) model. Un-
like the sequential RAM model, in which there is a unified optimal
algorithm based on the AGM bound for all join queries, worst-case
optimal algorithms have been achieved on a very restrictive class
of joins in the MPC model. The only known lower bound is still
derived from the AGM bound, in terms of the optimal fractional
edge covering number of the query.

In this work, we make efforts towards bridging this gap. We
design an instance-dependent algorithm for the class of ¢-acyclic
join queries. In particular, when the maximum size of input relations
is bounded, this complexity has a closed form in terms of the optimal
fractional edge covering number of the query, which is worst-case
optimal. Beyond acyclic joins, we surprisingly find that the optimal
fractional edge covering number does not lead to a tight lower
bound. More specifically, we prove for a class of cyclic joins a
higher lower bound in terms of the optimal fractional edge packing
number of the query, which is matched by existing algorithms,
thus optimal. This new result displays a significant distinction for
join evaluation, not only between acyclic and cyclic joins, but also
between the fine-grained RAM and coarse-grained MPC model.

CCS CONCEPTS

« Theory of computation — Massively parallel algorithms;
Database query processing and optimization (theory).

KEYWORDS

query processing, massively parallel algorithms, worst-case optimal

ACM Reference Format:

Xiao Hu. 2021. Cover or Pack: New Upper and Lower Bounds for Mas-
sively Parallel Joins. In Proceedings of the 40th ACM SIGMOD-SIGACT-
SIGAI Symposium on Principles of Database Systems (PODS °21), June 20—
25, 2021, Virtual Event, China. ACM, New York, NY, USA, 19 pages. https:
//doi.org/10.1145/3452021.3458319

*This work has been supported in part by NSF awards IIS-18-14493 and CCF-20-07556.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a
fee. Request permissions from permissions@acm.org.

PODS 21, June 20-25, 2021, Virtual Event, China

© 2021 Association for Computing Machinery.

ACM ISBN 978-1-4503-8381-3/21/06...$15.00
https://doi.org/10.1145/3452021.3458319

1 INTRODUCTION

Evaluating join queries is one of the central problems in relational
databases, both in theory and practice. The worst-case complexity
of join evaluation started to be unraveled, largely thanks to the
work of Atserials, Grohe, and Marx [5], who gave a worst-case
bound on the join size, known as AGM bound. More specifically, the
maximum possible join size is always bounded by O(N?"), where
N is the maximum size of input relations and p* is the optimal
fractional edge covering number of the join query, which is also
tight with an instance outputting ®(N”") join results. This then
led to the worst-case optimal join algorithms [22, 26] in the RAM
model, where all joins display a unified form of the worst-case time
complexity of O(NP"). Ngo, Ré, and Rudra [23] presented a nice
survey of these results, and also gave a simpler and unified proof
for both the AGM bound and the running time of the algorithm.

Meanwhile, massively parallel algorithms have received much
more attention in recent years, due to the rapid development of
massively parallel systems such as MapReduce [10] and Spark [28].
Join evaluation in massively parallel computational model is quite
different from the RAM model, where an efficient algorithm should
make the best use of data locality, i.e., it should strive to send as
many tuples that can be joined as possible to one machine so that it
can produce their join results. Some intriguing questions then arise:
Is there a unified worst-case optimal join algorithm in the massively
parallel computational model? Is the worst-case optimal complexity
only related to the optimal fractional edge covering number of join
query? If not, what other query-dependent quantities? This work
will answer these questions.

1.1 Join Query
A (natural) join is defined as a hypergraph Q = (V, &), where the
vertices V = {xi,...,x,} model the attributes and the hyperedges
E={e1,...,em} € 2" model the relations [1]. Let dom(x) be the
domain of attribute x € V. An instance of Q is a set of relations
R ={R(e) : e € E}, where R(e) is a set of tuples, where each tuple
is an assignment that assigns a value from dom(x) to x for every
x € e. We use N = max,cg |R(e)| to denote the maximum size of
input relations. The join results of Q on R, denoted as Q(R), consist
of all combinations of tuples, one from each R(e), such that they
share common values on their common attributes. We study the
data complexity of join algorithms, i.e., assume that the query size,
namely n and m, are constants. Hence, the total number of input
tuples, denoted as input size, is always O(N).

For a join query Q = (V, &), two query-related quantities noted
as edge covering and edge packing will be commonly used through-
out this paper. Let f be a mapping from & to [0, +0). Note that f
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is a fractional edge covering if

Z f(e) =1, forallv € V

ec&:vee

and a fractional edge packing if

Z f(e) <1, forallv € V

ec&:vee

The quantity . f(e) is noted as the number of f, where the op-
timal fractional edge covering is the one with minimum number,
denoted as p*, and the optimal fractional edge packing is the one
with maximum number, denoted as 7*. Generally, there is no clear
relation between 7* and p*, except for some specific joins.

1.2 The model of computation

We use the Massively Parallel Computation (MPC) model [3, 4, 7,
8, 18—20], which has become the standard model of computation
for studying massively parallel algorithms, especially for join al-
gorithms. In the MPC model, data is initially distributed evenly
over p servers with each server holding O(%) tuples. Computation
proceeds in rounds. In each round, each server first sends messages
to other servers, receives messages from other servers, and then
does some local computation. The complexity of an MPC algorithm
is measured by the number of rounds and the load, denoted as L,
which is the maximum size of messages received by any server in
any round. A linear load L = O(%) is the ideal case (since the initial

load is already %) while if L = O(N), all problems can be solved
trivially in one round by simply sending all data to one server. Initial
efforts were mostly spent on what can be done in a single round of
computation [4, 7, 8, 19, 20], but recently, more interests have been
given to multi-round (but still a constant) algorithms [3, 18, 19],
since new main memory based systems, such as Spark and Flink,
have much lower overhead per round than previous generations
like Hadoop.

We confine ourselves to tuple-based algorithms, i.e., tuples are
atomic elements that must be processed and communicated in
their entirety. The only way to create a tuple is by making a copy,
from either the original tuple or one of its copies. We say that an
MPC algorithm computes the join query Q on instance R if the
following is achieved: For any join result (i1,2,...,tm) € Q(R)
where t; € R(e;), i = 1,2,...,m, these m tuples (or their copies)
must all be present on the same server at some point. Then the
server will call a zero-cost function emit(ty, ta, . . ., tm) to report
the join result. Note that since we only consider constant-round
algorithms, whether a server is allowed to keep the tuples it has
received from previous rounds is irrelevant: if not, it can just keep
sending all these tuples to itself over the rounds, increasing the load
by a constant factor. All known join algorithms in the MPC model
are tuple-based and obey these requirements. Our lower bounds are
combinatorial in nature: we only count the number of tuples that
must be communicated in order to emit all join results, while all
other information can be communicated for free. The upper bounds
include all messages, with a tuple and an integer of O(log N) bits
both counted as 1 unit of communication.

Joins One-round Multi-round

(@) (%) is achieved for

a-acyclic r-hierarchical join [16] and

o ( N ) all a-acyclic joins [Theorem 16]
P =
(19] o (ﬁ) is achieved for
19

) binary-relation join [18, 19, 25] and
Cyclic the Loomis-Whitney join [19]

Q (#) for 8-join [Theorem 17] and

some degree-two joins [Theorem 18]

Table 1: Worst-case complexity of join evaluation in the MPC
model. N is the maximum size of input relations. p is the num-
ber of servers. /* is the optimal fractional edge quasi-packing
number. p* is the optimal fractional edge covering number. r*
is the optimal fractional edge packing number. It is known
that ¢* > max{p*, ¥} [19].

Figure 1: Classification of join queries.

1.3 Worst-case optimal join algorithms

In this work, we will focus on worst-case optimality for algorithm
design, which is the most commonly-used measurement and pro-
vides theoretical guarantees in the worst case. More specifically,
the entire space of input instances is divided into classes, where
instances in the same class share the same input size N. An al-
gorithm is worst-case optimal if its complexity is optimal on the
worst instance for each class. Further subdividing the instance space
leads to more refined analyses, for example, output-optimality takes
both input size N and output size OUT as parameters to divide the
instance space, and instance-optimality pushes this idea to the ex-
treme case that each class contains just one instance. Note that by
definition, an instance-optimal algorithm must be output-optimal,
and an output-optimal algorithm must be worst-case optimal, but
the reserve direction may not be true. We refer interested readers
to [16] for the fine-grained join algorithms in the MPC model. All
results with respect to the worst-case optimality in the MPC model
are put into Table 1 and the relationships between join queries
mentioned in this work are clarified in Figure 1.

Most of previous efforts have been put to understand what can
be done in a single round in the MPC model. Initially, a one-round
hashing-based algorithm [4, 7], named as hypercube, was proposed
for computing all joins on non-skewed input instances with load
o( 1%)1, Later, an improved algorithm built upon hypercube has

The O notation suppresses polylog factors.



been proposed for tackling arbitrary input instances [19], but it

incurs a higher load of 5(;%), where /* is the optimal fractional

edge quasi-packing number? of the query. This result has been
proved to be optimal (up to a polylog factor) for single-round com-
putation with arbitrary input instances. Note that * > r* [19].
However, people found that even allowing a constant number of
rounds may bring a significant (polynomially) reduction in the over-
all cost. Consider an example join query Q = R1(A) < Ry(A, B) ™
R3(B), which has * = * = 2 by choosing Ry, R3 in the fractional
edge packing and p* = 1 by choosing R; in the fractional edge cover.
If targeting a single round, it can be computed with load 5(\%) [19].

However, if just allowing one more round, it can be computed
through two steps of semi-joins with linear load O(%) (see Sec-

tion 2). The +/p-gap can be further enlarged to pnT_1 on the star-dual
join @ = Ro(x1,x2,- -+ ,xn) » Ri(x1) > Rp(xz) -+ >4 Ru(xn).
This opens up new door for join evaluation in the MPC model.
The goal of a multi-round worst-case optimal algorithm in the
N

MPC model is believed to achieve a load of O( W). The reason

why Q(PIIX)* ) is a lower bound can be argued by the following

counting argument: Each server can only produce O(L” ") join re-
sults in O(1) rounds with its load limited to L (also implied by the
AGM bound [5]), so all the p servers can produce O(p - L) join
results. Then, producing G)(Np*) join results requires L = Q(I%)'
So far, this bound (up to polylog factors) has been achieved on some
specific classes of joins [18, 19, 25], such as binary-relation join
where each relation has at most two attributes, and Loomis-Whitney
join3. All these algorithms resort to the heavy-light decomposition
technique for tackling data skew, and then invoke the hypercube
algorithm as primitives for handling non-skewed instances. How-
ever, whether this bound can be achieved for arbitrary joins, or
even just a-acyclic joins, is still open.

Besides, several output-optimal (or output-sensitive) algorithms
have been proposed for join queries in the MPC model. For example,
an output-optimal algorithm has been proposed for r-hierarchical
joins [16], which is also worst-case optimal. Note that r-hierarchical
join is a very restrictive class of join queries; for example, the
simplest line-3 join query R;(A, B) » Rz(B,C) = R3(C, D) is not
r-hierarchical. Meanwhile, the classical Yannakakis algorithm [27]
can be easily parallelized for computing a-acyclic joins with load
complexity O(% + %). Very recently, it has been improved to

O(% + —’N'pOUT) [16], which is output-optimal if OUT = O(p - N).
However, in the worst-case when OUT approaches the AGM bound
O(N*"), this complexity would degenerate to O(M), which
is rather far away from our target Q(%).

It is remarkable that a reduction from the MPC model to the
external memory (EM) model has been established in [19] in a

2For a join query Q = (V, &), the edge quasi-packing number is defined as follows. Let
x C V be any subset of vertices of V. Define the residual hypergraph after removing
attributes x as Qx = (Vy, Ex), where Vy = V—xand Ex = {e—x : e € E}.
The edge quasi-packing number of Q is the maximum optimal fractional edge packing
number over all Qy’s, i.e., ¥* = maxxcy 7" (Qx).

3A join query Q = (V, &) is a Loomis-Whitney (LW) join if & = {V - {x} : Vx €
V}. Moreover, it has p* = 7* = n/(n — 1), where n = |V|. As it is a very restrict
class of joins with highly symmetric structures, we omit it in the following discussion.

cost-preserving way, such that any MPC algorithm running in
r rounds with load L(N, p) can be converted to an EM algorithm
incurring 5(% +rp* %) I/Os*, where p* = miny, {L(N, p) < M/r}.
Implied by this reduction, worst-case optimal algorithms can be
automatically obtained for LW join® and binary-relation join in
the EM model. It is worth mentioning that a worst-case optimal
algorithm has been proposed [15] for Berge-acyclic join in the
EM model using 5((%)"* . %) I/Os, without a counterpart in
the MPC model. However, Berge-acyclic join is a very restric-
tive sub-class of a-acyclic join; for example, a simple join query
Ro(A,B,C) » R1(A,B,D) > Ro(B,C,E) = R3(A,C, F) is a-acyclic
but not Berge-cyclic, thus cannot be handled by the algorithm
in [15]. On the other hand, there is no result showing any conver-
sion from the sequential EM model to the parallel MPC model. We
won’t pursue this dimension further.

1.4 Our Results

Our main results are also summarized in Table 1, which can be split
into two parts: new upper bound for a-acyclic joins and new lower
bound for some cyclic joins. We also include a brief connection of
these results from both sides.

New Upper Bound. The primary class of join queries we target
in this work is the a-acyclic join [9], which is the most-commonly
studied class of acyclic® joins in database theory. Formally, a join
query Q = (V, &) is a-acyclic if there exists an undirected tree 7~
whose nodes are in one-to-one correspondence with the edges in
& such that for any vertex v € V, all nodes containing v form a
connected subtree. Such a tree 7 is called the join tree of Q. An
example of an acyclic” join is illustrated in Figure 4.

We propose a generic MPC algorithm for computing any acyclic
join, whose load complexity is related to the choices made by this
non-deterministic algorithm while running. We give a characteri-
zation of “good” choices for this algorithm, such that its load com-
plexity can be bounded with O(%), achieving the worst-case

optimality, as long as it always makes a good choice in each step.
This result has reduced the complexity for acyclic join evaluation

from O(l%) to O(#) since ¥* > p* [19], only increasing the

number of rounds from 1 to a constant. This improvement could be
significant because of the possibly huge gap between * and p*, as
we have seen on the example in Section 1.3. In general, we notice
several important sub-classes of acyclic joins on which this gap can
be as large as ©(m + n), in terms of the query size, including path
join®, star-dual join and some tree joins®. We refer interested reader
to [19] for details. Moreover, by the MPC-EM reduction, this result
automatically implies an EM algorithm for computing acyclic joins

with 5(#’:%) I/Os, shadowing the previous work [12].

4The EM model has main memory of size M with disk block size B.

5 A worst-case I[/0-optimal algorithm for LW join was proposed in [13] independently.
®Other notions of acyclicity have been proposed, including berge-acyclicity, y-
acyclicity and f-acyclicity. Moreover, berge-acyclicity implies y-acyclicity which
implies f-acyclicity which implies a-acyclicity.

"In the following of this work, “acyclic” always means “a-acyclic” if not specified.
8A path join Q = (V, &) is defined as V = {x1,xz, -+, x,} and & = {e; =
{xi, xis1}:i€{1,2,---,n—1}}.

%A join query Q is a tree join if it is acyclic and each relation contains at most two
relations. A tree join can be decomposed into a set of vertex-disjoint path joins.
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Figure 2: The hypergraph of 5-join.

New Lower Bound. Finally, we turn to cyclic joins. Surprisingly,
we find that O( l%) is not necessarily a correct target for multi-

round worst-case optimal join algorithms, since the existing lower
bound Q( %) is not tight any more. We start by answering an
open question posed in [18]: On the B-join Qg = Ri(A,B,C)
Ra(D,E,F) » R3(A,D) b4 Ry4(B,E) ¢ Rs(C, F), does there exist
a better upper bound than O( 1%) or a better lower bound than

Q(ﬁ)? As shown in Figure 2, Qg has p* = 2 by choosing {R1, Ry}

in the fractional edge cover and * = 3 by choosing {R3, R4, R5} in
the fractional edge packing. We show a probabilistic hard instance
on which any MPC algorithm computing it in O(1) rounds must
incur a load of Q(I%) The intuition is that such an instance has

“dense” join results, which is indeed as large as the AGM bound, but
each server cannot achieve high efficiency in emitting the join re-
sults, no matter which combinations of input tuples it receives. Any
attempts in lowering this bound further would break the counting
argument that every join result must be emitted at least once, thus
violating the correctness of join algorithms. Meanwhile, the existing
algorithm [19] can compute it in a single round with load 5(1%)10,
which is already optimal implied by our new lower bound.

This framework of lower bound proof for Qg can be extended
to a larger class of cyclic join queries, noted as degree-two joins,
in which each attribute appears in two relations. Observe that the
dual'! of a degree-two join is a binary-relation join, hence enjoying
very nice properties [24]. More specifically, we characterize the
edge-packing-provable condition, under which there exists a better

N

(at least not worse) lower bound in terms of Q(IW) for computing

any degree-two join in the MPC model.

Cover or Pack. From the lower bound side, we know that the
worst-case complexity of join evaluation is Q( #) for binary-

relation joins, LW join and acyclic joins, and Q(%) for some

class of cyclic joins, including the B-join. However, there is no clear
distinction on the relative ordering between p* and 7, at least for
acyclic joins and binary-relation joins. A natural question arises:
cover or pack, which one is the correct quantity in determining the
worst-case complexity of join evaluation?

To clarify this question, we first introduce the notion of reduced
Jjoin. A reduce procedure on a hypergraph (V, &) is to remove an
edge e € & if there exists another edge ¢’ € & such thate C ¢’
We can repeatedly apply the reduce procedure until no more edge
can be removed, and the resulting hypergraph is said to be reduced.

OThe Qg has optimal fractional edge quasi-packing number ¢/* = 3.

The dual of a join query Q = (V, &) is define as Q" = (V’, &), where each vertex
v € V is an hyperedge in & and each hyperedge e € & in a vertex in V’. Vertex
e € V'isincluded by edge v € & if v € e in Q.

cyclic (unclear)

' binary-relation
(18]

degree-two

a-acyclic
(conjectured)

berge-acyclic

[Lemma A.3] [Lemma 7]

O <y

O

Figure 3: Relationship between optimal fractional edge cov-
ering number p* and optimal fractional edge packing num-
ber r* of reduced join queries.

From the upper bound side, a join query can be reduced in O(1)
rounds with linear load (see Section 2), thus the hardness of multi-
round computation comes from the reduced join.

Now, we can draw some distinction for the reduced join queries:
(1) * < p* holds for reduced berge-acyclic joins (see Lemma A.3)
and reduced binary-relation joins [18]'%; and (2) p* < 7* holds for
reduced degree-two joins (see Lemma 21), as shown in Figure 3.
Moreover, we conjecture that 7* < p* holds for reduced a-acyclic
joins, but the formal proof is currently open. At last, we come to
the following conjecture. The worst-case complexity of computing
a join query Q@ in O(1) rounds is conjectured to be @(W)
where p*, 7" are the optimal fractional edge covering and packing
numbers of the reduced join of Q. This conjecture can be verified
by existing results, but is still open for general cyclic joins.

1.5 Outline

This paper is organized as follows. In Section 2, we review some
basic primitives that will be commonly used in our MPC algorithm.
In Section 3 and 4, we present the new results from upper bound side.
More specifically, we introduce a generic algorithm for acyclic joins
in Section 3.1, analyze its complexity in Section 3.2, and identify the
worst-case optimal run in Section 4. In Section 5, we move to the
lower bound for cyclic joins. We first prove an edge-packing-based
lower bound for the B-join in Section 5.1, and then extend it to
degree-two joins in Section 5.2.

2 MPC PRELIMINARIES

We first mention the following deterministic primitives in the MPC
model, which can be computed with load O(%) in O(1) rounds.

Assume N > p'*€ where € > 0 is any small constant.

Reduce-by-key [14]. Given N pairs in terms of (key, value), com-
pute the “sum” of values for each key, where the “sum” is defined
by any associative operator. This primitive will also be frequently
used to compute data statistics, for example the degree. The degree
of value a € dom(x) in relation R(e) is defined as the number of
tuples in R(e) having this value in attribute x, i.e., |ox=4R(e)|. Each
tuple ¢ € R(e) is considered to have “key” 7yt and “value” 1.

Semi-Join [16]. Given two relations Ry and Ry with a common
attribute v, the semi-join Ry = Ry returns all the tuples in R; whose
value on v matches that of at least one tuple in Ry. For any acyclic
join, all dangling tuples, i.e., those that will not participate in the
full join results, can be removed by a series of semi-joins [27].

1211 [18], the term “simple” is used as equivalent to “reduced”.



Parallel-packing [16]. Given N numbers x1,x2, -+ ,xN where
0 < x; < 1fori € [N], group them into m sets Y1, Yo, -+, Yy,
such that Zieyj xj < 1forall j, and Z,-eyj xj > % for all but one j.
Initially, the N numbers are distributed arbitrarily across all servers,
and the algorithm should produce all pairs (i, j) if i € Y; when done.
Note that m < 1+2}; x;.

3 UPPER BOUND FOR ACYCLIC JOINS

In this section, we study how to compute the class of acyclic joins
efficiently in the MPC model. Before dividing into the algorith-
mic details, we first define the following notions to simplify our
description (notations used by the algorithm are in Table 2).

In a join query Q = (V, &), denote E* = {e € & : x € e} as
the set of relations containing attribute x € V. Recall that in an
acyclic join, its relations can be organized into a join tree 7~ such
that for each attribute, the nodes containing this attribute form a
connected subtree in 7. An example is illustrated in Figure 4. To be
more general, 7 could be a forest consisting a set of node-disjoint
connected subtrees, such that each one is a valid single join tree, and
the union of nodes over all subtrees is exactly the set of relations &.
In this way, if there exists some relation e € & which doesn’t share
any common attributes with other relations, then we just treat it as
a single connected component of 7. In a join tree 77, an attribute
is unique if it only appears in one node.

€4 .@
/ \
€n €5
o

RN

€1 €9 €3 €6 er

Figure 4: A join tree 7 of join query Q = (V,&), where
V = {A,B,C,D,E,F,G,H,I,],K} and & = {eo(ABCH), e1(ABD),
e2(BCE), e3(ACF), e4(ABH ), es(AHI), e(AIK), e7(AIG)}.

3.1 Generic Join Algorithm

We describe our generic algorithm for computing the result Q(R)
on the input join tree 7. The high-level idea is to recursively de-
compose the join into multiple subqueries based on data statistics,
and apply a different join strategy for each subquery. For a clean
presentation, we only focus on the algorithmic description now
and delay its analysis to Section 3.2 and Section 4.2.

Our algorithm chooses a fixed threshold L, whose value will be
determined later. Moreover, we introduce S(&) C 2% as a set of
subsets of relations, and a quantity ¥(7, R, S, L) for each subset
of relations S C &, which together determine the complexity of
our algorithm. We give more details in Section 3.2 and Section 4.2.
Note that S(8) € 28 can be computed locally since the query has
constant size. Intuitively, ¥(7,R, S, L) is the number of servers
required for computing the join query induced by relations in S
with load complexity O(L).

Base Case. When there is only one relation in Q, say & = {e}, we
just let all servers emit tuples in R(e) directly.

Q(V,8) join query Q with attributes V and relations &

R instance

Q(R) join results of R for query Q

e,e’ e relations

R(e) relation defined over attributes e

x,A,B,C attributes

dom(x) domain of attribute x

&* the set of relations in & containing attribute x

S* a subset of relations containing attribute x
defined by the generic join algorithm

H(x, S*) a set of heavy values over attribute x from
relation(s) in S*

T join tree of an acyclic join

S&) a set of subsets of relations in &

Qx(Vx,Ex) residual join after removing attribute x

Qy(Vy,Ey) residual join after removing relations in &*
and their unique attributes

Q;i(V;,&;)  the i-th connected subquery of Q = (V, &)

Ra instance induced by heavy value a

Ri; instance induced by light values in group I;
R; instance induced for Q;(V;, &;)

N input size of instance

p number of servers

L load complexity of an MPC algorithm

Table 2: Notations used in Section 3.1

General Cases. In general, we distinguish an input acyclic join Q
with its join tree 7~ into two cases.

Case I: 7 is a single join tree. We first remove dangling tuples.
If there is a pair of nodes e, e’ € & such that e C e’, we just apply
the semi-join R(e’) < R(e) and remove e from the join query. We
recursively apply this procedure until the join is reduced.

On a reduced join, we start with an arbitrary leaf node e; in 7.
Denote its parent as ep. Let x € e; Neg be an arbitrary join attribute
between e; and eg. The algorithm chooses a subset of relations
SX C &X with e; € S to tackle in this case.

EXAMPLE 1. Consider the reduced join query in Figure 4. Assume
ey is the chosen leaf node, with ey as its parent. If x = A, then 8 =
{e1,€0,€3,e4,¢5,66,e7}. If x = B, then E* = {eq1, e, e, e4}.

Step (1): Compute data statistics. For each value a over attribute
X, we compute its degree in every relation R(e) for e € S*, using the
reduce-by-key primitive. A value a over attribute x is heavy if its
degree in R(e) is greater than L for any e € S*, and light otherwise.
Denote the set of heavy value as

H(x,5%) = {a € dom(x) : Je € S*, |ox=aR(e)| > L}.

Note that |H(x, S*)| < Y cecsx ‘Rée)‘ . Moreover, for all light values

over attribute x, we run the parallel-packing primitive to put them
into k = O3 cesx |R§f)| ) groups I1, Ip, - - - , I, where the values in

each group have a total degree of O(L) in UpesxR(e).

Step (2): Decompose the join query. In this way, we can decom-
pose the original join query into multiple subqueries:

Q>(R) =mecg 07R(e)



where ? is either x = a for some a € H(x,S*) or x € I; for some
je€{1,2,--- ,k}. There are O(3,csx w) subqueries in total.

We introduce a residual join query Qx = (Vx, Ex) by removing
x from all relations, where V4 =V — {x} and Ex = {e—x: e € E}.
Each heavy value a € H(x, S¥) derives an instance Ry = {ox=aR(e) :
e € &} for the subquery Q. Similarly, each light group I; derives
an instance Ry; = {oxef;R(e) : e € &} for the join query Q. Note
that all subqueries have disjoint results and their union is exactly
the result of original join, i.e.,

Q(R) = (Vacriin. 59 Qx(Ra) U (Ve (1.2, @Ry
thus, the completeness is guaranteed.

Step (3): Compute all subqueries in parallel. The next step is
to allocate appropriate number of servers to each subquery and
compute them in parallel. For each subquery Qx with input in-
stance Ra, we allocate pa = maxgcs(g,) [¥(7,Ra,S,L)] servers,
and invoke the whole algorithm for computing Qx(R,) recursively.
Let y be the set of unique attributes contained by any relation
in S*. We introduce a residual query Qy = (Vy, Ey) by removing
all attributes in y and relations in S*, where Vy = V -y and
&y = & — §*. Let 7~ be the resulting join tree by removing nodes
in $* from 77, which may contain multiple connected subtrees.
For each subquery Q with input instance Rj;, we allocate p; =

maxsc S(&,) [‘IJ(‘T’, Ry S, L)-‘ servers. To compute Q(Ry; ), we first
broadcast all tuples in UeesterjR(e) to the p; servers and then
compute Qy(R};) by running the whole algorithm recursively. At
last, each server just emits the combination (t1, £2) for each join
result t1 €xeesx oxer,R(e) and each join result £, € Qy(Ry) if
they can be joined by local computation.

EXAMPLE 2. Continue with the example in Figure 4. Assume e is
the leaf node with ey as its parent. Ifx = A and S* = {e1, eq}, Figure 5
shows the join trees for residual join queries in step (2).

CaseII: 7 consists of multiple connected subtrees. Let 77, 72,
..., Tk be the connected subtrees in 7 and &1, &y, . . ., & be the
corresponding set of relations in each subtree. Define R; = {R(e) :
e € &§;},and Q; = (V;,E;), where V; = UU,eg, €. In this case,
it computes a Cartesian product Q;(R;) X - -+ X Qr(R}), where
computing each Q;(R;) is captured by Case L

We arrange servers into a p; X pa X - - - X pr. hypercube, where

pi = SEI%?)é,.)W(W’R”S’L)]‘

Each server is identified with coordinates (ci, ¢z, - - , ¢k ), where
¢i € [pil]. For every combination ci,...,Ci-1,Ci+1,. . .,Ck, the p;
servers with coordinates (c1, - - - , ¢j—1, *, Ci+1, - * , Cf) form a group
to compute Q;(R;) (using the algorithm under Case I). Consider a
particular server (c1, ¢z, . . ., cg). It participates in k groups, one for
each Q;(R;),i = 1,...,k. For each Q;(R;), it emits a subset of its
join results, denoted Q; (R, c1 . . ., cx). Then the server computes
the Cartesian product Q1(R1,¢1...,¢k) X -+ X Qr(Rg,c1--.,¢k)
locally and emit the join results if the participating tuples can be
truly joined. Note that for each group of servers computing Q;(R;),
the p; servers in the group emit Q;(R;) with no redundancy, so
there is no redundancy in emitting the join result.

€5
™~
©)

€3 €6 €7

/ \
€2 €3 €6 €7

Figure 5: A running example of Case I. Assume x = A and
S* = {e1,e0}. Then, y = {D}. In step (2), Qx = (Vk,Ex)
where Vy = {B,C,D,E,F,G,H,I,]J,K} and & = {ey(BCH),
e1(BD), e2(BCE), e3(CF), es(BH]J), es(HI), es(IK), e7(IG)}, and
Qy = (Vy,&y) where Vy = {A,B,C,E,F,G,H,I,],K} and &y =
{e2(BCE), e3(ACF), ea(ABHJ), es(AHI), e6(AIK), e7(AIG)}.

3.2 Analysis

In this part, we analyze the complexity of the generic algorithm.
To illustrate the key idea, we present a detailed analysis for one
simple class of runs. The analysis for other runs follows the same
framework, but users can choose more complicated functions of
Y(7,R,S, L) and S(E), as long as they satisfy the recurrence for-
mulas implied by the generic algorithm.

As an example, we will focus on the most conservative run if
the generic algorithm always chooses S* = {e; } in Case I. Before
diving into the details, we introduce the notion of subjoin first.

DEFINITION 1 (SUBJOIN). For a join query Q = (V, &) with join
tree T, and instance R, the subjoin of a subset of relations S C & is

B(T,R,S) = Xs,e7(5] Mees; R(e)

where T'[S] is the set of maximally connected components of S on T .

EXAMPLE 3. Let’s take two examples in Figure 4 for illustration.
S1 = {e1, e3, e7} is a single connected component since all share the
common attribute A; however, they are not directly connected on the
join tree T, so T[S1] = {{e1},{e3}, {e7}}. Adding one more edge ey
to Sy yields Sz = {e, e1, €3, e7}. Note that Sy is still a single connected
component, but ey, e1, e3 form a connected component on the join
tree T, so T[S2] = {{eo, e1,e3}, {e7}}. The subjoin of Sy is defined
as &(7,R,S1) = R(e1) X R(e3) X R(ey) and that of Sz is defined as
(7, R, S2) = (R(eo) > R(er) > R(es3)) X R(e7).

From Example 3, we can see the difference between subjoin of S
and the join result of relations in S, or even the projection of final
join results on attributes appearing in any relation of S, i.e.,

TsQ(R) C ees R(e) C ®(T,R,S)

Moreover, we mention an important observation for acyclic join
as follows, which will be used in our analysis.



LEMMA 2. For an acyclic join Q = (V,8) with its join tree T,
consider an arbitrary leaf node e; and its parent ey. For any e €
& —{eg,e1}, (eNer) —eo =0.

Proor. By contradiction, assume v € (eNeq)—eg. Implied by the
definition of join tree 77, all edges containing v form a connected
subtree of 7. As e is only connected to eg, v € ey if v € e Ney,
coming to a contradiction. O

THEOREM 3. For a join query Q = (V, &) with join tree T, an
instance R and a parameter L, the Q(R) can be computed using

o} (maxsgs((g) (T, R, S,L)) servers in O(1) rounds with load com-
plexity O(L), where ¥(T R, S, L) = 2L 4ng S(8) = 28,

Proor. We first prove the complexity of the generic algorithm
in Theorem 3 by induction on the size of Q, and then show how to
compute ¥(7, R, S, L) efficiently at last.

In the base case when there is only one relation, say & = {e},

emitting all tuples in R(e) with M servers achieves a load of O(L),

matching the bound in Theorem 3, since ¥(7, R, {e}, L) = w. In
general, we first point out that all primitives can be computed using

O(max,cg ‘REE) ‘ ) servers in O(1) rounds with load complexity O(L).

As @ = ¥(7, R, {e}, L), the complexity of these primitives can
be bounded by Theorem 3. Next we will analyze the complexity for
two cases separately.

Case I. Recall that the algorithm only peels a leaf e; from its parent
node ep, where ey N ey # 0. In this case, a single join tree won’t be
broken except at e;. We have the following hypotheses for handling
the subqueries @y and Qy separately, which will be used later.

Hypothesis 1. For a join query Qx with join tree 7, an input
instance Rj, and a pre-determined parameter L, the result can be
computed using O(X scg, ¥(7,Ra, S, L)) servers in O(1) rounds
with load complexity O(L).

Hypothesis 2. For a join query @y with join tree 7, an instance
R I; and a pre-determined parameter L, the result Qy(R I,-) can be
computed using O(ngsy Y(7,Ry;, S, L)) servers in O(1) rounds
with load complexity O(L).

Complexity of computing heavy subqueries. Implied by hy-

pothesis 2, it remains to bound the number of servers allocated over
all heavy values as follows:

pa= ), max [¥(T Ra. 5. L)]
acH(x,{e1})

< Z Z ¥(7,Ra, S, L)
SC&xacH(x, {er})

+2!€1 (T R, {e1}, 1)

a€H(x, {er})

where the second inequality is implied by the fact that each heavy
value in H(x, {e1}) has degree more than L in relation R(e1). We
distinguish each S € &y into two cases. If eg ¢ S and e; ¢ S, the
term induced on S can be bounded by

> W(T,Ra S, L) < W(TL R, {er1}, L) - ¥(T,R, S, L)
acH(x, {e1})
< W(T.R,SU {er},L)

where the first inequality is implied by the fact that there are at
most O(M) heavy values and the second one is implied by the
fact that e; forms a single connected component in 7[S U {e;}]
from Lemma 2. Otherwise, eg ¢ S and e; ¢ S. This term induced on
S can be directly bounded by Y, ¥(7,Ra, S, L) < ¥(7,R,S, L).

Complexity of computing light subqueries. In Step 3 of com-
puting Q(Ry,), each server receives at most L input tuples from
oxer,R(e1) and O(L) tuples in computing Qy(Ry,) by hypothesis.
So this step has a load of O(L). It remains to bound that the total
number of servers allocated to all light groups as follows:

I [‘II(T,RI].,S,L)-‘
J

j Scé&y
<2 T R e}, D)+ Y. D WT Ry, S L)
Scé&y j

Recall that e; ¢ Ey by definition. We distinguish each S C &y into
two cases: eg € Sand ey ¢ S.If eg ¢ S, this term induced on S can
be bounded by

DUW(T, Ry, S, L) < (T, R {er}, 1) - ¥(T, R, S, L)
J
=¥(7T,R,SU{e1},L)
where the first inequality is implied by the fact that there are at

most O(M) light groups and the second one is implied by the
fact that e; forms a single connected component in 7[S U {e1}]
from Lemma 2. when ey ¢ S. Otherwise, ey € S. This term induced
on S can be directly bounded by Zj Y(7,R;j,S,L) < ¥Y(7T,R,S,L).

Over all subqueries, the total number of servers allocated in total
can be bounded by (big-Oh of)
¥(T,R.SU {er}, L) + >
SCEx:e1€S,0r eg€S

V(TR SU{ar}, L)+ > WT,RS,L)
SCEyien€S

¥Y(7,R,S,L)
SCEx:er,e0¢S
+ 2
SCEyiendS
<4 Z ¥(7T,R,S,L)
Scé
where the last inequality is implied by the following facts:
e SU{e1} C Eforeach S C & buteg,e1 ¢ S;
e SU{e;} C EforeachS C &y bute ¢ S;
e SC&EforeachS C Exand S C &y,

thus completing the induction proof for Case I.

Case II. Recall that the algorithm computes the Cartesian product
of Q1(R1) X - -+ X Qi (Ry) over all connected subtrees of Q.

Hypothesis 3. For a join query Q; with join tree 7, an input
instance R;, and a pre-determined parameter L, the result Q;(R;)
can be computed using O(Xscg, ¥(7,Ri, S, L)) servers in O(1)
rounds with load complexity O(L).

In computing the Cartesian product, each server receives at most
O(L) tuples from each Q; by hypothesis. So, each server has a load
of O(L). It remains to bound the total number of servers used in
this step. Note that the number of servers allocated is (big-Oh of)

Hpi 51_[ Z (77, Ri, Si, )]

i SC&;



= > [ [¥7Ri,8:1)
(81,82, -+, Sk)CEXEpx---E &

< > W(T,R,S,1) < ) W(T,R,S,L)
SCEIXEpX-+-E Scé

where the second last inequality is implied by the definition of &
and the last inequality is implied by &; X E2 X - -+ X & € &, thus
completing the induction proof for Case II.

At last, we show how to compute ¥(7", R, S, L) efficiently. Given
the value of L, it boils down to computing a set of subjoins. In Case
I, foreach S C &, or S C &y, we use O(maxseg [@]) servers
to compute |®(7, Ra, S)|’s over all heavy values or |&(7, R S)'s
over all light groups. Computing these statistics can be captured
by a free-connex join-aggregate query!3

Z Xs,eTs] Mees; R(e),
V-x

where each tuple has weight/annotation as 1. We invoke the algo-
rithm in [16] to compute this query in O(1) rounds, whose result is
in forms of (¢, w(t)) for each value ¢t € dom(x), with size bounded
by O(|R(e1)]). If a € H(x,{e1}), |®(7,Ra,S)| = w(a); otherwise,
we run the reduce-by-key primitive to compute |&(7", Ry,,S)| =
Zadj w(a) for all light groups. As there are O(1) subsets of rela-
tions, this step can be done in O(1) rounds. In Case II, the values
of p;’s can be computed similarly. Together, this step can be done
using O3 .cg ¥Y(7, R, {e}, L)) servers, thus completing the whole
proof for Theorem 3. O

3.3 Choosing L

Theorem 3 displays a full trade-off between the number of servers
available and the load complexity. A natural question arises, if we
are only given p servers, what’s the smallest load complexity that
can be achieved for computing an acyclic join query in O(1) rounds.
We choose the value of L as below:

1

( &(T.R. 5) )m
—p )
where S is taken over all subsets of &. It can be easily checked that
foreach S € &, ¥(7,R, S, L) < p holds, thus this is feasible. More-
over, the value of L can also be computed through a join-aggregate
query similarly using p servers in O(1) rounds with load complexity

O0Xees @), which is also bounded by O(L). Together, we come
to the following result directly.

L = max
Scé

THEOREM 4. For an acyclic join query Q = (V, E) with a join tree
7", and an instance R, the join result Q(R) can be computed using p

1
servers in O(1) rounds with load O (maxsgg(w) 1] )

So far we have obtained an acyclic join algorithm whose load
complexity is in terms of a set of subjoins. However, we observe a
%). Next, we use two
examples to discuss the reasons behind this intrinsic gap.

gap between Theorem 4 and our target O(

3The definitions of join-aggregate query and free-connex query are provided in
Appendix A.3. In short, for join-aggregate query ), Q, if Q is acyclicand V —zis
contained by one relation, this query is free-connex.

(amo)y—(pope)—(opee y—(pert )—(rar)

Figure 6: A join tree of join query Q = (V, &), where V =
{A,B,C,D,E,F,G,H} and & = {e1(ABCD), e(BCDE), e3(CDEF),
ea(DEFG), es(EFGH)}.

EXAMPLE 4. Let’s consider the example query in Figure 4, which
has p* = 6 by choosing {e1, e2, €3, e4, €6, e7}. Consider a hard in-
stance constructed as below. There are N distinct values in the do-
main of attributes D,E,F,H, J,K,G and a single value in the do-
main of remaining attributes. Relation Ry(ABH]J) is a one-to-one
mapping over attributes H, ], and every remaining relation is a
Cartesian product over its all attributes, containing N tuples in to-
tal. Also, this instance has its join size matching the AGM bound
as O(N®). On S3 = {ey, e, e3, e, €5, €6, €7}, its subjoin has size as
large as N7 since |R(e;) > R(ez) > R(es) > R(eg)] = N* and
|R(es) ¢ R(eg) >t R(e7)| = N3. Thus, our (conservative) generic al-
gorithm computes this hard instance with load complexity @(ﬁ),

which is worse than the optimal target by a factor of O(p”/®).

Careful inspection reveals that not every subset S C & appears
in the cost formula of Theorem 4, depending on which choices the
algorithm makes while running. A key observation is that join query is
always reduced before going into recursion. For example, after peeling
e1, ez, e3 off by choosing attribute x = A, B, C sequentially, relation
eo could be reduced since ey —e1 U ey U e3 C eq. In this way, ey won’t
appear together with any of es, es, e7, and S3 does not contributes to
the cost formula of Theorem 3. Thus, this example implies that the
gap partly comes from our non-tight analysis.

EXAMPLE 5. Let’s consider another join query in Figure 6. This
query has p* = 2 by choosing {e1, es}. Consider a hard instance
constructed as below. There are N distinct values in the domain of
all attributes and each relation is a one-to-one mapping over its at-
tributes. This instance only has O(N) join results, but our (conser-
vative) generic algorithm computes it with load complexity @(1%)

since &(T, R, {e1, e3, es}) = N3, which is worse than our target by a
factor ofO(p3/2). More specifically, this is tight when our (conserva-
tive) algorithm first (1) chooses e1 as the leaf node with its parent e,
and x = B with S* = {e1}; and then (2) chooses es as the leaf node
with its parent e4, and x = G with S* = {es}.

This example motivates us to seek for more aggressive choices for
this generic algorithm in the next section.

4 WORST-CASE OPTIMALITY FOR ACYCLIC
JOINS

In this section, we take a further investigation of the generic algo-
rithm presented in Section 3 and focus on the worst-case complexity.
We identify a characterization of “good” choices that the algorithm
can follow in each step and show that such a supervised run can
achieve worst-case optimality on acyclic joins.

4.1 Characterization of A Good Run

Assume the input join query is reduced. Now, we describe how to
tackle a reduced acyclic join with its join tree through two steps: (1)
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Figure 7: The left is a decomposition of a join tree 7 into 6 twigs and a possible valid ordering of these twigs is (2, 3,5, 6,4, 1).

The right is an example of linear covering of twig 4 rooted at r.

decompose the join tree into a set of subtree and define an ordering
on these connected subtrees; (2) tackle subtrees one by one follow-
ing the ordering defined in (1), and invoke the generic algorithm in
Section 3 for each one, following our specified algorithmic choices.
We next present each step in more detail.

Step 1: Decompose a join tree. We start with an important prop-
erty on the optimal fractional edge covering for acyclic joins.

LEMMA 5. An acyclic join admits an integral solution for the opti-
mal fractional edge covering number.

The proof of Lemma 5 is left to Appendix A.1. Intuitively, given
a join tree 7 for an acyclic join @, such an optimal covering can
be obtained through a greedy strategy by always choosing leaves
(containing unique attributes) in 7°. Denote p : & — {0, 1} as the
optimal edge covering for Q and &, = {e € & : p(e) = 1} as the
set of relations chosen by p. Moreover, p* = |E,|. As the query has
constant size, p as well as &, can be computed locally. Based on p,
we first identify an important subclass of acyclic joins as below.

DEFINITION 6 (TWIG JOIN). a reduced join Q is a twig if it has a
Jjoin tree 7~ such that the set of leaves is an edge covering for Q.

For an acyclic join Q with a join tree 7~ and an optimal integral
edge covering p, we next break the join tree at every internal node
e € Sp. This decomposes the join tree into a number of twigs,
denoted as G. Observe that in each twig, all the leaves are exactly
the relations in S, (see Figure 7). Moreover, each pair of twigs share
at most one common node in &, and they are incident if sharing
exactly one node. Later, we will see that relations in the same twig
will be handled as a whole. Moreover, twigs in G will be tackled
following some specific ordering, defined as below.

DEFINITION 7 (ORDERING OF TWIGS IN A JOIN TREE). An ordering
of a set of twigs G is defined as follows: (1) it always chooses a twig
Gi if it is incident to at most one twig in G — {Gi}; (2) it removes G;
from G and apply this procedure recursively.

Note that there could be multiple valid orderings. An example is
given in Figure 7. The correctness of the recursion in Definition 7
is guaranteed by the underlying tree hierarchy across twigs in G.
We further define the root for each twig of G in this ordering.

DEFINITION 8 (RoOT OF A TwiG). For an acyclic join with the
Jjoin tree T~ and a set of twigs G:
o If|G| =1, T isa twig and an arbitrary leaf of T is the root;
o Otherwise, for each twig G; € G, its root is the unique non-leaf
node in &, when it is chosen by (1) in Definition 7.

Step 2: Decompose a twig. Now, we focus on handling a single
twig join Q with its join tree 7~ inherited from last step, which
enjoy very nice properties: (1) Q is reduced; (2) the set of leaves of
T is a valid edge covering for Q, which is also optimal. Let r be the
root of Q. Note that r € &, only has one child in 77; otherwise, this
twig will be further decomposed, coming to a contradiction. Let ¢ be
the child of r. To abuse notations, we also use r, ¢ to denote the sets
of attributes contained by the corresponding relations separately.

We next show how the generic algorithm in Section 3 proceeds
on a twig. As the join tree of a twig join is a single connected com-
ponent, the algorithm goes into Case I directly. Then, the question
comes: Which attribute should be chosen to tackle first?

We introduce the notion of first attribute in Definition 9. As Q is
reduced, c—r # 0. The algorithm chooses an arbitrary first attribute
of 7" as x and a leaf node e containing x. Note that such a leaf node
always exists; otherwise, x will only appear in nodes of 7" — &,
contradicting the fact that p is a valid edge covering. Let path(c, e)
be the set of nodes lying on the path from c to e. The algorithm
then chooses S* = path(c, e).

DEFINITION 9 (FIRST ATTRIBUTE IN A TwWIG). In a twig join T~
rooted at r with the child c, the first attribute is defined as an arbitrary
oneinc—r.

In step 2, the generic algorithm defines a set of heavy subqueries
Qx and light subqueries Qy. Note that Qy is also a twig join rooted at
r, thus can be handled by invoking the whole algorithm recursively.
For @y, the join tree will be decomposed into a set of subtrees
after removing all nodes in path(c, e). Consider an arbitrary node
e’ € path(c, e). For each children ¢’ of ¢’ but ¢’ ¢ path(c, e), the
subtree rooted at ¢’ together with e’ form a twig join, with its
root as e’, and can be handled by invoking the whole algorithm
recursively. Computing the join results of these subtrees fall into
Case II, which is done by enumerating the Cartesian product of
their individual join results first and then emitting true join results
after checking join conditions locally.

EXAMPLE 6. Consider the example in Figure 8, which is an in-
stantiation of twig 4 in Figure 7. The root is (EFG) with its child as
(CEF). The first attribute is C, leaf node e is (ABC), and path(c, e) =
{(ABC), (BCD), (CDE), (CEF)}. Qx is the residual join by replacing
(ABC) by (AB), (BCD) by (BD), (CDE) by (DE) and (CEF) by (EF)
inT", which is a twig join. Qy is the residual join by removing (ABC),
(BCD), (CDE) and (CEF) from T . Computing Qy degenerates to com-
puting the Cartesian product of (1) {(EFG)}; (2) {(FM)}; (3) {(DU)};
(4) {(BK)}; and (5) {(FH])),(FHZ),(WZ),(I1JX),(HY)}. Note that



Figure 8: A running example of Step 2 on join query Q = (V,&) where V = {A,B,C,D,E,F,G,H,I,J,K,M,U,W,X,Y,Z} and
& = {(ABC), (BCD), (CDE), (CEF), (EFG), (FH]), (FM), (BK), (DU),(FHZ),(WZ), (IJX), (HY)}. The left is the join tree of Q (left), the

middle is Qy, and the right is Qy.

(5) together with (CEF) is a twig join rooted at (CEF), which can be
recursively decomposed.

4.2 Analysis

Next, we show the complexity for the generic algorithm following
the choice in Section 4.1. Before diving into details, we first define

IR(e)|
Y(7,R,S,L) = —.
( ) ]1 5
Obviously, the value of ¥(77, R, S, L) can be computed locally, since
the query has constant size. As we tackle an acyclic join by decom-
posing it into a set of twig joins, we will start with the complexity
for twig join and present the general result for acyclic join at last.

Complexity of Linear join. We first identify a special case of
twig join, which only contains two leaves.

DEFINITION 10 (LINEAR JOIN). A reduced join Q = (V,8&) is
linear if it has a join tree T~ with relations being arranged in a line
staring at e1 and ending at e, such thate € e; U ey for anye €
& - {61, ek}‘

Moreover, it can be easily shown that (e; N eg) C (ej+1 N eg)
and (e;4+1 Ne1) C (e; Ney) foranyi € {1,2,--- ,k — 1}. Applying
the rule in Definition 9 recursively will yield two valid orderings
of attributes for a linear join, corresponding to the root being e;
and ey separately. Surprisingly, a linear join can be computed very
efficiently following the first-attribute-based orderings, as stated in
Lemma 11.

LEMMA 11. For a linear join Q = (V, &) with its join tree T, an
instance R and a parameter L, the join result Q(R) can be computed
using O (2565(8) ‘I’(T,R,S,L)) servers in O(1) rounds with load
O(L), where

SE)={{e,;r}:ecE-{r}}U{{e}:ec &}
forr € {e1, er} and eq, ey being the two leaves in T .

EXAMPLE 7. An example of linear join Q = (V, &) is in Figure 6,
whereV = {A,B,C,D,E,F,G,H} and & = {e1(ABCD), e2(BCDE),
e3(CDEF), e4(DEFG), es(EFGH)}. Two orderings of attributes are
D,C,B, A ifroot is es and E, F, G, H if root is e1. Let N; = |R(e;)| for
i €{1,2,3,4,5}. If es is the root, we have S(E) = {{e1,e5}, {e2, €5},
{e3,e5}, {es, e5},{e1}, {ea}, {e3}, {ea}, {e5}}. Implied by Lemma 11,

it can be computed using O(é -Ns5-(Ny+ N2+ N3+ Ng)+ %(Nl +
N2 + N3 + Ny + N5)) servers in O(1) rounds with load O(L).

Complexity of Twig Join. Next, we move to a general twig join.
To better describe the result, we introduce the notion of linear cover
for a twig join first.

DEFINITION 12 (LINEAR-COVERING OF A TwiIG). For a twig join
Q with its join tree T, a linear-covering for 7 denoted as P(T"), is
defined as follows:

o IfT has at most two leaves (i.e., a linear join), P(T) = {T };
e Otherwise, P(T)={L} U (Ule 7)(7,7)) where L is an arbi-

trary root-to-leaf path of T and {71, 72, - - - , T¢} is the set of
connected subtrees by removing L from T .

An example of linear-covering of a twig join is shown in Figure 7.
In Lemma 13, we use the linear cover to define the complexity of
the first-attribute-based generic algorithm. Note that computing
the cartesian product of node/relation-disjoint paths in the linear-
covering has the similar complexity form as that in Lemma 13, but
each path in the linear-covering may not be a linear join, thus may
lead to much higher complexity. Our first-attribute-based generic
algorithm is totally different from it.

LEMMA 13. For a twig join Q = (V, &) with its join tree T rooted
at r, an instance R and a parameter L, the join result Q(R) can be
computed using O (Zp(r]') 2ses) Y(T.R,S, L)) servers in O(1)

rounds with load O(L), where P(T") is over all linear coverings of T,
and

SE)={{S}:Sc (L1 —-{rP)xLyx - X Lyx{r}}
U{{S}:SC{r}xLox - XLy}

forP(T) ={L1, Lo,---, Ly}

EXAMPLE 8. Continue the example of twig join query in Figure 8.
One of its linear coverings is { L1, L2, L3, L4, L5, Ls, L7}, where
L1 = {(EFG),(CEF), (CDE), (BCD), (ABC)}, Lz = {(FH]),(1JX)},
L3 = {(FHZ),(WZ)}, Ly = {HY)}, Ls = {(DU)}, L6 = {(BK)}
and L7 = {(FM)}. By the definition of S(E), then S = {(ABC), (BK),
(DU), (HY),(I]X),(WZ),(FM), (EFG)} belongs to S(E), but any su-
perset of S doesn’t belongs to S(E).



Complexity of Acyclic Join. By reassembling a set of twigs into
the original join tree, we obtain the complexity result in Theorem 14.

THEOREM 14. For an acyclic join Q = (V, &) with join tree T,
an instance R and a parameter L, the result Q(R) can be computed
using O (2563(5) ¥Y(T,R,S, L)) servers in O(1) rounds with load
O(L), where

(T, R,S,L) = 1_[ 'R(L—e”
e€S

and S(E) is recursively defined on T~ as follows:

(1): If there is a pair of nodes e1,ey such that e; C e, then
S(E) = S(E) U {{e1}}. It should be noted that T is updated
by removing ey from T and putting every child of e as a new
child of e ifey is not a leaf in T.

(2): T is decomposed into a set of twigs G1, G2, - , G as defined
in Definition 7,

S(E)={{S}:SCS(E)xS(E2) x---xS(Ep)}

where &; = G — Gj if there exists j > i such that GiNG; # 0
and E; = G otherwise.

(3): T is a twig join with a linear covering P = { L1, L2, -+ , L¢}.
If T includes the root r,

S@) ={{S}:Sc LixLyx--xL}
Otherwise,

SE) ={{S}:SC(Li—-{rHx Lax---x Ly x{r}}
U{{S}:SC{r}xLox---x L}

EXAMPLE 9. With respect to rule (2) in Theorem 14, we use the ex-
ample in Figure 7 for clarification. Assume the join tree is decomposed

into 6 twigs following the ordering of (G2, G3, G5, Gs, G4, G1). Under
rule (2), twigs G2, G3, Gs, Ge, G4 exclude their root and twig Gy in-
cludes its root in the computation, since Go N G1 # 0, Gz N G1 # 0,

GiNGL#0,G:NGs#0,G6 NGy # 0.

The proof of Theorem 14, together with that of Lemma 11 and
Lemma 13 are given in Appendix A.2.

4.3 Worst-case Optimality

We run the generic algorithm following choices according to Sec-
tion 4.1, but using a different value of L defined as below:

(nees IR(e)| ) 1
Hees HOL) ™

Since the join query has constant complexity, S(E) as well as the
value of L can be computed locally.

L = max
SeS(&)

THEOREM 15. For an a-acyclic join Q with a join tree 7, and an
instance R, the join result Q(R) can be computed using p servers in

O(1) rounds with load O (ZSES(S)(W)%S‘ )

Moreover, when each relation has at most N input tuples, such
a complicated bound has a clean form as stated in Theorem 16.
A more fine-grained analysis of the optimality of Theorem 15 in
terms of arbitrary input sizes N(e)’s would be an interesting and
challenging open question. We won’t go into this direction further.

THEOREM 16. For an a-acyclic join Q and an instance R where
each relation contains at most N tuples, there is an algorithm comput-

ing Q(R) in O(1) rounds with load O (1%) where p* is the optimal
fractional edge covering number of Q, which is worst-optimal.

Note that the optimality of Theorem 16 is shown on a hard in-
stance implied by the AGM bound [5], where each relation contains
O(N) input tuples and the join size is as large as O(N p*)_ Here we
give a sketch proof of Theorem 16.

Proor oF skeTcH. To prove ¥(7,R,S,L) < (%)p* forany S €
S(&), it suffices to show that |S| < p* for any S € S(E). Recall
that the join tree 7~ is decomposed into a set of twigs as G. Let
(G1,Ga, - -+ ,Gr) be a valid ordering of twigs in G. Observe that
we also obtain a partition of S as Sy, Sz, - - ,S¢ such that (1) S; =
(GinS)—Gij ifthere exists j > i suchthat G;NG; # 0;(2) S; = GiNS
otherwise. It can be easily checked that S = S US; U --- U Sy and
S; N Sj = 0 for any pair of i # j. Implied by the definition of S(&),
the number of relations in S; is at most the number of leaves in G;
minus 1, i.e, |S;| < |G; N Epl — 1. In this way, we can bound the
number of relations in S as

4 14
ISI= D" 18i < D 1Gi N Epl =1 =18p] = p",
i=1 i=1
where the second last equality is implied by Definition 7. O

5 LOWER BOUNDS FOR CYCLIC JOINS

In this section, we first prove a lower bound Q(}%) for the Qg

query, as stated in Theorem 17, which is matched by the existing
upper bound O( 1%) [19], thus being optimal. We then identify

the class of degree-two joins, as well as the edge-packing-provable
conditions, such that the edge-packing-dependent lower bound
Q( pl%) can be proved for any degree-two join, as long as it satisfies
the edge-packing-provable conditions, as stated in Theorem 18.

TurOREM 17. For any N/log® N > p, there exists an instance R

for Qg where each relation has N input tuples such that any tuple-
based algorithm computing Qg(R) in O(1) rounds must incur a load

of Q (ﬁ) which is optimal.

THEOREM 18. On any edge-packing-provable degree-two join Q,
forany N/log® N > p° with some constant c, there exists an instance
R for Q where each relation has N input tuples such that any tuple-
based algorithm computing Q(R) in O(1) rounds must incur a load of

Q (#) where T is the optimal fractional edge packing number.

The high-level idea of our lower bound proof is to show that
with positive probability, an instance R for Q can be constructed
with bounded J(L), the maximum number of join results a server
can produce, if it loads at most L tuples from each relation. We
again resort to the counting argument that each join result must be
emitted by at least one server. Setting p - J(L) = Q(|Q(R)|) yields a
lower bound on L.

5.1 B-Join
We now prove Theorem 17. Assume N > p>. Note that L > N/p >
N?2/3 in this case. Our hard instance R is constructed as follows.



Hard Instance. Each one of the attributes A, B, C has N 1/3 distinct
values and each of the attributes D, E, F has N’ 2/3 distinct values.
Relations Ry (A, B, C), R3(A, D), R4(B, E) and R5(C, F) are Cartesian
products, each with exactly N tuples. Relation Ry(D, E, F) is con-
structed in a probabilistic way. For Rz(D, E, F), each combination
(d,e, f) € dom(D) X dom(E) X dom(F) has a probability of 1/N to
form a tuple in Ry(D, E, F). In this way, relation Rz(D, E, F) have
N tuples in expectation. The join result of this instance can be
represented as the Cartesian product of R1(A, B,C) X Ra(D, E, F).
So, this instance has input size as 5N and output size as N? in
expectation. By the Chernoff bound, the probability that the input
size and output size deviate from their expectation by more than a
constant factor is at most exp(—Q(N)).

Step 1: Make a reasonable restriction on loading tuples.

To bound J(L), we first argue that on any instance constructed
as above, we can limit the choice of the L tuples loaded from
Ri(A,B,C), R3(A, D), Ry(B,E) and R5(C, F) by any server in the
formof Ly X Lg X Le, Lo X Lp, Lg X Lp,and Lc X Ly for L4 C
dom(A), Lg € dom(B), L¢c € dom(C),Lp € dom(D), Lg C dom(E)
and Lr C dom(F), i.e., the algorithm should load tuples from
R1(A, B,C), R3(A, D), Ry(B, E) and R5(C, F) in the form of Carte-
sian product. More precisely, we first prove this result for attribute
A as stated in Lemma 19. The similar argument can be applied for
attributes B and C.

LEMMA 19. Restricting loading tuples from R3(A, D) in a form of
LaXLp and those from R1(A, B, C) in a form of L4 X Lgc where Lgc
are the assignments over attributes B, C, will not make J(L) smaller
by more than a constant factor.

PRrROOF. Suppose a server has loaded L tuples from Rz(D, E, F),
R4(B, E) and R5(C, F). Then the server needs to decide which L tu-
ples from Ry (A, B, C) and R3(A, D) to load to maximize the number
of join results produced. This is a combinatorial optimization prob-
lem that can be formulated as an integer program (IP). Introduce a
variable x,p. for each triple (a, b, ¢) € dom(A) X dom(B) X dom(C),
Yaq for each pair (a,d) € dom(A) X dom(D). Let Iger =1 if tuple
(d,e, f) € Ry(D, E, F) is loaded by the server, and 0 otherwise. The
similar definition applies for I, and I.¢. Then IP; below defines
this optimization problem, where a always ranges over dom(A), b
over dom(B), ¢ over dom(C), d over dom(D), e over dom(E), f over
dom(F) unless specified otherwise.

(IP1) max Z Lief “Ipe - Icf - Xabe * Yad
a,b,c,d,e,f
s.t. max{z Xabes Z Yaa} < L
abc ad

Idef’lbe’lcf’xabc’ Yad € {07 1}’Va’ b’ c, dv 67f

However, it seems very difficult to dig out any structural property of
the optimal solution of IP;. Instead, we introduce a relaxed version
of IPy, shown as IP3 below.

(IP;) max Z Alwa)

s.t.Z wg < 2L
a

wq € {1,2,---,L},Va

Note that IP3; uses a function A(w), which denotes the optimal
solution of IP; defined as below:

(IP;) max Z Lgef Ipe - Icf - Xabe * Yad
b,c,d,e,f

s.t. max{z Xabes Z Yad} S W
be d

Idef’ Ipe, Icf’ XaberYad € 10,1}, Va,b,c.d, e, f

IP; is parameterized by w and a, which finds the maximum number
of join results that can be formed by tuples loaded from Ry(D, E, F),
R4(B, E) and R5(C, F), subject to the constraint that at most w tuples
containing value a are loaded from R;(A, B, C) and R3(A, D).

Since all values in the domain of attribute A are structurally
equivalent, the optimal solution of IP, does not depend on the
particular choice of a, which is why we write the optimal solution
of IP; as A(w). Also, it is obvious that A(.) is a non-decreasing
function. Then, IP3 tries to find the optimal allocation of the L
tuples to different values a € dom(A) so as to maximize the total
number of join results formed. Let the optimal solutions of IP;, IP3
be OPT1, OPT3, respectively. Because IP3 only restricts the server
to load at most 2L tuples from Ry(A, B,C) and R3(A, D) in total,
any feasible solution to IP; is also a feasible solution to IP3, so
OPT; < OPTs. Next we construct a feasible solution of IP; with
the Cartesian product restriction above, and show that it is within
a constant factor from OPT3, hence OPT;.

Regarding to the function A(.), we define

w' =arg  max L. A(w).
L/N3<w<L W
We choose % distinct values arbitrarily from dom(A) and allocate
w* tuples to each value a € A. For each a, we use the optimal
solution of IP; to find the w* tuples to load from R;(A, B,C) and
R3(A, D). Note that the optimal solution is the same for every a,
so each a will choose the same sets of (b, c)’s and d’s. Thus, this
feasible solution loads tuples from Ry (A, B, C) and R3(A, D) in the
form of Cartesian products. The number of join results that can be
produced is W = dj - A(w*). We show that W is a constant-factor
approximation of OPTs, as stated in Lemma 20, thus completing
the whole proof. O

LemMA 20. W > JOPT; > JOPT;.

Proor. Suppose OPT3 chooses a set of values A* C A, and each
a € A" has wg tuples loaded from R; (A, B, C) and R3(A, D). A value
a € A" is efficient if A(W—M;“) > % and inefficient otherwise. Let
A7, A be the set of efficient, inefficient values separately. Note that

for every efficient value a, w, < # by the definition of w*.
We relate W and OPT3 by showing how to cover all the join
results reported by OPT3 with the feasible solution constructed

Yacar Wa
above. First, we use SATZ* values of A each with w* tuples from
R1(A, B,C) and R3(A, D) to cover the join results reported by A3.
The total number of tuples needed is at most % ZQGA; wq < %L.

The number of join results that can be reported is

YacA; Wa 1 Awg) 1

S AW 2 Y war = = 2 ) Alwa).
3w 3 } Wq 3 .
acAj acA;




Next, we use 3LV values each with w* tuples from R; (A, B, C)

and R3(A, D) to cover the join results reported by A]. The total
L

N1/3

a € A]. The number of join results that can be reported is

for each

number of tuples needed is %L. Recall that w, <

L
.. L Agm) N3 L 1
Aw) 2 5 = S M) 2 D7 Awa),

3w*
N1/3 acAj

where the rationale behinds the last inequality is that there are at
most N'/3 values in A7 and there is A (ﬁ) > A(wq) for each
a € A} by the non-decreasing property of A(.).

Combining the two parts for the optimal solution A*, our alterna-
tive solution loads at most 2L tuples from R; (A, B, C) and R3(A, D),
and can report at least % - OPTs3 join results. O

Note that Lemma 19 implies that Lyp = Lg X Lp and Lyc =
La X Lc in relation Ri(A, B,C). Applying a similar argument to
attribute B, we get Lgc = Lp X L¢. Together, we come to Lopc =
Lao X Lp X Lc, ie., tuples in relation Ry (A, B, C) should be loaded
in form of Cartesian product over all attributes.

Step 2: Prove a upper bound on J(L).

Next, we show that with positive probability (actually high prob-
ability), we obtain an instance on which J(L) is bounded, no matter
which L tuples are loaded. By the analysis above, we only need to
consider the case where tuples from R1(A, B, C), R3(A, D), R4(B, E),
Rs5(C, F) are loaded in the form of Cartesian products. Denote the
number of distinct values in dom(A), dom(B) loaded by the server as
a, f respectively. The number of distinct values in dom(C), dom(D),
dom(E), dom(F) loaded by the server are #, %, %, af. Moreover,

L 1/3
WS(Z,,HSN/.

There are L3 combinations in terms of (a,b,c,d,e, f) in total.
Each one is a valid join result if and only if (d, e, f) € R2(D, E, F),
which happens with probability % By the linearity of expectation,
the expected number of join results can be produced by the L tuples
is Lﬁ3 More careful inspection reveals that the L? combinations are

not independent; instead we can divide them into L? independent
groups where each one is associated to one distinct triple (d, e, f).
Implied by the Chernoff bound, the probability that this server

3 2
produces more than 2 - Lﬁ join results is at most exp(—Q(Lﬁ)).

For A, there are (N;/S) =O(N %) choices of loading « distinct val-
ues from dom(A). Similar argument can be applied to B,C, D, E, F.
Over all values of a, §, the number of choices in total is

N3 N3

Z Z N%<(o¢+ﬁ+#) ~N§' £+grap)

__L __L
~NZ/3 B= N2/3

=exp (5(0(ﬁ + g + IE‘)) = exp (5(N§))

(24

By the union bound, the probability that any of the choice produces
3
more than % join results is at most

L2 ~ 2
exp(—Q(ﬁ) +O(N3)),

which is exponentially small if

L—2 > ~N§ -logN

N

for some sufficiently large constant c;. Rearranging, we get
L* > ¢ 'N3 -log N.

We know that L = Q(%), so this is true as long as

N
(;)2 > co N% -log N,

for some sufficiently large constant ¢y, or N/log® N > ¢; - p°.

Step 3: Apply counting argument.

So far, we have shown that with exponentially high probability
each server produces no more than 2 - % join results in each round.
Over p servers, the total number of join results that can be produced
in O(1) rounds is O(Lﬁs). Each of the N? join results must be emitted
at least once, so we will have p - % > N?% je,L> N/p1/3.

We have completed the whole proof for Theorem 17.

5.2 Degree-two Joins

Our lower bound proof for the B-join can be extended to a larger
class of join queries, named as degree-two join, where every ver-
tex appears in exactly two edges. As mentioned, degree-two joins
enjoy several nice properties, as stated in Lemma 21. The proof of
Lemma 21 is given in Appendix A.4.

LEMMA 21. For any reduced degree-two join Q = (V,&), the
following holds: (1) t* = 181 > p*; (2) 1% + p* = |8]; (3) The opti-
mal fractional edge packing/covering admits half-integral solution;
(4) if there exists no odd-length cycle', the optimal fractional edge

packing/covering admits an integral solution.

However, not all degree-two joins fit for the lower bound frame-
work, two additional conditions are captured in Definition 22. Be-
fore describing the conditions, we introduce some notions first.
In a hypergraph Q = (V, &), let I'(e) be the set of neighbors of
edgee € &,1e,T(e) = {e’ € &:ene’ # 0}. A fractional vertex
covering for Q = (V, &) is a mapping x from V [0, +o0) such that
YveVivee Xo = 1 holds for each edge e € &; and the optimal
solution is to minimize the quantity ), < X, In addition, a vertex
covering x is constant-small if max,, x, < 1 — € for some constant
0<e<l

DEFINITION 22 (EDGE-PACKING-PROVABLE DEGREE TWO JOIN).
A degree-two join Q = (V, &) is edge-packing-provable if (1) it is
reduced; (2) there is no odd-length cycle; (3) there exists an optimal
fractional constant-small vertex covering x, such that |T'(e) N E’| < 1
foreverye € &, whereE' ={e € & : Y ,.pce Xo > 1}

Note that Qg is an edge-packing-provable degree-two join. Obvi-
ously, Qg is reduced, there is no odd-length cycle in Qg, and a valid
vertex covering x with x4 = xg = x¢ = % and xp = Xg = Xp = %
is constant-small, which is also used in the lower bound proof
of Theorem 17. Some other examples of edge-packing-provable
degree-two joins are given in Figure 9.

A cycle (V, &) is defined as V = {v1, vy, -+, v,} € Vand & = {e; =
{Vi> Vit mod n} : i € {1, 2, -, n}. The length of a cycle (V, &) is defined as |E|.



(a) (®)

Figure 9: Examples of edge-packing-provable joins.

The detailed proof of Theorem 18 is deferred to Appendix A.5.
Here, we only give some intuition why the three conditions can be
put together for generalizing this framework to degree-two joins.

In Definition 22, if there is no odd-length cycle in @, it admits inte-
gral optimal edge packing * and covering p*, implied by Lemma 21.
More specifically, there exists a partition (8¢, Eg) of &: E¢ = {e €
E:p*e)=1,7"(e) =0} and Eg = {e € E : p*(e) = 0,7%(e) = 1},
for example, E4 = {e1, e2} and & = {es, e4, e5} in Qg. Moreover,
all edges in &4 are vertex-disjoint, as well as edges in Eg, due to
the fact that each vertex appears in at most two edges.

Consider any optimal fractional vertex covering x satisfying (2)
in Definition 22. Note that x defines a partition (&', &"’) of &:

& ={ec&: Z Xy > 1},
veVwwee
& ={ecé&: Z xp =1}
veVwwee
for example, & = {ez} and &” = {ej,e3,€4,e5} in Qg. Note
that the fractional edge packing and vertex covering are prime-
dual. Implied by the slackness theorem, & C &,. Edges in &’
are also vertex-disjoint. The hard instance is constructed by x.
More specifically, the domain of each attribute v contains N*v
distinct values. Relations in &’ are deterministically constructed
as Cartesian products, containing N tuples exactly, while those in
&’ are probabilistically constructed. As [T'(e) N &’| < 1 holds for
every e € &, each edge in e € &’ derives a connected components
Cle) ={e’ € & : ¢’ Ne # 0}. More importantly, C(e;) N C(ez) = 0
for any pair of e1, e; € &’. We then apply a similar argument for
Qg to each such component.
At last, the notion of “constant-small” is used to prove a upper
bound on J(L) with exponentially high probability; and more details
can be found in Appendix A.5.

Remark. We only give a sufficient condition in Theorem 18. Sev-
eral questions remain to be answered, for example, (1) what is a
complete characterization of cyclic queries on which our frame-
work can be applied? and (2) is there any matching upper bound on
the degree-two joins? It is still unclear whether ¢/* = ¢* holds for a

degree-two join satisfying the edge-packing-provable conditions.
If this is the case, then the lower bound Q (#) will be matched
by the existing one-round algorithm [19].
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A OMITTED PROOFS

A.1 Acyclic joins

An equivalent definition for a-acyclicity is based on the GYO re-
duction [1]: (1) if there is a vertex v € V only appearing in edge e,
then remove v from e; (2) if there is a pair of edges e, e’ € & such
that e C ¢’, then remove e from &. A join query Q = (V, &) is
a-acyclic if the GYO reduction results in an empty hypergraph.

A join tree can be built by the GYO reduction recursively. If some
unique attribute is removed from e, we add e as a leaf node if it does
not exist. If e is removed by (2), we put e as a child of e’. We show
some nice properties for acyclic join in Lemma A.1, A.2, and A.3.
For short, we use “acyclic” to denote “a-acyclic” below.

LEmMMA A.1. For any acyclic join Q = (V, &) and an attribute
x € V, the residual join Qx = (Vk, Ex) is also acyclic.

ProoF. Recall that Qy is the residual query by removing at-
tribute x from all relations in E. Let 7~ be the join tree of Q, such
that (1) there is a one-to-one correspondence between edges in &
and nodes in 77; (2) for any attribute x € V, all nodes containing x
form a connected subtree. We derive another tree 7 by removing
attributes x from each node in 7. It can be easily checked that 7’
is a valid join tree for Qy, thus Q is acyclic. O

LEMMA A.2. Acyclic join has integral optimal edge covering.

PrOOF. Let p*(Q) be the optimal edge covering for hypergraph
Q = (V,E). An edge cover of Q can be obtained along with its
GYO reduction. More specifically, if Q is emptyset, we set p* = 0.
In general, we apply the following two procedures: (1) If attribute
x € V only appears in e, then assign e with weight 1 and remove
all attributes in e from V; (2) if e,¢’ € & are distinct edges such
that e C e’, then assign e with weight 0 and remove e from &.

Next we will prove its optimality. The base case is trivial. In
general, we prove it for these two cases separately.

If Q is reduced through (1), let Q. = (V — e, &) be the residual
join by removing attributes in e from all relations in &. By hypoth-
esis, let p*(Q,) be the integral optimal edge covering of Q.. Note
that p*(Q) = p*(Qe) + 1, which is optimal since any edge cover
require to assign p*(e) = 1 to cover attribute v. Moreover, p*(Q)
also admits integral optimal edge covering, since p*(Q.) admits
integral optimal edge covering.

If Q is reduced through step (2), let 9’ = (V,& — {e}) be the
residual join by removing edge e. Obviously, Q is also acyclic. By
hypothesis, let p*(Q,) be the integral optimal edge covering of Q.
Note that p*(Q) = p*(Q’), which is optimal since we can always
shift any weight assigned to e to e’ while maintaining its optimality.
Thus, p*(Q) is an optimal integral edge covering for Q. m|

We next introduce the berge-acyclic joins. For a join query
Q = (V,8), consider the bipartite graph G, in which YV corre-
sponds to vertices on one side and & to vertices on the other side.
There is an edge between v € V and e € € if v € e. Then the
hypergraph (V, £) is berge-acyclic if this bipartite graph is acyclic.

This notion of acyclicity preserves many natural properties in ordi-
nary acyclic graphs. For example, there is only one path between
any two vertices u,v € V, and any subgraph of (V, &) is still

acyclic. Note that this definition of berge-acyclicity does not allow
two relations to have two or more common attributes. But if these

attributes always appear together in any relation, then they can be
simply considered as one “combined” attribute. In a berge-acyclic
join Q = (V, E), a relation e is called a leafif it contains at least
one unique attribute and exactly one join attribute, and non-leaf
otherwise.

LemMA A.3. For any reduced berge-acyclic join Q, t* < p* where
", p* are the optimal fractional edge packing and covering number
of Q respectively.

Proor. We will prove this by induction for a berge-acyclic join
Q = (V, E). The base case is trivial that when & contains a single
relation, with p* = r* = 1. In general, we consider two more cases:

Case 1. If Q is disconnected, let Q1, Q2, - - - , Q. be its connected
components. As Q; is also berge-acyclic for any i € {1,2,--- ,k},
by hypothesis we have 7%(Q;) < p*(Q;). Observe that 7*(Q) =
2 7°(@Qi) and p*(Q) = X; p*(Qi). Thus, 7(Q) < p*(Q).

Case 2. Otherwise, Q is connected. First, we can always find a
non-leaf ey such that removing all leaves in Q would turn it into a
new leaf. Let I'(eg) be the set of leaves connected with ey. Note that
each relation in T'(eg) include one attribute in eg. Let Ex = {e € & :
x € e} be the set of relations containing attribute x. Define

YV’ = {veey:Ey S {eo} UT(en)}

Note that ['V’| = 1; otherwise, eg is not a new leaf after removing
all leaves in I'(e). Define

S={ecT(eg):eNeycV'}
We further distinguish it into two more cases:

Case 2.1. If ¢y contains unique attributes, let Q” be the residual
query by removing all edges in S. By hypothesis, p*(Q’) > r*(Q’)
since Q' is also a reduced berge-acyclic join. Note that p*(Q) =
P Q') +1S] and 7*(Q) < *(Q’) + |S|. Thus, p*(Q) = T*(Q).

Case 2.2. Otherwise, let Q’ be the residual query by removing all
edges of {eg} U S. By hypothesis, p*(Q") = *(Q’) since Q' is also
a reduced berge-acyclic join. Note that p*(Q) = p*(Q’) + |S| and
(@) < 77(Q’) + |S]. Thus, p*(Q) = *(Q). o

LEMMA A.4. For a join query Q, the following properties hold:

(1) If Q is both binary-relation and a-acyclic, then Q is berge-
acyclic.

(2) If Q is degree-two and a-acyclic but not binary-relation, it
may or may not be berge-acyclic.

Proor. For (1), if a join query Q is both binary-relation and
a-acyclic, the hypergraph of Q is a tree, which is berge-acyclic. For
(2), R1(A, B,C) »a Ra(A, B, D) > R3(C, E) is not berge-acyclic, and
R1(A,B,C) » Ra2(A, D) > R3(B, E) > R4(C, F) is berge-acyclic. O



A.2 Missing Proofs in Section 4

ProoF oF LEMMA 11. Without loss of generality, assume r = ej.
The base case with k = 1 always holds. Let x € e;_; — ex be the
first attribute. Note that S* = {e1, ez, - ,ex_1}-

The residual join Qx will be reduced first and then tackled by in-
voking the whole algorithm recursively. By hypothesis, each heavy
instance R, can be computed using O(Xses(s,)[¥(7,Ra, S, L)1)
servers in O(1) rounds with load O(L). The total number of servers
allocated for all heavy assignments is

D, D, TUT Ra,S,L)]

a SeS(&)
< Z Z‘I’(T,‘Ra,S,L)+2|8‘~ Z IR(ei)|
. L

SeS(E,) a ielk-1]
< IR(zk)l . IR(zi)l + @841 Z |R(Lei)l
ielk—1] ielk-1]
< ), WT.RSL)

SES(E)

where the first inequality is implied by the fact that there are

O(Xiefk-1] lR(fm) heavy assignments, the second inequality is
implied by distinguishing S € S(&Ex) into two cases, depending
on whether S N {eq, ez, - ,ex_1} = 0, and the last inequality is
implied by the definition of S(&).

The residual join @y degenerates to the base case with one re-
lation ey. Then, for each light group I;, Qy(R;) can be computed

using O([M]) servers in O(1) rounds with load O(L). The total
number of servers allocated for all light groups is

;rlR(zk)H SZ(|R(zk)| +1)

J
|R(ei)l (IR(ek)I )
< (—=+n|[—=+1
(ie[;ﬂ L ) L

< Y WT.RSL)
SeS(€)
where the second last inequality is implied by the fact that there are

O(Xierk-111 lR(f")l 1) light groups ad the last inequality is implied
by the definition of S(&E).

Combining the analysis for heavy and light subqueries, we com-
plete the whole proof for Lemma 11. O

Proor or LEMMaA 13. We will prove the following complexity
for a twig join excluding its root r:

SE)={{S}:Sc(Li—{rh) x Lax - x Ly}

Let ¢ be the child of . Let x € ¢ — r be the first attribute, and e be
the leaf node with x € e. Let path(c, e) as the set of nodes lying
on the path from c to e. The residual join Qx is reduced first and
then tackled by invoking the algorithm recursively. By hypothesis,
each heavy instance R, induced by heavy value a € H(x, $*) can
be computed using O(X ses(s,)[¥(7TRa, S, L)]) servers in O(1)
rounds with load O(L). The total number of servers allocated for
all heavy assignments is

D D, TUT Ra,S, L)1

a SeS(&Ey)

< > D WT RS, L) + 218

SeS(&) a

Z IR(e")]
e’ epath(c, e) L
< >3 Y wTRSUL)LD)
P={Ly,--,L¢} S1 e epath(c,e)

) DWTRSAL)
P={Li,,Le} S2

Z IRED _ Z
L

e’ epath(c, e) P’ SeS(8E)
for all linear coverings P, P’ over 7, S1 C (L1 — {r}) x L3 x
-+ X Lp with §; N path(c,e) = 0, and Sp € (L1 — {r}) x L2 X
-+ X L with S; N path(c,e) # 0. Note that the first inequality
is implied by the fact that there are O(X ¢’ cpath(c, e) lR(Lel)l ) heavy
assignments, the second inequality is implied by distinguishing S
into two cases, depending on whether S Npath(c, e) = 0 or not, and
the last inequality is implied by Lemma A.5.

+2l8l. ¥(T,R,S,L)

LEMMA A.5. For a twig join Q with its join tree T, consider an
arbitrary linear covering P = { L1, L2, -+, L¢}, and an arbitrary
root-to-leaf path P of T, where P could be different from L;. Then,
{L1-P,Ly—P,---, Ly — P} is alinear covering of T — P.

Proor. We first observe thatif £y = P,{L1-P, Lo—P,--- , Ly—
P} = {Ly, L3,---, L} is a linear covering of 7 — L1, by the
definition of P. It remains to consider the case with £ # P. Note
that £ — P is a root-to-leaf path of 7~ — P. By induction, assume
{Ly-P,L3-P,---, Ly—P}isavalidlinear covering of T —P— L.
As(Li—P)N(Ly—P)=0foranyiec {2,3,---,(} then L1 - P
together with { Lo —P, L3—P,-- -, Ly—P} is avalid linear covering
of 7 —P. ]

Let {71, 72, - - , 7n} be the set of connected subtrees by remov-
ing path(c, e) from 7. Let Q; = (V;, E;) be the twig join defined
on the subtree 7;, excluding its root in L. For each light group I,
computing Qy(R;) degenerates to computing the cartesian prod-
ucts over Q;(R;)’s. By hypothesis, Q;(R;) can be computed using
O(Xses(s)[¥(T,R;,S, L)1) servers in O(1) rounds with load O(L).
The total number of servers allocated for all light groups is

DD WTLR;,S L

J i SeS(&y)

SZ Z Z\P(T,ﬂj,s,LH

i SeS(&;) J

Z IR(Le’)I
e’ epath(c, e)
Y > ¥(T,R,SU{e'}, L)
e’ epath(c,e) SES(E1)xS(E2)%---xS(Ep)

IR(e")

< ) WTLRSL)
e’ epath(c, e) SeS(8E)
where the first inequality is implied by the fact that there are
O(Xe’ cpath(c, e) lR(f )‘) light groups and the last inequality is im-
plied by the fact that the union of linear-covers of 71, 72, - - - , Tp,
together with path(c, e) is still a valid linear-cover of 7.

When this twig join Q includes root r, it degenerates to com-
pute the Cartesian product between r and the residual twig join

excluding r. Thus, the complexity in Lemma 13 follows. O




The proof of Theorem 14 follows directly from the primitive of
reducing a join, the Case II of the generic algorithm in Section 3,
and Lemma 13 sequentially.

A.3 Join-Aggregate Query

We consider join-aggregate queries over annotated relations [2, 11,
17] with one semiring. Let (R, ®, ®) be a commutative semiring. We
assume that every tuple t is associated with an annotation w(t) € R.
The annotation of a join result t € Q(R) is

w(t) = ®t, ER(e),net=te,e€8W(tE)-
Lety C V be a set of output attributes (a.k.a. free variables) and
y = V -y the non-output attributes (a.k.a. bound variables). A
join-aggregate query Qy(R) asks us to compute ®;Q(R) =

{(ty, wity)): ty € myQUR), Wity) = Bre@uryny =ty WD)}

In plain language, a join-aggregate query first computes the
join Q(R) and the annotation of each join result, which is the ®-
aggregate of the tuples comprising the join result. Then it partitions
Q(R) into groups by their projection on y. Finally, for each group,
it computes the @-aggregate of the annotations of the join results.

Many queries can be formulated as special join-aggregate queries.
For example, if we take R to be the domain of integers, ® to be
addition, ® to be multiplication, and set w(t) = 1 for all ¢, then it
becomes the COUNT(*) GROUP BY y query; in particular, if y = 0,
the query computes |Q(R)|. The join-project query 7y Q(R), also
known as a conjunctive query, is a special join-aggregate query by
discarding the annotations.

With respect to join-aggregate queries, free-connex queries [6]
are an important subclass. To define a free-connex query, we intro-
duce the notion of a width-1 GHD, which can be considered as a
generalized join tree. A width-1 GHD of a hypergraph Q = (V, E)
is a tree 7, where each node u € 7 is a subset of V, such that (1)
for each attribute x € V, the nodes containing x are connected in
T (2) for each hyperedge e € &, there exists a node u € 7 such
that e C u; and (3) for each node u € 7, there exists a hyperedge
e € &suchthatu Ce.

Given a set of output attributes y, 7 is free-connex if there is a
subset of connected nodes of 7, denoted as 7 (such a 7’ is said
to be a connex subset), such that y = |J, cq u. A join-aggregate
query Qy is free-connex if it has a free-connex width-1 GHD.

A.4 Proof of Lemma 21

The proof directly follows the fact that the dual of any reduced
degree-two join is a reduced binary-relation join [18, 24]. We can
show more details for each property in Lemma 21.

For (1), let f be the mapping from & to [0, +0). Let f(e) = %
for every e € &. In the reduced degree-two join Q, each vertex
appears in exactly two hyperedges. In this way, f is both a valid
fractional edge packing and edge covering. Implied by the maxi-
mization of fractional edge packing and minimization of fractional
edge covering, we get 7* > L pr.

2

For (2), let f be a valid fractional edge packing for Q. It can be
easily checked that g = {1 — f(e) : e € &} is a valid fractional edge
covering for Q. Thus, we get p* = || — .

A similar result has been proved for optimal fractional vertex
covering for an ordinary graph [21], that the vertex packing for an

ordinary graph admits half-integral solution, and the set of vertices
with value % form a set of vertex-disjoint odd-length cycles. Thus,
(3) and (4) follow.

A.5 Proof of Theorem 18

We first point out several important properties for degree-two joins
satisfying edge-packing-provable conditions.

If there is no odd-length cycle in Q, it admits integral optimal
edge packing r* and covering p*, implied by Lemma 21. More
specifically, there exists a partition (8¢, Ep) of &: E¢ = {e € & :
p*(e) = 1,7%(e) = 0} and Eg = {e € & : p*(e) = 0,77(e) = 1}.
Consider any vertex v incident to two edges e, e’. There must be
e € Ey,e’ € 85, ore € Sﬁ,e' € &y This also implies that all
edges in &4 are vertex-disjoint, as well as edges in &g.

Let x be an optimal fractional vertex covering for Q. An edge
e is denoted as deterministic if .., ce Xvo = 1, and probabilistic
otherwise. Let &’ be the set of probabilistic edges, ie. {e € & :
Y vwee Xo > 1}. Note that vertex covering and edge packing are
prime-dual problems. The following result is directly implied by
the complementary slackness.

LEmMMA A6. LetE ={e € E: ) .peeXv > 1}. Foranye € &/,
°(e) = 0 and p*(e) = 1.

For each edge e € &, let Y(e) be the set of vertices appearing in
the neighbor of e, i.e., Y(e) = Urcr(e)e” — . Two nice properties
on the edges in &’ are stated in Lemma A.7 and Lemma A.8.

LEmMA A7. Let 8" = {e € & : Y y.pee Xo > 1}. For any edge
e €&, Ypwee Xo + Zv:vel‘(e) xo = [T(e)].

Proor. As 7¥(e) = 0 and p*(e) = 1, we have 7*(e’) = 1 and
p*(e) = 0 for every edge e’ € I'(e). This also implies that for any
pair of edges e, ez € I'(e), e1Nez = 0. Moreover, each edge e’ € I'(e)
is deterministic implied by Lemma A.6, thus Y. ,,.,cor X0 = 1. We
also observe that e U (Ue’er(e)e’ - e) = Uerer(e)e’- Thus, the left-

hand-side of the target equation can be rewritten as

2 =, ), =)

VVEU g/ er(e) € e’el(e) v:vee
thus yielding the desired result. O

LeMMa A8. Let & = {e € & : YppeeXo > 1}.p =% =
|8/| - Ze:ee&’ Zv:vee Xy.

Proor. By the duality theorem, 7* = Y., ey Xo. In this way,
we can rewrite Yl ocg Dpivee Xv aS

DIEEDIE D VD WL

ec& vivee veV ecEy,—& v:vEe

thus yielding the desired result. O

Now, we are able to prove Theorem 18. As it follows the same
framework as Section 5.1, we will focus on addressing the difference
in this non-trivial extension. Similarly, we will show that with
positive probability, an instance constructed this way will have a
bounded J(L), the maximum number of join results a server can
produce, if it loads at most L tuples from each relation. Then setting
p-J(L) = Q(Q(R)|) yields a lower bound on L.



Hard instance construction. There are N*v distinct values in
the domain of attribute v. Namely, a deterministic relation R(e) is
a Cartesian product over all attributes in e, with [],.,ce N*@ =
NZovoee Xo = N tuples in total; and a probabilistic relation R(e)
is constructed in a probabilistic way, such that each combination
t € Xy:peedom(v) has a probability of p(e) = 1/NZwvwee Xo~1 o
form a tuples in R(e), with [T,.,c. N*© - p(e) = N tuples in ex-
pectation. Moreover, each relation has its input size deviates from
its expectation by a constant factor is at most exp(—Q(N)). Taking
all relations in the edge covering, they together form N P" results
while remaining relations are deterministic Cartesian product. So
this instance has its output size deviating from its expectation by a
constant factor is at most exp(—Q(N)).

Step 1: Making a reasonale restriction on loading tuples.

LEMMA A.9. For any deterministic edge e, if |[['(e) N &’| < 1, then
assuming that tuples loaded from R(e) should be in forms of Cartesian
products over all attributes, doesn’t decrease the maximum number
of join results that can be produced per server by a constant factor.

Proor. Note that for any vertex v € V, if the two edges incident
to it are deterministic, the same argument in Lemma 19 can be
applied to v, i.e., loading tuples in R(e) for v € e in terms of L,, X
Le_{yy will not decrease the optimal solution by a constant factor.
Moreover, if Le = Ly X Le_ (¢}, then Lyy = Ly X Ly, forany u €
e — {v}. To prove this result, it suffices to show that Ly, = L, X Ly,
for every pair of vertices u, v € e. We distinguish e into two cases.

IfT'(e) N & = 0, Lemma 19 can be applied to all vertices to e,
thus Ly, = Ly X Ly, for every pair of vertices u, v € e. Otherwise,
[IT(e) N &’| = 1,say I['(e) N & = {e’’}. Applying Lemma 19 can
be applied to every attribute v € e — e’’, we have Ly, = Ly X Ly,
for every u € e,v € e — e’’. Note that when |e”’ Ne| = 1, we are
done. The remaining case is when |e’’ N e| > 2, we can assume that
the optimal edge covering x could shift all weights on vertices in
e — e’ to one specific vertex in e — e’’, and assign 0 for remaining
vertices in e — e”/, without changing its optimality and property in
Definition 22. In this way, the condition is also satisfied. O

Step 2: Prove an upper bound on J(L).

Assume the number of distinct values from attribute v loaded by
the server is z,. Observe that 1 < z, < N*° for each vertex v € V.
Moreover, [],.,ce 2o = L for each deterministic relation e.

Recall that relations in &g are vertex-disjoint. After loading L
tuples from all deterministic relations, there are L7~ combinations
of results in total, where each of them has a probability of

! & |~ Sereces Bomvee X e
1_[ p(e) = 1_[ -~ < =N e:ec&’ Livivee Xv = NP
ec& ccd NZv:vee Xv

to form a valid join result, implied by Lemma A.8. The expected
number of join results that can be produced by one server is L7~ -
NP T N ext, we will show that this number of join results deviates
from its expectation by a constant factor is exponentially small.
For each relation e € &’, we introduce a random variable Y;
for each combination t € Xy.,eeLy, which follows the bernoulli
distribution with parameter p(e). Denote Y(e) = }; Y;. Observe

that there are LT(¢)I=Zver(e) ¥ jndependent random variables in
the space X¢:peelw. So,

E[Y(e)] = LIT@)-Zoer(e) xo -ple)=N- (%)lr(e)\—zvew Xo

where the last inequality is implied by Lemma A.7. By Chernoff
bound, the probability that Y(e) deviates from its expectation by a
constant factor is at most exp (—Q(E[Y(e)]).

Let Y = [],cg, Y(e). As mentioned, these L™ combinations are
not fully independent, as long as they share any same variable Y;.In
fact, the number of independent combinations is L7 =P & since
all combinations can be put into disjoint groups by the random
variables shared and each group has exactly LP 1€l combinations.

Thus, the probability that the server produces more than 2181

Nf*rfo\s’l join results is at most
. LTTPHIE
e, - .
Pr|y>2 | < Z(; Pr(Y(e) > 2 - E[Y(e)])
ec&’

< exp (—Q(;gig E[Y(e)]))

Consider an arbitrary attribute v € V. Note that there are
Xv
(]\iv ) = O(N*v"%v)) choices of loading z,, distinct values from
the domain of attribute v. Over all possible values of z;,, the num-

ber of choices over all attributes in total is

N*©
H Z exp (O(Nx“'Lv)) = exp (5(maXNx”))
v:weV L,=1 ©

By the union bound, the probability that any of the choices produces
Lo

e, _Lt°r
more than 2 NGRS

join results is at most

exp (—Q(min E[Y(e)]) + O(max N*© ))
ec&’ veV
which is exponentially small if
in E[Y(e)] > ¢; - N*» .log N
min [Y(e)] = c1 max og
for some sufficiently large constant ¢y, or
L@ x
N-(= >cq- N*v . logN
( N) ¢y -+ max og
where (Q) = min,cg [T(e)| = Xy ex(e) Xo < |E|. Rearranging it,
LMD > ¢  NMQD-1 . max N*v . log N
veV
We know that L > Q(%), so this is true as long as
N
(=MD > ¢y . NHDT . max N¥o - log N
P veV
for some sufficiently large constant cy, or

AQ) 1
N >c3- p I-maxy,.pey Xv . (log N) 1-maxy,.pey

for some sufficiently large constant c3. Note that x is constant-small,
M O(|&]) is still a constant.

SO m
Step 3: Apply counting argument.

So far, we have shown that with exponentially high probability
each server produces no more than O(L™ -NP'-T) join results in
each round. Over p servers, the number of join results produced in
total is O(pL” - NP ~7") with high probability. As there are O(N*")
join results, we must have pLT* -NP'=7" > NP" which leads to a
lower bound L > N/p"/*".
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