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Abstract

This paperrevisits the problemof optimal learn-
ing anddecision-makingvhendifferentmisclassi-
fication errorsincur different penalties. We char
acterizepreciselybut intuitively whena costma-
trix is reasonableand we shav how to avoid the
mistale of defininga costmatrix thatis economi-
cally incoherent.For the two-classcase we prove
atheoremhatshavs how to changehe proportion
of negative examplesin a training setin orderto
male optimalcost-sensitie classificatiordecisions
using a classifierlearnedby a standardnon-cost-
sensite learningmethod.However, we thenargue
that changingthe balanceof negative and positive
training exampleshaslittle effect on the classifiers
producedby standardBayesianand decisiontree
learningmethods.Accordingly, the recommended
way of applyingoneof thesemethodsn a domain
with differing misclassificatiorcostsis to learna
classifierfrom the training set as given, and then
to computeoptimal decisionsexplicitly usingthe
probability estimategjivenby theclassifier

1 Making decisionsbasedon a costmatrix

Given a specificationof costsfor correctandincorrectpre-
dictions, an example should be predictedto have the class
thatleadsto the lowestexpectedcost,wherethe expectation
is computedusing the conditional probability of eachclass
giventhe example. Mathematically let the (i, j) entryin a
costmatrix C' be the costof predictingclassi whenthe true
classis j. If i = j thenthe predictionis correct,while if

i # j the predictionis incorrect. The optimal predictionfor

anexamplez is theclassi thatminimizes

L(z,i) = ZP(J'IJB)C(Z',J')- (1)

Costsarenotnecessarilynonetary A costcanalsobeawaste
of time, or the severity of anillness,for example.

Foreachi, L(z, 1) isasumoverthealternatve possibilities
for thetrueclassof z. In thisframework, therole of alearning
algorithmis to producea classifierthat for any example z
canestimatethe probability P(j|z) of eachclass;j beingthe
true classof z. For an examplez, making the predictions
meansacting asif ¢ is the true classof . The essencef

cost-sensitie decision-makings thatit canbe optimalto act
asif oneclassis true even when someother classis more
probable. For example,it canbe rationalnot to approe a
large credit card transactioneven if the transactionis most
likely legitimate.

1.1 Costmatrix properties

A costmatrix C' always hasthe following structurewhen
thereareonly two classes:

actualnegative | actualpositive
predictnegative | C(0,0) = coo | C(0,1) = cos
predictpositve | C(1,0) =cio | C(1,1) = cn1

Recentpapershave followed the corvention that cost ma-
trix rows correspondo alternatie predictedclasseswhile
columnscorrespondo actualclassesi.e. row/column=i/j =
predicted/actual.

In our notation, the cost of a false positive is ¢19 while
the costof afalsenegative is ¢p;. Conceptuallythe costof
labelinganexampleincorrectlyshouldalwaysbegreateithan
the costof labelingit correctly Mathematically it should
alwaysbe the casethatciy > cgg andcg; > c¢11. We call
theseconditionsthe “reasonablenesgfonditions.

Supposéhatthefirst reasonablenesonditionis violated,
SO cgp > c1p but still g1 > ¢11. In this casethe optimal
policy isto labelall examplegositive. Similarly, if c19 > ¢go
bute;r > cp1 thenit is optimalto labelall examplesnegative.
We leave the casewhereboth reasonablenesnditionsare
violatedfor thereaderto analyze.

Margineantu 2004 haspointedoutthatfor somecostma-
trices, someclasslabelsare never predictedby the optimal
policy asgivenby Equation(1). We canstatea simple,intu-
itive criterion for whenthis happens.Saythat row m domi-
natesow n in acostmatrixC if for all j, C(m, j) > C(n, j).
In this casethe costof predictingn is no greaterthanthe cost
of predictingm, regardlesof whatthetrueclassj is. Soit
is optimal never to predictm. As a specialcase,the opti-
mal predictionis alwaysn if row n is dominatedby all other
rows in a costmatrix. Thetwo reasonablenesonditionsfor
a two-classcostmatrix imply thatneitherrow in the matrix
dominategheother

Givena costmatrix, the decisionshatareoptimal areun-
changedf eachentryin thematrixis multiplied by a positive
constant. This scalingcorrespondgo changingthe unit of



accountfor costs. Similarly, the decisionsthat are optimal
areunchangedf a constanis addecdto eachentryin the ma-
trix. This shifting correspond$o changinghe baselineaway
from which costsaremeasured By scalingandshifting en-
tries, arny two-classcostmatrix thatsatisfieshereasonable-
nessconditionscanbetransformednto a simplermatrix that
alwaysleadsto the samedecisions:

!
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Wher8061 = (001 — COO)/(?IO — Coo) and Clll = (Cll -
¢00)/ (c10—coo). Fromamatrix perspectie,a2x2 costmatrix
effectively hastwo degreesof freedom.

1.2 Costsversusbenefits

Although mostrecentresearchin machinelearninghasused
theterminologyof costs,doingaccountingn termsof bene-
fits is generallypreferable pecausevoiding mistalesis eas-
ier, sincethereis a naturalbaselinefrom which to measure
all benefitswhetherpositive or negative. This baselinds the
stateof the agentbeforeit takesa decisionregardingan ex-
ample. After the agenthasmadethe decision,(if it is better
off, its benefitis positive. Otherwisejts benefitis negative.

Whenthinking in termsof costs,it is easyto posita cost
matrix thatis logically contradictorybecausenot all entries
in the matrix are measuredrom the samebaseline.For ex-
ample,considerthe so-calledGermancreditdatasethatwas
publishedaspartof the Statlogproject[Michie etal., 1994.
The costmatrix givenwith this datasets asfollows:

actualbad | actualgood
predictbad 0 1
predictgood 5 0

Hereexamplesarepeoplewho applyfor aloanfrom abank.
“Actual good” meansthat a customerwould repay a loan

while “actual bad” meansthat the customerwould default.

The actionassociatedvith “predict bad” is to dery the loan.

Hence,the cashflav relative to ary baselineassociatedvith

this prediction is the sameregardlessof whether “actual

good” or “actualbad” is true. In every economicallyreason-
ablecostmatrix for this domain,both entriesin the “predict

bad” row mustbethesame.

Costsor benefitscanbemeasuredgainsiany baselineput
the baselinemust be fixed. An opportunitycostis a fore-
gonebenefit,i.e. a missedopportunityratherthanan actual
penalty It is easyto make the mistale of measuringlifferent
opportunity costsagainstdifferent baselines. For example,
theerroneougostmatrix above canbejustifiedinformally as
follows: “The costof appraving agoodcustomeis zero,and
the costof rejectinga badcustomeris zero,becausén both
caseghecorrectdecisionhasbeenmade.If agoodcustomer
is rejectedthecostis anopportunitycost,theforegoneprofit
of 1. If abadcustomelis approvedfor aloan,the costis the
lostloanprincipalof 5”

To seeconcretelythatthe reasoningn quotesaboveis in-
correct,supposehatthebankhasonecustomenf eachof the
four types.Clearlythecostmatrix aboveis intendedo imply
thatthe netchangein the assetof the bankis then—4. Al-
ternatvely, supposehatwe have four customersvhoreceve

loansandrepaythem. The net changein assetss then+4.
Regardlesof the baselineany methodof accountingshould
give a differenceof 8 betweernthesescenarios But with the
erroneouscost matrix above, the first scenariogivesa total
costof 6, while the secondscenariagivesatotal costof 0.

In generalthe amountin somecells of a costor benefit
matrix maynotbeconstantandmaybedifferentfor different
examples.For example,considerthe creditcardtransactions
domain.Herethe benefitmatrix mightbe

fraudulent| legitimate
refuse $20 —$20
approre -z 0.02¢

wherez is the size of the transactiorin dollars. Approving
a fraudulenttransactioncoststhe amountof the transaction
becausé¢hebankis liable for the expense®f fraud. Refusing
a legitimate transactiorhasa non-trivial costbecauset an-
noysacustomerRefusingafraudulentransactiorhasanon-
trivial benefitbecausé@ maypreventfurtherfraudandleadto
the arrestof a criminal. Researclon cost-sensitie learning
anddecision-makingvhencostsmay be example-dependent
is only just beginning[Zadrozry andElkan,20014.

1.3 Making optimal decisions

In thetwo-classcase the optimal predictionis classl if and
onlyif theexpectedcostof thispredictionis lessthanor equal
to the expectedcostof predictingclasso, i.e. if andonly if

P(j =0|z)cio + P(j = 1|z)c1n
< P(j = 0[z)coo + P(j = 1|z)co1
whichis equivalentto
(1 = p)eio + perr < (1= p)eoo + peor

givenp = P(j = 1|z). If thisinequalityis in factanequality
thenpredictingeitherclassis optimal.
Thethresholdfor makingoptimaldecisionds p* suchthat

(1 —p*)c1o +p"c11 = (1 —p*)coo + p*cor.

Assumingthe reasonablenesnditionsthe optimal predic-
tionis classlif andonlyif p > p*. Rearranginghe equation
for p* leadsto thesolution

€10 — Coo + Co1 — C11

assumingthe denominatoris nonzero,which is implied by
thereasonablenes®nditions.Thisformulafor p* shavsthat
any 2x2 costmatrix hasessentiallyonly onedegreeof free-
domfrom adecision-makingerspectie, althoughit hastwo
degreesof freedomfrom a matrix perspectie. The causeof
theapparentontradictioris thattheoptimaldecision-making
policy is anonlinearfunctionof the costmatrix.

* €10 — Coo @)

2 Achieving cost-sensitvity by rebalancing

In this sectionwe turn to the questiorof how to obtainaclas-
sifier thatis usefulfor cost-sensitie decision-making.
Standardlearning algorithmsare designedto yield clas-
sifiersthat maximizeaccurag. In the two-classcase,these
classifieramplicitly make decisionshasedon the probability



threshold).5. Theconclusiorof theprevioussectionwasthat
we needa classifierthatgivenanexamplez, sayswhetheror
not P(j = 1|z) > p* for sometarget thresholdp* thatin
generals differentfrom 0.5. How cana standardearningal-
gorithmbe madeto producea classifiethatmakesdecisions
basedonagenerap*?

The mostcommonmethodof achieving this objective is
to rebalancehetraining setgivento the learningalgorithm,
i.e.to changehetheproportionof positive andnegativetrain-
ing examplesin the training set. Although rebalancings a
commonidea,the generafformulafor how to do it correctly
hasnot beenpublished.The following theoremprovidesthis
formula.

Theorem 1: To make atargetprobability thresholdp* cor-
respondto a given probability thresholdp,, the numberof
negative examplesin thetraining setshouldbe multiplied by

p* 1—po
1-p* po

While the formulain Theorem1l is simple, the proof of its
correctnesss not. We deferthe proof until the end of the
next section.

In the specialcasewherethe thresholdusedby the learn-
ing methodis p, = 0.5 andcgy = ¢11 = 0, thetheoremsays
thatthe numberof negative trainingexamplesshouldbe mul-
tiplied by p*/(1 — p*) = c10/co1- This specialcaseis used
by Breimanetal. [1984.

Thedirectionalityof Theoreml isimportantto understand.
Supposewe have a learningalgorithm L that yields classi-
fiers that make predictionsbasedon a probability threshold
po. Givenatraining setS anda desiredprobability thresh-
old p*, the theoremsayshow to createa training setS’ by
changingthe numberof negative training examplessuchthat
L appliedto S’ givesthe desiredclassifier

Theoreml doesnot sayin whatway the numberof nega-
tive examplesshouldbe changedIf alearningalgorithmcan
useweightson training examples,then the weight of each
negative examplecanbe setto the factorgiven by the theo-
rem. Otherwisewe mustdo oversamplingor undersampling.
Oversamplingmeansduplicating examples,and undersam-
pling meangdeletingexamples.

Samplingcanbedoneeitherrandomlyor deterministically
While deterministicsamplingcanreducevariancejt risksin-
troducingbias,if the non-randonchoiceof examplesto du-
plicate or eliminateis correlatedwith somepropertyof the
examples. Undersamplinghatis deterministicin the sense
thatthefractionof exampleswith eachvalueof a certainfea-
tureis held constanis often calledstratifiedsampling.

It is possibleto changehenumberof positive examplesn-
steadof or aswell aschanginghe numberof negative exam-
ples.Howeverin mary domainsoneclassis rarecomparedo
theother andit is importantto keepall availableexamplesof
therareclass.In thesecasesif we call therareclasstheposi-
tive class,Theoreml saysdirectly how to changehenumber
of commonexampleswithout discardingor duplicatingany
of therareexamples.

3 Newprobabilities givena new baserate

In this sectionwe stateand prove a theoremof independent
interestthathappenslsoto bethetool neededo prove The-
oreml. The new theoremanswergshe questionof how the
predictecclassmembershigprobability of anexampleshould
changein responsdo a changein baserates. Supposehat
p = P(j = 1|z) is correctfor anexamplez, if z is drawn
from a populationwith baserateb = P(j = 1) positive ex-
amples But supposehatin factz is dravn from apopulation
with baserateb’. Whatisp' = P'(j = 1|z)?

We malke the assumptionthat the shift in baserate is
the only changein the populationto which z belongs.
Formally, we assumethat within the positve and nega-
tive subpopulations, exampleprobabilitiesareunchanged
P'(z|j =1) = P(z|j = 1) andP'(z|j = 0) = P(z|j = 0).
Giventheseassumptionsthe following theoremshavs how
to computep’ asafunctionof p, b, andb'.

Theorem2: In thecontext justdescribed,

BT p—pb
- b—pb+bp—0bb~

p

Proof: UsingBayes'rule,p = P(j = 1|z) is

Plzlj=1)P(G=1) _Pz]j=1)b

P(z) P)
Becausg = 1 andj = 0 aremutuallyexclusive, P(z) is
P(z]j = 1)P(j = 1) + P(a]j = 0)P(j = 0).
Letc = P(z|j = 1), letd = P(z|j = 0), andlete = d/c.
Then ) b
C

Tb+dl—b) b+e(l—0)

p
Similarly,
bl
b +e(l—0)
Now we cansolve for e asa function of p andb. We have

pb+ pe(1 —b) = bsoe = (b — pb)/(p — pb). Thenthe
denominatofor p’ is

p=

b—pb _b,b—pb
p—pb p—pb

b +e(1-0")=0b"+

b— pb b—pby b—pb+bp— by
=——+b(1- = .
p—pb ( p—pb) p—pb
Finally we have
Y p—pb .
P b+ bp— b

It is importantto note that Theorem?2 is a statementbout
true probabilitiesgiven differentbaserates. The proof does
notrely onhow probabilitiesmaybeestimatedasednsome
learningprocess. In particulat the proof doesnot useary
assumptionsf independencer conditionalindependenceas
madefor exampleby anaive Bayesiarclassifier

If a classifieryields estimatedprobabilitiesp that we as-
sumearecorrectgivena baserated, thenTheorem?2 letsus



Figurel: p' asafunctionof p andb, whend' = 0.5.

computeestimategrobabilitiesy’ thatarecorrectgivenadif-

ferentbaserated’. Fromthis point of view, the theoremhas
aremarkableaspect.It letsususea classifierlearnedfrom a
training setdravn from oneprobability distribution on a test
setdrawn from a differentprobability distribution. Thetheo-
remthusrelaxesoneof the mostfundamentahssumptionsf
almostall researclon machindearning thattrainingandtest
setsaredravn from the samepopulation.

Theinsightin the proof is the introductionof the variable
e thatis theratio of P(z|j = 0) and P(z|j = 1). If we
try to computethe actualvaluesof theseprobabilities, we
find that we have more variablesto solve for thanwe have
simultaneougquationsFortunatelyall we needto know for
ary particularexamplez is theratioe.

Thespecialcaseof Theoren? wherep’ = 0.5 wasrecently
worked out independentlyoy WeissandProvost[2001]. The
casewhereb = 0.5 is alsointeresting. Supposé¢hatwe do not
know the baserate of positive examplesat thetime we learn
a classifier Thenit is reasonabléo usea training setwith
b = 0.5. Theorem2 sayshow to computeprobabilitiesp’
laterthatarecorrectgiventhatthepopulationof testexamples
hasbaserated’. Specifically
o =0 p—p/2 — b

1/2—p/2+bp—-b'/2 p+(1-p)(1-b)/b"
Thisfunctionof p andd’ is plottedin Figurel.

Using Theorem2 asa lemma,we cannow prove Theo-

rem1 with a slight changeof notation.

Theorem 1: To make a target probability thresholdp cor-
respondto a given probability thresholdp’, the numberof
negative training examplesshouldbe multiplied by

p 1-—p
1-p p

Proof: We want to computean adjustedbaserate b’ such
thatfor a classifiertrainedusingthis baserate,an estimated

probability p’ corresponddo a probability p for a classifier
trainedusingthe baserateb.

We needto computethe adjustedy’ asa function of b, p,
andp’. Fromthe proofof Theorem2, p'b — p'pb + p'b'p —
p'bb' = b'p — b'pb. Collectingall thed' termsontheleft, we
haveb'p —b'pb—b'p'p+ b'p'b = p'b— p'pb, which givesthat
theadjustechaserateshouldbe

yo_ Po-ppb _ pb(—p)
p—pb—pp+pb p—pb—pp+pb
Supposehatb = 1/(1+n) andd’ = 1/(1+n') sothenumber

of negativetrainingexamplesshouldbemultipliedby n' /n to
gettheadjustedbaserated’. We havethatn’ = (1 —b')/b' is

p—pb—p'p+p'b—p'b+p'bpp—pb—p'p+p'd
p—pb—p'p+p'bd p'b(1 —p)
_p(A-b)—pp1-b) _pl-0)(1-p)

p'b(1 —p) P'b(1 —p)
Therefore
n' _p(l-b(-p) b _ p(-p) .
n pb(l—-p) 1-b p(1-p)

Note that the effective cardinality of the subsetof negative
training examplesmust be changedn a way that doesnot
changehedistribution of exampleswithin this subset.

4 Effectsof changingbaserates

Changingthe training setprevalenceof positive andnegative

examplesis a commonmethodof making a learningalgo-

rithm cost-sensitie. A naturalquestionis whateffect sucha

changehason the behavior of standardearningalgorithms.
Separatelymary researcherfiave proposedduplicating or

discardingexampleswhenone classof examplesis rare,on

the assumptiorthat standardearningmethodsperform bet-

terwhenthe prevalenceof differentclassess approximately
equal[KubatandMatwin, 1997;Japlowicz, 200d. Thepur

poseof this sectionis to investigatehis assumption.

4.1 Changingbaserates and Bayesianlearning

Given an example z, a Bayesianclassifierapplies Bayes
rule to computethe probability of eachclassj as P(j|z) =
P(z|j)P(j)/P(x). Typically P(z|j) is computedby afunc-
tionlearnedrom atrainingset,P(j) is estimatedasthetrain-
ing setfrequeng of classj, and P(z) is computedndirectly
by solvingtheequationy_ ; P(j|z) = 1.

A Bayesianlearning method essentiallylearnsa model
P(z|j) of eachclassj separatelylf thefrequeng of aclassis
changedn thetrainingset,theonly changds totheestimated
baserate P(j) of eachclass. Thereforethereis little reason
to expectthe accuray of decision-makingwith a Bayesian
classifierto be higherwith ary particularbaserates.

Naive Bayesianclassifiersare the mostimportantspecial
caseof Bayesianclassification. A nawve Bayesianclassi-
fier is basedon the assumptionthat within eachclass,the
valuesof the attributes of examplesare independent. It
is well-known that theseclassifierstend to give inaccurate
probability estimategDomingosand Pazzani,1994. Given



anexamplezx, supposehata naive Bayesiarclassifiercom-
putesN (z) asits estimateof P(j = 1|z). Usually N(x)
is too extreme: for mostz, either N(z) is closeto O and
thenN(z) < P(j = 1|z) or N(z) is closeto 1 andthen
N(z) > P(j = 1|z).

However, therankingof exampleshy naive Bayesiarclas-
sifiers tendsto be correct: if N(z) < N(y) thenP(j =
1lz) < P(j = 1|y). This fact suggestghat given a cost-
sensitve applicationwhereoptimaldecision-makingiseshe
probability thresholdp*, one shouldempirically determine
a differentthresholdp suchthat N(z) > p is equivalentto
P(j = 1|z) > p*. This procedureis likely to improve
theaccurag of decision-makingwhile changingthe propor
tion of negative examplesusingTheoreml in orderto usethe
threshold0.5is not.

4.2 Decisiontreegrowing

We turn our attentionnow to standarddecisiontreelearning
methodswhich have two phases.In the first phasea treeis
grown top-dowvn, while in the secondohasenodesarepruned
from thetree.We discussseparatelyhe effect on eachphase
of changingthe proportionof negative and positive training
examples.

A splitting criterion is a metric applied to an attribute
thatmeasures©iow homogeneouthe inducedsubsetsare, if
a training setis partitionedbasedon the valuesof this at-
tribute. Consideradiscreteattribute A thathasvalues4 = a,
throughA = a,, for somem > 2. In thetwo-classase stan-
dardsplitting criteriahave theform

I(A) =Y P(A=ax)f(pr, 1 - pr)

wherep, = P(j = 1|A = a;) andall probabilitiesare
frequenciedn the training setto be split basedon A. The
function f(p, 1 — p) measuresheimpurity or heterogeneity
of eachsubsetof training examples. All suchfunctionsare
qualitatively similar, with auniquemaximumatp = 0.5, and
equalminimaatp = 0 andp = 1.

Drummondand Holte [200( have shavn that for two-
valued attributes the impurity function 2,/p(1 — p) sug-
gestedby KearnsandMansour{ 1996 is invariantto changes
in the proportionof differentclassesn thetrainingdata. We
prove herea moregeneralresultthat appliesto all discrete-
valuedattributesandthat shaws that relatedimpurity func-
tions,includingthe Gini index [Breimanetal., 1984, arenot
invariantto baseratechanges.

Theorem 3:  Supposef(p,1 — p) = a(p(1 — p))? where
a > 0andp > 0. For ary collection of discrete-alued
attributes, the attribute that minimizes I(4) using f is the
sameregardlesof changesn the baserate P(j = 1) of the
trainingsetif 8 = 0.5, andnot otherwisein general.

Proof: For ary attribute A, by definition

m

I(4) = @) P(ay)P(j = 1]a)’ P(j = 0laz)”
k=1

wherea; througha,, arethe possiblevaluesof A. So by

Bayes'rule I(A4)/a is

Ly Plai = VPG =1) 5 Plarli = )P = 0) 5
2P0y )

Groupingthe P(ay) factorsfor eachk givesthatl(A)/« is
> Plar)' " (P(aklj = 1)P(j = 1)P(axlj = 0)P(j = 0))°.
k

Now the baseratefactorscanbe broughtoutsidethe sum,so
I(A)isa™1P(j = 1) P(j = 0)? timesthesum

> P(ay)' "*P P(ax|j = 1)° P(ax|j = 0)°. (3)
k

Becausen'P(j = 1)P(j = 0)? is constantfor all at-
tributes,theattribute A for which I(A) is minimumis deter
mined by the minimum of (3). If 28 = 1 then(3) depends
onlyon P(ag|j = 1) andP(a|j = 0), whichdonotdepend
onthebaserates.Otherwise(3) is differentfor differentbase
ratesbecause

Pax) = P(ax|j = 1)P(j =1) + P(ax|j = 0)P(j = 0)

unlessthe attribute A is independentf the classj, thatis
Plag|lj=1)=Plaglj=0)forl<k<m.m

The sum(3) hasits maximumvaluel if A isindependent
of j. As desiredthe sumis smallerotherwisejf A andj are
correlatedandhencesplitting on A is reasonable.

Theoren3 impliesthatchangingheproportionof positive
or negative examplesin the training sethasno effect on the
structureof thetreeif the decisiontreegrowing methoduses
the 24/p(1 — p) impurity criterion. If the algorithmusesa
differentcriterion, suchasthe C4.5entrofy measurethe ef-
fectis usuallysmall,becausell impurity criteriaaresimilar.

The experimentalresultsof DrummondandHolte [2004
andDietterichetal. [1999 shaw thatthe 2+/p(1 — p) crite-
rion normally leadsto somavhat smallerunpruneddecision
trees sometimedeadsto moreaccuratdérees andneverleads
to muchlessaccuratdrees.Thereforewe canrecommendts
use,andwe canconcludethatregardlesf the impurity cri-
terion, applying Theoreml is not likely to have have much
influenceon the growing phaseof decisiontreelearning.

4.3 Decisiontreepruning

Standardmethodsfor pruningdecisiontreesare highly sen-
sitive to the prevalenceof differentclassesamongtraining
examples.If all classeexceptonearerare,thenC4.50ften
prunesthe decisiontreedown to a singlenodethat classifies
all examplesasmembersof the commonclass. Sucha clas-
sifieris uselesgor decision-makingf failing to recognizean
examplein arareclassis anexpensve error.

Several papershave examinedrecentlytheissueof how to
obtaingood probability estimatesrom decisiontrees[Brad-
ford etal., 1998;ProvostandDomingos,2000;Zadrozry and
Elkan,20014. It is clearthatit is necessaryo usea smooth-
ing methodto adjustthe probability estimatest eachleaf of
a decisiontree. It is not so clearwhat pruningmethodsare
best.

The experimentsof BauerandKohavi [1999 suggesthat
no pruningis bestwhenusingadecisiontreewith probability



smoothing.The overall conclusionof Bradfordetal. [1994
is thatthe bestpruningis eitherno pruningor whatthey call
“Laplacepruning” Theideaof Laplacepruningis:
1. Do Laplacesmoothing:If n training examplesreacha
node, of which k are positive, let the estimateat this
nodeof P(j = 1|z) be(k + 1)/(n + 2).

2. Compute the expected loss at each node using the
smoothedprobability estimatesthe costmatrix, andthe
trainingset.

3. If theexpectedossata nodeis lessthanthe sumof the
expectedossesatits children,prunethechildren.

We can show intuitively that Laplacepruningis similar to
no pruning. In the absencef probability smoothing the ex-
pectedossatanodeis alwaysgreateithanor equalto thesum
of the expectedlossesat its children. Equality holdsonly if
the optimal predictedclassat eachchild is the sameasthe
optimal predictedclassat the parent. Therefore,in the ab-
senceof smoothingstep(3) cannotchangethe meaningof a
decisiontree,i.e.theclassepredictedby thetree,soLaplace
pruningis equivalentto no pruning.

With probability smoothingif the expectedossata node
is lessthanthe sumof the expectedossesat its children,the
differencemustbe causedy smoothing sowithout smooth-
ing therewould presumablybe equality Sopruningthe chil-
drenis still only a simplificationthat leavesthe meaningof
the treeunchanged Note that the effect of Laplacesmooth-
ing is smallatinternaltreenodes pecausatthesenodesyp-
ically £ >> 1 andn > 2.

In summary growing a decisiontree can be donein a
cost-insensitie way. When using a decisiontree to esti-
mateprobabilities,it is preferableto do no pruning. If costs
areexample-dependentiendecisionsshouldbe madeusing
smoothedprobability estimatesindEquation(1). If costsare
fixed,i.e.thereis asinglewell-definedcostmatrix, theneach
nodein the unpruneddecisiontree can be labeledwith the
optimal predictedclassfor thatleaf. If all theleavesundera
certainnodearelabeledwith the sameclass thenthesubtree
underthatnodecanbe eliminated.This simplificationmakes
thetreesmallerbut doesnot changsts predictions.

5 Conclusions

This paperhasreviewed the basicconceptsbehindoptimal
learning and decision-makingwhen different misclassifica-
tion errorscausedifferentlosses. For the two-classcasewe
have shawn rigorously how to increaseor decreasehe pro-
portionof negative examplesn atrainingsetin orderto make
optimal cost-sensitie classificationdecisionsusinga classi-
fier learnedby a standardoncost-sensitie learningmethod.
However, we have investigatedhe behaior of Bayesiarand
decisiontreelearningmethodsandconcludedhatchanging
the balanceof negative and positive training exampleshas
little effect on learnedclassifiers. Accordingly, the recom-
mendedwvay of usingoneof thesemethodsn a domainwith
differing misclassificatiorcostsis to learna classifierfrom
thetrainingsetasgiven,andthento useEquation(1) or Equa-
tion (2) directly, aftersmoothingorobability estimatesand/or
adjustingthe thresholdof Equation(2) empirically if neces-
sary
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