1. Introduction

The measurement of polarization has received isgrgaattention in recent years (see,
amongst others, Foster and Wolfson 1992, EstebdrRay 1994 (henceforth ER), Wolfson
1994, Wang and Tsui 2000, Chakravarty and Majun2f€l, Rodriguez and Salas 2003,
Duclos, Esteban and Ray 2004 (henceforth DER) amsb&t and Schworm 2008). One of
the principal reasons for this interest is the affbat polarization has on a number of social,
economic and political phenomena, and in partictierse related to social tensions and
conflict. However, while most researchers have $ecutheir attention on the measurement of
‘income polarization’ alone, that is on clusterirgound local means of the income
distribution, only relatively few have attemptedawalyze what might be broadly referred to
as ‘social polarization’ (see, for example, D’Amsim 2001, Zhang and Kanbur 2001, DER,
and Montalvo and Reynal-Querol 2005). Social pa&ron refers to the situation where the
factors determining individuals’ identities, andetéfore social groups, are culturally,
ideologically, biologically or socially driven ando not depend solely on income (classic
examples are ethnic, racial, religious and politpaarization). The measurement of social
polarization is clearly relevant, as in many ciratamces the distribution of income is not the
only pertinent cause of social conflict (see E&gtand Levine 1997, Esteban and Ray 1999,
Montalvo and Reynal-Querol 2005, Collier and Haaff2004 for empirical and theoretical
contributions on the existing links between polatizn and conflict and other related issues).

Traditional income-polarization measures are inighjicor explicitly based on the
assumption that the individuals who are clusteremlrad certain income levels form a
cohesivegroup that might potentially express its unrest via abaction or revolt. Following
ER, individuals are assumed to feelidgntified with other individuals possessing the same
income level as them, and alienatedfrom individuals with different incomes. Withineh
bipolarization framework, measures are also imjic@onstructed under the assumption that
the problems of a society with a declining middiess derive from the presence of large and
cohesive ‘poor’ and ‘rich’ classes. However, thare obviously a number of other salient
characteristics (such as race, ethnicity and gérnttlat exert considerable influence in the
definition of individuals’ sense of identity. Asgared by Dasgupta and Kanbur (2007,
p.1816), {...] the nominal distribution of income could givarasleading picture of tensions
in society, both within and across communitiesolodgies of community solidarity may well
trump those of class solidarity because of the igitpsharing of community resources
brought about by community-specific public gdods

The only polarization measure that, to the bestunfknowledge, explicitly accounts for
the distribution of groups along ethnic or religgolines is the Reynal-Querol index
(henceforthRQ). This index is only defined on the basis of tlopylation-weights that these
groups represent as it is an indicator of ethnierdity in the population. It disregards
differences in their economic status which, in opmion, do very often play a role in the
polarization process experienced by societies.

One of the aims of the present contribution is &firge a social-polarization index
which combines the intuition of both of the apptuex described above: on the one hand, the
partition of the society into groups is performadtbe basis of salient social characteristics
(race and ethnicity, to mention just two); and,tbe other hand, we take into account the
extent to which these groups are clustered in icerizgions of an attribute’s distribution.
Alternative approaches with similar aims are désciin D’Ambrosio (2001) and Zhang and
Kanbur (2001). Our contribution differs regardirge ttype of attribute variables taken into
consideration, which are here qualitative in na{gse below).
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Many of the variables that seem relevant for thmmatation of polarization in existing
datasets are categorical or ordinal in naturehig¢ase, the polarization indices proposed for
quantitative variables, such as income, have tmbéified. A recent contribution by Apouey
(2007) proposes an index for ordinal data, meagyswlarization in the distribution of self-
assessed health status (SAH). Apouey’s polarizatieasure is an extension of traditional
income bipolarization measures, and, as such, doesnclude information on any salient
social characteristics in the analysis. The impliassumption in Apouey is that the
individuals in the same area of the (health) distion form a cohesive group and no other
characteristics matter.

We believe that there are a number of limitatianthe approaches RQ and Apouey,
which can be illustrated by the following examplet us assume that the population is
divided up into two racial groups (for simplicitBJacks and Whites) and that there are five
self-reported health statuses: Very Poor (VP), RBYr Fair (F), Good (G) and Very Good
(VG). Consider the following pair of self-assessedlth distributions.

[[[Figure 1 around here]]]
[[[Figure 2 around here]]]

Both the RQ index and Apouey’s measure suggest that polamizas the same in
Figures 1 and 2. In the case of R® index, this is because the calculation only takés
account the population proportion of Blacks and ¥#)i and disregards the distribution of
health, while Apouey’s measure takes into accobet distribution of health but not the
existence of identity groups (Blacks and White)widver, it seems intuitively clear that the
scenario in Figure 1 (where all Blacks are undeileged and all Whites are privileged) is
more polarized than that in Figure 2 (where neitBlacks nor Whites are privileged relative
to each otheri it is the case that Race is salient in definirdpidluals’ identity.

In some cases we might also be interested in aefitiie notion of polarization in the
context of categorical/nominal data. To the besiwfknowledge, these kinds of measures do
not yet exist in the literature, even though ihag difficult to imagine circumstances in which
the particular distribution of social groups acrdbe different categories of a nominal
variable would affect the calculation of social gn@tation. Consider, as above, a population
split in two racial groups, Blacks and Whites, wab:50 population shares, and a categorical
variable, such as place of residence or employmateigory. ThéRQ index will produce the
highest possible level of polarization (equal toirtg@spective of the distribution of the two
groups across the different categories. However,cargtend that polarization should be
sensitive to the fact that in some cases both Irgotups are equally represented across the
different categories, whereas in other cases thapgrare totally segregated. Intuitively we
can argue that the level of social polarizatiohigher in the latter than in the former case.

This paper thus proposes polarization measureshwdambine the classic income and
social-polarization approaches by exploring theeeixtto which different social groups,
defined on the basis of salient characteristicg elustered in certain ‘privileged or
underprivileged regions’ of an attribute’s distiilom measured on a categorical or ordinal
scale. For that purpose, we will make use of thentification-Alienation approach
(henceforth 1A), which postulates that polarizatignproportional to the sum of effective
antagonisms existing between individuals. Evehig &pproach is not based on the primitives
of the problem, it has been used in different Walbwn studies among which we highlight
those of ER and DER. The measures are charactesiedatically in order to provide a
normative basis for the appropriateness of thair us
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2. The measures

We assume that the population under analysis isposad ofN individuals and is
partitioned intok exogenously-given group8®:={Gy,...,G}. We require that this partition
accurately reflect individuals' feelings of idewtii.e., we assume that the members of any
group feel identified with their peers within thgroup but alienated with respect to others.
The lines along which such groups are defined yoecdlly ethnic or religious, but many
other partitions are possible depending on theespainder consideration. In the examples
above the population was divided up into two ragabups: Blacks and Whites. The
population shares of these groups are denoted, by respectively and their absolute size
b)/Pdl,...,h&.

In the contexts of both categorical and ordinabhdate assume that individuals belong
to C different categories (with ordinal data, thesegaties are ordered according to a certain
criterion). In the examples above there were figd-ieported health statuses: Very Poor
(VP), Poor (P), Fair (F), Good (G) and Very Goods()VTo describe the distribution of tke
groups across th€ categories, we defing; . as the share of group; in categoryc. By

definition,
C
Z Pg . =1.
c=1

There areéM. individuals in each category so that

Kk C
M,=> N;ps, and > M =N.
i=1 c=1
According to the IA approach, individuals are asednto identify with members of

their own group and but feel alienated towards meamsnbf the other groups. Our underlying
assumption is that each group constitutes a honsmgsnbody whose members cannot be
distinguished from each other when measuring saeraion’ On the one hand — following
ER and DER - the identification component for easmber of the group depends on the
size of the group to which she belonly)(On the other hand, and given that the members of
any group are indistinguishable from each otheg #iienation component for every
individual in a particular group is assumed to be same. For this reason, and to keep the
exposition simple, we refer to alienation betweenugs rather than alienation between
individuals. Alienation between groups is thereforeasured by a function

d:J(c¥ xc®) - o,
k=2

where [, is the set of non-negative real numbers. The alaon literature has proposed a
varied number of candidates f&(G;,G;). In the context of social polarization, Montaland
Reynal-Querol (2005) simply assume théh;,G)=1 for all G,,G, DG with i # j. In the
case of income polarization, ER propose the funciio—-y|, where x, y are the (log of)

Yt is of course possible to introduce more soptéddd hypotheses concerning the specification ditiduals’
feelings of identification and alienation. For mste, one might want to consider alienation betweembers of
the same grou; but belonging to different categories. Notwithstiaug, the main contribution of this paper is
not on the modelling of such behavioral-related@draut rather in defining polarization measuregtmnbasis of
ordinal and categorical data. Alternative specifaas of the identification-alienation hypothesesild be easily
incorporated in the framework presented here, aureishat might be attempted in future research.

3



income levels of different individuals. When defigialienation functions, other authors (see,
for instance, D'Ambrosio 2001, and Anderseinal 2010) introduce the overlap coefficient
between two income distributiof$x), f;(x), which is defined as

6, = Tmin{ f, (%), f,(x)}dx

In the context of categorical and ordinal data, dkrerlap coefficient between groups
Gi,Gj can be rewritten as

C
6“ = z mln{ pG‘ c? pGj ,C}'
c=1

This coefficient lies between 0 (disjoint groups)dal (perfectly-overlapping groups).
Alienation is then defined ab- 6, , taking the value 0 when the groups overlap cotaple
and 1 when the groups are completely disjditienation therefore depends on the extent to
which the respective groups' representations irdifierent categories overlap, bubt on the

size of the corresponding groups. The coefficiefjtsonly measure the extent to which the

distributions of the groups among the differenegaties are different or not. The greater the
degree of overlap, the more similar are the groapd,hence the less the degree of alienation
between them. At the other extreme, the lack oflapebetween two groups reflects a greater
difference and alienation between them. The samsoreng lies behind segregation indices,
which typically compare distributions between womemd men, or between Blacks and
Whites (see, for instance, Charles and Grusky 19@8)en one group is concentrated in
certain categories where the other is absent, exedversa, the degree of animosity/alienation
between them is greater.

The overlap coefficient implies that the alienati@ft between groups is symmetric
(6; =6,). For ordinal variables, an additional feature d=n included in the alienation

measure. It has been argued that feelings of @glenbetween groups should not necessarily
be reciprocal. Consider, say, a comparison betveepoor and a rich individual: while the
poor person has good reason to feel animosity wswdne rich person, the opposite might not
hold. In this context, alienation between groupand ' can be defined as a function of:

NN
>Y 3,
— s=1 t=1
A N;N;

where 9, equals 1 if individuali' from groupi is ranked below individualt” from groupj
and 0 otherwise. This procedure yields an asymméinction @&;#A;), consistent with the
alienation felt from underprivileged towards monevileged groups not necessarily being
reciprocated (this contrasts with traditional income-polaripatimeasures, where alienation
is always symmetric). The value ok; measures the extent to which gro@ is

2 It might also be possible to introduce other cqiaally-related measures, like the Kolmogorov measf
variation distance (which was used among otherBdmssert et al. 2011) or other overlap measures. @sgn
Anderson et al. 2010). The choice of such alteveatneasures, however, would not alter the substanti
contributions of this paper.

® There are many alternative ways in which an asymenéunction measuring alienation can be defined.
However, we have preferred to work with a simpliction that faithfully reflects the intuitions osyanmetric
alienation put forward in ER and DER — adaptech®drdinal context. Alternative asymmetric funciomould
not alter substantially the results presentedimphper.
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underprivileged with respect to gro@. WhenA;=1, all of the members of group; are
ranked below any member of gro@ with respect to the ordinal attribute we take into
consideration: this is the case of maximal ali@matiAt the other extremey;=0 when no
member of groupG; is ranked below any member of gro@ which refers to minimal
alienation. Recall that, by constructioA;+A;<1. When there is absolutely no overlap
between group6&;,G;, thenA;+A;=1. Alternatively, when some members@fand G; belong

to the same ordinal catego#y;,+A;<1.

According to IA, the effective antagonism felt beem two individuals is basically the
same as the feeling of alienation, but the indigldufeeling of identification influences the
effective voicing of their alienation. Antagonissmassumed to be measurable with a function
- T(i,a) — that depends on identification and alienatidnis continuous, increasing in its
second argument and(i,0)=T(0,a)=0. Finally, according to IA, total polarization is
postulated to be proportional to the sum of aketiive antagonisms, that is:

P(G"Y)= Zklzk: NN, T(I(G;), d(G, G,))- (1)

s=1 t=1
While this expression is a bit of a black box itvées as the starting point in ER and
DER, among others. Equation (1) is a very genexptession which is easily adaptable to
different contexts. For categorical or ordinal datith symmetric alienation and under the
assumptions above, (1) can be rewritten as

k Kk
Ps(GY) =) > N.N,T(N,1-6,). )
s=1 t=1
In the context of ordinal data with asymmetric a#igon, (1) becomes
k k
P.(G®)=> > NNT(N,, A,). (3)

s=1 t=1
2.1. Axioms and characterization results.

The following properties are used to give a spediinctional form to the polarization
measure. These axioms share some similarity witbketlproposed by ER where the variable
of interest is income.

Axiom 1. Consider a two-group society at timge with 7; being greater thanr,, two
categories c=1,2 (in the ordinal case we assume it second category represents a higher
achievement level than the first) ang, ,=1p; ,=0ps,=d,ps ,=1-d, for some

0<d <1. Assume now that after some timéhe second group splits into two equally-sized
groups G,,G,, with Ps, = d-g Ps, , =1-d+¢ Ps .= d+e¢ Ps, =1-d-¢ for some

arbitrarily small £<d. Polarization should not increase following thgis

The intuition behind this axiom is the followinget®re the distributional change, there
is a large group in only one category (the 'podegary' in the ordinal case) and a smaller
group that is distributed between the first catgg@vith a small presence there) and the
second category (the 'rich category' in the ordaaale). After some time, the small grd@p
breaks down in two equally-sized grouﬁlg,é3 in a way such that the average animosity
from the large groufs; towards the new subgroups is the same as the akigmmosity with
respect taG,. Given that average animosity remains the samdtlatdhe opposition thas,
might have created against the larger gr@ypas been diluted by its division in two smaller
subgroups, we might expect polarization to decrdaigeire 3 illustrates this axiom.



[[[Figure 3 around here]]]

Axiom 2. Consider a three-group society at timentith 7, being greater tham, andzs, two
categories ¢=1,2 andpg ;=Lp; ,=0,pg,;=0,P;,,=1-d,pg,; =0,ps,, =1 with d<0.5.
Assume now that, after some time the distribution of groups in the two categoriss
Po,1=LPs 2=0,ps,, =d-&Ppg, , =1-d+£ps , =0,pg, , =1, for some arbitrarily smalk < d
. Polarization should not fall following this split

Figure 4 illustrates this axiom. There is initially large groupG; and two smaller
groups,G; , G, so that the animosity @b, towardsG; is greater than the animosity G
towardsGs. After some time, the animosity & towardsG, becomes even larger and that of
G, towardsG;z even smaller. Consequent to this change we expdatization to increase, as
the smaller group&,, G; can be seen as a more cohesive opposition tautherlgroups;.

[[[Figure 4 around here]]]

Axiom 3. If P(G¥)>P(G,¥) and g>0, then RIG:¥)>P(GY), where qG¥, qG¥
represent population scalings of% G,® respectively.

This is a common invariance axiom in the povertyequality and polarization
measurement literatures. It states that if poputatiare scaled up or down (for instance: if all
groups are doubled in size but their relative sharehe different categories remains
unaltered), the comparisons between societies dhaumhain the same. In particular, this
allows us to carry out meaningful comparisons betwsocieties of different absolute sizes.

The following set of axioms have to be stated ithbeymmetric (S) and asymmetric
(A) alienation versions.e., when alienation is measured by 6, andA; respectively). Their

underlying meaning is identical.
Axiom 4S. Assume symmetric alienation. For any populationfiseéd size N and an
arbitrarily large number of categories c=1,2,... caler a distribution wherep; ; =1 for

all Gi€ {Gy,...,G¢ (so that p; ; =0 for all j#). Then, an increase in the values of k will not

increase polarization.
Axiom 4A. Assume asymmetric alienation. For any populationfixéd size N and any
distribution where p; . = p; . for any ¢, all &U{Gs,...,G} and pg . >0 for at least two

different categories, an increase in the value wilknot increase polarization.

These axioms capture the broad idea that, othegshbeing equal, the greater the
number of groups, the lower is the correspondin@grpmation. The intuition behind these
axioms is as follows: as the different groups bee@maller (since the size of the population
is fixed and the number of groups has risen) ardatienation between these groups remains
constant, their members have less power to effgtivoice their unrest, thus reducing the
level of social tension. Some authors have usedidieia, or very similar ones, in the analysis
of conflict and polarization (see, for example,dbstn and Ray 1994, 1999, or Montalvo and
Reynal-Querol 2005, who trace this idea from thenisal works of Horowitz 1985). It is
important to recall that this axiom would be inagprate if the purpose were to measure
bipolarization, as is the case, for example, oMfafson index (see Wolfson 1994).

The following axiom has again to be stated in symimend asymmetric alienation
versions.

Axiom 5S. Assume symmetric alienation. Consider a three-grdigtribution {G,G,,Gs}
with respective sizes;MN2=N3>0 and p; ; =1 for GU{G1,G,,Gg}. Then a population mass
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transfer from G to G, and G of the same amount without altering the rank efglzes of the
groups will not reduce polarization.

Axiom 5A. Assume asymmetric alienation. Consider a threeqgrdigtribution {G,G,,Gg}
with respective sizes;MN,=Ns>0 and p; . = Ps, c for any c, all GGO{G1,G,,Gs} and

ps, . >0 for at least two different categories. Then a gapan mass transfer from Go G

and G of the same amount without altering the rank efslzes of the groups will not reduce
polarization.

The underlying intuition behind these axioms is g@ne. As population mass is
transferred from the larger to the smaller grogpsups gradually become more similar, thus
equalizing their relative forces and increasingteresion between them. It seems reasonable
to say that, other things being equal, a distrdoutwith three equally-populated and
equidistant groups exhibits greater levels of dowasion than one in which one of the
groups is much more populated than the others.

With these axioms we can now present our charaetésn results.

Theorem 1. A social-polarization measure as defined in equa(i®) satisfies axioms 1, 2, 3,
4S, and 5S if and only if it is proportional to

k k
P(GY) =2 > m m@L-6,) (4)
s=1 t=1
2-10g,3 474
log,3-1
Theorem 2. A social-polarization measure as defined in equai(i3) satisfies axioms 1, 2, 3,
4A and 5A if and only if it is proportional to

P,(GY) = izk:ﬂf””u% (5)

s=1 t=1

wherea O[a",1], with " =

2-log, 3
log,3-1
Proofs of Theorems 1 and 2: See the Appendix.

These theorems axiomatically characterize our nelarization measures. The indices
can be normalized to take values between [0,1] hytiplying them by an appropriate
constanf. Parameter alpha reflects the degree of polarizasiensitivity: if alpha were
allowed to take the value of zero (whichnist the case for the range of admissible values
obtained in Theorems 1 and 2), the indices wouledpavalent to a fractionalization index
(see Bossert et al. 2011). Note that whaerl, and when there is no overlap between the
different groups (so th& =0), P{GY) reduces to the well-knowRQindex.

Having defined the new polarization measuPetG™) and PA(G™) it is of interest to
compare their values with those of other indiceslisas thérQindex or Apouey'’s index) for
the examples used for motivation in the IntroductiBecall the radically-different scenarios
depicted in Figures 1 and 2: in the former all Whi{Blacks) declare very good (very poor)
health, whereas in the latter, half of Blacks ankitds declare the worst health status and the
other half very good health. It is straightforwdaedcheck that both Apouey’s index and the

wherea O[a",1], with " = =0.71.

4 In the case oP4GY), the maximum is achieved when there are only gnaups of the same size with no
overlapping. In that cas€g(G"¥) =(1/2)""*, soP{G") can be normalized by multiplying by*2 In the case of
PA(GY), the maximum is achieved when there are only gnaupsG,,G, with m,=2/3, 1,=1/3 and where all
members ofG; are ranked below all members Gf. In that casePA(G®) =((2/3)"")/3, soPA(G¥) can be
normalized by multiplying by 3(3/2¥. The proof of these statements is omitted buvaslable upon request.

7



RQ index vyield the same level of polarization in bathses. However, botRgG"®) and
PA(GY) reduce their values when moving from the firsthe second scenario, a direction
that is in line with our intuition on how a polagizon index should behave under such
circumstances.

3. Concluding remarks

In this paper we have introduced new polarizatiafides which are appropriate in the
context of categorical or ordinal data. This istigatarly useful as cardinal information on the
phenomena of interest is very often not availabléese new measures have been
axiomatically characterized, thus providing a naiwgjustification that can be used to gauge
their appropriateness vis-a-vis other polarizati@asures which are currently available in the
literature, such as the Montalvo and Reynal-Querdex (2005), the income-polarization
indices proposed by ER and DER, and Apouey’s (20@3@x. There is still much room for
further research on polarization on the basis dinad and cardinal data. Our treatment of the
question in this paper is just a beginning thatlmamexpanded in many directions.

Appendix

Proof of Theorem 1

The proof of Theorem 1 is lengthy and technicaflyolved. It is very similar in structure to
the proof of Theorem 2 below, and so will not besanted here to avoid over-lengthening the
appendix. It is available to any interested reag®m request.

Proof of Theorem 2

We start with the necessity part of the theoremt, ish if P,(G" ) is of the form expressed in
equation (3) and if axioms, 2, 3, 4Aand 5A hold, thenP,(G™ Ymust be proportional to

k k _
S A, with @ O[a® ], where®= 219923 g7,
=1 t=1 log,3-1

k Kk
Necessity:From equation (3), polarization is proportionalEz NN, T(Ng, A, ). We start

s=1 t=1
by showing that axioms 1 and 2 imply that must be linear in alienation. Consider the
distribution described in axiom 1. In the initiaktlibution, the groups are assumed to have
population masséas;, Ny, with N;>N.. Total polarization can be written as

P,= NlNz[T(Nl,l-d)].

When the second group is split into two equallyedigroups, polarization can be written as

P2= ((N1N2)/2)[T(N1,A12)+ T(N1, A1)+ T(N2,A21)+ T(N2,As0)]+(N3/4)[ T(N2,A23)+ T(N2,A37)],
where, by constructiord»1=A431=0, A1,=1-d-¢, A15=1-d+¢, A23:(d+8)(1-d4€), A32:(d-8)(1-d-
€).

According to axiom 1, we should haRg>P,. This means that

N1No[ T(Ng,1-d)]>
((N1N2)/2)[T(N1,1-d-€)+ T(Ny,1-d+e)]+(NZ/4)[ T(No,(d+¢)(1-d+€))+ T(No,(d-€)(1-d=))].

In the last termN, can be made arbitrarily small. In the limit,ds— 0, we have
T(N1,1-d) >[T(Ny,1-d€)+ T(N,1-d+¢)]/2
asT(0,Y)=0 andT is continuous. From the previous expression weccertlude that(m,) is
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concave in alienation for eaam>0.
Consider now the distribution presented in axioniti population masses of groups 1, 2 and
3 will be written agn,n,k wherem>n,k We write total polarization in terms af
P(e) =EmKT(M, Awa)+T(k, Ast)[+mn{T(m, 1-d+e)+T(n, Aea)]+ N T(n, d-e)+T(k, Asz)]
Given the fact tha# ;=1 andAg1= Ax1= As2=0, the last term can be rewritten as
P(e)=mK T(m, )]+mnT(m, 1-d+e)]+ n T(n, d-¢)].
According to axiom 2P(g)>P(0), so we must have that
mn T(m, 1-d+€)]+ nKT(n, d-¢)]> mr{T(m, 1-d)]+ ni{ T(n, d)].
Lettingn,k — m, the last expression can be rewritten as
[T(m, 1-d+¢€)]- [T(m, 1-d)] > [T(m,d)]- [T(m, d-€)].
Since 1e>0.5>d, the final expression shows thiin,.) is convex in alienation for each>0.
Hence,T(m,d) must be linear i for all m>0, soT(m,d) can be written ag(m)d.
We next show thap(m)=knf' for somek,a>0. Consider the following two-group distribution:
{G1,Go} with Ajz=d1, An1=d,, and population masses,n respectively. Total polarization is
proportional tomn(p(m)d;+ ¢(n)dy). Now, for eachm’ it is possible to findn’ such that
mn(p(m)d;+ ¢(n)d2)= m’n’(p(m’)d1+ ¢(n’)dy). By axiom 3 it follows that for any>0,
Amn(p(Am)dz+ p(An)dz)= 1M’ (p(Am’)dz+ p(An')d).
Combining the last two expressions we have that
p(m)d; + p(n)d, _ @(m)d; + p(n)d;
p(dm)d; + p(A\n)d,  @(AmNd; + @(An))d;
Taking the limitsn,n’ - 0, we have thap(n), ¢(n’) - 0, so the final expression becomes
p(m)  @(m)
p(m) @(m’)
Setting A=1/m and I=m’/m the final expression is equivalent to the fundat@leauchy
equationp(m)e()=¢p(ml)p(1), wheregp is a continuous function. According to Aczél (1963
41, Theorem 3), the solutions of this equationadweays of the formp(m)=knt for someka.
Depending on the sign &fanda, ¢(m) can be an increasing or decreasing function. \WWe w
prove that it must here be an increasing functie.again take the distribution presented in
axiom 2 expressed in termsaf
P(e) =mkp(m)+mr{p(m)(1-d+e)]+ np(n)(d-¢)].
SinceP(g)>P(0) we must have that

mnp(m)(1-d+e)+ nkp(n)(d-e)>mnp(m)(1-d)+ nkp(n)d.

My (m) > kp(n).
Takingk — m, we obtaing(m) > ¢(n), wherem>n. Thereforep is increasing, so we must have
thatk,o>0.

Therefore

k k
Hence, P,(G" )is proportional to> > N{*“N,A, for somea>0. We will now show that
s=1 t=1
axioms4A and5Aforcea to belong to the intervaiif,1].
Consider the situation described in axiom 4A. Tataltpopulation mass\j is divided intok
equally-populated subgroups. Polarization can btenrin terms ok as

P(k) = ZZ(%) o :5(%} k(k —1)

i j#
wheres is the distance between any two groups (by coctsbiy all of the distances between
groups are the same). Axiom 4A says ®&) should be a non-increasing functiorkotf we

impose the restriction th#&(k)> P(k+1), we have thak®® < (k —1)(k +1)*“ must hold true
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for any k>2. Taking the corresponding logarithms and after esobvasic algebraic
manipulation, the previous restriction can be réemi as:

75100, (K + DL+ log,., (k-1)] - 2

B 1-log, (k +1)

Consider now the functioR(x) defined as the continuous extensiorf(&f to the set of real
numbers greater than 1. It is now straightforwardheck tha{oF/ox)(x)<0 for all x>2. This
implies thatf(k) is a non-increasing function. Hence, a necesandysufficient test case to
find the set of admissible values iis to impose thak takes the smallest possible value in
the previous expression (whichkis2). We therefore obtain the lower bound doas

= f(K)

51002 _ ¢ _ 40
1-log, (3)
We now impose the condition stated in axiom 5Ainal the upper bound for the admissible
values fora. Without loss of generality we will assume that thhole population massl) is
normalized to 1. The population mass distributionthe three groups is then simdh2x, X,
X, with x<1-2x (that is,x<1/3). Since we do not allow the transfer process wense the size
rank of the groupsg cannot be greater than 1/3. Polarization can ligewrin terms ok as:
P(X) = 20[(1— 2X)""" x + X" (1- 2X) + X*]
whered>0 is the alienation between any two groups. Adeogrdo axiom 5A,P(x) must be a
non-decreasing function kfor all xO [01/3]. We now compute the first derivative:
(OPIX) =(1-29M +ax* +(1+a)[ ¥* (1-2X-2Xx(1-2%)].
We wish to identify the values of for which (0P/0X)(x) is non-negative for alk [ [01/3].
We now define the following function:

a7F)(X) +a a
F(x)::ax—h:1+a[ij +(1+a){[ X j —Z( X ﬂ
@L-2x)" 1-2x 1-2x 1-2x

Recall that if x( [01/3], (L— 2X)*“ > Othe sign of §P/ox)(x) is the same as that dF(X).

Renaming variables, we defime=x/(1-2X), so thatF (x) can be rewritten in terms afas
G(2=1+az""" +(1+a)[Z-22.

It is straightforward to check that forx(1[01/3], the function x/(1-2X) increases

monotonically and is bounded between 0 and 1. \WWe tiash to identify the values affor

which G(2) is non-negative for alk [0 [0]].

Note thatG(z) is a continuous function witks(0)=1 and G(1)=0. Moreover, we have that

(0Gl62)=a(a+1)Z"+(a+1)[aZ"*-2]. In particular, §G/0Z)(1)=2(@*-1). This means that far>1,

(6Gloz)(1)>0. By the continuity o5, for some arbitrarily smal>0, we must have th&(1-

€)<0. Hence, axiom 5A does not hold whenavés strictly larger than 1.

It is straightforward — but tedious — to show thatena 00 (01],G(z) =0 (the proof is

available upon request), sOP(0x)(x) is non-negative for alkJ [01/3]. This is the range of

values ofa for which axiom 5A holds. Combining the restrictsocontained in axioms 4A

and 5A, we conclude thatmust lie in the interval [(Iog3)-2)/(1-log(3)),1].

This proves the necessity part of the Theorem.

k k
Sufficiency Consider the polarization inde®, (G*) => > m*“mA, . It is straightforward

s=1 t=1

to check thaPA(GY) satisfies axiom3, 2, 3, 4Aand5A (the proof is available upon request).

10



This completes the proof of the theorem.
Q.E.D.
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