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——— Abstract

This paper considers optimizing a submodular function subject to a set of downward closed constraints.

Previous literature on this problem has often constructed solutions by (1) discovering a fractional
solution to the multi-linear extension and (2) rounding this solution to an integral solution via a
contention resolution scheme. This line of research has improved results by either optimizing (1) or (2).

Diverging from previous work, this paper introduces a principled method called contention
resolution extensions of submodular functions. A contention resolution extension combines the
contention resolution scheme into a continuous extension of a discrete submodular function. The
contention resolution extension can be defined from effectively any contention resolution scheme. In
the case where there is a loss in both (1) and (2), by optimizing them together, the losses can be
combined resulting in an overall improvement. This paper showcases the concept by demonstrating
that for the problem of optimizing a non-monotone submodular subject to the elements forming an
independent set in an interval graph, the algorithm gives a .188-approximation. This improves upon
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the best known 5 ~ .1839 approximation.
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1 Introduction

Submodular function maximization has numerous applications and there has been a rich
theory developed on the topic. See [9] for pointers to relevant work. In this problem, the
input consists of a universe of n elements U and a submodular set function f:2V — Rt. A
function is submodular if for all sets A, B C U where A C B and any element e € U \ B it is
the case that f(AU{e}) — f(A) > f(BU{e})+ f(B).! Submodular functions are a general
class of functions that capture the concept of diminishing returns. Natural occurrences
of submodular functions include the cut function [8] and the coverage function [3]. Due
to their generality, submodular functions capture many common objective functions. For
example, submodular functions are frequently used in machine learning for problems such as
document summarization [18], exemplar clustering [12], influence in social networks [13] and
other problems [15].

! Equivalently, a function is submodular if for all sets A, B C U it is the case that f(A) + f(B) >
f(AUB) + f(ANnB).
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The submodular maximization problem is to select a set S maximizing f(.5) such that
S € T where 7 is a family of sets of feasible solutions. The set Z is usually assumed to be
downward closed.? The set of feasible solutions Z is defined based on the constraints of the
given problem. Prior work has focused on two cases. In one, the function f is additionally
assumed to be monotone and in the other the function f is non-monotone. A submodular
function is monotone if f(SU{e}) > f(S) for all S C U and e € U. The function f is said
to be non-monotone if there is no monotonicity restriction.

Optimizing a submodular function subject to classes of downward closed constraints has
been extensively studied [7, 11, 4, 1, 10]. The most widely considered classes of constraints
are a cardinality constraint [3], matroid constraints [17], knapsack constraints [16], and
interval constraints [9]. Through this line of research, a general algorithmic method has
emerged. The method consists of two parts. (1) Find a fractional solution to the multilinear
extension, and then (2) use a contention resolution scheme or techniques like pipage rounding
[5] to round the fractional solution to a feasible integral solution. The multilinear extension
is an extension of a discrete submodular set function f to the fractional continuous setting.
This algorithmic method is general enough to give strong results for numerous problems,
including the best known results for monotone and non-monotone submodular maximization
under a single matroid constraint [3, 7, 1].

Several past works have focused on optimizing either steps (1) or (2) to improve state-
of-the-art methods. Generally, past work has focused on improving (1), the procedure to
construct a fractional solution. This is because [6] gave general methods for converting
fractional solutions to the multilinear extension to an integral solution. The algorithm
typically used in (1) is the continuous greedy algorithm and its variants [2, 4, 19, 11, 7].

The Multi-Linear Extension, Continuous Greedy, and Contention Resolution Schemes.
Let F be the multilinear extension of f. The multilinear extension F is a continuos
function that extends f to the fractional domain [0, 1]/Vl. The input to F is a vector x where
0 <z; <1foralli LetS contain each element U with probability ;. The value of F(x)
is E[f(S)]. It is important to note that S may not be in Z. Past work uses the continuous
greedy framework to discover a vector x such that F(x) is close to the optimal solution.
Then, this is rounded to an integral solution using a contention resolution scheme C(x). The
idea is to first construct the set S at random, as is done in the computation of F(x). Then
some elements from S are dropped to find a set S’ C S such that S’ € Z. Key is showing
that E[f(S7)] is close to F(x), and thereby bounding E[f(S”)] by the optimal solution.

The continuous greedy algorithm iteratively builds a fractional solution x. The
algorithm adds a small fractional amount x* of some elements to x such that it greedily
increases F'(x + x*). Past work has focused on the optimizing the greedy choice of x*.

This line of work has mostly focused on optimizing (1). This is due to (1) is being the
core part of the algorithm where there is loss in the approximation factor. In many cases
though, there is additionally loss when performing (2) as well [6, 9].

Contention Resolution Extensions. As mentioned, past work has focused on optimizing (1)
and (2) in isolation. This paper for the first time considers optimizing (1) and (2) together to
combine the losses in the two procedures and show overall improved results. Our main results
are enabled by a principled algorithmic method called contention resolution extensions, going
beyond optimizing the multi-linear extension.

2 A set T is said to be downward closed if S € Z implies S’ € T for all 8’ C S.
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The framework takes as input a (randomized) contention resolution scheme C(x). The
contention resolution scheme takes as input a fractional solution and returns a feasible
integral solution. Past work constructs x and then produces the final solution using C only
in the last step. Instead, this paper uses C to construct x. At each step the new method
greedily selects a small fractional amount of each element x* to maximize the expected value
of C(x + x*). When the algorithm terminates, it simply returns C(x) for the final vector x
computed. In this way, the algorithm’s greedy choices at each step are closely connected to
the final solution that the algorithm will return.

Improved results can be shown using this framework because the loss in step (1) and (2)
can be combined in the analysis. Further, the loss in the contention resolution scheme is
optimized over in each step, allowing the algorithm to converge to a fractional solution that
is chosen directly to optimize the final solution.

1.1 Applications of the Contention Resolution Extension Framework

This paper shows how contention resolution extensions can be used to improve state-of-the-art
results for optimizing submodular functions.
The paper considers the problem of optimizing a submodular function over independent

sets in an interval graph. In this problem, each element is associated with an interval.

The goal is to select a set of intervals that do not intersect to maximize a non-monotone
submodular function. The best known previous result is a i ~ .1839-approximation [9].

» Theorem 1. For any non-monotone submodular function where f() = 0 there is a
188-approximation algorithm for maximizing the function subject to an interval constraint.

Overview of the Improved Analysis. To describe how our analysis improves over previous
work, first consider the unified continuous greedy algorithm of [11]. Let C be a contention
resolution scheme and OPT denote the value of the optimal solution. As discussed, the
algorithm greedily builds a fractional solution x. At each step, an amount x* is added to x
where x* contains a small amount of some of the elements. Past analysis of the continuous
greedy framework proves that in each step F(x) increases by an amount proportional to
(1 —||x||co)OPT. That is, the incremental improvement of F'(x) at each step is proportional
to OPT multiplied by an amount that depends on the most any element is fractionally
selected in x. The analysis crucially relies on a bound on ||x||~ at each step. The algorithm
arrives at the final solution using C on the vector x at the end of the continuous greedy
procedure. For many contention resolution schemes, the expected value of the solution
returned is bounded by F'(x) multiplied by the minimum probability an element is not
discarded by the contention resolution scheme.

Following the above, notice that improving the bound on ||x||~ in each step will improve
the overall analysis. Our algorithmic framework will allow us to achieve better bounds on
[|x|]oo- In particular, we know that the final solution returned is obtained by running C,
which increases the probability that an element is not included in the final solution. If
somehow the probability an element is discarded by C could be incorporated into each step
of the algorithm to ensure ||x|| is small, then this would improve the overall analysis.

Our algorithm uses C at each step in the continuous process of constructing x. In
particular, by using C there is less of a chance an element is selected. For this reason, the

analysis effectively gets a tighter bound on ||x||, resulting in an overall improved analysis.

A challenge in this approach is that no prior analysis has considered optimizing C(x) and
have always used F(x). Consequently, our analysis introduces new techniques for optimizing
over contention resolutions extensions.

3:3
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2 Preliminaries

Let f be a non-monotone submodular function. The input to the problem is a universe of
n elements S. The goal is to select a set of elements S’ C 7 such that f(S’) is maximized
where 7 is a set of feasible solution sets. Let fr(S’) := f(RUS’) — f(R) be the value of
adding elements in the set S’ to the set R. In this paper it is assumed that f(}) = 0.

The paper considers a hereditary set system defined by independent sets in interval
graphs. In this problem, each element ¢ € U is an interval (s;,d;]. A set S” is in Z if no two
intervals in S’ intersect.

The analysis framework in this paper builds on previous submodular optimization work.
The next lemma follows from the contention resolution framework of [6]. It is not proven
explicitly, but follows from the proof in the paper. Consider a contention resolution scheme
that takes as input a set S” and returns a set D(S’) C S’. The scheme is said to be monotonic
if the probability an element ¢ € D(S”) is only greater than the probability i € D(S’) for
S C S and {i} € S”.

» Theorem 2 ([6]). Let S" be a set constructed using a randomized procedure. Consider
a deterministic monotonic contention resolution scheme that given a set S’ of elements
constructs a set D(S") C S’ such that Pr[i € D(S") | i € S'] > ¢ for all S" and i. Further,
there exists an ordering of elements e1, ez, ... in D(S') such that fe, e,. . e;({€ix1}) > 0 for
all 0 <i < |D(S")|. Then it is the case that cE[f(S")] < E[f(D(S"))].

The following lemma is implied by a well known relationship between the Lovasz extension
and multilinear extension of submodular functions. See [9] and [20]. We prove this here for
completeness.

» Theorem 3. Let f be a non-negative submodular function with f() = 0. Fizx any set O.
Let R be a set of elements constructed at random where element i is in R with probability p;.

Say that p; < « for alli ¢ O. It is the case that E[f(RUO)] > (1 — a)f(O).

Proof. Let p; be the probability that ¢ is in R for i ¢ O and let p; = 1 for i € O. Consider
ordering all of the intervals so that p; > ps > ... > p,. For notational convienience, assume
Pnt1 = 0. Recall that for any sets S" and S we set fo/ (S”) = f(S'US") — f(S). In the
following [k] is the set {1,2,...,k}. Let R' = RU O in the following. We see the following.

E[f(R)] = f() + Y E[f (R N [K]) = f(R' 0 [k — 1))
k=1

= ZE[fR'm[k—l] (R'n{k})] > ZE[f[k,l] (R'n{k})] [f() =0 and submodularity]
k=1 k=1

= > pefpen(k) = p(F(K) = F([k=10) =Y (o — prsa) F([K])
k=1 k=1 k=1
(1 —a)f(O) |[f is positive and p; < (1 — «) for all i ¢ O by assumption] <

Y

3 Non-Monotone Function Subject to an Interval Constraint

In this section, we consider the problem of optimizing a non-monotone submodular function
f subject to an interval scheduling constraint. In this problem, there is a set S of possible
intervals (s;,d;]. We note that the intervals do not contain their starting point. This is
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simply for notational purposes and is without loss of generality. A set S’ of intervals is
feasible (in Z) if no two intersect and the goal is to maximize f(S’). It is said that two
intervals intersect if they both include a common point.

The algorithm maintains a vector y of size n. Let 3 denote the ith entry in the vector.

Intuitively, one can think of the entry y® as the probability of selecting interval i. The
vector y will be chosen such that the following holds. Fix any point ¢. It is the case that

Zi:te(si,dl] y® < 1. That is, the total weight of intervals intersecting point ¢ is at most one.

The Function F(y). The function F is defined as follows. A set R of intervals is selected
by choosing each interval i with probability *. The function F(y) = E[f(R)]. This function
is the multi-linear extension. Notice that R may not be in the set of feasible solutions 7.

The Function G(y). The function G is constructed similarly to F', but it removes additional
intervals from R to get a set D(R). The value of G(y) is set to E[f(D(R))]. Intervals are
removed from R so that D(R) forms a feasible solution. In this way, G acts as a contention
resolution scheme. Each interval ¢ in R is added to D(R) if there is no other interval in R
that intersects the start point s; of i. This function is a contention resolution extension® of
the set function f(S). Notice that the set D(R) is a feasible solution.

Formally, each interval i is in R with probability y. Given R let D(R) = {i € R|Vj €
R,s; ¢ (s;,d;]}. Set Gy) = ELf(D(R))].

The Algorithm. The algorithm works as follows. The algorithm continuously optimizes
, m. The algorithm
initializes y¢45 to y; and then increases some of the entires. Pseudocode can be found in

G. At time t a vector y; has been constructed. Let § be very small

Algorithm 1. In the following description, for any vector v let v + 1; denote the vector v
except that the coordinate of 7 is fixed to 1.

Separately for each element i, the algorithm finds the value of v; = > ¢ g Pr[R =
S')f(D(S U {i})), equivalently the value of G(y; + 1;). This can be estimated to high
accuracy following sampling techniques used in previous work [6, 9, 7] and for ease of
explanation we assume that it can be computed exactly. Let §; := 56’?/;(1 —y) and
w; = Bi(vi — G(ye)) = Bi(G(yr + 1;) — G(yt)). The value of w; is precisely the change in
G(y;) if 9! is increased to 1 and then scaled by £3;.

The algorithm finds a maximum weight independent set I over all intervals where an
interval ¢ is given weight w;. It is well known that such a solution can be found in polynomial
time using dynamic programming [14]. For each interval i € I, yz 45 1s increased by an
additive g;.

The procedure can stop at any time ¢t where 0 < ¢ < 1. When the procedure stops,
the final solution is produced by constructing D(R) as in the description of G. This set is
returned as the solution. This is a feasible solution by construction and the expected value
of the algorithm’s solution will be G(yt).

3 We note that this is not the only contention resolution extension and there are other natural contention
resolution schemes that could be used.

4 One could stop at ¢ > 1 so long as the contention resolution scheme constructs a feasible solution. This
did not result in improvement in our analysis.

3:5

APPROX/RANDOM 2019



3:6

Submodular Optimization with Contention Resolution Extensions

Algorithm 1 Computing y:+s from ;.

for i € U do

Vi Gy + 1)

B; (56_y‘(1 — y;)

wi < Bi(vi — G(yt)) /] = Bi(G(y: + 1;) — G(yr))
end for
Give each interval ¢ a weight of w;. Using these weights, find a maximum weight subset
of intervals I that do not intersect.
for i € U do

if 1 € I then

y§+6 =y +06i

10: else
11 Yits = Yt
12:  end if
13: end for
14: Output yiys

%

3.1 Analysis

Let O denote the intervals in a fixed optimal solution. For each interval i, let E; be the set
of intervals at or before s; that intersect ¢ and let ¢ be in E;. The analysis begins by showing
that any single interval is selected with at most a small probability.

/100 _
» Lemma 4. The mazimum value an entry in y; can have is a(t) := % 4+ 26 <
1— et + 25t for any 0 <t < 1.

Proof. In each step, an interval ¢ chosen to be in I has its probability of selection increased
by the algorithm. This increase is at most 8(1 — y#)e~% at time ¢. In the worst case, y! is
increased at each time step ¢. The proof will assume that this is the case for element i. For
all ¢ < 1, from convexity of e~ we derive,

e ¥ <1 —(1—e )yl <1-0.63y.

We now define a function p?(¢) which is a piecewise linear version of y¢ over times ¢. Define
the function p'(t) for any integer j > 2 and ¢ € [0, 1] as follows: for each t € [(j — 1)d, jd]
let pf(t) = 6 Y025 (1 — yis) (1= 0.63yl,) + (¢ — (j — 1)8)(1 — ;1)) (1 — 0.63y},_,5)- Set
p'(0) = 0. Obviously y!; < p'(t) when t < 76 and szH)é < y's+ 6 for all 7. Moreover,

dp’(t)
dt

= (1= y{j1)s) (1 = 0.63y(;_1)5) < (1 —yjs +0)(1 — 0.63y}5 +9)
< (1=p'(1)(1 - 0.63p°(¢)) + 49

Consider setting up a new function «(¢) where a(0) = 0 and ‘3—% = (1—a(t))(1—-0.63c(t))+
46. Solving this differential equation gives that «(t) = % + 46t. We know that
p"(0) = a(0) = 0. The function «(t) is continuous and the function p(t) is piecewise linear.
Further, for any 0 <t < 1 whenever p‘(t) = a(t) the derivative of a(t) is larger than p'(t).
This gives that p'(t) < a(t) for all 0 <t < 1.

Thus, we have that yi < p(t) < a(t) for all 0 < ¢ < 1, proving the lemma. <
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We will begin by relating the functions G and F. To do this, we will use Theorem 2.

This theorem requires that we bound the probability an interval in R is in D(R). We do this
in the following lemma.

» Lemma 5. For any time 0 <t < 1 it is the case that Pr[i € D(R) | i € R] = Pr[RN(E; \
{i}) =01 > e 790 > e,

Proof. Fix an interval i = (s;,d;]. If this interval is in R, then the only reason it is not
in D(R) is because there is another interval j € R such that j intersects the start point
of i. That is if j € E; N R and j # ¢ then in this case 7 will not be in D(R); otherwise, if
RN (E; \ {i}) = 0 then ¢ is in D(R) when ¢ € R. Thus, it suffices to bound the probability
any interval is sampled to be in R which intersects s;. The probability no interval in E; \ {4}
is sampled is H#ivsie(sj’dj](l — yg) > e~ 'Y, Where the inequality follows from the fact

that Zj:sie(sj,dj] y! <t for any step of the algorithm, i.e. any time ¢t where 0 <t <1. <«
Now we show two key lemmas. The first shows a relationship between G and F.
» Lemma 6. G(y) > L F(y) for all vectors y.

Proof. We utilize Theorem 2. First notice that the procedure to construct D(R) in the
definition of G is a monotonic scheme. This is because the probability an interval is in D(R)
only decreases if intervals are added to R. Lemma 5 and Theorem 2 give the lemma. |

The next lemma is the key technical lemma that bounds the increase in the G at each
step of the algorithm.

» Lemma 7. It is the case that G(yiis) > (1—0)G(y) + ZE [X,c0 (F(RU{i}) — f(R))] —
O(n282)f(O) for allt <In2—94.

We defer the proof of the lemma and first show how this can be used to construct our
result. Using the previous two lemma, we can bound the total increase in the function by
the optimal solution.

» Lemma 8. It is the case that G(yi+s) > (1 — 0)G(y:) + g (1 —a(t)) f(O) — etG(ys)) —
O(n?82)f(0) for allt <In2—4.

Proof. Lemma 7 says that G(y+5) > (1 — 8)G(y) + ZE[X,c0 F(RU{i}) — f(R)] —

O(n?6%)f(0). By definition, E[f(R)] = F(y;) and Lemma 6 states that F(y;) < e!G(y,).

This gives the following. The first inequality follows from submodularity.

(1=8)G(y) + gE[Z F(RU{}) = f(R)] = O(n*3*)f(0)

i€O
> (1= 8)Gu) + SEIf(RUO) ~ f(R)] - O(*5)£(0)
> (1-8)Glu) + 5 (BLF(RUO) - ¢Gly)) ~ 0**)f(0). 1)

Notice that E[f(RUO)] > (1 — «a(t))f(O) by Theorem 3 because Lemma 4 gives that the
maximum probability any interval is in R is bounded by «(t). Combining this with equation
(1) gives the lemma. <

Using the two above lemmas, we can show our main result.

3:7
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Proof of Theorem 1. Lemma 8 states that G(ye+5) > (1 —6)G(y) + Z((1 — a(t)) f(O) —
e'Gy)) — O( 252)f(O) wherever t < In2 — §. This implies that G(y;1s) — G(y:) >
—26G(yt) + S ((1 — (1)) f(O)) — O(n?6%) f(O) for t <In2 — 6.
By choosmg 0 to be sufficiently small, G(y;+s5) can be bounded using a differential
equation. Consider a function g(t) where g(0) = 0 and for any ¢ € [(j — 1)4, 4] it is the case
that

o(t 62( 26G5es) + L1 - a(r0)))

+e=G-19) (2600 + S50 - aG- 1) ).

Inductively, notice that G(y:) + O(n?6% - £) f(O) > g(t) for any t divisible by § and ¢ less
than In2 — . Further, & &= —2G(y-1ys) + %(1 —a((j —1)0)) > —2¢(t) + f(o) (1-—
a(t)) — 26f(0O). Consider a new function h(t) where h(0) = 0 and % = —2h(t) + (O) (1-
a(t)) —20f(0). Solving this differential equation results in h(.54) > 188f( )5. Note that
.54 <In2 — ¢ for sufficiently small §.

We know that h(0) = g(0) = 0. We also know that h(t) is a continuous function and
g(t) is piecewise linear. Further, for any 0 < ¢ < 1 whenever h(t) = g(t) the derivative of
g(t) is only larger than that of h(t). Thus, we have that h(t) < g(t) for all t. Knowing that
g(t) < G(y) + O(n?62L) f(O) < G(yi) + O(n?8) f(O) for t < Inn — 4, it is the case that
188f(0) < h(.54) < g(.54) < G(y.54) + O(n?8) f(O), proving the theorem for § < 1. <«

It only remains to prove Lemma 7. The proof can be found in Section 4.

4 Proof of Lemma 7

For this section, let y be the current solution computed by our algorithm at some fixed stage
t. Throughout the section all lemmas and proofs will assume that ¢ < In2 —§, an assumption
in the statement of Lemma 7. Let v be a vector equal to y;+s — y¢. For simplicity, we drop
the index ¢ and throughout this section we only focus on stage ¢ and drop the index t in y;.
We want to bound G(y + v). Throughout this section, let I be the intervals in the support of
v. These are the elements the algorithm chooses in the independent set and whose variables
get increased. Let O be the intervals in the optimal solution.

Let S be the set of all intervals. Let R be the random set of intervals chosen according
to y where every interval is sampled independently. Formally, for each interval i draw a
number r; uniformly at random from [0, 1] and let i be in R if r; < y*. Let & denote the
event ' < r; < y* + B;. Intuitively, & is the event that i would not be in R if * is used for
the sampling, but would have if y* was increased by ;. For i € I this is the event i was
chosen in the computation of G(y + v), but not G(y).

For any set S’, let D(S”) contain the intervals from S” chosen according to the algorithm
that is used in G. That is D(S”) is constructed from S’ by only adding an interval j € S’ to
be in D(S’) if there is no other interval in S” with earlier start point that also intersects j.

We would like to bound G(y + v) by quantities involving O and G(y). Let £(I') denote
the event that & occurs for all i € I’ and & does not occur for any i € I\ I’ and recall
that Pr[&] = 8 = 6(1 — y*)e¥", the amount the algorithm would increase y* if i € I. Tt will

5 This was verified using a differential equation solving software from Mathematica and independently
verified using numerical evaluation.
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be useful to first bound the probability that R = S’ for some S’. To do this, the following
lemmas bound the probability of either an interval being in R or R = S’ depending on the
events &;. The claim isn’t difficult and the proof is deferred to the appendix.

> Claim 9. For any i € I it is the case that Pr[i € R | &] = Pf[_#gf’] > Pr[i € R] and
Prli ¢ R| &) > (1 — B;)Pr[i ¢ R] when t < In2 — §. Further, for any i € I and any
set S’ C S it is the case that Pr[S’ = R | £({i})] > Pr[R = 5’'|&][] (1 — ;) when
t<In2-—94.

jELj#i

Intuitively, the next claim relates the probability R would be the same set if intervals are
drawn randomly using y or y + v.

> Claim 10. Fix any set S C S. It is the case that Pr[R = S" and £(0)] > (1 —
Yiens ) PriR = 5]

Proof. Notice that for any ¢ € I, it is the case that Pr[i € R and £(0)] = Pr[i € R] and
Prli ¢ R and £(0)] = Pr[i ¢ R] — §; = Pr[i ¢ R](1 — £-;). The last equality follows from

. 1_yL
Pr[i ¢ R] =1 —y" by definition. Knowing that elements are sampled independently, we have

the following. The first equality follows since elements are sampled independently. The three
terms break up the cases on if an elements is not in I, is in I NS’ or is in I and not S’.

Pr[R =5 and £(0)]
Pr(R\I=S\1I] [] Prlic Rand £®)] [] Prli¢ R and £(0)]

i€Ins’ i€I\S’

= Prlr=95] [] (- b BT bi )Pr[R = 5'].

ot —qt
i€I\S’ 1 Y i€I\S’ 1 y

The second equality follows from the observation at the beginning of the proof of the
lemma. <

The next lemma bounds G(y 4+ v) by G(y). Intuitively, the first term says that if £; does
not occur for any i then G(y +v) is the same as G(y). The second term captures the case for
&; occurs for exactly one i € O. Finally, the probability that &; occurs for more than one i is

very small (proportional to §2) so this effect is negligible. The proof is deferred to Section 5.

> Lemma 11. Tt is the case that, G(y+v) > (1= 32,c; B)G(Y) + Xicr Zsrcs iy BiPTIR =
S"| Ef(D(S" U {i})) — O(n*6%£(0)).

Next it is observed that the choice of the set I allows us to swap the terms in the
expression in the previous lemma by the optimal solution O.

> Lemma 12. G(y+v) =2 (1-32,c0 Bi)GY) + Xico Xsrcs\ iy BiPr[R= 5" & f(D(S"U
{i})) — O(n*5°£(0))

Proof. Consider the value of
Zﬁi Z Pr[R=5"|&f(D(S"U{i})) — G(y)
i€l S'CS\{i}

This equals

Y 8| Yo PrR\{i} =SN/(D(S"U{i}) - Cly)

i€l \S'CS\{i}

3:9
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This is equal to the following since elements are sampled independently

S 5[ X PriR=817(D(S'U{i}) =D wi

i€l s'Cs il

By definition, this is only greater than ), ,w;. Reversing the above steps for O and
combining with Lemma 11 gives the lemma. |

Our remaining goal is to bound part of the expression from the prior lemma,

> S BPr[R=8|&)F(DS ULiN) + Y BiG(y

S/CS\{i} €O i€0

Recall that E; is the set of intervals starting earlier than ¢ that intersect i and also the
interval ¢ itself. The intervals in E; \ {i} are the intervals, which if they are sampled to be
in R then ¢ will not be in D(R). Let B; be the set containing intervals that start during
interval ¢ and also i. The following fact will be useful for applying submodularity.

» Lemma 13. For any set S’ C S consider {S’\ B;}ico, a collection of subsets of S'. It is
the case that every interval in S’ appears in exactly |O| — 1 sets in this collection. Further,
each interval in S appears in exactly one set B;.

Proof. To show the lemma, it suffices to show that every interval in S appears in exactly
one set B; for some i € O. Indeed, we may assume that the intervals in O span the entire
time horizon (adding dummy intervals as needed). Then, an interval j € S can only be in
B; if j starts during i. Knowing that O cannot have two intervals that overlap, we have
the lemma. <

The next lemma is a technical lemma. The purpose is to take an expression f(D(S")\ B;)
depending on a set S’ and B; for i € O and bound it by an expression depending on f(D(S”))
without B; inside the function input. The lemma follows from submodularity and the
previous lemma.

» Lemma 14. Fiz any set S’ C S. It is the case that

3f(D(5) = 2ico Bi (F(D(S) = F(D(S") \ Bi))-

Proof. Consider the term ), B;(f(D(S’)) — f(D(S") \ B;)). We will remove all negative
terms as they only makes the expression smaller. Let O" be all ¢ where f(D(S")) — f(D(S") \
B;) > 0. The lemma follows if we prove that f(D(S")) > > ..o/ (f(D(S")) — f(D(S") \ By))
because this implies § f(D(S")) > 0>, co/ (f(D(S") = f(D(S)\Bi)) > > ,cor Bi(f(D(S")) -
f(D(S")\ B;)) knowing that 3; < ¢ and all terms are positive.

Now it is established that f(D(S")) > > ;co. (f(D(S')) — f(D(S)\ B;)), which follows by
submodularity. Indeed, let Ag = D(S’) \ Uscor B;. Arbitrarily order the sets By, Ba, ... Bjo|
and let A; = A; 1 U (B; N D(S")) for 1 < i < |0'|. By submodularity, » ;.o (f(D(S")) —
FD(S)\ B)) < Sieor (F(4i) — F(Ai 1)) = F(D(S")) — f(Ao) < F(D(S")). The equality

follows from the function being positive and the inequality from submodularity. |

Assuming &; occurs, the purpose of the following lemma is to separate the cases where at
least one interval in Ej; is in R and the other where no interval in E; is in R. Intuitively, if
no interval in E; is in R then ¢ will be in D(R) otherwise ¢ will not. In either case, when &;
occurs the interval ¢ ensures no interval in B; is in D(R) and the lemma bounds the cost of
removing B; by applying Lemma 14. The proof is deferred to Section 6.
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» Lemma 15. [t is the case that,

Gly+v) > (1-6)G(y) +
Soprr=516] Y BUDS)\BUi}) - [(D(S)\ B)) — O((nd)*f(0)).

s'CS i€0,S'NE; =0

Our goal now is to bound the second term in the previous lemma by showing this following.
This shows that the second term is at least % multiplied by the expected value of adding
each element of O to R individually.

> Lemma 16. > o PriR=15"|&]3c0 5np =0 Bi(f(D(S)\BiU{i})— f(D(S")\Bi)) =
& X scs PrlR= 51300 f5:(0)

Before we prove the lemma, we show how this can be used to complete the proof of
Lemma 7.

Proof of Lemma 7. By combining lemmas 15 and 16 we have the following.

Gt > 1-0)Cw) + 5% Y PriR=51Y fs i) - O((nd)*f(0))

s'Cs i€O
> (1-96)G(y)+ gE[Z fr()] = O((nd)* f(O))
i€0

This completes the proof. |
It only remains to prove Lemma 16.

Proof of Lemma 16. Consider the term > g c g Pr[R=S"[ &> 0 sinm,—p Bi(f(D(S)\
B;U{i}) — f(D(S") \ B;)). Rearranging the summations and using the definition of fg (%)
this is equal to >, D gic5.5:nm,—0 PTIR = 5" | &ilBifp(sy\p, (i). We know that for any
set S’ C Sif S’NE; =0 then S" C (S\ E;). Using this, the term is equal to the following.

Y. Y BPr[R=S5"|&] e ()

i€0 §'C(S\E;)

= Y > BPr[S=R\E and RNE; =0|&]fps)\s (i)

i€0 S'C(S\E;)

To see why the previous equality holds, notice that R = S’ if and only if S = R\ E; and
RNE;=0for S’ C(S\ FE;). Now we continue to lower bound this expression.

> Y BPr[S'=R\E; | &Pr[RNE; =0 | &]fps\ s, (i)

i€0 §'C(S\E:)

[Definition of R implies independence]
Y Y AiPrlS =R\ EJPr[RN(E\ {i}) = 0]fpsya.(0)
i€0 S'C(S\E)

[Definition of &;]

Z Z Z 6tﬁjyi Pr[S’ = R\ Ei]fp(s')\p, (i) [Lemma 5]
i€0 S'C(S\E)
T et Z Z YPr[R =5\ Ej]fps)\p (i) [Definition of 3] (2)

i€O §'C(S\E;)

APPROX/RANDOM 2019
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Notice that 1 =) 5 Pr[RNE; = E | i ¢ R] because the right hand side captures all
the events in a probability distribution. Further, fix an element i € O and notice that for any
set S C (S\ F;) and any set E C E; it is the case that Pr[S’ = R\ E;]-Pr[RNE; =FE | i ¢
R] =Pr[R=S'"UE | i ¢ R]. This follows for two reasons. One is because elements are
sampled independently. The other is because Pr[S’ = R\ E;] = Pr[S’ = R\ E; | i ¢ R] since
1 € F; and the independence of sampling elements. Using these facts, the following holds.

(2) = 72 > =R\ Eilfpsyg (i) Y Pr[RNE; =E|i¢ R

i€0 S'C(S\Ey) ECE;

= tz Z y) fosne (i ZPI‘R S'"UFE |i¢ R)
i€0 S'C(S\E;) ECE,
[Independence]

> fz > (=y)fsns() Y, Pr[R=5UE|i¢ R
i€0 S'C(S\ B ) ECE;
[Submodularity]

5 . . .

> EZ S 1=y Y fisupna()Pr[R=S"UE |i¢ R|

i€0 S'C(S\E;) ECE;

[Submodularity and i € B;]

= 52 Y. O—u)fs\@PrR=5"|i¢ R|

1€0 S'C(S\{d})
5 .
T et Y fenw(Pr[R=9]
i€0 S'C(S\{i})
1 —4") = Pr[i ¢ R] and definition of conditional probability
P d defi f cond | probabil
5 ) . . .
— E Z Z fS/(Z)PI‘[R — S’] [fS/(l) —0ifie Sl}

i€0 S'CS

5 Proof of Lemma 11

This section is devoted to proving Lemma 11.

Consider G(y 4+ v). The value of G(y + v) is equal to > g cg >y Pr[R = 5" and
E(INf(D(S"UI')). This is equal to the following by breaking this into cases. This is a
partitioning of the event space by definition of £(I").

> Pr[R=25"and £(0)]f(D(S"))
S'CS

+> 3 " Pr[R= 5" and E({i})]f(D(S' U{i}))

i€l S'CS

+ > Y Pr{R=5 and EI)F(D(S U{i})

I'CI,|I'|>28'CS

Knowing that f is positive, this is greater than the following.

> Pr[R=25"and £(0)]f(D(S")) (3)
S'CS
+> ) Pr[R=5"and E{i})]f(D(S' U{i})) (4)

i€l S'CS
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The proof bounds these two terms separately. First consider (3). Using Clalm 10 this is

greater than 3 g cg(1 — ZzGI\S’ =5 )Pr[R = S| f(D(S") = G(y) — Zzel 057 Dosrcs\ (i}
Pr[R = 5| f(D(S")). The definition of 8; gives that this is equal to G(y) =, Bl 2osrCs\ (i}

Pr[R = S|f(D(S") = Y  v'e ¥ 0 X gic g (s PrIR = S'f(D(S")). We will establish that
this is only greater than (1 -3, ., 3;)G(y). Consider the last term.

doye¥s Y PrR=51/(D(S)

i€l | S7CS\{i}

— Yyevs S Pr(R\ {i} = §Prli ¢ RIS(D(S")
icl S’CS\{’}

= Y yleV(i-y)s Y Pr[R\{i}=SIf(D(S)
el S'CS\{:}

= Yys Y PrR\ (i} = S1A(D(S)
icl S'CS\{:}

By definition of the algorithm %+ = E[f(D(RU {i})) — f(D(R))] = X gcsPr[R =
STDS"U{i}) = F(D(S) = Lgrcg gy PriR = ST(f(D(S"U{i}) = F(D(S))) > 0 for

all ¢ € I. The last equality follows since a term is 0 if ¢ is in S’. Since elements are sampled
independently, this gives that the previous term is only less than the following.

Y y'Bi Y PrlR\{i} = S1f(D(S))

i€l $/CS\ {4}
< D y'B Y. Pr[R\{i}=Sf(D(S U{i}))
il 5/CS\ {4}

= Y8 Y. PrlR=SU{FD(S U{i}) [Note that Prli € R] = y]

iel  $/CS\{i}

Now we use this to bound (3). (3) is greater than or equal to the following.

)=> B Y PrR=Sf Zyle_yé > Pr[R=Sf(D(S)

iel  S/CS\{i} iel $/CS\{i}
> G -8 Y PrR=S1ADE) Y 8 Y PrR=S UGNADS UL)
iel  S/CS\{i} iel  S/CS\{i}

(1= 3B

il
It remains to bound (4). Using conditional probability, this can be bounded as follows.

Y Prle({i})] Y Pr[R=SE{iN]f(D(S"U{i}))

i€l S'CS

= ZPr H Pr(€ ZPrR SNE{iDf(D(S" U {i}))

iel jel,j#i S'CS

= > 8 JI a=8) > Prlr=SE{NF(D(S U{i}))
i€l jelj#i 5'CS

> TIa-8036 Y PrR=8IE{iNIF(D(S U{i})
i€l iel S'CS

> (1-36)3 8 Y PrR=S1E{iNIF(D(S' U{i})

iel iel  S'CS
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Knowing that 8; < 4, this is greater than >, ; i > ¢ Pr[R = S"|E({i})]f(D(S" U
{i})) — 0(3*n?£(0)).

Now we know that,

> 5> Pr(R = SEWNIAD(S U{i})

icl S/CS

= Z Bi Z Pr[R = S'|§; and &; for j # i)]f(D(S U {i})) [Def. of £({i})]

> i Bi Sﬁ (1=8;) Y Pr[R=S'€)f(D(S' U{i})) [Claim 9 and independence]
i€l jEIlj#i S'CS

> Z;/Bi SZCSPr[R = S'IENF(D(S" U {i})) — |116° £(O)

> > B i Pr[R = S'|&)]f(D(S" U {i})) — |1]6° f(O)

i€l S'CS\{i}

The last line follows since if £ occurs then R does not contain ¢. Putting this all together
gives the lemma.

6 Proof of Lemma 15

This section is devoted to proving Lemma 15.
Consider the following expression. Lemma 12 gives the following.

Gly+v) = S S BPrR=S|EF(D(S U{i}) (5)
S/CSicO
+(1- 3 B)Gw). (6)
€O

We see that (5) equals the following.

Sa( Y PrR=S|&IADS UY)

€0 §'CS,S'NE;=0
+ Y PR=S|&IFDS Ui))
5'C8,8'NE;#0
By definition of G, for any set S’ C S it is the case that D(S’ U {i}) includes ¢ only if
S’ includes no interval in F; \ {i}. We also know that for any j € S’ it is the case that
j € D(S"U{i}) if and only if j € D(S’) and j ¢ B;. Using these two facts, the previous term
is equal to the following.

Soa( X PriR=S[&IFD(S)\BU{)

€O S'CS,S'NE;=0
+ Y. PrlR=S|EIA(D(S)\B))
S'CS,8'NE;#0

This is equal to the following.

Z@( > Pr{R=5|&](F(D(S)\ B Ui) ~ F(D(S)\ B)

i€O S/CS,S'NE; =0

+ Z Pr[R=S5"|&]f(D(S") \Bz')>

S'CS
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We focus on bounding » .., i > g/cg Pr[R=S5"| & f(D(S’) \ B;) along with (6). The
rest of the expression is carried to the end of the proof. First we establish a bound on
YicoBid gcs Pr[R=2S"|&]f(D(S") \ B;) in the following claim and then it is combined
with (6). The purpose of the following claim is to remove the conditioning on &;.

> Claim 17, Y,c0 6 Ngcs PrIR = 8 | E1f(D(S)\ Bi) = Yieo i Ngics Pr[R =
S'1f(D(S)\ By).

Proof. First note that Pr[R = 5" | &] > 0 if and only if ¢ ¢ S’. Thus we have that the left
hand side is equal to 3, Bi Do gc g\ 4y Pr[R = 5" | &) f(D(S)\ B;). Using the definition of
conditional  probability = and the definition of &  this is equal to
Pr[R\{i}=5" and &;] g/ . . .
> ico Bi ZS,CS\{} BrlE] f(D(S") \ B;). By independence, this equals
>ico IZS’CS\{ }PT[R\ {i} = S'IA(D(S")\ Bi) = >icoBi ES’QS\{i} Pr(R\ {i} =
S'TF(D(S) \ Bi)(Prli € Rl +Prli ¢ R]) = > .c0b ZS’QS\{i}(Pr[R = 51+ Pr(R =
STU{ip)f(D(S") \ Bi).
We know that for any S’ C S\ {4} it is the case that f(D(S’)\ B;) = f(D(S" U{i})\ B;)
because B; is the set of intervals that are not in the contention resolution scheme if ¢ is

—~ =

input and also ¢ is in B;. Using this, we have that the previous expression is equal to
YicoBi Xgicsp (Pr[R = SIf(D(S) \ Bi) + Pr(R = SU{i}) f(D(S" U{i}) \ Bi)) =
YicoBiXogics Pr[R=Sf(D(S)\ B). <

Going back to 7,6 Bi >gicsg Pr[R = 5" | &|f(D(S’) \ B;) with the expansion of (6)
using the definition of G and the previous claim, we have the following.

> By Pr[R=S1f(D(S)\ Bi)+(1=>_B:) > Pr[R=95]f(D(5"))

i€cO  S'CS i€cO  S'CS

We apply Lemma 14 for each term S’ to get that this is greater than the following.

—48) > Pr[R=Sf(D(S)) = (1-8)G(y)

s'Cs

The above gives that G(y +v) > (1 = 6)G(y) + > ico Bi Xsics.5nm=p PTR =S| &
( F(D(S)\ B; U {i})) — F(D(S')\ B; )) giving the lemma.

7 Conclusion

This paper introduces the approach of using contention resolution extensions to optimize a
submodular function subject to a set of constraints. This algorithmic approach can be used
to improve the best known result when the constraints correspond to independent sets in an
interval graph. The next direction is to determine if this approach can be used to improve
on the best known approximation for other submodular optimization problems.

3:15
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A  Omitted Proofs

Proof of Claim 9. By definition Pr[i € R | &] = %ER]. To see the other part of the
claim, by definition of &; it is the case that Pr[i ¢ R | &] = % and (1 — 5;)Pr[i ¢
Rl = (1—3)(1 —y%. For all 3; € [0,1) it is the case that % > (1=8)(1 -y if
0<y < 1_ﬁ" . Finally, 0 < ¢* < 1_‘5 < 1_ﬁ" when ¢ < 1In2—4§. This is because t < In2—4¢ by

assumption and Lemma 4 states that any entry inyisat most 1—e ! <1—e (In2-9) < 120,

Now consider the second part of the lemma. Recall that £({i}) is the event where E
occurs as well as &; for all j € I where j # i. We have the following.

Pr(s’ = B| £({i})] = D1 — {rﬁ)f({i})]

By independence this equals the following.
Pr[S'\I=R\1I]

Pr{{(i}ns' ={i}nRand&] [ PrljeRand§)

PrE({i})] reres
H Pr[j ¢ R and &;]
JELGES! ji
By independence we know that Pr[€({i})] = Pr&]|[];cr 2 Pr[€;]. Using this and

conditional probability, the prior term is equal to the followmg

Pr[S'\I=R\1I]

II erli¢rie)l

JELGES jFi

Pri{i}ns ={i}nRand&] [[ PrlicR|E)]

JeI,jeS’ j#i

The first argument shown in the lemma gives that this is at least the following. This
argument allows us to remove the conditioning on &;.

IT -8 \I[*i}R\” Pr{ifns = {i}jnRand&] [| Prljen
J#,JEL JEI,jES  j#i
Il eei¢n

JELFES j#i

Using independence, this is equal to the following.

Pr[S’ = R and &]
IT a-5)
J#ujEl PI’[&]
Finally, conditional probability gives the following.
[T a-s8)Pr[s'=R|&]

JF#uLIEL
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