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—— Abstract

The matching problem in the online setting models the following situation: we are given a set of
servers in advance, the clients arrive one at a time, and each client has edges to some of the servers.
Each client must be matched to some incident server upon arrival (or left unmatched) and the
algorithm is not allowed to reverse its decisions. Due to this no-reversal restriction, we are not able
to guarantee an eract maximum matching in this model, only an approximate one.

Therefore, it is natural to study a different setting, where the top priority is to match as many
clients as possible, and changes to the matching are possible but expensive. Formally, the goal is
to always maintain a maximum matching while minimizing the number of changes made to the
matching (denoted the recourse). This model is called the online model with recourse, and has been
studied extensively over the past few years. For the specific problem of matching, the focus has been
on vertex-arrival model, where clients arrive one at a time with all their edges. A recent result of
Bernstein et al. [1] gives an upper bound of O (n log? n) recourse for the case of general bipartite
graphs. For trees the best known bound is O(nlogn) recourse, due to Bosek et al. [4]. These are
nearly tight, as a lower bound of Q(nlogn) is known.

In this paper, we consider the more general model where all the vertices are known in advance,
but the edges of the graph are revealed one at a time. Even for the simple case where the graph is a
path, there is a lower bound of Q(n?). Therefore, we instead consider the natural relaxation where
the graph is worst-case, but the edges are revealed in a random order. This relaxation is motivated
by the fact that in many related models, such as the streaming setting or the standard online setting
without recourse, faster algorithms have been obtained for the matching problem when the input
comes in a random order. Our results are as follows:

Our main result is that for the case of general (non-bipartite) graphs, the problem with random
edge arrivals is almost as hard as in the adversarial setting: we show a family of graphs for which

the expected recourse is 2 ( n? )

logn

We show that for some special cases of graphs, random arrival is significantly easier. For the
case of trees, we get an upper bound of O (n log? n) on the expected recourse. For the case of
paths, this upper bound is O (nlogn). We also show that the latter bound is tight, i.e. that the
expected recourse is at least 2 (nlogn).
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1 Introduction

The online matching problem models a scenario in which a set of servers is given in advance,
and a set of clients arrive one at a time, with each client incident to some of the servers. In
the standard version of this model, the arriving client must be immediately matched to a
free server or be left unmatched, and this decision is irrevocable. Due to this constraint, it is
not possible to guarantee an exact matching, so the goal is to guarantee the best possible
approximation. (See the work of Karp et al. [14], which shows that we can’t get better than
1-— % approximation.)

But there are several applications where the top priority is to match all the clients (or at
least to have a maximum matching), and the irreversibility condition of the standard online
model is too restrictive; in applications such as streaming content delivery, web hosting, job
scheduling, or remote storage it is preferable to reallocate the clients provided the number of
reallocations is small (see [5] for more details). Therefore, over the past decade there have
been many papers on the so-called online model with recourse, where the goal is to maintain
an ezact solution the problem, while making as few changes to this solution as possible.

In the case of matching in particular, existing results focus on the vertex-arrival model,
which is analogous to the similar model in online matching without recourse. In this model,
clients arrive one at a time and ask to be matched to a server. The algorithm is allowed
to change the matching over time and must always maintain a maximum matching: the
goal is then to minimize the total number of changes made to the matching, denoted the
recourse. Note that the trivial recourse bound is O(n?) (n changes per client), but one
can do significantly better. This model has been studied extensively (see for example,
[9, 5, 2, 3, 10, 4, 1]), and the state of the art is an upper bound of O(nlog®n) on the total
recourse [1]) in bipartite graphs. For the special case of trees, the best known upper bound
is O (nlogn) due to [4]. These upper bounds nearly match the lower bound of Q (nlogn) for
trees due to [9].

In this paper, we consider a more general model where the graph can be non-bipartite
and, more importantly, the edges in the graph are revealed one at a time; the algorithm
must again maintain a maximum matching at all times. Unfortunately, we have very strong
lower bounds when the order in which the edges arrive is adversarial; even for the simplest
possible case of a path, £2(n?) recourse is necessary. To overcome this lower bound, we
consider a natural relaxation of this model where the adversary can still choose the graph,
but edges arrive in a random order. One of the motivations behind this relaxation is that in
several related models, such as the online model without recourse or the streaming model,
we have been able to get faster algorithms when the input is assumed to arrive in a random
order rather than an adversarial order. (See [13, 16] for online model without recourse, and
[15, 12, 8, 7] for the streaming model).

Our results show that for the case of trees and paths, we can do significantly better in
the random edge-arrival model: in particular, we show an upper bound of O (nlogn) on the
expected recourse in the case of paths (which we show is tight), and a bound of O (n log? n)
in the case of trees. But our main result is that in general graphs, the random arrival setting
is provably almost as hard as the adversarial setting. We state our main results formally:

» Theorem 1. For anyn > 216, there is a (non-bipartite) graph G,, (described in Section 3.1)
with n vertices and © (nlogn) edges, such that if edges of the graph arrive in a random order,
then the total expected recourse taken by any algorithm that maintains a maximum matching

in the graph is Q ( n’ )

logn
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» Theorem 2. Let T be a tree on n vertices and let the edges of T arrive one at a time in
a random order. Then, the expected total recourse taken by an algorithm that maintains a
mazimum matching in T is at most O(nlog®n).

» Theorem 3. Let P be a path on n vertices, and let the edges of P arrive in a random order.
The expected total recourse taken by an algorithm that maintains a maximum matching in P
is O(nlogn). Moreover, this bound is tight: the expected recourse taken by any algorithm is
Q(nlogn).

» Remark 4. For the lower bounds of Theorems 1 and 3, when we say that any algorithm has
the given lower bound on expected recourse, this bound holds even if the algorithm knows
the random permutation in advance. That is, the lower bound holds even if the algorithm is
optimal for every possible ordering of the edges.

» Remark 5. For the upper bounds in Theorems 2 and 3, the algorithm we use simply changes
the matching along an augmenting path whenever such a path becomes available due to the
insertion of some edge. If there are multiple augmenting paths the algorithm can take, it
chooses between them arbitrarily; the upper bound holds regardless of the choice of path.

We prove our main result, Theorem 1 in Section 3. For proofs of Theorem 2 and 3 we
refer the reader to the full version of the paper. We leave as an intriguing open problem
whether our lower bound in Theorem 1 also holds for bipartite graphs, or whether these
graphs allow for expected o(n?~¢) recourse when edges arrive in a random order. See Section
4 for more details.

2 Preliminaries

Let G be an unweighted graph. A matching in G is a set of vertex-disjoint edges. Given
any matching M of G, we say that a vertex v is matched if it incident to an edge in M,
and free otherwise. Given any two matchings M and M’, we use M @& M’ to denote the
symmetric difference. We study the model of online matching with recourse under random
edge arrivals. In this model, the adversary fixes any graph G = (V, E) with m edges and n
vertices. The vertex set is given in advance, but the edges arrive one at a time; the arrival
order ey, ..., ey, is a random permutation of E. The goal of the algorithm is to maintain
a sequence of matchings My, ... M,,, such that M; is a maximum matching in the graph
(V,{e1,...,e;}). The total recourse of the algorithm is 22_11 |M; & M; 1], which is the total
number of changes made to the matching throughout the entire sequence of insertions.
Intuitively, an algorithm that minimizes recourse should only change the matching when
the maximum matching in the graph increases in size. We formalize this intuition in the
remainder of this section.
» Definition 6. Define a sequence M, M} - -- ,M4*77 to be only-augmenting if M = 0, each

in? TR 7

M is a mazimum matching in G, , aond eczch symmetric difference M & M | consists of a
single augmenting path; that is, M7 &M;  consists of an odd-length path P in {ei1,... e}
such that every second edge of P is in M;,, but the first and last edges of P are not in M;, .
We say that an algorithm is only augmenting if the sequence of distinct matchings produced
by the algorithm is only-augmenting; in other words, in the sequence of matchings produced
by an only-augmenting algorithm, for every 1 < i < m —1, either M; = M; 1, or M; & M; 1
consists of a single augmenting path.

11:3
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» Definition 7. Let r(0) is the best recourse achievable on permutation o by an algorithm
that knows o in advance, and let r*(o) be the best recourse achievable by an only-augmenting
algorithm that knows o in advance. (Knowing o in advance allows the respective algorithms
to pick the best possible matching sequence for permutation o.)

» Observation 8. Using the above notation, we note that E,[r(o)] is a lower bound on the
expected recourse of any algorithm, while Ey[r*(0)] is a lower bound on the expected recourse
of any only-augmenting algorithm. The lower bound applies even if the algorithm knows o in
advance.

The following Lemma allows us to assume throughout the paper that we are working
with an only-augmenting algorithm. The proof of this lemma is relegated to the full version
of the paper.

» Lemma 9. Given any permutation o, we have r(c) = r*(o).
We now restate our main Theorem with the above lemma in mind.
» Theorem 10. E,[r*(0)] = Q(n?/log(n))
» Observation 11. Observation 8, Lemma 9 and Theorem 10 immediately imply Theorem 1.

The lower bound proof of Section 3 is devoted entirely to proving Theorem 10

3 Lower Bound on Expected Recourse in General Graphs

This section will be devoted to proving Theorem 10, the main result of our paper. Recall from
the preliminaries that we can assume that the algorithm is only-augmenting (See Definition
6) and that it knows the entire permutation ¢ in advance. In other words, to prove Theorem
1, it is sufficient to prove Theorem 10.

Our proof will proceed as follows. In Section 3.1 we define our candidate graph G,, (we
will refer to it as G from now). The main step will be to show that between the times when
half the edges of the graph have arrived and a three-quarters of the edges have arrived,
the graph induced by non-isolated vertices contains a perfect matching or a near perfect
matching throughout (see Definition 15 for a definition of near perfect matching). We will
then use this fact to prove Theorem 10.

» Remark 12. Before we describe our graph, we describe how we will go about proving the
lower bound. Suppose that our algorithm is given graph G = (V, E) as input, where |E| = m.
In our model this graph is revealed to our algorithm one edge at a time, with the edges
arriving in the order prescribed by a random permutation o . Suppose we look at the graph
at time t < m, then Gy, the graph at time ¢ has the same distribution as the subgraph of
G obtained by randomly sampling ¢ out of m edges. We will show that between the times
when ¢t = 0.5-m and t = 0.75 - m, G; will contain a perfect or a near-perfect matching. To
prove this, we will show (in Section 3.2) that the distribution of G can be approximated by
the following distribution: graph obtained by sampling each edge of G independently with
probability % Finally, we will prove our aforementioned claims about this new distribution
(Section 3.3).

3.1 The Graph

We use n to denote the number of vertices in our graph. In this write-up, s = 400logn

and t = m. Let K, denote the complete graph on s vertices. Our graph is called G

(see Figure 1) and it consists of ¢ copies of K that we index as K% for 1 <i <t. The
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remaining ¢ vertices are partitioned into ¢ sets {D(i of size 1001ogn each. The graph
G contains the following edges. _
1. For 1 <i¢ <t—1, we introduce edges between every vertex of Kgl) and every vertex of

K s(iﬂ). Additionally, edges are also introduced between every vertex of K. él) and every

)}1§i§t

vertex of Ks(t).

2. For 1 < i < t, we fix an arbitrary set U C Ksi) of size 100logn. Introduce an arbitrary
matching between U® and D®. Call this matching M. Let M = Uﬁle(i); we add
the edges of M to G. We also let U = U'_,U® and D = Ut_, D). For any u € DUU,
we define M (u) to be the vertex that u is matched to.

We denote the number of edges in G by m. Note that m = © (nlogn).

Figure 1 Graph G.

3.2 Relating G, and GP™

» Definition 13. Let p € [0,1]. We define E, C E(G) to be the set of edges obtained by
sampling each e € E(Q) with independently probability p.

Let V,, = V(G) \ {v € D such that (v, M(v)) ¢ E,}; note that V, excludes isolated vertices
in D. Let G, be the graph with vertex set V), and edge set E,.

» Definition 14. Let EP'™ C E(G) be the set of edges obtained by sampling p - m random
edges of E(G). Let VP™ = V(G) \ {v € D such that (v, M(v)) ¢ EP"™}; note that VP™
excludes isolated vertices in D. Let GP'™™ be the graph with verter set VP™ and the edge
set EP™,

» Definition 15. Let H be a graph with an odd number of vertices. Let M be any matching
of H that leaves exactly one vertex unmatched. Then, M is called a near perfect matching
of H.

11:5
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We state the main theorem that we want to prove in this section:

» Theorem 16. Let p € {0.5, 0'5';””+1,~~ , 0‘757';"_1,0.75}, then, the graph GP'™ contains a

perfect matching or a near perfect matching with probability at least 1 — O (%)

To prove this theorem, we claim that it is sufficient to prove the following theorem:

» Theorem 17. Letp € {0.5, 0'5‘;’;“, cee 0'757‘;”*1 ,0.75}, then, graph G, contains a match-
ing or a near perfect matching with probability at least 1 — O (#)

To show that Theorem 17 implies Theorem 16, we prove the following lemma:

» Lemma 18. Letp € {0.5, 25mEL ... [0T5m=L .75} and let GP™ and G, be as described
above, and let G be the set of graphs that contain a perfect matching or a near perfect matching,
then,

Pr(GP™ ¢ G) < 10v/m - Pr(Gy ¢ G).

We refer the reader to the full version of this paper for a proof of Lemma 18. For now, we
prove Theorem 16 assuming Theorem 17 and Lemma 18:

Proof (Theorem 16). It follows from Lemma 18 that:

Pr (Gp‘m does not contain a matching) < 10v/m - Pr (G does not contains a perfect matching)

=10y/m - O (%) (Due to Theorem 17)
n
=0 (%) (Since m = © (nlogn)). <

The following corollary follows from Theorem 16, via a union bound:

» Corollary 19. Let I = {0.5, 0'5'7’””“,--- , 0'757';”_170.75}. Let G be the sequence of graphs
{Gp‘m}pel. The probability that every G € G contains a perfect matching or a near perfect
matching is at least 1 — O (l)

n

The bulk of our paper is proving Theorem 17. But first, we provide some intuition for
our choice of G by sketching how Corollary 19 implies our main result (Theorem 10).

Proof sketch of Theorem 10. Recall the edges M C E(G) which connect the vertices in
D, where |[M| = ©(n) (see 3.1). Consider how the graph GP™ evolves from for p = 1 to
p = %. Let us assume without loss of generality that G R
vertices. Whenever an edge (d,z) from M is inserted into the graph, d € D is added to
V(GP™) (See Definition 13). Since we know from Corollary 19 that GP™ contains a perfect
matching whenever V(GP™) is even, we know that after every two edges (d,z) and (d',z’)

added to M, there is a perfect matching in the resulting graph; thus, the algorithm must

™ contains an even number of

take some augmenting path from d to d’. Because G consists of §2 %) consecutive
layers, it is easy to see that with probability %, the shortest path from d to d’ has length
Q (%) We expect to add ‘%\fl = Q(n) edges to M between G2™ and G1™, so we have

Q (n) augmenting paths of expected length (%), which implies total augmenting path
712
log(n)

length 2 ( ) See Section 3.5 for full proof. |
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3.3 Proving G, has a Near-Perfect Matching
We now turn to proving Theorem 17. To this end, we introduce some notation:

» Definition 20. Given G, we define the active subgraph A of G, as follows: let V (A) =

V(Gp) \{ue DUU : (u,M(u)) € Gp}. The active subgraph A is the induced subgraph

Gp [V (4)].

» Definition 21. We define A®) to be the following subgraph of G, : let V (A(i)) =V (AN

14 (Kﬁi)) for 1 <i<t. Let AW = G, [V (A(i))] For1<i<t,let|V (A(i)) | = a;. Then,

1. If a; is even, then let P U QW be an arbitrary G by % bipartition of V(A®),

2. If a; is odd, then let vV be an arbitrary vertex in V(AW) and let P U QW be an
arbitrary | %] by %] bipartition of V(A®)\ v(®).

We denote G(P(i),Q(i)) to be the bipartite graph between P® and Q, with edge set

E (p(i),Q(i)) = (p(i) X Q(i)) NE (A(i))

> Claim 22.  We observe that V(A) N D = (). This follows from the following two facts:

1. Consider any u € D such that (u,M(u)) ¢ G,. Then, u ¢ V(Gp,). This follows
immediately from Definition 13.

2. By Definition 20, we know that any u such that (u, M(u)) € G) is not included in V(A).

> Claim 23.  From Definition 20, we know that a; > 400log n—|U®|. Since |[U®| = 100logn
(see Section 3.1 2), it follows that a; > 3001logn.

In order to prove Theorem 17, it is sufficient to prove the following theorem:

» Theorem 24. The active subgraph, A contains a perfect matching or a near perfect
matching with probability at least 1 — O (i)

n?

Proof (Theorem 17). Given a perfect (resp. near-perfect) matching M (A) of A, we will
construct a perfect (resp. near perfect) matching M (G,) of G,,. Consider any u € V(G,) \
V(A). Note that M(u) € V(Gp)\V(A) and (u, M(u)) € Gp. So we may match u to M (u) in
Gp. In particular, M (G,) = M (A) U {(u, M (u)) where v € V(G,) \ V(A)}. Thus, M (G,)
is a perfect (or a near perfect matching) of G, if M (A) is a perfect (or a near perfect
matching) of A. <

3.4 Near Perfect Matching in Active Subgraph

To prove Theorem 24, we need Chernoff bound, and some existing results on matchings in
random bipartite graphs.

» Theorem 25. [11] Define B(n,n,p) to be the bipartite graph obtained by deleting edges
from K, ,, independently with probability 1 —p. Then,

Pr (B(n,n,p) does not contain a perfect matching ) = O (nefnp) .

» Theorem 26 (Chernoff Bounds). Let Xg,---, Xy be 0 — 1 random wvariables that are
independent. Let u =FE [Zle Xl} . Then, for any 0 <46 <1,

k 2
Pr (Z X; <(1- 5)u> < e and, (1)
N 2
Pr (Z X; > (1+ 5)u> <e . (2)
i=1

11:7
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Consider the A)’s in Definition 21. We mentioned that for some of these A()’s the
corresponding a;’s might be odd. Let {A(il), e 7A(ik)} be this set, with i3 < --- < 1. Let
v%) be the vertex left out of the bipartition P() UQ(s) of A) for 1 < j < k (see Definition
21.2). We define the following events:

» Definition 27. For 1 < i < t, let A; be the event that G(P®", QW) contains a perfect
matching (or a near perfect matching). Let A = Ni_, A;.

» Definition 28. Let M) be a mazimum matching of G (P(i),Q(i)) for1 < ¢ < t. Let

» Definition 29. For1l <m < L%J, let By, be the event that there is an augmenting path

. E
between v(2m=1) and v2m) with respect to M’ in A. Let B = ﬂltﬁlj B

In order to prove Theorem 24, we follow these steps:
1. We will prove that each A; happens with high probability, and therefore by union bound,
A happens with high probability also.
2. We prove that each B,,, conditioned on A happens with high probability, and by union
bound, B conditioned on A also happens with high probability.
In order to prove 2, we will show that for each 1 < m < L J there is an augmenting path
between v(2m-1) and v(2m) which only consists of vertices between layers is,,_1 and igy,.
Therefore, these augmenting paths are vertex-disjoint from each other. These paths can be
augmented simultaneously since they don’t interfere with each other. So, 1 and 2 combined
with this fact imply that the active graph, A contains a perfect matching or a near perfect
matching with high probability.

Before we move on to proving 1 and 2, we note that G(P®,Q®") and V(A®) are both
random variables. In particular, V(A®) = (V(Kﬁl)) \ U(Z)) U.S, where S is a random subset

of U obtained by excluding every vertex with probability p. However, if we fix the vertex
set V (A(i)), then the edges of G(P(i), Q(i)) have the same distribution as that of a random
bipartite graph; we remind the reader that P U Q® is an arbitrary bipartition of A (see
Definition 21). Formally:

» Observation 30. For1 <i<t, G (PW,QW) conditioned on V (AW) = S, where |S| = a;,
has the same distribution as B (L%J, L%J,p)

Now we prove the following lemma;:

» Lemma 31. For1 <i<t¢, Pr(-A4;) =0 (%) Moreover, Pr(=A) = O (7%4)

Proof. We know that:

v (A9) =1) P (v (49) =)
= ZO || - efm‘p) -Pr (V (A(i)) = T) (Due to Observation 30 and Lemma 25)
= ZO ( ) (A( >) T) (Due to Claim 23 that a; > 300logn and p > 0.5)

1
=0 ( ) (Since we are summing over disjoint events).

By union bound it follows that, Pr (-.A) = O (7). <
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Np(v)
} A(iZm—I)

M (Np())

N 0D
} A(im)

Figure 2 Case 1: When unmatched vertices are in consecutive layers.

» Theorem 32. For 1 <m < |£], Pr(=B,, | A) = O (). Therefore, by union bound it
follows that Pr (=B | A) = O (5).

Proof. To bound Pr (=8, | A), we consider two cases:

1. Case 1: vy, _, and vj,  are in consecutive layers. That is, 42, = iam—1 + 1. We
will give an overview of what we are about to do. We will use v to denote v;,,, ,, v’ to
denote v;, , P and P’ to denote P(2m-1) and P(2») @ and @’ to denote Q(*2m-1) and

Q'2m) respectively.

» Definition 33. Let Np(v) (resp. Np/(v')) denote the set of vertices in P (resp. P’)
adjacent to v (resp. v'). Let degp(v) (resp. degp:(v')) denote |[Np(v)| (resp. |Np:(v')]).

For a set of vertices S, let M’(.S) denote the set of vertices matched to S in M’ (refer
to Definition 28 for the definition of M’). We will prove that with high probability
M (Np(v)) | and M’ (Np/(v')) ]| are large. Conditioned on these sizes being large, we
will prove that there is an edge (x,2’) in A where z € M’ (Np(v)) and 2’ € M’ (Np/(v')).
It follows there is an augmenting path P = (v, M'(z),z,2’, M’(z’),v') in A (note that
M’ (z) € Np (v) and M’ (2') € Np/ (v')). (See Figure 2)

To show this, we first show that |Np(v)| and |Np/(v')] are large with high probability.
We will condition on A, so M’ (Np(v))| and |[M’ (Np/(v')) | will consequently be large
with high probability. It then follows that one of the edges between these two sets is in A
with high probability.

FSTTCS 2020
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Ipai (M (Sj-1)
=5

M 5

Figure 3 Case 2: When v and v’ are not in consecutive layers.

We now turn to the formal proof of case 1. Let X, and X, be the random variables
denoting degp(v) and degp/(v') respectively (see Definition 33). Each edge incident on v
and v’ in A is sampled independently with probability p € [0.5,0.75]. This is true even
if we condition on the event A. Consequently, E[X, | A] = E[X,] > 75logn. Since X,
is the sum of 0 — 1 independent random variables, we may apply Chernoff bound (see
Theorem 26). It follows that:

1
Pr(X, <25logn|.A)=0 <$> .
Similarly, we have:
ns

Pr (X, §25logn|A)=O< ! )

Define Y to be the event that |[M’ (Np (v))| > 25logn and M’ (Np/ (v')) | > 25logn.



A. Bernstein and A. Dudeja 11:11

Observe that,

1
Pr(=Y | A) <Pr(X, <25logn|A)+Pr(X, <25logn|.A) =0 (ns) .
Define Z to be the event that there is an edge between M’ (Np (v)) and M’ (Np/ (v')).
Observe that,

Pr(-2 | 4) < Pr(D [ A) +Pr(2 19,4 =0 () + ot
The second term follows from the fact that each edge appears independently with
probability p € [0.5,0.75], and there are Q(log?n) edges between M’ (Np (v)) and
M’ (Np: (v')) conditioned on Y. It follows that Pr (=B, | A) < Pr(=Z | A) = O ().
This proves our claim for this case.
2. Case 2: izm > igm-1 + 1. We denote v;,,, , by v, Pplizm-1) by P and pliam) by v’. Let
f =i9m —iom—_1. For 1 < j < f, let P2m-1+J) be denoted by P + j. We similarly define
Q and @ + j (see Figure 3). We also define the following sets:

SO = NP(U)
Sj = Np4j(M'(Sj_1)) for 1 <j < f.

For 0 < j < f, let &; be the event that |M’(S;)| > 25logn. Let £ be the event that
there is an edge between v and M’(Sy). It is easy to check that the occurrence of
Xo, X1 -+, Xy implies that there is an alternating path from v to a large set of vertices
(at least Q (logn)) in Q + j for all j € [f]. Note that £ implies that there is an edge from
Q@+ f tov'. Combined, & ---, Xf, € imply an augmenting path from v to v'. We thus
have:

» Observation 34. Let B,, and X1, -, X5, E be as defined above (refer to Definition 29
for a definition of B,,), then:

Pr (B, | A) > Pr (mgzoxk ne ] A) .

From the above observation, we deduce that in order to upper bound Pr (—=85,, | A), it is
sufficient to upper bound Pr (Uﬁzoﬁ/\,’k U-£ ‘ A). We know that:

;
Pr(Ufg=Xeu=e [ A) < D7 Pr (-2 | niZha 0 A) + Pr (=€ [ nf,dn A).
k=0

(Follows from the definition of conditional probability)

We computed Pr(—Xp | A) in case 1. We remind the reader this is just the probability
that |[M'(Sp)| < 25logn. We now show how to compute Pr(=&; | A, Ay, -+, Xj_1).
Consider any w € P + j. We want to compute the probability that w is in the set
Npij(M’'(S;-1)) = S; conditioned on the events X;_; and A. Since every edge on w is
present in the active graph A independently with probability p:

Pr(wé¢S;| A X, -, X_1) < (1—p)>ler 3)

25logn
1
< (2) (Due to the fact that p > 0.5). (4)
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This implies that:
E HSJ| | A7 X(), s ,Xjfl] Z 100 10g n.

Since |S;| is a sum of 0 — 1 random variables (it is the sum of 1(,¢g,3, that take value 0
with probability O ( : ) (due to Equation (4)) and 1 otherwise), we can apply Chernoff

25

bounds (Theorem 26):

1
Pr(|SJ| < 2510gn ‘ A, X(), te ,Xjfl) =0 (9) .
n
Since we condition on A (that is a perfect or, a near perfect matching being present), we
know that:
M (S5) | = 1S}]

Consequently, we have:

Pr(JM’'(S;)] <25logn | A, Xy, -+, Xj—1) = Pr(|S;| < 25logn | A, X, -+, Xj_1)

of)

Finally, we want to bound Pr (=€ | A, Xp,--- , X}). This can be upper bounded:
1 25logn
Pr(ﬁg ‘ ‘AaXOa"' 7Xf) < (2)
(Edges on v" appear independently with probability p > 0.5)

1
-0 (5)
It is immediate from Observation 34 that:
1

From case 1 and case 2, we know that by union bound, Pr (=B | A) = O (). <

Proof (Theorem 24). From Lemma 31 and Theorem 32 we have that:

1
Pr (A does not contain a perfect matching ) < Pr(=A) +Pr (=B | A) = O <4> .«
n

3.5 Lower Bound On Lengths of Augmenting Paths
We start with some definitions:

» Definition 35. For i € {1,--- ,m}, we denote by e;, the edges arriving at time i. Let
S ={eosm, * ,€0.m5m}-

This section will be devoted to proving that among the edges in S, Q (n) edges will join

augmenting paths of expected length (L), and the algorithm is forced to augment along

logn

these. Formally,

» Theorem 36. With high probability, there exists S' C S, |S'| > 155 such that each e € S’

n
logn ) °

joins an augmenting path of expected length at least ) (
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We first give a proof of Theorem 10 using Theorem 36:

Proof (Theorem 10). For i € [m], let Z; be the random variable denoting the length of the
augmenting path that we augment along when the edge e; joins. Let Z = Z;’;l Z;, which
is the random variable denoting the total length of the augmenting paths taken during the
course of the algorithm. We want to compute the quantity E [Z]. We note that:

Bl2]= Y El2] > 3 ElZ] =150 (o)

jeSs’

-5
logn

(Due to Theorem 36) <

Before we prove Theorem 36, we need certain observations, and the following version of
Chernoff for negatively associated random variables:

» Theorem 37. [6] Let Xy, - , Xy be 0 — 1 random variables that are negatively associated.
Let u=FE {Zle Xz}. Then, for any 0 < 4§ <1,

52

k
Pr <Z X; <(1- 5)u> <e 7 and, (5)

k 2
Pr (ZX > (1+5)u> <e . (6)

We remind the reader of the edges M in graph G between D and U (refer to Section
3.12). Note that [M| > 2. Further, M = Ul_; M®) and [M®| > 100logn for all i € [t].
We now prove the following claim about S:

> Claim 38. Let R be the event that for all i € [t], |[M ) N S| > 10logn. Then, Pr(R) >
1-0 ().

n3

Proof. Consider any M®, and let e € M), Let Z, be a 0 — 1 random variable that takes
value 1 if e € S, and 0 otherwise. Let Z = ) ;) Z.. This is the random variable that
denotes |M NN |. Further, Z is a sum of negatively associated random variables, and
therefore obeys the condition of Theorem 37. We note the following:

1
Pr(Z.=1) = 1 and, E[Z] = 25logn.

It follows that:

1
Pr(Z < 10logn) < exp (f (0.6)* (0.5) 25 log n) < exp(—4.5logn) =0 <n4) .

Due to union bound, we know that Pr(R) >1— O (7). <
We also have the following corollary due to Claim 38:
» Corollary 39. With probability at least 1 — O (%), [M N S| > £

We are ready to define the candidate set S’ in Theorem 36, but before that we give a
final definition:
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» Definition 40. Consider edges e € M®) and f € MY (see 3.12 for the definition of M® ).
Then let d (e, f) = min{t — |i — j|,|i — j|}.

Let MNS = {Gm e, } Let us assume without loss of generality that before the arrival
of e;,, the set V(G;,_1) is even, so by Theorem 16 the graph G;, _; has a perfect matching.
We define S’ to contain every second edge of M NS: that is, S’ = {eiz, €igy ,eiQLqJ } For

2
the rest of the proof we proceed as follows: we will show that with high probability, when
€;,. arrives, it will join an augmenting path ending at e;,, , where s € {17 RN L%J } Let
€y, € M) and €inyy1 € MG, Then, the length of the augmenting path that e,,, , joins is
at least d(e;,._,,ei,.) =min{t — |§' — j|, |7’ — j|}. We prove that the expected value of this
quantity is at least (

logn
We prove the following observation:

» Lemma 41. Let e and f be two edges that are chosen uniformly at random from M. Then,

Eld(e, /)] > 3500 ogm -

Proof. The total number of possible choices for (e, f) = (£) - (2 —1). The total number
choices for (e, f) such that d (e, f) = k, are (m) - (1001logn) - (2001logn). To see this,

fix a layer for e, then the number of choices of f for which d (e, f) = k are exactly 200 log n.
Finally, the total number possible choices of layers for e is m. This implies that:

(50010gn) (10010g7’l) (QOOIOgn)
e =0 = GBEEED
5
(somtew) - (10010g7) - (200 log n)
- (5)- (%)
> 1000logn.
n
Finally, we have that:
%
3 n
E[d(evf)}:ZhPr(d(e,f):k)zZ:W. <

We state an immediate corollary of Lemma 41:

» Corollary 42. For alls € {1,---,[2]}, E[d (e, _,.€i,.)] = 3000 Tog 7 -

» Lemma 43. If GP™ contains a perfect matching or a mear perfect matching for all
pE {0.5, (]'5'$+1,- - 0'757';”*1,0.75}, then for all s € {1, S L%J }, €iy. JOINS an augmenting
path that ends in e;,, .

Proof. We remind the reader that |V (GP"™)| is a random variable (check Definition 14)
and it’s value increases if and only if the edges in M arrive. Recall the assumption that
|V (Gi,-1) | is even. Upon the arrival of e;,, we have a near perfect matching in the graph,
and this remains the case until e;, arrives. At this point under our assumption, there must
be a perfect matching in the graph. However, the matching that is currently maintained
by the algorithm leaves the vertices are the end points of e;; and e;, in D unmatched.
(Here we use the simplifying assumption from the preliminaries that the algorithm is only-
augmenting, so since the arrival of e;; does not increase the size of the maximum matching,
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and since the algorithm only changes the matching via augmenting paths, the endpoint of
e;, in D remains free until the arrival of e;,.) It follows that these endpoints are joined
together by an augmenting path. Continuing this way, we can prove the theorem for any

se{l- 3]} <

Proof (Theorem 36). Let F be the event that there is an S’ C S, |S| > 135 such that each
e € S§" augments along a path of expected length at least Q (1 ) Note that the event F

n
ogn

fails to happen if one of these go wrong:

1. |S'] < 7&. We call this event —¢/. We know from Corollary 39 that Pr(-/) = O (-5).

This is because S’ just takes alternate elements from S.
2. Let V be the event that for all p € {0.57 0'5'$+1,~-- , 0'75"”*1,0.75}, GP™ contain a

perfect matching or a near perfect matching. Then, fromniemma 43 we know that V
implies that for all s € {1, s L%J }, €i,._, joins an augmenting path ending in e,,,.
From Corollary 42, we know all these paths have expected length at least m. We
know from Corollary 19, that Pr(=V) = O ().

n
It follows that the occurrence of A and B implies the occurrence of F. Consequently,

Pr(F)>1-Pr(-U) —Pr(=V)>1-0(2). <

n

4 Conclusion and Open Problems

We consider the problem of maximum matching with recourse in the random edge-arrival
setting. The goal is to compute the expected recourse. As mentioned in the introduction,
there are strong lower bounds of 2 (n2) in the adversarial edge-arrival model, even for the case
of simple paths. For random edge-arrivals, we can do significantly better for special classes
of graphs: we prove an upper bound of O (nlogn) for the case of paths and O (n log? n) for
the case of trees. This bound is tight up to logn factors, since we prove that for the case
of paths, any algorithm must take expected total recourse of 2 (nlogn). But for general
graphs, we show that random arrival is basically as hard as adversarial arrival: we give a

family of graphs for which the expected recourse is at least {2 (b";n).
An interesting open question is the case of bipartite graphs: if edge-arrivals are random,

can we prove a similar lower bound of €2 ( ) on the expected recourse? Our current

2
lower-bound construction seems hard to extend to the bipartite case, as our proof crucially
relies on the fact that after a constant fraction of the edges have arrived, if we focus only on
the non-isolated vertices in the lower-bound graph G, then G contains a perfect matching
with high probability. This allowed us to force the adversary to take an augmenting path
between every new pair of non-isolated vertices. But in the case of bipartite graphs, it
seems difficult to guarantee a perfect matching between the non-isolated vertices because the
number of non-isolated vertices on the left might not be equal to the number on the right; in

fact, they are likely to differ by a © (y/n) factor.
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