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—— Abstract

CLUSTER EDITING, also known as correlation clustering, is a well-studied graph modification problem.
In this problem, one is given a graph and allowed to perform up to k£ edge additions and deletions to
transform it into a cluster graph, i.e., a graph consisting of a disjoint union of cliques. However, in
real-world networks, clusters are often overlapping. For example, in social networks, a person might
belong to several communities — e.g. those corresponding to work, school, or neighborhood. Another
strong motivation comes from language networks where trying to cluster words with similar usage
can be confounded by homonyms, that is, words with multiple meanings like “bat”. The recently
introduced operation of vertex splitting is one natural approach to incorporating such overlap into
CLUSTER EDITING. First used in the context of graph drawing, this operation allows a vertex v to
be replaced by two vertices whose combined neighborhood is the neighborhood of v (and thus v can
belong to more than one cluster). The problem of transforming a graph into a cluster graph using
at most k edge additions, edge deletions, or vertex splits is called CLUSTER EDITING WITH VERTEX
SPLITTING and is known to admit a polynomial kernel with respect to k£ and an 0(9]“2 +n+m)-time
(parameterized) algorithm. However, it was not known whether the problem is NP-hard, a question
which was originally asked by Abu-Khzam et al. [Combinatorial Optimization, 2018]. We answer
this in the affirmative. We further give an improved algorithm running in O(27%°8* 4 n 4 m) time.
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1 Introduction

Correlation clustering is a fundamental problem in data mining and machine learning that
aims to identify groups of similar objects based on their pairwise similarity or dissimilarity.
This problem arises in various domains, including social network analysis, image segmentation,
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document classification, gene expression analysis, and many more. Broadly speaking, the
goal of correlation clustering is to partition the objects into clusters such that objects within
the same cluster are more similar to each other than to objects in different clusters.

Correlation clustering has also been studied in algorithmic graph theory [34]. In this
setting, the input is a graph and two vertices share an edge if they are similar. The goal is
then to add or remove a minimum number of edges such that the resulting graph is a cluster
graph, that is, a disjoint unions of cliques. This problem is typically known as CLUSTER
EDITING and formally defined as follows.

CLUSTER EDITING

Input: A graph G = (V, E) and an integer k.

Question: Does there exist a set F' C (‘g) of size at most k such that G = (V, EAF)

is a cluster graph?

Here, A is the symmetric difference between two sets. Equivalently, one can ask whether
there is a sequence (01, 09,...,0¢) of length ¢ < k where each o; describes either an edge
addition or an edge removal between two vertices such that performing all operations in the
sequence yields a cluster graph.

CLUSTER EDITING has been extensively studied in terms of both classic and parameterized
complexity. Cai [9] showed a general result implying an O(3%-n?)-time algorithm for CLUSTER
EDITING. This running time has since been improved several times [23, 25, 29]. Moreover, it
is known that CLUSTER EDITING admits a polynomial kernel with respect to k [21].

However, it has been observed that real-world data usually does not neatly conform
to such an equivalence relation [27, 36, 40]. This lead to the study of detecting so-called
overlapping communities [5, 31], with applications in categorizing videos [35], classifying
emotions in music [41] and sentiments in online posts [33], document classification [18, 32],
and protein clustering based on amino-acid sequences [8].

The overlapping clusters model we study was introduced by Abu-Khzam et al. [2], who
augmented CLUSTER EDITING with a vertez-splitting operation which enables vertices to
belong to multiple clusters. Specifically, in addition to allowing edge modification, a vertex v
can be split into two vertices vy, v such that N(v1) U N(ve) = N(v), where N is the (open)
neighborhood of a vertex (see Figure 1 for an example). In the same article [2], they show that
this generalized problem admits a quadratic vertex kernel and an FPT algorithm. A slightly
tighter analysis than the paper provides reveals that the algorithm runs in O(9k2 +n+m)
time. Abu-Khzam et al. [1] later provided a greedy algorithm, but it was still not known
whether the problem is actually NP-hard, a question posed by the former set of authors. We
settle this question by showing that the following problem is indeed NP-complete.

CLUSTER EDITING WITH VERTEX SPLITTING (CEVS)

Input: A graph G = (V, E) and an integer k.

Question: Does there exist a sequence o = (01,02, ...,0,) of length ¢ < k, where
each o; is an edge addition, an edge removal, or a vertex splitting, such
that performing the operations in ¢ turns G into a cluster graph?

Related work. In addition to the aforementioned work [1, 2], overlapping clustering has
been studied from the graph-editing point of view before, but under a less natural restriction.
Fellows et al. [16] consider the problem where each vertex (and edge) is allowed to participate
in a fized number of clusters. In real-world applications, however, there is no fixed number s
such that every vertex belongs to at most s cliques. Indeed, some vertices naturally belong
to many clusters and some to few.
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(a) A graph with two overlapping clusters
that can be separated by two vertex splits.

(b) The graph after splitting d into di and d2 and e
into e1 and eaz.

Figure 1 An example of an instance where the budget needed for CLUSTER EDITING is 8, and
where the resulting graph is quite different from the input graph (d has to be disconnected completely
from (e.g.) g, h, ¢, and j). In CEVS, we only need a budget of 2, and the resulting graph is very
similar to the input graph.

To the best of our knowledge, the first use of vertex splitting in graph modification
is the PLANAR VERTEX SPLITTING used in graph drawing [15], a problem shown to be
FPT quite recently by Nollenburg et al. [30]. Even more recently, an FPT algorithm was
given for obtaining a 2-layer planar drawing of a graph after at most k vertex splits [3]. In
addition, vertex splitting has also been studied in the context of reducing a graph’s pathwidth
by Baumann, Pfretzschner, and Rutter [6], who also show that the problem II-VERTEX
SPLITTING is definable in MSOs (provided that IT is), making the problem FPT for graphs
of bounded treewidth.

Finally, we would also like to highlight that finding ever faster algorithms for overlapping
clustering and community detection is a major area of study in complex networks [4, 7, 11,
19, 20, 39, 43].

2 Preliminaries

For a positive integer n, we use [n] = {1,2,...,n} to denote the set of all positive integers
up to n. All logarithms in this paper use 2 as their base.

We use standard graph-theoretic notation and refer the reader to the textbook by
Diestel [12] for commonly used definitions. For an introduction to parameterized complexity,
fixed-parameter tractability, and kernelization, we refer the reader to the textbooks by Flum
and Grohe [17] and Cygan et al. [10]. The only non-standard graph concept used in this
work are critical cliques as introduced by Lin et al. [28].

» Definition 1. A critical clique is a subset of vertices C that is maximal with the properties
that

1. C is a clique

2. there exists U C V(G) s.t. N[v] =U for allv € C.

» Lemma 2 ([2, 28]). Every vertex appears in exactly one critical clique.

We denote the critical clique in which a vertex v appears by CC(v). The critical clique
quotient graph C of G contains a vertex for each critical clique in G and two vertices are
adjacent if and only if the two respective critical cliques C; and Cy are adjacent, that is,
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there is an edge between each vertex in C7 and each vertex in C5. Note that by the definition
of critical cliques this is equivalent to the condition that at least one edge {u,v} with u € Cy
and v € (5 exists. The main reason that critical cliques turn out to be useful when studying
CEVS is captured by the following lemma.

» Lemma 3 ([2]). Let o be an optimal solution to CEVS. Then for each critical clique C; and
each clique S; in the cluster graph reached after performing the operations in o, either C; C S;

OT‘CZ‘QSJ‘:@

To show NP-hardness, we reduce from the well-known NP-complete problem 3-SAT.
3-SAT

Input: A CNF formula ¢ where each clause contains exactly three distinct literals.
Question: Is ¢ satisfiable?

Even stronger hardness results than NP-hardness can be achieved if one assumes the
exponential time hypothesis (ETH) to be true. The ETH, formulated by Impagliazzo, Paturi,
and Zane [24], states that there exists some positive real number s such that 3-SAT on N
variables and M clauses cannot be solved in 25(V+M) time,

3 NP-hardness

In this section, we show that CLUSTER EDITING WITH VERTEX SPLITTING is NP-hard,
thereby resolving an open problem posed by Abu-Khzam et al. [2].

» Theorem 4. CEVS is NP-complete. Moreover, assuming ETH, there is no 2°0"™) _time
or 2°0) . poly(n)-time algorithm for it.

Proof. Since containment in NPis obvious (non-deterministically guess the sequence of
operations and check that the resulting graph is indeed a cluster graph), we focus on the
NP-hardness and present a reduction from 3-SAT. Therein, we will use two gadgets, a variable
gadget and a clause gadget. The variable gadget is a wheel graph with two (connected) center
vertices. An example of this graph is depicted on the left side of Figure 2. We call this graph
with ¢ vertices on the outside W; and we will only consider instances with ¢t mod 6 = 0, that
is, t = 6a for some positive integer a. The clause gadget is a “crown graph” as depicted in
Figure 3(a).

More precisely, for each variable z;, we construct a variable gadget G; which is a Wy,
where a is the number of clauses that contain either z; or —x;. For each clause Cj, we
construct a clause gadget Hj, that is, a K5 with the edges of a triangle removed. We
arbitrarily assign each of the three vertices of degree two in H; to one literal in C;. Finally,
we connect the variable and clause gadgets as follows. If a variable x; appears in a clause C},
then let u be the vertex in H; assigned to x; (or —z;). Moreover, let b be the number such
that C; is the b*® clause containing either z; or —x; and let ¢ = 6(b — 1). Let the vertices
on the outer cycle of G; be vi,vs,...,v6,. If C; contains the literal x;, then we add the
three edges {u,vet1}, {u, veya}, {6, veps}. If C; contains the literal —x;, then we add the
three edges {u, veta}, {u, veys}, {4, vera}. To complete the reduction, we set k = 35M — 2N,
where M is the number of clauses and N is the number of variables.

We next show that the reduction is correct, that is, the constructed instance of CEVS is
a yes-instance if and only if the original formula ¢ of 3-SAT is satisfiable. To this end, first
assume that ¢ is satisfiable and let 8 be a satisfying assignment. For each variable z; we will
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(b) One of the three ways of trans-
forming Ws into two K5’s using six
(a) The graph Ws (variable gadget). operations.

Figure 2 The graph W, requires 8¢ — 2 edits and any solution with exactly 8¢ — 2 edits results
in a disjoint union of Kss.

partition G; into K5’s as follows. Let a be the value such that G; is isomorphic to Wg,. If 8
sets x; to true, then we remove the edge {vs;,vs;11} and add the edge {vs; 41, v3543} for each
integer 1 < j < 2a (where values larger than 6a are taken modulo 6a). If § sets x; to false,

then we remove the edge {v3;41,vs;42} and add the edge {vs;y2,v3j44} for each 1 < j < 2a.

Moreover, we split the two center vertices 2a — 1 times. In total, we use 8a — 2 modifications
to transform G; into a collection of K3’s. Since each clause contains exactly three literals and
we add six vertices for each variable appearance, the sum of lengths of cycles in all variable
gadgets combined is 18 M. Hence, in all variable gadgets combined, we perform 24M — 2N
modifications.

Next, we modify the crown graphs. To this end, let C; be a clause and let H; be the
constructed clause gadget. Since [ is a satisfying assignment, at least one variable appearing
in Cj satisfies it. If multiple such variables exist, then we pick any one. Let x; be the selected
variable and let u be the vertex in H; assigned to x;. We first turn H; into a K4 and an
isolated vertex by removing the two edges incident to u in H; and add the missing edge
between the two vertices assigned to different variables. Finally, we look at the edges between
variable gadgets and clause gadgets. For the vertex u, note that by construction the three
vertices that u is adjacent to in G; already belong to a K5 and hence we can add two edges
to the two (split) centers of the variable gadget to get to a Kg. For the two other vertices
in H; that have edges to vertices in variable gadgets, we remove all three such edges, that is,
six edges per clause. Hence, we use 3 + 2 + 6 = 11 modifications for each clause. Since the
total number of modifications is 35M — 2N and the resulting graph is a collection of Ky’s,
K3’s, and Kg’s, the constructed instance of CEVS is a yes-instance.

For the other direction, suppose the constructed instance of CEVS is a yes-instance. We
first show that 24M — 2N modifications are necessary to transform all variable gadgets
into cluster graphs and that this bound can only be achieved if each time exactly three
consecutive vertices on the cycles are contained in the same K5. To this end, consider any
variable gadget G;. By construction, G; is isomorphic to Ws, for some integer a. By the

counting argument from above, we show that at least 8¢ — 2 modifications are necessary.

Note first that some edge in the cycle has to be removed or some vertex on the cycle has to
be split as otherwise any solution would contain a clique with all vertices in the cycle and
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(b) Good solution: One added
edge and two deleted edges.

A (e) Bad solution 3: one split,
(c) Bad solution 1: three (d) Bad solution 2: two splits one deleted edge, and one
added edges. and one added edge. added edge.

Figure 3 The crown graph with its four solutions of size 3. The good solution is the only solution
with three operations that creates at least one isolated vertex.

this would require at least 18a% — 9a > 8a — 2 edge additions (since the degree of each of
the 6a vertices in the cycle would need to increase from 2 to 6a — 1). We next analyze how
many modifications are necessary to separate b vertices from the outer cycle into a clique. We
require at least two modifications for the center vertices (either splitting them or removing
the edges between them and the first vertex that we want to separate) and one operation
to separate the cycle on the other end (either splitting a vertex or removing an edge of the
cycle). For b € {1,2} these operations are enough. For b > 3, we need to add (g) -(b-1)
edges (all edges in a clique of size b minus the already existing edges of a path on b vertices).
Note that the “average cost” per separated vertex (number of operations divided by b) is
minimized (only) with b = 3 with a cost of 4 for three vertices. Hence, to separate all but ¢
vertices from the cycle, we require at least 4(6a — ¢)/3 operations. The cost for making the
remaining c vertices into a clique requires again (;) — (¢ —1) edge additions. Analogously,
the optimal solution is to have ¢ = 3 with just a single edge addition. Thus, the minimum
number of required operations is at least 4(6a — 3)/3 + 2 = 8a — 2 (where the +2 comes
from the initial edge removal and the final edge addition between the last ¢ = 3 vertices) and
this value can only be reached by partitioning the cycle into triples which each form a Kj
with the two center vertices. Note that it is always preferable to delete an edge on the outer
cycle and not split one of the two incident edges as splitting a vertex increases the number
of vertices on the cycle and thus invokes a higher average cost. Next, we analyze the clause
gadget and the edges between the different gadgets. We start with the latter. Let u be a
vertex in a clause gadget H; with (three) incident edges to some variable gadget. The only
way to not use at least three operations to deal with the three edges is if u is an isolated
vertex or if the three neighbors do not have two more neighbors in the current solution. In
the former case, we can (possibly) add the two edges between u and the two centers of the
respective variable gadgets to build a Kg. In the latter case, we have used at least three
operations more in the variable gadget than intended (either by removing edges between
neighbors of u and the center vertices or by splitting all neighbors of u). Since each vertex in
a variable gadget is only adjacent to at most one vertex in a clause gadget, this cannot lead
to an overall reduction in the number of operations and we can therefore ignore this latter
case.
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We are now in a position to argue that at least eleven modifications are necessary for
each clause gadget. First, note that at least three operations are required to transform a
crown into a cluster graph. Possible ways of achieving this are depicted in Figure 3. In each
of these possibilities at most one vertex becomes an isolated vertex. To make two vertices
independent, at least four operations are required and for three isolated vertices at least
five operations are required. As shown above, at least two operations are required for each
isolated vertex with edges to variable gadgets and at least three operations are required for
non-isolated vertices with edges to variable gadgets. Thus, at least eleven operations are
required for each clause gadget and eleven operations are sufficient if and only if the three
vertices incident to one of the vertices in H; belong to the same K3 in the variable gadget.

By the argument above, at least 24M — 2N + 11M = k operations are necessary and
since the constructed instance is a yes-instance, there is a way to cover all variable gadgets
with K5’s such that for each clause there is at least one vertex whose three neighbors in a
variable gadget belong to the same K5. Let C; be a clause, let u be a vertex with all three

neighbors in the same K35, and let z; be the variable corresponding to this variable gadget.

If x; appears positively in C}, then vs;y1, v3i42, and vs; 3 belong to the same K for each 4
and we set z; to true. If x; appears negatively in C}, then vsii2,v3,13, and v3;44 belong to
the same K5 for each i and we set x; to false. Note that we never set a variable to both
true and false in this way. We set all remaining variables arbitrarily to true or false. By
construction, the variable z; satisfies C; and since we do the same for all clauses, all clauses
are satisfied, that is, the original formula ¢ is satisfiable. Thus, the constructed instance is
equivalent to the original 3-SAT instance.

Since the reduction can clearly be computed in polynomial time, this concludes the proof
for the NP-hardness. For the ETH-hardness, observe that k,n,m € O(N + M). This implies
that there are no 2°("+")_time or 2°(%) . poly n-time algorithm for CEVS unless the ETH
fails [24]. <

In contrast to the reduction for CLUSTER EDITING [26], our reduction does not produce
instances with constant maximum degree. We instead observe that in our reduction, the
maximum degree of the produced instances depends only on the maximum number of times
a variable appears in a clause. Combining this with the fact that 3-SAT remains NP-hard
when restricted to instances where each variable appears in at most four clauses [37], we
obtain the following corollary.

» Corollary 5. CEVS remains NP-hard on bounded-degree graphs.

4 A faster algorithm

In this section, we improve upon the known O(Qk2 + n 4+ m)-time algorithm and present an
algorithm running in O(27%1°¢* 4 5 4+ m) time. The general outline of the two algorithms is
fairly similar. We first compute a kernel with O(k?) vertices as well as all critical cliques in
linear time [2]. We then guess? which critical cliques belong to the same clique (cluster) in

the solution. The main difference between the two algorithms is how these guesses are made.

» Theorem 6. CEVS can be solved in O(27F1°8% 1 n 4-m) time.

2 Whenever we pretend to guess something, we iterate over all possibilities and assume in the presentation
that we are currently in an iteration that yields a solution.
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Proof. First, we compute the critical clique of each vertex and the critical clique quotient
graph C of G in linear time [28]. As shown by Abu-Khzam et al. [2], we may assume
that C contains at most 4k vertices. By Lemma 3, we can also assume that all vertices in a
critical clique belong to the same clique in the graph G’ reached after performing an optimal
solution o. Let X = (S, S2,...,S¢) be the set of cliques in G’. Note that X’ contains ¢ < 2k
cliques as each operation can complete at most two cliques of the solution (removing an edge
between two cliques or splitting a vertex contained in both cliques). Hence, if there are more
than 2k cliques in the solution, then we cannot reach the solution with k operations. To
streamline the following argumentation, we will cover the vertices in C by cliques 51, Ss, ..., S¢
and assume that an optimal solution contains exactly 2k cliques by allowing some of the
cliques to be empty. Next, we iterate over all possible colorings of the vertices in C using ¢+ 1
colors 0,1,2,...,¢. Note that there are at most (¢ + 1)** € O((2k + 1)**) such colorings.

The idea behind the coloring is the following. All colors 1,2, ..., ¢ will correspond to the
cliques S, S, . . ., S, that is, we try to find a solution where all (critical cliques corresponding
to) vertices of the same color (except for color 0) belong to the same clique in the solution.
The color 0 indicates that the vertex will belong to multiple cliques in the solution, that is,
that all vertices in the respective critical clique will be split. Since each such split operation
reduces k by one, we can reject any coloring in which the number of vertices in critical
cliques corresponding to vertices with color 0 is more than k. In particular, we can reject
any coloring in which more than k vertices have color 0.

Next, we guess two indices i € [k],j € [¢] and assume that the i*" vertex of color 0 belongs
to S; or we guess that all vertices of color 0 have been assigned to all cliques they belong to.
Note that in each iteration there are k¢ + 1 possibilities and since each guess (except for the
last one) reduces k by at least one, we can make at most k guesses (after k guesses we know
that the next guess has to be that all vertices have been fully assigned). Hence, there are at
most (k€ + 1)* = (2k? + 1)* € O((2k + 1)?) such guesses.

It remains to compute the best solution corresponding to each possible sequence of guesses.
To this end, we first iterate over each pair of vertices and remove an existing edge between
them if we guessed that the two vertices do not appear in a common clique. Moreover, we
add an edge between them if such an edge does not already exist and we guessed that there
is a clique S; which contains both vertices. Finally, we perform all split operations. Therein,
we iteratively split one vertex v into two vertices u; and us where u; will be the vertex in
some clique S; and us might be split further in the future. The vertex u; is adjacent to all
vertices that are guessed to belong to S;. The vertex us is adjacent to all vertices that u was
adjacent to, except for vertices that are adjacent to u; and not guessed to also belong to
some other clique S; which (some part of) us belongs to.

Since our algorithm basically performs an exhaustive search, it will find an optimal solution.
It only remains to analyze the running time. We first compute the kernel in O(n + m) time.
We then try O((2k+1)**) possible colorings of C and for each coloring O((2k+1)2*) sequences
of guesses. Afterwards, we compute the solution in O(k%) time. Thus, the overall running
time is in O((2k + 1)%% - k3 + n +m) C O(27F1°8k 4 n 4 m). <

We mention in passing that while the constants in the running time of our algorithm
can probably be improved, a completely new approach is required if one wants a single-
exponential-time algorithm. This is due to the fact that the number of possible partitions
of O(k) critical cliques into clusters grows super-exponentially (roughly as fast as k!) even if
no vertex-splitting operations are allowed.
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5 Conclusion

On the one hand, we resolve an open question from the literature by showing that CEVS is NP-
complete. We also show that, assuming the ETH, there are no 2°*+™)_time or 2°(%) . poly(n)-
time algorithms for CEVS. On the other hand, we give an O(27%1°2¥ 4 1 4+ m)-time algorithm,
beating the previously best O(9k2 + n 4+ m) algorithm. This leaves the following gap.

» Open problem. Does there exist a 2°%) - poly(n)-time algorithm for CEVS?

However, even resolving this question should only be seen as a starting point for a much
larger undertaking. While we do understand the parameterized complexity of CEVS with
respect to k reasonably well, there are still a lot of open questions regarding structural
parameters of the input graph. Moreover, one might also study the approximability of CEVS
as the trivial constant-factor approximation of CLUSTER EDITING does not carry over if
we allow vertex splitting. In case CEVS turns out to be hard to approximate, one might
then continue with studying FPT-approximation (schemes) and approximation kernels (also
known as lossy kernels).

Regarding real-world applications, it has been observed that requiring communities to
be cliques is too restrictive in some settings. To circumvent this issue, many relaxations of
cliques such as s-cliques, s-clubs, s-plexes, k-cores, and y-quasi-cliques have been proposed.
It would also be interesting to study vertex-splitting operations in the respective graph
editing problems for these relaxations.

Finally, a related area of study is clustering of bipartite data, which is modelled by
BI1CLUSTER EDITING and which has received significant attention recently [13, 22, 38, 42].
Overlapping structures are also relevant in the bipartite case [14]. To the best of our
knowledge, nothing is known about BICLUSTER EDITING WITH VERTEX SPLITTING. We
mention that there are two natural versions in the bipartite case and both of them seem
worth studying. The two versions differ in whether or not one requires that all copies of
a split vertex lie on the same side of a bipartition in a solution. On the one hand, the
additional requirement makes sense if the data is inherently bipartite. This happens for
example if each vertex represents either a researcher or a paper. On the other hand, if edges
reflect something like a seller-buyer relationship, then it is plausible that a person both sells
and buys.
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