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Abstract

Whispering-gallery-mode (WGM) cavity is important for exploring physics of strong light-matter interaction. Yet it
suffers from the notorious radiation loss universally due to the light tunneling effect through the curved boundary.
In this work, we propose and demonstrate an optical black hole (OBH) cavity based on transformation optics. The
radiation loss of all WGMs in the ideal OBH cavity is completely inhibited by an infinite wide potential barrier. Besides,
the WGM field in the OBH cladding is revealed to follow 1/r* decay rule based on conformal mapping, which is fun-
damentally different from the conventional Hankel-function distributions in a homogeneous cavity. Experimentally,
a truncated OBH cavity is achieved based on the effective medium theory, and both the Q-factor enhancement and
tightly confined WGM fields are measured in the microwave spectra which agree well with the theoretical results. The
circular OBH cavity is further applied to the arbitrary-shaped cavities including single-core and multi-core struc-
tures with high-Q factor via the conformal mapping. The OBH cavity design strategy can be generalized to resonant
modes of various wave systems, such as acoustic and elastic waves, and finds applications in energy harvesting and

optoelectronics.
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1 Introduction

Whispering-gallery-mode (WGM) cavity is an intriguing
platform for intensely enhancing light-matter interac-
tion, which lays the foundations for ultra-low threshold
lasers [1, 2], ultra-sensitive sensing [3—5], nonlinear
optics [6—8] and quantum photonics [9-11]. The conven-
tional WGM cavity is composed of homogeneous mate-
rials with constant refractive index both in the core and
cladding. The light field is confined in the cavity through
the total internal reflection (TIR) and enhanced through
constructive interference. The ultrahigh-Q factor has
been realized in various dielectric WGM cavities with
a large mode volume (V) and angular momentum [6, 7,
12-14]. Nevertheless, the intrinsic radiation loss in an
open boundary cavity with finite dielectric constant is
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ubiquitous, due to the light tunneling in the curved sur-
face from the analog of quantum mechanics [15-18]. This
radiation loss is remarkably increased and becomes the
dominant loss mechanism when the resonant wavelength
is comparable to the geometry size of the cavities [19, 20].
There is relentless effort for optimizing the Q/V in opti-
cal cavities, which is of great importance in exploring the
cavity quantum electrodynamics (QED) [19, 21, 22].

So far, various approaches have been proposed to
manipulate the radiation loss and improve the Q-factor
[16, 23-25]. For example, the plasmonic cavity [16, 26,
27] was constructed employing the strong optical-field
localizations of metals, however, the intrinsic ohmic loss
in the plasmonic platform is unavoidable. Alternatively,
the radially anisotropic claddings were implemented
to compress more energy into the core of cavity, result-
ing in tighter optical confinement and a substantially
higher Q-factor [23]. Unfortunately, for natural materi-
als the anisotropic parameters are still challenging to
implement.
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Transformation optics (TO) offers great versatility for
manipulating light rays and electromagnetic fields with
novel functionalities in inhomogeneous dielectric mate-
rials [28-33] and structured metallic objects [34—36].
Many fascinating optical structures designed by TO,
enable light deflection and trapping to mimick the cos-
mology effects [37-44]. In this work, we utilize TO
theory to construct a class of optical black hole (OBH)
cavities, including the single-core and multi-core cavity.
The WGM fields outside the core of circular OBH cavity
are revealed to follow an unconventional 1/r* decay rule
from conformal mapping. Employing the effective poten-
tial model, we strictly prove that the radiation loss of
WGM in the ideal OBH cavity can be completely inhib-
ited thus the radiation Q-factor is infinite. Experimen-
tally, we demonstrate both the Q-factor enhancement
and tight field confinement of the truncated OBH cavity
compared with a homogeneous cavity in the microwave
spectra. The circular OBH cavity is further applied to
the arbitrary-shaped cavities including single-core and
multi-core structures with high-Q factor via the confor-
mal mapping. This work paves the way to surface field
manipulation with conformal transformation, which can
be generalized to resonant modes of various wave sys-
tems, such as acoustic and elastic waves, and finds appli-
cations in energy harvesting and optoelectronics.

2 Results and discussions

Let’s start by reviewing the TIR at the planar interface
between two dielectric media as shown in Fig. 1a, con-
sidering a light beam with incident angle 6; impinging
on the boundary from a denser medium (7). When 6; is
greater than the critical angle 6, (6, = arcsin(fl—‘l))), only
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the decaying evanescent field exists in the less dense
medium (ng). Based on the TO theory, wave propagation
in physical (z) space with homogeneous index (1;) could
be equivalent to that in the virtual (w) space with inho-
mogeneous index distribution. Thus, a two-dimensional
(2D) OBH cavity in virtual space (w = u + iv) is con-
structed by implementing an exponential transformation:
w = wpe?/? as shown in Fig. 1b, where z = x + iy is com-
plex variables of the physical space, wp and zp are the con-
stants in w space and z space, respectively. The refractive
index profile of OBH cavity is derived as:

n(r) = { g
m

Note that we only conformally map the index distribu-
tion in the claddings (r > R) and keep the core region
(r < R) intact to avoid the divergence of index in the cav-
ity center (see Additional file 1) [45]. As a consequence,
the evanescent wave in w-space with polar coordinates
can be obtained directly from the TIR-field transforma-
tion (see Additional file 1) [45]:

dz | _
ﬁ_:;—‘}e r>R 1)

r<R

E(r,p) = A(B)2eme (2)

where A is field amplitude, o = +\/m2 — (nokoR)?,
my, = BR, B and ko are the propagation wave vector in
z-space and vacuum, respectively, and ¢ is the azimuthal
angle. Therefore, the optical field in the cladding of the
OBH cavity should follow the fast decay rule (~ 1/r%),
which is radically different from the Hankel-function
distributions (asymptotic +/1/r) of a homogeneous cav-
ity. Further, a group of conformal OBH cavities, such as
single-core and multi-core shapes, are engineered based
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Fig. 1 Conformal transformation for optical black hole (OBH) cavity. Mapping the homogeneous refractive index distribution in the original straight
space (a) to a circular OBH cavity (b) with gradient index. The black and orange straight lines in (a) are transformed into the interior and exterior
circle. The core region of OBH cavity is truncated as homogeneous index. The quadrupole cavity (c1) and peanut-like cavity (c;) are transformed
from the circular OBH cavity under different structural parameters, Ry, = +/u? + v2. The black curve is the cavity boundary
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on the form invariance of Maxwell’s equations under
coordinate transformations. Specifically, the mapping
of w? = x% — 1 is performed on the circular OBH cav-
ity [equation (1)], where x = & + in, and the quadrupole
(peanut-like) OBH cavity is constructed with |R,,| = 1.55
(IRw|= 1) as shown in Fig. 1¢; (Fig. 1cy). The optical prop-
erties of these non-circular cavities are discussed later.

Now we analyze the WGM of a circular OBH cavity
via the direct solution of Maxwell’s equations in the
cylindrical coordinates. Since the transverse electric
(TE) and transverse magnetic (TM) polarizations are
decoupled, we consider the TE polarization without
the loss of generality. Employing the method of separat-
ing variables with the boundary continuity, the WGM
fields in the cladding region of OBH cavity is derived
(see Additional file 1) [45], which is nearly the same as
equation (2). The eigen-equation of OBH cavity is as
following:

kon1RJ,,(mkoR) = —\/ m? — (nokoR)*J,n(n1koR) (3)

where m is an integer, J,,(n1koR) is the m-order Bessel
function. It is found that equation (3) has the real eigen-
value under certain conditions (see Additional file 1: Fig.
S1) [45], which is completely different from the homoge-
neous cavity with complex eigenfrequency. Thus the radi-
ation loss caused by the curved boundary is completely
inhibited in OBH cavity [46].

The analytical results of WGM fields in OBH cavity are
shown in Fig. 2a. Here, the structural parameters of cir-
cular OBH cavity are as following: R = 3 ¢cm, n1 =4, np =
2, which facilitates the experimental verification. In this
study, only the lowest radial mode numbers are consid-
ered, due to their optical fields being closely confined to
the cavity boundary and having the smallest radial extent.
As a comparison, the WGM fields of a homogeneous cav-
ity with the constant refractive index (1} = 4, n, = 2) is
calculated as shown in Fig. 2b. The WGM fields in the
OBH cavity are tightly confined near the boundary, by
contrast, there is a considerable part of optical fields leak-
ing into the cavity surroundings in the homogeneous cav-
ity as shown in Fig. 2a, b (Additional file 1: Fig. S2) [45].
To quantitatively characterize the field confinement, we
define a skin depth (SD) 4, i.e., the distance between the
cavity boundary and the position with 1/e field-ampli-
tude maximum. The SD of OBH cavity is always smaller
than that of the homogeneous cavity as shown in Fig. 2c.
Since the optical field confinement is enhanced with the
increase of resonant mode number, SD is decreased with
the mode number as well.

To more clearly elucidate the functions of the OBH
refractive index profile, the radial cylindrical Bessel
equation is modified as the analog of the Schrédinger
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Fig. 2 Optical properties of whispering-gallery-mode (WGM) in OBH
cavity and homogeneous cavity. Analytical standing wave pattern

of WGM in OBH cavity (a) and homogeneous cavity (b), where the
resonant mode-number m is 3 and eigen-frequency is ~ 1.93 GHz.
Inset: normalized electric field amplitude in the radial direction.

¢ Comparison of skin depth of WGM field in the OBH cavity and
homogeneous cavity with various azimuthal mode numbers. d
Effective potential of OBH cavity (red curve) and homogeneous cavity

Azimuthal mode number

(black curve)

equation [47]. The central potential function V(r) of light
propagation in OBH cavity is:

(m+1/2)(m—1/2)

V() = kgl — n*(N]+ ;. (4)

In particular, the potential function in the cladding
region (r > R) is V(r) = kg—i-(m2 - n%kng —1/4)/r* as
shown in Fig. 2d. Obviously, the OBH cladding relaxes
the change of the potential barrier, and the eigen-energy
(k3) of WGM in OBH cavity is always smaller than the
potential under the aforementioned cavity parameters.
Thus, the WGM field is tightly confined within the poten-
tial well, and the classical radiation loss is completely
inhibited theoretically. On the contrary, light always tun-
nels out of the open boundary in a homogeneous cavity
since the eigen-energy of WGM is larger than the effec-
tive potential when r >> R (Fig. 2d black curve), and the
radiation loss is not zero in all the WGMs. Note that in
a conventional homogeneous cavity, the radiation loss
predominates and the Q-factor is significantly decreased
when the cavity geometry is comparable to the resonant
wavelength (small resonant mode-number). Although an
OBH cavity with a finite shell model has been theoreti-
cally studied to realize broadband light trapping/absorp-
tion and field penetration enhancement [15, 48], in this
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Fig. 3 Experimental characterizations of OBH cavity. a Experimental setup of the microwave near-field scanning system. Inset: photograph of the
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work we reveal the total radiation inhibition with infinite
radiation Q-factor and the unique field decay rule in an
ideal OBH cavity based on TO theory.

From Eq. (1), it demonstrates that a perfect OBH cav-
ity requires an infinite region for gradient-index cladding
that ranges from g to 0. This is challenging to realize in
conventional materials [37, 49-51]. Here, as an execut-
able alternative, by truncating the area in the OBH cavity
with an index of less than 1, we reserve the range of clad-
ding index from ng to 1. Note that the index truncation
breaks the ideal potential barrier and causes regenerated
radiation loss (Additional file 1: Fig. S4) [45]. Neverthe-
less, the Q/S (S is the effective mode area for 2D cavities)
enhancement of OBH cavity is still considerably high
compared with a homogeneous cavity (Additional file 1:
Fig. S5) [45]. Following that, the continuous OBH clad-
ding is discretized into 9 layers with various effective
index (Additional file 1: Fig. S6) [45], and the refractive
index of the outermost layer (r > 5.4 cm) is simply set as
air. Based on effective medium theory, the discrete lay-
ered index profile is achieved by drilling air holes with
different diameters in two homogeneous dielectric slabs
(Fig. 3a, b, Additional file 1). Here, three TF-2 dielectric
plates with different permittivity are employed, which are
16, 4.4 and 2.2 from inside to outside. In Fig. 3¢, a numer-
ical simulation is used to evaluate the effectiveness of this
discontinuous multi-layer cavity construction. Finally,

the fabricated sample, with 5.4 c¢cm in radius and 2 cm
in height (Fig. 3a inset), were constructed by precision
machining of dielectric plates.
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Fig. 4 Comparison of WGM in a face-shaped deformed OBH cavity
and homogeneous cavity. Simulated WGM field of (a) deformed OBH
cavity, and (b) deformed homogeneous cavity. White solid (dashed)
curve is the deformed (circular) cavity boundary. € Comparison of
Q-factor for a deformed OBH cavity (black curve) and homogeneous
cavity (red curve) with various deformations. The resonant mode
number is m = 5. d Comparison of Q-factor of deformed OBH (black
curve) and homogeneous cavity (red curve) with different mode
numbers
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Fig. 5 WGM fields in the conformal OBH cavity and homogeneous cavity. The refractive index distribution for (a) the quadrupole OBH cavity and
(@) the peanut-like OBH cavity. The maximal refractive index of quadrupole and peanut-like cavity is truncated as 27 to avoid index divergence in
the core region. The typical WGM field patterns with resonant mode-number m = 4 of (b) the quadrupole OBH cavity and (b;) the peanut-like
OBH cavity. Typical WGM field patterns of (c;) the homogeneous quadrupole cavity and (c;) peanut-like cavity. The resonant frequency is ~ 4.8 GHz
and ~ 7.3 GHz for quadrupole cavity and peanut-like cavity, respectively

In microwave experiments, a point source was utilized
to excite the WGM, and a near-field scanning device, as
illustrated in Fig. 3a, was employed to retrieve the reso-
nant field. The scanning system was controlled by a three-
axis motion controller with a sampling step of 2 mm. As
comparison, a homogeneous cavity with a core of index
n} = 4 and a cladding of index 75 = 2 (6 cm in radius and
2 cm in height) was fabricated and measured. From the
resonant spectra of OBH cavity (red curve) and homo-
geneous cavity (black curve) in Fig. 3d, the extracted
Q-factor of WGM mode m = 3 (m = 4) is ~ 49 (~ 241)
for OBH cavity, as for homogeneous cavity, the Q-factor
of WGM mode m = 3 (m = 4) is ~ 25 (~ 30). The maxi-
mized Q-factor enhancement is ~ 8 for mode m = 4,
which is smaller than the simulated Q-factor enhance-
ment of ~ 12. The discrepancy between experimental and
theoretical results are caused by the strong light scatter-
ing in the drilling air hole and the limited precision of
mechanical machining for OBH cavity sample. Besides,
the vertical radiation loss due to the air gap between sam-
ples and metal plate in the measurement also reduces

the ultimate Q-factors (Additional file 1: Fig. S7) [45].
Figure 3e plots the measured field patterns for WGM
modes (m = 3,4), which are in good agreement with the
simulation results shown in Fig. 3f. They unambiguously
demonstrate the stronger field confinement than that of
the homogeneous cavity (Additional file 1: Fig. S8) [45].
Furthermore, we theoretically investigate the light trap-
ping effect in the truncated OBH cavity. It is found that
the trapped light fields are bent and directed to the inner
cavity boundary and are tightly confined in the OBH cav-
ity with clearly regular field patterns (Additional file 1:
Figs. S12, S13) [45], which shows the potential of remote
excitations of WGMs in OBH cavities.

In addition to demonstrating radiation Q-factor
enhancement and field confinement in a circular cavity,
our designed device can be generalized to the deformed
cavity with directional emission [52, 53]. For example,
the face-shaped cavity [25, 45] with homogeneous core
and OBH cladding shows strong field confinement com-
pared with a deformed homogeneous cavity as shown
in Fig. 4a-b. In the deformed OBH cavity (Fig. 4c), the
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Q-factor is increased by approximately 2 orders of mag-
nitude. Figure 4d displays the simulated Q-factor for
various resonant modes. Compared with a homogeneous
deformed cavity, the Q-factor enhancement is attributed
to the change of potential barrier and directional emis-
sion loss (Additional file 1: Fig. S9) [45]. Similar findings
are obtained for limacon-shaped cavities (Additional
file 1: Fig. S10) [45]. Despite the fact that the expected
Q-factor improvement occurs in different WGMs, there
is an exceptional drop of Q-factor for the mode m = 6.
The extraordinary optical loss is probably due to chaotic
tunneling effect and requires further research [53, 54].

Furthermore, as previously suggested, using confor-
mal mapping w? = x2 — 1 for circular OBH cavity, we
have obtained quadrupole OBH cavity and peanut-like
(dual cores) OBH cavity with gradient index both in the
core and cladding regions, as shown in Fig. 5(aj, az). It
can be found that WGM fields in these conformal OBH
cavities (Fig. 5by, by) are tightly confined in the bound-
ary compared with the homogeneous cavity (Fig. 5¢1, c2).
Besides, the Q-factor of conformal quadrupole cavity
(peanut-like cavity) is boosted by 7 (4) orders of magni-
tude compared with a homogeneous one (see Additional
file 1) [45]. The different Q-factor enhancement can be
attributed to the various cavity structures in the virtual
w-space for the conformal mapping. Given the ingenious
conformal transformation, theoretically the OBH cav-
ity with arbitrary boundary shapes can be constructed,
which may provide a new avenue to cavity optics for fun-
damental physics and photonic applications.

3 Conclusions

In summary, we have reported a group of conformal
OBH cavities based on transformation optics. The uni-
versal radiation loss in a conventional homogeneous
cavity is completely inhibited in the ideal OBH cavity
by an infinite wide potential barrier. The WGM fields
in the OBH cavity are revealed to follow an unconven-
tional 1/r* decay rule based on the conformal mapping.
We demonstrate both the Q-factor enhancement and
strongly confined WGM fields for a truncated OBH cav-
ity in the microwave spectra. Furthermore, we show that
the designed OBH cavity of circular shape can be applied
to arbitrary-shaped cavities, which might find applica-
tions for chaotic photon transport and non-Hermitian
physics with high-Q factor. For optical frequency band
applications, the OBH cavity can be realized by using the
gradient-thickness waveguide structures [37, 55] or gra-
dient-size nanostructures [56]. Note that the absorption/
scattering loss in the aforementioned platforms can be a
serious issue, thus it is still challenging to realize high-Q
OBH cavity in the optical frequency band.
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