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Abstract

We analyze the polytope associated with a combinatorial problem that combines
the Steiner tree problem and the uncapacitated facility location problem. The
problem, called connected facility location problem, is motivated by a real-world
application in the design of a telecommunication network, and concerns with
deciding the facilities to open, the assignment of customers to open facilities,
and the connection of the open facilities through a Steiner tree. Several solution
approaches are proposed in the literature, and the contribution of our work is a
polyhedral analysis for the problem. We compute the dimension of the polytope,
present valid inequalities, and analyze conditions for these inequalities to be
facet defining. Some inequalities are taken from the Steiner tree polytope and
the uncapacitated facility location polytope. Other inequalities are new.
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1. Introduction

This article concerns with the connected facility location problem (ConFL)
arising in the design of a telecommunication network. It is defined as follows.
Let I be the set of locations where a facility can be opened. Let J be the set of
customers. Each customer must be assigned to an open facility. Let K be the

set of intermediate nodes, i.e., locations that can be used for connecting open
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facilities. All facility nodes can also be used for connection, regardless whether
they are opened or not. In telecom terminology, J represents terminals and
S = I U K represents Steiner nodes. The ConFL problem consists of selecting
a subset of I where facilities are opened, connecting these facilities through a
tree structure that may use other Steiner nodes, and assigning the customers
to open facilities. There are costs associated with opening facilities, connecting
Steiner nodes, and assigning customers to facilities. The aim of ConFL is to
find a minimum-cost solution.

Figure 1(a) shows an instance of the problem and Figure 1(b) gives a feasible
solution. In the figure, I = {i1,... 44}, J = {j1,...,J5} and K = {k1,ka}.
Open facilities in the feasible solution are indicated in black. Note that in the

solution, facility i3 is not opened, but it is used for the connection.
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(a) Instance. (b) Solution.

Figure 1: An instance of the ConFL problem in (a), and a feasible solution in (b).

The ConFL problem has been extensively addressed in the literature (see
e.g., [3,4,6,7,8,9]), but all works concern solution approaches and computer
implementations. To our knowledge, this paper is the first investigation of the
ConFL polytope and it contributes to the literature with new inequalities.

Section 2 describes the notation that is used in this work. Section 3 computes
the dimension of the ConFL polytope. Section 4 adapts valid inequalities from
the literature, and Section 5 introduces new inequalities. In all cases, conditions
for the inequalities to define facets are investigated.

Some results in this work were adapted to the asymmetric ConFL problem



and presented in the “International Symposium on Combinatorial Optimiza-

tion” (Lisbon, 6-7 March 2014) [10].

2. Notation

Let G = (V,Eg,A;) be a mixed graph where V = S U J, the edge set
FEs represents possible connections between Steiner nodes, and the arc set A
represents possible assignments of customers to facilities. In the context of
telecommunication, the edges represent the optical fiber cables in the core net-
work, and the arcs represent the copper cables connecting the customers to the
core network through servers. The graph (S, Eg) is called core graph, and it is
assumed in this work to be complete, i.e., Eg = {{s1,s2} : s1 € 5,82 € S}. The
graph (I U J, Ay) is called assignment graph, and it is assumed to be complete
bipartite, i.e., Ay = {(¢,7) : ¢ € I,j € J}. We also assume || > 3 and |J| > 3.
Finally, let ¢ : Es U Ay — R{ and f: I — R{ be given cost functions.

The ConFL problem can be modeled by using the following binary variables:

1 if edge e is part of the solution
X = for e € Eg;

0 otherwise

1 if node s is part of the solution
Ys = for s € S;

0 otherwise

1 if facility ¢ is opened
zi = fori e I;
0 otherwise

1 if facility ¢ serves customer j in the solution
ajj = fOI‘iEI,jEJ.
0 otherwise
For convenience of notation, we write (H : L) := {{s1,s2} € Eg : 51 € H,853 €
L} for H/L C S. For brevity, we write E(H) instead of (H : H) and §(H)
instead of (H : S\ H). We also write z(F) := >
for FC Eg and HCS.

cerTe and y(H) =3y ys



Using this notation, a formulation for the ConFL problem is:

min Z CeTe + Zf'LZz + Z CijQyj (1)

ecEg el (i,j)EAy
2 =1 vied (2
i€l

Gij = 2 Viel,Vjed (3)
nE viel (4)
z(E(S)) =y(5) -1 -
z(E(H)) <y(H) — ys VHCSVNscH:|H|>2 (6)
(z,y, 2,a) € {0, 1} EsI IS4 -

Constraints (2) force that every customer is assigned to a facility. Constraints
(3) ensure that a customer may be assigned to a facility when this facility is open.
Constraints (4) guarantee that a Steiner node with an open facility must be in
the solution. Constraints (6) are generalized subtour elimination constraints
and, together with (5), ensure that the solution is a tree in the core network
(see e.g. [13]). We will denote inequalities (6) as yGSECs and use (yGSEC) as
abbreviation for formulation (1)—(7).

We now analyze the polyhedral structure of the convex hull of the solutions

in (2)-(7). Let P be this polytope.

3. Dimension

The dimension of P can be derived by using a lifting theorem based on the
dimensions of other known polytopes. Let S be the polytope of the spanning
tree problem, U be the polytope of the uncapacitated facility location problem,
and Py *(S") = conv{(w,y,z,a) € P :ys = 1,¥s € S’} be an intermediate
polytope for S C S. The projection of Py>*%(S) on the x-space is S, and on
the (z,a)-space is U. Since P **(S) =S x {ys = 1,Vs € S} x U, all facets of
S and U are also facets of Py-#(S).

Starting from the dimension of P;>*“(S), we compute the dimension of the

intermediate polytope, which leads to the dimension of P = Py-*(().



Theorem 1. dim(Py*%(9)) = |Es| — 1+ |As| + [I| = [J].

Proof. The dimension of S is |[Es| — 1 (see [2]) and the dimension of U is |A ;| +
|| — |J]| (see [1]). O

Theorem 2. For each S' C S, dim(Py**(S')) = [Es| + |S| =1+ [As| + [I| —
|J] = 15"].

Proof. Clearly dim(Py*%(S")) < |Es| + [S| — 1+ [As] + [I| = |J]| — |S'] since
Prza(8') C RIEsIHISIHAIHIT and the |J| equalities (2), equality (5) and |S’|
equalities ys = 1 are linearly independent. For the other direction, i.e., to prove
that dim(P;**(S")) > |Es| + S| — 1+ |As] + [I| = |J] — |§'], we claim that
there are |Eg|+ |S|+ |As| + |I| — |J| — |S’] affinely independent solutions for a
given S’. This is proven next by induction on the cardinality of S\ S’

When |S’| = |S] the claim follows from Theorem 1. Suppose now that the
claim holds for a set S’ with |S’| = p and consider the set S” = 5"\ {s} for some
s € §'. By the induction hypothesis, there exist |Es|+|S|+ |As| + |I| = |J| —p
affinely independent solutions, all with y; = 1. To prove the claim, we need a
solution with ys = 0. This solution exits by the assumption that the instance

has at least two facilities and each facility is connected to all customers. O
Corollary 1. dim(P) = |Es|+ |S| — 1+ |A;| +|I| —|J].
Theorem 2 for S’ = {s} proves the following result.

Corollary 2. Inequalities ys < 1 are facet-inducing for P for all s € S.

4. Inequalities from the Uncapacitated Facility Location and Span-

ning Tree polytopes

The proof of Theorem 2 shows that every removal of a node from .S increases
the dimension of P;»*%(S) by one. Therefore the facets of P;***(.S) can be lifted

to P with the following result.



Lemma 1 ([12]). Let1,2,...,u € S. Let

Z Qee + Z&'Zi + Z Cijai; > 1
e€Es el (i,7)€A
be any facet-inducing inequality for Py**(S). Then the lifted inequality
doaewe+ > Bl—y)+ D Gizi+ Y. Gijai >
ecEg s=1 i€l (i,j)€EA
is valid and facet-defining for Py **(S\ {1,2,...,u}), where

s—1
Bs :=n — min { Z QeTe + Zﬁk(l —yK) + Zéizi + Z Cij@ij -
k=1

e€Es el (i,4)EAS
(z,y,2,a) € Py (S\{1,2,...,5 = 1}) and ys = O}
for1 <s<u.

The previous lemma allows us to obtain facets of P from facets of the unca-

pacitated facility location polytope U.

Theorem 3. The following inequalities are facet-inducing for P:
(a) a;j <z, foralliel and j € J;
(b) ai; >0, foralliel and je J;
(c) z; <y, foralli e I.

Proof.

(a) The inequality induces a facet of U, see [1]. Consider an arbitrary sequence
of S to lift the § coefficients. For lifting node i, in any feasible solution,
z; = 0 when y; = 0 due to (4), and also a;; = 0 due to (3). A feasible
solution exists since the core network is a complete graph and the customer
network is bipartite. Thus, we get 8; = 0 as lifting coefficient. When lifting
node s with s # ¢, one can either choose both z; = a;; =1 or z; = a;; =0

in a feasible solution; in both cases, we get 55 = 0.



(b) Every a;; > 0 induces a facet of U, see [1]. In an arbitrary lifting sequence,

for each s € S there is a solution with a;; = 0, thus 3, = 0.

(c) Every z; < 1 induces a facet of U, see [1]. Consider an arbitrary lifting
sequence. When lifting node i, z; = 0 due to (4) and thus we get 3; = —1.
When lifting node s with s # i there is a feasible solution with z; = 1,
thus s = 0. We obtain —z; — (1 — y;) > —1, which can be rewritten as

zi <y
O

In a similar way, we can derive facet-inducing inequalities of P from the

spanning tree polytope S.
Theorem 4. The following inequalities are facet-inducing for P:
(a) ze >0, for all e € Eg;
(b)
w(E(H)) < y(H) = yu, (8)
forall HC S:|H|>2,ve H|HNI| <|I|-1;
(c)
z(E(H)) <y(H) -1, (9)
forall HC S:|H|>2,|HNI| =]l
Proof.

(a) Every z. > 0 induces a facet of S, see [2]. Using the assumption that the
graph G is complete and |I| > 3, there is a feasible solution of ConFL with
e = 0, no matter the lifting sequence of S. Then S5 =0 for all s € S.

(b) —z(E(H)) > —|H|+1is afacet of S for H C V,|H| > 2, see [2]. Consider
a lifting sequence for s € S, where we first lift the coeflicients of nodes
in S\ H and then in H, with node u lifted last. The lifting coefficient

Bs = 0 for each s € S\ H because there exists a feasible solution with



z(E(H)) = |H|—-1. For each s € H\{u}, we get 8, = —1 because the best
value for z(E(H)) is |H| — 2. When lifting node u, we get 8, = 0 because
there exists a feasible solution not using any node in H by connecting the
customers to a facility outside H. Therefore in the lifting minimization
problem z(E(H)) = 0 and > s g,y Bs(1 —ys) = —[H[ + 1. Thus the
resulting facet-defining inequality is —2(E(H)) — X e (1 — ¥s) 2
—|H| + 1, which can be rewritten as x(E(H)) < y(H) — Yu.

(c) Similar to the (b), except in the last step, when lifting node u, there exists
no feasible solution not using any node in H. This is because all facilities
are in H. Thus, we get 8, = —1 and therefore the resulting facet-defining
inequality is —z(E(H))—>_,cy(1—ys) > —|H|+1, which can be rewritten
as x(F(H)) <y(H)-1.

O

Notice that we just proved that all the inequalities from the formulation (2)-(7)
are facet-inducing, except inequalities (6) for |H N I| = |I| which are dominated
by (9).

Finally, the uncapacitated facility location polytope suggests a new family
of facet-defining inequalities. Let us call injective mapping a function h: I — J
such that h(i1) # h(iz) when i1 # 5. Note that injective mappings exist when
1> 111,

Theorem 5. Let h be an injective mapping. Then the inequality
Z(zi + @in@y) = 2 (10)
i€l
18 facet-inducing for P.
Proof. The inequality induces a facet of U, see [5]. Consider an arbitrary lifting
sequence. Regardless of the lifted node s, the optimal objective value of the
lifting problem is 2 because there is a solution where all customers are connected

to the same facility. When s is a facility node, there are other facilities to connect

the customers. Thus for any node s € S, 55 = 0. O



5. New valid inequalities

We now present new valid inequalities for P and prove that some of them
are facets. All the proofs make use of a methodology called indirect approach

which is based on the following result.

Lemma 2 ([12]). Let (A=,b7) be the equality set of P containing m equations,
and let F = {(x,y,z,a) € P : mpx + myy + 7,2 + mga = mo} be a proper face of

P. Then the following two statements are equivalent
1. F is a facet of P

2. if FCG={(z,y,2,a) € P:ax+pPy+yz+da = Ao} then there exist some
s € R and some t € R™, such that (o, 8,7,0) = s(7g, Ty, Tz, Ta) + LA™
and \g = smo + tb=.

The equality set of the ConFL polytope P consists of (2) and (5), thus
m = |J| + 1. In the proofs, we construct feasible solutions o of the face F
under consideration, and evaluate them with the equality defining G in order to
determine the coefficients of this inequality. We denote by £(o) the evaluation
of ax + Py + vz + da on o. These evaluations will make clear the existence of

some s and t as in the lemma, thus proving that F is a facet of P.

5.1. aGSEC Inequalities

The first family of inequalities is motivated by the yGSECs (8), where the

node variable on the right hand side is replaced by a sum of assignment variables.

Theorem 6. Inequalities
2(BE(H)) <y(H) = Y ay (11)
i€InH

with HC S :2<|H|<|I|-1, and j € J are valid for P.

Proof. Note that ), ;- ai; is at most 1 for any H due to constraints (2).
Thus, the smallest right hand side (rhs) we can get is y(H) — 1. This rhs is

always non-negative, since a;; < y;. Thus >,y @iy <Y icing ¥i < D ien Yir



Moreover, the rhs is always larger than the associated left hand side (lhs) since
any feasible solution is always a tree due to constraints (5) and (6), and in any
(sub-)tree with n nodes there are at most n — 1 edges. Therefore, the inequality

is valid for P. O

Note that inequality (11) with |[HNI| = |I| is equivalent to the corresponding
inequality (9) because of equations (2). Furthermore, inequality (11) with H N
I = {i} is dominated by the inequality (8) defined for H and 4. For the special
case when H = S\ {i} for some i € I, the associated inequality (11) can
be written as a;; + x(6(i)) > y;. Finally, observe that the constraints (11)
suggest an alternative formulation for the ConFL problem, as they can replace
(6) in (1)—(7), leading to a model that we will refer to as (aGSEC) formulation.
Inequalities (11) will also be denoted as aGSECs in the following.

Theorem 7. Inequalities (11) are facet-inducing for P if and only if H C S :
2<|HNI| < |I|-1.

Proof. Let F ={(,y,2,0) € G: a(E(H)) —y(H) — > ,cp g aij = —1} be the
proper face induced by (11) for some j € Jand H C K: 2 < |[HNI| <|I| -1
Note that we have rewritten the inequality using equation (2) for j.

The feasible solutions ¢ € F used in the proof are described by tuples
L,=(SqNH,S;\H, I,,E,, A;) where

Sq € S: core nodes involved in the solution (y-variables with value one);

I, C I: open facilities in the solution (z-variables with value one);

E, C Eg: core edges in the solution (z-variables with value one);
o A, C A;: assignment arcs in the solution (a-variables with value one).

For each i1,i2 € I; 51,82 € S; and J' := J \ {j}, the proof is based on a
set of solutions depicted in Figure 2. In these figures, nodes in I, S and J are
represented by circles, diamonds and squares, respectively. Open facilities are

indicated in bold. Intermediate nodes and sometimes also closed facilities (i.e.,

10



nodes from S) are drawn as diamonds. In addition, the proof also uses other

solutions constructed by small modifications of the solutions listed below.

o Ly = ({in} {iz}, {ir}, {{in,i2}}, (i1 )

o Ly = ({ir} {ia}, {ir,i2}, {{in,iz}}, (i : 7))
o Ly = ({ir},0,{ir},0, (i1 : J))

o Ly= ({ir,s1},0, {ir}, {{ix, s1}}, (i : 7))

o Ly = ({in,s1}, {s2}, {in} {{in, 51}, {s1, 823}, (42 : J))
Ls = ({ir}, {s1, 2}, {in}, {{in, 51}, {51, 521}, (i1 : J))
Lo = ({in}, {s1, 82}, {in}, {{ir, 52}, {51, 52}}, (i1 : J))

o Ly = ({ir,io}, 0, {ir}, {{i1,i2}}, (i1 : J))
Ls = (
Ly = (

{in 02,81}, 0, {in}, {{in, 1}, {s1,42}}, (62 J))
{in,in}, 0, {ir, o}, {{in i}, (i1 0 ) U{(i2,5)})
o Lig= (0,{ir},{i1},0, (i1 : J))

o Lip = ({ia} {ir}, {ir, in}, {{in, i2}}, (i : J) U{(in, 4)})

Consider F C G and recall that « relates to x, £ relates to y, v relates to z,

and ¢ relates to a. Then:
T7a v =0,Vie I

To show that v; = 0 for ¢ € I\ H, we compare the solutions L; and
Ly (see Fig. 2(a) and 2(b)). Take any iz € I\ H. The only difference
between the two solutions is that in L facility 2 is closed, and in Lo it
is open. Since £(L1) = L(L2) then 7;, = 0.

To show that ; = 0 for ¢ € I N H, we consider solutions Ly, and Lo,
which are the same as L1 and Lo, except that i € TN H. Note that these
solutions can only be constructed under the assumption that [INH| > 2.
Also note that if in the following steps, an open facility i € I occurs, we

will not mention ~; explicitly again since the coefficient is zero.

11
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Figure 2: Feasible solutions for the proof of Theorem 7

T7b asy = —fs, Vs € H,Vs' € S\ H:

To show that asy = —fs, Vs € H,s’ € S\ H, we compare the two
solutions Ly and Ly (see Fig. 2(d) and 2(e)). L, consists of an open

12



T7c

T7d

TTe

facility 41 € H, to which all customers are assigned to. Moreover, a core
node s; € H is connected to i;. L4 is nearly the same as L4, except
that there is an additional core node sy € S\ H, which is connected to
s1. The result is obtained by considering £(L4) = L(Ly ), which gives
Qsys5 + Bs, = 0 for 81 € Hyso € S\ H. Thus ase = —fy for all
se€e H s €S\ H.

Agg! = —ﬂs/, VS,S/ S S\H

Let £(Ls/) be Ly without the node {s2} and edge {s1,s2}. The result
follows from L£(Ls/) = L(Ls), which gives as, s, +8s, = 0 for s1,s2 € S\ H.

Bs=—a,Vse S\ H:

L(Ls) = L(Lg), gives o, s, = s, for i1 € H, 81,89 € S\ H. Using the
results from step (T7b), we see that all 8, s € S\ H must have the same
coefficient, denote it by —a. Note that steps (T7¢)-(T7d) are only needed
for |S\ H| > 2; otherwise, the result already follows from step (T7b).

sy = &, Vs, € H and 8, = —4, Vs € H:

First, suppose H C I. L(L3) = L(L7) gives a,i, + Biy = 0 for iq,i2 €
H N I. We can switch 41 and 42 in L3, Ly and get «;,4, + Bi; = 0. Thus
sy = —f3s = —Bs for s,s' € HNI. Denote this value by é.

Now, for |[H \ I| = 1, £(L3) = L(L4) implies a;, %, + Bk, = 0 for k1 €
HNK,i; € HNI. Note that these coefficients are not yet related to &. To
determine the relation, consider £(L4) = L(Lg). We get agyi, + i, =0
for ky €e HNK,io € HNI. Since B;, = —& we get ay,:, = & (and also
Bk, = —&). Thus age = —f; = —fBy fors€e HNI,s' € H.

Finally, for |H\I| > 2 there are also coefficients o,y for s, s’ € HNK. Let
Lg be Lg with ks € H N K instead of io € HNI. Then £(L4) = L(Ls/)

gives Qg k, + Bk, = 0, from which ase = & for s, € HNK follows since

Bs = —@.

T7f 6;; =0;,Vie HNI:

13



Let L7 be Ly with iy opened. From L(L7/) = L(Lg), it follows that
0i,; = 04y5 for all 41,90 € H NI. Denote this value by Sj.

T7g iy =05, Yi€ HNI,Yj' € J, j # j:

Let Lo be Lg where customer j’, instead of customer j, is connected to
ig. From ﬁ(L7/) = E(Lg/) it follows that 61'1]‘/ = 51’2]” for all il, ig S Hﬁ[,
j' € J, j' # j. Denote this value by §;/ for j' € J, j' # j.

TTh §;;=0; —a+a,Vie I\ H:
From £(L1o) = £(L11) we have 0;,; = B, + i i, + 05, forio € INH, i1 €
H N I. Using results from steps (T7b), (T7d), (T7e) and (T7f), we get
S;j=0;—a+a,foriel\H.

T7i 80 =65, Vi€ I\ H,Vj' € J, j # j:
Let L1y, be L1 where also customer j' is connected to is instead of ;.

Then E(Lll) = E(LH/) giVGS 51’23" = 5i1j/ for iy € I\H,il e HNI. Using
the result from step (T7g), we get §;;; = d; fori € I\ H.

jo)

T7j Define p:=a —

Note that we can now write all coefficients in terms of &, p and &, for j' € J.
The equation defining G looks as follows:
(T7a) (T7e),(TTj) (T7d) (T7e),(TTj) (T7c),(T7d) (T7b),(T7d)

~ = —
0z(I) = (@ = p)y(H) —ay(S\ H) + (a — p)z(E(H)) + ax(E(S \ H)) + ax(5(H)) +

(T7£) (T7h),(T7j) (T7g),(T7i)
Sj Z Qi + (gj + p) Z Qi + Z gj/ Z Q50 = )\0.
i€HNI ieI\H jreJ\{j} i€l

By evaluating any feasible solution (e.g., L3) we get A\g = L(L3) = p — a +
dired §;s. Rewriting the equation defining G, we get

(5) (2)
—p(2(BO) — y(H) = > ay) —a (= a(BES) +y(5)) + > 8 Y aiy

i€I\H j'ed icl

Zp—d'i‘zgj/.

=

14



Thus the equation defining G is a linear combination of the equation defining F
and the equality set of P. Therefore, inequalities (11) are facet-inducing when
2<|HNI| < |I|-1.

To see that 2 < |[H N1I| < |I| — 1 is also a necessary condition, consider the

following cases:

1. |[H N I| = 0: Inequalities (11) reduce to z(E(H)) < y(H) and are domi-
nated by inequalities (8).

2. |HNI| = 1: Inequalities (11) reduce to z(E(H)) < y(H)—aj;, with ¢ being
the unique facility in H. Thus they are also dominated by inequalities (8)

since a;; < ;.

3. |H N I| = |I|: Inequalities (11) are inequalities (9) (which are also facet-

inducing).

5.2. Partition Inequalities

The following two families of inequalities are based on a partition of the
set of facilities I into two sets I and I\ I. The second family also involves a
partition of the set K of intermediate nodes. Moreover, both families also use
an injective mapping h and assume that | K| > 1.

The first family will be referred to as 2+u partition inequalities, since, aside
from the partition of the facility set, a node u € K also plays an important role

in the definition of the inequalities.

Theorem 8. Let us consider u € K, IclIandan injective mapping h. The
inequality

Zzi+ Z (@ingy +yi) + (I K) > 14y, (12)
icl i€\l
is valid for P.

Proof. If two (or more) facilities are opened, the inequality is clearly valid, since

the right hand side is at most two and every facility is represented by either a

15



y or a z variable on the lhs. Thus, we only need to concentrate on feasible

solutions with one open facility. Three cases are possible:

(a) Y, = 0: In a feasible solution, at least one facility must be opened and

thus the lhs is at least one.

(b) yu = 1: For this case, we make a further case distinction, depending on

whether the open facility i is in [ or I \ I:

e i € I: Since both nodes i and u are in the solution, there must be a
connection between ¢ and w. In this connection, there must either be
an edge from some node in I to a node in K and thus :v(f K)>1,
or an edge from i to a node i’ € I'\ I and thus y; = 1. Thus the lhs

of the inequality is at least two.

e i1\ I: As there is only one open facility, all customers must be

connected to 7, thus a;;(;) must be one, and the lhs is at least two.

O

Theorem 9. Inequalities (12) are facet-inducing for P if and only if |[I\ 1] > 2
and I # 0.

Proof. Let

F ={(z,y,2,a) EQ:Zzi—i— Z (aih(i)—l—yi)—l—x(f:K)—yu:l}

iel ieI\I
be the proper face induced by (12) for some u € K and I < I : |[I\I| > 2,1 # .

The feasible solutions o € F used in the proof are described by tuples M, =
(S;N1,8,N(I\1),S,NK,I, E, A,) where

e S, C S: core nodes involved in the solution (y-variables with value one);
e I, C I: open facilities in the solution (z-variables with value one);
e E, C Eg: core edges in the solution (z-variables with value one);

o A, C A;: assignment arcs in the solution (a-variables with value one).
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Let K' := K\ {u}, J' := J\ {j1},J” := J\ {j2}. The following solutions,
where iy,i4 € I; ig,i5 € I\f; k1 € K', h(iz) := ja, h(i3) := j3, will be used. To
help a reader, the solutions are depicted in Figure 3. Facilities from Tand I \ I
are shown as circles and triangles, respectively. Open facilities are indicated in
bold. Intermediate nodes and sometimes also closed facilities (i.e., nodes from
S) are drawn as diamonds. Customers are shown as squares. In addition, some
more solutions, which can be constructed by small modifications of the solutions

listed below, will also be used.
o My = ({ir}, {in}, {u}, {ir,ia}, {{in, 2}, {ia, u}}, (ia : J))
o My = ({ir}, {in}, {u}, {ir o}, {{in, 2}, {ia, u}}, (i = J') U{(i2,j1)})
o My = (0, {is, iz}, {u}, {in, s}, {{ia, u}, {in, i3} }, (G2 : J") U {(i, 52)})
o My = (0, {is, iz}, {u}, {in, s}, {{is, u}, {in, i3} }, (G2 : J") U {(i, 52)})
o Ms = (0, {is, s}, {u}, {in, s}, {{ia, u}, {is, u}}, (12 : J") U{(i3, j2)})
o Mg = ({ir},0,0,{i1},0, (i1 : J))
o M7= ({ir}, 0, {u}, {ir}, {{in, u}}, (i : J))
o Mg = ({ir}, {in, i3}, {u}, {i2, in}, {{ia, 0a}, {12, in}, {ia, u}}, (G : J")U{(i5,52)})
o My = ({ir}, {in,is}, {u}, {i2, in}, {{ia, ia}, {ia, dn}, {ia, u}}, (G : J")U{(i5,52)})
o Mo = ({ir,ia}, 0,0, {ir}, {{ir,a}}, (ir : J))
o My = (0, {iz}, {u}, {ia}, {{iz, u}}, (G2 : J))
o Mg = ({in}, {ia}, {u}, {ir,do}, {{iz, in}, {iz, u}}, (32 : J") U{(in, j2)})
o My = ({in}, 0, {u, ka}, {ir}, {{in, u}, {w, ka }}, (i : 7))
o Miy = ({in}, 0, {u, ka}, {ir}, {{in, i}, {u, ka3, (i 2 J))
o Mis = (0, {ia}, {u, ku}, {ia}, {{i2, 1}, {u, k1 }}, (G2 : J))
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(3) Mo (k) My (1) Mi2

ey - oy -7 k1 Y

12
(m) M3 (n) Mia (0) Mis

Figure 3: Feasible solutions for the proof of Theorem 9

Assume F C G and recall that « relates to z, [ relates to y, v relates to z,

and ¢ relates to a. Then:

T9a ~v; =0,Vi e I\ I:

Let My, be My, where facility i5 is not opened. The result follows from
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T9b

T9c

Tod

T9e

Tof

T9g

Toh

Toi

L(M;) = L(My)).

6ij=0;,¥jeJ,YieI\I:h(i)#jandViel:

L(M,) = L(My) gives 8;,j, = 0iyj,, for iy € I, 5 € I\ I and any customer
J1 # h(i2). Since this step can be repeated for any facility in I, it follows
that all coefficients d;; associated with a customer j, except for the facility
i € I'\ I with h(i) = j, have the same value. Denote this value by d;.
iy =&, Vi, i’ € INT and oy, = @, Vi€ T\ I:

Obtained from L(M3) = L(My) = L(Ms), which gives q,i, = gy =
Qugy. Denote the value of the coefficients by a.

Qiw = —Bu, Vi € I:

Obtained from £(Msg) = L(Mz).

vy =a,Vie INI, Vi’ e I and By = —a, Vi’ € I:
ﬁ(Mg) = ﬁ(Mg) gives Mjris = liyig, for io,i3 € I \ f, 11 € j, thus
i = @, using the result from step (T9c). The result 8 = —a follows
from L(Mg) = ,C(Mg)

o = a, Vi,i' € I:

Obtained from L(Mg) = L(Myo), which gives g5, = —Bi,, Vi1, iz € 1,
and the result follows from the result in step (T9e).

5ih(i) :@+B+gh(i),Vi S I\fand Bi :B, Vi EI\f:

From £(Mi1) = L(M3), we get 5i2h(i2) = Qiyis + Bis + 5i3h(i2) for ig,13 €
I\ I. Using results from steps (T9b) and (T9c), we get Gigh(iz) = O+
Bis + Sh(iz). Since this must hold for any i3 € I\ f, it follows that 3; has
the same value for all i € I\ I. Denote this value by j.

Define p := a + f3.

vi=p, Viel:
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L(My2) = L(Mg) gives vi, = ttiyi, +Biy, for iy € I,ia, iz € I\ 1, using the
result from step (T9b). The result 4; = p, Vi € I, is then obtained using
results from steps (T9c) and (T9g) and the definition from step (T9h).

T9j iy =a+p,Viel and B, = —(a+ p):
ﬁ(M7) = E(Ml) gives av .y = gy, +ﬁi2 + Qiyiy for iy € j, 19 € I\j The
result gz, = & + p, Vi € I, follows from the results of steps (T9c), (T9e)
and (T9g) and the definition from step (T9h). The result 8, = —(@+ p)
is then obtained using the result from step (T9d).

Tk iy =a+p, Viel,Vke K’

Obtained from £(Mi3) = £(M14) using the result from step (T9j).

T ag, = &, Vk € K' Vi€ I\I, ay, = a, Vk € K’ and B, = —a, Vk € K':
Let My1 be My; with the additional edge {u, k1 } and My~ be My with
the additional edge {i2,k1}. The result a;r = aur = @ is obtained by
L(Mi1/) = L(Mq1+) = L(M;i5), using the result from step (T9c). The
result B = —a& is then obtained by £(Mi1/) = L(M11).

T9m oy = a, Vk, k' € K':

Let My5 be Mjs with the additional edge {k1, ko}. We get ag,k, = — Bk,
for k1, ke € K’ and the result follows from the result in step (T91).

Note that we can now write all coefficients in terms of &, p and d; for j € J.
The equation defining G looks as follows:
(T9i) (T9a) (T9e) (T9g),(T9h) (T9c),(T9e),(TIf) (T9j),(T9k)

—l —— — —— ——— —_—
Py zi+0 > zm—ad yi+(p—a) y v+ ax(BE() +(p+a)xl:K)+
iel ieI\T iel ieI\I

(T9c),(T91) (T9j) (T91) (T91),(T9m)
- N — A
ar(INI:K)+(—p—@)yu—a Y _ i+ ax(E(K)) +
kEK’
(T9g),(T9h) (T9b)
,—_/% ~
Z (P + On(iy)aincy + 253' Z aij = Xo.
ieI\I JEJ  4€I:h(i)#j
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By evaluating any feasible solution (e.g., Mg) we get
)\0 =p—a-+ Z gj.
=
Rewriting the equation defining G, we get:
P(Zzi + Z (@ings) +yi) + a(l: K) - yu)
icl i€\l
(5) (2)
— A —
—a ( —y(S) +x(E(S))) 6 ay=p—a+>

JjeJ el JjeJ

Thus the equation defining G is a linear combination of the equation defining F
and the equality set of P. Therefore, inequalities (12) are facet-inducing, when
[T\ I|>2,1%#0.

To see that I\ I| > 2 and I # () is also a necessary condition, consider the

following cases:

1. I = 0: Inequalities (12) reduce to
> (i) +vi) = 1+
iel

and are dominated by inequalities (10).
2. |1\ I| = 0: Inequalities (12) reduce to

Zzi+$(IZK) > 1+ Yu,

il
which are dominated by

Zaij +a(I:K)>1+y,

i€l
for some j € J. The latter inequalities are a combination of an equation (2)
and an inequality

x(I: K) > yy.

Rewrite this remaining inequality as
z(l: K) 2 —y(S\{u}) + =(E(S)) + 1
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using equation (5). After further rewriting, we get
y(K') +y(I) — 1 > 2(E(K)) + 2(E(I)),

where K’ = K \ {u}. This inequality is easily seen to be a combination

of (6) and (9).
3. |I\I| =1: Let I\ I = {i}. Inequalities (12) reduce to

Z zi +Yi + e (I K) 2 1+ y,
el

for I' = I'\ {i}. The inequalities are dominated by inequalities

Zai/h(i) +yi+a(I’:K)>1+y,,
el

which are a combination of an equation (2) and an inequality

yi +x(l’ : K) > yy.

Using equation (5), the latter inequality can be rewritten as
y(K') +yi +y(I) — 1 > 2(BE(K U{i})) + 2(E(]))

where K’ = K \ {u}. Again, this inequality is easily seen to be a combi-
nation of (6) and (9).

O

For the other new family of facet-inducing inequalities, consider also the
partition of the set of intermediate nodes K into three disjoint subsets K =
K1 UK U K3, with |K;| > 1. Before we present the inequalities themselves, we

give two lemmas, which we will need for the validity proof of the inequalities.

Lemma 3. Let us consider K' C K. The inequality
o(KUI:K')>y(K"). (13)

is valid for P.
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Proof. The inequalities are special case of constraints (9) for H = S\ K’. This
can be verified as follows: Inequality (9) for H = S\ K’ is z(E(S\ K')) < y(S\
K') — 1. The result is obtained by rewriting this inequality using equation (5).

O

Lemma 4. Let us consider I C I, uw € I \ I and an injective mapping h. The
inequality

Dozt Y (ame +v) > 1+yu (14)
iel iel\I

is valid for P.

Proof. For the case when z(I) > 1, the inequality is obviously valid, so assume
that z(1) = 0. For some i € I\ I we have y; = 1, thus the inequality is valid
if ¥, = 0 . So, the only non-trivial case occurs when y,, = 1, and y; = 0 for
all other nodes i € I\ I,i+# u. Sincew eI \ I is the only open facility, every
customer has to be assigned to u. Thus a,;,) = 1 and therefore the left-hand
side of the inequality is also equal to two, which concludes the proof. Note that

the proof also works for I = 0. O

Inequalities (14) are not facet inducing since they are dominated by inequal-
ities 2(I) + y((I \ 1)\ {u}) + Aypu)y > Liu € I\ I. These inequalities are in
turn dominated by inequalities z(I \ {u}) + aypw) > L,u € I\ I. Finally, in
the latter inequalities, we can replace the z-variables with the a-variables going
to customer h(u) and end up with »,_; a;p,y) > 1, which is implied by the
equation (2) from the formulation of P, associated with h(u).

We are now ready to introduce the second family of facet-inducing inequal-
ities, which we will refer to as 2+38 partition inequalities. The name indicates
that the sets I and K are partitioned into two and three subsets, respectively.
The variables associated with the core network, which occur in inequalities (15)

are illustrated in Figure 4.

Theorem 10. Let us consider I C 1, the partition K = K1 UK, UK3, K1 # 0
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+a(I\1: Ky)

Figure 4: Ilustration of the support graph of variables of the core network involved in in-

equalities (15), where z(K : K1 U K2) = Zle(x(Ki CKG) + 2(K; : K3)).

and an injective mapping h. The inequality

K1Yz 1K1Y (@i +vi) + (] Ky UKg) +2(I\ T2 Ky)+
iel ieI\I
+a(K:KiUKy) > [Ki|+ Y we+ Y ye (15)

keK, keKo2

is valid for P.

Proof. The proof is based on a connectivity argument: When some of the nodes
occurring on the rhs (i.e, nodes from K; or K3) are in a solution, they must be
connected to the rest of this solution. Thus also edges (which occur on the lhs
of the inequality) must be selected.

We make a case distinction depending on the value of y(I'\ I).

e y(I'\I) =0 (i.e., no node from I\ I is in the solution):

At least one facility in I, say 41, must be opened, thus the term |K1|z(I)
on the lhs is at least | K|, which takes care of the |K;| on the rhs. It only
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remains to show that z(I : K1 U Ky) + 2(K : K1 U Ky) > y(K1) + y(K>)
(note that opening more than one facility only increases the lhs and thus
it is enough to focus on the case, where z(I) = 1). We can reformulate
the Ihs of the latter inequality as z(I UK : K1 UK») = 2(JUK : K;UK>)

(since y(I \ I) = 0), and so by Lemma 3, for K’ = K; U K>, the desired

result follows.

e y(I\I)>1: By Lemma 4, we have that z(I) + >ieni(@inG) T ¥i) = 2,
and therefore it only remains to show that z(I : K3 U Ko) + (I \ I :
Ks) + (K : K1 UK>3) > y(K3). The latter inequality obviously holds by
Lemma 3, for K’ = Ks.

O

Observe that for K7 = 0, inequalities (15) only make sense for Ko # 0. In
this case, (15) reduce to the facet-inducing inequalities (9) for H = S\ K> (shown
in the form given in Lemma 3). The following theorem provides necessary and

sufficient conditions for these inequalities to be facet-inducing.

Theorem 11. Inequalities (15) are facet-inducing for P if and only if |I\1] > 2
and I # 0.

Proof. Let

1

F ={(z,y,2,a) €G: ZZH— Z (aih(i)—i-yi)—l——x(f : K1UK2)+LJ:(I\IA : Ko)+

| K| | K4

iel ieI\T

1 1 1
—a(Kf UKy UKs3: K1 UKy) — — - — =1
+|K1|:17( 1 2 3: K 2) |K1|k€EK Yk |K1|k5 Yk }
1 €K

be the proper face induced by (15) for some partition K = K; U Ko U K3 :
|Ki|>1and I c I:|I\1|>2,1# 0. Note that we divided the inequality by
| K.

The feasible solutions ¢ € F used in the proof are described by tuples
N, = (S,N1,8,n(I\I),S8,NK1,8,NKsyS,NKs, I, E,,A,) where

e S, C S: core nodes involved in the solution (y-variables with value one);
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e I, C I: open facilities in the solution (z-variables with value one);
e E, C Eg: core edges in the solution (z-variables with value one);
o A, C A;: assignment arcs in the solution (a-variables with value one).

Let K = Ki\{k1},J" := J\{j1}, " := J\{j2}. The following solutions, where
i1,ig € I; igyis € IN\I; k1 € Ky, ky € Ky, ks € Ks, h(ia) := ja, h(i3) := js,
will be used. To help a reader, the solutions are depicted in Figure 5. Nodes
from K7, K2 and K3 are shown as diamonds, pentagons and stars, respectively.
Circles represent facilities and squares represent customers. Open facilities are
indicated in bold. In addition, other solutions, which can be constructed by

small modifications of the solutions listed below, will be used.
o Ny = ({ix}, {in}, K1,0,0, {i1, ia}, {{i1,i2} } U (i2 : K1), (41 : J))
o No = ({in}, {in}, K1,0,0, {i1, ia}, {{i1,i2} }U(i2 : K1), (i1 : J)U{(i2,1)})

o N3 = (0,{iz, iz}, K1,0,0,{i2, i3}, {{i2, i3} }U(i2 : K1), (i2 : J")U{(i5,2)})
Note that Ky = {k1} U K as depicted in Figure (5(c)).

o Ny = (@7 {i27i3}aK1a@7®a {i27i3}a {{i37k1}7 {i27i3}} U (iQ : K{)v (iQ : JN) U
{(i3,72)})

o Ny = (@, {7;2,7;3},K1,@,®, {iz,i3}, {{iz,kl}, {ig, kl}} U (ig : K{), (ig : J”) U
{(is,72)})

e Ng = ({il}v(z)v@v@v@v{il}vqjv (il : J))
o Ny = ({il}v(z)v {kl}v(z)u@v{il}v {(ilvkl)}v (il : J))

L4 Ng = ({il},{ig,ig},Kl,@,(b,{iQ,ig},{{iQ,il},{iQ,ig}} @] (ZQ : Kl),(ig :
J")U{(i3,2)})

L4 Ng = ({il},{ig,ig},Kl,@,(b,{iQ,ig},{{iQ,il},{il,ig}} U (ZQ : Kl),(ig :
J") U{(is, j2)})

o Nio = ({i1,ia}, 0,0,0, {ir}, {{ir, ia}}, (i1 J))
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Ni1 = (0, {ia}, K1,0,0,{iz}, (i2 : K1), (i2: J))

Nig = ({in}, {in}, K1, 0,0, {ir, iz}, {{ia, 11} }U(i2 : K1), (2 : J")U{ (i1, j2)})
Nig = ({in}, 0, {ka}, {ka}, 0, {in}, {{in, kot {Rr, k2l (i 2 )

Nig = ({in}, 0, {ka}, {k2}, 0, {in}, {{in, b}, {in, ka}t}, (a2 )

Nis = ({in}, 0, {ka}, {ka}, O, {in}, {{in, b}, {ka, k2 (i 2 )

Nig = ({in},0,0,0, {ks}, {in}, {{in, ks}}, (i 2 J))

Ni7 = (Qv{i27i3}aK1;@7{k3}5{i27i3}5{{i27i3}5{i25k3}} U (7’2 : Kl)’(iQ :
J") U{(is, j2)})

ng = ((Z),{iz,ig},Kl,(Z),{kg},{ig,ig},{{ig,kg},{i37k3}} U (iz . Kl),(ig .
J") U {(is, j2)})

We now suppose F C G and determine the following properties of coefficients

of G.

Recall that « relates to x, 8 relates to y, v relates to z, and d relates to

a. Note that some of the steps are almost similar to the previous proof.

Tlla v =0,Vie I\ I:

T11b

Tllc

Let Ny be Ny, where facility is is not opened. The result follows from
L(N1) = L(Ny). Note that if in the following steps, an open facility
1€l \f occurs, we will not mention ~; explicitly again, since the coefficient

is zero.

6ij=0;,¥jeJ,YieI\I:h(i)#jandViel:

L(Ny) = L(Ns) gives 8;,j, = 04,5, for iy € I, ip € I'\ I and any customer
i1 # h(i2). Since this step can be repeated for any facility in I, it follows,
that all coefficients d;; associated with a customer j, except for the facility
i € I'\ I with h(i) = j, have the same value, denote it by d;.

iy =&, Vi,i' € INT and i = @, Vi € T\ I,Vk € K;:

Obtained from L(N3) = L(N4) = L(N5), which gives aiyi, = Qiyk, =

Qugk, for in,is € I\f, k1 € Ki. Denote the value of the coefficients by a.
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K1 Kl
2]
(a) N1
K’{ I(i 1 ‘ B 7>I:| J
k‘l kl
k1 K
(g) N7
51
14
(3) N1o
k2
i1
k1
(m) Ni3
1
k3
(p) Nis

Figure 5: Feasible solutions for the proofs of Theorem 11
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T11d

Tlle

T11f

Tllg

T11h

T11i

T11;

ik = aYi € I,Vk € K1, ae = &, Yk, k' € K1, and B = —a, Vk € K

From L(Ng) = L(N7), we get ok, = —fr,, for iy € I,k € K, which
means all coefficients for a particular k&1 € K; are the same. Thus, if
|K1| = 1, we are already done. For |Ki| > 2, we also have edges oy :
Let N7 be N7 with the additional edge {ki,ki} for kf € Ki. From
L(N71) = L(N7), we get ay,p; = =B, for k1, k7 € K. It follows, that
the coefficients oy, Vi € f,Vk € Ky and agrr, Vk, k' € Ky are all the

same, denote their value by &. The result 8 = —&, Vk € K; follows
immediately.
vy =a,Vie INI, Vi’ e I and By = —a, Vi’ € I:

L(Ng) = L(Ny) gives i, = Qiyis, for Vig,iz € I\ I, iy € I, thus
iy = @, using the result from step (T1lc). The result 8 = —a follows

from L(Ng) = L(N3).

o = a, Vi,i' € I:

Obtained from L£(Ng) = L(Nyo), which gives ay,5, = —Bi,, Vi1,ia € 1
and the result follows from the result in step (T1le).

61-;1(1-) Zd—i-B—l—gh(i),Vi S I\fand Bi ZB, Vi € I\f:

From L£(N11) = L(N3), we get 5i2h(i2) = Qyig + Bis + 5i3h(i2) for iq,i3 €
I\ I. Using results from steps (T11b) and (T1lc), we get Sinh(in) =

o+ Big + Sh(iz). Since this must hold for any ig € I\ f, it follows that 3;

has the same value for all i € T\ f, denote it by f.
Define p := a + f3.

vi=p, Viel:

E(Nu) = E(Ng) gives Yii = Qyig —I—ﬂig, for il S f, ig,ig S I\j, using the
result from step (T11b). The result v; = p, Vi € I is then obtained using
results from steps (T11c) and (T11g) and the definition from step (T11h)

p_.
K1|'
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‘C(N7) = ‘C(Nl) gives iy ky T Bkl = ZkeKl Qi + ZkeKl BU« + Biz + iy,
fori; € I,iy € I\I. Using the results from steps (T11c), (T11d), (T11e), (T11g),
(T11h), we get 0 = |K1|a—|K1|a+p and the result follows from rewriting

this equation.

T1lk apy = @+ g, Yk € Ko, VK € Kyai = @+ 7, Yk € K», Vi € I,
Br=—(a+ \Tpﬂ)’ Vk € Ks:
The first two results are obtained from £(N13) = £L(N14) = L(N15), which
gives Qg ky, = Qiyky = Qijk, fOT 41 € f, k1 € Ki,ko € Ko and using the
results from steps (T11d), (T11j). To get the result 5 = —(64 + ‘T”l‘),
let N14- be N14 without the edge {i1, k2} and node ko. L(N14) = L(N14/)

which gives a;,k, = — Bk, for i; € f, ko € Ko and the result follows.
T11 iy, = @+ g, Vh € Ka, Vi € I\ I
Let N11- be N1; with the additional node ks and edge {iz, ko } for ko € Ko.
ﬁ(Nll) = ﬁ(Nlll) gives Qjofy = _ﬁkg for iy € I\f, ko € K5 and the
results follows by using the results from step (T11k).
Tllm app = a+ ”l(.;ﬂ’ vk, k' € Ko:

Let N1y be N14 with the additional node k) and edge { k2, k4 } for k) € K.
L(N14) = L(Nyy) gives Qpoky, = —Piy for ko, k, € Ko and the results
follows by using the results from step (T11k).

Tlln agp = a+ ”l(.;lp Vk € Kl,Vkl € Ks:

Let N1g be N1g with the additional node k1 and edge {ks, k1} for k1 € K.
L(N1gr) = L(N1g) gives ag, ks = —Bk, for ks € K3, k1 € K; and the result
follows from using the results from steps (T11d), (T11j).

Tllo «jr = &, Vk € K3,Vi € I and 8, = —a, Vk € K3:

L(N17) = L(N1g) gives qiyi, = Qiyk, for in,iz € I\ I, ks € K3. The first
result, for the case i € I'\ I, follows by using the results from step (T11c).
Let £(N17/) be L(N17) without the edge {is, k3} and node k3. L(N17) =
L(N17/) gives a, ks = — P, foria € I\f, ks € K3 and the result 8, = —a,
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Vk € K5 follows. The first result, for the case i € I, then follows from
L(Ng) = L(Nyg), which gives ay, g, = — B, for iy € I,ks € K.

Tllp Q= o+ If%l’ Vk € KQ,VIC/ € Ks:
Let Nig» be Nig with the additional node ko and edge {k3, ko} for ko €
K. L(ngn) = ,C(ng) gives Qqk, = —ﬂk2 for ko € Ko, k3 € K3 and the
result follows by using the result from step (T11k).

T1lq age = @, Vk, k' € K3: being a mammal (N) is necessary but not sufficient
to being human (S), Let Nqig» be Nig with the additional node k% and
edge {ks, k3} for k3 € K3. L(Nig) = L(N16) gives ap,p, = —P; for
ks, k% € K3 and the result follows by using the result from step (T11o0).

Note that we can now write all coefficients in terms of &, p and §;, for j € J.

The equation defining G looks as follows:

(T11i) (T11a) (T11le) (T118),(T11h)  (p116).(T11e),(T116) (T11d),(T11j)
——— Y ——— e P R
PZZF"OZ%—@Z%‘F(P—@)Z%‘F ax(E(I)) +(d+m)x(I:K1)+

icl ieI\f icl i€\l !

(T11k) (T110) (T1lc) (T111)
(a+ L)x(f o) +ax(l s Ks)+an(I\ T Ky)+ (a+ L)x(f\f )
K | | K1
(T110) (T11d),(T11j) (T11k) (T110)
‘ P ) ) ‘ ‘
dw(I\IZK@‘i‘(—d—m) Z yk"'(—d—m) Z Yk — & Z Yk +
U ker, U ker, kEKs
(T11d),(T11j) (T11k) (T11n)
v (6 g ot )+ (@ g Jath
a+ — x(E(Ky))+ a4+ — |Jz(K1: Ko)+ a4+ — |z(K1 : K3)+
(a+ fep)JoB () o )P ) o) 7 )
(T11m) (T11p) (T11q)

P A %
(a+ m)ﬂE(Kz)) +aw (K 1 Ky) + az(B(Ks)) +

(T11g),(T11h) (T11b)
—_— —
Z (p+ On(iy)ain(y + 257 Z aij = Ao-
i€I\I Jj€J  iE€I:h(i)#]
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By evaluating any feasible solution (e.g., Ng) we get
)\0 =p—a-+ Z gj.
jed

Rewriting the equation defining G, we get:

1 1 )
(eri— 3" (@ + i) + = ol Ky UKy + TR
ief ieI\I

1
(K1 UKy UKs: K1 UKy) — Yk — yk)
R I P I P
(5) (2)

= ]
—a(—y(S) +aBEE)) + 3.5 aj=p—a+> 3,

JjeJ i€l JjeJ

Thus the equation defining G is a linear combination of the equation defining F
and the equality set of P. Therefore, inequalities (15) are facet-inducing, when
[I\I|>2,1+#0,K,#0.

To see that [T\ I| > 2,1 # 0 is also a necessary condition, consider the

following cases:

1. T = 0: Inequalities (15) reduce to
KD (ain+yi)+a( Ko)+a(K : K1UK) > [Kil+ > yet Y yn
iel k€K, kEK>
By Lemma 3 for K/ = K3, we get
K1 (aing +yi) + (K \ Kyt K1) > [Ki|+ )y
iel k€K,
Replace the y-variables by the z-variables to obtain the stronger inequal-
ities

(KLY (aing) + 20) + (K \ Ko : K1) > [Ki|+ Y g
el keK;

For the given injective mapping h, we now subtract inequalities (10) | K|

times to obtain

2(K\Ky: K1) > Y ye —|Kil.
keK,

This is obviously an aggregation of the upper bound inequalities y; < 1 of

the relaxation of binary variables yi, k € K1, plus the term (K \ K> : K1).

32



2. |\ I| = 0: Inequalities (15) reduce to
K1Y zita(l: Ky UKy) +2(K : Ky UKy) > [Kil+ Y ye+ > vk
icl kK kC K>
By Lemma 3 for K/ = K; U K, we get
K1) 2 > | Kyl
icl
Replace the z-variables by a-variables for some fixed j € J. We get
K[> ay > K.
icl
This inequality is easily seen to be implied by |K1| times the equation (2)

for customer j.
3. [I\I|=1: Let I\ I = {i}. Inequalities (15) reduce to

|K1| Z Zir + |K1|aih(i) + |K1|yi + x([l KU Kg) + CL‘(@ : Kg)—l—
el

(K : K1 UKy) > |Kq| + Z Yr + Z Yk
keKq keKso

for I' = T\ {i}. Replace |K1|y; by (i : K1) to get the stronger inequalities
(since zs5 < ys due to inequalities (6) for H = {s,s'})
K1Y 2o+ Kalame+a( - KyUKo)+a(K : KiUK2) > [Kil+ > yet Y Uk
el keK, keKy
By Lemma 3 for K/ = K; U K5, we get
K1 > zie+ | Kilaan > | K.

ier
Replace the z-variables by a-variables for h(i) € J. We get

1K1Y aingy > Kl

iel

This inequality is easily seen to be implied by |K1| times the equation (2)

for customer h(7).
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Two special cases of inequalities (15) are of particular interest. One case
is given by the 2+2 partition inequalities that are obtained for Ko = @ and
K3 = 0. They are given as:

K1Yzt [ K| Y (amy +vi) +o( s Ky)+a(K : Ki) > K|+ ) ye (16)
iel ieI\I keK,

The other case is given by the 2+1 partition inequalities that are obtained
for Ko =0 and K3 =0 (i.e., K1 = K). They are given as:

KD 2+ 1KLY (@) + i) + (D K) +2(B(K)) > [K|+ >y (17)
iel i€\l keK

6. Conclusions

This article analyzes the polytope defined by the feasible solutions of the
connected facility location problem. This problem combines the uncapacitated
facility location problem and the Steiner tree problem, and has been motivated
by a telecommunication application. The article computes the dimension of
the polytope and shows several families of valid inequalities. Some of these
inequalities are lifted variants from the uncapacitated facility location polytope.
Other inequalities are taken from the polytope of the Spanning Tree problem.
In addition, the article also presents new inequalities exploiting the interaction
of the two combinatorial structures, like what we call partition inequalities. The
article also study conditions under which these inequalities are facet defining.
The proofs are based on the so-called indirect method. Some of the inequalities
analyzed in this article are used in [11] to describe a branch-and-cut approach

to design telecommunication networks with a tree-star topology.

Acknowledgements

This work is supported by the Vienna Science and Technology Fund (WWTF)
through project ICT15-014. M. Leitner, I. Ljubi¢, and M. Sinnl are supported
by the Austrian Research Fund (FWF) under grants 1892-N23 and P26755-
N19. J.J. Salazar-Gonzélez is supported by the Spanish Government through
the project MTM2015-63680-R (MINECO/FEDER, UE).

34



References

[1]

G. Cornuejols and J.-M. Thizy. Some facets of the simple plant location
polytope. Math. Programming, 23(1):50-74, 1982.

J. Edmonds. Submodular functions, matroids, and certain polyhedra. Com-

binatorial structures and their applications, pages 69-87, 1970.

S. Gollowitzer and I. Ljubi¢. MIP models for connected facility location:
A theoretical and computational study. Comput. & Oper. Res., 38(2):435—
449, 2011.

F. Grandoni and T. Rothvof}. Approximation algorithms for single and
multi-commodity connected facility location. In O. Giinliikk and G. Woeg-
inger, editors, IPCO 2011, New York, NY, USA, Proceedings, volume 6655
of LNCS, pages 248-260. Springer, 2011.

M. Guignard. Fractional vertices, cuts and facets of the simple plant lo-
cation problem. In M. Padberg, editor, Combinatorial Optimization, vol-
ume 12 of Mathematical Programming Studies, pages 150-162. Springer
Berlin Heidelberg, 1980.

F. Havet and M. Wennink. The push tree problem. Networks, 44(4):281—
291, 2004.

D. Karger and M. Minkoff. Building Steiner trees with incomplete global
knowledge. In FOCS, pages 613-623. IEEE Computer Society, 2000.

C. Krick, H. Récke, and M. Westermann. Approximation algorithms for
data management in networks. Theory Comput. Syst., 36(5):497-519, 2003.

M. Leitner and G. R. Raidl. Branch-and-cut-and-price for capacitated
connected facility location. J. of Math. Modelling and Algorithms, 10(3):
245-267, 2011.

35



[10]

M. Leitner, I. Ljubi¢, J. J. Salazar-Gonzélez, and M. Sinnl. On the asym-
metric connected facility location polytope. Lecture Notes in Computer

Science, 8596:371-383, 2014.

M. Leitner, I. Ljubi¢, J. J. Salazar-Gonzalez, and M. Sinnl. An algorithmic

framework for the exact solution of tree-star problems. Working paper,

2016.

G. L. Nemhauser and L. A. Wolsey. Integer and Combinatorial Optimiza-
tion, volume 18. Wiley New York, 1988.

J. J. Salazar. A note on the generalized Steiner tree polytope. Discrete

Appl. Math., 100(1):137-144, 2000.

36



