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Abstract

In this paper, we derive and analyse a compact difference scheme for a
distributed-order time-fractional diffusion-wave equation. The distributed-
order diffusion-wave equation is approximated with a multi-term fractional
diffusion-wave equation, which is then solved by a compact difference scheme.
The unique solvability of the difference solution is discussed. Using discrete
energy method, we prove the compact difference scheme is unconditionally
stable and convergent. Finally, numerical results are presented to support
our theoretical analysis.

Keywords: distributed-order fractional derivative; diffusion-wave equation;
compact difference scheme; stability; convergence

1. Introduction

An important application of distributed-order equations is to model ul-
traslow diffusion where a plume of particles spreads at a logarithmic rate
[1-3].  When the order of the fractional derivative is distributed over the
unit interval, it is useful for modeling a mixture of delay sources [4]. Al-
so, distributed-order equations may be viewed as consisting of viscoelastic
and visco-inertial elements when the order of the fractional derivative varies
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from zero to two [5, 6]. Motivated by these applications, some attention
has been paid to the fractional partial differential equations (FPDEs) with
distributed-order [7-10].

Chechkin et al. [11] proposed diffusionlike equations with time fractional
derivatives of the distributed order for the kinetic description of anomalous
diffusion and relaxation phenomena and proved the positivity of the solutions
of their proposed equations. They demonstrated that retarding subdiffusion
and accelerating superdiffusion were governed by distributed-order fractional
diffusion equation [12]. The fundamental solutions for the one-dimensional
time fractional diffusion equation and multi-dimensional diffusion-wave e-
quation of distributed order were obtained by Mainardi et al. [13, 14] and
Atanackovic et al. [15], respectively. Atanackovic et al. [16] also proved the
existence of the solution to the Cauchy problem for the time distributed or-
der diffusion equation and calculated it by the use of Fourier and Laplace
transformations. Furthermore, they studied waves in a viscoelastic rod of
finite length, where viscoelastic material was described by a constitutive e-
quation of fractional distributed-order type (see [17]). Luchko [18] proved
the uniqueness and continuous dependence on initial conditions for the gen-
eralized time-fractional diffusion equation of distributed order on bounded
domains. Meerschaert et al. [4] provided explicit strong solutions and s-
tochastic analogues for distributed-order time-fractional diffusion equations
on bounded domains, with Dirichlet boundary conditions.

On the other hand, different numerical methods for solving FPDEs have
been proposed [19-22]. Recently, Liu et al. [23] proposed some computation-
ally effective numerical methods for simulating the multi-term time-fractional
wave-diffusion equations. There are also some papers discussing numerical
methods of the distributed-order equations. For example, Diethelm and Ford
[24] developed a numerical scheme for the solution of a distributed-order
FODE and gave a convergence theory for their method. Based on the matrix
form representation of discretized fractional operators (see [25]), Podlubny
et al. [26] extended the range of applicability of the matrix approach to
discretization of distributed-order derivatives and integrals, and to numer-
ical solution of distributed-order differential equations (both ordinary and
partial). Katsikadelis [27] presented an efficient numerical method to solve
linear and nonlinear distributed-order FODEs. However, published papers
on the numerical methods of the distributed-order FPDEs are sparse. This
motivates us to consider effective numerical methods for distributed-order
time-fractional diffusion-wave equations.



In this paper, we first approximate the integral term in the distributed-
order diffusion-wave equation using numerical approximation. Then the giv-
en distributed-order equation can be written as a multi-term time fractional
diffusion-wave equation. We derive a compact difference scheme which is
uniquely solvable for the multi-term fractional diffusion-wave equation. Us-
ing the discrete energy method, we prove the compact difference scheme is
unconditionally stable and convergent. Finally, two numerical examples are
provided to show the effectiveness of our method.

The rest of the paper is organized as follows. In Section 2, a compact
difference scheme is derived. Section 3 presents the solvability, stability and
convergence for the compact difference scheme. Two examples are given in
Section 4 and some conclusions are drawn in Section 5.

2. Compact difference scheme

Consider the following distributed-order time-fractional diffusion-wave e-
quations ,
% + f(z,t) (2.1)
in an open bounded domain 0 < x < L,0 < t < T. Here K > 0, z and
t are the space and time variables. The time-fractional derivative D of
distributed order is defined by

D y(z,t) = K

2
DF@u(z, £) = / ¢ Doz, ) (a)da (2.2)
0
with the left-side Caputo fractional derivative {D defined as (see [28])

1 t n—a—10"u
¢ o e | (& — T Sz, m)dr, n—1<a<mn,
oDiu(z,t) = { g%—a) fO( ) o (T,7)

2.3
5o (2, 1) , a=n. (23)

and with a continuous non-negative weight function w : [0,2] — R that is
not identically equal to zero on the interval [0, 2], such that the conditions

0<w(a),w#0,ac [0,2],/2w(a)da:W>O (2.4)

hold true, where W is a positive constant.



In this paper, the initial-boundary conditions
u(x,0) = ¢1(x), w(x,0) = ¢o(x), 0<z<L, (2.5)

w(0,8) = a(t), w(L,t) =1a(t), O0<t<T (2.6)

for Eq. (2.1) are considered.

Now, we state our numerical method as follows.

Step 1: Discretize the integral term in the distributed-order equation.

Let us discretize the interval [0,2], in which the order « is changing, using
the grid 0 =§ <& < <& =1<&u1 <&ua< <& =2(qeN),
with the steps A&, not necessarily equidistant. We obtain

2q
DY “Yu(z,t) ~ Y wl(a) (D u(z, 1)) AL,
s=1

2q
= N d, §Dfu(x,t), (2.7)
s=1

where o € (§5-1,&], ds = w(as) AL, ALy =& — &1, =1,2,--+,2¢.
For simplicity of the presentation, but without loss of generality, we take
AE, = % =o(q e N) and d, = @. We can use the mid-point quadrature
25—1

rule for approximating the integral (2.2). Let a, = 55712+55 = T3 0% T
17 27 Y 2q Then’
2q
D e, t) = Y d 4D u(r, 1) + Ry, (28)

s=1

where Ry = O(c?) (see [29]). Consider the following multi-term fractional
diffusion-wave equation

0u(x,t)

2q
> d, (D u(x,t) + Ry = K oz

s=1

+ f(z, 1), (2.9)

with the initial-boundary conditions (2.5)-(2.6).

Step 2: Solve the multi-term equation.

We assume that we are working on a uniform grid x; = ih,i =0,1,---, M;
Mh = Ljty = kr,k = 0,1,---,N; N7 = T. The domain [0, L] x [0,7] is
covered by €, x ., where ), = {z;|z; = ih,0 <1 < M} and Q, = {tx|tx =

4



kT,0 < k < N}. Suppose u = {uf|0 <i < M,0 < k < N} is a grid function
on €25, x €. Introduce the following notations:

1
h

Now we show a compact difference scheme for solving the multi-term
equation (2.9) with the initial-boundary conditions (2.5)-(2.6).

Define, on €, x €, the following grid functions UF = u(x;, t;), fF =
f(xite),0 <1< M,0 <k < N. Suppose u(z,t) € ngf([O,L] x [0,T7]).

For 0 < as < 1, adopting the L1 discrete scheme in [30], we discretize the
Caputo derivative as (see [31])

(ui —uiy),  Guf =

z (5muf+% — 5xuf_%).

k
i1
D UL = T3 ap AT+ Rt (2:10)
S ,7:1
where
@ (kD) K =2y, (211
1 1—a, 220 d%u
S ) < s _ —Qg T 2—as
| RS (3, t1)| < T@ o)) { 5+ o (142 )} o%%}§k|8t2 |72 %
(2.12)
§ = 1a2>"'aQ'

For 1 < a4 < 2, using a fully discrete difference scheme derived by Sun and
Wu [32] and noting the initial condition (2.5), we have

k-1
Cc Nas k—3 T k—3 Qg Qg i—% Qg S
oDl ¢ = I 0U; % — Z (bk—j—l - bk—j) 06U * - biz1¢2(x) | + RS,
s =1
(2.13)
where
bpr = (k+1)°7% — k7%, L, =1"T(3—ay), (2.14)
1 2—«a 237 1 PPu
5| < S - l—as o Z T 3-as
Rl { o tyoa T 12] AN T
(2.15)

8:q+17q+2772q



Considering the equation (2.9) at the point (x;, tk_%), it is natural to have

;% <Za 5,5J2+Zakj1 )

(bgij—l —b2;) oU; * — bgil¢2(xi>]

w
,_-

- Z [Ry (2, th) + RS (i, te1) Z R+ R

51 s=q+1

_?[

Denote an average operator P as follows:

1 (,k ko o,k ~
v (el +10uf 4 uk ), 1<i<M-—1, 0<k<N
P“i_{uf . i=0,M, 0<k<AN. (2.17)
Acting the operator P on both sides of (2.16) and noticing that
1 _1
we obtain
1
Z2/~L (Za 50 ]2+Zakjl )
s=1
2 rd el e i~
+ Z —P oU; * — Z (bgij—l - bgs—j) 5tUi] * - bgil¢2(xi)]
s=q+1 Hs 7j=1
— KU AP AR 1<i<cMo11<k<N, (219
where
k—1 2
R %= ——ZP [R5 (i, 1) + Ry (i, t-1)] — Y PRS+O(h*) + O(0?),

s=1 s=q+1

and there exists a positive constant C; such that

RT3 < Oy (3 Jo + bt + 0?). (2.20)



In addition, it follows from the initial and boundary value conditions that
=¢1(z:), 0<i<M, (2.21)

Uk =i (ty), Uk = o(ty), 0<k<N. (2.22)

Let u¥ be the numerical approximation to u(z;,t;). We can derive the
following compact difference numerical scheme

g 1
(oo ut)

s=1 j=1
2 rd po1 ol 1
+ Z =P |y * = Z (bzs—j—l - b?ij) 5tu? by 1¢2(35z)]
s=q+1 7j=1
— KPP 1<i<M -1, 1<k<N, (2.23)
ug = di(x;),  0<i< M, (2.24)
ug =i(te), ul =va(ty), 0<k<N. (2.25)

3. Analysis of the compact difference scheme

3.1. Solvability

It is clear to see that at each time level, (2.23)-(2.25) is a linear tridiagonal
system that need to be solved. Since the coefficient matrix is strictly diag-
onally dominant, the difference scheme (2.23)-(2.25) has a unique solution.
This can be written as the following result.

Theorem 3.1. The compact difference scheme (2.23)-(2.25) is uniquely solv-
able.

3.2. Stability

Denote the grid function space on €, by V), = {v|v = (v, v1, -+, vpr—1, V),
vg = vy = 0}. For any u, v € V), we define the discrete inner product



and denote Ly norm |lu|| = \/(u,u). The H' seminorms |- |1, - ||4 and the

maximum norm || - ||« are as follows:

M-1
(0zu,0,v) = h Z (5xui+%> (5xvi+%) lul1 = \/ (0zu, d,u), [|u]| o = max |u,]
i=0

0<i<M

2
(01, 0,0) 4 = (01, 0v) — E(éiu, 62v), |0z 4

Lemma 3.1. If the grid function {vF|0 < i < M,0 <
vE=0,0%, =0,0<k <N, then
1
— (5§vk—%,735tvk—%) = o= (100" 1% = 180" "1%)
T
PROOF. See Lemma 4.2 in [33].

= \/ (0zu, Opu) 4.

k < N} satisfies
1<k<N.

Lemma 3.2. [34] Let {ag, a1, - -

"y An,
the properties

-} be a sequence of real numbers with

G, Z 0, Ap — Qp—1 S 0, Ap+1 — 2a'n + ap—1 Z 0.

Then for any positive integer M, and for each vector (V1, Va,

M real entries,
n—1
( ay ) Vv, > 0.
n=1 \p=0

Theorem 3.2. Let {vF|0 '
following difference system

- Vi) with

[]=
M

i < M,0 < k < N} be the solution of the

X;Q,Us (Za 8 2+Z“m1 ;>

2q k—1 o
Py T =Y (B b)) Sl - b da(x ]
s=qt1 Hs j=1
KT 1<i<M -1, 1<k<N, (3.1)
W= 6y(z;), 0<i<M, (3-2)
v =0, ok, =0, 0<k<N (3.3)



Then it holds that

k
T 1-4 _1
I S — 2 NP
s=q+1 qI'(2—as) =1
2
11— - _wla) Pobs |2 1<k<N. (34
ol Y mpoagIPelt 1sksN G
s=q+1 s

PROOF. Taking the inner product of (3.1) with Pév*~2, we obtain

! k k—1
2 ;Z [Z iz (Phr 4 Phat=8) + 3 a, (Pétuﬂ‘—%,Pétuk—5>]
s=1 s Lj=1 p
k—1
+ Z 7d, [(P&v 3 Péw’f—a> =y (b - b)) (’Pdtvj—%’Pétvk—%>
s=q+1 Hs o

biey (Poa(a), Pt ~H) | = K (6204 Pot4) + (6" 4, o h).

Applying Lemma 3.1 and Cauchy-Schwarz inequality, noticing that both b;°
and b} i1~ b j are positive, we have

2q
d, 1 K _
> HPa E |+ = (1808 — 100513
s=q+1 $
2q k—1 . )
= Z 7 [Z (o1 — be2y) <P5tvj_§,775tvk_5>]
s= q+1 S j=1

* Z . -0y (P¢2( ), 735tvk_%> + (gk_%,P(Stvk_%)

s

s=q+1
! b k-1
) [Z <P6tvj_§’ Pétvk_g) + QG (Pétvj_57P5tvk_§>]
=1 o p
k1 1
= Z bzéj 17 b?“‘]) <||P5tvj_§||2 + || P6; vk__” )]
7j=1
2 Tds
+ 30 b (IPsall? + [Powt 4 2) + (g3, Por? )|
s=q+1 " ®



N

-1

_ i 7ds [i aZ‘S_j (775tvj_%,775tvk_%) + azs_j_l (Pétvj_%j?étvk_%)] )

s=1 2’us 1

<.
Il

It follows that

2q
Tds 1 K )
> Dot H I + = (ot — o)
s=q+1 8
2q k-1
S Z Z bzs—j—l - bzs_j) ||P(St'l}]_2||2]
s=q+1 s j=1
2 rd
Y TPl + 20(g"E, Powt )
s=q+1 8
q
1 . -
— Z s Lzlak ]<736th 2, PoP 2> Zak c e 1(735tvj 2, P 2)]

Denote F9 = %H(SIUOH?4 and

K k12 o Td; . e j—di2
PP = 2ot i+ D0 = | o).
s=q+1 $ j=1

Then,

2 1d
k k—1 S 10
Fro< + E —0by
s=q+1 %

_ zq:TdS [zk:az‘jj (735tvj_%,735tv 5) Zak ° i 1(735tvj_%,735tvk_%>].

=1 Hs

Pos|® +2|(g" 2, P 2))|

Replacing k by [ and summing up for [ from 1 to k, we obtain
ds
s ey S
s=q+1 s
ey (3

Pos|®

k

T Z SN2 rdapes bgﬂ) |Psv' 2 ||

S

=1 s=q+1 [ k l — Pl
zq: T,js Z [Za (P(Stv 2, Pop'” 2) + Z&l i (Pdtyj—%’pgtvlﬁ)] '
s=1 % =1 Lj=1
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An application of Lemma 3.2 yields

ko[
2‘1: 7ds Z [Za , (735tvj_%,735t?1l_%) Zal —j-1 (Pétvj_;’Pdtvl_%)] 2 0.
—1

s=1 s =1

Therefore,

g2

[ [ (Y KZ

2211 Tds s pOs
s=q+1 s k-1
2q

T2d,
Py Ity

sq+lsll

Poal?, 1<k<N.

Observing that by, > (2 — ) (k — 1+ 1)1 > (2 — o)k, we have

Tds 2 a) | & w(as)
e A Y
s=q+1 Hs s=q+1 2 o Oés) s=q+1 qF(Q - Oés)

Also, since Zle bie, = k*~ it follows that

_ZTde

2 = —Zt2 T8y, e

s=q+1 Fs s=q+1 as)
< Lpish _me)
C K s=q+1 qr'(3 - as) o

Finally, we obtain the inequality (3.4) and the theorem is proved.

Using Theorem 3.1, we obtain the following stability statement.

Theorem 3.3. The compact difference numerical scheme (2.23)-(2.25) is
unconditionally stable to the initial values ¢1(xz) and ¢o(x) and the forcing
term f.

3.3. Convergence

We now consider the convergence of the difference approximation. Notic-
ing that UF is the exact solution of the system (2.1), (2.5)-(2.6) and u¥ is the

11



numerical solution of the compact difference approximation (2.23)-(2.25), we

denote the error

eF = UF — b, 0<i<M, 0<Ek<N.

K3 K3

Subtracting (2.23)-(2.25) from (2.19),(2.21)-(2.22), we obtain the error equa-

tions

— 2us =
2q - 1 k—1 .
+ Y P ey P =) (bR — b)) dee ]
s=q+1 s j=1

Theorem 3.2 implies the error satisfies

k|2 T l-a
674 < ?tk qu o
s=q+1 qF(2 )

Since i
B7H < (o + bt o),
and )
q 2
w(a;) / w(a)
S AR N ————da=Cy >0,
s;ﬂ qT2—a;) " Ji T2-a) ?

there exists a positive C, such that
18,€*]1% < CT? 72772727 Jo + h' + 0?)2.
To proceed further, we need the following lemmas.

Lemma 3.3. [31] For any mesh function u € Vy, it holds that

2
Slult < lloulfi < Juli.

12

k
ZHRI‘%HZ, 1<k<N,

(3.8)



Lemma 3.4. [35] For any mesh function u € Vy,, it holds that

VL

L
ul|oo < 7|U|1-

Now, we can state the following result.

Theorem 3.4. Suppose that the continuous problem (2.1), (2.5)-(2.6) has a

smooth solution u(z,t) € CS:?(Q), and let uk be the solution of the difference
scheme (2.28)-(2.25). If 72729 = o(0), then the solution uf converges to
u(x;,ty) as h, T and o tend to zero. Furthermore, there is a positive constant
C' such that the error satisfies

1
le*le < VBLOT* 37(r*73 Jo + ' +0%), 0<k<N.

4. Numerical results

In order to illustrate the behaviour of our numerical method and demon-
strate the effectiveness of our theoretical analysis, two examples are now
presented.

Example 1. Consider the following distributed-order diffusion-wave equa-
tion:

2 2
0 t
/ v SDfu(z,t)da:K%, 0<z<1,0<t<T, (4.1)
0 x

where v 1s a positive constant that can be physically interpreted as the relax-
ation time, K is also a positive constant representing the diffusion coefficient.
Here, the initial-boundary conditions

u(z,0) = 2*(1 — 2%), w(z,0)=0, 0<z <1, (4.2)
w(0,8) =0, wu(l,t)=0, O0<t<T (4.3)
for Eq. (4.1) are considered.

Using the numerical method described in Sec. 2, we obtain the numerical
solutions (Fig.1) of the fractional diffusion equation for K = 1,7 = 1.5,
v =0.3,0.6,0.9 respectively, with h = 0.02, 7 = 0.015,0 = 0.1.

13
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X

Fig. 1. The numerical approximation of u(x,t) for the system (4.1)-(4.3) whenv=0.3, 0.6, 0.9, respectively.

Example 2. Consider the following distributed-order time-fractional diffusion-
wave equation:

J2T(4 - a)sDeule, tyda = 92D 4 (g 1),

O<zx<m 0<t<T,
u(z,0) = 4sinz, w(x,0) =2sinx, 0<z<m,
u(0,t) =u(m,t) =0, 0<t<T,

where

6t3+6t—4+6—10t+ 4t — 4
logt (logt)? ~ (logt)?

The exact solution of the above problem is u(x,t) = (£ + 2t + 4)sinz.

f(z,t) = sinz |t* + 2t + 4 +

14



0.5 1 15 2 25 3
X

Fig. 2. Exact solutions (lines) and numerical solutions (symbols) at t=0.3 (triangles), t=0.6 (stars) and t=0.9 (squares).

A comparison of the exact solution and the numerical solution with h =
7/100,7 = 0.01,0 = 0.1 at t = 0.3 (triangles), t = 0.6 (stars) and ¢ = 0.9
(squares) is shown in Fig. 2. From Fig. 2, it can be seen that the numerical
solution is in good agreement with the exact solution.

5. Conclusion

In this paper, a compact difference scheme for the distributed-order time-
fractional diffusion-wave equations on bounded domains has been described.
We prove that the compact difference scheme is stable and convergent. Two
numerical examples demonstrate the effectiveness of theoretical results.
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