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Abstract

In the paper, a Crank-Nicolson alternating direction implicit (ADI) Galerkin-
Legendre spectral scheme is presented for the two-dimensional Riesz space distributed-
order advection-diffusion equation. The Gauss quadrature has a higher com-
putational accuracy than the mid-point quadrature rule, which is proposed
to approximate the distributed order Riesz space derivative so that the con-
sidered equation is transformed into a multi-term fractional equation. More-
over, the transformed equation is solved by discretizing in space by the ADI
Galerkin-Legendre spectral scheme and in time using the Crank-Nicolson differ-
ence method. Stability and convergence analysis are verified for the numerical
approximation. A lot of numerical results are demonstrated to justify the the-
oretical analysis.

Keywords: Two-dimensional Riesz space distributed-order advection-diffusion
equation, ADI Galerkin-Legendre spectral method, Gauss quadrature,
Stability and convergence analysis

1. Introduction

In recent years, as the foundation of fractal geometry and fractional dimen-
sion dynamics, fractional calculus theory has proved to be a valuable tool in
modeling many physical phenomena. There is a vast literature on the theoreti-
cal research of fractional differential equations [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15]. Chen et al. [16] developed a fractal derivative model of anomalous
diffusion and derived the fundamental solution of the fractal derivative equation
for anomalous diffusion, which characterizes a clear power law. A new method
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based on the Legendre wavelet expansion together with operational matrices for
the fractional integration and derivative of these basis functions was proposed in
[17] to solve the time-fractional seventh order KAV (sKdV) equation. In general,
these models can be simulated by single and multi-term fractional equations.
However, both single and multi-term fractional equations are not suitable for
depicting the diffusion processes in multi-fractal media due to lack of fixed scal-
ing exponent. For processes lacking such scaling the corresponding description
may be given by distributed-order fractional partial differential equations [18].
It has been reported that the dynamics systems depicting and solving the real
world properties have been undergoing two stages. One is from integer-order
dynamic systems to fractional-order dynamic systems, and the other is from
fractional-order dynamic systems to distributed-order dynamic systems [19].

Furthermore, distributed-order differential equations have recently been in-
vestigated for complex dynamical systems, namely, distributed-order dynamic
systems, which have been explored to describe some important physical phenom-
ena. Distributed-order differential models are more powerful tools to describe
complex dynamical systems than classical and fractional-order models because
of their nonlocal properties. Caputo [20, 21] first discussed distributed-order
fractional differential equations. The major difference between distributed-order
time fractional differential equations and distributed-order space fractional dif-
ferential equations is that the former represents local variations and is partic-
ularly valid when considering local phenomena [22, 23, 24], while in an infinite
medium it is more appropriate to introduce the space fractional order deriva-
tive to represent the effect of the medium and its space interaction with the
fluid [18]. There are many papers that studied how to solve distributed-order
fractional equations. The second-order accurate implicit numerical methods
for the Riesz space distributed-order advection dispersion equations (RSDO-
ADE) in one-dimensional (1D) and two-dimensional (2D) cases were derived
and analyzed in [25]. Ye et al. presented an implicit numerical method for a
new time distributed-order and two-sided space-fractional advection-dispersion
equation [26] and an compact difference scheme for distributed-order time-
fractional diffusion-wave equation on bounded domains [27]. An implicit nu-
merical method for the time distributed-order and two-sided space-fractional
advection-dispersion equation [28] was developed by Hu et al. Li et al. pro-
posed the finite volume method for a distributed-order space fractional diffusion
equation [29] and the Riesz space distributed-order advection-diffusion equation
[30]. A numerical method for solving the two-dimensional distributed order
space-fractional diffusion equation on an irregular convex domain was given in
[31].

However, it seems that no other published research takes into account the
spectral method with detailed theoretical analysis for the space distributed-order
advection-diffusion equation.

In [18], Sokolov et al. discussed space distributed-order diffusion equation
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where P(«) is a dimensional function of the order of the derivative a. IR

denotes the Riesz space fractional derivative. In the general case P(a) =
H*2Kw(a), H and K are dimensional positive constants, [H] = cm, [K] =
em?/sec and w(a) = B1d(a — a1) + Bad(a — az), 0 < a1 < ag < 2, By > 0,
B > 0. The equation for the characteristic function of Eq. (1) has the solution

g(h,t) = exp (—a1|h|*' ¢ — az|h[**1), (2)

with a; = B1K/H?~% ay = BoK/H?%2. Eq. (2) is a product of two charac-
teristic functions of Lévy stable probability density functions with Lévy indices
a1, as and scale parameters al/ “and a, Y/ @2 respectively. Through a series
of analysis, Sokolov et al. [18] concluded that at small times the characteris-
tic displacement grew as t'/%2, whereas at large times it grew as ¢!/, This
means that the process was an accelerated superdiffusion. Based on this model,
the following general two-dimensional Riesz space distributed-order advection-
diffusion equation is developed:

M

1
7—)\1/ P1 6| |ada+)\2/ P2 (9| |ﬁdﬂ+)\3/0 P3( )a| |’Yd (3)
1
on
+A4/ )2y 4 fay,t), (eyt) € Qx I,
0 a| |77

with boundary condition
u=0, (zr,y,t) €0 xI, (4)
and initial condition

’U/(Ji,y,O) = Uo(.’L‘,y), (x’y) €, (5)

where I = (0,71, @ = (0,L) x (0, L), f(z,y,t) can be used to represent sources
and sinks. A;, Ao > 0 are the diffusion coefficient, A3, A4 > 0 are the aver-
age velocity, Pi(a), Py(8), Ps(7), Py(n) are non-negative and bounded weight
functions that satisfy the conditions [25],

Pia) 20, Pi(a)£0, ac(L2) o</2P1<a>da<oo,
1
2

PyB) >0, Py(B)#0, Be(1,2), o</1P2</3)d5<oo,
1

Pyy) 20, Py(7)£0, ~<(0,1), 0</0P3(7)d7<oo,

1
P4(’I]) > 0, P4(’I’]) 7_é 0, YRS (O, 1), 0< /O P4(’I’]>d7’] < 0.

The Riesz fractional derivatives on a finite domain [0, L] are defined [11, 32] as



follows:

0%u 1

=— D¢ +Dfu), 0<a<?2, 1,
O|z|> 2cos (am/2) (oDzu+ o Div) “ a7 (7
0Pu 1 )

= B
Ayl 2cos(Br/2) (OD5“+ yDLU) , 0<p<2,8#1.

For n —1 < v < n, n € N, the operators ¢DJu, ,D}u, ¢DJu and ,D}u are
defined as

1 8n T
D’Y - —_— — _ n—fy—l
07t F(’I’L — ’y) ox™ /O (Jf S) U(S’ y7t)d8a
G e —
Dlu= g ), 6= st
Dyu = e /y( —8)" 7 y(x, s, t)ds
T T =y oy Jo Y » 5, 8)a5,
_1>7L 8n L
Dpu= (77/ s —y) " tu(x, s, t)ds.
R T(n—) oy y( v) (z,5,%)

Nowadays, some numerical methods have been applied to classical equations
[6, 7, 8, 33, 34, 35, 36]. The spectral method is one of these important meth-
ods and has been widely applied to fractional integral and differential equations
[37, 38, 39, 40] because of its high-order accuracy. In paper [41], the authors
presented a space-time spectral method for the numerical solution of the time
fractional Fokker-Planck initial-boundary value problem. An unconditional en-
ergy stable Fourier spectral scheme for the fractional equation with periodic
or Neumann boundary conditions was developed in [42]. In this paper, we
propose a Crank-Nicolson ADI Galerkin-Legendre spectral method for the two-
dimensional Riesz space distributed-order advection-diffusion equation. The
stability and convergence analysis of the numerical method are discussed. The
error in spatial attains spectral accuracy.

The method to carry out the distributed-order Riesz space derivative used
in most articles [25, 29, 30] is based on the mid-point quadrature rule. In
this paper, we propose the Gauss quadrature to approximate the distributed-
order Riesz space derivative. The Gauss quadrature is stable and has a higher
computational accuracy than the mid-point quadrature rule. For the general
distributed-order Riesz space derivative f;md" P(a)a@laTlida, when the weight
function P(«) is smooth, we can use the Legendre-Gauss quadrature to approx-
imate. When the weight function P(«) has a weak singularityis, we can rewrite
the distributed-order Riesz space derivative

Omax aoz
/ P(a) xu ww tda, w= (@ — Qmin)*(Qmax — a)b, (a,b > —1),

min

where w is a suitable weight function such that P(a)éﬁi—f@w is more smooth than

PW)%' We can apply the Jacobi-Gauss quadrature to carry out the above



integral. In other words, the Gauss-quadrature can achieve a high accuracy for
smooth and nonsmooth solutions.

The rest of this paper is organized as follows. The definitions and proper-
ties of fractional Sobolev spaces and distributed-order Sobolev spaces are in-
troduced in Section 2. In Section 3, we provide the Gauss quadrature and the
Crank-Nicolson ADI Galerkin-Legendre spectral method for solving the two-
dimensional Riesz space distributed-order advection-diffusion equation. The
stability and convergence analysis are verified for the numerical approximation
in Section 4. Section 5 presents some numerical results to show the effectiveness
of our numerical method. Finally, some conclusions are made in Section 6.

2. Preliminaries and notations
By H°(R?), 0 > 0, we denote the fractional Sobolev space on R?, defined as
H(R?) = {u € L*(R®)|(1 + |u*)72F (u)(n) € L*(R?)}, (8)
which is endowed with the seminorm and norm

[ul e g2y = [ |1]”F(w) (1)l 22 ®2).

o (9)
ull o 2y = (1 + |1l?) 772 F (w) (1) ]| 22 2y

where F(u) represents the Fourier transform of u. Subsequently, we denote by
the fractional Sobolev space on ).

H(Q) = {u € L*(Q)|3a € H°(R?) s.t. i|q = u}, (10)

with the norm

Q) = inf 0| o (r2 11
l[ull o () aeHaalR%),mQ:uHu”H (R2), (11)

and H{ (2) denotes the closure of C§°(£2) with repect to |[u| go (o). Other useful
seminorms and norms associated with H(Q2) (Hg(Q2)) have been developed in
[43]. The seminorm |u|; , and the norm |ul|; , are presented as

1/2
[ulir = (loDZullfe(@) + loDjullfe) -

) L N1/ (12)
el = (lluleqey + lul?y) -
The seminorm |u|,, and the norm ||ul|, , are given by
a, |12 o, |12 1/2
[ulro = (e DZull3zy + Iy DFullfaey)
(13)

1/2
o = (a3 + ul2,)



For the distributed-order Riesz space derivative, we obtain that using the

Gauss quadrature,

2 0%u 1 0%k .
/1 Pl(a)wda =3 kz_owz(cl)ﬂ(ak)m +0M; ™),
M,
dPu = OPry —r
/ P(8) 515 B—f;)w,i”&wwwwz )
- 14
' (3) O"u —r "
| Ps(v) 3\ |,Y Zw Ps(yk) 8| i +O(M; ™),
1
. (4) aﬁku —7T1
A P4( a| |71 Zw P4 77k a|y|mc + O(M4 )7

where i, O are the Legendre-Gauss points on the interval (1,2), g, nx are

the Legendre-Gauss points on the interval (0,1), @ ( ) are the Legendre Gauss
M) _1-MWp
= 30 Pi(ar),

weights [44] and r1 < max (Mp)+1, m=1,2,3,4. Taking wp,

w,(f) 7wk2)P (Br), w,’ = §~(3)P3(7k) and w,(c ) = 2@£4)P4(nk), we can rewrite
(14) into the followmg form
2 M
0%u (1) 0“Fu _
P, ——da = @) m
/ “‘”aw =D g T O™,

/2 s = Z @I o),
[ ro R

o s (3) Ok —r
A Pu) s 1 = D e + O™,

1 My
o0"u B (4) Ok —T1
/ a4 = 2. g T O

0 k=0

We introduce the following weighted seminorm |ul; po and weighted norm

[ulls,p.q

|U|l PQ = <Zwk ||0Dak/2u||2 + Zw Q)HOD/%/QU”Q

1/2
& (3) vi/2,, 112 4) /2,112 (16)
+ > w o D2 | +Zwk oDy “ul| ;
k=0 k=0

1/
lullipg = (llulae) + ulfpg) -

The weighted seminorm |u|, p,g and the weighted norm ||u||,, pg are expressed



as follows

M, Mo

1 o /2 2 . /2
[ulrp.g = (Zw,ﬁ N2DE 2l + 3wy D 2l

k=0 k=0

Ms M, 1/2 (17)
3 2 4 . /2

+ 3w DF Pl + 3w |, DY u||2> :
k=0 k=0

1/2
el = (lul20) + 02 p )

The following Lemmas used in the later sections are now provided.

Lemma 2.1 ([45]). The norms |- |li.p,o and ||- |- p,o are equivalent.
Lemma 2.2 ([43]). Let 0 > 0, if u € HJ(S2), there exists a positive constant
C < 1, such that

Cillullag @) < lulbg @) < llullag @)

Lemma 2.3 ([46]). For anyu € HJ(Q), v € Hg/Q(Q), we have

(oDIu,v) = (()Dg/zu,z DZ/QI/), (:.DJu,v) = (IDZ/QU;O Dg/zu).

Lemma 2.4 ([47]). For o >0, u € C§°(Q). Then

(0D, 2 Dfu) = 008 (07 —oe DI 22 ) = €05 (07) o D% 22(cy-

(0D, yDfu) = cos (om)|—oe D22 g = c08 (07, D il gy
where U is the extension of u by zero outside €.
Lemma 2.5 ([43]). For 1,02 >0, u € C5°(?). Then
(0D oDy?u, +DT' yD7?u) = cos (017) cos (027) || — oo D3 _OODZZ’ELH%Q(Q),

(ngl yDZQU, zDzl OD;’QU) = COS (O’l’/T) COS (O’QTF)H_OOD;I —ooDZZ'EL||2L2(Q)’
where U is the extension of u by zero outside €.

3. The Crank-Nicolson ADI Galerkin-Legendre spectral method

Some function spaces on I x §2 are introduced. Assume that X is a Banach
space on ) with norm || - ||x. For pu > 0, the space H*(I; X) is defined as

HY(IX) = {y e L*(L X)|[ly(-. t)llx € H*(I)},
Hy(1;X) == {y € L*(LX)]|ly(, 1)l x € Hy (D)}



Let

M, Qg M3
_ (1) 0% u 3) 0™u
Fu=X kzwk Bl T kz“”f Bl
=0 =0

My Bk M, Mk
_ (2) 07 u (4) 9" u
Fou= X Zwk BTy [Pr + A\ Zwk o
k=0 k=0
Then (3) can be rewritten as
u _
ot
where M = max(M,,), m = 1,2,3,4. We discretize the time domain [0, 7
by t, = nt,n =0,1,...,L with 7 = T/L. Denote t,11/5 = (tny1 + t,)/2 for

n=0,1,...,L—1. For the function u(z,y,t) € C(2x[0,T]), take u™ = u"(-) =
u(-,t,). For convenience, we introduce the following notations,

Fou+ Fyu+ f(z,y,t) + O(M™™), (18)

n+l _ ., n n+1 n
U U 42— U +u

5tun+1/2 _
T ’ 2

The temporal derivative of (18) is discretized using the Crank-Nicolson method
which leads to
Seun Y2 = (Fy + F)um V2 4 fr4+12 4 O(M~" + 72), (19)
In other words,
u"t — " =7 (F, + Fy)UnJrl/2 + Tt 4 O(TM ™" + 1), (20)

We add the perturbation term %FxFyétu"H/Q = O(73) to the left side of (20)
to obtain the following equivalent form

2 { (21)
+O(TM™ + Td).

For the spatial discretization, we use the following basis function [43] in the x
and y directions:

¢i(x) = Li(2) — Liro(2), Z€[-1,1], x= Li; L e [0, L],
Ly+ L (22)
ng(y) = Ll(g) - Li+2(g)a Z:l € [717 1}7 Y= T € [OvL]a

wherei =0,1,..., N—2and L;(2) is the Legendre polynomial [44]. The function
space Sy can be specified as follows:

Sy = span{¢;(z)p;(y), ¢,7=0,1,...,N —2}.



Therefore, we can obtain the fully discrete form of (18) as follows: Find u" €
Sy forn=0,1,...,L — 1, such that

(1=5F) Q- 5E)uy™0) = ((1+5F) (1+5F,)uf.v)
+r(fH1/2 ), Yo e Sy, (23)

0 _ 1710

uN—HN ug,

where TIy" is a suitable projection operator [48] satisfying

(TN u — u, v) + (D (T3 u — u),8,0) =0 Yo € Sy. (24)
The approximated solution u}i,“ has the following form,
N—2N-2
uptt =3 D A 6u@)e(v): (25)
=0 75=0

Let c¢(a) = W Taking v = ¢;¢; (1,7 =0,1,..., N —2), we obtain the

matrix representation,
T n+1 T T T n T T n
(M, — in)D (M, — §Sy) = (M, + §Sz)D (M, + 559) +7G", (26)
where M,, S,, G, D' € RW=Dx(N=1) "gatisfy

M3
J—MEZw (ﬂwuwﬂww)+M§3¢%mwﬁyw+@wwﬁ,

k=0
)ij = Azzw (S(Bk) + (S(Bk) ) + A\ Zw (S(Wk) + (S(nk)) )
(D™ )i = dzz“, (G™)ig = ("2, 0i5), 6,5 =0,1,...,N =2,

and

(S%4))i 5 = (0DS* i, « D7 65),  (SO%)ij = (0DI* i, 2D7*¢5),
(S§%)ig = 0Dk @iy yDIEs),  (S™))is = (0D i 4D 5)-

The matrices M, and M, can be easily obtained by the orthogonality of the
Legendre polynomial [44], so we ignore the details. The matrices Slow) S;E”’“),

SZ(/B’“) and SZ(/"’“) can be obtained using the Jacobi-Gauss quadrature, see the
detailed implementation in [43]. Therefore, the computation of the matrices S,
and Sy is obtained easily.



4. Stability and convergence analysis

In this section, we demonstrate the stability and convergence analysis of the
Crank-Nicolson ADI Galerkin-Legendre spectral method for the two-dimensional
Riesz space distributed-order advection-diffusion equation.

Taking
A+ (u,v) = (6D, D) + (D3 u, 0 DIH0),
Afyfk (u,v) = (ngk/Zu, yDlLfk/zv) i (yng/zu, ngk/Qv),
A’IYk (u,v) = (OD’Yk/Zu DW/QU) + (tzk/2u7 OD;’“/QU),
A (u,v) = (oD1/?u, ,DI*?v) + (yDzk/zu, ODZk/zv).

Let

M1 M2
Alu,v) =21 Y elan) AT (u,v) + Ao - w7 e(Br) A (u, )

k=0 k=0 (27)
]V[g M4
+ s 3wy o) AT (uv) + Aa Y wielm) AR (u, ).
k=0 k=0

The orthogonal projection operator HZ’Q : H(?Ml /Q(Q) N H(?MQ/Q(Q) — Sy is
defined as

Alu — Hﬁ’Qu,v) =0, YveSy.
For simplicity, we denote || || = [|- ||z2(q). We define the new distributed semi-
norm |- |p,g and distributed norm ||- || p,q as

IV[I M2
lulpg = (M ST Wi oD 2ul? + 20 Y wiP[lo DS 2l
k=0

k=0

]\43 M4 1/2
HswaNoD;k“unQ+A4Zw£4>loDZ’“/2“”2> ’

k=0 k=0
1/2
lullp.o = (lul + |ulpq) ™

Then we investgate the properties of the projectors Hﬁ’Q and H}\}O.

Lemma 4.1 ([49]). Let s and r be real numbers satisfying 0 < s < r. Then
there ezists a positive constant C' depending on v such that, for any function
u € H5(Q)N H™ (), the following estimate holds:

lu — " ulls < CN*"full,.

Lemma 4.2. Let r be real numbers satisfying 0 < ay/2,5,/2 <1<, ar/2,0/2 #
%, k=0,...,M,l =0,...,M5. Then there exists a positive constant C inde-

pendent of N such that, for any function u € H(?MI/Q(Q) OHO’BM2/2(Q) NH"(Q),

10



the following estimate holds:

M, Mo
lu— T %u|p g <c<zw,§1>zvak/2—r||ur + 3w Ny,
k=0 k=0

M3 My
+ ZWI(CQS)N’WC/Q—T”UHT + Zwl(c4)Nnk/2—r”u”T> )

k=0 k=0

Proof. Based on the results in [43], we have

|u—H§’Qu|?D’Q = A(u — TN %u,u — TTY%u) = A(u — TS U, u — uy)

(28)
< Clu— Ty %ulpglu — unlpg.
Letting uy = H}\}Ou and using Lemma 4.1 gives
|lu — HZ’QU|P’Q < Clu— H1’0u|pQ
<C Zw N s+ wa/g "l
(29)
M4
+Zw N%/2 T||U||T+ZW(4)NW/2 Nl >
k=0 k=0
O

4.1. Stability and convergence analysis for the semi-discrete format

The stability analysis of the semi-discrete form (21) can be presented.

Theorem 4.1. Assume that u™*! is the solution of problem (21), then there
ezists a positive constant C' independent of N such that

P < O( oty f““”ll)-
k=0

Proof. We give the semi-discrete format

[l

2
(Sub /2 v) + %(FmFydtu’“+1/27 v) = ((Fy + F,)u" 12 v) + (F411/2 0. (30)
Letting v = 6,u**t1/2 in (30)

2
(5tuk+1/276tuk+1/2) + %(FmFyétuk+1/2,5tuk+1/2) =((F, + Fy)uk+1/275tuk+1/2)

=+ (fk+1/2,5tuk+1/2).
(31)

11



For the term (F,F,v,v), we use Lemma 2.3 to obtain

1 2
(FoFyv,0) =2X1 02 > > wil elag)w ™ e(B) A (v, )
k=0 1=0
My My

+ 2)\1)\422w (m)A(O"“m)(v v)

k=0 1=0
My M, (32)

+22023 Y > w e(B)wy Y e(n) AP (v, 0)
k=0 1=0
M3 M4

+ 2X3)\ Z Z w,ig)c(wk)wf4)c(nl)A(7k’m) (v,v),
k=0 1=0

where
A(ak,Bl)(,U ’U) (ODak/2 Dﬁl/2 v, Dzk/Q ()D51/2U)

+ (ODgck/2 ODyBL/QU7 Ing/Q yD§Z/2U)~
Lemma 2.5 then gives
2e(a)e(B1) AP (v, v) = 2e(an)e(B){ (0 DE*/? D} Pv, DI oD /20)
+ (Ong/Q 01)51/2,07 xDzk/2 yD?/l/z’U)}

= de(ar)e(By) cos (awm/2) cos (B /2)]| —se DE*/? _ oo DI/ 202
_ ||_OOD;%/2 Dﬁz/2 H2

(33)
We have

(F,F,v,v) A1A2zzw(l)wﬁ>\| D22 _ DI

k=0 1=0
My My
PPV NN ot Sl [ HY S Y S
k=0 1=0
My M, (34)
+20hs DY PP | DI? DI 22
k=0 1=0
Ms My .
a0 DY o e DI D0 > 0,
k=0 1=0
where ¢ is the extension of v by zero outside ). Therefore
(F,Fyoubf /2 §,uk+1/2) > 0. (35)
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In addition, using Lemma 2.3 and Lemma 2.4

(quk+1/2,(5tuk+1/2)

M, o k12 Ms G kT1/2
(1) 0% u k+1/2 (307U k+1/2
(Z“’ e )“3 (Z“k S

k=0
My
_ A1 (1) Ak (R kL Ak (ko k
_E Wi C( k)[ w(u , U )_ z(uau )]
k=0
A3 o
+ 523w el A (uF ) — AR ()
k=0
A
= 253 ol (- D2 | — |- D2 2)
k=0
A3 o
+ 523wl (oD 202 = e DR 20 2))
k=0

(36)
where 4" is the extension of u™ by zero outside 2. Similar to the above calcu-
lation process, the following equality can be given

Mo
>\2 2 ~
(Fyuk+1/275tuk+1/2) :gz:wl(c ) <||_OQD5’“/2ukH2 — - Dﬂk/z k12 )
k=0

Aq 4 A )
T Zwl(c ) (||—ooDZk/2ukH2 — ‘ _OODZI«/2UI<:+1”2) )

27
k=0
(37)
According to the above results, we have

05 [ < (¥ g + 27 /42 (39)

Summing over k in (47) from 0 to n and using Lemma 2.2 lead to
[u" ™ pq < C(luoP,Q+Tka+l/2H>- (39)

k=0

The proof is completed. U

Theorem 4.2. Let 1 < M + 1. Assume that uw and uF are the solutions of
problem (3) and (21), respectively, satisfying u € H>(I; H"())). Then there
exists a positive constant C independent of k and T such that

I = u(z,y, tr)llp.q <C(r* + M),

Proof. Let 0% = u* — u(x,y,t). We can derive the following error equation,

2
(8,0m+1/2 v + TZ(FIFy(StH”“/Q,v) = (F,+F,)0""/2 )+ (H,v) Yo € Sy,
(40)
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where
H' = O(r* + M~™). (41)

Similar to Theorem 4.1 with v = §,0" /2 we have
I — e, ) g SC2 + M),

The proof is completed. O

4.2. Stability and convergence analysis for the fully discretization

Firstly, we give the stability analysis of the numerical scheme (23).
Theorem 4.3. Assume that u’&“ is the solution of problem (23), then there
ezists a positive constant C' independent of N such that

n
luxllpq < C(Iﬂ?le,Q 7> ||fk+1/2)-

k=0
Proof. The following problem can be easily derived

2
(Grun ™%, 0) + T (BB Sy, 0) = ((F + B Jul™ %, o)+ (F41/2,0). (42)

k+1/2 (

Letting v = dyup 42) leads to

(5tu§cv+1/276tuljcv+1/2)+ - (F F 6tuk+1/2 5tU];V+1/2) —((Fy + F,)u k+1/2,5tulfvﬂ/2)

+ (fk+1/2’5tuéﬂv+1/2)'

(43)
By the Theorem 4.1, we have
(F,F, 02 5,82y > 0, (44)
(ng l]cv+1/2 6t k+1/2)
A M "
_ M w ( 7ongk/2ﬁk 2 700ng/2,&k:+1 2
7 2k K% =1 K2) .

M3
N (B ]
k=

and

k+1/2 k+1 2 2 2 ~ ~
(Fyuy 2, 6y ;Z o (Il-oo D2 12 = oo DY/ 20 |2)

My
Z D (1o D2 2 — | ou D2l ).

(46)
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where 1} is the extension of uR;, by zero outside Q. According to the above
results, we have
k+1)2 k|2 k+1/2)12
lun Ipo < lunlpo +27If 22, (47)

Summing over k in (47) from 0 to n and using Lemma 2.2 lead to

luy™ g < C(Iu?vlp,QJrTZIIf’““/Q) (48)

k=0
The proof is completed. U
Then the convergence analysis of the full discretization can be established.

Theorem 4.4. Letr > 1 and i < M + 1. Assume that u and ulfv are the
solutions of problem (3) and (23), respectively, satisfying u € H?(I; H"(2)).
Then there exists a positive constant C independent of k, T, and N such that

M1 M2
u%ma%mwaQSCGj+”[”+§:@”Nm”T+§Z@”N&”T
=0 =0

M3 ]V[4
F3 S S ).
=0 =0

Proof. Let u = HJI\),’Qu, E=wu—1U,e=1u—uy. We can present the following
error equation,

2
(5™ V2, 0) o+ T (B Fybie™ V2, 0) = (B + F)e™ V2, 0) + (HYv) Yo € Sy,

(49)
where )
Hy = =582 4 O + M) = TR g2 (50)
Similar to Theorem 4.3 with v = §,e"T1/2, we only need to estimate
| lpo + I1HZ, n=1,2,...,L
For the initial error e°, we have
po < llellp.o = TR uo — T uol| .o
<R %ug — uol P + [luo — T uo || o
M, M,
co(Sruowenr S
1=0 1=0

M3 . M4
T IR CICTCR S Nm/2—7") _
1i=0 1=0
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Furthermore, the following estimates can be obtained,

M1 M2
867172 < €186+ 2|p g <C (wa”N“l/ D WA

e o (52)
3 4
+ Z wl(3)N’Yz/2—T + Z wl(4)Nm/2—7‘> ,
1=0 1=0
7 n+1/2 2
| L ESE2) < O, (53)

Combining (51)-(53) and using Lemma 4.2 gives

M1 MZ
lufe = ule,y 1)l pe <C ( MY WINPTy N
1=0 =0

M3 ALL
+ 3w Ny Zwl(4)N”l/2—”> :
1=0 1=0

The proof is completed. O

Remark 4.1. When the weight function P(«) exists weak singularityis, we can

rewrite the distributed-order Riesz space derivative [ ™ P(oz);a—qfxdoz as follows
Qmin |]

Omax e Omax [¢]
/ P(a)aiuada :/ P(a) 0 iww‘lda,
o O|z| a |

min

where w = (@ — Qpin)*(Qmax — @) (a,b > —1) is a suitable weight function such
that P(a) {_)dmuaw is more smooth than P(a)alelﬂ. Based on the form of w™!, we
can employ the Jacobi-Gauss quadrature,

/ r P(a) axu ww ™ tda

min

- <O‘maxzo‘min>la b/1 P(&)(1+4 &)1 — a)"*da

here P(&) = P(oz)gr)‘:—rﬁyw and o = (amaxfami“)g+a‘“‘“+a"‘“, {&;} are the Jacobi-

Gauss points with respect to the weight function (1 + a&)~*(1 —&)~°.

5. Numerical results

Space distributed-order fractional equations are more flexible to represent
the effect of the medium and its spatial interactions with the fluid, such as
accelerated superdiffusion [18]. In this section, some numerical examples are
researched for illustrating the theoretical analysis.
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Example 5.1. We consider the following Riesz space distributed-order equation

Au /2 9% /2 9% /1 Nu
— = Pla)——da + Pla)——da + —d
o~ ), Pgpdat |, Plegpmdet [ eOgnpd

1 (54)
0
+ [ Qwgmdrt fewd, @t eaxl
0 oyl
with boundary condition
u=0, (z,y,t)€0NxI, (55)
and initial condition
u(ﬂ?,y,O) :xQ(l —$)2y2(1 _y)2a (1‘,y) € Qv (56)

where I = (0,1], 2= (0,1) x (0,1),

P(a) = =2I'(5 — a) cos (mae/2), Q(vy) = —2I'(5 — 7) cos (7my/2).

fla,y,t) = e'a®(1 = 2)*y?(1 = y)? — e'y*(1 = y)?[g1(2) + g1 (1 — @) + ga(x)
+g2(1—2)] —e'z?(1 — 2)*[g1(y) + 91(1 — y) + g2(y) + 92(1 — v)],

here 5 ) ) )
22—z 32°—2z z-—2z
91(z) =T') Inz 2r(4) [ Inz (o z)Q}
I'(3) 5z 3 2z 2
“\9) _9_ 2, 2 4 2
* Inz [62 Inz * Inz  (Inz)2 (In 2)2} ’
24— 28 423 — 322 23— 2
=I'(5 —2I'(4 —
92(2) =1'5) In z ) [ Inz (lnz)Q}
I'(3 1 222 2
2RO N g L (g2 o 2 220
Inz Inz Inz Inz

The exact solution of (54) is u(z,y,t) = e'z?(1 —x)*y?(1 —y)?. The conver-
gence orders in time and space in the L?-norm sense are defined as

tog (llerror(r)ll/llerrorGa)l) 1y ¢
time
— log (71 /72) m )
order = { tog (lerrorCN D /ferror(V)) 51 oo (57)
log (Na/N1) pace,

where error = ||texact — Ul || is the error equation, 7 # 72, and Ny # Na.

In the example, we take 7 = 0.01, N = 50 and M,, = M = 10 (m =
1,2,3,4). Figure 1 depicts the numerical solution and the exact solution of Ex-
ample 5.1. We can observe that the numerical solution is in good agreement
with the exact solution. Table 1 demonstrates the relationship of the L?-errors,
HP@_errors and convergence order with the change of 7 for the considered equa-
tion when N = 32 and M = 10. It is obvious that our method has second order
convergence in time. The L%-errors, H@-errors and convergence order versus
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Table 1: The errors versus 7, and order of L2-norm and HP>@-norm for Example 5.1.

T L? —error  order HPQ —error  order

1/20  5.5639¢-05 5.8957e-04 -

1/40  1.4026e-05 1.9880 1.4949e-04 1.9796
1/80  3.5131e-06 1.9973 3.7518e-05 1.9944
1/160 8.7790e-07 2.0006 9.4026e-06 1.9965

Table 2: The errors versus N, and order of L2-norm and HP*@-norm for Example 5.1.

N IL?2—error order HPQ —error order

8  5.1567e-05 — 2.6448e-04 -

16 1.6841e-05 1.6145 9.5294e-05 1.4727
32 1.0670e-06 3.9803 7.4703e-06 3.6731
64 2.4951e-08 5.4183 2.6190e-07 4.8341

Numerical solution x10° Exact solution x107%

0.01

6 5 0.005

Figure 1: The exact solution and the numerical solution for Example 5.1.

Table 3: Comparison of the L>-errors of our method (23) and the finite difference scheme in
[25] for Example 5.1 when M = 1000.

N 1/7 L% —error (23) L* — error [25]

20 20 5.5633e-05 3.592e-02
40 40 1.4026e-05 8.916e-03
80 80 3.5141e-06 2.204e-03
160 160 8.7901e-07 5.388e-04
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Table 4: Comparison between CPU time of the ADI scheme and CPU time of the scheme
without ADI.

N 71 CPU(ADI scheme) CPU(scheme without ADI)
10 1/10 0.4126s 0.4602s

20 1/20 1.0791s 1.2941s

80 1/80 18.7639s 27.5882s

100 1/100 31.1635s 58.1755s

Table 5: The errors (MQ) versus M and order of L2-norm and HP*Q-norm for Example 5.1.
M L? —error (MQ) order HP? —error (MQ) order

4 2.2335e-04 - 1.4511e-03 -

8 5.6082e-05 1.9937 3.6378e-04 1.9960
16 1.3797e-05 2.0232 8.7772e-05 2.0512
32 3.1492e-06 2.1313 2.2409e-05 1.9697

Table 6: The errors (GQ) versus M and order of L?-norm and H*®-norm for Example 5.1.
M L? —error (GQ) order HP® —error (GQ) order

4 1.5572e-04 - 1.0213e-03 -

8 4.5767e-05 1.7666 3.6442e-04 1.4867
16 4.6176e-06 3.3091 4.7858e-05 2.9288
32 1.7143e-07 4.7515 3.1709e-06 3.9158
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Table 7: The errors versus 7, and order of L2-norm and H"»%-norm for Example 5.2.

T L? —error  order HPQ —error  order

1/80  2.7713e-03 — 6.7778e-03 -

1/160 6.9947e-04 1.9862 1.7212e-03 1.9774
1/320 1.7549e-04 2.0280 4.3200e-04 1.9943
1/640 4.2493e-05 2.1185 1.0618e-04 2.0245

Table 8: The errors versus N, and order of L2-norm and H"%-norm for Example 5.2.

N L? —error  order HPY —error  order

16 3.4062e-04 -~ 1.3757e-03 -

32 9.6235e-05 1.8235 4.9548e-04 1.4733
64  6.5342e-06 3.8805 6.4332e-05 2.9452
128 1.4996e-07 5.4454 2.5178e-06 4.6753

N are shown in Table 2 when fixing 7 = 0.001 and M = 10. The errors display
exponential decay. In other words, the spectral accuracy in space is observed.
In [25], the finite difference scheme for the one-dimensional and two-dimensional
Riesz space distributed-order advection-diffusion equation is studied. We com-
pare the L*-error between our numerical method (23) and the scheme of [25]
in Table 3. Obviously, our method presents better numerical results in this ex-
ample. In other words, the above results describe that the Crank-Nicolson ADI
Galerkin-Legendre spectral method has a high order accuracy is superior to the
schemes proposed in [25]. Table 4 presents the comparison between CPU time
of the ADI scheme and CPU time of the scheme without ADI, the ADI scheme
reduces the used CPU time and improves the computational efficiency.
Moreover, some articles [29, 30] applied the midpoint quadrature (MQ) rule
to carry out the distributed-order Riesz derivative f;r::" P(Q)%da. The
Gauss quadrature (GQ) is proposed in this paper. In order to compare the
computational accuracy between the M(Q rule and the GQ, we use the MQ

rule for approximating ff Pl(a)%da, f12 Pg(ﬁ)é‘?lﬁTl%dﬁ, fol Ps (fy)%dfy and

fol PAn)%dn similar to the procedure of the above research. Table 5 shows
the errors (MQ) and order of L?-norm and H@-norm versus M. The errors
(GQ) and order of L?-norm and H%-norm versus M are displayed in Table
6. It is obvious that the GQ has a higher computational accuracy than the MQ
rule.

Example 5.2. The following Riesz space distributed-order equation is con-
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0.1
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0.5 gl 05
y 00 X

Figure 2: The numerical solution of Example 5.2 for different A; and Az with M = 10,

N =50, 7 = 1/1000, ¢ = 1.
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t=1 t=2

18
0.035
2 16 0.04
4 0.03
15 12 0.03 0.025
5 1 1 > 0.02 / 0.02
0.5 41 0.8 0.01 Vil QXS TTINN
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TS AR T TR 0.1
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"’5555!:"':%&:“ ol d ™ O s tasestats 1 Mo.005
0.5 K 05 N -
2 0.5 0.5
y 00 X y 00 X
t=4 %10 t=8 %1072
-5
x10 16 10712 s
2 14 4
15 12 3 28
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A 8 /,/'
0.5 y /iy 1 /,;;; / 1.5
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Figure 3: The numerical solution of Example 5.2 for different ¢ with M = 10, N = 50,
T=1/1000, Ay =1, Ay = 1.
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t=1 x10* t=2
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0.1
0.05
0
%1032
2.5
2
1.5
|
0.5
0
Figure 4: The numerical solution of (62) for different ¢t with N = 50, 7 = 1/1000.
sidered,
ou /2 0%u 2 0“u ! u
— = Poz—doz—l—/Pa—da—i—/Qv—d'y
Y T T S T,
1
M
+ Q(Y)=——=dv, (z,y,t)eQxI,
| etgta. @y
with boundary condition
u=0, (z,y,t) €00 xI, (59)
with initial condition
u(w,y,0) = e OE=0NHW=0I (1) € (60)
where I = (0,8], 2 =(0,1) x (0,1). P(a) and Q(v) can be chosen as
Pla) =e M Q(a) = e 2@ (61)

here Ay, As > 0. To obtain the error estimate, we approximate the error as
error(7) = ||u(x, y,t,0.0005) — u(z,y,t,7)| L2, or error(N) = ||u(z,y,t,1024) —
u(z,y,t, N)|| 2 when u(x,y,t) represents the numerical solution.

Taking A; = Ay = 1. Table 7 shows the relationship of the L2-errors, H®-
errors and convergence order with the change of 7 for the considered equation
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when N = 50. The L2-errors, H"®@-errors with convergence order in space
are exhibited in Table 8 when fixing 7 = 0.001. It is shown that the proposed
scheme is convergent of second-order accuracy in time and spectral accuracy in
space. Figure 2 illustrates the impact of A; and As on the diffusion behaviour
of u(z,y,t). We can observe that with the change of A; and As, u(x,y,t) can
present different shapes. When A; and A become larger, there is a decrease in
amplitude and more diffusive behaviour, and the maximum peak always occurs
at the center of the domain. The numerical solutions of u(z,y,t) at different
times t = 1,2, 4,8 are displayed in Fig. 3. The diffusion behaviour of u(x,y,t)
decays with increasing time. The observations are in accordance with the known
results. For the Riesz space fractional advection-diffusion equation

@_ 0%u n 0“u . o n u
ot — Ozl Blyle " Al Ay’

(62)

with the same initial-boundary conditions as (58). In Fig. 4, the evolution of
(62) at different times ¢t = 1,2,4,8 is depicted when o = % and v = %, which
decays with increasing time. The descent rate of diffusion behaviour in Fig. 4
is faster than diffusion behaviour in Fig. 3.

6. Conclusions

It is well known that distributed-order differential equations are more pow-
erful tools to describe complex dynamical systems than classical and fractional-
order models because of their nonlocal properties. Thus, pursuing a numer-
ical method of high order accuracy is a very important issue for solving the
distributed-order diffusion equations. In this work, we consider the two-dimensional
Riesz space distributed-order advection-diffusion equation. The Gauss quadra-
ture has higher computational accuracy than the general mid-point quadrature
rule is applied to approximating the distributed order Riesz space derivative
such that the considered equation is transformed into a multi-term fractional
equation. Next, we propose the Crank-Nicolson ADI Galerkin-Legendre spectral
scheme for the transformed equation. The stability and convergence analysis
are proved for the numerical method. It is shown to be convergent of second-
order accuracy in time and spectral accuracy in space which is higher than some
recently studied schemes. Some numerical examples are given to demonstrate
the high efficiency of our method as well as the high order accuracy.
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