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Abstract
Statistics, Computation, and Adaptation in High Dimensions
by
Ashwin Pananjady Martin
Doctor of Philosophy in Engineering — Electrical Engineering and Computer Sciences
University of California, Berkeley
Professor Martin J. Wainwright, Co-chair

Professor Thomas A. Courtade, Co-chair

With a focus on designing flexible, tractable, and adaptive methodology for some canonical machine
learning tasks, we establish several results for the class of permutation-based models, index models,
and Markov reward processes. First, we study permutation-based models in the vector, matrix,
and tensor settings, which provide robust representations in “broken-sample” problems and of
human-generated data. We design tractable and adaptive methodological solutions for fitting
these models that, among other things, narrow statistical-computational gaps conjectured in the
literature. Second, we study a subclass of index models—widely used in dimensionality reduction
and exploratory data analysis—through a computational lens, focusing on avoiding the (statistical)
curse of dimensionality and on achieving automatic adaptation to the noise level in the problem. Our
perspective yields efficient algorithms for solving these non-convex fitting problems that come with
provable guarantees of sample efficiency and adaptation. Finally, we turn to studying some statistical
questions in reinforcement learning, focusing in particular on instance-dependent guarantees for
the policy evaluation problem. We show that while some algorithms attain the optimal, “local”
performance for this problem, other popular methods fall short and must be modified in order to
achieve the desired levels of adaptation.
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Chapter 1

Introduction and high-level background

Many rapidly developing fields of scientific inquiry use massive amounts of data to find patterns
in natural phenomena that are then further explored and leveraged in order to guide discovery,
decision making, and policy. We now have intuitive and easily accessible tools to collect, organize,
and visualize data, and consequently, a quantitative approach to data science has pervaded many
disciplines. The high dimensional nature of many of these datasets raises a host of important and
exciting questions that statisticians, engineers, and computer scientists are in a prime position to
address, such as:

* How does one model structure in natural phenomena?

* Once a model has been chosen, how much information, or data, is needed in order to perform
a certain estimation or inference task?

* Can this task be performed by a low-complexity algorithm that has the capacity to scale to
massive data sets?

* Can we use structure in the underlying problem to benchmark our algorithms, and design
algorithms that take advantage of additional structure if and when it exists?

This thesis is guided by such fundamental questions, and centered around the theoretical and
methodological aspects of drawing principled conclusions from large, noisy data sets. In order to
distill concrete research directions from the broad questions outlined above, we will set down three
criteria according to which procedures will be evaluated. The first is statistical: we will focus on
developing solutions to inference problems that come with sharp theoretical bounds on their sample
efficiency, and on providing information-theoretic lower bounds that guarantee the optimality of
procedures for the task at hand. The second is computational: we will demand that our procedures
are not just statistically optimal but also efficient, or tractable, in that they can be implemented
at scale on large datasets. Finally, we will adopt a more fine-grained view of the properties of a
procedure by assessing its ability to adapt to underlying structure when it exists. In particular, while
multiple procedures may be statistically and computationally efficient in a “worst-case” sense over
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a class of problem instances, the data scientist should prefer the one that enjoys improved efficiency
whenever the problem is “simpler” in a specific sense.

We showcase this perspective on three concrete and canonical models in machine learning.
The first is the class of permutation-based models, which, while having classical roots [[82, 314],
has emerged as a robust modeling framework for some modern regression and ranking tasks [59,
275, 307]. The second is the class of index models, which is very popular in statistics [[195],
econometrics [[197] and statistical signal processing [[253]] as a vehicle of dimensionality reduction
and exploratory data analysis. Finally, we consider the class of Markov reward processes, classical
representations of stochastic phenomena arising in operations research, communications engineering,
robotics, and artificial intelligence [27, [28}, [292]. We focus here on estimating the long-term value
function of the process, which has widespread utility particularly in applications of reinforcement
learning [[77]. In an overall sense, our approaches to these problems are firmly grounded within the
framework of statistical learning theory, but we will move back and forth between optimization,
convex geometry, information theory, statistical signal processing, and control theory.

The rest of this chapter is organized as follows. In Section[I.1] we briefly introduce the general
mathematical framework that underlies our development. A reader who is interested more in the
applications that we study should feel free to skip to Section Here, we guide the reader through
the specific models considered in this thesis, focusing in particular on how our perspective asks
(and answers) fundamental questions from both the statistical and computational points of view. We
also include, for the mathematically inclined reader, brief descriptions of what we see as being the
major technical takeaways from the three parts of the thesis. Except for the current chapter, all the
chapters of the thesis are essentially self-contained and presented (almost) independently, allowing
the reader to browse the contents of a particular chapter solely with the context provided by reading
the introduction. In Section[I.3] we include brief descriptions of closely related work that does not
appear in this thesis, and most of our notation is detailed in Section|I.4]

1.1 A brief glimpse into the mathematical framework

The paradigm of statistical decision theory has had a preponderant influence on both the mathematics
and practice of statistics, and deals with problems of the following type. Suppose that we observe
a sample Y from an underlying distribution P, and are interested in the value of some unknow
“functional” ¢(P). Any estimator 7'(Y") can then be evaluated by measuring its risk

E[(TY),o(P))],

b

where /(¢, ¢*) measures the loss incurred if the prediction ¢ is made when the underlying “true’
functional is ¢*. For instance, in this thesis alone, we will use the zero-one loss, squared loss, and
{+ loss to evaluate our procedures, but many other alternatives exist in the literature. The flexibility
to choose the tuple (P, ¢, ) endows the framework with significant expressive power (see, e.g. the

'Our notation in this preliminary section is intentionally non-standard; we will use more specialized notation in the
various chapters.
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books [167,192]] for particular examples). For the purposes of this thesis, it will be convenient to
specialize the framework to the sequence model [|157], in which for each7 =1, ..., N, we have the
scalar observation model

Y= ¢!+ (L)

Here, the sequence {¢;}.¥; represents zero-mean “noise” in the model, and for now, we will assume
that the entries of this sequence are independent and use o > 0 to (informally) denote the noise
leve Thus, the vector ¢* € R¥ is the unknown mean of the observations, and we are typically
interested in using the sample Y € R¥ to estimate a functional g(¢*). Abusing notation slightly, let
T(Y') denote such an estimator; then its risk at ¢* now takes the form

Ruo(T(Y),9(¢%)) : = BT (Y),9(¢"))], (1.2)

where the loss function ¢ is the same as before, and we have chosen to be explicit in our notation
about both the sample size N and noise level o.

Statistical modeling and estimation: Consider the case where g is the identity function, in
which case the number of parameters of interest grows with the sample size /V. In order to produce
estimators that have non-trivial power, it is of interest to use prior knowledge about the problem in
order to posit the existence of some set 2 C RY, so that ¢* € 2. The tuple (2, o) then specifies
our statistical model. Typically, fewer than N parameters are necessary to describe (). For example,
when () is equal to the range of a known, d-dimensional subspace, we only need d parameters to
describe it, and when (2 is the class of all bounded, “monotone” parameters with non-decreasing
entries, the effective number of parameters grows with (but is still less than) the sample size N.
In rough terms, the former case is called a parametric model, and the latter case a nonparametric
model since it typically places fewer assumptions on the quantity of interest; see Wasserman [329]
for a more detailed discussion.

While the risk Ry, (T(Y'), g(¢*)) provides information about the behavior of our estimator at a
particular ¢*, a “good” estimator 7" is one that has acceptable performance across the entire model
class of interest. The minimax principle, originally put forth by Wald [326]], suggests that estimators
be compared according to their worst-case risk

sup RN,U(T<Y)79(¢*>> (13)
o+ e

A minimax procedure is thus one that has the smallest possible worst-case risk, and while Bayesian
approaches are equally popular [25], we will generally use the minimax principle in this thesis.
Since we evaluate our estimators in the non-asymptotic regime where N is finite, we will be satisfied
with rate-optimality, i.e., with attaining the smallest possible worst-case risk up to a constant, or
even polylogarithmic, factor.

2The reader may find it convenient to think of the noise variables as Gaussian, with standard deviation o.
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Information-theoretic limits: In order to evaluate the optimality of procedures, the first step
is to produce lower bounds on the worst-case risk that depend solely on our observation
model (L.I), and to ask if there exists any procedure that is able to attain these lower bounds—
without any further restrictions. The development of these information-theoretic lower bounds
guides the framing of many of our questions about computation and adaptation. In particular, with
the exception of Chapter [/, all the other chapters of this thesis derive the information-theoretic
limits for their corresponding problems. Indeed, establishing these lower bounds is not solely a
pessimistic exercise; the process of constructing “difficult” problem instances exposes structural
properties of the problem at hand, and guides the development of many of our algorithms. We note
that the use of information theory in statistical estimation problems is classical, and goes back at
least to the 1950s 172} (199]].

Demanding computational efficiency: The minimax principle places no restrictions on the
underlying procedure 7'. In particular, it allows the statistician access to infinite computational
resources, which is often unrealistic, particularly with the scale of modern, nonparametric problems.
How do the fundamental limits of the problem change under the additional restriction that 7" be
computable efficiently? As we will see in many portions of this thesis—particularly Chapters
through [6}—it is possible that the most natural estimators for the problem are in fact challenging
to compute efficiently, and furthermore, that there is a significant gap between the information-
theoretic estimation limits and the performance of the best-known, tractable estimators. Can we
develop better, efficient estimators that take advantage of structure in the optimization problem?
Can we prove complexity-theoretic lower bounds? Our work in these chapters complements many
modern investigations of related phenomena; e.g. [26, 44, 207, 277].

Quantifying adaptation: While the worst-case risk provides a convenient measure of an
estimator’s performance, there could be multiple procedures that achieve the same worst-case
risk. In such cases, which procedure should one prefer? A common-sense approach is given by
the following consideration: If the particular problem at hand—specified by the unknown tuple
(¢*,0) is “easy”—then the statistician ought to prefer the procedure that exhibits improved risk
properties. While in classical, parametric statistics, the asymptotic behavior of the maximum
likelihood estimator in sufficiently “benign” problems is fully characterized by the (inverse) Fisher
information at the unknown ¢* (see, e.g., [192]]), assessing adaptation in the nonparametric case
is often more subtle (see, e.g., [48] [122]). Accordingly, our exploration of adaptation in this
thesis is multi-pronged. In Chapter 4] we consider the adaptation factor [193| [194]—or index—
of a procedure, by evaluating the risk of an estimator on a sequence of simpler model classes
Q1,...,Qy CQ, and asking for the ratio

L swyecn Ry (T(Y), 9(67) -,

1<isM infT Supqﬁ*eﬂi RN,U (T(Y)> g(gb*))
to be small. In other words, such an adaptation factor measures how much worse the estimator
T is at exploiting the additional structure guaranteed by the inclusion ¢* € 2; than the minimax-
optimal estimator that knows of this inclusion in advance. An exploration of this factor exposes
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statistical-computational trade-offs of its own. In Chapter[6] we demand that our procedures adapt
to the noise level of the problem, i.e., in the case where ¢ | 0 and the problem gets progressively
easier (and eventually, noise-free), we ask if the worst-case risk (I.3]) gets progressively smaller as a
function of o. Does this occur at the optimal rate? Finally, in Chapters [§] and [9] we consider the
local minimax framework [49, 135, 186] in order to evaluate instance-specific adaptation properties,
both asymptotically and non-asymptotically.

1.2 Model classes covered in this thesis

We now introduce, at a high level, the model classes that are touched upon in the three parts of
this thesis. Our focus here is partly on applications, and partly on introducing the mathematical
formulation of the problem within the general framework of Section [I.1] The first sections of the
specific chapters provide more detailed introductions to the particular problems.

1.2.1 Permutation-based models

We first consider a class of models in which parametric assumptions can be coupled with com-
binatorial ones in order to produce more flexible models. In particular, we consider the class of
permutation-based models, defined informally below.

Definition 1.2.1. (Informal) A permutation-based model is one in which the set () is specified in
part by a tuple of (unknown) permutations.

The incorporation of permutations into our model could be the consequence of our prior
knowledge about the problem at hand, or alternatively, could capture a lack of prior knowledge.
Indeed, in the specific examples to follow, we will see cases where the permutations model inherent
“error” in the observation process, and other cases in which they allow us to incorporate flexibility
within our modeling assumptions.

“Broken-sample” regression problems: Traditional statistical procedures make the tacit as-
sumption that the correspondence between the covariates and responses is fully known. But what
if this is not actually the case? The lack of correspondence could be implicit in the data (for
example, in archaeology or genomic data [ 149, 267]]), or correspondence information may have
been intentionally removed (for example, in anonymized data sets [228]]). This “broken-sample”
problem has classical roots, with applications to record linkage and correspondence estimation in
image processing [82, [213]]. In Chapter[2] we take an information-theoretic viewpoint on the linear
regression problem without correspondence information, and sharply characterize the fundamental
limits of estimating the unknown correspondence. In particular, given a covariate (or design) matrix
A € RV*4 we consider the sequence model in which the set {2 can be written as

Q= {p € RY : ¢ € range(I1A) for some permutation matrix IT}.
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We establish a phase transition in the fundamental properties of permutation recovery—using the
loss ¢(I1,11) =1 {H # H} in order to evaluate the permutation II as an estimator—depending on

an appropriate notion of signal-to-noise ratio in the problem. Our analysis establishes a statistical
baseline for this problem that has since been built upon to study many interesting computational
questions in related models (e.g. [[1, 133} (147, 247, 285]). Work in this chapter is joint with M. J.
Wainwright and T. A. Courtade, and based on the paper [248]].

Flexible models for human-generated data: The problem of ranking from pairwise comparison
data arises in voting and recommendation systems, where large data sets consisting of noisy and
often inconsistent human choices must be consistently aggregated into a ranking in order to inform
future recommendations [17, 20, 60]. The crowd labeling problem involves aggregating data labeled
by humans—often workers on a crowdsourcing platform such as Amazon Mechanical Turk—which
contain inconsistent information due to factors such as heterogeneous levels of worker expertise,
varying difficulty levels of the questions being asked, or spammers on these platforms [80, 241,
332]. As an illustrative example of pairwise comparisons, consider modeling the n X n matrix of
pairwise comparison probabilities between 7 items, illustrated in Figure [I.1(a); the strong stochastic
transitivity, or SST, model makes the following assumption: the items can be ordered from “best”
to worst such that for any triple (p, ¢, ) respecting this order, the probability that p beats 7 in a
comparison must exceed both the probability that p beats ¢ and the probability that ¢ beats . Such an
assumption is known to be both flexible and representative in several applications [16,/103}214]], and
Chapter [3|also collects other applications (spanning psychometrics [314] and crowd-labeling [275])
in which a similar perspective yields a flexible permutation-based model.

Mathematically, our observation model can then be described using the sequence model (I.1]) as
follows: The entries of the underlying mean ¢* can be rearranged into an n X n matrix of pairwise
comparison probabilities, such that this matrix is bivariate isotonic with unknown permutations. In
particular, we have

Q={peR™:¢=TIMII" for a permutation matrix IT and matrix )/

having entries that increase along each row and along each column}.

Here II represents the unknown ranking between items, and endows the model with significant
flexibility; indeed, the permutation-based SST assumption is significantly more robust to misspeci-
fication than its parametric counterparts [16, |103, 214]. In addition, and perhaps surprisingly, it
is known that the minimax rate of matrix estimation (under squared ¢ loss) over the class of SST
matrices is essentially the same as that over its parametric counterparts [59, |274]. Thus, these
permutation-based models occupy a nice “sweet-spot” on the bias-variance tradeoff.

However, existing computationally efficient estimators suffer from sub-optimal rates. Conse-
quently, a “statistical-computational” gap was conjectured in a series of papers on this topic [55} 159,
274,1277]. The focus of Chapter [3]is on the computational question, and we produce an estimator
that uniformly outperforms existing, tractable procedures. It obtains minimax-optimal estimation
rates in a certain regime of the problem, and in other regimes, it narrows the statistical-computational
gap. Work in this chapter is joint with C. Mao and M. J. Wainwright, and based on the paper [211].
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Figure 1.1: Matrix models for human-generated data. (a) Pairwise comparisons, in which entry
1,7 of the matrix represents the probability with which item ¢ beats item j in a comparison.
(b) Psychometrics (and crowd-labeling), in which entry ¢, j represents the probability with which
student (or crowd-worker) ¢ answers question j correctly, and (c) The strong stochastic transitivity,
or SST, assumption for pairwise comparisons, which gives rise to a permutation-based model.

Higher-order models for discrete choice data: The SST assumption from Chapter 3| has a
higher-order analogue for multiple-comparison data, where a user is presented with a set of d
options and must choose one of thenﬂ The analogous parametric model in this case is the
multinomial logit, or Plackett-Luce model [204, 219, 252]], which has found applications in a
multitude of disciplines [24} 54]]. The parametric assumption in this class of models is also known
to be limiting [97]], and is generalized by the simple scalability assumption from the economics
literature [[177, 305]. This gives rise to a “tensor” version of the SST assumption; we refer the
reader to Section [4.T|for a more comprehensive introduction.

Once again, we study the estimation problem under (squared) /5 loss, starting by establishing
its information-theoretic limits. Surprisingly, whenever d > 3, we show that there is no longer a
statistical-computational gap, and that a simple estimator attains the optimal worst-case risk. The
question of adaptation is more closely studied in this chapter, where we show that our estimator
enjoys improved performance from both the statistical and computational standpoints when there is
underlying parametric structure in the tensor. We use the adaptivity index (1.4)) in order to evaluate
the statistical adaptation properties, showing that interesting statistical-computational gaps in this
index manifest under an average-case complexity assumption. Finally, in order to drive home the
utility of our estimator for this problem, we show that multiple minimax-optimal estimators in this
problem have necessarily sub-optimal adaptation behavior. Work in this chapter is joint with R.J.
Samworth, and based on the paper [245]].

Technical takeaways: We conclude our discussion by highlighting, for the mathematically in-
clined reader, a few technical takeaways from this part of the thesis. From Chapter 2] we highlight
our application of the strong converse to the channel coding problem, which yields sharper results
than the often-used Fano’s method [302]]. While the strong converse is classical in information
theory [278, 343], it does not seem to have gained as much popularity in the statistical estima-
tion literature. A second technical contribution, spanning Chapters [3 and [4] is our analysis of

3In the pairwise comparison model, we have d = 2.
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least squares estimators over non-convex sets. Indeed, we present five distinct proof techniques
for obtaining such results depending on the structure of the underlying set, and the associated
noise process. Finally, we highlight our proof of Theorem [3.4.2] from Chapter 3| which contains
many interesting approximation-theoretic properties of multivariate isotonic functions that are of
independent interest.

1.2.2 Index models

While the previous part of the thesis was concerned with endowing parametric models with the
virtues of their nonparametric counterparts, the index model provides a happy medium between
these approaches. On the one hand, it accommodates non-linearity in linear models, and is
thus robust to misspecification in these models. On the other hand, it allows the statistician to
impose parametric structure in high-dimensional nonparametric models and perform non-linear
dimensionality reduction. Let us introduce the index-model within our framework from Section[I.1]

Definition 1.2.2. (Informal) In an index model, we have access to set of d-dimensional covariate
vectors 1, . .., xy, and the set () takes the form

Q = {There exist vectors 0y,...,0, € R : ¢; = g((01, z),..., 0, ;) for i=1,...,N}.
Here, the function g : R* — R is either known, or unknown but belongs to some function class G.

Index models are important dimensionality reduction and
exploratory data analysis tools; see the book [197]] for a sample
of their wide-ranging applications. In this part of the thesis, we
study two specific instantiations of index models. 4
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models are natural and interpretable for many applications involving convex regression while ad-
mitting provably tractable estimation with a non-convex optimization procedure. An illustration in
dimension 1 is provided in Figure[I.2] These results also have implications for fitting convex sets to
support function measurements, which is a problem that arises in computational tomography [ 116,
125} 257], and for the phase retrieval problem [[102, [117]. Work in this chapter is joint with A.
Ghosh, A. Guntuboyina, and K. Ramchandran, and based on the paper [119].

A noise-adaptive framework for single-index models: The single-index model is the specific
case of the index model where k£ = 1, and we study the semiparametric setting in which the function
g in unknown. This model has been classically studied [33} 145} 145} 195], but existing algorithms
are not adaptive to the noise level of the model. As alluded to before, this is a fundamental property
that one should desire from any method: in particular, we would like to be able to perform accurate
estimation with significantly fewer samples as the noise level goes to zero. In Chapter 6] we provide
a natural, iterative, and computationally tractable procedure that exhibits automatic adaptation to
the noise level of the problem. The methodology is flexible, and reduces the problem of parameter
estimation to estimating well-chosen “inverse”, nonparametric functions in low dimensions; for the
latter, the statistician can choose any nonparametric method. We present particular consequences
for the monotone single-index model, in which G is the class of all monotonic functions. Work in
this chapter is joint with D. P. Foster, and based on the paper [243].

Technical takeaways: We now highlight two technical themes from this part of the thesis. The
first is optimization-theoretic: Both chapters in this part of the thesis make use of alternating
projections as an algorithm to solve the associated non-convex fitting problem. This algorithm is
shown to have automatic noise-adaptation properties for single-index models, and also converges
very quickly in a local neighborhood of the optimal solution. In that sense, the two chapters in
this part of the thesis are also unified under an algorithmic lens. The second technical component
that we highlight is from Chapter 5} Our analysis of the alternating projection algorithm for the
max-affine regression problem requires a fine-grained understanding of Gaussian random vectors
under truncations to convex sets, and more importantly, involves random matrix theory for these
truncated Gaussian random vectors. We expect our techniques to be more broadly applicable to the
analysis of iterative algorithms in statistical settings.

1.2.3 Policy evaluation in reinforcement learning

With the proliferation of reinforcement learning (RL) algorithms in a variety of applications such as
robotics and competitive gaming, an important consideration is that of algorithm choice. There are
currently many procedures that are available to train these RL agents; given a task at hand, which
algorithm should one prefer based on the amount of data and computation available? Which of
these procedures come with formal theoretical guarantees? Can a model for structure in a dynamical
system be used to better delineate the pros and cons of various methods, and can adaptation to such
structure be used as a meaningful yardstick to compare these methods?
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We take steps towards answering these questions by considering the problem of policy evaluation
in finite dimensional (also known as tabular) Markov decision processes (MDPs), which is an
important sub-routine used within approximate dynamic programming. The problem setting is very
simple: for a “reward” vector r € R” and a matrix P € RP*? representing the transition matrix of
a Markov chain, we are interested in the solution 6* to the Bellman equation

0" =r+ yPo*, (1.5)

where 0* € RP collects the long-term, discounted value of the D states in the MDP. In the
generative (or simulator-based) model for RL [[166], our observations consist of independent and
noisy observations of the pair (P, ), and our goal is to estimate §* from these observations. In that
respect, this problem bears resemblance to the classical problem of errors-in-variables regression
studied widely in statistics [22]]. In contrast to classical work, however, we demand non-asymptotic
guarantees in the /,.-norm, and use the simple linear model (1.3) in order to ask and answer
some refined adaptation questions. In particular, we use the benchmark of instance-dependent
performance, which is the strictest form of adaptation considered in this thesis, in order to evaluate
various procedures. Chapter [7|introduces this problem in more detail, and provides background on
the setting that we consider. Chapter [§] considers the plug-in estimator for the problem, which goes
by the names of least-squares temporal difference learning [41]], and the “model-based” estimator
in the RL literature [294]. We establish refined, instance-specific guarantees and evaluate their
optimality from a local minimax standpoint over subclasses of parameter space. Work in Chapter
is joint with M. J. Wainwright, and based on the paper [246]]. In Chapter 9] we further refine our
lower bounds to produce an instance-specific local minimax characterization, both in the asymptotic
regime, where the sample size goes to infinity, and in the non-asymptotic, finite-sample regime.
Finally, we use this local understanding to evaluate the popular, “model-free” temporal difference
(TD) learning update [293] and its variants [255}[270]. Overall, our results demonstrate that while
the plug-in estimator always adapts to the instance-specific complexity given by the lower bound, the
TD update has to be modified with a variance-reduction device in order to attain instance-optimality.
Note that the perspective of non-asymptotic adaptation is crucial here; indeed, the TD update (for
a certain choice of step-size) with Polyak-Ruppert averaging is optimal in the worst-case over a
natural, bounded model class, and also asymptotically instance-optimal [255]]. Work in Chapter [9]is
joint with K. Khamaru, F. Ruan, M. J. Wainwright, and M. I. Jordan, and is based on the paper [169].

Technical takeaways: We conclude by highlighting two techniques from this part of the thesis
that are likely to be more broadly useful. In Chapter [§] we introduce a leave-one-out decoupling
technique to establish non-asymptotic performance guarantees for the plug-in estimator. Variants of
such techniques have also been used in the literature [3,|63], and are likely to be useful in generating
non-asymptotic guarantees in £, norm. A second takeaway is in Chapter[9] in which we carry out
extensive numerical experiments showing that the finite-sample performance of variance-reduction
as applied to stochastic approximation improves upon that of Polyak-Ruppert averaging. We expect
this observation to have broader optimization-theoretic consequences.
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1.3 Related work not appearing in this thesis

In this subsection, we briefly mention some other papers on closely related topics that the author
contributed to during his PhD, along with references and background for the interested reader.

1. Permutation-based modeling

a. A treatment of the statistical and algorithmic issues at play when denoising the permutation-
based, multiple linear regression model, and algorithms for recovering the unknown
linear transformation both in the noiseless and noisy settings [247]].

b. A curious dichotomy between “worst-case” and “average-case” assumptions on rankings
in the permutation-based matrix regression model, with an emphasis on SST matrices
and the subclass of “noisy sorting” matrices [244]].

c. SST matrix estimation in a row-based metric that has applications to learning mixtures
of rankings [211]]. Part of this paper appears in Chapter [3]

2. Index models

a. An analysis of the alternating minimization methodology under “small-ball” design
assumptions, and consequences for the phase retrieval problem [118]].

b. A new algorithm for phase retrieval [243]] based on the idea of a labeling oracle intro-
duced in Chapter[6]

3. Reinforcement learning

a. Sharp rates for zero-order optimization when applied as a “model-free” method for
learning optimal policies from data generated by a linear quadratic control system [210].

b. Learning from multi-criteria preferences in the context of human-in-the-loop reinforce-
ment learning [31]].

1.4 Notation

As alluded to before, the notation used in Chapter [I] was mainly to set up the themes of this
dissertation at an abstract level; the chapters to follow will use more specific notation that is tailored
to the problems at hand. In this section, we collect some of our notational conventions; some
chapter-specific notation will be introduced as and when needed.

For a positive integer n, let [n] : = {1,2,...,n}. For a finite set S, we use |S| to denote its
cardinality. For two scalars a and b, we use the convenient shorthand a V b : = max{a, b} and
a/Ab = min{a, b}. For two sequences {a, }°°, and {b, }>° |, we write a,, < b, if there is a universal
positive constant C' such that a,, < Cb,, for all n > 1. The relation a,, = b, is defined analoggusly.
We also use standard order-wise notation f,, = O(g,) to indicate that f,, < g, and f,, = O(gy,)
to indicate that f,, < ¢, log®n, for a universal positive constant c. The notation f,, = o(g,) is



CHAPTER 1. INTRODUCTION AND HIGH-LEVEL BACKGROUND 12

used when lim,,_, g—: =0, and f, = w(g,) when g, = o(f,). We use ¢, C, ¢y, ca, ... to denote
universal constants that may change from line to line. The notation v; denotes the ¢-th entry of a
vector v. We let v;) denote the i-th order statistic of a vector v, i.e., the i-th largest entry of v. For a
pair of vectors (u, v) of equal dimensions, we use the notation v < v to indicate that the difference
vector v — u is entry-wise non-negative. The relation v > v is defined analogously. When used
for (PSD) matrices, the notation > will denote ordering with respect to the positive (semi-)definite
cone. We let ¢; denote the j-th standard basis vector; the dimension of this vector can usually be
inferred from context.

We use Ber(p) to denote the Bernoulli distribution with success probability p, the notation
Bin(n, p) to denote the binomial distribution with n trials and success probability p, the notation
Poi()) to denote the Poisson distribution with mean A, and NV (1, 32) to denote a Gaussian distribution
with mean ;. and covariance matrix > = 0.

For a (semi-)normed space (F, || - ||) and e > 0 let N(¢; F, || - ||) denote its e-covering number,
i.e., the minimum cardinality of any set U C F such that inf,cy || — u|| < e forall x € F. Let
1 {} denote the indicator function; we sometimes abuse notation slightly and also use 1 to denote
the all-ones vector, whose dimension can typically be inferred from context. Let sgn(¢) denote the
sign of a scalar ¢, with the convention that sgn(0) = 1. All logarithms are to the natural base unless
otherwise stated.

Specific notation for Part I: Permutations are denoted by small Greek letters (e.g. m) and
permutation matrices by capital Greek letters (e.g. 1I). Let G,, denote the set of all permutations
7 : [n] — [n], although we sometimes abuse notation to let it also denote the set of all n x n
permutation matrices. Let id denote the identity permutation, where the dimension can be inferred
from context. We use 7(¢) to denote the image of an element 7 under the permutation 7. We
sometimes use the compact notation ¥, (or yr) to denote the vector y with entries permuted
according to the permutation 7 (or II).

Specific notation for Part II: In this part of the thesis, we work exclusively with the /5 norm, and
so throughout this part, we use the notation ||v|| to denote the ¢, norm of a vector v. We also denote
the d-dimensional unit shell by S™ = {v € R : |[v]| = 1}, and B? : = {v € R : ||v|| < 1} to
denote the d-dimensional unit ball.

Specific notation for Part III: This portion of the thesis deals largely with /., norm guarantees,
and so we require some notation for operations on vectors. We let |u| denote the entry-wise absolute
value of a vector u; squares and square-roots of vectors are, analogously, taken entrywise. Note that
for a positive scalar A, the statements |u| < A -1 and ||u||o < A are equivalent.
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Chapter 2

Linear regression with a broken sample

In this chapter, we study a permutation-based model for regression problems involving vector-valued
data. This “broken-sample” setting is one where the unknown permutation serves to model a specific
type of uncertainty in correspondence between our samples.

2.1 Introduction

Recovery of a vector based on noisy linear measurements is the classical problem of linear regression,
and is arguably the most basic form of statistical estimator. A variant, the “errors-in-variables”
model [200]], allows for errors in the measurement matrix; classical examples include additive or
multiplicative noise [203]]. In this chapter, we study a form of errors-in-variables in which the
measurement matrix is perturbed by an unknown permutation of its rows.

More concretely, we study an observation model of the form

y =IT"Ax™ + w, 2.1)

where z* € R? is an unknown vector, A € R"*? is a measurement (or design) matrix, II* is an
unknown n X n permutation matrix, and w € R" is observation noise. We refer to the setting
where w = 0 as the noiseless case. As with linear regression, there are two settings of interest,
corresponding to whether the design matrix is (i) deterministic (the fixed design case), or (ii) random
(the random design case). There are also two complementary problems of interest: recovery of the
unknown IT*, and recovery of the unknown z*. In this chapter, we focus on the former problem; the
latter problem is also known as unlabeled sensing [307].

The observation model (2.)) is frequently encountered in scenarios where there is uncertainty in
the order in which measurements are taken. The model has classical roots, going back to record
linkage problems [|82] wherein it went by the name of “regression with a broken sample”. Other
illustrative example include sampling in the presence of jitter [[13]], timing and molecular channels
[268]], and flow cytometry [[1]. Another such scenario arises in multi-target tracking problems [256].
For example, in the robotics problem of simultaneous localization and mapping [298]], the envi-
ronment in which measurements are made is unknown, and part of the problem is to estimate
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Figure 2.1: Example of pose and correspondence estimation. The camera introduces an unknown
linear transformation, or pose. The unknown permutation represents the correspondence between
points, which is shown in the picture via colored shapes, and needs to be estimated.

relative permutations between measurements. Archaeological measurements [267]] also suffer from
an inherent lack of ordering, and another compelling example of such an observation model is in
data anonymization, in which the order, or “labels”, of measurements are intentionally deleted to
preserve privacy. The inverse problem of data de-anonymization [228] is to estimate these labels
from the observations.

Let us also mention two other applications. First, in large sensor networks, it is often the case
that the number of bits of information that each sensor records and transmits to the server is exceeded
by the number of bits it transmits in order to identify itself to the server [[168]. In applications where
sensor measurements are linear, model (2.1)) corresponds to the case where each sensor only sends
its measurement but not its identity. The server is then tasked with recovering sensor identities, or
equivalently, with determining the unknown permutation. A second application is to the pose and
correspondence estimation problem in image processing [213], illustrated in Figure The capture
of a 3D object by a 2D image can be modeled by an unknown linear transformation called the
“pose”, and an unknown permutation representing the “correspondence” between points in the two
spaces. One of the central goals in image processing is to identify this correspondence information,
which in this case is equivalent to permutation estimation in the linear model.

It is worth noting that both the permutation recovery and vector recovery problems have an
operational interpretation in applications. Permutation recovery is equivalent to “correspondence
estimation” in vision tasks [213]], and vector recovery is equivalent to “pose estimation”. In sensor
network examples, permutation recovery corresponds to sensor identification [[168]], while vector
recovery corresponds to signal estimation. Clearly, accurate permutation estimation allows for
recovery of the regression vector, while the reverse may not be true. From a theoretical standpoint,
such a distinction is similar to the difference between the problems of subset selection [322]]
and sparse vector recovery [50] in high dimensional linear regression, where studying the model
selection and parameter estimation problems together helped advance our understanding of the
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statistical model in its entirety.

2.1.1 Related work

Prior to our own work on the subject, related work had largely focused on z* recovery. The
observation model appears in the context of compressed sensing with an unknown sensor
permutation [94]]. The authors consider the matrix-based observation model Y = IT*AX* + W,
where X* is a matrix whose columns are composed of multiple, unknown, sparse vectors. Their
contributions include a branch and bound algorithm to recover the underlying X*, which they
show to perform well empirically for small instances under the setting in which the entries of the
matrix A are drawn i.i.d. from a Gaussian distribution. In the context of pose and correspondence
estimation, the paper [213]] considers the noiseless observation model (2.1)), and shows that if the
permutation matrix maps a sufficiently large number of positions to themselves, then x* can be
recovered reliably. In the context of molecular channels, the model (2.1)) has been analyzed for
the case when x* is some random vector, A = I, and w represents non-negative noise that models
delays introduced between emitter and receptor. Rose et al. [268] provide lower bounds on the
capacity of such channels. In particular, their results yield closed-form lower bounds for some
special noise distributions, e.g., exponentially random noise.

Most closely related to our model is the paper by Unnikrishnan et al. [307]], which considers
the question of when the equation (2.1)) has a unique solution z*, i.e., the identifiability of the
noiseless model. The authors show that if the entries of A are sampled i.i.d. from any continuous
distribution with n > 2d, then equation has a unique solution z* with probability 1. They also
provide a converse showing that if n < 2d, any matrix A whose entries are sampled i.i.d. from a
continuous distribution does not (with probability 1) have a unique solution z* to equation (2.1).
While the paper shows uniqueness, the question of designing an efficient algorithm to recover a
solution, unique or not, is left open. The paper also analyzes the stability of the noiseless solution,
and establishes that z* can be recovered exactly when the SNR goes to infinity.

Since the publication of the paper on which this chapter is based [248]], a line of recent work has
considered variants of the observation model (2.1]); we mention a few representative papers. Elhami
et al. [93] show that there is a careful choice of the measurement matrix A such that it is possible to
recover the vector £* in time O(dnd+1) in the noiseless case. Hsu, Shi, and Sun [|147] show that the
vector z* can be recovered efficiently in the noiseless setting when the design matrix A is i.i.d.
Gaussian. They also demonstrate that in the noisy setting, it is not possible to recover the vector
x* reliably unless the signal-to-noise ratio is sufficiently high. See Section 4 of their paper [147]
for a detailed comparison of their results with our own. Our own follow-up work [247]] establishes
the minimax rate of prediction for the more general multivariate setting, and proposes an efficient
algorithm for that setting with guaranteed recovery provided some technical conditions are satisfied.
Haghighatshoar and Caire [[133]] consider a variant of the observation model in which the
permutation matrix is replaced by a row selection matrix, and provide an alternating minimization
algorithm with theoretical guarantees.
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2.1.2 Contributions

Our primary contribution addresses permutation recovery in the noisy version of observation
model (2.1), with a random design matrix A. In particular, when the entries of A are drawn i.i.d.
from a standard Gaussian matrix, we show sharp conditions—in Theorems [2.3.T|and [2.3.2}—on the
SNR under which exact permutation recovery is possible. We also derive necessary conditions for
approximate permutation recovery to within a prescribed Hamming distortion.

Chapter-specific notation: Recall the notational convention introduced in Section We
complement this notation with a few other definitions that are used solely in this chapter and the
corresponding technical proof section in Appendix We let dy (7, 7') denote the Hamming
distance between two permutations. More formally, we have dy(7,n’") := #{i | 7(i) # 7' (i) }.
Additionally, we let dy(I1, IT') denote the Hamming distance between two permutation matrices,
which is to be interpreted as the Hamming distance between the corresponding permutations. We
use the notation a; to refer to the i-th row of A.

2.2 Background and problem setting

In this section, we set up notation, state the formal problem, and provide concrete examples of the
noiseless version of our observation model by considering some fixed design matrices.

2.2.1 Formal problem setting and permutation recovery

As mentioned in the introduction, we focus exclusively on the noisy observation model in the
random design setting. In other words, we obtain an n-vector of observations y from the model (2. 1))
with n > d to ensure identifiability, and with the following assumptions:

Signal model The vector z* € R? is fixed, but unknown. We note that this is different from
the adversarial signal model of Unnikrishnan et al. [307]], and we provide clarifying examples in

Section[2.2.2]

Measurement matrix The measurement matrix A € R"*? is a random matrix of i.i.d. standard
Gaussian variables chosen without knowledge of £*. Our assumption on i.i.d. standard Gaussian
designs easily extends to accommodate the more general case when rows of A are drawn i.i.d. from
the distribution A/ (0, ). In particular, writing A = W/, where T in an n x d standard Gaussian
matrix and v/ denotes the symmetric square root of the (non-singular) covariance matrix ¥, our
observation model takes the form

y =WV + w,

and the unknown vector is now v/~z* in the model (Z.1).
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Noise variables The vector w ~ N(0,0%1,) represents uncorrelated noise variables, each of
(possibly unknown) variance 0. As will be made clear in the analysis, our assumption that the
noise is Gaussian also readily extends to accommodate i.i.d. o-sub-Gaussian noise. Additionally,
the permutation noise represented by the unknown permutation matrix II* is arbitrary.

The main recovery criterion addressed in this chapter is that of exact permutation recovery,
which is formally described below. Following that, we also discuss two other relevant recovery
criteria.

Exact permutation recovery The problem of exact permutation recovery is to recover I1I*, and
the risk of an estimator is evaluated on the 0-1 loss. More formally, given an estimator of 11* denoted
by Il: (y, A) — &, we evaluate its risk by

Pr{ll £ 11*} = E [1{ﬁ ” H*}} : 2.2)
where the probability in the LHS is taken over the randomness in y induced by both A and w.

Approximate permutation recovery It is reasonable to think that recovering II* up to some
distortion is sufficient for many applications. Such a relaxation of exact permutation recovery
allows the estimator to output a IT such that dy (I1, IT*) < D, for some distortion D to be specified.
The risk of such an estimator is again evaluated on the 0-1 loss of this error metric, given by
Pr{dy(IL,11*) > D}, with the probability again taken over both A and w. While our results are
derived mainly in the context of exact permutation recovery, they can be suitably modified to also
yield results for approximate permutation recovery.

Recovery with side information In this variation, the unknown permutation matrix is not ar-
bitrary, but known to be in some Hamming ball around the identity matrix. In other words, the
estimator is provided with side information that dy,(IT*, I) < h, for some i < n. In many applica-
tions, this may constitute a prior that leads us to believe that the permutation matrix is not arbitrary.
In multi-target tracking, for example, we may be sure that at any given time, a certain number of
measurements correspond to the true sensors that made them (that are close to the target, perhaps).
Our results also address the exact permutation recovery problem with side information.

We now provide some examples in which the noiseless version of the observation model (2.1J) is
identifiable.

2.2.2 Illustrative examples of the noiseless model

In this section, we present two examples to illustrate the problem of permutation recovery and
highlight the difference between our signal model and that of Unnikrishnan et al. [307].
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Example 1 Consider the noiseless case of the observation model (2.1)). Let v;,v] (i =1,2,...,d)
represent i.i.d. continuous random variables, and form the design matrix A by choosing

T, T T_ T
Qg; 1 :=ve; and ay, =vie, , 1=1,2,...,d.

171 )

Note that n = 2d. Now consider our fixed but unknown signal model for x*. Since the permutation
is arbitrary, our observations can be thought of as the unordered set {v;z}, vz} | i € [d]}. With
probability 1, the ratios r; := v; /v are distinct for each 7, and also that v,z] # v, x; with probability
1, by assumption of a fixed z*. Therefore, there is a one to one correspondence between the ratios
r; and 7. All ratios are computable in time O(n?), and z* can be exactly recovered. Using this

information, we can also exactly recover I1*.

Example 2 A particular case of this example was already observed by Unnikrishnan et al. [307]],
but we include it to illustrate the difference between our signal model and the adversarial signal
model. Form the fixed design matrix A by including 2°~! copies of the vector ¢; among its Tows.
We therefor haven = 3¢ 2071 =24 — 1,

Our observations therefore consist of 2! repetitions of x} for each i € [d]. The value of z} can
therefore be recovered by simply counting the number of times it is repeated, with our choice of
the number of repetitions also accounting for cases when z} = z for some i # j. Notice that we
can now recover any vector x*, even those chosen adversarially with knowledge of the A matrix.
Therefore, such a design matrix allows for an adversarial signal model, in the flavor of compressive
sensing [S0]].

Having provided examples of the noiseless observation model, we now return to the noisy
setting of Section [2.2.1] and state our main results.

2.3 Fundamental limits of permutation estimation

In this section, we state our main theorems and discuss their consequences. Proofs of the theorems
can be found in Section 2.4

2.3.1 Statistical limits of exact permutation recovery

Our main theorems in this section provide necessary and sufficient conditions under which the
probability of error in exactly recovering the true permutation goes to zero.
In brief, provided that d is sufficiently small, we establish a threshold phenomenon that char-

* (|2
acterizes how the signal-to-noise ratio snr := ”i# must scale relative to n in order to ensure

identifiability. More specifically, defining the ratio

log (1 + snr)
logn

Y

I (n,snr) :=

'Unnikrishnan et al. [307] proposed that e; be repeated i times, but it is easy to see that this does not ensure
recovery of an adversarially chosen z*.
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Figure 2.2: Empirical frequency of the event {ﬁML = II*} over 1000 independent trials with
d = 1, plotted against I (n, snr) for different values of n. The probability of successful permutation
recovery undergoes a phase transition as I" (n, snr) varies from 3 to 5. This is consistent with the

prediction of Theorems 2.3.T)and [2.3.2]

we show that the maximum likelihood estimator recovers the true permutation with high probability
provided I'(n, snr) > ¢, where ¢ denotes an absolute constant. Conversely, if I'(n, snr) < ¢, then
exact permutation recovery is impossible. For illustration, we have plotted the behavior of the
maximum likelihood estimator for the case when d = 1 in Figure Evidently, there is a sharp
phase transition between error and exact recovery as the ratio I'(n, snr) varies from 3 to 5.

Let us now turn to more precise statements of our results. We first define the maximum likelihood
estimator (MLE) as

~ ' B )
(Ip, TmL) = arg rrlreugri ly — ITAz||5. (2.3)

z€R?

The following theorem provides an upper bound on the probability of error of ﬁML, with (cq, ¢2)
denoting absolute constants.

Theorem 2.3.1. For any d < n and ¢ < \/n, if

* |2
log <H$2||2) > (01 n —i—e) logn, 2.4)
o n—d

then Pr{ﬁML # 11"} < con™ 2%

* (12
Theorem [2.3.1|provides conditions on the signal-to-noise ratio snr = w that are sufficient for

g
permutation recovery in the non-asymptotic, noisy regime. In contrast, the results of Unnikrishnan
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et al. [307] are stated in the limit snr — oo, without an explicit characterization of the scaling
behavior.

We also note that Theorem [2.3.1] holds for all values of d < n, whereas the results of Unnikrish-
nan et al. [307] require n > 2d for identifiability of x* in the noiseless case. Although the recovery
of IT* and z* are not directly comparable, it is worth pointing out that the discrepancy also arises
due to the difference between our fixed and unknown signal model, and the adversarial signal model
assumed in the paper [307].

We now turn to the following converse result, which complements Theorem [2.3.1]

Theorem 2.3.2. Forany ¢ € (0,2), if

13

o2

2 + log (1 + ) < (2—96)logn, (2.5)

then Pr{Il # II*} > 1 — c3e~“™ for any estimator I1.

Theorem [2.3.2] serves as a “strong converse” for our problem, since it guarantees that if condi-
tion (2.9) is satisfied, then the probability of error of any estimator goes to 1 as n goes to infinity.
Indeed, it is proved using the strong converse argument for the Gaussian channel [278]], which
yields a converse result for any fixed design matrix A (see (2.13)). In fact, we are also able to show
the following “weak converse” for Gaussian designs in the presence of side information.

Proposition 2.3.1. Ifn > 9 and

[ElE 8 n
log (1 <% (—)
og( + s ) s gle(g

then Pr{Il  II*} > 1/2 for any estimator 11, even if it is known a-priori that dy(IT*, I) < 2.

As mentioned earlier, restriction of II* constitutes some application-dependent prior; the
strongest such prior restricts it to a Hamming ball of radius 2 around the identity. Proposition [2.3.1]
asserts that even this side information does not substantially change the statistical limits of permuta-
tion recovery. It is also worth noting that the converse results of Theorem[2.3.2]and Proposition [2.3.1]
hold uniformly over d.

Taken together, Theorems[2.3.1]and [2.3.2] provide a crisp characterization of the problem when
d < pn for some fixed p < 1. In particular, setting € and ¢ in Theorems [2.3.1] and [2.3.2] to be
small constants and letting n grow, we recover the threshold behavior of identifiability in terms of
I'(n, snr) that was discussed above and illustrated in Figure In the next section, we find that a
similar phenomenon occurs even with approximate permutation recovery.

When d can be arbitrarily close to n, the characterization obtained using these bounds is no
longer sharp. In this regime, we conjecture that Theorem provides the correct characterization
of the limits of the problem, and that Theorem [2.3.2] can be sharpened.
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2.3.2 Limits of approximate permutation recovery

The techniques we used to prove results for exact permutation recovery can be suitably modified
to obtain results for approximate permutation recovery to within a Hamming distortion D. In
particular, we show the following converse result for approximate recovery.

Theorem 2.3.3. Forany2 < D <n —1, if

*||2 _ —
log (1 + ||$2H2) < n-brl log (n_D—i—l) , (2.6)

o n 2e

then Pr{dy(II, 11*) > D} > 1/2 for any estimator 1.

Note that for any D < pn with p € (0, 1), Theorems|2.3.1|and [2.3.3|provide a set of sufficient
and necessary conditions for approximate permutation recovery that match up to constant factors.
In particular, the necessary condition resembles that for exact permutation recovery, and the same
SNR threshold behavior is seen even here. We remark that a corresponding converse with side
information can also be proved for approximate permutation recovery using techniques similar to
the proof of Proposition[2.3.1] It is also worth mentioning the following:

Remark 2.3.1. The converse results given by Theorem Proposition and Theorem

hold even when the estimator has exact knowledge of T*.

2.4 Proofs of main results

In this section, we prove our main results. Technical details are deferred to the appendices.
Throughout the proofs, we assume that n is larger than some universal constant. The case where n
is smaller can be handled by changing the constants in our proofs appropriately. We also use the
notation ¢, ¢ to denote absolute constants that can change from line to line. Technical lemmas used
in our proofs are deferred to the appendix.

We begin with the proof of Theorem At a high level, it involves bounding the probability
that any fixed permutation is preferred to II* by the estimator. The analysis requires precise control
on the lower tails of y?-random variables, and tight bounds on the norms of random projections, for
which we use results derived in the context of dimensionality reduction by Dasgupta and Gupta
[78].

In order to simplify the exposition, we first consider the case when d = 1 in Section [2.4.1} and
later make the necessary modifications for the general case in Section [2.4.2] In order to understand
the technical subtleties, we recommend that the reader fully understand the d = 1 case along with
the technical lemmas before moving on to the proof of the general case.
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2.4.1 Proof of Theorem 2.3.1: d = 1 case

Recall the definition of the maximum likelihood estimator

Iy, ZmL) = arg min min [TAx

Iy, Tm) = gnee eRdHy ||2

For a fixed permutation matrix II, assuming that A has full column rankEL the minimizing argument
x is simply (ITA)"y, where XT = (X T X)L X T represents the pseudoinverse of a matrix X. By
computing the minimum over x € R? in the above equation, we find that the maximum likelihood
estimate of the permutation is given by

My = arg min || Bry|3, 2.7)

where Pt = [ — ITA(ATA)~}(ITA)" denotes the projection onto the orthogonal complement of
the column space of T1A.
For a fixed II € &,,, define the random variable
A(ILIE) = || Piryllz — | Pryll3- (2.8)

For any permutation I1, the estimator (2.7) prefers the permutation II to IT* if A(IT, IT*) < 0. The
overall error event occurs when A(II, IT*) < 0 for some II, meaning that

{w #1"} = |J {A@ILIT) <0} (2.9)

e&, \I1*

Equation holds for any value of d. We shortly specialize to the d = 1 case. Our strategy
for proving Theorem boils down to bounding the probability of each error event in the RHS of
equation (2.9) using the following key lemma, proved in Section[A.T.1] Technically speaking, the
proof of this lemma contains the meat of the proof of Theorem [2.3.1] and the interested reader is
encouraged to understand these details before embarking on the proof of the general case. Recall
the definition of dy(IT, IT"), the Hamming distance between two permutation matrices.

ll=* 13
o2

Lemma 2.4.1. For d = 1 and any two permutation matrices 11 and 11*, and provided > 1, we

have

Pr{A(IL,IT*) < 0} < ' exp (—cdH(H I1*) lo (H ”2>) :
We are now ready to prove Theorem [2.3.1

Proof of Theorem for d = 1. Fix € > 0 and assume that the following consequence of condi-

tion (2.4) holds:
clog (” Hz) > (1+¢)logn, (2.10)

2An n x di.i.d. Gaussian random matrix has full column rank with probability 1 as long as d < n
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where c is the same as in Lemma Now, observe that

Pr{lly £} < Y Pr{A(ILII") < 0}
€6, \IT*

Q Z ¢ exp (—cdH(H 1) log (Hx*H%))

_— ) 0_2

Ie6, \II*

</ Z n* exp (—cklog(” ‘Il )>
2<k<n

where step (i) follows since #{II1 : dy(IL,I1*) = k} < n*, and step (ii) follows from condi-
tion (2.10). Relabeling the constants in condition (2.10) proves the theorem. O

In the next section, we prove Theorem [2.3.T| for the general case.

2.4.2 Proof of Theorem 2.3.1: Cased € {2,3,...,n— 1}

In order to be consistent, we follow the same proof structure as for the d = 1 case. Recall the
definition of A(TT, IT*) from equation (2.8). We begin with an equivalent of the key lemma to bound
the probability of the event { A(IL, I1*) < 0}. As in the d = 1 case, this constitutes the technical
core of the result.

Lemma 2.4.2. For any 1 < d < n, any two permutation matrices 11 and 11* at Hamming distance
2n
h, and provided < H2> n n-d > %, we have

Pr{A(IL, IT*) < 0} < ¢’ max [exp (—nlog 5) , exp (ch (log ( =) d logn
@.11)

We prove Lemma in Section [A.1.2] Taking it as given, we are ready to prove Theorem
for the general case.

Proof of Theorem[2.3.1] general case. As before, we use the union bound to prove the theorem. We
begin by fixing some € € (0, /n) and assuming that the following consequence of condition (2.4)

holds:
*||2 2
clog(@)E(l%—ech n
o n —

d> logn. (2.12)
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Now define b(k) := > 1.4, rm-)=x PT{AIL II*) < 0}. Applying Lemma then yields

(n/—-k)! ’ n Hx*H% 2n
< — j— j— — .
ol b(k) C max exp ( nlog 2) , EXP ck log 5 0 10gTL

(2.13)

We upper bound b(k) by splitting the analysis into two cases.

Case 1 If the first term attains the maximum in the RHS of inequality (2.13)), then forall 2 < k£ <
n, we have

b(k) < dnlexp(—nlogn + nlog2)
(i)
< dev/nexp(—nlogn +nlog2+ —n + nlogn)
i

n2etl’

IN

where inequality (i) follows from the well-known upper bound n! < ey/n (%)n, and inequality (i)
holds since € € (0,+/n).

Case 2 Alternatively, if the maximum is attained by the second term in the RHS of inequal-

ity (2.13)), then we have

%2 9 (i)
b(k) < n"c exp <—ckz (log ("x2|’2) L logn)) < dn~k,
o n—d

where step (iii) follows from condition (2.12).
Combining the two cases, we have

b(k) < max{cn " en >} < (n~" 4 en7* ).

The last step is to use the union bound to obtain

Pr{lly. #1'} < > b(k) (2.14)
2<k<n
S Z (C/n—eh+cn—26—1>
2<k<n

(iv)
S Cn*2€ ,

where step (iv) follows by a calculation similar to the one carried out for the d = 1 case. Relabeling
the constants in condition (2.12)) completes the proof. 0
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2.4.3 Information theoretic lower bounds on Pr{ﬁ # 11*}

We prove Theorem in Section [2.4.3| via the strong converse for the Gaussian channel. We
prove the weak converse of Proposition [2.3.1]in Section [2.4.3]by employing Fano’s method. We
note that the latter is a standard technique for proving minimax bounds in statistical estimation; see
the historical overview in [323, Chapter 15].

Proof of Theorem [2.3.2

We begin by assuming that the design matrix A is fixed, and that the estimator has knowledge of
x* a-priori. Note that the latter cannot make the estimation task any easier. In proving this lower
bound, we can also assume that the entries of Az* are distinct, since otherwise, perfect permutation
recovery is impossible.

Given this setup, we now cast the problem as one of coding over a Gaussian channel. Toward
this end, consider the codebook

C={Az" |l € &,}.

We may view [1Ax* as the codeword corresponding to the permutation I1, where each permutation
is associated to one of n! equally likely messages. Note that each codeword has power || Az*||3.

The codeword is then sent over a Gaussian channel with noise power equal to ", 0 = no.
The decoding problem is to ascertain from the noisy observations which message was sent, or in
other words, to identify the correct permutation.

We now use the non-asymptotic strong converse for the Gaussian channel [343]. In particular,
using Lemma (see Appendix i with R = loi—"! then yields that for any ¢’ > 0, if

1 144 Ax*||?
ognl L4801 A1)
n 2 no?

then for any estimator II, we have Pr{II # I} > 1 — 2 -2~ For the choice §' = §/(2 — ), we
have that if

* |2
(2 - 8)log (g) > log (1 LA ”2> , (2.15)

no?

then Pr{ﬁ #1I} > 1 —2-27"9/2 Note that the only randomness assumed so far was in the noise
w and the random choice of II.
We now specialize the result for the case when A is Gaussian. Toward that end, define the event

5@):{1+52”Aﬂ%}.

nllz=|[3
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Conditioned on the event £(9), it can be verified that condition (2.5]) implies condition (2.15).
We also have

Pr{€(6)} =1 — Pr { lAzls 5}

nllz*13
(0

>1— C/efcnS

Y

where step (i) follows by using the sub-exponential tail bound (see Lemma[A.2.2]in Appendix[A.2.2)),
since ”H ﬁ]lﬁ 2.
Putting together the pieces, we have that provided condition holds,
Pr{Il # I1*} > Pr{Il # II*|£(5)} Pr{€(5)}
= (1-2-27"/2)(1 = de )
>1— c —cn§

We now move on to the proof of Proposition [2.3.1]

Proof of Proposition 2.3.1]

Proposition [2.3.T|corresponds to a weak converse in the scenario where the estimator is also provided

with the side information that IT* lies within a Hamming ball of radius 2 around the identity. We

carry out the proof for the more general case where dy(I1*, I) < h for any h > 2, later specializing

to the case where h = 2. We denote such a Hamming ball by By (h) := {Il € &,, | dy(I1, I) < h}.
For the sake of the lower bound, assume that our observation model takes the form

y = I"Ax™ + IT"w. (2.16)

Since w € R" is i.i.d. standard normal, model (2.16) has a distribution equivalent to that of

model (2.7).

Notice that the ML estimation problem is essentially a multi-way hypothesis testing problem
among permutations in By (%), and so Fano’s method is directly applicable. As before, we assume
that the estimator knows x*, and consider a uniformly random choice of IT* € By(h).

Now note that the observation vector y is drawn from the mixture distribution

M 2.17
(h) ‘BH H%; (2.17)

where Pr; denotes the Gaussian distribution A (ITAz*, 0%1,,). Lemma stated and proved in
Section provides a crucial statistic for our bounds.

n—1
detE [yy'] < (6 + ||lz*]13)" (1 + n) (S) : (2.18)
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We now use Fano’s inequality to bound the probability of error of any tester random ensemble
of IT*. In particular, for any estimator II that is a measurable function of the pair (y, A), we have

I(I*;y, A) + log 2

Prill #1I*} > 1 — _ (2.19)
w7 log [Bw (1)
Applying the chain rule for mutual information yields
I(Il%y, A) = I(IT"; y[|A) + I(I", A)
@) *
= I(IT*; y|A)
=E, [I(II% y[A = o], (2.20)

where step (i) follows since IT* is chosen independently of A. We now evaluate the mutual
information term I (I1*; y| A = «/), which we denote by I, (IT*; y). Letting H,(y) := H(y|A = «)
denote the conditional entropy of y given a fixed realization of A, we have

1,(I1% y) = Ho(y) — Ha(y[I")
(i) 1 n

< —logdetcovyy' — =logo?,

2 2
where the covariance is evaluated with A = «, and in step (ii), we have used two key facts:
(a) Gaussians maximize entropy for a fixed covariance, which bounds the first term, and
(b) For a fixed realization of II*, the vector y is composed of n uncorrelated Gaussians. This leads
to an explicit evaluation of the second term.

Now taking expectations over A and noting that covyy' =< E, [ny} , we have from the
concavity of the log determinant function and Jensen’s inequality that

I(IT*; y|A) = Ea [1. (1T y)]

1
< 3 log det E [ny] — glog o?, (2.21)

where the expectation in the last line is now taken over randomness in both A and w.
Applying LemmalA.1.4] we can then substitute inequality (2.18) into bound (2.21)), which yields

o |8 n—1 & 1
EA[IQ<H7y>J_21og(1+ R L e

Finally, substituting into the Fano bound (2.19) yields the bound

Zlog (1—1——”"]“;_*2"3) —i—”T_llog%—i-%log(l—i-n)%—logQ
log\BH(ﬁ)\
(;<i) 2 log (1 + III*I@) + %log% + 3log (1 +n) +log 2

1—Pr{ll #1II*} <

o2

- hlog(n/e) ’
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where in step (ii), we have used the fact that

By (5)| = (Z) > (n/R)" (g)h

In other words, whenever the SNR is upper bounded as

*||2 h -1 — log(1+
log {4 (1 + ””;#)} < ~log(n/e) + t — log(n/h) - log(1+n) (2.22)

n

then Pr{ﬁ # I1*} > 1/2 for any estimator . Evaluating condition (2.22) for h = 2 yields the
required result. 0

2.4.4 Proof of Theorem

We now prove Theorem for approximate permutation recovery. For any estimator I, we
denote by the indicator random variable E(ﬁ, D) whether or not the 1 has acceptable distortion, i.e.,
E (ﬁ, D) = ]I[dH(ﬁ, IT*) > D], with E = 1 representing the error event. For II* picked uniformly
at random in &,,, Lemma[A.T.5|stated and proved in Section lower bounds the probability of
error as:

I(IT*;y, A) + log 2

Pr{E(I,D)=1}>1—

The proof of the theorem follows by upper bounding the mutual information term. In particular,
letting I,,(IT*; ) denote I (I1*;y, A|A = «) and using inequality (2.20]), we have

Iy, A) <E, [1,(IT%y)]

) n 113
<=1 1+ —=

where the expectation on the RHS is taken over both IT* and A. Also, step (i) follows from the
AM-GM inequality for PSD matrices det X < (% trace X)", and by noting that the diagonal entries
of the matrix E [yy "] are all equal to ||z*[|3 + 0.

Combining the pieces, we now have that Pr{Il # IT*} > 1/2 if

1
< 3 log det E [ny] — glog o?

—~

* (|2 _
=I5 n—D+ 1) 7 (2.23)

nlog (1—1——2) <(n—D+1)log (2—6

o

which completes the proof. [
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2.5 Summary and open questions

We analyzed the problem of exact permutation recovery in the linear regression model, and provided
necessary and sufficient conditions that are tight in most regimes of n and d. We also provided a
converse for the problem of approximate permutation recovery to within some Hamming distor-
tion. It is still an open problem to characterize the fundamental limits of exact and approximate
permutation recovery for all regimes of n, d and the allowable distortion D. In the context of exact
permutation recovery, we believe that the limit suggested by Theorem [2.3.1]is tight for all regimes
of n and d, but showing this will likely require a different technique. In particular, as pointed out
in Remark all of our lower bounds assume that the estimator is provided with x* as side
information; it is an interesting question as to whether stronger lower bounds can be obtained
without this side information.

On the computational front, many open questions remain. The primary question concerns the
design of computationally efficient estimators that succeed in similar SNR regimes. We have already
shown that the maximum likelihood estimator, while being statistically optimal for moderate d,
is computationally hard to compute in the worst case. Showing a corresponding hardness result
for random A with noise is also an open problem. Finally, while this chapter mainly addresses the
problem of permutation recovery, the complementary problem of recovering z* is also interesting.

In the broader context of this thesis, this chapter serves as an in-depth investigation into some
statistical questions surrounding this permutation-based vector regression model. In the next chapter,
we study a permutation-based matrix model, and consider both statistical and computational aspects.
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Chapter 3

Fast and sample-efficient matrix completion

This chapter studies a permutation-based model for matrix-valued data, in which the latent permuta-
tions transparently model unknown orderings (or rankings) in the problem and facilitate the use of
nonparametric assumptions.

3.1 Introduction

Structured matrices with unknown permutations acting on their rows and columns arise in multiple
applications, including estimation from pairwise comparisons [40, 274] and crowd-labeling [80,
2775]. Traditional parametric models (e.g., [40, 80, 204, 299]) assume that these matrices are
obtained from rank-one or rank-two matrices via a known link function. Aided by tools such as
maximum likelihood estimation and spectral methods, researchers have made significant progress
in studying both statistical and computational aspects of these parametric models [74, |134, |165,
202,229,259, |273]350] and their low-rank generalizations [[164, 230, |[260].

On the other hand, evidence from empirical studies suggests that real-world data is not always
well-described by such parametric models [[16} 220]]. With the goal of increasing model flexibility, a
recent line of work has studied the class of permutation-based models [59,[274,|275]]. Rather than
imposing parametric conditions on the matrix entries, these models impose only shape constraints
on the matrix, such as monotonicity, before unknown permutations act on the rows and columns of
the matrix. On one hand, this more flexible class reduces modeling bias compared to its parametric
counterparts while, perhaps surprisingly, producing models that can be estimated at rates that
differ only by logarithmic factors from the classical parametric models. On the other hand, these
advantages of permutation-based models are accompanied by significant computational challenges.
The unknown permutations make the parameter space highly non-convex, so that efficient maximum
likelihood estimation is unlikely. Moreover, spectral methods are often sub-optimal in approximating
shape-constrained sets of matrices [59, [274]. Consequently, results from many recent papers show a
non-trivial statistical-computational gap in estimation rates for models with latent permutations [55,
104,247,274, |275]; the previous chapter also presents one such example but in a different metric.
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Related work While the primary motivation of our work comes from nonparametric methods
for aggregating pairwise comparisons, we begin by discussing a few other lines of related work.
The current chapter lies at the intersection of shape-constrained estimation and latent permutation
learning. Shape-constrained estimation has long been a major topic in nonparametric statistics, and
of particular relevance to our work is the estimation of a bivariate isotonic matrix without latent
permutations [56]. There, it was shown that the minimax rate of estimating an n; X ny matrix from
noisy observations of all its entries is ©((n,7,)"/2). The upper bound is achieved by the least
squares estimator, which is efficiently computable due to the convexity of the parameter space.

Shape-constrained matrices with permuted rows or columns also arise in applications such as
seriation [[104} 105]], feature matching [69], and graphon estimation [53|]. In particular, the monotone
subclass of the statistical seriation model [104] contains n X n matrices that have increasing columns,
and an unknown row permutation. Flammarion et al. [[104] established the minimax rate ©(n~2/3)
for estimating matrices in this class and proposed a computationally efficient algorithm with rate
O(n_l/ 2). For the subclass of such matrices where in addition, the rows are also monotone, the
results of this chapter improve the two rates to ©(n1) and O(n~%/*) respectively.

Graphon estimation has seen its own extensive literature, and we only list those papers that
are most relevant to our setting. In essence, these problems involve nonparametric estimation of a
bivariate function f from noisy observations of f(&;,£;) with the design points {&;}” ; drawn i.i.d.
from some distribution supported on the interval [0, 1]. In contrast to nonparametric estimation,
however, the design points in graphon estimation are unobserved, which gives rise to the underlying
latent permutation. Modeling the function f as monotone recovers the model studied in this chapter,
but other settings have been studied by various authors: notably those where the function f is
Lipschitz [53]], block-wise constant [32] (also known as the stochastic block model), or with f
satisfying other smoothness assumptions [113]]. There are many interesting statistical-computational
gaps also known to exist in many of these problems.

Another related model in the pairwise comparison literature is that of noisy sorting [42], which
involves a latent permutation but no shape-constraint. In this prototype of a permutation-based
ranking model, we have an unknown, n X n matrix with constant upper and lower triangular portions
whose rows and columns are acted upon by an unknown permutation. The hardness of recovering
any such matrix in noise lies in estimating the unknown permutation. As it turns out, this class
of matrices can be estimated efficiently at minimax optimal rate ©(n~') by multiple procedures:
the original work by Braverman and Mossel [42] proposed an algorithm with time complexity
O(n¢) for some unknown and large constant c, and recently, an O(n?)-time algorithm was proposed
by Mao et al. [212]. These algorithms, however, do not generalize beyond the noisy sorting class,
which constitutes a small subclass of an interesting class of matrices that we describe next.

The most relevant body of work to the current chapter is that on estimating matrices satisfying
the strong stochastic transitivity condition, or SST for short. This class of matrices contains all
n X n bivariate isotonic matrices with unknown permutations acting on their rows and columns,
with an additional skew-symmetry constraint. The first theoretical study of these matrices was
carried out by Chatterjee [59], who showed that a spectral algorithm achieved the rate O(n~'/%) in
the normalized, squared Frobenius norm. Shah et al. [274]] then showed that the minimax rate of
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estimation is given by é(nil), and also improved the analysis of the spectral estimator of Chatterjee
to obtain the computationally efficient rate O (n~'/2). In follow-up work [277], they also showed
a second CRL estimator based on the Borda count that achieved the same rate. In related work,
Chatterjee and Mukherjee [55] analyzed a variant of the CRL estimator, showing that for sub-classes
of SST matrices, it achieved rates that were faster than O(n_l/ 2). In a complementary direction, a
superset of the current authors [244]] analyzed the estimation problem under an observation model
with structured missing data, and showed that for many observation patterns, a variant of the CRL
estimator was minimax optimal.

Shah et al. [277] also showed that conditioned on the planted clique conjecture, it is impossible
to improve upon a certain notion of adaptivity of the CRL estimator in polynomial time. Such results
have prompted various authors [[104, 277] to conjecture that a similar statistical-computational gap
also exists when estimating SST matrices in the Frobenius norm.

Contributions In this chapter, we study the problem of estimating a bivariate isotonic matrix with
unknown permutations acting on its rows and columns, given noisy, (possibly) partial observations
of its entries; this matrix class strictly contains the SST model [59,[274] for ranking from pairwise
comparisons. We also study a sub-class of such matrices motivated by applications in crowd-
labeling, which consists of bivariate isotonic matrices with one unknown permutation acting on its
rOWS.

We begin by characterizing, in the Frobenius norm metric, the fundamental limits of estimation
of both classes of matrices; the former result significantly generalizes those obtained by Shah
et al. [274]. In particular, our results hold for arbitrary matrix dimensions and sample sizes,
and also extend results of Chatterjee, Guntuboyina and Sen [56] for estimating the sub-class
of bivariate isotonic matrices without unknown permutations. We then present computationally
efficient algorithms for estimating both classes of matrices; these algorithms are novel in the sense
that they are neither spectral in nature, nor simple variations of the Borda count estimator that was
previously employed. They are also tractable in practice and show significant improvements over
state-of-the-art estimators; Figure [3.1] presents such a comparison for our algorithm specialized to
SST matrices with (roughly) one observation per entry.

These algorithms are then analyzed in the the Frobenius error metric, and Theorem [3.4.2
constitutes our main contribution of this chapter. Two consequences of this result are noteworthy.
First, our algorithm for bivariate isotonic matrices with unknown permutations attains the rate
O(n~*/%) in the squared Frobenius error, provided we have a full observation of an n x n matrix.
Moreover, our algorithms for both classes of matrices are minimax-optimal when the number
of observations grows to be sufficiently large; notably, this stands in stark contrast to existing
computationally efficient algorithms, which are not minimax-optimal in any regime of the problem.

Chapter-specific notation: Recall the notational convention introduced in Section We
complement this notation with a few other definitions that are used solely in this chapter and the
corresponding technical proof section in Appendix For a vector v € R", define its variation as
var(v) = v(l) — vn). We denote the i-th row of a matrix M by M;, unless otherwise specified.
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Figure 3.1: Left: A bivariate isotonic matrix; the ground truth M* € [0, 1]"*™ is a row and column
permuted version of such a matrix. Right: A log-log plot of the rescaled squared Frobenius error
#HM — M*||% versus the matrix dimension n. For each value of the dimension, the error is

averaged over 10 experiments each using n? Bernoulli observations, and the estimator M is either
the two-dimensional sorting estimator that we introduce in Section [3.4.2} or the CRL estimator from

past work [277].
3.2 Background and problem setup

In this section, we present the relevant technical background and notation on permutation-based
models, and introduce the observation model and error metrics of interest. We also elaborate on
how exactly these models arise in practice.

3.2.1 Matrix models

Our main focus is on designing efficient algorithms for estimating a bivariate isotonic matrix
with unknown permutations acting on its rows and columns. Formally, we define Cgso to be
the class of matrices in [0, 1]"*"2 with non-decreasing rows and non-decreasing columns. For
readability and without loss of generality, we assume frequently (in particular, everywhere except
for Proposition [3.4.1]and Section [3.4.1)) that n; > no; our results can be straightforwardly extended
to the other case. Given a matrix M € R"**"? and permutations 7 € &,,, and 0 € G,,,, we define
the matrix M (7, o) € R™*™2 by specifying its entries as
[M(W, U)]M = Mﬁ(i)’g(j) for: € [nl],j € [ng]

Also define the class Cgiso(m,0) := {M(m,0) : M € Cgso} as the set of matrices that are
bivariate isotonic when viewed along the row permutation 7 and column permutation o, respectively.
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The classes of matrices that we are interested in estimating are given by

r.c P 1 r . — 1
Cherm 1 = U Cgiso(m, o), and its subclass Perm | = U Cegiso(m,id).
7'('6677,1 71'66711
UEGnQ

The former class contains bivariate isotonic matrices with both rows and columns permuted, and
the latter contains those with only rows permuted.

3.2.2 Observation model and error metric

r,c
Serm OF
Perm

Perm» W€ suppose that /N noisy entries are sampled independently and uniformly with replacement

from all entries of M*. This sampling model is popular in the matrix completion literature, and
is a special case of the trace regression model [|1'74,|231]]. It has also been used in the context of
permutation-based models by Mao et al. [212]] to study the noisy sorting class.

More precisely, let £(7) denote the n; x ny matrix with 1 in the (4, j)-th entry and 0 else-
where, and suppose that X, is a random matrix sampled independently and uniformly from the set
{E@D) 4 € [n], j € [na]}. We observe N independent pairs {(Xy, y¢)}2, from the model

In order to study estimation from noisy observations of a matrix M * in either of the classes

ye = trace(X, M*) + z, 3.1)

where the observations are contaminated by independent, zero-mean, sub-exponential noise z, with
parameter (, that is,

Eexp(sz) < exp(¢*s?) forall s such that |s| < 1/(. (3.2)

Note that if holds for all s € R, then z, is called sub-Gaussian, which is a stronger condition.
We assume for convenience that an upper bound on the parameter ¢ is known to our estimators;
this assumption is mild since for many standard noise distributions, such an upper bound is either
immediate (in the case of any bounded distribution) or the standard deviation of the noise is a proxy,
up to a universal constant factor, for the parameter ¢ (in the case of the Gaussian or Poisson noise
models) and can be estimated very accurately by a variety of method

It is important to note at this juncture that although the observation model is motivated by
the matrix completion literature, we make no assumptions of partial observability here. In particular,
our results hold for all tuples (N, ny, ny), with the sample size N allowed to grow larger than the
effective dimension nns.

Besides the standard Gaussian observation model, in which

2 K N0, 1), (3.3a)

IFor instance, one could implement one of many consistent estimators for M * to obtain a matrix M, and use the
quantity {& S [ye — trace(X,] M)]?}'/? as an estimate of the standard deviation.
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another noise model of interest is one which arises in applications such as crowd-labeling and ranking
from pairwise comparisons. Here, for every x € {E®7) : i € [ny], j € [ny]} and conditioned on
Xy = x, our observations take the form

ye ~ Ber( trace(z" M*)), (3.3b)

and consequently, the sub-exponential parameter ( is bounded. For a discussion of other regimes of
noise in a related matrix model, see Gao [111].

For analytical convenience, we employ the standard trick of Poissonization, whereby we assume
throughout this chapter that N’ = Poi(/N') random observations are drawn according to the trace
regression model (3.1]), with the Poisson random variable drawn independently of everything else.
Upper and lower bounds derived under this model carry over with loss of constant factors to the
model with exactly N observations; for a detailed discussion, see the full paper [211].

Now given N’ = Poi(N) observations {(Xy, y,)}¥',, let us define the matrix of observations
Y =Y ({(Xe,y0)},). with entry (4, j) given by

N/
n

No .
Y = — 1{X, = )Y, 3.4
4 N ;yz { X, } (3.4)

In other words, we simply average the observations at each entry by the expected number of
observations, so that E[Y] = M*. Moreover, we may write the model in the linearized form
Y = M*+ W, where W is a matrix of additive noise having independent, zero-mean entries thanks
to PoissonizationE] To be more precise, we can decompose the noise at each entry as

—_ e *
Wi; =Yi; — Mg

!

N/

nin o nin - N

= }\72 E 2 1{X, = G} 4 M }\72 ( E 1{X, = B} — nlng)'
/=1 /=1

By Poissonization, the quantities S0 | 1{X, = E@)} for (i, j) € [m1] X [ny] are i.i.d. Poi( )
random variables, so the second term above is simply the deviation of a Poisson variable from its
mean. On the other hand, the first term is a normalized sum of independent sub-exponential noise.
Therefore, this linearized and decomposed form of noise provides an amenable starting point for
our analysis.

Let us now turn to the metric that we use to assess the error of our estimators. For a tuple of

“proper” estimates (M, 7,0), in that M (7,5) € Cgiso(7,0) (and ¢ = id if we are estimating over

the class Cp,,,,), the normalized squared Frobenius error is given by the random variable
T L5~ ~ 2
F(M* M = M - M*|| ..
(M 315 )) = — || F7.5) - M2

2See, e.g, Shah et al. [274] for a justification of such a decomposition in the fully observed setting.
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In the paper that contains a superset of the results presented in this chapter, we also consider
the max-row-norm approximation error of the permutation estimate 7, which has applications to
learning mixtures of rankings from pairwise comparisons [288]]. Studying the problem in this metric
also provides new results for testing problems on cones, while shedding light on why prior work on
this problem was unable to surpass what was perceived as a fundamental gap in estimation in the
Frobenius error.

3.2.3 Applications

The matrix models studied in this chapter arise in crowd-labeling and estimation from pairwise
comparisons, and can be viewed as generalizations of low-rank matrices of a particular type.

Let us first describe their relevance to the crowd-labeling problem [275]]. Here, there is a set
of ny questions of a binary nature; the true answers to these questions can be represented by a
vector * € {0, 1}"2, and our goal is to estimate this vector by asking these questions to n; workers
on a crowdsourcing platform. Since workers have varying levels of expertise, it is important to
calibrate them, 1.e., to obtain a good estimate of which workers are reliable and which are not.
This is typically done by asking them a set of gold standard questions, which are expensive to
generate, and sample efficiency is an extremely important consideration. Indeed, gold standard
questions are carefully chosen to control for the level of difficulty and diversity [240]. Worker
calibration is seen as a key step towards improving the quality of samples collected in crowdsourcing
applications [241]].

Mathematically, we may model worker abilities via the probabilities with which they answer
questions correctly, and collect these probabilities within a matrix M* € [0, 1]"*"2. The entries
of this matrix are latent, and must be learned from observing workers’ answers to questions. In
the calibration problem, we know the answers to the questions; from these, we can estimate
worker abilities and question difficulties, or more generally, the entries of the matrix M *. In many
applications, we also have additional knowledge about gold standard questions; for instance, in
addition to the true answers, we may also know the relative difficulties of the questions themselves.

Imposing sensible constraints on the matrix M * in these applications goes back to classical work
on the subject, with the majority of models of a parametric nature; for instance, the Dawid-Skene
model [80] is widely used in crowd-labeling applications, and its variants have been analyzed by
many authors (e.g., [74, 165, [202]). However, in a parallel line of work, generalizations of the
parametric Dawid-Skene model have been empirically evaluated on a variety of crowd-labeling
tasks [332], and shown to achieve performance superior to the Dawid-Skene model for many such
tasks. The permutation-based model of Shah et al. [275] is one such generalization, and was proven
to alleviate some important pitfalls of parametric models from both the statistical and algorithmic
standpoints. Operationally, such a model assumes that workers have a total ordering 7 of their
abilities, and that questions have a total ordering o of their difficulties. The matrix M ™ is thus
bivariate isotonic when the rows are ordered in increasing order of worker ability, and columns are
ordered in decreasing order of question difficulty. However, since worker abilities and question
difficulties are unknown a priori, the matrix of probabilities obeys the inclusion M* € CgS . In

Perm-*
the particular case where we also know the relative difficulties of the questions themselves, we may
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assume that the column permutation is known, so that our estimation problem is now over the class

r
Perm*

Let us now discuss the application to estimation from pairwise comparisons. An interesting
subclass of Cgg, . are those matrices that are square (n; = ny = n), and also skew symmetric. More
precisely, let us define Ci g analogously to the class Cgso, except with matrices having columns
that are non-increasing instead of non-decreasing. Also define the class

Coew(n) :={M € [0,1]™" : M+ M" =11"}, (3.5a)

as well as the strong stochastic transitivity class

Csst(n) : = ( U C’B|SO(7T,7T)> () Cekew(n). (3.5b)

Tl'esn

The class Csst(n) is useful as a model for estimation from pairwise comparisons [59, 274],
and was proposed as a strict generalization of parametric models for this problem [40} 229, 259].
In particular, given n items obeying some unknown underlying ranking 7, entry (4, j) of a matrix
M* € Csst(n) represent the probability Pr(¢ > j) with which item 7 beats item j in a comparison.
The shape constraint encodes the transitivity condition that for all triples (4, j, k) obeying 7 (i) <
7(j) < m(k), we must have

Pr(i = k) > max{Pr(i > j),Pr(j > k)}.

For a more classical introduction to these models, see the papers [16, 103} 220] and the references
therein. Our task is to estimate the underlying ranking from results of passively chosen pairwise
comparison between the n items, or more generally, to estimate the underlying probabilities M*
that govern these comparisonﬂ All results in this chapter stated for the more general matrix model
Cpe,.m apply to the class Csst(n) with minimal modifications.

To conclude, we mention a final applications in which the flexibility afforded by nonparametric
models with latent permutations has been noticed and exploited. In psychometric item-response
theory, the Mokken double-monotonicity model is identical to . This model is known to be
significantly more robust to misspecification than the parametric Rasch model; see [[314] for an

introduction and survey.

3.3 Fundamental limits of estimation

We begin by characterizing the fundamental limits of estimation under the trace regression obser-
vation model (3.1) with N’ = Poi(/NV) observations. We define the least squares estimator over a

3Such a passive, simultaneous setting should be contrasted with the active case (e.g., [96]), where we may
sequentially choose pairs of items to compare depending on the results of previous comparisons.

4Accurate, proper estimates of M* in the Frobenius error metric translate to accurate estimates of the ranking 7
(see Shah et al. [274]).
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closed set C of n; x ns matrices as the projection
Ms(C,Y) € argmin ||Y — M|[%.
1s(C,Y) gME(CH 2
The projection is a non-convex problem when the class C is given by either the class Cg:,, or Ch,,.
and is unlikely to be computable exactly in polynomial time. However, studying this estimator
allows us to establish a baseline that characterizes the best achievable statistical rate. In the following
theorem, we characterizes the Frobenius risk of the least squares estimator, and also provide a
minimax lower bound. These results hold for any sample size /V of the problem. Also recall the

shorthand Y =Y ({X ‘ yg}évz/l), and let ¢ : = ¢ V 1 denote the proxy for the noise that accounts for
missing data.

Theorem 3.3.1. (a) Suppose that no < ny. There is an absolute constant c; > 0 such that for any

matrix M* € Cgg, ., we have

F (M, MLs( Perm: Y)) < cl{(j Llogn —|—C 2 (log ny)? (3.6)

+ <_\/Lﬁ(logn1)2> (C —log nl)Q/g A <(2n}\7;2 log N)} A1

with probability at least 1 — ny ™

(b) Suppose that ny < ny, and that N' ~ Poi(N) independent samples are drawn under the
standard Gaussian observation model (3.3a) or the Bernoulli observation model (3.3b). Then there
exists an absolute constant co > 0 such that any estimator M satisfies

. ny 1 n9\2/3  ning
S E [f(M ,M)} > ¢ { {N + <\/N A (N> - )} A 1} .3

When interpreted in the context of square matrices under partial observations, our result should
be viewed as paralleling that of Shah et al. [274]. In addition, however, the result also provides a
generalization in several directions. First, the upper bound holds under the general sub-exponential
noise model Second, the lower bound holds for the class Cp,,,,,, which is strictly smaller than the
class Cp;, .- Third, and more importantly, we study the problem for arbitrary tuples (N, n1, ns), and
this allows us to uncover interesting phase transitions in the rates that were previously unobserve(ﬂ;
these are discussed in more detail below.

Via the inclusion Cp,,,,, € Cg:,, we observe that for both classes Cp,,,, and Cgg, ., the upper
and lower bounds match up to logarithmic factors in all regimes of (N, ny, no) under the standard

Gaussian or Bernoulli noise model. Such a poly-logarithmic gap between the upper and lower

>The regime N > nyns is interesting for the problems of ranking and crowd-labeling that motivate our work, since
it is pertinent to compare items or ask workers to answer questions multiple times in order to reduce the noisiness of the
gathered data. From a theoretical standpoint, the large [V regime isolates multiple non-asymptotic behaviors on the way
to asymptotic consistency as N — oo, and is related in spirit to recent work on studying the high signal-to-noise ratio
regime in ranking models [111]], where phase transitions were also observed.
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bounds is related to corresponding gaps that exist in upper and lower bounds on the metric entropy
of bounded bivariate isotonic matrices [56]. Closing this gap is known to be an important problem
in the study of these shape-constrained objects (see, e.g. [[114]).

Let us now interpret the theorem in more detail. First, note that the risk of any proper estimator
is bounded by 1 since the entries of M* are bounded in the interval [0, 1]. We thus focus on the
remaining terms of the bound. Up to a poly-logarithmic factor, the upper bound can be simplified to
o+ (C_\/l—ﬁ) A (52%)2/3 A (¢*122). The first term (% is due to the unknown permutation on
the rows (which dominates the unknown column permutation since 1, > n5). The remaining terms,
corresponding to the minimum of three rates, stem from estimating the underlying bivariate isotonic
matrix, so we make a short digression to state a corollary specialized to this setting. Recall that
Cgiso was used to denote the class of n; X ny bivariate isotonic matrices. Owing to the convexity of
the set Cgyso, the least squares estimator MLS(CBBO, Y') is computable efficiently [182]. Moreover,
we use the shorthand notation

VN, n1,n9,() 1= E%(logn1)2+ (3.8)

-1 _ 2/3 _
(C\/—N(log n1)2> A <§2% log n1> A (CQ% log N).
Corollary 3.3.1. (a) Suppose that ny < ny. Then there is a universal constant c; > 0 such that for
any matrix M* € Cgiso, we have

f(M*,M\Ls(Cslso,Y)) < (N, ny,me,¢) A1

with probability at least 1 — ny*™.

(b) Suppose that ny < ny, and that N' ~ Poi(N) independent samples are drawn under the
standard Gaussian observation model or the Bernoulli observation model (3.3b)). Then there
exists an absolute constant co > 0 such that any estimator M satisfies

— 1 n9\2/3  ning
su E[fM*,M}Zc{—/\(—) I
M*ECI;ISO ( ) ? v N N N

Corollary [3.3.1|should be viewed as paralleling the results of Chatterjee et al. [56] (see, also, Han
et al. [137]) under a slightly different noise model, while providing some notable extensions once
again. Firstly, we handle sub-exponential noise; secondly, the bounds hold for all tuples (N, nq, ny)
and are optimal up to a logarithmic factor provided the sample size /N is sufficiently large. In more
detail, the nonparametric rate ¢ \/—% was also observed in Theorems 2.1 and 2.2 of the paper [56]
provided in the fully observed setting (N = nyn,), with the lower bound additionally requiring that
the matrix was not extremely skewed. In addition to this rate, we also isolate two other interesting
regimes when N > n2 and 1/+/N is no longer the minimizer of the three terms above. The first
of these regimes is the rate (¢ 2%)2/ 3, which is also nonparametric; notably, it corresponds to the
rate achieved by decoupling the structure across columns and treating the problem as n, separate
isotonic regression problems [233}347]]. This suggests that if the matrix is extremely skewed or if
N grows very large, monotonicity along the smaller dimension is no longer as helpful; the canonical
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example of this is when ny = 1, in which case we are left with the (univariate) isotonic regression
problenﬂ The final rate ¢ 2% is parametric and comparatively trivial, as it can be achieved by an
estimator that simply averages observations at each entry. This suggests that when the number of
samples grows extremely large, we can ignore all structure in the problem and still be optimal at
least in a minimax sense.

Let us now return to a discussion of Theorem [3.3.1] To further clarify the rates and transitions
between them, we simplify the discussion by focusing on two regimes of matrix dimensions.

Example 1: n, < n; <n3 Here, by treating ( as a constant, we may simplify the minimax rate
(up to logarithmic factors) as

1 for N < ny
N i forn; < N < n?
inf sup E [f(M*,M)} ={L fornd <N <n (3.9)
M « r,c
M*eCg,,, (%)2/3 for n;; <N< n:{,@
2 for N > nin,

which delineates five distinct regimes depending on the sample size N. The first regime is the trivial
rate. The second regime n; < N < n% is when the error due to the latent permutation dominates,
while the third regime n? < N < nj corresponds to when the hardness of the problem is dominated
by the structure inherent to bivariate isotonic matrices. For N larger than n3, the effect of bivariate
isotonicity disappears, at least in a minimax sense. Namely, in the fourth regime nj < N < nins,
the rate (ny/IN)?/? is the same as if we treat the problem as n, separate n,-dimensional isotonic
regression problems with an unknown permutation [104]. For even larger sample size N > n:fng,
in the fifth regime, the minimax-optimal rate n;ny /N is trivially achieved by ignoring all structure
and outputting the matrix Y alone. &

Example 2: no < n; < Cny In this near-square regime, we may once again simplify the bound
and obtain (up to logarithmic factors) that

1 for N < ny
) . 2 forn; < N < n?
inf sup E|F(M*, M)l < (3.10)
i3 L forn} < N <nin3
M M*G(C'r;;;m \/N or nl >~ >~ n1n2
m2 - for N > ninj

®Indeed, in a similar regime, Chatterjee et al. [56] show in their Theorem 2.3 that the upper bound is achieved
by an estimator that performs univariate regression along each row, followed by a projection onto the set of BISO
matrices. On the other hand, our results establish near-optimal minimax rates in a unified manner through metric
entropy estimates, so that the upper bounds are sharp in all regimes simultaneously, and hold for the least squares
estimator under sub-exponential noise.
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so that two of the cases from before now collapse into one. Ignoring the trivial constant rate, we
thus observe a transition from a parametric rate to a nonparametric rate, and back to the trivial
parametric rate. &

3.4 Efficient algorithms

Our algorithms belong to a broader family of algorithms that rely on two distinct steps: first, estimate
the unknown permutation(s) defining the problem; then project onto the class of matrices that are
bivariate isotonic when viewed along the estimated permutations. Formally, any such algorithm is
described by the meta-algorithm below.

Algorithm 1 (meta-algorithm)

* Step 1: Use any algorithm to obtain permutation estimates (7, o), setting & = id if estimating

r
over class Cp,, .

» Step 2: Return the matrix estimate
M(?T\, (/7\) L= arg minMECBlso(%ﬁ) ||Y — MH%

Owing to the convexity of the set Cgiso(T, 0), the projection operation in Step 2 of the algorithm
can be computed in polynomial (sub-quadratic) time [182]. The following result, a variant of
Proposition 4.2 of Chatterjee and Mukherjee [55], allows us to characterize the error rate of any
such meta-algorithm as a function of the permutation estimates (7, 7).

Recall the definition of the set Cgso(m,0) : = {M(7w,0) : M € Cgiso} as the set of matrices
that are bivariate isotonic when viewed along the row permutation 7 and column permutation o,
respectively. In particular, we have the inclusion M* € Cgso(7*, 0*) where 7* and o* are unknown
permutations in G,,, and G,,,, respectively. In the following proposition, we also do not make the
assumption ny < nq; recall our shorthand notation (N, ny, ns, () defined in equation (3.8).

Proposition 3.4.1. There exists an absolute constant C' > 0 such that for all M* € Cgiso(7*, 0*),
the estimator M (T, 5) obtained by running the meta-algorithm satisfies

F(M*, M(7,5)) < C{ﬁ(N, 1V g, 11 A g, C) 3.11)
1 * * * * [ * 1 * * * * kN
b M, 0%) = MR 0 [+ M (5 0) = M (B

with probability exceeding 1 — ny ™.

A few comments are in order. The term ¥(NN, ny V ng, ny A na, ) on the upper line of the RHS
of the bound corresponds to an estimation error, if the true permutations 7 and o were known
a priori (see Corollary [3.3.1)), and the latter terms on the lower line correspond to an approximation
error that we incur as a result of having to estimate these permutations from data. Comparing the
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bound to the minimax lower bound (3.7), we see that up to a poly-logarithmic factor, the
estimation error terms of the bound are unavoidable, and so we can restrict our attention
to obtaining good permutation estimates (7,0). We now present two permutation estimation
procedures that can be plugged into Step 1 of the meta-algorithm.

3.4.1 Matrices with ordered columns

r,c

As a stepping stone to our main algorithm, which estimates over the class Cg_, ., we first consider the
estimation problem when the permutation along one of the dimensions is known. This corresponds
to estimation over the subclass Cp,,,,, and following the meta-algorithm above, it suffices to provide
a permutation estimate 7. The result of this section holds without the assumption n; > no.

We need more notation to facilitate the description of the algorithm. We say that bl = {Bk}‘kb!l
is a partition of [nsy], if [ng] = Ulkbil By, and B; N By, = @ for j # k. Moreover, we group the
columns of a matrix Y € R™*"2 into |bl| blocks according to their indices in bl, and refer to bl as a
partition or blocking of the columns of Y. In the algorithm, partial row sums of Y are computed on

indices contained in each block.

Algorithm 2 (sorting partial sums)

* Step 1: Choose a partition bl of the set [ny] consisting of contiguous blocks, such that each
block B in bl has size

1
§n2 %log(nmg) < |B| < ngy %log(nmg).

 Step 2: Given the observation matrix Y, compute the row sums

S(i) = Z Y;; foreachi € [ny],

J€n2]

and the partial row sums within each block

Sp(i) = ZYQJ for each i € [n;] and B € bl .

JjEB

Create a directed graph GG with vertex set [n;], where an edge u — v is present if either

n nine

S(v) — S(u) > 16(¢ + 1)( }\7;% log(ning) + log(n1n2)>, or

ning

N

ning

N lOg(anLQ))

| B|log(niny) +

SB(’U) — SB(U) > 16(§ + 1)(

for some B € bl.
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* Step 3: Return any topological sort 7, of the graph G if none exists, return a uniformly
random permutation 7es.

We now turn to a detailed discussion of the running time of Algorithm 2. A topological sort
of a generic graph G(V, E') can be found via Kahn’s algorithm [159] in time O(|V| 4 |E|). In our
context, the topological sort operation translates to a running time of O(n?). In Step 2, constructing

the graph G takes time O(nfné/ 2), since there are at most (’)(né/ 2) blocks. This leads to a total

complexity of the order O(n%né/ 2).

Let us now give an intuitive explanation for the algorithm. While algorithms in past work [55,
2441 2777] sort the rows of the matrix according to the full Borda counts S(7) defined in Step 2, they
are limited by the high standard deviation in these estimates. Our key observation is that when the
columns are perfectly ordered, judiciously chosen partial row sums (which are less noisy than full
row sums) also contain information that can help estimate the underlying row permutation. The
thresholds on the score differences in Step 2 are chosen to be comparable to the standard deviations
of the respective estimates, with additional logarithmic factors that allow for high-probability

statements via application of Bernstein’s bounds.

r
Perm’

Theorem 3.4.1. There exists an absolute constant ¢y > 0 such that for any matrix M* € C
have

we

ny logng

3/4
~ ) +19(N,n1\/n2,n1/\n2,C)} (3.12)

F(M*, M (Fref,id)) < 1A cl{? <

with probability at least 1 — 3(niny) 2.

In order to evaluate our Frobenius error guarantee, it is helpful to specialize to the regime
To S nq S Ong.

Example: n, < n; < Cny In this case, the Frobenius error guarantee simplifies to

(

1 for N < ny
. N (%)3/4 forn; < N <nj}
Togn e PO M (Fer i) 5 4 U for n? < N < n (3.13)
w2 fornt < N <n}
\ (%)3/4 for N > n?.

We may compare the bounds (3.10]) and (3.13)); note that when n? < NLZ n‘;’ our estimator achieves
the minimax lower bound given by \/LN N 572 (up to poly-logarithmic factors). As alluded to before,

when N > nf, we may switch to trivially outputting the matrix Y, and so the sub-optimality in
the large /V regime can be completely avoided. On the other hand, no such modification can be
made in the small sample regime n; < N < n‘;’, and the estimator falls short of being optimal in the
Frobenius error in this case. )
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Closing the aforementioned gap in the Frobenius error in the small sample regime is an inter-
esting open problem. Having established guarantees for our algorithm, we now turn to using the
intuition gained from these guarantees to provide estimators for matrices in the larger class Cg:

Perm*

r,c

3.4.2 Two-dimensional sorting for class C;_

We reinstate the assumption ny < nq in this section. The algorithm in the previous section cannot be
immediately extended to the class Cgg, _, since it assumes that the matrix is perfectly sorted along
one of the dimensions. However, it suggests a plug-in procedure that can be described informally as
follows.

1. Sort the columns of the matrix Y according to its column sums.
2. Apply Algorithm 2 to the column-sorted matrix to obtain a row permutation estimate.
3. Repeat Steps 1 and 2 with Y transposed to obtain a column permutation estimate.

Although the columns of Y are only approximately sorted in the first step, the hope is that the finer
row-wise control given by Algorithm 2 is able to improve the row permutation estimate. The actual
algorithm, provided below, essentially implements this intuition, but with a careful data-dependent
blocking procedure that we describe next. Given a data matrix Y € R"**"2, the following blocking
subroutine returns a column partition BL(Y").

Subroutine 1 (blocking)

* Step 1: Compute the column sums {C'(j)}72, of the matrix Y as
ni
C(j) =) Y,
i=1

Let Gpre be a permutation along which the sequence {C(pe(j))}2, is non-decreasing.

* Step 2: Set 7 = 16(¢ + 1)( "?32 log(ning) + "5* log(an)) and K = [ny/7]. Partition

the columns of Y into K blocks by defining

bly = {j € [n2] : C(j) € (=00, 7)},
bl = {j € [na] : C(j) € [(k—1)7,k7)} forl < k < K, and
bl = {j € [no] : C(j) € [(K —1)7,00)}.

Note that each block is contiguous when the columns are permuted by Tpye.
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* Step 3 (aggregation): Set 3 = ny4/ 3+ log(ning). Call a block bl “large” if |bl,| > 3 and
“small” otherwise. Aggregate small blocks in bl while leaving the large blocks as they are, to
obtain the final partition BL.

More precisely, consider the matrix Y’ = Y'(id, 0, ) having non-decreasing column sums
and contiguous blocks. Call two small blocks “adjacent” if there is no other small block
between them. Take unions of adjacent small blocks to ensure that the size of each resulting
block is in the range [% B, 2/3]. If the union of all small blocks is smaller than % B, aggregate
them all.

Return the resulting partition BL(Y") = BL.

Ignoring Step 3 for the moment, we see that the blocking bl is analogous to the blocking bl,s of
Algorithm 2, along which partial row sums may be computed. While the blocking bl,.s was chosen
in a data-independent manner due to the columns being sorted exactly, the blocking bl is chosen
based on approximate estimation of the column permutation. However, some of these /K blocks
may be too small, resulting in noisy partial sums; in order to mitigate this issue, Step 3 aggregates

small blocks into large enough ones. We are now in a position to describe the two-dimensional
sorting algorithm.

Algorithm 3 (two-dimensional sorting)

» Step 0: Split the observations into two independent sub-samples of equal size, and form the
corresponding matrices Y and Y according to equation (3.4).

* Step 1: Apply Subroutine 1 to the matrix Y'(!) to obtain a partition BL = BL(Y'(") of the
columns. Let K be the number of blocks in BL.

« Step 2: Using the second sample Y (), compute the row sums
S(i) = Z YZ(JQ) for each i € [n4],
J€lne]

and the partial row sums within each block

Se, (1) = Z Yl(f) foreach i € [ny],k € [K].

JjEBLg

Create a directed graph G with vertex set [n;], where an edge u — v is present if either

nin3 N9

S(v) = S(u) > 16(¢ +1) (\/ N

log(ning) + log(n1n2)> ,or  (3.14a)

n

SBLk (U) - SBLk (u) > 16(< + 1) (\/ }\7;2 |BLk| log(nlng) + n}\?? log(nlng)) (314b)

for some k € [K].
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* Step 3: Compute a topological sort 7y of the graph G if none exists, set Tygs = id.

* Step 4: Repeat Steps 1-3 with (Y )T replacing Y for i = 1,2, the roles of n; and n,
switched, and the roles of 7 and o switched, to compute the permutation estimate oys.

* Step 5: Return the permutation estimates (Tgs, Otds)-

The topological sorting step once again takes time O(n?) and reading the matrix takes time 7, 75.
Consequently, since n; > ns, the construction of the graph G in Step 2 dominates the computational
complexity, and takes time O(n?n,/3) = O(n%né/ ?). Computing judiciously chosen partial row
sums once again captures much more of the signal in the problem than entire row sums alone, and

we obtain the following guarantee.

Theorem 3.4.2. Suppose that ny < ny. Then there exists an absolute constant c; > 0 such that for

any matrix M* € Cgg, , we have

ny logng

FOM*, M (g, ) < 1A e {355

3/4
) I, 0) (3.15)

with probability exceeding 1 — 10(nyny) 2.

To interpret our rate in the Frobenius error, it is once again helpful to specialize to the case
ny < ny < Cns.

Example: n, < n; < Cny In this case, the Frobenius error guarantee simplifies exactly as before
to

1 for N < n,
) N (”—]\})3/4 forn; < N <n}
W}"(M*,M(ﬁds,&tds)) < \/LN forn? < N < nj (3.16)
e forn] < N <n}
\ (%)3/4 for N > n?.

Once again, comparing the bounds (3:10) and (3.16)), we see that when N > n?, our estimator
(when combined with outputting the Y matrix when N > n?) achieves the minimax lower bound
up to poly-logarithmic factors.

This optimality is particularly notable because existing estimators [55} 59, 244,274, 277] for
the class C;;Zrm are only able to attain, in the regime n; = n,, the rate

1 — 1 for N < ny
S (3.17)

—f M*erior <
(logny)? ( wicr) (%)1/2 for N > nq,
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where we have used Mo, to indicator any such estimator from prior work. Thus, the nonparametric

rates observed when [V is large are completely washed out by the rate ( %) Y 2, and so this prevents
existing estimators from achieving minimax optimality in any regime of N.

Returning to our estimator, we see that in the regime n; < N < nf, it falls short of being
minimax-optimal, but breaks the conjectured statistical-computational barrier alluded to in the
introduction. &

Note that Theorem extends to estimation of matrices in the class Csst(n). In particular,
we have n; = ny = n, and either of the two estimates 7y Or Tqs may be returned as an estimate of
the permutation 7 while preserving the same guarantees.

We conclude by noting that the sub-optimality of our estimator in the small-sample regime is
not due to a weakness in the analysis. In particular, our analysis in this regime is also optimal up to
poly-logarithmic factors; the rate (%)3/ 4 is indeed the rate attained by the two-dimensional sorting
algorithm for the noisy sorting subclass of Cpg, . In fact, a variant of this algorithm was used in a
recursive fashion to successively improve the rate for noisy sorting matrices [212]; the first step of

. . . . 3 4
this algorithm generates an estimate with rate exactly (3t) /4,

3.5 Proofs of main results

In this appendix, we present all of our proofs. We begin by stating and proving technical lemmas
that are used repeatedly in the proofs. We then prove our main results in the order in which they
were stated.

Throughout the proofs, we assume without loss of generality that M* € Cgso(id, id) = Cgjso.
Because we are interested in rates of estimation up to universal constants, we assume that each
independent sub-sample contains N’ = Poi(/N) observations (instead of Poi(/N)/2). We use the
shorthand Y = Y ({(X, y¢)}/", ), throughout. Our proof makes use of a few preliminary lemmas
that are stated and proved in Appendix |A.3

3.5.1 Proof of Theorem 3.3.1

We split the proof into three distinct parts. We first prove the upper bound in part (a) of the theorem,
and then prove the lower bound in part (b) in two separate sections. The proof in each section
encompasses more than one regime of the theorem, and allows us to precisely pinpoint the source
of the minimax lower bound.

Proof of part (a)

As argued, the bound is trivially true when N < n; by the boundedness of the set C[gzrm, SO we

assume that N > n; > ns. Under our observation model (3.4), if we define W =Y — M*, then

Lemma implies that the assumption of Lemma is satisfied with a = c1 (¢ + 1)/"5?

and 3 = c;(¢ + 1)™2 for a universal constant ¢; > 0. Therefore, Lemma a) yields that with
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probability at least 1 — n; >, we have

2
n}\? (log n1)2

2,2 5/3

(lognn)?| A [(C+ 12252 log N| A | (¢ + 1)Y= 2 (log ma) 2.

2
o M2

||]/\4\|_5((Cr’c Y) — M*

Perm>

L S(C+)

logni + (C+1)

ning

VN

Normalizing the bound by 1/(niny) completes the proof. O

+ [+

Proof of part (b): permutation error

We start with the term %+ A 1 of the lower bound which stems from the unknown permutation on
the rows.

Its proof is an application of Fano’s lemma. The technique is standard, and we briefly review it
here. Suppose we wish to estimate a parameter 6 over an indexed class of distributions P = {Py |
6 € O} in the square of a (pseudo-)metric p. We refer to a subset of parameters {0', 6% ... 65} as
a local (0, €)-packing set if

1

min 9i79j >0 and E— D(Pyi||Py;) < e.
st 1) 2 Ky 2 PPl <
ZvJE[K]:'L?é]

Note that this set is a J-packing in the metric p with the average Kullback-Leibler (KL) divergence
bounded by €. The following result is a straightforward consequence of Fano’s inequality (see [302,
Theorem 2.5]):

Lemma 3.5.1 (Local packing Fano lower bound). For any (0, €)-packing set of cardinality K, we
have

. 2
inf sup E [p(e,e*)ﬂ > % <1 - (3.18)

€+ log2>
§ 0+co .

log K

In addition, the Gilbert-Varshamov bound [121,|316] guarantees the existence of binary vectors
{vt 0% ... vF} C {0,1}™ such that

K > 2™ and (3.19a)
lv" — v?||3 > cony for each i # j, (3.19b)

for some fixed tuple of constants (cy, c2). We use this guarantee to design a packing of matrices
in the class Cp,,,,. For each i € [K], fix some 6 € [0, 1/4] to be precisely set later, and define the

Perm*
matrix M"* having identical columns, with entries given by

, 1/2, ifvi =0
VI R (3.20)
’ 1/2 + 6, otherwise.
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Clearly, each of these matrices {M‘}X | is a member of the class Cf_,,.,

matrices (M, M7) satisfies the inequality || M" — M7 ||% > coningd?.
Let Py, denote the probability distribution of the observations in the model (3.1) with underlying
matrix M € Cf Our observations are independent across entries of the matrix, and so the KL

Perm*
divergence tensorizes to yield

and each distinct pair of

D@y lIPss) = 3 Doy [P, ). (3.21)
ke€n1] ’
ZG[HQ]

N
nin2

Let us now examine one term of this sum. Note that we observe xy, ; ~ Poi(
entry (k, /).

Under the Bernoulli observation model (3.3b), conditioned on the event Kke = K, we have the
distributions

) samples of each

Py, = Bin(s, My,), and Py, =Bin(s,Mj,).

Consequently, the KL divergence conditioned on x4, = & is given by

D(PM,i’e |PMﬁ,e) = “D(M;,KHM/z,e),

where we have used D(p||q) = p log(%)) + (1 —p) log(}%f;) to denote the KL divergence between

the Bernoulli random variables Ber(p) and Ber(q).
Note that for p, ¢ € [1/2,3/4], we have

D(pllq) = plog (g) +(1—p)log G%z;)

(250 (1)

_ (-0
“ q(1—q)
(I<_I) ?(p —q)>.

Here, step (i) follows from the inequality log z < x — 1, and step (ii) from the assumption ¢ € [}, 2].
Taking the expectation over x, we have

16 N

D(P,,: —
( Mk*é 3 n1no

62, (3.22)

(M}, — M) <

16 N
P )< —
’ Mk,e) - 3 ningy
Summing over k € [n1], £ € [na] yields D(Pyi||Pari) < 2N62.
Under the standard Gaussian observation model (3.34), a similar argument yields the bound
D(Pysi||Pass) < $N62, since we have D(N (p, 1)[|N (¢, 1)) = (p — q)?/2.
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Substituting into Fano’s inequality (3.18)), we have

—~ 52 WNG2 +log?2
inf sup E [HM— M*||H > corma (1 -2 s ) :
M M=*eCt 2 C3Ny

Perm

Finally, if N > c4n, for a sufficiently large constant ¢, > 0, then we obtain the lower bound of order
n1/N by choosing §% = c’i+ for some constant ¢ > 0 and normalizing by 1/(ni1ng). If N < ¢yny,
then we simply choose 0 to be a sufficiently small constant and normalize to obtain the lower bound
of constant order. OJ

Proof of part (b): estimation error

1 n 2/3
We now turn to the term —1< A (%2)

7 A 572 of the lower bound which stems from estimation of
the underlying bivariate isotonic matrix even if the permutations are given. This lower bound is
partly known for the model of one observation per entry under Gaussian noise [56], and it suffices

to slightly extend their proof to fit our model. The proof is based on Assouad’s lemma.

Lemma 3.5.2 (Assouad’s Lemma). Consider a parameter space ©. Let Py denote the distribution
of the model given that the true parameter is 0 € ©. Let Eg denote the corresponding expectation.
Suppose that for each T € {—1, 1}, there is an associated 87 € ©. Then it holds that

d . 07,07)

infsupEg-2(0,6") > - min——"—~ min (1 — |[Ps — Pyor||7v),
0 9*6% ’ ( ) - 8 r#£r dH(T, 7-/) dH(T,T/)=1< H 0 0 HTV>

where { denotes any distance function on ©, dy denotes the Hamming distance, || - |7y denotes the
total variation distance, and the infimum is taken over all estimators 6 measurable with respect to
the observation.

To apply the lemma, we construct a mapping from the hypercube to Cgiso C Cpge,,,. Consider

integers k1 € [n] and ko € [ng], and let my = ny/k; and my = ny/ks. Assume without loss of
generality that m; and my are integers. For each 7 € {—1,1}***2 define M7 € Cgso in the
following way. For i € [n,] and j € [ng], first identify the unique u € [k;],v € [kso] for which
(u—1)my < i <wumyand (v — 1)my < j < vmy, and then take

M? /\(

ut+v—1 Tuv
J )

_|_
k1 + ko 2(ky + ko)

for A € (0, 1] to be chosen. It is not hard to verify that M™ € Cgso.
We now proceed to show the lower bound using Assouad’s lemma, which in our setup states that

M — M*||% > (3.23)

inf sup Ep-
M M*eCgiso

kiko . |MT—-MT|%E
]_— IP) ‘I'_]P) T/ .
S i (1= [Py Byl
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For any 7,7 € {—1, 1}***2_ it holds that

IMT = MT|[E =) (M7, — M)

.3

- Z Z Z (M7; — MZ;‘)Z

u€lk1],v€lke] (u—1)mi<i<umi (v—1)mae<j<vma

)‘2<Tu,v - TIII,’U)Q
B N e

2
ue[ki],v€lka] (k1 + k2)
)\2m1m2
= “d N.
(i1 + )2 u(r, 1)

As a result, we have

M= MTE Nmamy
min = .
T#T! dH<7', 7'/) (k?l + k’2)2

To bound ||Py;- — P, - ||7v, we use Pinsker’s inequality

1
[Pase = Poge By < 5 D(Prrel[Pyyer).

52

(3.24)

(3.25)

Under either the Bernoulli or the standard Gaussian observation model, we have seen that by
combining (3.21)) and (3.22) (which hold even in this regime of V), the KL divergence can be

bounded as

16 N ,__ ~
DPur|Pyr) < ) ——— (M — M)

17]

il geina] © 2
6 N
“ BN
n1no

o 16 N /\2m1m2 16 )\2N

B 3”1712 (k1 + k2)? B §k1k2(/€1 + k2)27

where the second-to-last equality follows from (3.24) for any 7 and 7’ such that dy(7,7") = 1.

Therefore, it holds that

SN A
i 1 —||Pyr — Py > (1—4/—— '
ng'}gl)zl( H M M HTV) - ( 3k1k2 kl + /{Zg)

Plugging (3.23) and (3.26) into Assouad’s lemma (3.23]), we obtain

inf sup Ep-

~ )\27’1,17’1,2 ( 8N )\ >
M—-MZ>—"—"= (1-— \/ — .
M M*eCpgiso ||F o 8<k1 + k2)2 3k1k2 kl + k?

(3.26)

(3.27)
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Note that the bound holds for all tuples (IV, ny, ns). In order to obtain the various regimes, we
must set particular values of &y and k. If N < 1, then setting k; = k2 = 1 and ) to be a sufficiently
small constant clearly gives the trivial bound. If 1 < N < nj, then we take k| = ky = [ N'/4] < ny
and X to be a sufficiently small positive constant so that

nn
inf sup Epp||[M — M*||% > ¢, ——

M M*eCgiso \% N’

for a constant ¢; > 0. If n < N < nny, we take ky = [(N/n3)"/?] < ny, ky = nyand A to be a
sufficiently small positive constant so that

2/3
M= MRz e(52)

inf sup Epm-
M M*€Cgiso

for a constant ¢, > 0. Finally, if N > nin,, we choose k; = ny, ks = np and A = /?%—Nm(nl +ny)
to conclude that

. ~ 3(”1%2)2
inf sup Eun||[M — M*||32 > ———2.
o Earl Ir= ~5en
Normalizing the above bounds by 1/(n;n2) yields the theorem. O

3.5.2 Proof of Corollary 3.3.1]

The proof of this corollary follows from the steps used to establish Theorem [3.3.1] In particular, for
the upper bound, applying Lemma[A.3.2(b) with the same parameter choices as above yields that
with probability at least 1 — n; %™ we have

2
— nin
|| Mis(Ceiso, Y) — M* 15(C+1) }VQ(IOgm)Z
2,2 n/3
USKLD 2 2Ty 43Ny 2/3
+{(c+1)m(1ogn1)}A[(g+1) M 10g N] A [(€ + 1) 2 log ma)?].

Normalizing the bound by 1/(nins) proves the upper bound.
The lower bound established in Section is valid for the class Cgisp, so the proof is
complete. O

3.5.3 Proof of Proposition 3.4.1

Recall the definition of M (7,0) in the meta-algorithm, and additionally, define the projection of
any matrix M € R™*"2 onto Cgso (7, o) as

Pro(M)=arg min ||M — M|>.
MeCgiso(m,0)
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Letting W = Y — M*, we have

AT~ =~ * (Q) * xS A
IM(7,6) — M*||% < 2||Pra(M* + W) — Pas(M*(7,0) + W)||%
+ 2||Prs(M*(7,5) + W) — M*|)%

(ii) _ * L N e *

< 2|M*(7,5) — M*|[% + 2| Paa(M*(7,5) + W) — M*||%

(iii)

< 4|Pas(M*(7,5) + W) — M*(7,3)|[7 + 6[|M*(7,5) — M3, (3.28)

where step (ii) follows from the non-expansiveness of a projection onto a convex set, and steps (i)
and (iii) from the triangle inequality.

The first term in equation is the estimation error of a bivariate isotonic matrix with
known permutations. Therefore, applying Corollary with a union bound over all permutations
7 €6, and o € 6,, yields the bound

|Pr5(M*(7,5) + W) — M*(7,5)||7 < CO(N,nq V na,ny Any, )

on the estimation error with probability at leas 1—ni™.
The approximation error can be split into two components: one along the rows of the matrix,
and the other along the columns. More explicitly, we have

= 2||M* — M*(7,id)||% + 2| M* — M*(id, 5)]||5.

This completes the proof of the proposition. [

3.5.4 Proof of Theorem 3.4.1

In order to ease the notation, we adopt the shorthand

nin2 nn
n:=16(¢ +1) (\/ }VQ log(ning) + }VQ 10g(n1n2)>,

and for each block B € bl in Algorithm 2, we use the shorthand

ning

throughout the proof. Applying Lemma with S = {i} X [no] and then with S = {i} x B for
each i € [n1] and B € bl,f, we obtain

Pr ‘S(z’) -3 M < 2(ning) 4, (3.30a)

ZE[nQ]

"Choosing the constant C' to be twice the constant in Corollary[3.3.1} we can boost the probability of the good event
in Corollary tol— nl_Qm, and applying a union bound over at most 2n1! permutations yields the claimed result.
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and

= 7723 } < 2(nyny) %, (3.30b)

Pr {‘SB@) - %;MM

A union bound over all rows and blocks yields that Pr{€} > 1 — 2(nyny) 3, where we define the
event

[nl] B c blref

s - 3 M,

@G n2]

_—and’SB Z e <

We now condition on event £. Applying the triangle inequality, if
S(w)—Su)>n or Sgv)—Sp(u)>ng,

then we have

oM, =Y M, >0 or > My, —> M;,>0.

Le[n2] 0€n2] leB leB

It follows that © < v since M* has non-decreasing columns. Thus, by the choice of thresholds 7
and 7 in the algorithm, we have guaranteed that every edge u — v in the graph G is consistent
with the underlying permutation id, so a topological sort exists on event £.

We need the following lemma, whose proof is deferred to Section [A.4]

Lemma 3.5.3. Let B be a subset of [ns] and let ng be defined by (3.29). Suppose that 7 is a
topological sort of a graph G, where an edge u — v is present whenever

S oMy, => M, > 2

leB leB

Then for all i € [n,], we have

Z‘ (Z)J

JjE€EB

(c+ 1>\/ "2 Bl g ().

If we have

SMy =Y M, > or Y M=) M, > 2,

L€[ns] L€ ns] teB teB

then the triangle inequality implies that

S(w)—Su)>n or Sgv)—Spu)>ng.
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Hence, the edge u — v is present in the graph GG. As we defined 7, as a topological sort of G,
Lemma [3.5.3]implies that

2
N ML — Mi| < 96(C+ 1)\/"}\72 log(nins) foralli € [ny], and (3.31a)
Jj€E[n2]
* n1n2 .
S OIME - M (C+1) |B|log(niny) foralli € [ny], B € bles. (3.31b)
jEB

Critical to the rest of our analysis is the following lemma:

Lemma 3.5.4. For a vector v € R", define its variation as var(v) = max; v; — min; v;. Then we
have

loll3 < var(v)[[olly + [[v][F/n.

See Section [A.4] for the proof of this lemma.
For each i € [ny], define A’ to be the i-th row difference Mz ;) — M;, and for each block

B € bl,, denote the restriction of A’ to B by A%;. Lemma applied with v = A% yields
1A°15 = > 1Al

Beblref
; IIA

< 3 var(AR) AL+ Y

Beblref Beblref

; maxpgepl HAiBul
< A A} ref A 3.32
= (glgli | B”1> <B§ e B)> i Minpepl,; | B BZ 185l (332
ref Eblrer

We now analyze the quantities in inequality (3.32). By the definition of the blocking BL, we have

1 n n
577,21 / Nllog(nlng) < |B| < ngy/ Nl log(nins).

Additionally, the bounds (3.31a) and (3.31b) imply that

> ARl = AT < 96(C + 1nay [ log(mna), and

Bebl.s
3/4
1ALl < 96(¢ + 1)n2<ﬁlog(n1n2)> for all B € bl...

Moreover, we have

> var(Ap) < Y [var(M p) +var(Mz )5 >]

Beblref Beblref
< var(M;) + var(Mz ;) < 2,

Tref(2
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because M* has monotone rows in [0, 1]"2. Finally, plugging all the pieces into equation (3.32))
yields

‘ | 3/4
AT 5 (¢ v e ("RE™)

Normalizing this bound by 1/n,, summing over the rows, and applying Proposition |3.4.1] we obtain
the bound (3.12)) on the Frobenius error. [

3.5.5 Proof of Theorem 3.4.2

The beginning of the proof proceeds in the same way as the proof of Theorem |3.4.1} so that we
provide only a sketch. We apply Lemmal[A.3.1|with S = {i} x [no] and S = {i} x BL, for each
tuple i € [ny], k € [K], and use the fact that K < ny/3 < n)/?, to obtain that with probability at
least 1 — 2(n1ny)~2, all the full row sums of Y® and all the partial row sums over the column
blocks concentrate well around their means. By virtue of the conditions (3.14a)) and (3.14b), we
see that every edge u — v in the graph G is consistent with the underlying permutation so that
a topological sort exists with probability at least 1 — 2(n;n,) 3. Additionally, it follows from

Lemma and the same argument leading to equations and (3.31D) that for all i € [n,],
we have

‘ > (M \/ X 2log (nang), and (3.33a)
J€[na]
‘}:um%@J—ML)ggag+n¢7£ﬂmﬂmgmm) forall k € [K],  (3.33b)
JjEBLy

with probability at least 1 — 2(nyny) 3.

On the other hand, we apply Lemma with § = [n4] x {j} to obtain concentration for the

column sums of Y;
0 \/ ning
N

<0 Z

for all j € [ny] with probability at least 1 — 2(n;n,) 2. We carry out the remainder of the proof
conditioned on the event of probability at least 1 — 4(n,n,) > that inequalities (3:33a), (3.33b)
and hold.

Having stated the necessary bounds, we now split the remainder of the proof into two parts for
convenience. In order to do so, we first split the set BL into two disjoint sets of blocks, depending
on whether a block comes from an originally large block (of size larger than 3 = ny./ % log(nins)
as in Step 3 of Subroutine 1) or from an aggregation of small blocks. More formally, define the sets

log(ning) + n;\Tle log(nlng)) (3.34)

BLY : = {B € BL : B was not obtained via aggregation}, and
BL®:=BL\ BL".
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For a set of blocks B, define the shorthand UB = | J ;g B for convenience. We begin by focusing
on the blocks BL".

Error on columns indexed by UBL"

Recall that when the columns of the matrix are ordered according to 0., the blocks in BLY are
contiguous and thus have an intrinsic ordering. We index the blocks according to this ordering as
By, Bs, ..., By where ¢ = |BL"|. Now define the disjoint sets

BLW : = {B, € BL" : k = 0 (mod 2)}, and
BL® :={B, € BL* : k =1 (mod ?2)}.
Let ¢, = [BLY| foreach t = 1, 2.

Recall that each block By, in BL" remains unchanged after aggregation, and that the threshold
we used to block the columns is

T =16(¢ + 1)(y/ ”372 log(nins) + 2242 log(niny)). Hence, applying the concentration bound

(3.34) together with the definition of blocks in Step 2 of Subroutine 1 yields

ni ni
* *
‘ : : Mimjl - : : Mi:j?
=1 1=1

where we again used the argument leading to the bounds and (3.31b) to combine the two
terms. Moreover, since the threshold is twice the concentration bound, it holds that under the true
ordering id, every index in By, precedes every index in By, for any k € [K — 2]. By definition, we
have thus ensured that the blocks in BL®) do not “mix” with each other.

The rest of the argument hinges on the following lemma, which is proved in Section [A.4]

ning

§96(<;+1)\/ N

log(nlng) for all jl,jg S Bk, (3.36)

Lemma 3.5.5. Form € Z., let J; U - - - J, be a partition of [m] such that each Jy, is contiguous
and Jy precedes Jyi1. Let aj, = min Ji, by, = max Jy and my = |Ji|. Let A be a matrix in
[0, 1]™*™ with non-decreasing rows and non-decreasing columns. Suppose that

n

Z(Ai,bk — Aia,) < x foreachk € [(] and some x > 0.

=1

Additionally, suppose that there are positive reals p, p1, p2, - - . , ps, and a permutation 7 such that
forany i € [n], we have ()3 7", |Anqiy; — Aijl < p, and (1)) ¢ 5 |Argyj — Aijl < pi for each
k € [{]. Then it holds that

n m

¢
Awi ‘_Az"2<2 &
ZZ( (4),3 J) > X;pk—l-npr]?e%(mk

i=1 j=1



CHAPTER 3. FAST AND SAMPLE-EFFICIENT MATRIX COMPLETION 59

We apply the lemma as follows. For ¢t = 1,2, let the matrix M be the sub-matrix of M*
restricted to the columns indexed by the indices in UBL™. The matrix M () has non-decreasing
rows and columns by assumption. We have shown that the blocks in BL® do not mix with each
other, so they are contiguous and correctly ordered in M ®). Moreover, the inequality assumptions of
the lemma correspond to the bounds (3.36), (3.33a) and (3.33b)) respectively, by setting .J1, . .., J;
to be the blocks in BL®, and with the substitutions A = M®, n = n,, m = | U BL(t)|,

6(¢+ 1)\/71;7;2 log(nins),

2

=96(¢ + 1)\/n}\7;2 log(ninsg), and
n
pi = 96(¢ + 1)y 22 i loglrun).

Moreover, we have

¢ /
XZ (§2v1) N 2 log(nyny) Z vV |B|
k=1 BeBL®
(i)

3/2
< (v 2 ~ “log(mina) | > [BIVG

BeBL®

@ (V1) nd 03
< log(nins), (3.37)
vB N
where step (i) follows from the Cauchy—Schwarz inequality, and step (i) from the fact that
Y pegL® |B| < ng and that by assumption of large blocks, we have ming g o |B| > [ so
that ¢, < ny/p.
We also have

n2 3/2
Pk Ny VB
— = (" Vvl 1

"R g = (VDT sl g, g

(V1) niny”
S log(nlng),
VB N
where we have again used the fact that ming g, v |B| > (. Putting together the bounds (3.37)
and (3.38) and applying Lemma [3.5.5]yields

Z Z Fuasli M) S % (n1n2)®? (ny v ny)"/? W. (3.39)

i€[n1] jeuBL®

Substituting 3 = ny/ 3+ log(n1n,) and normalizing by 111, proves the result for the set of blocks
BL®. Summing over ¢ = 1,2 then yields a bound of twice the size for columns of the matrix
indexed by UBL".

(3.38)
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Error on columns indexed by UBL®

Next, we bound the approximation error of each row of the matrix with column indices restricted to
the union of all small blocks. Roughly speaking, all small (sub-)blocks are aggregated into those
that have size of order [3; by definition of the blocking, this implies that the ambiguity in the column
permutation for the aggregated block only exists within the small sub-blocks, and in that sense, this
column permutation can be thought of as “essentially known”. Thus, the proof resembles that of
Theorem [3.4.1} it is sufficient (for the eventual bound we target) to bound the Frobenius error by
the maximum error on the rows. Note that we must also make modifications that account for the
fact that the column permutation is only approximately known. We split the proof into two cases.

Case 1 Let us first address the easy case where BL® contains a single block of size less than
g =1n, % log(ninsg). Here, we have

2
(i)
Z Z 7rtds (@d )2 S Z Z 7Ttds *

i€[n1] jeuBL® i€[n] jeuBL®

“) Z ’ Z 7rtds OF M:J)

ZE[m] jeuBLS

ze[m]
3/2 1/4
V
— a8y/(¢ + )2V ) gy,

N3/4

where step (i)follows from the Holder’s inequality and the fact that M* € [0, 1]™*"2, step (ii)from
the monotonicity of the columns of M*, and step (iii)from equation (3.33b). We have thus proved
the theorem for this case.

Case2 Let us now consider the case where BL® contains multiple blocks. For each i € [n;], define
A’ to be the restriction of the i-th row difference Mz ;) — M to the union of blocks UBL®. For

each block B € BL®, denote the restriction of A’ to B by A%. Lemma applied with v = A’
yields

IATE = Al

BeBLS
; HABH%
< > var(AR)[ALl+ Y
BeBLS BeBLS
i i maXpeg| s ||AiB|‘1
< (maxaplh) | 3 wr(ay) | + 22 > Iahlh. Gao)

MM pepg) s |B‘

BeBLS BeBLS
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We now analyze the quantities in inequality (3.40). By the aggregation step of Subroutine 1, we

have %B < |B| < 28, where 8 = ny4/ 3t log(ning). Additionally, the bounds (3.33a)) and (3.33b))
imply that

. . nqn2
S ALl = AT < 96(¢ + 1y ™2

BeBLS

log(ning) < (¢ +1)8, and

ning

1A% < 96(¢ + W 1B log(n1na)

< 96V2(¢ + 1)\/”1 2 Blog(ninsy) forall B € BLE.

Moreover, to bound the quantity > g s var (A;), we proceed as in the proof for the large
blocks in BLY. Recall that if we permute the columns by Opre according to the column sums, then
the blocks in BL® have an intrinsic ordering, even after adjacent small blocks are aggregated. Let
us index the blocks in BL® by By, Bs, ..., B,, according to this ordering, where m = |BL®|. As
before, the odd-indexed (or even-indexed) blocks do not mix with each other under the true ordering
id, because the threshold used to define the blocks is larger than twice the column sum perturbation.
We thus have

Z var (AiB) = Z Var(A%k) + Z var(Ain)

BeBLS ke[m)] ke[m)|
k odd k even
< Z var(M; g, ) + var(Mz ;). B5.)]
ke[m)]
k odd
+ Z var(M; g, ) + var(Mz ;). Bk”
keverl

(i) (ii)
< 2var(M;) + 2var(Mz, ;) < 4,
where inequality (i)holds because the odd (or even) blocks do not mix, and inequality (ii)holds
because M* has monotone rows in [0, 1]"2.
Finally, putting together all the pieces, we can substitute for /3, sum over the indices ¢ € n,, and
normalize by nins to obtain

3/4
185 (¢ v (Pgm)) (3.41)

and so the error on columns indexed by the set UBL® is bounded as desired.
Combining the bounds (3.39) and (3.41)), we conclude that

log(nins)\ ¥/
I (o) = M 5 (62 D} (o v ) (B2 )

ning
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with probability at least 1 — 4(n1n2)*3. The same proof works with the roles of n; and ny switched
and all the matrices transposed, so we have

1

ning

1 3/4
I o) = M 5 (62 1y (o v ) () )
with the same probability. Consequently,

1

ninsg

n1 log n1)3/4

(M (Rugs i) = M|+ 1M (6, Fras) = M) S (2 1) (F=

with probability at least 1 — 8(nyny) >, where we have used the relation n; > no. Applying
Proposition |3.4.1| completes the proof. [

3.6 Summary and open questions

We have studied the class of permutation-based models in two distinct metrics. A notable con-
sequence of our results is that our polynomial-time algorithms are able to achieve the minimax
lower bound in the Frobenius error up to a poly-logarithmic factor provided the sample size grows
to be large. Moreover, we have overcome a crucial bottleneck in previous analyses that underlay
a statistical-computational gap; see the full paper [211] for a more detailed discussion. Several
intriguing questions related to estimating such matrices remain:

What is the fastest Frobenius error rate achievable by computationally efficient estimators in the
partially observed setting when NV is small?

As a partial answer to the first question, it can be shown that when the informal algorithm
described at the beginning of Section [3.4.2|is recursed in the natural way and applied to the noisy
sorting subclass of the SST model, it yields another minimax-optimal estimator for noisy sorting,
similar to the multistage algorithm of Mao et al. [212]. However, this same guarantee is preserved
for neither the larger class of matrices Cp, . nor for its sub-class Cp.,,,,. Improving the rate will
likely require techniques that are beyond the reach of those introduced in this chapter. Indeed, in
very recent work, Liu and Moitra [201] provide a more involved algorithm that uses “blocks” of
partially sorted forms of the matrix to produce a minimax optimal estimator over the class Cp.,,,
and another estimator that further narrows the statistical-computational gap in estimating matrices
in the class Cpg, .-

It is also worth noting that model allowed us to perform sample-splitting in Algorithm
3 to preserve independence across observations, so that Step 2 is carried out on a sample that is
independent of the blocking generated in Step 1. Thus, our proofs also hold for the observation
model where we have exactly 2 independent samples per entry of the matrix.

It is natural to wonder if just one independent sample per entry suffices, and whether sample
splitting is required at all. Reasoning heuristically, one way to handle the dependence between
the two steps is to prove a union bound over exponentially many possible realizations of the
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blocking; unfortunately, this fails since the desired concentration of partial row sums fails with
polynomially small probability. Thus, addressing the original sampling model [59, 274]] (with
one sample per entry) presents an interesting technical challenge that may also involve its own
statistical-computational trade-offs [226].

In the broader context of this thesis, this chapter touches upon both the statistical and computa-
tional aspects of performing estimation in matrix-valued permutation-based models. While we did
not dwell on the question of adaptation in this chapter, it can be shown (using the techniques of
Chatterjee and Mukherjee [535]) that our two-dimensional sorting estimator is in fact optimally adap-
tive if the underlying matrix belongs a parametric family such as the BTL model. Other parametric
structure is also interesting to study: for instance, what happens in the case where the underlying
matrix is a permuted version of a block-wise constant matrix? This is a useful model for when
pairwise comparisons are performed between clusters of similar objects [277]. In the next chapter,
we address questions of this form for the even broader class of tensor-valued permutation-based
models.
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Chapter 4

Adaptive algorithms for tensor estimation

Consider the problem of estimating a d-dimensional, real-valued tensor 8* € R™ **"_whose
entries are observed in noise. As in many problems in high-dimensional statistics, this tensor
estimation problem requires prohibitively many samples to solve without the imposition of further
structure, and consequently, many structural constraints have been placed in particular applications
of tensor estimation. For instance, low “rank” structure is common in chemistry applications [4]],
blockwise constant structure is common in applications to clustering and classification of relational
data [352], sparsity is commonly used in data mining applications [171]], and variants and combina-
tions of such assumptions have also appeared in other contexts [[353]. In this chapter, we continue
our study of permutation-based models from Chapter [3|to study a flexible, nonparametric structural
assumption that generalizes parametric assumptions in applications of tensor models to discrete
choice data.

4.1 Introduction

Suppose we are interested in modeling ordinal data, which arises in applications ranging from
information retrieval [91] and assortment optimization [[170] to crowdsourcing [60]; in a generic
such problem, we have n; “items”, subsets of which are evaluated using a multiway comparison.
In particular, each datum takes the form of a tuple containing d of these items, and a single item
that is chosen from the tuple as the “winner” of this comparison. A mathematical model for
such data is a stochastic model of choice: For each tuple A and each item i € A, suppose that ¢
wins the comparison with probability p(i, A). The winner of each comparison is then modeled
as a random variable; equivalently, the overall statistical model is described by a d-dimensional
mean tensor * € R™**™ where 6*(i,...,1q) = p(i1, (i1,-..,14)), and our data consists of
noisy observations of entries of this tensor. Imposing sensible constraints on the tensor 6* in
these applications goes back to classical, axiomatic work on the subject due to Luce [204] and
Plackett [252]. A natural and flexible assumption is given by simple scalability 177,219, 305]:
suppose that each of the n; items can be associated with some scalar utility (item ¢ with utility u,),
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and that the comparison probability is given by

0*(i1,...,id):f(uil,...,uid), (41)

where f is a non-decreasing function of its first argument and a coordinate-wise non-increasing
function of the remaining arguments. Operationally, an item should not have a lower chance of
being chosen as a winner if—all else remaining equal—its utility were to be increased.

There are many models that satisfy the nonparametric simple scalability assumption; in partic-
ular, parametric assumptions in which a specific form of the function f is posited. The simplest

parameterization is given by f(uy,...,uq) = ZdL which dates back to Luce [204]. A logarith-
j=1"%d

mic transformation of Luce’s parameterization leads to the multinomial logit (MNL) model, which
has seen tremendous popularity in applications ranging from transportation [24] to marketing [54].
See, e.g., McFadden [218] for a classical but comprehensive introduction to this class of models.
However the parametric assumptions of the MNL model have been called into question by a line of
work, showing that more flexibility in modeling can lead to improved results in many applications
(see, e.g., Farias et al. [97]] and references therein). The simple scalability (SS) assumption in the
special case d = 2 is equivalent to the strong stochastic transitivity, or SST, assumption studied in
Chapter (3| In this special case, the MNL model is equivalent to the popular Bradley—Terry—Luce
model [40, 204].

Let us state an equivalent formulation of the SS assumption in terms of structure on the tensor 6*.
Recall that for two vectors of equal dimension, we use x =< y to denote that x —y < 0 entrywise. By
ordering the items by their utilities, the monotonicity of the function f in the SS assumption (@.T))
ensures that there is a permutation 7 that arranges them from “worst” to “best”, such that

0% (w(in), m (i2) ..., (i) < O (m(ih), 7 (dh), ..., 1(iy)) forall (i1,...,iq) = (i,..., ).
(4.2)

Crucially, since the utilities themselves are latent, the permutation 7 is unknown—indeed, it
represents the ranking that must be estimated from our data—and so 6* is a coordinate-wise isotonic
tensor with unknown permutations. In the multiway comparison problem, this tensor represents the
stochastic model underlying our data, and accurate knowledge of these probabilities is useful in
applications such as assortment optimization [[170] and determine, for instance, pricing and revenue
management decisions. While multiway comparisons form our primary motivation for studying this
problem, the flexibility afforded by nonparametric models with latent permutations has also been
noticed and exploited in other applications; see Section [3.2.3] Besides these, there are also several
other examples of tensor estimation problems in which parametric structure is frequently assumed;
for example, in random hypergraph models [120]. Similarly to before, nonparametric structure has
the potential to generalize and lend flexibility to these parametric models.

It is worth noting that in many of the aforementioned applications, the underlying objects can
be clustered into near identical sets. For example, there is evidence that indifference sets of items
exist in crowdsourcing (see 277, Figure 1] for an illuminating example) and peer review [239]
applications involving comparison data; clustering is often used in the application of psychometric
evaluation methods [140], and many models for communities in hypergraphs posit the existence of
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such clusters of nodes [[120]]. For a precise mathematical definition of indifference sets and how
they induce further structure in the tensor 6%, see Section Whenever such additional structure
exists, it is conceivable that estimation can be performed in a more sample-efficient manner; we
will precisely quantify such a phenomenon shortly.

Using these applications as motivation, our goal in this chapter is to study the tensor estimation
problem under the nonparametric structural assumptions of monotonicity constraints and
unknown permutations.

4.1.1 Related work

We focus our discussion on the sub-class of such problems involving monotonic shape-constraints
and (vector/matrix/tensor) estimation. When d = 1, the assumption (4.2) corresponds to the
“uncoupled” or “shuffled” univariate isotonic regression problem [51]. Here, an estimator based
on Wasserstein deconvolution is known to attain the minimax rate log log n/ log n in (normalized)
squared /5-error for estimation of the underlying (sorted) vector of length n [262]. A very recent
paper [11] has also considered this problem, with a focus on isolating the effect of the noise
distribution on the deconvolution procedure. A multivariate version of this problem (estimating
multiple isotonic functions under a common unknown permutation of coordinates) has been studied
under the moniker of “statistical seriation”, and has been shown to have applications to archaeology
and genome assembly [104, [206]. The case d = 2 was the focus of Chapter [3| of this thesis. To the
best of our knowledge, analogs of these results have not been explored in the multivariate setting
d > 3, although a significant body of literature has studied parametric models for choice data in this
case (see, e.g., Negahban et al. [230] and references therein).

4.1.2 Overview of contributions

We begin by considering the minimax risk of estimating bounded tensors satisfying assumption (4.2),
and show in Theorem [4.3.1] that it is dominated by the risk of estimating the underlying ordered
coordinate-wise isotonic tensor. In other words, the latent permutations do not significantly influence
the statistical difficulty of the problem. We also study the fundamental limits of estimating tensors
having indifference set structure, and this allows us to assess the ability of an estimator to adapt to
such structure via its adaptivity index (to be defined precisely in equation (#.3)). We establish two
surprising phenomena in this context: First, we show in Proposition4.3.T|that the fundamental limits
of estimating these objects preclude a parametric rate, in sharp contrast to the case without unknown
permutations. Second, we prove in Theorem {.3.2] that the adaptivity index exhibits a statistical-
computational gap under the assumption of a widely-believed conjecture in average-case complexity.
In particular, we show that the adaptivity index of any polynomial-time computable estimator must
grow at least polynomially in n, assuming the hypergraph planted clique conjecture [43[]. Our
results also have interesting consequences for the isotonic regression problem without unknown
permutations (see Corollaries [4.3.T|and 4.3.2]).

Having established these fundamental limits, we then turn to our main methodological contribu-
tion. We propose and analyze—in Theorem 4.4.1}—an estimator based on Mirsky’s partitioning
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algorithm [224]] that estimates the underlying tensor (a) at the minimax rate for each d > 3 whenever
this tensor has bounded entries, and (b) with the best possible adaptivity index for polynomial-time
procedures for all d > 2. The first of these findings is particularly surprising because it shows that
the case d > 3 of this problem is distinctly different from the bivariate case studied in Chapter [3] in
that the minimax risk is achievable with a computationally efficient algorithm. This in in spite of
the fact that there are more permutations to estimate as the dimension gets larger, which, at least in
principle, ought to make the problem more difficult both statistically and computationally.

In addition to its favorable risk properties, the Mirsky partition estimator also has several other
advantages: it is computable in time sub-quadratic in the size of the input, and its computational
complexity also adapts to underlying indifference set structure. In particular, when there are a
fixed number of indifference sets, the estimator has almost linear computational complexity with
high probability. When specialized to d = 2, this estimator exhibits significantly better adaptation
properties to indifference set structure than known estimators that were designed specifically for
this purpose; see the full paper [245] for statements and discussions of these results.

To complement our upper bounds on the Mirsky partition estimator, we also show, somewhat
surprisingly, that many other estimators proposed in the literature [55, 274, [277]], and natural
variants thereof, suffer from an extremely large adaptivity index. In particular, they are unable to
attain the polynomial-time optimal adaptivity index (given by the fundamental limit established by
Theorem[{.3.2)) for any d > 4. This is in spite of the fact that some of these estimators are minimax
optimal for estimation over the class of bounded tensors (see Proposition 4.5.T]and Corollary 4.3.1)
for all d > 3. Thus, we see that simultaneously achieving good worst-case risk properties while
remaining computationally efficient and adaptive to structure is a challenging requirement, providing
further evidence of the value of the Mirsky partitioning estimator.

4.2 Background and problem formulation

Let &, denote the set of all permutations on the set [k] : = {1,..., k}. We interpret R *"*" ag
the set of all real-valued, tensors of dimension n; X - - - x n,. For a set of positive integers i; € [n;],
we use T'(iq,...,1q) to index entry iy, ...,i; of atensor T € R™* "4,

The set of all real-valued, coordinate-wise isotonic functions on the set [0, 1]¢ is denoted by

Fo:={f:[0,1]" > R: f(z1,20,...,2q) < f*(2), 2, ...,2)) when z; <) for je[d}.

Let n; denote the number of observations along dimension j, with the total number of observations

givenby n : = H?:1 n;. Forny,...,ng € N, letLg,, ., := H?:1 [n;] denote the d-dimensional

lattice. With this notation, we assume access to a tensor of observations Y € R™* " *"d_where

: : 71 (i) m5(iz) 7g(ia) : : : :
Y(zl,...,zd):f*( : ey +€(iq,...,1q) foreachi; € [n;], j € [d].
nq N9 nyg
Here, the function f* € F, is unknown, and for each j € [d], we also have an unknown permutation
7; € G,;. The tensor € € R™* " represents noise in the observation process, and we assume
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that its entries are given by independent standard normal random Variable Denote the noiseless
observations on the lattice by

0 (i1, ...,10q) := f* (ergjl)’ 7T2n(z2)’_-.,%:d)) for each i; € [n,], j € [d];

this is precisely the nonparametric structure that was posited in equation (4.2]).

It is also convenient to define the set of tensors that can be formed by permuting evaluations of
a coordinate-wise monotone function on the lattice by the permutations (71, ..., 74). Denote this
set by

M(Lgpy,ng: Ty Tg) 2= {0 e RM>xxma . 3f e Fy such that

f (”1(“,...,”(”)) for each i; € [n;], j € [d]}.

Q(il,...,id)iz e g

We use the shorthand M (L, . »,) to denote this set when the permutations are all the identity.
Also define the set

Mperm (Ld,n1,...,nd) L= U e U M<Ld,n1,...,nd; Ty - 77Td)

71'166711 ﬂ-(iEGnd

of tensors that can be formed by permuting evaluations of any coordinate-wise monotone function.
For a set of permutations {m; € &, }7_, and a tensor T € R™*"*", we let T{my,...,mq}
denote the tensor 7" viewed along permutation 7; on dimension j. Specifically, we have

T{ﬂ'l, - ,Wd}(il, ... ,’id> = T(ﬂ'l(il), - ,Wd(id)) for each le € [nj], j e [d]

With this notation, note the inclusion 6*{(75)~%, ... (7%) "'} € M(Lyn,...n,)- However, since we

do not know the permutations 7§, . . ., m; a-priori, we may only assume the inclusion 8* € M perm(Lan,,...n,)s
and our goal is to denoise our observations and produce an estimate of ¢*. Call any such tensor
estimate 6 € R™>*"d_We study its empirical L, risk, given by

d nj
~ ~ 1 o o
RA(0,67) :=E [zg(e,e*)] L where  (01,02) 1= =3 3 (Galins i) = Olin, - 80))

j=1i;=1

Note that the expectation is taken over both the noise € and any randomness used to compute the
estimate ¢. In the case where we have the inclusion § € M eym(Lgp,... n,), We also produce a

function estimate f € F; and permutation estimates 77; € &,,, for j € [d], with

g(il,...,id) i= f(%l(il), %Q(iz),...,%d(id)) for each i; € [n,], 7 € [d].

ny no Ngq

"We study the canonical Gaussian setting for convenience, but all of our our results extend straightforwardly to
sub-Gaussian noise distributions.
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Note that in general, the resulting estimates ]?, 71, ..., q need not be unique, but this identifiability
issue will not concern us since we are only interested in the tensor ¢ as an estimate of the tensor 6*.

As alluded to in the introduction, it is common in multiway comparisons for there to be
indifference sets of items that all behave identically. These sets are easiest to describe in the space
of functions. For each j € [d] and s; € [n;], let I, ..., T gj denote a disjoint set of s; intervals such

that [0, 1] = U, I]. Suppose that for each /, the length of the interval I, 7 exceeds 1/n;, so that we
are assured that the intersection of /] with the set nij{l, ...,n;} is non-empty. With a slight abuse
of terminology, we also refer to this intersection as an interval, and let the tuple k? = (K7, ..., kg])
denote the cardinalities of these intervals, with >";” k) = n;. Let K, denote the set of all such
tuples, and define kJ,,, : = maxe(s,) k. Collect {k7}_, in a tuple k = (k',... k%), and the d

values {s;}7_, inatuple s = (s, ..., sq). Let K, denote the set of all such tuples I, and note that
the possible values of s range over the lattice Lg,, ... n,. Finally, let £* : = min ¢ k:ﬂm.
If, for each j € [d], dimension j of the domain is partitioned into the intervals 7, ..., I g] then

the set [0, 1] is partitioned into s : = H?Zl s; hyper-rectangles, where each hyper-rectangle takes

the form H?:l I Zj for some sequence of indices ¢; € [s;], j € [d]. We refer to the intersection of a
hyper-rectangle with the lattice Ly ., ... », also as a hyper-rectangle, and note that k fully specifies
such a hyper-rectangular partition. Denote by M*5(Lg,,, . ,,) the set of all & € M(Lg,,. n,)
that are piecewise constant on a hyper-rectangular partition specified by k—we have chosen to
be explicit about the tuple s in our notation for clarity. Let M]fjésrm (La,n,...n,) denote the set of all
coordinate-wise permuted versions of § € M®5(ILy,,, ..

For the rest of this chapter, we operate in the uniform, or balanced case 2 < ny = --- =
ng = n*/%, which is motivated by the comparison setting introduced in Section We use the
shorthand IL;,, to represent the uniform lattice and R, to represent balanced tensors. We continue
to use the notation n; in some contexts since this simplifies our exposition, and also continue to
accommmodate distinct permutations 7;, ..., 7; and cardinalities of indifference sets sy, ..., sq
along the different dimensions for flexibility.

Let © denote the set of all estimators of 6%, i.e. the set of all measurable functions (of the
observation tensor Y') taking values in R, ,,. Denote the minimax risk over the class of tensors in
the set M55 (Lqan) by

Myn(k,s): = inf sup Rn(g, 0%).
9€0 6+ e Mpein(La,n)

Note that 9, (k, s) measures the smallest possible risk achievable with a-priori knowledge of
the inclusion 6* € M5 (Lg,). On the other hand, we are interested in estimators that adapt to
hyper-rectangular structure without knowing of its existence in advance. One way to measure the
extent of adaptation of an estimator 6 is in terms of its adaptivity index to indifference set sizes k,

defined as

SUDg. e pqe (10 R.,.(0,60%)
E)ﬁd,n(lk, S)

AL (g) : =
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A large value of this index indicates that the estimator 0 is unable to adapt satisfactorily to the set

M5 (La,n), since a much lower risk is achievable when the inclusion 8% € M5 (Lg,,) is known

in advance. The global adaptivity index of 0 is then given by

Ql(@\) ! = max max Qlk’s(é\). (4.3)

SE]Ldm keKsg
We note that similar definitions of an adaptivity index or factor have appeared in the literature; our
definition most closely resembles the index defined by Shah et al. [277], but similar concepts go
back at least to Lepski and co-authors [193, 194].
While the above notions of an adaptivity index deal solely with the ratio of risks, one can

additionally demand that adaptation occurs with high probability. In particular, for some confidence
level § € (0,1), denote the (1 — §)-quantile of the loss by

Rn(0,6%;0) : = inf {r € (0,00) : Pr{f2(8,0") > r} < 5} ,

and define the high-confidence analogs of the adaptivity indices

SUP,. 4 ks Rn(§7 0" 5) ~ 2.
0* € Mpérm (La,n) and  2(6;6) : = max max A*(0;6). (4.4)

ks (. R
A(0:0) - Man(k,s) €Ly kEKs

In the discussions to follow, we will typically be concerned with cases where § = §,, < 1/n,
that is, we demand that the event on which adaptation does not occur has probability that decays
polynomially in the sample size n.

Finally, for a tensor X € R;,, and closed set C C Ry, it is useful to define the projection of X
onto C by

Ose(C, X) € argmin (2(X, 0). (4.5)
oeC

In our exposition to follow, the set C will either be compact or a finite union of closed convex
sets, and so the projection is guaranteed to exist. When C is closed and convex, the projection is
additionally unique.

Chapter-specific notation: Recall the notational convention introduced in Section We
complement this notation with a few other definitions that are used solely in this chapter and the
corresponding technical proof section in Appendices and Let B, () and By(t) denote
the /., and /5 closed balls of radius ¢ in R, ,, respectively, and denote by 1,,, € R,,, the all-ones
tensor. We use the symbols ¢4, Cy to denote constants that depend on d alone; their values will
typically change from line to line.

Let us now turn to statements and discussions of our main results. We begin by characterizing
the fundamental limits of estimation and adaptation, and then turn to developing an estimator that
achieves these limits. Finally, we analyze variants of existing estimators from this point of view.
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4.3 Limits of estimation and adaptation

In this subsection, our focus is on characterizing the fundamental limits of estimation over various
parameter spaces without imposing any computational constraints on our procedures. We begin by
characterizing the minimax risk over the class of bounded, coordinate-wise isotonic tensors with
unknown permutations.

Theorem 4.3.1. There is a universal positive constant C' such that for each d > 2, we have

0cO e*eMperm(Ld,n)mBOO(l)

where cy > 0 depends on d alone.

The lower bound on the minimax risk in equation follows immediately from known results
on estimating bounded monotone functions on the lattice without unknown permutations [83,|137].
The upper bound is our main contribution to the theorem, and is achieved by the bounded least
squares estimator

fase = é\LSE(Mperm (Layn) NBoo(1),Y). 4.7)
In fact, the risk of §BLSE can be expressed as a sum of two terms:
Rn(é\BLSE, 0%) < C(n’l/d log®n 4+ n~ U=V g n) (4.8)

The first term corresponds to the error of estimating the unknown isotonic function, and the second
to the price paid for having unknown permutations. Such a characterization was known in the case
d = 2 [211,274], and our result shows that a similar decomposition holds for all d. Note that for all
d > 2, the first term of equation dominates the bound, and this is what leads to Theorem |4.3.1

Although the bounded LSE achieves the worst case risk (4.6), we may use its analysis
as a vehicle to obtaining risk bounds for the vanilla least squares estimator without imposing any
boundedness constraints. This results in the following corollary.

Corollary 4.3.1. There is a universal positive constant C' such that for each d > 2:
(a) The least squares estimator over the set Myerm(ILa.n) has worst case risk bounded as

sup R, (@\LSE(Mperm(]Ld,n), Y), 9*) < Cn~Y10g*? n. (4.92)

0 € Mperm (g ) Boo (1)

(b) The isotonic least squares estimator over the set M(LLy,,) has worst case risk bounded as

Sup R (Oise(M(LLyy), Y), 0°) < Cn~Hdlog®?n. (4.9b)
0*€M(Lg,n)NBoo (1)
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Part (a) of Corollary deals with the LSE computed over the entire set M perm(Lq,,), and
appears to be new even when d = 2; to the best of our knowledge, prior work [211} 274] has only
considered the bounded LSE g s (4.7).

Part (b) of Corollary .3.1] on the other hand, provides a risk for the vanilla isotonic least squares
estimator when estimating functions in the set M (LL;,,) N B (1). This estimator has a long history
in both the statistics and computer science communities [56} 92, 137,182} 265, [291], and unlike the
other estimators considered so far, the isotonic LSE is the solution to a convex optimization problem
and can be computed in time polynomial in n. Bounds on the worst case risk of this estimator are
also known: results for d = 1 are classical (see, e.g., the papers [47, 233, 347]]); when d = 2, risk
bounds were derived by Chatterjee et al. [56]]; and the general case d > 2 was considered by Han et
al. [137]. Corollary b) improves the logarithmic factor in the latter two papers from log* n to
log®? n, and is obtained via a different proof technique involving a truncation argument.

Two other comments are worth making. First, it should be noted that there are other estimators
for tensors in the set M (L,,) N B (1) besides the isotonic LSE. The block-isotonic estimator
of Deng and Zhang [83]], first proposed by Fokianos et al. [107]], enjoys a risk bound of the order
Cy-n~Yforalld > 2, where C;; > Ois a d-dependent constant. This eliminates the logarithmic
factor entirely, and matches the minimax lower bound up to a d-dependent constant. In addition,
the block-isotonic estimator also enjoys significantly better adaptation properties than the isotonic
LSE. Two issues, however, require further exploration. The best known algorithm to compute
the block-isotonic estimator takes time O(n?), while the isotonic LSE can be computed in time
O (n3/2) [182]. In addition, the behavior of the block-isotonic estimator under mis-specification is
not yet well understood; the usual oracle inequality that can be shown for the isotonic LSE has not
yet—to the best of our knowledge—been shown to hold for the block-isotonic estimator (see the
discussion in [83), Section 3.7]).

Second, we note that when the design is random in the setting without unknown permuta-
tions [[136, Theorem 3.9] improves, at the expense of a d-dependent constant, the logarithmic factors
in the risk bounds of prior work [[137]]. His proof techniques are based on the concentration of em-
pirical processes on upper and lower sets of [0, 1], and do not apply to the lattice setting considered
here. On the other hand, our proof works on the event on which the LSE is suitably bounded, and is
not immediately applicable to the random design setting. Both of these techniques should be viewed
as particular ways of establishing the optimality of global empirical risk minimization procedures
even when the entropy integral for the corresponding function class diverges; this runs contrary to
previous heuristic beliefs about the suboptimality of these procedures (see, e.g., the papers [35],
[309, pp. 121-122], [261], and [[136] for further discussion).

Let us now turn to establishing the fundamental limits of estimation over the class M%ésrm (Lan)-

The following proposition characterizes the minimax risk 9t ,,(k, s). Recall that we have s = Hd

j=153j

and k* = minje[d} mane[sj] k’z

Proposition 4.3.1. There is a pair of universal positive constants (¢, C') such that for each d > 1,



CHAPTER 4. ADAPTIVE ALGORITHMS FOR TENSOR ESTIMATION 73

s € Ly, and k € K, the minimax risk M, (k, s) is sandwiched as

% : <s + (n1 — k:*)) < Myn(k,s) < % : <s + (n1 — k%) logn>. (4.10)

A few comments are in order. As before, the risk can be decomposed into two terms: the first
term represents the parametric rate of estimating a tensor with s constant pieces, and the second
term is the price paid for unknown permutations. When the underlying set is bounded, such a
decomposition does not occur transparently even in the special case d = 2 [277]]. Also note that
when s = O(1) and ny — k* = w(1), the second term of the bound (4.10) dominates and the
minimax risk is no longer of the parametric form s/n. This is in sharp contrast to isotonic regression
without unknown permutations, where there are estimators that achieve the parametric risk up to
poly-logarithmic factors [83]. Thus, the fundamental adaptation behavior that we expect changes
significantly in the presence of unknown permutations.

Second, note that when s; = n; for all j € [d], we have M]é‘éfm(Ldyn) = Merm (L), in which
case the result above shows that consistent estimation is impossible over the set of all isotonic
tensors with unknown permutations. This does not contradict Theorem #.3.1] since Proposition
computes the minimax risk over isotonic tensors without imposing boundedness constraints.

Finally, we note that Proposition yields the following corollary in the setting where we do
not have unknown permutations. With a slight abuse of notation, we let

M (L) = | U ML)

SiIT, 5= kEKs

denote the set of all coordinate-wise monotone tensors that are piecewise constant on a d-dimensional
partition having s pieces.

Corollary 4.3.2. There is a pair of universal positive constants (¢, C') such that for each d > 1, the
following statements hold.
(a) For each s € LLg,, and k € K, we have

c. 2 < inf sup Rn(@\, ") <C 2 (4.11a)
n 0cO Q*EM]k,s(]Ld n) n
(b) For each s € [n], we have
~ 1
c- s < inf sup  R,(0,07) <C- i ogn‘ (4.11b)
n 60 o*cMs(Ly,,) n

Let us interpret this corollary in the context of known results. When d = 1 and there are no
permutations, Bellec and Tsybakov [23] established minimax lower bounds of order s/n and upper
bounds of the order slogn/n for estimating s-piece monotone functions, and the bound #.11b)
recovers this result. The problem of estimating a univariate isotonic vector with s pieces was also
considered by Gao et al. [112], who showed a rate-optimal characterization of the minimax risk that
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exhibits an iterated logarithmic factor in the sample size whenever s > 3. When d > 2, however,
the results of Corollary are new to the best of our knowledge. While it is possible that the
bound (@.11b)) can be improved to an iterated logarithmic factor in the multidimensional setting, our
analysis is not refined enough to capture it. Understanding the exact scaling of the minimax risk in
the multidimensional setting is an interesting open problem.

The fundamental limits of estimation over the class ./\/lﬂp‘(;_fm (Lg,,) will allow us to assess the

adaptivity index of particular estimators. Before we do that, however, we establish a baseline for
adaptation by proving a lower bound on the adaptivity index of polynomial time estimators.

4.3.1 Lower bounds on polynomial time adaptation

We now turn to our average-case reduction showing that any computationally efficient estimator
cannot have a small adaptivity index. Our primitive is the hypergraph planted clique conjecture
HPCp, which is a hypergraph extension of the planted clique conjecture. Let us introduce the
testing, or decision, version of this conjecture. Denote the set of D-uniform hypergraphs on N
vertices (hypergraphs in which each hyper-edge is incident on D vertices) by Hp . Define, via
their generative models, the random hypergraphs

1. Gp(V,p): Generate each hyperedge independently with probability p, and

2. Gp(N, p; K): Choose K > D vertices uniformly at random and form a clique, adding all (g)
possible hyperedges between them. Add each remaining hyperedge independently with
probability p.

Given an instantiation of a random hypergraph X € Hp y, the testing problem is to distinguish the
hypotheses Hy : X ~ Gp(N,p) and H; : X ~ Gp(N,p; K). The error of any test ¢ : Hp y +—
{0, 1} is given by

£() = 3 B (0] + 5 B, [(1 - 9(0)]. @12

2
Conjecture 4.3.1 (HPC, conjecture). Suppose that p = 1/2. There is a universal positive constant
c such that for each K < c\/N, any test 1) that is computable in time polynomial in NP must satisfy

E() > 2/3.

Note that when D = 2, Conjecture[4.3.1]is equivalent to the planted clique conjecture, which is a
widely believed conjecture in average-case complexity [[18, 98, 152]. The HPC;5 conjecture was used
by Zhang and Xia [[346] to show statistical-computational gaps for third order tensor completion;
their evidence for the validity of this conjecture was based on the threshold at which the natural
spectral method for the problem fails. Brennan and Bresler [43]] recently showed that the planted
clique conjecture with “secret leakage” can be reduced to HPCp. They also provided evidence
(see Section K of their paper) for the validity of the HPCp conjecture, showing that the decision
problem has close connections to the widely believed low-degree conjecture (for a discussion of this
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conjecture, see the papers [143,|179] and references therein). Luo and Zhang [205]] also provide
similar evidence in support of the conjecture. Recall our definition of the high-probability adaptivity
index (@.4)); the HPCp, conjecture implies the following computational lower bound.

Theorem 4.3.2. Let 6, : = (10n)~! and suppose that Conjecture holds. Then there is a

constant cq > 0 depending on d alone such that any estimator 0 that is computable in time
polynomial in n must satisfy

Q((g, Op) > cq - nz(1-3) log ™2 n. (4.13)

Assuming Conjecture 4.3.1] Theorem [4.3.2] thus posits that the (high-probability) adaptivity
index of any computationally efficient estimator must grow polynomially in n, thereby precluding the
existence of efficient estimators with adaptivity index bounded poly-logarithmically in n. Contrast
this with the case of isotonic regression without unknown permutations, where the block-isotonic
estimator has adaptivity inde of the order O (log? n) [83]]. This demonstrates yet another salient
difference in adaptation behavior with and without unknown permutations.

Finally, while Theorem is fully novel for all d > 3, we note that when d = 2, it resembles
the computational lower bound established by Shah et al. [277] (which assumes the planted clique
conjecture). Some connections between the two results are worth highlighting. While in our
definition, indifference sets along the different dimensions may have different sizes, Shah et
al. [277] restrict to the case where a single tuple of sizes parameterizes indifference sets along all
dimensions simultaneously. Thus, when the noise distribution is Bernoulli and d = 2, the result
of Shah et al. [277] implies ours, since our adaptivity index is computed with the maximum
ranging over a strictly larger set of configurations. Furthermore, the lower bound of Shah et al. [277]
applies to the expected adaptivity index, and we note that a version of Theorem {#.3.2] also holds for
the expected adaptivity index when d = 2. The question of whether a similar bound on the expected
adaptivity index holds for d > 3 poses an interesting open problem. Having said this, it should be
noted that Theorem [4.3.2] applies in the case of Gaussian noise, an extension that is accomplished
via the machinery of Gaussian rejection kernels introduced by Brennan et al. [44]]. This device
shares many similarities with other reduction “gadgets” used in earlier arguments (e.g., [26, 207,
328]).

We have thus established both the fundamental limits of estimation without computational
considerations (4.6)), and a lower bound on the adaptivity index of polynomial time estimators (#.13).
Next, we show that a simple, efficient estimator attains both lower bounds simultaneously for
alld > 3.

4.4 Achieving the fundamental limits in polynomial time

We begin with notation that will be useful in defining our estimator. We say that a tuple bl =
(S1,...,SL) is a one-dimensional ordered partition of the set [n,] of size L if the sets S,..., Sy

’Deng and Zhang [|83]] consider the more general case where the hyper-rectangular partition need not be consistent
with the Cartesian product of one-dimensional partitions, but the adaptivity index claimed here can be obtained as a
straightforward corollary of their results.
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are pairwise disjoint, with [nq] = UzL:1 Sy. Equivalently, any such tuple may be viewed as the
decomposition of a partial order on the set [n;] into disjoint antichains. Denote the set of all
one-dimensional ordered partitions of size L by P, and let P = (7, P

Note that any one-dimensional ordered partition induces a map oy, : [n1] — [n1], where oy, ()
is the index /¢ of the set Sy 5 i. Now given d ordered partitions bly, . .., bl; € 33, define the set

M(Ld’n; b|1, RN b|d) = {9 € Rd,n : E'f € F4 such that

O(iy, ... iq):=f (Jbl;l(lzl) e Ub';izd)> foreachi; € [n,], j € [d]}
In other words, the seﬂ M(Lg,; bly, ..., bly) represents all tensors that are piecewise constant
on the hyper-rectangles H;.lzl bl;, while also being coordinate-wise isotonic on the partial orders
specified by bly, ..., bl;. We refer to any such hyper-rectangular partition of the lattice L ,, that can
be written in the form szl bl, as a d-dimensional ordered partition.

Our estimator computes various statistics of the observation tensor Y, and we require some
more terminology to define these precisely. For each j € [d], define the vector 7; € R™ of “scores”,
whose k-th entry is given by

d nj

Fk) =D Y(ir,... ig) - 1{i; = k}. (4.14a)

j=1i;=1

The score vector 7; provides noisy information about the permutation 7}. In order to see this clearly,
it is helpful to specialize to the noiseless case Y = 6*, in which case we obtain the population scores

d nj
Tr(k) =Y 0 (i, .. da) - 1{i; = K} (4.14b)

j=1i;=1

One can verify that the entries of the vector 7} are increasing when viewed along permutation 77,
ie., that 77 (77 (1)) < -+ < 77 (75 (ny)). . o
For each pair k, € [n;], also define the pairwise statistics

g;um(k,’g) :=7,(0) = 7;(k) and (4.152)

Am(k ) := max  max {Y(ir,... i) 1{i; =} = Y(ir,...,iq) - 1{i; = k}} . (4.15b)
q€ld\{j} iq€[ni]

Given that the scores provide noisy information about the unknown permutation, the statistic

Aj‘f‘(k, () provides noisy information about the event {7 (k) < 7} (¢)}, i.e., a large positive value

of A3'™(k, £) provides evidence that 7} (k) < 77 ({) and a large negative value indicates otherwise.

3Note that we have abused notation in defining the sets M (L, ,,; b1, . .., blg) and M(Lgn; 71, . . ., 7q) similarly
to each other. The reader should be able to disambiguate the two from context, depending on whether the arguments are
ordered partitions or permutations.
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Now clearly, the scores are not the sole carriers of information about the unknown permutations; for
instance, the statistic A**(k, £) measures the maximum difference between individual entries and
a large, positive value of this statistic once again indicates that 7 (k) < 77 (£). The statistics (@.T5))
thus allow us to distinguish pairs of indices, and our algorithm is based on precisely this observation.

We also need some graph theoretic terminology: Recall that an antichain of a graph is any set of
nodes that is incomparable in the partial order, i.e., for any pair of nodes in the antichain, there is no
directed path in the graph going from one node to the other. Having set up the necessary notation,
we are now ready to describe the algorithm formally.

Algorithm: Mirsky partition estimator

I. (Partition estimation): For each j € [d], perform the following steps:

a. Create a directed graph G; with vertex set [n;] and add the edge u — v if either
Asum La1-1/d A max
A (u,v) > 84/logn - n2-14d  or AP (u,v) > 8y/logn. (4.16a)

If G;‘l}as cycles, Fhen prune the graph and only keep the edges corresponding to the first
condition above, i.e.,

uU— v iff ﬁjum(u, v) > 8¢/logn - n2(1=1/d), (4.16b)

Let G; denote the pruned graph.

b. Compute a one-dimensional ordered partition b ; as the decomposition of the vertices of
G into disjoint antichains, via Mirsky’s algorithm [224].

II. (Piecewise constant isotonic regression): Project the observations on the set of isotonic
functions that are consistent with the blocking obtained in step I to obtain

Ovp = argmin (Y, 0).
GEM(]Ld'nnEll »"'7B\Id)

Note that at the end of step Ia, the graph G is guaranteed to have no cycles, since the pruning step
is based exclusively on the score vector 7;. Owing to its acyclic structure, the graph G; can always
be decomposed as the union of disjoint antichains.

Let us now describe the intuition behind the estimator as a whole. On each dimension j, we
produce a partial order on the set [n;]. We employ the statistics (.15) in order to determine such a
partial order, with two indices placed in the same block if they cannot be distinguished based on
these statistics. This partitioning step serves a dual purpose: first, it discourages us from committing
to orderings over indices when our observations on these indices look similar, and second, it serves
to cluster indices that belong to the same indifference set, since the statistics computed
on pairs of indices lying in the same indifference set are likely to have small magnitudes. Once
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we have determined the partial order via Mirsky’s algorithm, we project our observations onto
isotonic tensors that are piecewise constant on the d-dimensional partition specified by the individual
partial orders. The Mirsky partition estimator presented here derives inspiration from some existing
estimators in prior work. For instance, the idea of associating a partial order with the indices has
appeared before [211}, 244], and variants of the pairwise statistics have been used in prior
work for permutation estimation [[104}, 211]; see, for instance, Chapter|3| However, to the best of
our knowledge, no existing estimator computes a partition of the indices into antichains: a natural
idea that significantly simplifies both the algorithm—speeding it up considerably when there are a
small number of indifference sets (see the following paragraph for a discussion)—and its analysis.

We now turn to a discussion of the computational complexity of this estimator. Suppose that
we compute the score vectors 7;, 7 = 1, ..., d first, which takes O(dn) operations. Now for each
j € [d], step I of the estimator can be computed in time O(n?), since it takes O(n?) operations
to form the graph G, and Mirsky’s algorithm [224] for the computation of a “dual Dilworth”
decomposition into antichains runs in time O(nf) Thus, the total computational complexity of
step 1 is given by O(d - n?). Step II of the estimator involves an isotonic projection onto a partially
ordered set. As we establish in Lemma|A.5.1|in the appendix, such a projection can be computed
by first averaging the entries of Y on the hyper-rectangular blocks formed by the d-dimensional
ordered partition H?Zl bl;, and then performing multivariate isotonic regression on the result. The
first operation takes linear time O(n), and the second operation is a weighted isotonic regression
problem that can be computed in time O (B3/?) if there are B blocks in the d-dimensional ordered
partition [[182]. Now clearly, B < n, so that step II of the Mirsky partition estimator has worst-case
complexity @(n3/ 2). Thus, the overall estimator (from start to finish) has worst-case complexity
O(n?/?). Furthermore, we show in Lemmathat if 0* € ME%S_(LLg,), then B < s with high

perm

probability, and on this event, step II only takes time O(n) + O(s%2). When s is small, the overall

complexity of the Mirsky partition procedure is therefore dominated by that of computing the

scores, and given by O(dn) with high probability. Thus, the computational complexity also adapts
to underlying structure.

Having discussed its algorithmic properties, let us now turn to the risk bounds enjoyed by the

Mirsky partition estimator. Recall, once again, the notation £* = min ¢[q) kI

max-*

Theorem 4.4.1. There is a universal positive constant C' such that for all d > 2:
(a) We have the worst-case risk bound

sup Rn(é\Mp, ") <C {n‘l/d log®?n + dPn 2 (1=1/d) log n} ) (4.17)
0* EMperm (Ld,n)mBoo(l)

(b) Let 6,, : = (10n)~'. We have the adaptive bounds

sup {Rn(é\MP, 0%) v Rn(é\MP, 0*: 5n)} < g {s +d*(ny — k¥) - n%(1_5>} log n.
e*eMg{éfm(Ld,n) n

(4.18a)
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Consequently, the estimator /Q\Mp has adaptivity indices bounded as
A(Oup) V A(Owp; 6,) < Cd? - n2(1=1) log n. (4.18b)

When taken together, the two parts of Theorem [4.4.1| characterize both the risk and adaptation
behaviors of the Mirsky partition estimator fyp. Let us discuss some particular consequences of
these results, starting with part (a) of the theorem. When d = 2, we see that the second term of
equation dominates the bound, leading to a risk of order n~'/4. Comparing with the minimax
lower bound (#.6)), we see that this is sub-optimal by a factor n'/4. There are other estimators that
attain strictly better rates [201} 211], but to the best of our knowledge, it is not yet known whether
the minimax lower bound (4.6)) can be attained by an estimator that is computable in polynomial
time. On the other hand, for d > 3, the first term of equation dominates, and we achieve
the lower bound on the minimax risk up to a poly-logarithmic factor. Thus, the case d > 3
of this problem is distinctly different from the bivariate case: The minimax risk is achievable with
a computationally efficient algorithm in in spite of the fact that there are more permutations to
estimate in higher dimensions. This surprising behavior can be reconciled with prevailing intuition
by two high-level observations. First, as d grows, the isotonic function becomes much harder to
estimate, so we are able to tolerate more sub-optimality in estimating the permutations. Second,
in higher dimensional problems, a single permutation perturbs large blocks of the tensor, and this
allows us to obtain more information about it than when d = 2. Both of these observations are made
quantitative and precise in the proof.

As a side note, we believe that the logarithmic factor in the bound can be improved; one
way to do so is to use other isotonic regression estimators (like the bounded LSE) in step II of our
algorithm. But since our notion of adaptation requires an estimator that performs well even when
the signal is unbounded, we have used the vanilla isotonic LSE in step II.

Turning our attention now to part (b) of the theorem, notice that we achieve the the lower
bound (4.13)) on the adaptivity index of polynomial time procedures up to a poly-logarithmic factor.
Such a result was not known, to the best of our knowledge, for any d > 3. Even when d = 2,
the Count-Randomize-Least-Squares (CRL) estimator of Shah et al. [277] was shown to have
adaptivity index bounded by O(n'/*) over a sub-class of bounded bivariate isotonic matrices with
unknown permutations that are also piecewise constant on two-dimensional ordered partitions
M (Layn) NBoo(1). As we show in the full paper [245], the Mirsky partition estimator is also
adaptive in this case, and attains an adaptivity index that significantly improves upon that of the
CRL estimator in terms of the logarithmic factor. An even starker difference between the adaptation
properties of the CRL and Mirsky partition estimators is evident in higher dimensions. We show in
Proposition to follow that for higher dimensional problems with d > 4, the CRL estimator has
strictly sub-optimal adaptivity index. Thus, in an overall sense, the Mirsky partition estimator is
better equipped to adapt to indifference set structure than the CRL estimator.

Let us also briefly comment on the proof of part (b) of the theorem, which has several components
that are novel to the best of our knowledge. We begin by employing a decomposition of the error
of the estimator in terms of the sum of estimation and approximation errors; while there are
also compelling aspects to our bound on the estimation error, let us showcase some interesting



CHAPTER 4. ADAPTIVE ALGORITHMS FOR TENSOR ESTIMATION 80

components involved in bounding the approximation error. The first key component is a certain
structural result (collected as Lemma[A.5.1]in Appendix that allows us to write step II of
the algorithm as a composition of two simpler steps. Besides having algorithmic consequences
(these were alluded to in our discussion of the running time of the Mirsky partition estimator),
Lemma|A.5.1]allows us to write the approximation error as a sum of two terms corresponding to
the two simpler steps of this composition. In bounding these terms, we make repeated use of a
second key component: Mirsky’s algorithm groups the indices into clusters of disjoint antichains,
and so our bound on the approximation error incurred on any single block of the partition critically
leverages the condition (4.16a)) used to accomplish this clustering. Our final key component, which
is absent from proofs in the literature to the best of our knowledge, is to handle the approximation
error on unbounded mean tensors 6%, which is critical in establishing that the bound holds in
expectation—this is, in turn, necessary to provide a bound on the adaptivity index. This component
requires us to crucially leverage the pruning condition (4.16b) of the algorithm in conjunction with
careful conditioning arguments.

Resurfacing from the specialized discussion above and considering both parts of Theorem #.4.1]
together, we have produced a computationally efficient estimator that is both worst-case optimal
when d > 3 and optimally adaptive among the class of computationally efficient estimators. Let us
now turn to other natural estimators for this problem, and assess their worst-case risk, computation,
and adaptation properties.

4.5 Other natural estimators do not adapt

Arguably, the most natural estimator for this problem is the global least squares estimator, given
by O se(Mperm(Lan ), Y), which corresponds to the maximum likelihood estimator in our setting
with Gaussian errors. The worst-case risk behavior of the LSE over the set M yerm (L, g) N Boo (1)
was already discussed in Corollary 4.3.1[(a): It attains the minimax lower bound up to a
poly-logarithmic factor. However, computing such an estimator is NP-hard in the worst-case even
when d = 2, since the notoriously difficult max-clique instance can be straightforwardly reduced
to the corresponding quadratic assignment optimization problem (see, e.g., the book [251] for
reductions of this type).

Another class of procedures consists of two-step estimators that first estimate the unknown
permutations defining the model, and then the underlying isotonic function. Estimators of this
form abound in prior work [55, 201, 211} [244, 277]. We unify such estimators under Definition
4.5.1) to follow, but first, let us consider a particular instance of such an estimator in which the
permutation-estimation step is given by a multidimensional extension of the Borda or Copeland
count. A close relative of such an estimator has been analyzed when d = 2 [55]].

Algorithm: Borda count estimator

I. (Permutation estimation): Recall the score vectors 7, . . ., 74 from (4.144). Let /ﬁJBC be any
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permutation along which the entries of 7; are non-decreasing; i.e.,
7 (7C(k)) <75 (FPC(0) forall 1 <k < € < nj.
II. (Isotonic regression): Project the observations onto the class of isotonic tensors that are

consistent with the permutations obtained in step I to obtain

fsc = argmin (Y, 0).

0EM(Lg n;7EC,... 75C)

The rationale behind the estimator is simple: If we were given the true permutations (77, ..., 7)),
then performing isotonic regression on the permuted observations Y {(7;)~, ..., (7) "'} would be
the most natural thing to do. Thus, a natural idea is to plug-in permutation estimates (72¢ ... 75¢)

of the true permutations. The computational complexity of this estimator is dominated by the
isotonic regression step, and is thus given by O(n*/?) [[182]. The following proposition provides an
upper bound on the worst-case risk of this estimator over bounded tensors in the set M perm(Lg.y).

Proposition 4.5.1. There is a universal positive constant C' such that for each d > 2, we have

sup Ro(Osc,0%) < C- <n—1/d log®2n + dQn—%ﬂ—l/d)) L (419
* € Moperm (L) B (1)

A few comments are in order. First, note that a variant of this estimator has been analyzed
previously in the case d = 2, but with the bounded isotonic LSE in step II instead of the (unbounded)
isotonic LSE [55]]. When d = 2, the second term of equation dominates the bound and
Proposition establishes the rate n~'/4, without the logarithmic factor present in the paper [55].
It should be noted that this improvement was already shown for a variant of the Borda count
estimator [244].

Second, note that when d > 3, the first term of equation dominates the bound, and
comparing this bound with the minimax lower bound (4.6)), we see that the Borda count estimator is
minimax optimal up to a poly-logarithmic factor for all d > 3. In this respect, it resembles both the
full least squares estimator 6y sg(Mperm(LLan), Y) and the Mirsky partition estimator Oyp.

Unlike the Mirsky partition estimator, however, both the global LSE and the Borda count
estimator are unable to adapt optimally to indifference sets. This is a consequence of a more general
result that we state after the following definition.

Definition 4.5.1 (Permutation-projection based estimator). We say that an estimator 6 is permutation-
projection based if it can be written as either

0 = argmin ~ 2(Y,0) or 0= argmin (Y, 0)
0eEM(Lg,n 71, 7 a) 0EM(Lg,niT1, ) Boo (1)
for a tuple of permutations (7y,...,7;). These permutations could also be chosen in a data-

dependent fashion.
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Clearly, the bounded LSE (4.7), the global LSE, and the Borda count estimator are permutation-
projection based, as is the CRL estimator [277]. The Mirsky partition estimator, on the other
hand, is not. The following proposition proves a lower bound on the adaptivity index of any
permutation-projection based estimator, both in expectation and high probability.

Proposition 4.5.2. Let 6, = (10n)~'. For each d > 4, there is a pair of constants (c4, Cy) that
depend only on the dimension d such that for each n > Cy and any permutation-projection based
estimator 6, we have

{A(6) v A(8;6,)} > cq-n' ¥

For each d > 4, we have n'~%? > n2(1=1/4 and so comparing Proposition with
Theorem [.3.2] we see that no permutation-projection based estimator can attain the smallest
adaptivity index possible for polynomial time algorithms. In fact, even the global LSE, which is not
computable in polynomial time to the best of our knowledge, falls short of the polynomial-time
benchmark of Theorem

On the other hand, when d = 2, we note once again that the paper [277]] leveraged the favorable
adaptation properties of the bivariate isotonic LSE [56] to show that their CRL estimator has the
optimal adaptivity index for polynomial time algorithms over the class M5, (Lo,) N Boo(1).
They also showed that the bounded LSE does not adapt optimally in this case. In higher
dimensions, however, even the isotonic LSE—which must be employed within any permutation-
projection based estimator—has poor adaptation properties [[137], and this leads to our lower bound
in Proposition #.5.2]

The case d = 3 represents a transition between these two extremes, where the isotonic LSE
adapts sub-optimally, but a good enough adaptivity index is still achievable owing to the lower
bound of Theorem[4.3.2] Indeed, we show in the full paper [245] that a variant of the CRL estimator
also attains the polynomial-time optimal adaptivity index for this case. Consequently, a result as
strong as Proposition [4.5.2}—valid for all permutation-projection based estimators—cannot hold
when d = 3.

4.6 Proofs of main results

We now turn to proofs of our main results, beginning with some quick notes to the reader. Through-
out, the values of universal constants ¢, C, ¢q, ... may change from line to line. Also recall our
notation for inequalities holding up to a constant factor: For two sequences of non-negative reals
{fn}n>1 and {g, }n>1, we use f,, < g, to indicate that there is a universal constant C' such that
fn < Cgy, forall n > 1. We also require a bit of additional notation. For a tensor 7' € Ry, we

write || T[ly = (/> cp, T2, s0 that £2 (61, 02) = [|61 — 62|35 For a pair of binary vectors (v, vs)
of equal dimension, we let dy(vy, v2) denote the Hamming distance between them. We use the

abbreviation “wlog” for “without loss of generality”. Finally, since we assume throughout that
ny > 2 and d > 2, we will use the fact that n > 4 repeatedly and without explicit mention.
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We repeatedly employ two elementary facts about /5 projections, which are stated below for
convenience. Recall our notation for the least squares estimator (4.5) as the ¢, projection onto a
closed set C C Ry, and assume that the projection exists. For tensors 7} € C and T, € R,,,, we
have

|10use(C, Ty + To) — Ti |l < 2| ToJ2- (4.20a)
The proof of this statement is straightforward; by the triangle inequality, we have

16se(C, T+ Ty) — Till2 < 16use(C, Th + To) — (Ty + To) |2 + |(Ty + Tz) — TilJa
<2(Ty +T5) — T1]|2
= 2|| a2,

where the second inequality follows since @\LSE(C, Ty + T3) is the closest point in C to Ty + T5. If
moreover, the set C is convex, then the projection is unique, and non-expansive:

10se(C, Th + To) — Ti |2 < || T3 .. (4.20b)

With this setup in hand, we are now ready to proceed to the proofs of the main results.

4.6.1 Proof of Theorem 4.3.1

It suffices to prove the upper bound, since the minimax lower bound was already shown by [137]
for isotonic regression without unknown permutations. We also focus on the case d > 3 since the
result is already available for d = 2 [211, 274]. Our proof proceeds in two parts. First, we show that
the bounded least squares estimator over isotonic tensors (without unknown permutations) enjoys
the claimed risk bound. We then use our proof of this result to prove the upper bound (4.8)). The
proof of the first result is also useful in establishing part (b) of Corollary

Bounded LSE over isotonic tensors: For each 1,...,24-2 € [n4], let M(A,, 4, ,) denote
the set of bivariate isotonic tensors formed by fixing the first d — 2 dimensions (variables) of a
d-variate tensor to xy, ..., T4_2; we refer to this as the two-dimensional slice of the lattice L,
centered at xy,...,x4 2. For convenience, let M(LL4,, | r) and M(A,, . ., , | r) denote the
intersection of the respective sets with the /., ball of radius r. Letting A — B denote the Minkowski
difference between the sets A and B, define

Mdiﬂ:(AzL...,rde | T) L= M(Azl,,,,,rd,g | T) - M(Axlwwxd*? | T) and
MfUII(T) = H M(Axl,.‘.,xdfz ’ 7").

T1yeerTd—2

In words, the set MY(A, . | r) denotes the set difference of two bounded, bivariate iso-
tonic slices centered at 71, . .., 24 o, and M™(r) denotes the Cartesian product of all such two-
dimensional slices. Note that by construction, we have ensured, for each » > 0, the inclusions
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M(Lg, | 7) € MM () and (4.21a)
ML [ 1) = MLan |7) S J] M (Asy iy | 1) = MM () = MO (). (4.21D)

With this notation at hand, let us now proceed to bound the risk of the bounded LSE. By
definition, this estimator can be written as the projection of Y onto the set M(LL,,, | 1), as so we
have

fgise = argmin ||Y — 6|2 (4.22)
eM(La,n(1)

Letting A= §BLSE —AO*, the optimality of §BLSE and feasibility of #* in the objective (4.22) yield
the basic inequality ||A — €||3 < ||¢||3, rearranging which we obtain

1 -~ .

§||A||% < (e, A) < sup (€,0 —0") < sup (e, A).
QGM(Ld,nLl) AEMfu”(l)f/{\/lf“”(l)
l6—=6*[l2<[IA[l2 IAll2<[|A]l2

For convenience, define for each ¢ > 0 the random variable

§(t) = sup (€, A).
AEMf”“(l)—Mf”“(l)
All2<t
Also note that the set M™'(1) — M™!(1) is star-shaped and non-degenerate (see Definition
in Appendix [A.6.T). Now applying Lemma [A.6.3] from the appendix—which is, in turn, based
on [[323, Theorem 13.5]—we see that

E[|All3] < C(t; +1).

where %, is the smallest (strictly) positive solution to the critical inequality
E[E@)] < 5 (4.23)

Thus, it suffices to produce a bound on E[{()], and in order to do so, we use Dudley’s entropy
integral along with a bound on the ¢, metric entropy of the set (M™"(1) — M™I(1)) N B,(¢).
Owing to the inclusions (#.21)), we see that in order to cover the set M™"(1) — M™(1) in £,-norm
at radius 0, it suffices to produce, for each z1, ..., x4 2, a cover of the set M(A | 1) in

d=2
2. \%. This is because there are n¢~2 unique slices of bivariate isotonic

LLyeeey Tq—2
{y-norm at radius 0’ = n,

tensors and a §-covering of the set M (A, . |1) canbe accomplished using §/v/2 coverings
of the two copies of M(A;, . ., , | 1) that are involved in the Minkowski difference. Thus, we
have

N(@GMM (1) = MM (D), [ ll) < [ NEMAry g s |11 112) (4.24)

T1,-Td—2
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Furthermore, by [114, Theorem 1.1] (see also [274} equation (29)]), we have

n2
log N(T; M(Asy gy | 15|+ 12) S —;log2 (%) for each 7 > 0. (4.25)

Putting together the pieces, we obtain

log N (0; MM (1) = MM(1), || - [l2) S ni™2 - log N(6'; M(Aay gy | 1) - l2)
(i) n

d—
Sai e glog* ().

where in step (i), we have substituted the value of ¢’ and noted that n¢ = n. Now the truncated form
of Dudley’s entropy integral (see, e.g., [323, Theorem 5.22]) yields, for each t, € [0, ¢], the bound

EE®] S to-vn+ /tt Vlog N(8; MPI(1) — MWI(1) N By(t), | - [l2)do

SmwﬁﬁZJMN@M“m—MmeWM5

< logn forall 6 > n='"/2 to

Y

Choose ty = n~'/2, apply inequality @24), and note that log 2
obtain

E[¢(t <n_5+/ vn - (logn) -6 'do
—11/2

< nt V4. (logn) - (lognt).

~

Some algebraic manipulation then yields that the solution ¢, to the critical inequality (4.23)) must
satisfy 12 < C'n'~'/? . log® n. Putting together the pieces completes the proof of the claim

E [||£||3} < On'=V4 . 1og?n. (4.26)

Bounded least squares with unknown permutations: The proof for this case proceeds very
similarly to before; the only additional effort is to bound the empirical process over a union of a
large number of difference-of-monotone cones. Similarly to before, define Mperm (Lapn | 7) :=
Moerm(Lan) N B () and the sets M(Ldn, m,...,mq | r) analogously. Let HBLSE now denote the
bounded LSE with permutations (4.7 Proceedlng similarly to before with A= OBLSE — 0 yields

LAR< s (e -f)= max.  max sip (e 60— 6)

2 91€Mperm(Ld,n|1) Tseees 7|—de(‘s"l Wi 7777 7rd66"1 91€M(Ld 3Tl yeeey 7Td|1)
92€Mperm(ﬂ4df|1) O2eM(Lg ;7 5mns 7r:1|1)
161—62[l2<[|All2 161 =022 < /| All2

(4.27)
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For convenience, denote the supremum of the empirical process localized at radius ¢ > 0 by

E(t) := sup (€, A).
AEMperm(Ld,n‘l)_MPerm (]Ldy’ﬂ'l)
lAll2<t

Since the set Mperm(Lan | 1) — Mperm(La,n | 1) is star-shaped and non-degenerate (see Defini-
tion , applying Lemma as before yields the risk bound E[||A||2] < C(£2 + 1), where t,,
is the smallest positive solution to the critical inequality (4.23)). Using the form of the empirical
process in equation (4.27)), notice that £(¢) is the supremum of a Gaussian process over the union of
K= (n1!)2d sets, each of which contains the origin and is contained in an /5 ball of radius ¢. We
also have log K' < 2dn; logn;, = 2n; logn. Applying Lemma[A.6.1] from the appendix, we thus
obtain

E[¢(t)] < max max [E sup (6,60 — O9) + Cty/nylogn,  (4.28)
T Ta€6ny M,y EG Ry 01EM(Lg,pn;m1,...,mq1)
O2e M(Lg,p;m] ..., mh|1)
[[61—02(|2<t
and so it suffices to bound the expectation of the supremum for a fixed pair of tuples (7, ..., 7y)
and (77, ..., ). For convenience, let

D(my, .oy Ty 7y my) i = M(Lagn; w1, ma | 1) = M(Lgp; 7y, oomy | 1),
and note the sequence of covering number bounds

N@O;D(m1y oo Ta; Ty ooy y) NBa(), || - []2) S N(O;D(may ooy Ta; Ty -5 Ty), || - []2)

< [NOVEMLan | D0 1)

where step (ii) follows since it suffices to cover M (Ly,; 71, ..., mq | 1) and M (Lg; 7, ..., 75 | 1)
at radius 6//2, and each of these has covering number equal to that of M(Ly, | 1). Now
proceeding exactly as in the previous calculation and performing the entropy integral, we have

E sup (6,6, — 65) <n'=Y. (logn) - (lognt). (4.29)
91€M(Ld,n;ﬂ'1 ..... 7rd|1)
O M(Lg ;7] 5.y |1)

[161—022<t
Putting together the pieces (4.28)) and (4.29) along with the critical inequality (4.23) and some
algebra completes the proof. 0

4.6.2 Proof of Corollary 4.3.1]

This proof utilizes Theorem {.3.1]in conjunction with a truncation argument. We provide a full
proof of part (a) of the corollary; the proof of part (b) is very similar and we sketch the differences.
Recall throughout that by assumption, we have 6* € B (1).
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Recalling our notation (4.5)) for least squares estimators, note that the global least squares
estimator 6 sg (M perm(La,n), Y') belongs to the set

{5L5E<M(Ld,n;7rla v 77Td)7Y) ’ T1y---,T¢g S 6n1} .

Applying Lemma [A.5.2] from the appendix, we see that the for each tuple of permutations
(71, ...,7m4), the projection onto the set M(LLy,; 71, . .., T4) is {so-contractive, so that

Hé\LSE(M(Ld,n; T1yen- 77Td)7 Y)Hoo S HYHOO
Consequently, we have ||§LSE(Mperm(]Ld7n), Y)|loo < 1Y ]l <1+ ||€]|oo- By @ union bound,

Pr{||¢||sc > 4y/logn} <n~".

Let ¢, : = 44/logn + 1 for convenience. On the event £ : = {||¢||c < 4y/logn}, we thus have
10LsE(Moperm(Lan), Y)|loo < 9. Therefore, on this event, we have an equivalence between the
vanilla LSE and the bounded LSE:

é\LSE(-/\/lperm (]Ld,n>7 Y) = é\LSE(Mperm (Ld,n) M Boo(wn)u Y) (430)

Now replicating the proof of Theorem for the bounded LSE with Zoo—radiusﬂ r € (0,n] yields
the risk bound

E [||§LSE(M,,erm (Lap) N Boo(r),Y) — «9*”3} < c(rnt Y4 log? n + nV4log n). 431)

Finally, since the least squares estimator is a projection onto a union of convex sets, inequality (4.20al)
yields the bound

10sE(Mperm (Lan), Y) — 0712 < 4f€]|2. (4.32)

Using the bounds (.30), (4.31) with r = 1,,, and (4.32)) in conjunction with Lemma[A.6.6|from
the appendix yields

Rn(é\LSE(Mperm (Ld,n)a Y)a ‘9*) S C: {wn : nlil/d 10g2 n + nl/d logn + 7177/2 ’ E“k”%]}

(i)
<c- {1/1n -t Y og? n 4 nt/d logn} ,
where step (i) follows since

E[[leld] = n® +2n < (n+1)% (4.33)

“In more detail, note that by a rescaling argument, it suffices to replace 7 in equation (#23) with 7 /r. Since r < n,
note that log(rn) < logn.
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In order to prove part (b) of the corollary, all steps of the previous argument can be repro-
duced verbatim with the set M(LL,,,) replacing M erm(Lg). The risk bound for the estimator
§L5E(M(Ld,n) N B (r),Y) can be obtained from the first part of the proof of Theorem (see
equation (4.26))) and takes the form

E [ ||/fse (M (Lyn) N Bu(r),Y) — e*ug] <ernYelog?n  foreach0 <7 <n.  (4.34)

Replacing equation (4.31)) with (4.34), setting » = ,,, and putting together the pieces as before
proves the claimed result. 0

4.6.3 Proof of Proposition [4.3.1]

We prove the upper and lower bounds separately. Recall our notation K, for the set of all tuples of
positive integers k = (ki, ..., k,) with Y_¢_, k, = n;. In this proof, we make use of notation that
was defined in Section[4.4l Recall from this section our definition of a one-dimensional ordered
partition, the set M(L,,; bly, ..., bly), and that I3, denotes the set of all one-dimensional ordered
partitions of size L. Also, let B}*** denote all one-dimensional partitions of [n;] in which the largest
block has size at least k.

Proof of upper bound

For each tuple k € K, let 5(k) C B, denote the set of all one-dimensional ordered partitions that
are consistent with the set sizes k. Note the equivalence

MG Lan)= | - | MLanibh,... bly),
blief(k!)  blyep(kd)
and also that |3(k?)| < B | < e3(m—khax)los 1 here, the final inequality follows from
Lemma [A.6.8[b) in the appendix. Recall that we have Y = 6* + ¢ for some tensor §* €
M(ILgn; bly, ..., bl}), where bl; € ((k?) for each j € [d]. The estimator that we analyze for

the upper bound is the least squares estimator aLSE(M]k’S (L4n),Y'), which we denote for conve-

perm
nience by 0 for this proof. Since we are analyzing a least squares estimator, our strategy for this
proof will be to set up the appropriate empirical process and apply the variational inequality in
Lemmal(A.3.3lin order to bound the error.
Specifically, for each ¢t > 0, define the random variable

E(t)y:=  sup (6,0 —06") = ax sup (6,0 — 0%),
0eMisn(Lan) 1yeny d 0EM(Lg,n;bli,....blg)
lo—6"|2<t bl EB0) T lg—p¥ o<t

which is the pointwise maximum of K = H;l:l |3(k’)| random variables. Note that we have

d d
log K = Zlog 1B(K)| < ZS(nl — k.. )logn, < 3(ny — k*)logn.
j=1

J=1
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Applying Lemma[A.6.1fa) from the appendix, we have that for each u > 0,

Pr<&(t) > max E sup (6,0 —0™) + C’t(\/(m —k*)logn +Vu) p <e ™
bly,...,blg 0EM(Lg p;bl1,....blg)
bl; €3 (k?) l0—0%|2<t
(4.35)

for some universal constant C' > (. Lemma which is stated and proved at the end of this
subsection, controls the expected supremum of the empirical process for a fixed choice of the
partitions bly, . .., bl;. Combining Lemma [.6.1] with the high probability bound (#.35]), we obtain,
for each © > 0, the bound

{5( ) > Ct (\/_+\/n1 k) logn+\/_>} et (4.36)

Now define the function fy«(t) : = &(t) — %; our goal—driven by Lemma is to compute a
value ¢, such that with high probability, fp«(¢) < 0 for all ¢ > ¢,.
For a sufficiently large constant C' > 0, define the scalar

—C\/_—i-\/nl k*)logn + v/u) foreach u > 0.

We claim that on an event £ occurring with probability at least 1 — Cn 19, the choice u* = C'logn
ensures that

fo-(t) <0 simultaneously for all ¢ > . (4.37)

Taking this claim as given for the moment, the proof of the upper bound of the proposition follows
straightforwardly: Applying Lemma and substituting the value t* = ¢, yields the bound

16 — 6*]12 < C (5 + (n1 — k*) log n)

with probability greater than 1 — Cn =19 In order to produce a bound that holds in expectation, note
that since @ is obtained via a projection onto a union of convex sets, inequality (4.204)) yields the
pointwise bound ||6 — 6*||2 < 4| ¢||2. Applying Lemma and combining the pieces yields

E[[|f — 67151 < C (s + (m — k") logn) + C'\/E[[[e[|§] - vn 10
<C(s+(ny—k")logn),

where the final inequality is a consequence of the bound (4.33).

It remains to establish claim (#.37). First, inequality (#.36)) ensures that £(¢) < ¢?/8 for each
fixed t > t, with probability at least 1 — e, thereby guaranteeing that fy-(¢) < 0 for each fixed
t > t,. Moreover, the Cauchy—Schwarz inequality yields the pointwise bound £(t) < t||€|2, so that
applying the chi-square tail bound [[185, Lemma 1] yields

Pr{ ()<t(\/_+\/%)}21—6_“/ for each v’ > 0.
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Set v/ = wu*, and note that on this event, we have fp(t) < 0 simultaneously for all ¢t >
t*. .= C(\/n + vIogn). It remains to handle the values of ¢ between t,- and t*.. We suppose
that tfﬁ > t,+ without loss of generality—there is nothing to prove otherwise—and employ a
discretization argument. Let 7' = {t, ...t} be a discretization of the interval [t,, t".] such that
bty =t <o <tk = tf* and 2¢' > t"+1. Note that T can be chosen so that

#

o
L =|T| <log, t“ +1 < clogn.

Using the high probability bound &(t) < ¢ /8 for each individual ¢ > ¢, and a union bound over T,
we obtain that with probability at least 1 — clogn - e, we have

42
max {¢(t) —t?/8} < 0.

On this event, we use the fact that £(t) is (pointwise) non-decreasing and that ¢* > '71/2 to

conclude that for each i € [L — 1] and ¢ € [t', t*"!], we have

Jor(t) = €(t) = £2/2 < €(7) — (#)7/2 < (¢ — (#7)°/8 < max {{(t) — #°/8} < 0.

Putting together the pieces, we have shown that fy«(¢) < 0 simultaneously for all ¢ > ¢, with
probability at least 1 — e™* — clogn - e~ > 1 — Cn~'0. The final inequality is ensured by
adjusting the constants appropriately. [

Lemma 4.6.1. Let ¢ be the standard Gaussian tensor in R ,,. Suppose thats = (s1, . .., Sq) satisfies
H;l:l s; = s, and thatk? € K, for each j € [d]. Then for any tensor 6* € Ry, and any sequence
of ordered partitions bly, . .., bly with bl; € 5(k?) for all j € [d], we have

E sup (6,0 —0%) < ty\/s foreacht > 0.
HEM(Ld,n;bh ..... bly)
6—07[l2<t

Proof. First, let § = §LSE(M(Ld,n; bly,...,bls),0%) denote the projection of 6* onto the set
M(Lgn;bly, ..., blg). Let By(0,t) denote the /5 ball of radius ¢ centered at . Since the /(o
projection onto a convex set is non-expansive (4.20b), each § € M(Ly,;bly,. .., bl;) satis-
fies |0 — Ola < ||@ — 6*||2, and so we have the inclusion M (LLg,;bly, ..., blg) N By(0*,t) C
M(Lgp;bly, ..., blg) N B, (0, t) for each ¢ > 0. Consequently, we obtain

sup (6,0 —0%) = (e,0 — 6*) + sup (6,60 — 0)

GEM(Ld’n;bh ..... b|d) QEM(LdYn;bh ..... b|d)
|0—0*[|2<t l6—0*|l2<t
< {e,0 —0%) + sup (€,0 —0).

QEM(Ld’n;bh ..... b|d)
[6—0l2<t
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Since 6 is non-random, the term (¢, § — 6*) has expectation zero. Thus, taking expectations and
applying Lemma from the appendix yields

E sup (,0 —0") <E sup (6,0 —0) < ty/s,
QGM(]Ld,n;bh ..... blg) GGM(]Ld,n;bh ..... blg)
16—6"]l2<¢ 16—0]]2<t
thereby completing the proof. O

Proof of lower bound

Our proof proceeds in two parts: We separately establish the inequalities

Mo (k8) > 1 (4.38a)

nl—k*

n

Mk, 8) > ¢ - (4.38b)

for a pair of universal positive constants (c;, ;) and each s € Ly, and k € Ks. Combining the
bounds (4.38) yields the claimed lower bound on the minimax risk.

Proof of claim (.38a): We show this lower bound over just the set M%*(IL,,,), without the
unknown permutations. In order to simplify notation, we let ¢ : Ry,, — Ry, ,, be a map
that that collapses each hyper-rectangular block, defined by the tuple k, of the input into a scalar
that is equal to the average of the entries within that block. By construction, for an input tensor
0 € M¥3(LLy,,), we have the inclusion ¢y (0) € M(Lg, .. s,)- Let o' : Ry, s, — Ry, denote
the inverse (“lifting”’) map obtained by populating each block of the output with identical entries.
Furthermore, for each x € Ly, . ,. let b(z) denote the cardinality of block x specified by the
tuple k.

Case s < 32: The proof for this case follows from considering the case s = 1. In particular, let k;
denote the tuple ((n1),. .., (nq)) corresponding to a single indifference set along all dimensions,
with sV) : = (1,..., 1) denoting the corresponding tuple of indifference set cardinalities along the d
dimensions. Note that AM¥1s" (L4, consists of all constant tensors on the lattice. Clearly, we have
the inclusion Mk1s® (Lan) € M*%5(LLy,,), and the estimation problem over the class of tensors
MEst (Lg4) is equivalent to estimating a single scalar parameter from n i.i.d. observations with
standard Gaussian noise. The minimax lower bound of order 1/n is classical, and adjusting the
constant factor completes the proof for this case.

Case s > 32: In this case, we construct a packing of the set M (L, . s,) and lift this packing into

.....

d
ag(in, ... iq) = Z(z] —1) foreachi; € [sj], j € d.

j=1
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The Gilbert—Varshamov bound [[121, 316]] guarantees the existence a set of binary tensors on the
lattice  C {0, 1}"¢=1--=a such that the Hamming distance between each pair of distinct vectors
w,w’ € s lower bounded as dy(w,w’) > s/4 and
23
|Q| > W > 65/8.
2L ()

In deriving the final inequality, we have used Hoeffding’s inequality on the lower tail of the
distribution Bin(s,1/2) to deduce that 3'* */? (¥) < 2°exp(—a?/2s) for each a > 0; see,
also, [215, Lemma 4.7].

.....

chosen shortly, define

a®(x) 1= ap(z) + w(z) -

J
b(z) 7 -

By construction, the inclusion o € M(Lgys, . s,) holds for each w € €. Finally, define the tensors
0 : = ¢ (o) for each w € (2. Note that 6§ € M¥5(ILy,,) for each w € €, and also that

16 — 6<"||2 = 62 - dyy(w, ') for each distinct pair w,w’ € €.

Putting together the pieces, we see that we have constructed a local packing {6“},cq with
log(|€2|) > s/8 such that

S / .. .
152 < ||6¥ — 6“"||3 < s6? for each distinct pair w,w’ € Q.

Employing Fano’s method (see, e.g., [323, Proposition 15.12 and equation (15.34)]) then yields, for
a universal positive constant ¢, the minimax risk lower bound

6?5 + log2)

> c-6%s (3/4 — 86%),
log(1%) (3/4 - 85%)

inf  sup Ra(6,0%) > c- 6% (1
0€0 0+ e M¥5(Lg,p)

where we have used the fact that s > 32 in order to write 1;)%82 < 1/4. Choosing § = 1/4 completes
the proof. [

Proof of claim (4.38b): The proof of this claim uses the unknown permutations defining the
model in order to construct a packing. A similar proof has appeared in the special case d = 2 [277].
Let us begin by defining some notation. For any tuple k € U2, K;, let

]kj<k) = <<n1>7 T (lefl),k, (nj+1)7 SRR (nd>> and
s () =(1, ... 1, [K,1, ... 1),

respectively. In words, these denote the size tuple and cardinality tuple corresponding to a single
indifference set along all dimensions except the j-th, along which we have |k| indifference sets with
cardinalities given by the tuple k.
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J . DE any
index that satisfies k7", = k*. Let k = k;«(k’"),and s = s;«(k’"). Finally, define the special tuple

s?) € N by specifying, for each j € [d], its j-th entry as

59, = {2 ifj = j°

1 otherwise.

Turning now to the problem at hand, consider k € K, and let j* € argmin; ¢y kI

By definition, we have
M]kesrm (Ld,n) - M];l){ésrm (Ldm)- (439)

We require Lemma [4.6.2] which is stated and proved at the end of this subsection, and split the
proof into two cases depending on a property of the size tuple k.
Case k* > ny/3: In this case, set k = (k*,n; — k*) and note the inclusion

« (k), s()
(

Mperm ILfd,n) - M%ﬁm (Ld,n) :

Applying Lemma[.6.2)in conjunction with the further inclusion (4.39)) then yields the bound
C C
My (k,s) > < min{k*, ny — k*} > — (0, — k),
n(8,8) > Smin{h g — £} > (ny — )

where in the final inequality, we have used the bound k* > n, /3.

Case k* < n,/3: In this case, note that the largest indifference set defined by the size tuple k7" is at
most 7y /3. Consequently, these indifference sets can be combined to form two indifference sets of
sizes (k,n, — k) for some n1/3 < k < 2n; /3. Now letting k : = (k, ny — k), we have

ki (k),s(?) ks
Mpern(1 (Ld,n) g M?){ésrm (Ldvn)’
and proceeding as before completes the proof for this case. [
k;(k),s; (k)

Lemma 4.6.2. Suppose k = (ky, ky), with k : = maxy—1 2 kg, and let Kperm = Mpéem”’ (Lan)
for convenience. Then, for each j € [d|, we have

inf sup R(@,Q*)Zc'nl_ka

0€® 60* L perm n

where c is a universal positive constant.

Proof. Define the set K : = M¥i(k )(]Ldn) for convenience. Suppose wlog that ks < ky, so that
it suffices to prove the bound

inf sup R, (6’6)26-
9€6 0" €K perm

S| &
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Also note that by symmetry, it suffices to prove the bound for j = 1.

Case ky < 32: From the proof of claim (4.38al), recall the set MEast (Lg,), noting the inclusion
MESD (L) C Kperm- From the same proof, we thus have the bound infj_g supg.cic ... Ra(6,0%) >
c- % which suffices since the constant factors can be adjusted appropriately.

Case ky > 32: As before, we use the Gilbert—Varshamov bound [121} 316]] to claim that there must
exist a set of binary vectors © C {0, 1}*2 such that log(|Q2]) > k»/8 and dy(w,w’) > ko /4 for each
distinct w, w’ € €). For a positive scalar J to be specified shortly, construct a base tensor ¢, € K by
specifying its entries as

QO(ila"'vid) -=

0 ifi < ks
0  otherwise.

Now for each w € (2, define the tensor 6 € Ry, via

- wj, if iy < ko
Qw(il,...,id)iz 5-(1—wm_i1+1) iftn —k+1<4<m
0 otherwise.

Since ky < ky, we have n; — ky > ko. Thus, an equivalent way to construct the tensor 6“ is to
specify a permutation using the vector w (which flips particular entries depending of the value of w
on that entry), and then apply this permutation along the first dimension of §,. Consequently, we
have 0% € Kperm for each w € €. Also, by construction, we have [0« — 6|2 = §%dy(w,w’), s0
that the packing over the Hamming cube ensures that

ks

T 6% < [|6¥ — 6|2 < k62 for all distinct pairs w, w’ € Q.

Thus, applying Fano’s method as in the proof of the claim (4.38a)) yields, for a small enough
universal constant ¢ > 0, the bound

. -~ k’g 52]{32 + 10g2)
inf sup R,(0,60%) >c-6*= (1—— ,
e) e*elcirm ( ) n ka/8

and choosing ¢ to be a small enough constant and noting that k£, > 32 completes the proof. [

4.6.4 Proof of Corollary 4.3.2]

We establish the two parts of the corollary separately.

Proof of part (a)

The lower bound follows immediately from our proof of claim (#.384). Let us prove the upper
bound. First, note that the set M*5(L,,,) — M*3(ILy,,) is star-shaped and non-degenerate (see
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Definition[A.6.1). Thus, it suffices, as in the proof of Theorem 4.3.1] to bound the expectation of
the random variable

E(t) = sup (€,6, — 0s).
61,02€ M™5(Lg )
[161—02]2<t

Applying Lemma [A.6.2|from the appendix yields
E[£(t)] < t/s,

and substituting into the critical inequality (4.23]) completes the proof. O

Proof of part (b)

The lower bound follows directly from the corresponding lower bound in part (a) of the corollary.
In order to establish the upper bound, we use an argument that is very similar to the proof of the
corresponding upper bound in Proposition 4.3.1] and so we sketch the differences.

First, note that M*(LL;,,) can be written as the union of convex sets. For convenience, let
¢s = {s €Ly : H?Zl s; = s}. Proceeding as in the proof of Proposition 4.3.1, we see that it
suffices to control the expectation of the random variable

t) = max max  sup &0 —0").
5( ) SEDs keKs HEME(‘S(]Ld,n) < >
10—0% || <t

Now note that |Ks| can be bounded by counting, for each j € [d], the number of s;-tuples of
positive integers whose sum is n;. A stars-and-bars argument thus yields |Kg| = H?Zl (Zj:i) < nj.
Simultaneously, we also have |¢,| < s?. Putting together the pieces, we see that () is the maximum
of at most K : = n; - s? random variables. Note that log K = slogn; + dlog s < slogn, where
we have used the fact that dlog s < dslogn; = slogn.

Applying Lemma[A.6.1](a) from the appendix in conjunction with Lemma yields, for each
u > 0, the tail bound

Pr {g(t) > t\/s + Ct (@Jr ﬁ)} <e

The rest of the proof is identical to the proof of Proposition 4.3.1] and putting together the pieces
yields the claim. 0

4.6.5 Proof of Theorem 4.3.2

Our proof of the theorem relies on a result of Brennan and Bresler [43] that reduces the hypergraph
planted clique problem instance to an instance of testing between a random and planted tensor
model in Gaussian noise. Let us introduce some notation to set up their result. Let o € R, denote
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the all-zero tensor, and define the scalar p : = %. For each S C [ny], define the tensor

s € Ry, via

(, ) 1% ifil,...idES
Uy eonyly) i = )
s\ d 0 otherwise.

With this notation at hand, we are now ready to formulate a conjecture that follows from the
hypergraph planted clique conjecture; we define the appropriate hypotheses below. Let S denote a
random subset chosen uniformly from all subsets of [n;] that have size K. Let () denote the empty set.
Given a random variable Y € R,,,, we would like to distinguish the hypotheses ﬁo Y ~ N (o, I)
and [, : Y ~ N(us,., I). The error of any test ¢ : Ry,, — {0, 1} is defined as before (#.12), but
now with the hypotheses H, and H,; representing the null and alternative, respectively.

Conjecture 4.6.1 (Gaussian planted tensor conjecture). Under the setup above, there is a pair of
universal positive constants (c, C') such that if ny > C and K < cy/n, then any test 1\ that is
computable in time polynomial in n must satisfy

E(p) > (10n)~"

Conjecture 4.6.1] is a consequence of Conjecture 4.3.1} see the reduction in [43, Section
J], and the rejection kernel framework [44]]. We are now ready to prove Theorem from
Conjecture

Let ¢ denote the universal constant appearing in Conjecture i.e., the conjecture holds
provided K < ¢y/nq, and let ¢y = ¢/2. Our proof proceeds as follows. We first suppose that
there exists a polynomial time algorithm having small adaptivity index. We then use the output of
this algorithm, in conjunction with another polynomial-time decision rule, to distinguish the two
hypotheses defining Conjecture when K = cy,/n1, thereby contradicting the conjecture. Let
us now describe the details.

Begin by recalling the upper bound (4.10) on the minimax risk

s+ (ny — k*) logn>

n

Man(k,s) < Cp (

for a universal constant Cy > 0. Recall that 6, = (10n)~', and let 6 be a polynomial-time
~ d—1
computable estimator with high-probability adaptivity index 2(6;6,) < g - nz1=1/9) (Jog n) 2.
By definition of the high-probability adaptivity index, this implies that for all 6* € M perm(LLyy),
we have
d—1

v * C - * * [ )k
1= 0715 < i B0 {s(6) + (K (6)) (4.40)

with probability greater than 1 — (10n)~!. Here, we have used s(f) to denote the number of

hyper-rectangular blocks partitioning 6 € Ry, and k*(6) : = minje(q k7, (6). Here k7, (0) is the
largest indifference set of # along dimension j.
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Given a value K = ¢ - \/n, let us now use this estimator 0 in order to distinguish the two
hypotheses appearing in Conjecture [4.6.1} Given a random tensor Y, recall that Conjecture 4.
posits that any test that distinguishes the hypotheses Hy : Y ~ N (p0, ) and Hy : Y ~ N (s, )
and is computable in time polynomial in n must have error rate exceeding (10n)~!. We now
construct a decision rule from the estimator 79\, via

2

o) i=1{]0- no

1
> 2 K4y
_4P }

Clearly, this decision rule is computable from 0 in O(n) time. Let us analyze its error under the null
and alternative hypotheses.

Null case: In this case, the mean of Y is given by the all-zero tensor 1, for which s(py) = 1 and
k*(po) = n1. Equation (4.40) thus yields that with probability at least 1 — (10n)~!, we have

d—1
~ 1 1
0_ 2 0 Las(-1d) b K1 22, Kd
19 = poll2 = 64 logn " 64logn i ’

where the equality is a result of substituting our choice of K. Thus, on this event, we have
~ 2
H9 - uoH < 1p? - K% and so ¢(Y) = 0. Consequently, the test succeeds in the null case with
2
probability at least 1 — d,,, and so Eg, [#(Y)] < d,,.

Alternative case: In this case, we have ps,, € Mem for each random choice of subset S with
s(ps, ) = 2% and k*(us, ) = ny — k. Now suppose that n > Cj for a large enough Cj, such that
24 < K /3. Thus, the bound (#.40) now yields that with probability greater than 1 — §,,, we have

d—1

) 2 ) d t-1/d) L o ped
— < 2+ K) - < -p“- K.

Consequently, on this event and for n > C;, we have

~ 1 5 ~
8= o], = 5 llnsic = wolls = 18— s, I3
1 1 1
>—2'Kd——2'Kd:—2'Kd
Z 5P 1P 1P ;

in which case ¢/(Y) = 1. Thus, the test succeeds in the alternative case with probability at least
1 —0,,and so Eg, [0(Y)] < 6,.

Putting together the two cases yields the bound £(v) < ¢,,, which provides the required contradic-
tion to Conjecture [4.6.1] L
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4.6.6 Proof of Theorem 4.4.1]

We first establish a certain error decomposition that results from our algorithm, and then proceed
to proofs of the two parts of the theorem. Recall that the algorithm computes, from the score
vectors, a set of estimated ordered partitions bll, ..., blg, and projects the observations onto the
set M(Lg.p; b|1, .. bld) Denote by B(6; bly, ..., bl;) the tensor obtained by projecting § € R,, 4
onto the set M(Ld,n, bly, ..., bly); since the set is closed and convex, the projection is unique and
given by

B(6;bly,...,bly)=  argmin |6 — 6> (4.41)
0EM(Lg p;bly,...,bly)

o~

Additionally, for notational convenience, let B .= bly,..., &d, so that §Mp = BO* + ¢ @)
Applying the triangle inequality yields

1B — 672

< [lomp — B(B(6%;B) + €; B)[l2 + [[B(B(6";B) + & B) — B(6";B)|[> + [|B(6";B) — 07|

= ||B(B(0";B) + ¢;B) — B(0" + ;B)||o + | B(B(6";B) + ;B) — B0 B) || + | B(#"; B) — 0" |-
(4.42)

< | B(B(6*;B) + ¢;B) — B(6*;B)||» +2[|B(6*; B) — 6|, (4.43)

.

g g
estimation error approximation error

where inequality (4.43) follows from the non-expansiveness of an ¢»-projection onto a convex
set (4.20D)), when applied to the first term in equation (4.42). We now state three lemmas that lead to
the desired bounds in the various cases. For an ordered partition bl, denote by card(bl) the number
of blocks in the partition, and let x*(bl) denote the size of the largest block in the partition. Our first

lemma captures some key structural properties of the estimated ordered partitions al, ey ad.
Lemma 4.6.3. Suppose that 0* € M55, (Lgy). Then with probability at least 1 — 2n™", the
partition B= B\Il, cee l;ld satisfies

card(AIj) <s; and /{*(AI ) >kl simultaneously for all j € [d). (4.44)

Our next lemma bounds the estimation error term in two different ways.

Lemma 4.6.4. There is a universal positive constant C' such that for all u > 0, each of the following
statements holds with probability greater than 1 — e~ ":

(a) For any set of one-dimensional ordered partitions bly, . . ., bl, satisfying card(bl;) <'s; for
all j € [d), and any tensor 6 € M(Lg,;bly, ..., bly), we have

B0+ € bly,...,bly) — 0[5 < C(5+u),
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where 5 = ¢

j=1 g]
(b) For any set of one-dimensional ordered partitions bly,... bl; and any tensor
6 € M(Lgp;bly,...,bly) "B (1), we have

IB(0 + €;bly, ..., blg) — 0|2 < C(n' Y log®? n + u).
Our final lemma handles the approximation error term.

Lemma 4.6.5. There is a universal positive constant C such that for each 6* € M55 (Lgy), we
have

Pr{||B(6%;B) — 6"|? > Cd®(ny — k*) - 20~ YD 1ogn} < 4n"7, and (4.45a)
E [||%(9*; B) — ¢*|12| < Cd(ny — k*) - n30-YD) Jog p, (4.45b)
We prove these lemmas in the subsections to follow. For now, let us use them to prove the two
parts of Theorem§.4.1]
Proof of Theorem 4.4.1}, part (a)

Consider any tensor 6y € B, (1). First, note that applying Lemma in the appendix, we
obtain the inclusion B(fy;bly, ..., bly) € M(Lg,;bli,...,bly) NBy(1), since the operator B
is {,-contractive. Also, note from Lemma [A.6.8a) in the appendix that the total number of
one-dimensional partitions satisfies [3| = (nq)™. Thus, we may apply Lemma.6.4(b) with the

substitution § = B(0y; bly, ..., bly) and u = n; logn + . In conjunction with a union bound over
at most |J3|¢ possible choices of one-dimensional ordered partitions bly, . .., bl; € B, this yields
the bound

max _[|B(B(0y;bly, ..., bly) +ebli, ... bly) —B(6y;bly, ... bly)|3
< C - (nY0g®?n 4 nylogn + ')
with probability at least

1 — B exp (—nilogn —u') > 1 — (ng)™ 4. (ng) ™. eV =1 eV,

where we have used the fact that log(n1)™? = n; logn for each n; > 2. Integrating this tail bound
and noting that bll, .. bld € 13, we obtain

E |[1B(B(00: B) + & B) — B(0: B3] < Cn' 4 log™*n

for any 6y € B..(1). Choosing 6, = * and combining this with equation (#.43)) and Lemma4.6.5]
completes the proof. O
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Proof of Theorem [4.4.1} part (b)

We split the proof into two cases depending on the value of s.

Case 1: Let us first handle the case s = 1, in which case n; — k* = 0. By Lemma4.6.3] there
is an event occurring with probability greater than 1 — 2n~" such that on this event, our estimated
blocks satisfy card(bl;) = 1. On this event, the projection is a constant tensor, and each entry of the
error tensor B(B(6*; B) + ¢;B) — B(6*;B) isequal toe : = n"' S
and so a tail bound for the standard Gaussian yields

w€Ly., €z But [[e- 14,2 ~ X3,

Pr{[[e- Lyn|ls >t} <e /2

Putting together the pieces with a union bound yields ||B(B(6*; @) +¢; /B\) — B(0%; /B\) |2 < 8logn
with probability at least 1 — 2n~" — n~%. In order to bound the error in expectation, first note that
since the projection onto a convex set is non-expansive (4.20b]), we have the pointwise bound

~

|B(B(67;B) +&:B) — B©0":B)|[3 < 3.

Putting together the pieces and applying Lemma[A.6.6] from the appendix then yields the bound

E [H‘B(%(@*; B)+eB) — %(«9*,@)”3} < 8logn+ vV2n~"+n=*-/E[|e||3] < Cslogn.

Combining with equation (4.43) and Lemma [.6.5| completes the proof of the claim in expectation.
The proof for this case is thus complete.

Case 2: In this case, s > 2, which ensures that n; — £* > 1. Recall the set 373** defined in the
proof of Proposition 4.3.1] and note that applying Lemma[A.6.8|(b) from the appendix yields the
3(mi—k*)logm With this calculation in hand, the proof proceeds very similarly to
that of Theorem d.4.1)a).

We first apply Lemma [4.6.4(a) with the substitution u = C(n; — k*) logn and take a union
bound over at most |3} ., blg € Pr* satisfying
card(bl;) < s; for all j e [d] This yields, for each 8* € R,,, the bound

max H‘B( (6*;bly, ..., bly) +ebly, ... blg) — B(6*:bly, ... bl

<C-(s+ (n— k%) logn)
with probability exceeding

1 — [Py

Here, the last inequality can be ensured by choosing a large enough constant C, since n; — k* > 1.

4. exp(—C(ny — k*)logn) > 1 —exp(—(C —3) - (n; — k*)logn) > 1 —n"".
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Furthermore, Lemma guarantees that with probability at least 1 — 2n~", we have the
inclusions bly, . .., bl; € Pp** and that card(bl;) < s; for all j € [d]. Consequently, by applying a
union bound, we obtain, for any 6* € R;,,, the high probability bound

Pr {H%(%(e*; B)+eB)— BB} >C (s+ (m1 — k") 1ogn)} <3n 7. (4.46)

Thus, we have succeeded in bounding the error with high probability. In order to bound the error in
expectation, note once again that the projection onto a convex set is non-expansive (4.20b)), and so
we have the pointwise bound

IB(B(0":B) + & B) — B0 B3 < |le5-
Putting together the pieces and applying Lemma[A.6.6|from the appendix then yields
EIB(B(0":B) + ¢B) — BO":B)[3| < C- {s+ (n — k") logn} + V3~ - \/El]lel
<C-{s+ (n;—k")logn}.

Combining with equation (4.43) and Lemma4.6.5| completes the proof in this case.
Combining the two cases completes the proof of the theorem. [

It remains to prove the three technical lemmas. Before we do so, we state and prove a claim that
will be used in multiple proofs.

A preliminary result

Define two events

&= {IV = 0]l < 4v/logn} and (4.47a)
P o . 3 (1-1/d)
&= {gl%\ln 77 lloo < 44/logn - n2 } (4.47b)

and note that by a union bound, we have Pr{&; N &} > 1 — 2n~". For the rest of this proof, we
work on the event £} N &; recall the graphs G and G obtained over the course of running the
algorithm. We use the following fact guaranteed by step la of the algorithm.

Claim 4.6.1. On the event £1 N &, the following statements hold simultaneously for all j € [d]:
(a) The graph G'; is a directed acyclic graph, and consequently G; = G,

(b) For each { € [s;] and all pairs of indices u,v € I, the edges u — v and v — u do not exist
in graph G .
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Proof. Recall our pairwise statistics ﬁjum(u, v) and K;ﬂa"(u, v), and let A$*™ (u, v) and AP*(u,v)
denote their population versions, that is, with §* replacing Y in the definition (4.15). Note that by
applying the triangle inequality, we obtain

|£§~um(% v) — A¥™(u,v)| < [75(u) — 75 (u)| + |75(u) — 7 (u)| and (4.48a)
AR (0, v) — AP (0, 0)| < 2]V — 0| (4.48b)

We now prove each part of the claim separately.

Proof of part (a): Working on the event £ N &; and using equations (.47) and (4.49), we see
that if

ﬁ;”m(u,v) > 84y/logn - n2(1=1d  op ﬁ}“a"(u, v) > 84y/logn
then
A¥™(u,v) =75 (u) =75 (v) >0 or  AP™(u,v) > 0.
In particular, the second relation implies that

0*(2.1,. .. ,Z'j,l,u,z'jﬂ,. .. ,id>—6*(i1, . ’ij71’1)77;j+1’ . ,id) > () for some 1y € [nﬂ, IS [d]\j

In either case, we have 7} (u) < 7} (v) by the monotonicity property of 6*. Thus, every edge u — v
in the graph is consistent with the permutation 77, and so the graph G'; is acyclic.

Proof of part (b): Note that if u,v € I} for some ¢ € [s;], then
AX™(u,v) = AP (u,v) = 0.
Therefore, on the event £ N & and owing to the inequalities (4.47) and (4.48)), we have
|3§-“m(u, v)| < 8+y/logn - nz0=1/49  and \ﬁ?ax(u,vﬂ < 8+/logn.

Consequently, neither of the edges u — v or v — u exists in the graph G . [

We are now ready to establish the individual lemmas.

Proof of Lemma 4.6.3
Suppose wlog that 77 = --- = 7 = id, so that 6" € Mk’S(Ld,n). This implies that the true ordered
partition bl consists of s; intervals (17, ..., I g]) of sizes (ki,. .., kgj), respectively. The size of the

largest interval (call this I7 ) is given by k7 .
By part (a) of Claim4.6.1} the graph G, is a directed acyclic graph, and so card(bl;) is equal to
the size of the minimal partition of the graph into disjoint antichains. But Claim b) ensures

that each of the sets [, g ,{ € [s;] forms an antichain of graph G, and furthermore, these sets are

disjoint and form a partition of [n;]. Hence, card(t?lj) < s;j.
In order to show that x*(bl;) > kI, note that by Claim b), the set I __ is an antichain of

max? max

G’ of size kI O

max"*
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Proof of Lemma

Recall that the estimator B(6 + ¢; bly, . .., bly) is a projection onto a closed, convex set. Using this
fact, let us prove the two parts of the lemma separately.

Proof of part (a): Recall that Corollary a) already provides a bound on the error of interest
in expectation. Combining this with Lemma[A.6.4]from the appendix then yields the claimed high
probability bound. [

Proof of part (b) Let us begin with a simple definition. Note that any one-dimensional ordered
partition bl specifies a partial ordering over the set [n;]. We say that a permutation 7 is faithful to
the ordered partition bl if it is consistent with this partial ordering, and denote by F (bl) the set of

all permutations that are faithful to bl. By definition, we have the inclusion M (LL,,,; bly, ..., bl;) C
M(Lgn;m, ..., mq) for any tuple (7, . .., mq) satisfying 7; € F(bl;) for all j € [d].
We now turn to the proof of the lemma. Denote the error tensor by A = B(0+¢;bly, ..., bly)—0;

our key claim is that
E[[|A]2] < nt~Yelog®? n. (4.49)

Indeed, with this claim in hand, the proof of the lemma follows by applying Lemma[A.6.4] from the
appendix.

We dedicate the rest of the proof to establishing claim (#.49)). Our strategy is almost identical to
the proof of Corollary we first control the error of the bounded least squares estimator in this
setting and then obtain claim (4.49) via a truncation argument.

Denote the bounded LSE for this setting by

OpLse(r) = argmin |0+ € — 9”3,
0€M(Lg 1;bl1,e..,blg) Beo ()

and let ﬁmse(r) D= §BLSE(7~) — 6. Rearranging the basic inequality yields the bound

1 ~ - -
BB sw (€0-6)<  sup (.0 0),
GEM@«i,n;bll7-’-\-7b|d)mBoo(7’) GEM—(VLd’n;Wh:\.JFd)ﬁBoo(T)
16—01l2<[| Apise (7) |2 10—=0ll2<|| Abise (r)]l2
for permutations (7, ..., 7my) satisfying m; € F(bl;) for all j € [d]. Now since the inclusion

6 € M(Lgp;bly,...,bl;) NBy(1) holds, we also have § € M(Ly,; 71, ..., 7q) N Bs(1). For
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convenience, let § = 6{m;",... 7, '}. Proceeding from the previous bound, we have
0 0 -1 -1
. sup (,0—0) = sup (e{m,...,ma}, (@0 =) {my ..., })
O M(ILg i1y ma) Boo () O M(Lgnimi,ema) Boo ()
16=0112<[|Apise ()l 16—=01l2<[| Abise (7) |2

= sup <€{7T17"'77Td}7§_9>
§~€M(]Ld,nA)mBoo(r)
10—0l2<[| Apise () |2

sup (€,0 — 0),
gsM(Ld,lemBm (T)
10—01l2<|| Apise(r)]|2

Il
2

where the equality in distribution follows from the exchangeability of the noise €. Recall the
notation M™!(r) from the proof of Theorem Since 0 € M(Ly,) N B, (1), we have

0~ € MY(r) — MOI(r). Let

£(t) = sup (e,0 —0),
6eM(Lg ) Boo ()
16—]l2<t

and note from the proof of Theoremm that we have E[£(t)] < rn'~'/?log n for each r € [0,n].
Since the set M™(7) — MfU!!(r) is star-shaped and non-degenerate, applying Lemma 5.6.3. then
yields the bound

E[|| Apise (r)[|2] < 7' ~Y?log? n for each r € [0, 7).

We now employ the truncation argument from the proof of Corollary to bound E[[|A|l2].
Lemmal[A.5.2]from the appendix guarantees the existence of an event £ occurring with probability
greater than 1 —n =", on which ||B(0 + ¢; bly, ..., bly)||oc < %, : = 4y/Togn + 1. On this event, we
therefore have

B0+ bl .., bly) = Oprse(vn)  and [ A[3 = || Apise(vn)3-

Finally, since B(6 + ¢;bly, ..., bl,) is obtained via an /,-projection onto a convex set, we may
apply inequality (4.20B)) to obtain ||A||Z < ||¢|| pointwise. Combining the pieces as in the proof of

Corollary we obtain claim (4.49). O

Proof of Lemma 4.6.5

Suppose wlog that 7} = - -+ = 7 = id, so that 0* € M¥3(IL,,,). Recall the set F(bl) containing

permutations that are faithful to the ordered partition bl. R R
Applying Lemma in the appendix, we see that the projection onto M (LL,,,; bly, ..., bls)

can be written as successive projections B - ; bly, ..., bAId) =P(A(-; bly,..., ad) Ty ),
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o~

where 71, .. ., T4 is any set of permutations such that 7; € F(bl;). Thus, from successive applica-
tions of the triangle inequality, we obtain

H%(e*?ala?t/)\ld) _Q*HZ
S ||%(9*7 blla sy bld) - P( *;%17 s 7/7%d)||2 + ||7D( *;/7[\_1a B 7%61) - 9*{/7-(\_1a s 7%d}||2
+ |0 {7, ... T} — 072

(i) . - ~ R .
S ||A(¢9*,b|1, .. .,bld) - 9*”2 +2||0*{7Tl, .. ,7Td} —0 ||2,

where in step (i), we have twice used the fact that the projection onto a convex set is non-
expansive (4.20b). We now bound these two terms separately, starting with the second term,
but first, for each j € [d], define the random variables

Tj =27 — 7]l + 8logn - 020"V and U :=2||Y — 6"[| +8/logn.  (4.50)

Also recall the events & and &, defined just above equation (4.47).

Bound on permutation error: Our proof proceeds by bounding this term in two different ways;
let us now sketch it. We will establish the claims
N N U-S T, conditioned on event & N &,
\|9*{7T1,.--,7Td}—9*||§§2d'(n1—k5*)' dzj_; J ' llf)e on ev 1 2
> i1 T pointwise.
(4.51)

Let us take equation (4.51) as given for the moment and establish a bound on the permutation error.
First, note that conditioned on &£; N &,, we have T} < Vlogn - nz(=14 and U < Vlogn. Also
note that Pr{(&; N &)¢} < 2n~7; this established the claimed high probability bound. On the other
hand, the (unconditional) expectation can be bounded as

]E[Tf] < 4E [H?J = 7';”20} + 128(logn) - pl-1/d < logn - pt=4d,
where the second inequality follows since 75 ~ N (77, n'~/¢- I) and so ||7; — 7} is maximum

absolute deviation of 7, i.i.d. Gaussian random variables with mean zero and variance n'~1/<.
Putting together the pieces and applying Lemma[A.6.6] from the appendix, we obtain

E[|0* {7, ..., Tq} — 0*]|3
OB, ) 0] < (o) - (Viogn - n0=9) 4 g -

5 (log n) . .n%(l_l/d)’

which is of the same order as the bound claimed by Lemma.6.5] It remains to establish claim (4.5T).
In order to do so, we employ an inductive argument by peeling the approximation error along
one dimension at a time. As a first step, we have

10 {71, ..., 7a} — O ||a = ||0" {71, ..., 7a} — O {7}, T2y ..., Tatll2 + |0 {7], Ty ..., Ta} — 0|2

D )0* (Fr,id, .. id} — 0°{w]id, .. id}[|s + 077, Ras s R} — 6]l
(4.52)
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where step (ii) follows by the unitary invariance of the /-norm. If we write P; for the squared error
peeled along the j-th dimension with P, = [|0*{7,id, ... ,id} — 0*{x%,id, ..., id}|]3, then peeling
the error along the remaining dimensions using an inductive argument yields the bound

d 2 d
10" {7r, - Fa} = 0713 < (Z \/Pj> <2d-y P
J=1 Jj=1
Thus, our strategy to establish claim (4.51)) will be to establish the sufficient claim

U-T; conditioned on & N &,

. (4.53)
T? pointwise.

Pjﬁ(nl—k*)'{

We establish this claim for j = 1; the general proof is identical. Letting 72 : = n{' and recalling

our assumption 75 = id for all j € [d], we have
P = |0*{7,id,...,id} — 0*{id,id, ..., id} |3
=> S (O Gl dn i) — O (i in, i)
i1=1 (’iQ ..... id)eLﬁ7d71

We now split the proof into the two cases of equation (4.53)).

Case 1: In this case, we condition on the event £ N &s. By Clalm- we know that conditioned
on this event, we have G; = G ;. Consequently, for any 7, € F (bI ), we have 7 (k) < 1 ({) if

T1(0) — 71(k) > 84y/logn - n2(-1/d) o max Y (0 ig,...,0q) — Y (k,ia,...,1q) > 8+/logn.
12,.00y0q
(4.54)

As a consequence of the second condition, for any fixed tuple (is, . .., 74), we have 71 (k) < 71(¢)
whenever Y ({, iy, . .. iq) — Y (k,is, .. .,iq) > 8/logn. Applying Lemma from the appendix
with the substitution a = 6*(-,is,...,14), b = Y (+,12,...,14), and 7 = 84/log n yields the bound

0% (71 (31), 42, - - -y iq) — 0% (i1, 12, . . -y iq)| < 2/|Y — 0| + 8y/logn = U.
We may now apply Holder’s inequality to obtain

Z (0" (Fi(i1), s, . . . ig) — 07 (i1, dn, . .., ig))

(i2,.siq)ELm a—1

<U- > G ia . ia) = O (i, )

(12, sia) €L, a1

(Q)U Z 8*(%l(i1)7i27"'7id)_9*(i1’i2"”7id)

(12,..yiq)ELm,a—1

=U | (m1(i1)) — 71 (41)], (4.55)
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where step (iii) follows since the set of scalars
{9*(%1(¢1),z’2,...,z'd) —9*(@,@,...,@)} |

all have the same sign by our monotonicity assumption 6* € M (L,,).
Let Z denote the set containing all indices i1 for which |7} (7 (i1)) — 71 (41)| is non-zero. Since

there is an indifference set of size k. along the first dimension, a non-zero value can only occur

if either i; or 71 (i;) belong to the n; — kLl indices that are not in the largest indifference set.

max

Consequently, we obtain |Z| < 2(n; — k}_ ) < 2(n; — k*). Moreover, by our conditions (4.54),

max

we have 7, (k) < 71 (¢) whenever 71 (¢) — 7, (k) > 8y/log n - n2(!=1/9)_ Therefore,

S I @iin) = (i) =Y 7 Fi(i) — 71 ()]

11=1 i1€L
(iv)
< (ng — k%) - (2||?1 — 71 |Joo + 84/logn - n%(l_l/d)>
= (m — k") - T4, (4.56)

where step (iv) follows by applying Lemma once again, but now to the scores. This completes
the proof of the first case in equation (4.53).

Case 2: In this case, our goal is to prove a pointwise bound that holds unconditionally. In order
to do so, we appeal to the properties of our algorithm: by construction, the edges of the graph G
are always consistent with the conditions imposed by the pairwise statistics 33“"‘, so that for any
71 € F(bly), we have 7, (k) < 71(€) if 7, — 7, > 8y/Iog n - n21=1/%) We now repeat the reasoning
from before to obtain the (crude) sequence of bounds

Y (0" Filin) i, i) — 0% (in,a, . da)) (4.57)

(12,..,0q) €Lz a1

IA

Z |Q*(%1<i1)7i27"'7id)_9*(i17i27"'7id)|
(i250s0a) ELm a1
2

= > 0 @ilin) i, da) — 07 (i, ia, .- da)

(i2,--sia) ELm,a—1
= |r (F1(in) — 1 (i)
Proceeding exactly as before then yields the bound

ny

SR @) — @) < (n — k) - T2, (4.58)

i1=1

which establishes the second case of equation (4.53). [
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Bound on averaging error: In order to prove a bound on the averaging error, we first set up
some notation and terminology to write the averaging error in a manner that is very similar to the
permutation error bounded above. Then the proof follows from the arguments above.

First, note that the averaging operator can be equivalently implemented by sequentially averaging
the entries along one dimension at a time. Let us make this precise with some ancillary definitions.
Let A;(6) denote the average of § € R, along dimension j according to the partition specified by
bl It i.e.,

~ N . 1 . , , . , ,
Aj(@)(ll,...,ld): =~ Z 6)(21,...,Zj_17€,7,j+1,...,Zd) fOI'eaChll,...7ldE [nl]
‘bIJ(?’J)’ Zet?lj(z‘j)

As a straightforward consequence of the linearity of the averaging operation, we have
A(0; bly, ..., ad) =Moo ,Zd(e) foreach 6 € Ry,,.
Consequently, we may peel off the first dimension from the error of interest to write

A" By, Bla) = 0%l < 1Ay 0+ 0 Au(0%) — Ay o 0 Au(@)]s + [ Aro - 0 Auf67) — 07]l
= ||u11(§2:d) — a2:d||2 + ||§2:d —0"||2, (4.59)

where we have let 6o,y 1= Ay 0 --- o Aq(0%). Note the similarity between equations
and (4.52). Indeed, if we now write P for the squared error peeled along the j-th dimension with
P = Hjl (52:(1) - §2:d||§, then peeling the error along the remaining dimensions using an inductive
argument, we obtain (exactly as before)

A(0%:bly, ..., bly) — 67| < <Z\/P> <2d- Zp/

We now claim that with the random variables U and 7T; defined exactly as before, we have the
(identical) bound

. (4.60)
T? pointwise,

Pl < (ny — k) - {U -T;  conditioned on &; N &,

from which the proof of Lemma[.6.5| for the averaging term follows identically.

Let us now establish the bound (4.60)) for j = 1, for which we require some ancillary definitions.
For an ordered partition bl = (S7,...,S5.) and index i € [n4], recall the notation oy, (i) as the
index ¢ of the set Sy > i. Let bl(i) = Soy (i) denote the block containing index i. Let Gy denote the
set of all permutations on a set V' C [n4], and let 7 (bl) denote the set of all permutations 7 € &,,,
such that 7(i) € bl(i) for all £ € [n;]. Note that any permutation in the set [7(bl) is given by
compositions of individual permutations in Gy for V' € bl.
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With this notation, we have for each 0 € R, the bound

lAL(0) =013 = > Z > 0Ly, ig) = 0(in, . ia)

12,0ytq 11=1 |b| ( )|E€a1(il)

=S ZZ( ’ZM@,..., —e(zl,...,d))2

19,..ey iq Vebly 1€V eV

—~
=

< Z Z r/rggiz/z )iy, id)—H(il,...,id))Q
----- id Vebly i€V
= max Y (0(x(ir), iz, ... ia) — O(i1, ia, ..., a))>. (4.61)
ﬂ—ej(bll)il ..... ig

Here, step (i) follows from Lemma in the appendix.

It is also useful to note that 92 .4 enjoys some additional structure. In particular, the estimate 6’2 d
satisfies some properties that are straightforward to verify:

1. For any 0* € R,,,, the slices along the first dimension have the same sum as 6*, i.e., for each
index ¢ € [n,], we have

SN oglin, .. ia) 1 {is = 0} = ZZe*zl,..., 1 {0 =0} =15 (0),

j=1i;=1 j=1i;=1

(4.62a)
where the final equality holds by definition (4.14Db).

2. If 6* € M(LL,,), then its monotonicity property is preserved along the first dimension, i.e.,
for each pair of indices 1 < k < ¢ < ny, we have

Ok in, ... iq) < Ona(l,ia, ... ig) forallis,... ig € [ny]. (4.62b)

With these properties in hand, We are now ready to establish the proof of claim (4.60). First, use
equation (#.61)) and let 72 : = n¢~! to obtain the pointwise bound

~ ~ 2
Pll S max Z Z (92:d(7T1(’i1), ig, Ce ,id) — ngd(il, ig, ce ,id)> . (463)

We now establish the two cases of equation separately.

Case 1: In this case, we condition on the event £ N &,, in which case the estimateAd blocks obey the
conditions (4.54)); in particular, two indices k, ¢ are placed in the same block of bl iff

|71 (k) — 11(0)] < 8y/logn - nz(=1/4 and Inax Y (k,ia, ... iq) = Y (£, ia,...,1q)| < 8y/logn.
(4.64)
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Since the averaging operation is /., contractive, we have, for each 7 € J (l;|1) the sequence of
bounds

On.q (71 (i1) 2, - -, iq) — Ooialin, o, - . - ia)]
<0 (mi(in), g, - - - yiq) — O (v, iz - . - id)]
<0 (milin), iz, - - yia) — Y (m1(31), da, - - ia)| + |Y (ir, iz, - - yig) — 0% (v, 2, - - . ia)]
Y (m1(ir), g, - - yig) — Y (31, dn, - ., i)

(i)
<2|IY — 6|0 + 84/ logn = U,

where step (ii) follows from the second condition (4.64).
Thus, we have

ni
— < max Z ‘92:d(71(i1)7i27~--,id) — O9.q(i1, 92, . .., iq)
11=1 (i2,...,iq) €Lz q—1

ni

D max Z Z 52:d(ﬁ1(i1)7i27~--,id)—é\zzd(i1,i2;~-,id)

m€J(bh) 11=1|(i2,...,iq)ELm,q—1

n1
= max Y |ri(m(ir)) — 7 (i), (4.65)
meJ(bly) =1

where step (iii) follows by the monotonicity property (4.62b) and step (iv) from property (4.62al).
Now for each m; € J(bly), we have

7 (r1(02)) = 71 ()] < I (@) = A(r(@n))] + [Fa(in) = 7 )| + (R (i0)) = 7 )|
V)
< 2R = 77l + 8ylogn - n301D 7,

where step (v) is guaranteed by the first condition (4.64)). Since there are at most 2(n; — k£*) indices
in the sum (4.65) that are non-zero, putting together the pieces yields the bound

P{SU(TLl—k’*)Th

and this completes the proof of the first case of equation (4.60).

Case 2: In this case, our goal is to establish a pointwise bound unconditionally. Once again, by
construction, the estimated ordered partitions are always consistent with the pairwise statistics A$"™,

so that two indices k, ¢ are placed within the same block of al iff

7(k) — 7(0)] < 8y/logn - nz(=14), (4.66)
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Consequently, proceeding from equation (4.63) and using the same properties as before, we have
2

P{< max Y ST Ba(mi(in),in, - ia) = Baalin, o, . i)

(i2,sia)ELm,d—1
2

= max E O2.a(m1(i1), 12, - - - iq) — O2q(in, iz, - - -, 1q)
meJbh) = (12, siq)ELm a1
ni

= max Z|Tl*(7fl(i1))—7f(il)|2-

m1eJ (bly) =1

Identically to before, for each m; € J (l;ll) we have
77 (m1 (1)) — 71 (i) < | (i (in)) — 7w (@) + 7 (in) — 77 ()| + 7 (m (i) — 7))
< 2|7 — 7[|oe + 84/logn - n2(0-VD — 1y

where the second inequality is guaranteed by condition (4.66). Since there are at most 2(n; — k*)
indices in the sum (4.65]) that are non-zero, putting together the pieces yields the bound

Pl < (m — k") T¢,
and this completes the proof of the second case of equation (4.60). O

4.6.7 Proof of Proposition 4.5.1

At the heart of the proposition lies the following lemma, which bounds the /5 error as a sum of
approximation and estimation errors.

Lemma 4.6.6. There is a universal positive constant C' such that for all 6* € M erm (L) NBoo (1),
we have

d
N d U
R, (0c,0") < C <n_1/d10g5/2n+ - § E[|7 -7 Hl}) .

Jj=1

Taking this lemma as given for the moment, the proof of the proposition is straightforward. The

random variable 7;(k) — 77 (k) is the sum of n'~1/4 independent standard Gaussians, so that
~ 2 .
E[[7;(k) — 77 (k)] = 1/ = - n2""YD foreach k € [ny], j € [d].
T

Summing over both k£ € [n,] and j € [d] and normalizing, we have

d & s
=Y E[IF — 7] < Oana/4n,

Jj=1

It remains to prove Lemma4.6.6|
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Proof of Lemma
In order to lighten notation in this section, we use the convenient shorthand 0 = é\BC and 7, = %]BC
for each j € [d]. Assume without loss of generality that 7} = --- = 7 = id, so that 6* € M(L,,,).

Let 6 denote the projection of the tensor 6*{7y, ..., 74} onto the set M (L ,; 71, . . ., Tq). With this
setup, we have

16— 071l < 10— Blla+ 10 — 0" {Fr, ... Ratlla + [0°{Fr. .- Fa} — 0|2

(i) ~ ~ n * [ ~ * [ ~ *
<110" +e— (0" (R Ra} +O)llo+ 10— 0 {Fr, ., Fabllo + 16" {Frs - R} — 6l
= 10— 0" FrFa+ 2 107 Fe, Ry — 0 (4.67)

NV
estimation error approximation error

Here, step (i) follows since an ¢5-projection onto a convex set is always non-expansive (4.20b). We
now bound the estimation and approximation error terms separately.

Bounding the estimation error: The key difficulty here is that the estimated permutations

T1,..., Ty depend on the noise tensor . Similarly to before, we handle this dependence by establish-
ing a uniform result that holds simultaneously over all choices of permutations. In particular, letting
O, ....x, denote the {5 projection of the tensor 6*{my, ..., 74} + € onto the set M (Lg,; T1, . .., Ta)s

we claim that for each 0* € M(L,, 4) "B (1), we have

E [fgjaéi n?éae}jj 1Ony, g — O {1, ,ﬂd}\lg] < Cn'"Y41og®? n. (4.68)

Since § = 5%1,_“7; ,» equation (4.68)) provides a bound on the estimation error that is of the claimed
order.

Let us now prove claim (4.68). For each fixed tuple of permutations (7, . .., m4), combining
Corollary 4.3.1(b) with Lemma yields the tail bound

Pr {Hé\m,...,m — 0 {my, ..., m}]} > C - n Y 0g? 2 n + Zu} < exp{—u} foreachu > 0.

Taking a union bound over all H?:l n;! < exp(dnilogn,) = exp(n;logn) permutations and
setting u = C'ny logn + v’ for a sufficiently large constant C, we obtain

Pr { max max ||é’\7r1

1<j<d m;€6n, Ta 0*{7T1’ T ’ﬂ-d}Hg > O(nl_l/d 1Og5/2 n + nq log n) + Ul} < e o

-----

(4.69)

Finally, note that for each d > 2, we have n; < n'~'/? and integrate the tail bound (4.69) to
complete the proof of claim (4.68)).
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Bounding the approximation error: Our bound on the approximation error proceeds very simi-
larly to before, so we sketch the key differences. First, we have the decomposition

107 (R, o Ra = 0%l < [0°{Fid, . id) — 07 (x5, id, . id} o + [0, R R} — 0o

But since 0* € B, (1), now each scalar 6* (7, (i1), ia, . . ., iq) — 6% (75 (41), 42, . . . , i) is bounded in

the range [—2, 2]. Letting 72 : = n¢ !, and proceeding exactly as in equations [#.52)—(#.53), we have

Z (0*(%1(2.1),2.2, Ce 7id> — 9*(7T1<(7;1),i27 e ,id))2 S 2|7’f(%1(21)) — Tf(21)|

(i2,s0q) ElLg a1

Combining this inequality with the outer sum, we have

Z 7y (w1 (1)) — 7 (i1)] < Z 7L(71 (1)) — 71 ()] + [ (T (31)) — 71 (71(i0))]

(iﬁi) Z [T1(i1) — 71 (i)| + |71 (71 (in)) — 7 (71 (in)))

i1=1

=2\ — 1|

where step (i) follows from the rearrangement inequality for the ¢; norm [320], since 73 and 7;° are
sorted in increasing order along the permutations 7; and 7} = id, respectively. Putting together the
pieces, we have shown that

10770, T} = Ol < VAT = L+ 107 T, Tat = 67

Proceeding inductively, we have

d 2 d
10°{71, ..., 7} — 0%]15 < (Z 4|75 — Tj‘Hl) <4d Y |7 =75l
j=1 j=1

and this provides a bound on the approximation error that is of the claimed order. 0

4.6.8 Proof of Proposition [4.5.2]

We handle the case where the projection in Definition is onto unbounded tensors; the bounded
case follows identically. For each tuple of permutations 7, . . ., 74, define the estimator

6)71'1 ..... T = argmin ||Y - 0“2
QGM(Ld,’VL;ﬂ17"'7Trd)

By definition, any permutation-projection based estimator must equal 6., ., for some choice of per-
mutations 7y, . .., 74 € &,,,. Our strategy will thus be to lower bound the risk ming, .. |0x . =, —



CHAPTER 4. ADAPTIVE ALGORITHMS FOR TENSOR ESTIMATION 114

6*||3 for a particular choice of 6*. To that end, let us analyze the risk of the individual estimators
around the point 8* = 0. Define the positive scalar ¢, via

to : = argmax ¢ E sup (€,0) —t*/2
e M(

>0 L n;m15e0,ma) B2 (t)

= argmax < E sup (e,0) —t7/2
e M(

t>0 Ld’n)ﬁ]ﬂig(t)

=E sup (€,0),
9eM(Lgn)NBa(1)

where the final equality follows by a rescaling argument.
Applying [58, Theorem 1.1] yields that for each tuple 7y, . .., 74, we have
4

u
32(1 + u/ ko)
Furthermore, applying [[137, Proposition 5] yields the lower bound

to > cq-n'/>7Y%  foreachd > 3. 4.71)

Substituting the value u = +/¢;/2 into the bound (4.70) and using the lower bound @.71) on ¢,
yields, for each fixed tuple of permutations 74, . .., 74, the high probability bound

2) foreachu > 0. (4.70)

-----

where the pair (¢4, ¢/;) are different constants that depends on d alone. Applying a union bound over
all choices of permutations now yields

.....

Now for each d > 4, there is a large enough constant C; > 0 depending on d alone such that if
n > Cy, then ¢} - n'=2/? > 2dn, log n;. Consequently, if n > Cy, then

Pr{ min ||§7r1 _____ a — 075 > cd-nl_Q/d} >1/2 and E { min ||§7T1 - —9*||§} > cq-ntYd
s T4

-----
,,,,, T1yeesTd

for a sufficiently small constant ¢; > 0 depending only on d. Thus, any permutation-projection
based estimator # must satisfy

Pr {||§— 0113 > cq - nH/d} >1/2 and E [||§_ e*ug} > ¢y mi2d,
On the other hand, we have 6* € MX050(IL,;,,) withsg = (1,...,1) and ko = ((n1), ..., (m1)).

perm
Thus, s(6*) = 1 and k*(0*) = ny, and Proposition yields the upper bound 9, (ko, so) < 1/n.
Combining the pieces and noting that 6, = (10n)~! < 1/2, the adaptivity index of any permutation-

projection based estimator 6 must satisfy
A(0;6,) > A0%(B:6,) > cq-n'"¥% and  A@B) > A2 (@) > cq-n' ¥ (4.72)
]
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4.7 Summary and open questions

We considered the problem of estimating a multivariate isotonic regression function on the lattice
from noisy observations that were also permuted along each coordinate, and established several
results surrounding statistics, computation, and adaptation for this class of models. First, we showed
that unlike in the bivariate case considered in Chapter 3| computationally efficient estimators are
able to achieve the minimax lower bound for estimation of bounded tensors in this class. Second,
when the tensor is also structured, in that it is piecewise constant on a d-dimensional partition with a
small number of blocks, we showed that the fundamental limits of adaptation are still nonparametric.
Third, by appealing to the hypergraph planted clique conjecture, we also showed that the adaptivity
index of polynomial time estimators is significantly poorer than that of their inefficient counterparts.
The second and third phenomena are both significantly different from the case without unknown
permutations. Fourth, we introduced a novel procedure that was simultaneously optimal both in
worst-case risk and adaptation, while also being computable in sub-quadratic time. Our results
for this algorithm are particularly surprising given that a large class of natural estimators does not
exhibit fast adaptation in the multivariate case. Finally, we also established some risk bounds and
structural properties (see Appendix for natural isotonic regression estimators without unknown
permutations.

Our work raises many interesting questions from both the modeling and theoretical standpoints.
From a modeling perspective, the isotonic regression model with unknown permutations should
be viewed as just a particular nonparametric model for tensor data. There are many ways one
may extend these models. For instance, taking a linear combination of £ > 1 tensors in the set
Merm (g ) directly generalizes the class of nonnegative tensors of (canonical polyadic) rank k.
Studying such models would parallel a similar investigation that was conducted in the case d = 2 for
matrix estimation [276]. It would also be interesting to incorporate latent permutations within other
multidimensional nonparametric function estimation tasks that are not shape constrained; as noted
in Chapter 3] a similar study has been carried out in the case d = 2 for graphon estimation [113].

Methodological and theoretical questions also abound. First, note that in typical applications,
the tensor dimension n; will be very large, and we will only observe a subset of entries chosen at
random. Indeed, when d = 2, Chapter shows that the fundamental limits of the problem exhibit
an intricate dependence on the probability of observing each entry and the dimensions of the tensor.
What are the analogs of these results when d > 3? The second question concerns adaptation. Our
focus on indifference sets to define structure in the tensor was motivated by the application to
multiway comparisons, but other structures are also interesting to study. For instance, what does a
characterization of adaptation look like when there is simply a partition into hyper-rectangles—not
necessarily Cartesian products of one-dimensional partitions—on which the tensor is piecewise
constant? Such structure has been extensively studied in the isotonic regression literature [S6, 83,
137]]. What about cases where 6* is a nonnegative tensor of rank 1? It would be worth studying
spectral methods for tensor estimation for this problem, especially in the latter case.

Having studied the statistics, computation, and adaptation of permutation-based models, we
now turn to the class of index models in the next part of the thesis. Our questions will once again be
inspired by this broad perspective.



Part 11

Index models

The surprising effectiveness of alternating projections

116



117

Chapter 5

Tractable algorithms for max-affine
regression

As we alluded to in Chapter [I] this portion of the thesis will deal with index models. This particular
chapter is focused on dimensionality reduction for problems of the convex regression type. These
problems and further applications are introduced below.

5.1 Introduction
Max-affine regression refers to the regression model

Y = max (X, 07) +b}) +e (5.1
where Y is a univariate response, X is a d-dimensional vector of covariates and ¢ models zero-
mean noise that is independent of X. We assume that £ > 1 is a known integer and study
the problem of estimating the unknown parameters 6;,...,0; € R? and b},...,b; € R from
independent observations (z1,v1), .. ., (Zn, yn) drawn according to the model (5.1)). Furthermore,
we assume for concretenes in this chapter that the covariate distribution is standard Gaussian, with
zi "~ N0, ).

Let us provide some motivation for studying the model (5.1). When k& = 1, equation (5.1])
corresponds to the classical linear regression model. When £ = 2, the intercepts b5 = b7 = 0, and
05 = —07 = 0*, the model (5.1) reduces to

Y = [(X, 0")| +e. (5.2)

The problem of recovering 6* from observations drawn according to the above model is known
as (real) phase retrieval—variants of which arise in a diverse array of science and engineering

'Our companion paper [[118] weakens distributional assumptions on the covariates, but this requires significantly
more technical effort.
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applications [101, 106, 141]—and has associated with it an extensive statistical and algorithmic
literature.

To motivate the model (5.1]) for general k, note that the function 2 — max;<;<x((z, 07) + b})
is always a convex function and, thus, estimation under the model (5.1)) can be used to fit convex
functions to the observed data. Indeed, the model serves as a parametric approximation to the
nonparametric convex regression model

Y = ¢*(X) +e, (5.3)

where ¢* : R? — R is an unknown convex function. It is well-known that convex regression suffers
from the curse of dimensionality unless d is small, which is basically a consequence of the fact that
the metric entropy of natural totally bounded sub-classes of convex functions grows exponentially
in d (see, e.g., [46,|115,|131]]). To overcome this curse of dimensionality, one would need to work
with more structured sub-classes of convex functions. Since convex functions can be approximated
to arbitrary accuracy by maxima of affine functions, it is reasonable to regularize the problem by
considering only those convex functions that can be written as a maximum of a fixed number of
affine functions. Constraining the number of affine pieces in the function therefore presents a simple
method to enforce structure, and such function classes have been introduced and studied in the
convex regression literature (see e.g., [138]]). This assumption directly leads to our model (5.1,
and it has been argued by [15},[139, [208]] that the parametric model (5.1)) is a tractable alternative to
the full nonparametric convex regression model (5.3]) in common applications of convex regression
to data arising in economics, finance and operations research where d is often moderate to large.

Another motivation for the model comes from the problem of estimating convex sets
from support function measurements. The support function of a compact convex set K C R? is
defined by hx (z) : = sup,cx (2, u) for d-dimensional unit vectors x. The problem of estimating an
unknown compact, convex set K * from noisy measurements of /i (+) arises in certain engineering
applications such as robotic tactile sensing and projection magnetic resonance imaging (see, e.g.,
[116,125,257]). Specifically, the model considered here is

Y: hK*(X) +€,

and the goal is to estimate the set K* C R?. As in convex regression, this problem suffers from a

curse of dimensionality unless d is small, as is evident from known minimax lower bounds [129].

To alleviate this curse, it is natural to restrict K™ to the class of all polytopes with at most £k extreme

points for a fixed k; such a restriction has been studied as a special case of enforcing structure

in these problems by Soh and Chandrasekharan [287]. Under this restriction, one is led to the

model (5.1) with b] = --- = by = 0, since if K* is the polytope given by the convex hull of
i,...,0; € RY then its support function is equal to  — max<j<x(z, 67).

Equipped with these motivating examples, our goal is to study a computationally efficient
estimation methodology for the unknown parameters of the model from i.i.d observations
(x;,y;)_,. Before presenting our contributions, let us first rewrite the observation model (5.1)) by
using more convenient notation, and use it to describe existing estimation procedures for this model.

Denote the unknown parameters by 37 : = (9}‘, b}k) € R¥*! for j = 1, ...,k and the observations by
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(&,y;) fori =1,...,n, where & : = (x;,1) € R4 In this notation, the observation model takes
the form
Yi :1%1?% (&, ﬁj>+6i, fori=1,2,...,n. 5.4

Throughout the paper, we assume that in addition to the covariates being i.i.d. standard Gaussian, the
noise variables €, . . . , €, are independent random variables drawn from a (univariate) distribution
that is zero-mean and sub-Gaussian, with unknown sub-Gaussian parameter o.

Let us now describe existing estimation procedures for max-affine regression. The most obvious
approach is the global least squares estimator, defined as any minimizer of the least squares criterion

n 2
(ﬂls), . ’Bl(cls)) € argmin Z (yi — max (;, @)) . (5.5)

Br,....BrERIH T 1<i<k

It is easy to see (see the full paper [119]]) that a global minimizer of the least squares criterion above
always exists but it will not—at least in general—be unique, since any relabeling of the indices of
a minimizer will also be a minimizer. While the least squares estimator has appealing statistical
properties (see, e.g. [129,[287,[310]), the optimization problem (5.3) is non-convex and, in general,
NP-hard [[I00]. It is interesting to compare (5.5)) to the optimization problem used to compute the
least squares estimator in the more general convex regression model (5.3), given by

q/b\('s) € argmin Z (y; — (b(aji))Z , (5.6)
]

where the minimization is over all convex functions ¢. In sharp contrast to the problem (5.3), the
optimization problem is convex [[198,272] and can be solved efficiently for fairly large values
of the pair (d, n) [216]. Unfortunately however, the utility of (' in estimating the parameters of the
max-affine modelAis debatable, as it is unclear how one may obtain estimates of the true parameters
Bi, ..., By from »9), which typically will not be a maximum of only k affine function It is also
worth mentioning that while the convex LSE is known to adapt to piece-wise linear structure when
d =1 [[132], it was recently shown by Kur et al. [[180] that parametric adaptation cannot occur for
any d > 5. This provides further justification for studying the more explicit max-affine model (5.1))
in even moderate-dimensional problems.

Three heuristic techniques for solving the non-convex optimization problem (5.3) were empiri-
cally evaluated by Balazs [15, Chapters 6 and 7], who compared running times and performance of
these techniques on a wide variety of real and synthetic datasets for convex regression. The first tech-
nique is the alternating minimization algorithm of Magnani and Boyd [208]], the second technique
is the convex adaptive partitioning (or CAP) algorithm of Hannah and Dunson [139]], and the third
is the adaptive max-affine partitioning algorithm proposed by Baldzs himself [[15]]. The simplest and
most intuitive of these three methods is the first alternating minimization (AM) algorithm, which is
an iterative algorithm for estimating the parameters 37, ..., 3; and forms the focus of our study.

“Notably, the convex LSE qAS('S) is also the maximum of (at most n) affine functions.
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In the ¢-th iteration of the algorithm, the current estimates 5?), cee ﬁ,gt) are used to partition the

observation indices 1, ..., n into k sets SY), cey S,(:) such that j € argmax,, (&, Bq(f)> for every

1€ S ](-t). For each 1 < j < k, the next estimate Bj(.t“) is then obtained by performing a least squares

fit (or equivalently, linear regression) to the data (&;,y;),i € S](-t). More intuition and a formal
description of the algorithm are provided in Section Balédzs found that when this algorithm was
run on a variety of datasets with multiple random initializations, it compared favorably with the
state of the art in terms of its final predictive performance—see, for example, Figures 7.4 and 7.5 in
the thesis [[15], which show encouraging results when the algorithm is used to fit convex functions
to datasets of average wages and aircraft profile drag data, respectively. In the context of fitting
convex sets to support function measurements, Soh and Chandrasekaran [287]] recently proposed
and empirically evaluated a similar algorithm in the case of isotropic covariates. However, to the
best of our knowledge, no theoretical results exist to support the performance of such a technique.

In this chapter, we present a theoretical analysis of the AM algorithm for recovering the pa-
rameters of the max-affine regression model when the covariate distribution is Gaussiarﬂ This
assumption forms a natural starting point for the study of many iterative algorithms in related prob-
lems [[14} 236/ 327, 349]], and is also quite standard in theoretical investigations of multidimensional
regression problems. Note that the AM algorithm described above can be seen as a generalization of
classical AM algorithms for (real) phase retrieval [[102,117]], which have recently been theoretically
analyzed in a series of papers [236| 327, 349] for Gaussian designs. The AM—and the closely
related expectation maximizatiorﬂ or EM—methodology is widely used for parameter estimation
in missing data problems [22,|142] and mixture models [336]], including those with covariates such
as mixtures-of-experts [[158] and mixtures-of-regressions [[52]] models. Theoretical guarantees for
such algorithms have been established in multiple statistical contexts [[14, 68, 300, 333]; in the
case when the likelihood is not unimodal, these are typically of the local convergence type. In
particular, algorithms of the EM type return, for many such latent variable models, minimax-optimal
parameter estimates when initialized in a neighborhood of the optimal solution (e.g., [52,350, 351]);
conversely, these algorithms can get stuck at spurious fixed points when initialized at random [155]).
In some specific applications of EM to mixtures of two Gaussians [79, 335]] and mixtures of two
regressions [181]], however, it has been shown that randomly initializing the EM algorithm suffices in
order to obtain consistent parameter estimates. Here, we establish guarantees on the AM algorithm
for max-affine regression that are of the former type: we prove local geometric convergence of the
AM iterates when initialized in a neighborhood of the optimal solution. We analyze the practical
variant of the algorithm in which the steps are performed without sample-splitting. As in the case of
mixture models [52} 148]], we use spectral methods to obtain such an initialization. In order to keep
the narrative of this thesis coherent, our guarantees for this initialization step have been omitted,
and can be found in the archival version of the paper [119].

3In our companion paper [[118], we weaken this assumption on the covariate distribution.
“Indeed, for many problems, the EM algorithm reduces to AM in the noiseless limit, and AM should thus be viewed
as a variant of EM that uses hard-thresholding to determine values of the latent variables.
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Contributions Let us now describe our results in more detail. To simplify the exposition, we state
simplified corollaries of our results; precise statements are presented shortly. We prove in Theorem
that for each € > 0, the parameter estimates ﬂft), cee B,Ef) returned by the AM algorithm at
iteration ¢ satisfy, with high probability, the inequality

o’kd

n
" log(kd) log <w> (5.7)

k
SNBY —BII? < e+ CB;, .., 57
j=1

Sk 18 B2

€

for every ¢ > log, 5 , provided that the sample size n is sufficiently large and that

the initial estimates satisfy the condition

: (0) * (|2 1 * *
min max |[¢8;’ — BI||° < —c . 5.8
>0 lgjés || ﬁ] 5]” — k' (517 76}{) ( )
Here C(f5, ..., 5¢) and (S5, . . ., 55) are constants depending only on the true parameters 5, . . ., 5,
and their explicit values are given in Theorem[5.3.1] The constant ¢ in equation (5.8) endows the
initialization with a scale-invariance property: indeed, scaling all parameters 5@, cee B,(CO) by the
same positive constant ¢ produces the same initial partition of subsets S%O), oS 20), from which

the algorithm proceeds identically.

Treating k as a fixed constant, inequality implies, under the initialization condition (5.8)),
that the parameter estimates returned by AM converge geometrically to within a small ball of the
true parameters, and that this error term is nearly the parametric risk %i up to a logarithmic factor.
The initialization condition requires the distance between the initial estimates and the true
parameters to be at most a specific (k-dependent) constant. It has been empirically observed that
there exist bad initializations under which the AM algorithm behaves poorly (see, e.g., [15, 208]])
and assumption (5.8) is one way to rule these out.

A natural question based on our Theorem is whether it is possible to produce preliminary
estimates 69)), e ,ﬁlgo) satisfying the initialization condition (5.8)). Indeed, one such method
is to repeatedly initialize parameters (uniformly) at random within the unit ball B¢*!; Baldzs
empirically observed in a close relative of such a scheme (see Figure 6.6 in his thesis [15]) that
increasing the number of random initializations is often sufficient to get the AM algorithm to
succeed. However, reasoning heuristically, the number of repetitions required to ensure that one
such random initialization generates parameters that satisfy condition increases exponentially
in the ambient dimension d, and so it is reasonable to ask if, in large dimensions, there is some
natural form of dimensionality reduction that allows us to perform this step in a lower-dimensional
space.

Whelﬂ k < d, we show that a natural spectral method (described formally in Algorithm [2) is
able to reduce the dimensionality of our problem from d to k. In particular, this method returns
an orthonormal basis of vectors Uy, . .., U such that the k-dimensional linear subspace spanned

3If k > d, then this dimensionality reduction step can be done away with and one can implement the random search
routine directly.
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by these vectors accurately estimates the subspace spanned by the vectors 67, . . ., 0;. We form the
matrix U := [U;y : --- : Uy| by collecting these vectors as its columns, and in order to account

0 1

We then choose M random initializations in (k + 1) dimensions—the ¢-th such initialization is
given by a set of vectors 14, ..., v € R*"! each chosen uniformly at random from the (k + 1)-
dimensional unit ball—so that the collection of £ vectors {‘A/l/f }§=1 serves as our /-th guess of the
true parameters. In order to decide which of these random points to choose, we evaluate (on an
independent set of samples) the goodness-of-fit statistic min >o Y, (y; — cmaxi<j<x (&, Vv/5))?
for each 1 < ¢ < M, where the minimization over the constant ¢ accounts for the scale-invariance
property alluded to above. Letting ¢* denote the index with the smallest loss, we then return the
initialization 8" = V! forj =1,....k.

Our algorithm can thus be viewed as a variant of the repeated random initialization evaluated by
Balazs [15]], but incurs significantly smaller computational cost, since we only run the full-blown
iterative AM algorithm once. Note that our algorithm treats the number of initializations M as a
tuning parameter to be chosen by the statistician, similar to Balazs [15], but we show a concrete
upper bound on M that is sufficient to guarantee convergence. In particular, we show that in order
to produce an initialization satisfying condition (5.8) with high probability, it suffices to choose M
as a function only of the number of affine pieces k and other geometric parameters of the problenﬂ

From a technical standpoint, our results for the AM algorithm are significantly more challenging
to establish than related results in the literature [14, [279, 327, 334]. First, it is technically very
challenging to compute the population operator [|14]—corresponding to running the AM update in
the infinite sample limit—in this setting, since the max function introduces intricate geometry in
the problem that is difficult to reason about in closed form. Second, we are interested in analyzing
the AM update without sample-splitting, and so cannot assume that the iterates are independent of
the covariates; the latter assumption has been used fruitfully in the literature to simplify analyses
of such algorithms [236|, 334, |349]]. Third, and unlike algorithms for phase retrieval [279, 327],
our algorithm performs least squares using sub-matrices of the covariate matrix that are chosen
depending on our random iterates. Accordingly, a key technical difficulty of the proof, which may
be of independent interest, is to control the spectrum of these random matrices, rows of which are
drawn from (randomly) truncated variants of the Gaussian distribution.

for the intercepts, further append such a matrix to form the matrix V= {U 0} € REFDx(k+1),

Chapter-specific notation: Recall the notational convention introduced in Section We
complement this notation with a few other definitions that are used solely in this chapter and
the corresponding technical proof section in Appendix For a pair of vectors (u,v), we let
u®v :=uv' denote their outer product. Let \;(T") denote the i-th largest eigenvalue of a symmetric
matrix [".

“While we omit our theoretical results for the initialization step in this thesis, these can be found in the paper [[119].
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5.2 Background and problem formulation

In this section, we formally introduce the geometric parameters underlying the max-affine regression
model, as well as the methodology we use to perform parameter estimation.

5.2.1 Model and Geometric Parameters

We work throughout with the observation model defined in equation (5.4)); recall that our covariates
are drawn i.i.d. from a standard Gaussian distribution, and that our noise is o-sub-Gaussian. We let
X € R™*? denote the covariate matrix with row 4 given by the vector z;, and collect the responses
in a vector y € R".

Recall that & = (z;, 1) € R4 for each i € [n]; the matrix of appended covariates = €
R™*(4+1) is defined by appending a vector of ones to the right of the matrix X. Our primary goal
is to use the data (X, y)—or equivalently, the pair (Z, y)—to estimate the underlying parameters
By

An important consideration in achieving such a goal is the “effective” sample size with which
we observe the parameter 37. Toward that end, for X ~ N(0, 1), let

By, ..., Bp) i =Pr {(X, 0;) +b; = gp&ﬁ ((X, 05) + b;‘-,)} (5.9
denote the probability with which the j-th parameter 37 = (6 bj) attains the maximum. Note that
the event on which more than one of the parameters attains the maximum has measure zero, except
in the case where 37 = 3} for some ¢ # j. We explicitly disallow this case and assume that the
parameters 37, ..., 3 are distinct. Let

Wmlﬂ(ﬁf??ﬁ;) :?elbgﬂ](ﬁfavﬂ;;)? (5.10)
and assume that we have m,i, (07, ...,55) > 0; in other words, we ignore vacuous cases in
which some parameter is never observed. Roughly speaking, the sample size of the parameter
that is observed most rarely is given by minjcpy m;n ~ n - Tmin (65, . . ., B;), and so the error in
estimating this parameter should naturally depend on 7y, (55, - - ., ;). By definition, we always
have min (55, ..., %) < 1/k.

Since we are interested in performing parameter estimation under the max-affine regression
model, a few geometric quantities also appear in our bounds, and serve as natural notions of “signal
strength” and “condition number” of the estimation problem. The signal strength is given by the
minimum separation

A(Bi.....51) = min g

3.3"3#3

we also assume that A is strictly positive, since otherwise, a particular parameter is never observed.
To denote a natural form of conditioning, define the quantities

0 — 4,

J

2

- with (B}, B;) = max (85, ..., B}).
J€[k]

Max;£; HQ; - 9;,

0; — 0",

ki (BT Br) =

mlnj/#j ’
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Finally, let Brax (57, - - -, Bf) : = maxjep || 5] || denote the maximum norm of any unknown param-
eter. We often use the shorthand
Tmin = Tmin(B7, -+ Br), A=ABT, ., 50),
k=r(B], .-, 0L), and Bmax = Bmax(57, -+, 5%)
when the true parameters 37, ..., 3} are clear from context.

5.2.2 Methodology

As discussed in the introduction, the most natural estimation procedure from i.i.d. samples (&;, y;) ,
of the model is the least squares estimator (5.5). The appendix of our full paper [119]
establishes that this estimator always exists. Note, however, that it will not be unique in general
since any relabeling of a minimizer is also a minimizer.

In spite of the fact that the least squares estimator always exists, the problem (5.5)) is non-convex
and NP-hard in general. The AM algorithm presents a tractable approach towards solving it in the
statistical setting that we consider.

Alternating Minimization

We now formally describe the AM algorithm proposed by Magnani and Boyd [208]. For each
Bi, ..., Bk, define the sets

S;(B1s-. ., Br) = {2 €n]:j= minargmix(@i, Bu))} (5.11)
1<u<
for j = 1,...,k. In words, the set S;(5i,..., ) contains the indices of samples on which

parameter (3; attains the maximum; in the case of a tie, samples having multiple parameters attaining
the maximum are assigned to the set with the smallest corresponding index (i.e., ties are broken
in the lexicographic orde. Thus, the sets {S;(f1, ..., Bk)}r_, define a partition of [n]. The AM

algorithm employs an iterative scheme where one first constructs the partition S; ( it), Y

. By
based on the current iterates Bf), e ﬁ,(:) and then calculates the next parameter estimate BJ(.HI)
by a least squares fit to the dataset {(&;,y;),7 € S; (ﬁft), ce ,it))}. The algorithm (also described

below as Algorithm[I) is, clearly, quite intuitive and presents a natural approach to solving (5.3).
As a sanity check, we show in the full paper [119] that the global least squares estimator (5.3)) is
a fixed-point of this iterative scheme under a mild technical assumption.
We also note that the AM algorithm was proposed by Soh [286] in the context of estimating
structured convex sets from support function measurements. It should be viewed as a generalization
of a classical algorithm for (real) phase retrieval due to Fienup [102], which has been more recently

"In principle, it is sufficient to define the sets S; (51, ..., k), j € [k] as any partition of [n] having the property
that (§;, B;) = max,ek)(&i, Bu) forevery j € [k] and i € S;(B1,. .., By); here “any” means that ties can be broken
according to an arbitrary rule, and we have chosen this rule to be the lexicographic order in equation (3.11).
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Algorithm 1: Alternating minimization for estimating maximum of % affine functions

Input: Data {&;, y;}" ;; initial parameter estimates Bg)), e B,EO); number of iterations 7.
Output: Final estimator of parameters (3, . . ., Ok.
2 Initialize ¢ <+ 0.
3 repeat
5 Compute maximizing index sets
s¥ =5;8",....8"), (5.12a)
for each j € [k], according to equation (5.11).
7 Update
B € argmin > (g — (&, B)7, (5.12b)
pereH iestt)
J

for each j € [k].
suntilt =T

10 Return Bj = ﬁ](-T) for each j € [k].

analyzed in a series of papers [236, 327] for Gaussian designs. While some analyses of AM
algorithms assume sample-splitting across iterations (e.g. [236, 334} [349]), we consider the more
practical variant of AM run without sample-splitting, since the update (5.12a)-(5.12b)) is run on the
full data (=, y) in every iteration.

Initialization

The alternating minimization algorithm described above requires an initialization. While the
algorithm was proposed to be run from a random initialization with restarts [208, |287], we propose
to initialize the algorithm from parameter estimates that are sufficiently close to the optimal
parameters. This is similar to multiple procedures to solve non-convex optimization problems in
statistical settings (e.g., [14]), that are based on iterative algorithms that exhibit local convergence
to the unknown parameters. Such algorithms are typically initialized by using a moment method,
which (under various covariate assumptions) returns useful parameter estimates.

Our approach to the initialization problem is similar, in that we combine a moment method with
random search in a lower-dimensional space. For convenience of analysis, we split the n samples
into two equal parts—assume that n is even without loss of generality—and perform each of the
above steps on different samples so as to maintain independence between the two steps. The formal
algorithm is presented in two parts as Algorithms [2) and

In related problems [52} 271} 334} 350], a combination of a second order and third order method
(involving tensor decomposition) is employed to obtain parameter estimates in one shot. Take
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Algorithm 2: PCA for k-dimensional subspace initialization
Input: Data {&;,y;}.,.
Output: Matrix U € R?** having orthonormal columns that (approximately) span the
dimensional subspace spanned by the vectors 07, ..., 6;.
2 Compute the quantities

n/2 n/2
) 9
M, = ” ;’yzxz and My = - ;yi (xlxj — Id) , (5.13)

and let M = M, 1 ® M, 1+ ]T/[\g; here, I; denotes the d x d identity matrix and ® denotes the
outer product.
4 Perform the eigendecomposition M = PAPT, and use the first £ columns of P

corresponding to the k largest eigenvalues) to form the matrix ﬁ € R4k Return 17 .
p g g g

the problem of learning generalized linear models [271] as an example; here, the analysis of the
moment method relies on the link function being (at least) three times differentiable so that the
population moment quantities can be explicitly computed. After showing that these expectations are
closed form functions of the unknown parameters, matrix/tensor perturbation tools are then applied
to show that the empirical moments concentrate about their population counterparts. However, in
our setting, the max function is not differentiable, and so it is not clear that higher order moments
return reasonable estimates even in expectation since Stein’s lemma (on which many of these results
rely) is not applicableﬂ in this setting. Nevertheless, we show that the second order moment returns
a k-dimensional subspace that is close to the true span of the parameters {; ?:12 the degree of
closeness depends only on the geometric properties of these parameters.

Let us also briefly discuss Algorithm [3] which corresponds to performing random search
in (k + 1) - k dimensional space to obtain the final initialization. In addition to the random
initialization employed in step 1 of this algorithm, we also use the mean squared error on a holdout
set (corresponding to samples n/2+ 1 through n) to select the final parameter estimates. In particular,
we evaluate the error in a scale-invariant fashion; the computation of the optimal constant c in step 2
of the algorithm can be performed in closed form for each fixed index ¢, since for a pair of vectors
(u, v) having equal dimension, we have

argmin ||u — cv||* = max { {u, v) O} :
>0

&> lvff*

A key parameter that governs the performance of our search procedure is the number of initializations
M; we show in the sequel that it suffices to take M to be a quantity that depends only on the number
of affine pieces k, and on other geometric parameters in the problem.

8 A natural workaround is to use Stein’s lemma on the infinitely differentiable “softmax” surrogate function, but this
approach also does not work for various technical reasons.
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Algorithm 3: Low-dimensional random search

Input: Data {¢;,y;}"_,, subspace estimate U € R*** having orthonormal columns that
(approximately) span the & dimensional subspace spanned by the vectors 07, ..., 0},
and number of random initializations M € N.
Output: Initial estimator of parameters Bfo), e 6,&0).
2 Choose M - k random points Vf i.i.d. for ¢ € M and j € [k], each uniformly from the
(k + 1)-dimensional unit ball B**!. Let

~ [U o
7=l 4]

be a matrix in R(@+1)x(k+1)

4 Compute the index

having orthonormal columns.
9 n . 2
¢* € argmin — < min <yi — cmax (&, VI/$ )
telm) M| 20 Z,:%;H jelk] < J>
6 Return the (d + 1)-dimensional parameters

B — b for each j € [K].

J J

Our overall algorithm should be viewed as a slight variation of the AM algorithm with random
restarts. It inherits similar empirical performance (see the full paper [[119]), while significantly
reducing the computational cost, since operations are now performed in ambient dimension k+1, and
the iterative AM algorithm is run only once overall. It also produces provable parameter estimates,
and as we show in the sequel, the number of random initializations M can be set independently of
the pair (n, d). Having stated the necessary background and described our methodology, we now
proceed to statements and discussions of our main results. We focus on the AM algorithm in this
thesis; results for the initialization step are also quite involved, and can be found in the paper [119].

5.3 Local geometric convergence of alternating minimization

We now establish local convergence results for the AM algorithm. Recall the definition of the
parameters (i, A, ) introduced in Section and the assumption that the covariates {x;}! ,
are drawn i.i.d. from the standard Gaussian distribution N (0, I;). Throughout the paper, we assume
that the true parameters 37, . .., 3} are fixed.
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Theorem 5.3.1. There exists a tuple of universal constants (cy,cs) such that if the sample size
satisfies the bound

kr log®(1/Tmin k3
n > ¢y max{d,10logn} max{ 3'% : o8 ( S/W ),log(n/d), O'ZA—Q log(k/m2.) log(n/d)} :
min min T in
then for all initializations Bfo), e B}go) satisfying the bound
(0) (0) * *
: Hc<ﬁj — By ) - (87 - 87) ‘ - ﬂ-I?‘)ninl sy [ kK (5.140)
min  max co—= 1o —_ .
>0 1<j#j/<k 105 — 0] =T 8 v/

the estimation error at all iterations t > 1 is simultaneously bounded as

k t /[ k
®) |2 3 * 2(0) * |2 2 k’d
jzl Hﬁj — B |© < <Z> (; ||c B;" — B; | ) + o = log(kd)log(n/kd)  (5.14b)

with probability exceeding 1 — ¢y (k: exp (—cm#) + i—i) Here, the positive scalar c*
minimizes the LHS of inequality (5.144d).

Let us interpret the various facets of Theorem As mentioned before, it is a local con-
vergence result, which requires the initialization 5?), o ,5,&0) to satisfy condition (5.14a). In
the well-balanced case (with m,;, ~ 1/k) and treating k as a fixed constant, the initialization
condition (5.144d) posits that the parameters are a constant “distance” from the true parameters. No-
tably, closeness is measured in a relative sense, and between pairwise differences of the parameter
estimates as opposed to the parameters themselves; the intuition for this is that the initializa-
tion ﬁio), ce ,§0> induces the initial partition of samples 5 ( 50), . ,5,20)), oo 51 ( %0)’ . ,B,io)),
whose closeness to the true partition depends only on the relative pairwise differences between
parameters, and is also invariant to a global scaling of the parameters. It is also worth noting that
local geometric convergence of the AM algorithm is guaranteed uniformly from all initializations
satisfying condition (5.14a)). In particular, the initialization parameters are not additionally required
to be independent of the covariates or noise, and this allows us to use the same n samples for
initialization of the parameters.

Let us now turn our attention to the bound (5.14b)), which consists of two terms. In the limit
t — o0, the final parameters provide an estimate of the true parameters that is accurate to within the
second term of the bound (5.14b). Up to a constant, this is the statistical error term

Ono (d, Ky Tomin) = 02 log(kd) log(n/kd) (5.15)

3 .

min
that converges to 0 as n — o0, thereby providing a consistent estimate in the large sample limit.
Notice that the dependence of 0,, ,(d, k, Tmin) on the tuple (o, d, n) is minimax-optimal up to the
logarithmic factor log(n/d), since a matching lower bound can be proved for the linear regression
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Figure 5.1: Convergence of the AM with Gaussian covariates— in panel (a), we plot the noiseless
sample complexity of AM; we fix ||3f|| = 1 forall i € [k], 0 = 0 and 7, = 1/k. We say (] is

i
of samples n, such that the empirical probability of success over 100 trials is more than 0.95, and
output the least such n. In panel (b), we plot the optimization error (in blue) Zle I B§t) —-p ](T) |?

recovered if < 0.01. For a fixed dimension d, we run a linear search on the number

2

and the deviation from the true parameters (in red) Zle ‘BJ@ - B/ o? over iterations ¢ for
different o (0.15,0.25,0.4,0.5), with £ = 5, d = 100, T" = 50 and n = 5d, and averaged over 50
trials. Panel (c) shows that the estimation error at 7' = 50 scales at the parametric rate d/n, where

we have chosen a fixed £k = 5 and o = 0.25. Panel (d) shows the variation of this error as a function
of Tmin Where we fix k = 3,d = 2,n = 10%,0 = 0.4.

problem when k£ = 1. In the paper [[119], we also show a parametric lower bound on the minimax
estimation error for general k, of the order o>kd/n. Panel (c) of Figure verifies in a simulation
that the statistical error depends linearly on d/n. The dependence of the statistical error on the pair
(k, Tmin) is more involved, and we do not yet know if these are optimal. As discussed before, a linear
dependence of 7, 1s immediate from a sample-size argument; the cubic dependence arises because
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the sub-matrices of = chosen over the course of the algorithm are not always well-conditioned, and
their condition number scales (at most) as 72,; . The full version also contains a low-dimensional

min*
example (with d = 2 and k£ = 3) in which the least squares estimator incurs a parameter estimation

error of the order —— even when provided with the true partition of covariates {.S; (531, ..., B5) }o_,.

While this does not constitute an information theoretic lower bound, it provides strong evidence to
suggest that our dependence on m,;,, is optimal at least when viewed in isolation. We verify this
intuition via simulation: in panel (d) of Figure[5.1] we observe that on this example, the error of the
final AM iterate varies linearly with the quantity 1/73. .

The first term of the bound 1s an optimization error that is best interpreted in the noiseless
case 0 = (0, wherein the parameters ﬁf), B ,it) converge at a geometric rate to the true parameters
B, ..., B, as verified in panel (a) of Figure In particular, in the noiseless case, we obtain
exact recovery of the parameters provided n > C'-%% log(n/d). Thus, the “sample complexity”

w3

of parameter recovery is linear in the dimension d, which is optimal (panel (a) verifies this fact).
In the well-balanced case, the dependence on k is quartic, but lower bounds based on parameter
counting suggest that the true dependence ought to be linear. Again, we are not aware of whether
the dependence on 7,;, in the noiseless case is optimal; our simulations shown in panel (a) suggests
that the sample complexity depends inversely on 7, and so closing this gap is an interesting open
problem. When o > 0, we have an overall sample size requirement

kd log?(1/ T min k3
n > cmax{ 3/{) dlog (3 /m ),dlog(n/d)7 UQA—glog(k/wilm) log(n/d)} :=nam(c).
7Tmin min 71-rnin

(5.16)

As a final remark, note that Theorem [5.3.1/ holds under Gaussian covariates and when the true
parameters 37, ..., (; are fixed independently of the covariates. In the companion paper(][..]), it
is shown that both of these features of the result can be relaxed, i.e., AM converges geometrically
even under a milder covariate assumption, and this convergence occurs for all true parameters that
are geometrically similar.

5.3.1 Proof ideas and technical challenges

Let us first sketch, at a high level, the ideas required to establish guarantees on the AM algorithm.
We need to control the iterates of the AM algorithm without sample-splitting across iterations, and
so the iterates themselves are random and depend on the sequence of random variables (&;, ;)1 ;. A
popular and recent approach to handling this issue in related iterative algorithms (e.g., [14]]) goes
through two steps: first, the population update, corresponding to running (5.12a))-(5.12b)) in the case
n — 00, 1s analyzed, after which the random iterates in the finite-sample case are shown to be close
to their (non-random) population counterparts by using concentration bounds for the associated
empirical process. The main challenge in our setting is that the population update is quite non-trivial
to write down since it involves a delicate understanding of the geometry of the covariate distribution
induced by the maxima of affine functions. We thus resort to handling the random iterates directly,
thereby sidestepping the calculation of the population operator entirely.
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Broadly speaking, we analyze the update (5.12a)-(5.12b) by relating the error of the parameters
generated by this update to the error of the parameters from which the update is run. This involves

three distinct technical steps. The first step (handled by Lemma(5.4.1) is to control the behavior of
the noise in the problem. In order to do so, we apply standard concentration bounds for quadratic
forms of sub-Gaussian random variables, in conjunction with bounds on the growth functions of
multi-class classifiers [75]. Crucially, this affords a uniform bound on the noise irrespective of which
iterate the alternating minimization update is run from. The second step corresponds (roughly)
to controlling the prediction error in the noiseless problem, for which we show a quantitative
result (in Lemma [5.4.2)) that strictly generalize a result of Waldspurger [327]. Finally, in order to
translate a prediction error guarantee into a guarantee on the estimation error, we invert specifically
chosen sub-matrices of the covariate matrix = over the course of the algorithm, and our bounds
naturally depend on how these sub-matrices are conditioned. A key technical difficulty of the
proof is therefore to control the spectrum of these random matrices, rows of which are drawn from
(randomly) truncated variants of the Gaussian distribution. The expectation of such a random matrix
can be characterized by appealing to tail bounds on the non-central x? distribution, and the Gaussian
covariate assumption additionally allows us to show that an analogous result holds for the random
matrix with high probability (see Lemma/[5.4.3). Here, our initialization condition is crucial: the
aforementioned singular value control suffices for the sub-matrices formed by the frue parameters,
and we translate these bounds to the sub-matrices generated by random parameters by appealing to
the fact that the initialization is sufficiently close to the truth.

5.4 Proof of main theorem

Let us begin by introducing some shorthand notation, and providing a formal statement of the
probability bound guaranteed by the theorem. For a scalar w*, vectors u* € R% and v* = (u*, w*) €

R, and a positive scalar 7, let B, (r) = {v e Ra+t ;v < r} , and let

[[u]]

A (r; {5;};?:1) _ {ﬁl, B R 36> 01 e(f; — ) € By (r) forall 1 < i # j < k} .

Also, use the shorthand

k . 3 t k
V (r; {5;};;» L= sup | > 18 — B> — (Z) <Z et B — ﬂ;H?) , and
j=1 =1

89 .80 ez(r

SN (d, K, Topin) 1 = 0” log(kd) log(n/kd)

3 .
to denote the error tracked over iterations (with c* denoting the smallest ¢ > 0 such that ¢(3; — 5;) €
Bg: B (r) forall 1 <i # j < k), and a proxy for the final statistical rate, respectively.
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Theorem states that there are universal constants c¢; and ¢, such that if the sample size
obeys the condition n > nam(cy), then we have

4

7T13;11n Ok N T min k2
Pr {I?SX Iy <02 T ;{Bj }j:1> > c10;,,(d, k:,wmin)} < (k exp (—clnm) + ﬁ) )
(5.17)

Let us now proceed to a proof of the theorem, assuming without loss of generality that the
scalar ¢* above is equal to 1. It is convenient to state and prove another result that guarantees a
one-step contraction, from which Theorem follows as a corollary. In order to state this result,
we assume that one step of the alternating minimization update (5.12a)-(5.12b) is run starting from

the parameters {3; }?:1 to produce the next iterate { 6;-“ }j: |- In the statement of the proposition, we
use the shorthand

N
vij = 0i — B, and

+ _pt_ gt
vz‘,j_ﬂi _ﬁj'

Also recall the definitions of the geometric quantities (A, k). The following proposition guarantees
the one step contraction bound.

Proposition 5.4.1. There exist universal constants ¢, and co such that
(a) If the sample size satisfies the bound n > ¢, max {d, 10logn} max {W;),L, m, log(n/d) }

3
. T
min min

then for all parameters {3, }?:1 satisfying

ijvjl — U;:j, 10g3/2 ||€;< B 0;(/” < Czﬂ-l:r))nin (5 183)
1<jAi'<k |6 — 03] v —visll ) = 7 ke

we have, simultaneously for all pairs 1 < j # { < k, the bound

HU—'Ir — ;| de 1 k ‘UH/—U“YHQ Hv s 2 kd

‘],f ],f 7,3 j,j, f,] Z,]’ g

T ez = — § — ] d
o= 0;1 <mos{ 7 ) A A B e i

j'=1 min

(5.18b)

with probability exceeding 1 — ¢, (k exp (—@n@“ﬁ) + z—i)
(b) If the sample size satisfies the bound

n > ¢; max {max {d,10log n} max {WSL, bf%ﬂ, log(n/d)} , 5L }, then for all parameters
{B; }?Zl satisfying

min

*
HUJ,J” — Y

<A<k |05 — 05|

o — 07, 3
log®/2 <|HJ—JH) < ¢y Tmin. (5.19a)

*
|35 = V5, K
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we have the overall estimation error bound

e 3 (o kd
DB =B < (Z 18; - 6;-‘!\2> + a0’
i=1 =1

min

- log(k) log(n/dk) (5.19b)

with probability exceeding 1 — ¢, (k exp (—cgnbg(i‘ﬁ> + z—i)

Let us briefly comment on why Proposition implies Theorem as a corollary. Clearly,
equations (5.19a) and (5.19b) in conjunction show that the estimation error decays geometrically
after running one step of the algorithm. The only remaining detail to be verified is that the next
iterates { Bj }f: , also satisfy condition provided the sample size is large enough; in that case,
the one step estimation bound (5.19b) can be applied recursively to obtain the final bound (5.14b).

For the constant ¢, in the proposition, let r, be the largest value in the interval [0, e=3/2] such

that r, log®?(1/r,) < ¢ W%‘“. Similarly, let r, be the largest value in the interval [0, e*/?] such that

Ta log3/2(1/ra) < CQWZ

Assume that the current parameters satisfy the bound (5.18a). Choosing n > 4kd/72, and
applying inequality (5.18b)), we have, for each pair 1 < j # ¢ < k, the bound

+ x |2 2 * 2
ij,f — Y < = HUH HWJ’ — Ygyr 1 o2 kd
165 — 6711 41f Z 16 —9 H2 167 — 0517 1o —0; 27 wan
1 02
< = )
< 27}1 +c1— A 73 —— log(n/d)

min

Further, if n > Co? § “Ad2 log(kr /73, ) log(n/d) for a sufficiently large constant C', we have

mm

2

+ _
HUM 2

S Y 1
167 =6z [1> — °

Thus, the parameters { B }j: , satisfy inequality (5.18a) for the sample size choice required by
Theorem Finally, noting, for a pair of small enough scalars (a, b), the implication

b
a< élog’?’ﬂ(l/b) — alog®?*(1/a) < b

and adjusting the constants appropriately to simplify the probability statement completes the proof
of the theorem.

5.4.1 Proof of Proposition

We use the shorthand notation S; : = S;(f1,. .., Bx), and let Ps, denote the projection matrix onto
the range of the matrix Zg;. Recall our notation for the difference vectors.
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Let y* denote the vector with entry ¢ given by max,cy (&, ;). We have

IZs, (87 = BI? = 1Ps,ys, — Zs, 8
= ||sty§j + Ps;es; — ESJ/B;HQ
< 2||Ps, (5, — Zs,87)|I> + 2| Ps e, |
< 2llys, — Es, 55 II” + 2/| Ps e, I, (5.20)

where we have used the fact that the projection operator is non-expansive on a convex set.
Let

({6 ) = max) = { (6 0 = maxle 5} foreachi € [n] £ < 4

denote a convenient shorthand for these events. The first term on the RHS of inequality (5.20) can
be written as

> i — (&, By)? < Z > 1{(&, B;) = max and (&, B) = max}(&, B — B])%,
’iGS =1 j:5'#j
where the inequality accounts for ties. Each indicator random variable is bounded, in turn, as
1{(&, B;) = max and (&, ;) = max} < 1{(&, B3;) > (&, By) and (&, B) > (&, B))}
= 1{(&, vjy) - (&, v};) <0},
Switching the order of summation yields the bound
S - (&, 8 Z Zl{ &> Vi) - (& Vi) < O}, 075)
1€S; ligl#g i=1

Recalling our notation for the minimum eigenvalue of a symmetric matrix, the LHS of inequal-
ity (5.20) can be bounded as

Z, (8] = BDIP > Ao (ELEs, ) - 1B - B
Putting together the pieces yields, for each j € [k], the pointwise bound
1 =T — *
5 Aumin (:gj:sj) 18 = 8117 < Z Z {(&, vig) - (€ vy S O0}E, v350)% + (| Psjes, |1
nj#g =1

(5.21)

Up to this point, note that all steps of the proof were deterministic. In order to complete the proof, it
suffices to show high probability bounds on the various quantities appearing in the bound (5.21)).
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Since the set .S; is in itself random and could depend on the pair (Z, €), bounding individual terms
is especially challenging. Our approach is to show bounds that hold uniformly over all parameters
{5; }?:1 that are close to the true parameters.

Recall the notation

B« (r :{UERd+1:_—§r}
) Tl

introduced before, and the definitions of the pair of scalars (7, 75).
To be agnostic to the scale invariance of the problem, we set ¢* = 1 and define the set of
parameters

Z(r)= {Bl,...,ﬁk tv;; € Byy (r) forall 1 <i# j < /{;},

and use the shorthand Z, : = Z(r,) and Z;, : = Z(r}), to denote the set of parameters satisfying
conditions (5.18a)) and (5.19a)), respectively,
Recall that we denote by

S, (s Br) i {1 <i<n: (6 B) = max (&, m)},

1<u<k

the indices of the rows for which (3; attains the maximum, and we additionally keep this sets disjoint
by breaking ties lexicographically. To lighten notation, we use the shorthand

Ej(ﬁhaﬁk) ::ESj(ﬁl ..... Br)+

Having defined this notation, we are now ready to return to the proof of Proposition [5.4.1] We
make the following claims to handle the three terms in the bound (5.21). First, we claim that the
noise terms are uniformly bounded as

k —1
Pr{ sup > Py, €5, (1o |I” > 207k (d + 1) log(kd) log(n/kd)} (l:d) , and

(5.22a.11)

Second, we show that the indicator quantities are simultaneously bounded for all j, j’ pairs. In
particular, we claim that there exists a tuple of universal constants (C, ¢y, ¢z, ¢) such that for each
positive scalar r < 1/24, we have

Pr{31gj¢j'gk, v € Bye (1) Z Z (&, v350) - (&, v) < 0N, v)
J'#5 =1

k /

> C'max{d, nrlog®?(1/r)} Z |vjr — v;j,||2} < (2> {ne_”" +e© max{d’mlog”}} :
i3

(5.22b)
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Finally, we show a bound on the LHS of the bound (5.21)) by handling the singular values of
(random) sub-matrices of = with a uniform bound. In particular, we claim that there are universal

constants (C, ¢, ') such that if n > C'd max {SL, %ﬂ,log(n/d}}, then for each j € [k],

we have

Pr {51 inf mm (_ (ﬁla cee 76k>—r ' Ej(ﬁlu cee 75 )) < Cﬂ-mln }

7777 Bk €Ly
4

T,
<cexp | —n—s5"20 | +exp(—cn - Tmin)- 5.22¢
< cexp ( 1og2(1/7rmin)> p( ) (5.22¢)

Notice that claim (5.22a.1) implicitly defines a high probability event £(¢), claim (5.22a.1)
defines high probability events £ J(a'H), claim (5.22b) defines a high probability event £*)(r), and

claim (5.22c)) defines high probability events £ ;C) . Define the intersection of these events as

Er) =D N T NEYH NN E ]

J€lK] J€lk]

and note that the claims in conjunction with the union bound guarantee that if the condition on the
2 .
sample size n > ¢;d max {ﬂ%, bg%w, log(n/d)} holds, then for all » < 7, we have

min

T k2
PrE()) > 1= (ke (o) + ).

where we have adjusted constants appropriately in stating the bound. We are now ready to prove the
two parts of the proposition.

Proof of part (a): Work on the event £(r,). Normalizing inequality (5.21)) by n and using
claims (5.22a.Il). (5.22b), and with r = r, then yields, simultaneously for all j € [k], the
bound

; d \ kd
18] = B;|I* < C'max {Wf;inn o S2(1/r,) }]%j lvg.g — v 5|1 + C"azﬂiin log(n,/d)
(i) kd
* 2 /2
Smax{ —— 4]{%} Z v 0 — Vi 1* + Clo - log(n/d),

where in step (i), we have used the definition of the quantity r,. Using this bound for the indices
J, ¢ in conjunction with the definition of the quantity x proves inequality (5.18b). O
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Proof of part (b): We now work on the event £(r;,) and proceed again from the bound

* d Ty % C
IIﬁj—BjH?ngax{—WS , —— log®*( 1/n,} > vy — vl + = HPS es; ||

min”® Tmin '] min’?

Summing over j € [k] and using the Cauchy—Schwarz inequality, we obtain

: kd  k
Z||5f—5;||230max{7r3 g log (1) } (leﬁa 5 ll2>
j=1

Z | Ps,es, ||

mln E [k‘]

min min

—~

i) 3 kd
<7 (Z 185 — B; ||2> +C'o 27rmmn log(k) log(n/kd),

where in step (ii), we have used the definition of the quantity r;, the bound n > Ckd/73, , and
claim (5.22a.I). This completes the proof. O
We now prove each of the claims in turn. This constitutes the technical meat of our proof, and
involves multiple technical lemmas whose proofs are postponed to the end of the section.

Proof of claims (5.22a.I)) and (5.22a.1l): We begin by stating a general lemma about concentration
properties of the noise.

Lemma 5.4.1. Consider a random variable z € R" with i.i.d. o-sub-Gaussian entries, and a fixed
matrix = € R+ Then, we have

sup Z | Paiy....50 217 < 20%k(d + 1) log(kd) log(n/kd) (5.32a)

.....

with probability greater than 1 — (k d) ! and

sup max || Pzi(g,....5028; 61,00 > < 20°k(d + 1) log(n/d) (5.32b)
Br,....Bx€RI+1 JE[K]

with probability greater than 1 — (Z) !

The proof of the claims follows directly from Lemma([5.4.1] since the noise vector ¢ is indepen-

dent of the matrix =, and Z, C (Rd“)@k. ]

Proof of claim (5.22b): We now state a lemma that directly handles indicator functions as they
appear in the claim.
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Lemma 5.4.2. Let u* € RY and w* € R, and consider a fixed parameter v* = (u*, w*) € R
Then there are universal constants (cy, ca, c3, ¢4) such that for all positive scalars r < 1/24, we
have

(2540660 01 7) =1 2 e (B (1))

vEDB,,*
with probability exceeding 1 — c,e~¢2™ax{d:10logn} _ ropne=can Here we adopt the convention that

0/0 = 0.

Applying Lemma with v = v; j» and v* = v}, for all pairs (7, j') and using a union bound
directly yields the claim. [

Proof of claim (5.22c): For this claim, we state three technical lemmas pertaining to the singular
values of random matrices whose rows are formed by truncated Gaussian random vectors. We
let vol(K') denote the volume of a set K C R? with respect to d-dimensional standard Gaussian
measure, i.e., with vol(K) = Pr{Z € K} for Z ~ N (0, I).

Lemma 5.4.3. Suppose n vectors {x;}1, are drawn i.i.d. from N(0,1;), and K C R% is a
fixed convex set. Then there exists a tuple of universal constants (cy, c;) such that if vol®(K)n >
cidlog? (1/vol(K)), then

Amin < Z &g, > zcgvolg(K)-n

vz, EK

with probability greater than 1 — ¢1 exp (—cznlog;gl;%> — ¢y exp(—cyn - vol(K)).

For a pair of scalars (w, w’) and d-dimensional vectors (u, u'), define the wedge formed by the
d + 1-dimensional vectors v = (u, w) and v = (v, w') as the region

W(v,v') = {z € R": ({z, u) + w) - ((z, v') +w') <0},

and let Wy = {WW = W(v,v’) : vol(IW) < 6} denote the set of all wedges with Gaussian volume
less than ¢. The next lemma bounds the maximum singular value of a sub-matrix formed by any
such wedge.

Lemma 5.4.4. There is a tuple of universal constants (cy, co) such that if n > cydlog(n/d), then
SUP  Amax Z &&' | < e (0n+d+ndlog(1/5))
Wews ;€W

with probability greater than 1 — 2 exp(—caon) — ('} )_1.

coon
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We are now ready to proceed to a proof of claim (5.22c). For convenience, introduce the
shorthand notation

S5 =5, (B )

to denote the set of indices corresponding to observations generated by the true parameter /3.
Letting AAB := (A\ B)J (B \ A) denote the symmetric difference between two sets A and B,
we have

)\min (EngSj) Z )\min (E:SF;ES]*> - )\max (EE;ASjES;ASj> .
Recall that by definition, we have
STAS; = {i: (&, B;)} = max and (§;, f;) # max} U{z (&, B;) # max and (;, ;) = max}
C U {i 2 (&, vjy) - (&, vy) <0}
J'ElkN
= U {i ;e W (v}, v55)}- (5.33)
VUL

Putting together the pieces, we have

Mnin (2425, ) = Awin (Z5:5s; ) = - A Sooooad | 63
3'#i i:xl‘GW(v;‘,j,,vj’j/)
Conditioned on the event guaranteed by Lemma |5.4.4| with 6 = vol (W (v;j,, vmz)) and for a
universal constant C', we have the bound

sup >\max Z &gl‘r

vj’j/E%v;j’(m) i, EW (v* v
’ e 5.5°Y4.3"

< sup Cy(nvol(W ('U‘f’j/, vj,j/)) log(1/ vol(W (U;j/, ij/))) +d)

J
v; 1 EB i (r0)
+ d>

i
(i)
< sup Ci|n
05,51 €Byx (o)
7,3

(i)
< nrolog®?(1/ro) +d
i) g

< C min
=n _k‘ )

where in step (i), we have used Lemma[B.1.1] and in step (ii), we have used the definition of the set
B. Step (iii) uses the assumption n > ¢ kd /73

min*

*
oy~ v;

J:J’ 3/2 }

||”w’ Y

log

*
5,3’

u
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Moreover, Lemma |5.4.3| guarantees the bound A\, (E;ES;) > con - o
J

so that putting

min?

together the pieces, we have

3
inf Amin (EngSJ) > 02n7r — Cnk I;{jlln

> Cndon, (5.35)

4

with probability greater than 1 — cexp <—cnlog2(”1“%> —  exp(—c'n - Tin). These assertions

hold ided n > Cd _k_ log?(1/mmin) | .
provided n = Lamax 4 7 —, — =- ,log(n/d) ¢, and this completes the proof. O

Having proved the claims, we turn to proofs of our technical lemmas.

Proof of Lemma 5.4.1]

In this proof, we assume that o = 1; our bounds can finally be scaled by o2.
It is natural to prove the bound (5.32b) first followed by bound (5.324). First, consider a fixed
set of parameters {/3, ..., Ox}. Then, we have

2

Y

P02 = |UU 2

.....

where U € RIFI*(@+)) denotes a matrix with orthonormal columns that span the range of =7 (31, . . ., Br).
Applying the Hanson-Wright inequality for independent sub-Gaussians (see [269, Theorem
2.1]) and noting that |[UU " || < v/d + 1 we obtain

Pef[UU 2| > (d+ 1)+ ) < e,

for each t > 0. In particular, this implies that the random variable H UU T zg; H2 is sub-exponential.
This tail bound holds for a fixed partition of the rows of =; we now take a union bound over all
possible partitions. Toward that end, define the sets

={S;(Br,.... k) Br,.... Bk € Rdﬂ} , for each j € [k].
From Lemma , we have the bound |S7| < 2¢kd1eg(en/d) Thuys, applying the union bound,

we obtain

Pr{ sup  ||Pzi(ar....50) %50 || (d+1)+ t} < |S7e

B1,.-, B ERITL

and substituting ¢t = ck(d +1) log(n /d) and performing some algebra establishes bound @]}

~~~~~

for a fixed set of parameters { Bl, o 5k} Note that this is the sum of k 1ndependent sub exponentlal
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random variables and can be thought of as a quadratic form of the entire vector z. So once again
from the Hanson-Wright inequality, we have

forall ¢t > 0.
Also define the set of all possible partitions of the n points via the max-affine function; we have
the set

S={S1Br, By k(B ) By B € RTFLY

Lemma yields the bound |S| < 2¢kdlog(kd)log(n/kd) "and combining a union bound with the
high probability bound above establishes bound after some algebraic manipulation. O

Proof of Lemma [5.4.2

Let v, = v — v*; we have

1{(&, v) - (&, v*) < OH&, v)2 < 1{(&, v) - (&, v*) < OHE, T)?
< 1{(&, W) > (&, v HE )t

Define the (random) set K, = {i : (&, 7,)? > (&, v*)?}; we have the bound

—_

—Zl{sz, (& v7) S OHE, v)° < —Ek

We now show that the quantity ||=x,v,||? is bounded uniformly for all v € B, (r) for small enough
r. Recall that u* is the “linear” portion of v*, and let m = max{d, 10logn,n - (16r - y/log(1/r)}
(note that m depends implicitly on 7). We claim that for all » € (0, 1/24], we have

Pr{ sup |Kv| > m} < 4€—Cmax{d71010gn} + cne—c’n’ and
(r)

vEDB ,* (1
(5.36a)
) 2
Pre | sup ”|“|T°|TQH > (d+ 16mlog(n/m)) p < e~cmaxidl0logn} (5.36b)
TCln weRA+1L w
(1m0
Taking these claims as given, the proof of the lemma is immediate, since % < m, so that

log(n/m) < C'log(1/r).
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Proof of claim (5.36a): By definition of the set K, we have

Pr{ sup |K,|>m}< 3 Pr{3veBu(r): [l > [Er0|P)

VEB ,x (1) TCh]
T|>m
=S pr{gve 3, (r) - 10l [Ell” HETU*HQ}
v* . 12 B > 0
TCln): w1 Iyl [
IT|>m
S IErvl? _ IErv*|?
< Z Pr{EIU €B,(r):r 2 > T
TCn): v
[T[>m
3 (PY{HUG% (r): HHT’T,E” > (Vi + \/m+tT)2}
TC[n]:
|T|>m

e { B i T }),

J[ur]?

where the final step follows by the union bound and holds for all positive scalars {t;}rcp,. For
some fixed subset T" of size ¢, we have the tail bounds

Zrwl|? ()
Pr{ sup ” T”2” (Vd+VI+1)?y <2e7/? forallt >0, and (5.37a)
weritl [|w]|
w#0
p |Zrv*|? @ e

where step (i) follows from the sub- Gaus51an1ty of the covariate matrix (see Lemma B.1.5)), and
step (i) from a tail bound for the non-central x? distribution (see Lemma [B.1.6).
Substituting these bounds yields

0/2
- 2 d+V0+1t,)?
Pr{ sup |K,|>m} < Z <n) 2e7 /% 4 (erQ. (Vd+ Vit )

vEB. (1) ia \F ¢
B l
- n 42 \/3 -+ \/z + tg
< 2e /4 (o 1 F
<> (1) Vi

Recall that ¢, was a free (non-negative) variable to be chosen. We now split the proof into two cases
and choose this parameter differently for the two cases.
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Case 1, m < ¢ < n/e: Substituting the choice t, = 4,/¢log(n/{), we obtain

(1) [ (o LY i (2 () (o YRV EAOIDY

INZ VAN
M /N VRS
1S3 IS ~| 3
N _ N—— N———

SIS ~

—cf

+ <Z> : <27" (1 +5\/W))Z
i (Z) (12 Viog@wyD)'
<)+ (2 (2) v

where step (i) follows from the bound m > d, and step (ii) from the bound ¢ < n/e.
Now note that the second term is only problematic for small ¢. For all £ > m = n - (167 -
log(1/7)), we have

—cl

INE

¢
(12 (%) r s/log(n/ﬁ)) < (3/4)".
The first term, on the other hand, satisfies the bound (%) < (3/4)" for sufficiently large n.

Case 2,/ > n/e: In this case, setting t, = 2+/n for each ¢ yields the bound

(2‘) 2t/ ¢ (27- : %)g <2 (n%) e " 4 (12r)f

< Ce—CTl

— )

where we have used the fact that d < n/2 and r < 1/24.

Putting together the pieces from both cases, we have shown that for all r € (0, 1/24], we have

nje
Pr{ sup |K,|>m} <cne "+ Z (3/4)"
Ue%v* (7‘) £:m+1

< cne " + 4(3/4)max{d’1010gn}7

thus completing the proof of the claim.
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Proof of claim (5.36b): The proof of this claim follows immediately from the steps used to
establish the previous claim. In particular, writing

Pre | | IErwl® > d+ 16mlog(n/m)

TC[n]: wi|w||=1
|T|<m

<prd J U 1=l > (Va+ v+ imloginjm)

TCn]: wi|w||=1
[T|<m

<Seed U U =l > (Va+ v+ amloglfm)

=1 TC[n]: wi|w||=1

)
(Z) exp{—2m log(n/m)}

IA
)

(ﬁ) en < 2efcmax{d,1010gn}
m —_ ?
where step (iv) follows from the tail bound (5.37a)). ]

Proof of Lemma

The lemma follows from some structural results on the truncated Gaussian distribution. Using
the shorthand vol : = vol(K) and letting ) denote the d-dimensional Gaussian density, consider a
random vector 7 drawn from the distribution having density h(y) = -5¢(y)1{y € K}, and denote
its mean and second moment matrix by p, and X2, respectively. Also denote the recentered random
variable by 7 = 7 — p,. We claim that

|- |> < Clog (1/ vol), (5.38a)
Cvol?>-I =<, < (14 Clog(1/vol)) I, and (5.38b)
T is c-sub-Gaussian for a universal constant c. (5.38¢)

Taking these claims as given for the moment, let us prove the lemma.

The claims (5.38a)) and (5.38¢]) taken together imply that the random variable 7 is sub-Gaussian
with 1y parameter (* < 2¢* + 2C'log (1/ vol). Now consider m i.i.d. draws of T given by {7;}" ;
standard results (see, e.g., Vershynin [319, Remark 5.40], or Wainwright [323, Theorem 6.2]) yield
the bound

1 — d d
Pri|— T =S e > — 4/ — <2 — i ).
r{mm;TTZ llop > ¢ <m+ - +5)} < exp( enmin{d, § })
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Using this bound along with claim (5.38b)) and Weyl’s inequality yields

Amin ( ZT, ) > C vol”> —(? (% + \/ng 5) (5.39)

with probability greater than 1 — 2 exp (—cn min{4, 6%}).

Furthermore, when n samples are drawn from a standard Gaussian distribution, the number m
of them that fall in the set K satisfies m > %n - vol with high probability. In particular, this follows
from a straightforward binomial tail bound, which yields

vol
Pr {m < o 2VO } < exp(—cn - vol). (5.40)

log?( 1/ vol)

Recall our choice n > Cd , which in conjunction with the bound (5.40) ensures that

C vol? > 1 [ with high probablhty Setting 6 = C'vol® /o in inequality (5.39), we have

mm( Zn >>—v012

with probability greater than 1 — 2 exp (—cn vol* /o*). Putting together the pieces thus proves the
lemma. It remains to show the various claims. ]

Proof of claim (5.38a) Let 74 denote a random variable formed as a result of truncating the
Gaussian distribution to a (general) set A with volume vol. Letting .4 denote its mean, the dual
norm definition of the /5 norm yields

HMAH = Sup <U, MA>
veSd—1

< sup E[(v, 74)l-
veSd—1

Let us now evaluate an upper bound on the quantity E|(v, 74)|. In the calculation, for any d-
dimensional vector y, we use the shorthand y, : = vy and y, : = U\TU y for a matrix U\, € R™>(@-1
having orthonormal columns that span the subspace orthogonal to v. Letting A, C R denote the
projection of A onto the direction v, define the set A\, (w) C R?"! via

A\v(w) = {y\v e R y € Aand y, = w}.
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Letting )4 denote the d-dimensional standard Gaussian pdf, we have

1
El(v, 74)| = vol | ly " vlvay)dy
ye

1
= /yeA Yol (Yo) a1 (o) dy

1
-3 |yv|¢(yv) (/ ¢d—1(y\v € A\v(yv))dy\v> dyv
Yo EAy y\veA\v(y’U)

vol

I ()
M 1

VOI YpEAy

where step (i) follows since f(y,) < 1 point-wise. On the other hand, we have

vol = / V(Yy) ( / ¢d_1dy\v> dy, < / U (Yy)dys. (5.42)
Yo €Ay Y\ w €AV (Y) Yo €Ay

Combining inequalities (5.41) and (5.42) and letting w = y,, an upper bound on ||z, || can be
obtained by solving the one-dimensional problem given by

1
|1 ]| <sup — |wlep(w)dw
SCR vol weS

s.t. (w)dw > vol .
weS

It can be verified that the optimal solution to the problem above is given by choosing the truncation
set S = (00, —f) U [, 00) for some threshold 5 > 0. With this choice, the constraint can be written

as
21
vol < (w)dw < 2\/i—e_52/2,
jw|>8 mf

where we have used a standard Gaussian tail bound. Simplifying yields the bound

B < 24/log(C/ vol).

Furthermore, we have

1 C 2
— dw = —eP°/2
vol ‘w‘2ﬁ|w’w(w) v VOle

(i) 3
2 b

< cy/log(1/ vol),
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where step (ii) follows from the bound Pr{Z > 2} > ¢(z) (£ — Z) valid for a standard Gaussian
variate Z. Putting together the pieces, we have

|21 < ¢log(1/ vol).

O

Proof of claim Let us first show the upper bound. Writing cov(7) for the covariance
matrix, we have

15+ llop < [l cov(T)llop + llper I
(iif)
< [[llop + C'log(1/ vol),

where step (iii) follows from the fact that cov(7) < cov(Z), since truncating a Gaussian to a convex
set reduces its variance along all directions [[163,317].

We now proceed to the lower bound. Let P denote the Gaussian distribution truncated to the
set /(. Recall that we denoted the probability that a Gaussian random variable falls in the set K by
vol(K); use the shorthand vol = vol(K). Define the polynomial

pu(®) = (2 — Exp [X], u)?;

note that we are interested in a lower bound on inf,cgi-1 Exp, [pu(X)].
For > 0, define the set

Sg::{ajeRd:pu(m)gé}ng.

Letting Z denote a d-dimensional standard Gaussian random vector and using the shorthand
a:=Ex.p,[X], we have

Pr{Z € S5} =Pr{{Z — a, u)* < 6} (5.43)
= Pr{(a,u) = VB < (7, u) < (0, u) + V6 | (5.44)

(o, u)+V5 2
_ / U V2o (5.45)
(a, u)—Vé

where in the final step, we have used the fact that ¢)(x) < 1/+/27 forall x € R.
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Consequently, we have

Ex-r [pa(X)] = —Ez [pu(Z)1{Z € K}

vol

> LB, pu(2)1{Z € KNS

vol

(iv) 1
> —E 1{Z e K <
z = z[01{Z € K N S}

0 c

(v) vol— %5

>0

vol

Here, step (iv) follows from the definition of the set S5, which ensures that p,,(x) > 0 for all z € S§.
Step (v) follows as a consequence of equation (5.43), since

Pr{Z e KNS} =Pr{Z € K} —Pr{Z € S5} > VOl—Hzé.
m

Finally, choosing § = ¢ vol® for a suitably small constant ¢, we have Exp,. [p.(X)] > C vol® for a
fixed u € S¥7!. Since u was chosen arbitrarily, this proves the claim. 0

Proof of claim Since the random variable £ is obtained by truncating a Gaussian random
variable to a convex set, it is 1-strongly log-concave. Thus, standard results [190, Theorem 2.15]
show that the random variable £ is c-sub-Gaussian. 0

Proof of Lemma 5.4.4]

For a pair of d 4+ 1-dimensional vectors (v, v’), denote by
nwey = #{1 1 x; € W(v,0')} (5.46)

the random variable that counts the number of points that fall within the wedge W (v, v'); recall our
notation W; for the set of all wedges with Gaussian volume less than §. Since each wedge is formed
by the intersection of two hyperplanes, applying Lemmas [B.1.2]and [B.1.3]in conjunction yields that
there are universal constants (c, ¢/, C') such that

sup nwy < con (5.47)
Wews

with probability exceeding 1 — exp(—c'né?), provided n > $dlog(n/d). In words, the maximum
number of points that fall in any wedge of volume ¢ is linear in én with high probability.
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It thus suffices to bound, simultaneously, the maximum singular value of every sub-matrix of =
having (at most) con rows. For a fixed subset S of size cdn, standard bounds for Gaussian random
matrices (see, e.g., [319]])) yield the bound

max<Z§z )<Cl 5n+d+t)

€S
with probability exceeding 1 — 2 exp(—C1t).
Furthermore, there are at most con - (cg‘n) subsets of size at most cdn; taking a union bound over
all such subsets yields the bound

n
> < ) _ '
P{HA (Z& ) (0 +d -+t >} <2en- (5 )expl-Cut)

€S

Making the choice ¢t = 2con log(1/cd) and putting together the pieces proves the lemma. O

5.5 Summary and open questions

We conclude this portion of the paper with short discussions of related models and future directions.

5.5.1 Related models

Models closely related to (5.1]) also appear in second price auctions, where an item having d features
is bid on and sold to the highest bidder at the second highest bid [221} 227]]. Assuming that each of
k user groups bids on an item and that each bid is a linear function of the features, one can use a
variant of the model with the max function replaced by the second order statistic to estimate
the individual bids of the user groups based on historical data. Another related problem is that of
multi-class classification [75]], in which one of £ labels is assigned to each sample based on the
argmax function, i.e., for a class of functions F, we have the model Y = argmax; ;< f;(X) for
Jj distinct functions fi, ..., fr € F. When F is the class of linear functions based on d features,
this can be viewed as the “classification” variant of our regression problem.

While the connection of the max-affine model to multi-index models was discussed extensively
in Chapter [T} the model (5.1]) can also be seen as a special case of mixture-of-experts models [I51]].
In the mixture-of-experts model, the covariate space is partitioned into k regions via certain gating
functions, and the observation model is given by k distinct regression functions: one on each region.
The model is clearly a member of this class, since the max(-) function implicitly defines a
partition of R¢ depending on which of the k linear functions of X attains the maximum, and on
each of these partitions, the regression function is linear in X.

5.5.2 Future directions

In this chapter, we analyzed a natural alternating minimization algorithm for estimating the max-
imum of unknown affine functions, and established that it enjoys local linear convergence to a
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ball around the optimal parameters. We also proposed an initialization based on PCA followed
by random search in a lower-dimensional space. An interesting open question is if there are other
efficient methods besides random search that work just as well post dimensionality reduction.
Another interesting question has to do with the necessity of dimensionality reduction: in simulations
(see the full paper [119]), we have observed that if the AM algorithm is repeatedly initialized in
(d+ 1)-dimensional space without dimensionality reduction, then the number of repetitions required
to obtain an initialization from which it succeeds (with high probability) is similar to the number of
repetitions required after dimensionality reduction. This suggests that our (sufficient) initialization
condition (5.14a) may be too stringent, and that the necessary conditions on the initialization to
ensure convergence of the AM algorithm are actually much weaker. We leave such a characterization
for future work, but note that some such conditions must exist: the AM algorithm when run from a
single random initialization, for instance, fails with constant probability when k£ > 3. Understanding
the behavior of the randomly initialized AM algorithm is also an open problem in the context of
phase retrieval [[327,348]].

In the broader context of max-affine estimation, it is also interesting to analyze other non-convex
procedures (e.g. gradient descent) to obtain conditions under which they obtain accurate parameter
estimates. The CAP estimator of Hannah and Dunson [[139]] and the adaptive max-affine partitioning
algorithm of Baldzs [|15] are also interesting procedures for estimation under these models, and it
would be interesting to analyze their performance when the number of affine pieces £ is fixed and
known. For applications in which the dimension d is very large, it is also interesting to study the
model with additional restrictions of sparsity on the unknown parameters.

In the context of this dissertation, this chapter demonstrates a computationally efficient method
that enjoys statistical estimation guarantees while solving a non-convex optimization problem. Our
investigation is also motivated in part by the fact the convex LSE (5.6) does not adapt to piecewise
affine structure for any d > 5 [180], and in that sense, the methodology introduced and analyzed in
this chapter should be viewed as performing tractable statistical estimation over simpler sub-models
when the natural procedure for the overall model—convex regression MLE in this case—does not
come with any adaptation guarantees. In the next chapter, we will show that a close relative of the
alternating minimization heuristic analyzed here has favorable properties even in semiparametric
index models; in particular, that it adapts to the noise level in a subclass of single-index models.
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Chapter 6

Adapting to noise level in semiparametric
estimation

In classical nonparametric regression, we are interested in modeling the relationship between a
d-dimensional covariate = and a scalar response y through a function f : R? — R that satisfies
some regularity conditions. However, as alluded to briefly in the previous chapter, standard
nonparametric function classes in high dimensions are extremely expressive and require prohibitively
many samples—exponential in the dimension—to learn (see e.g., Tsybakov [302]). A popular
dimensionality reduction technique is to assume that the function f is given by the composition of a
lower-dimensional function % : R*¥ — R with a linear model. Formally, we have

f(x) =h({b,x), (02, 2), ..., (0 x)),

where the d-dimensional regression coefficients 61, . . . , 0 span a k-dimensional subspace for some
k < d. Such models are called multi-index models, since the functional relationship can be captured
by a few indices that represent particular directions of the covariate space. Indeed, we saw an
instance of such a model in the previous chapter where the nonlinear function h was known, and
given by the max function. In this chapter, our focus will be on the semiparametric setting in which
the nonlinearity is only known to belong to a class of functions.

6.1 Introduction

In this chapter, we focus on the special case of the multi-index model where £ = 1, which results in
the single-index model

y=g"((0", ) e (6.1)

or SIM for short. Here g* is a univariate, nonparametric link function, 6* € R? is the salient linear
predictor, and € is a random variable independent of everything else that captures the noise in the
modeling process. The model between the covariate and response should be seen as one of the
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most basic forms of non-linear dimensionality reduction, and as a step towards the broader goal
of representation learning or feature engineering. In order to facilitate a concrete theoretical study,
we also assume in this chapter that the covariates = are drawn from a normal distribution, and that
the noise € is sub-Gaussian with parameter o; these are standard assumptions in many parts of the
literature [45/ |89, 195].

As stated, the single-index model is classical, and there is an extensive body of literature
spanning the statistics, econometrics, and geometric functional analysis communities that is dedi-
cated to studying many aspects of this model. We provide an extensive survey of this literature in
Section[6.1.2]to follow. For now, let us focus on the recent paper by Plan and Versyhnin [253]], which
studies the problem under further geometric constraints on the parameter 6* and represents, to an ex-
tent, the state-of-the-art progress on this problem. Upon analyzing a moment-based method—whose
roots go back to the classical work of Brillinger [45]—for recovering the “signal” 6*, they point out
that it is not necessary to explicitly model the non-linear link function g*. To quote portions of their
text:

“This leads to the intriguing conclusion that in the high noise regime, an unknown non-linearity in
the observations does not significantly reduce one’s ability to determine the signal... even when the
non-linearity is not explicitly modeled.”

This surprising claim is somewhat counter-intuitive: after all, obtaining a “good” model for the
function g* should help in the estimation task, and this intuition has largely guided the extensive
sub-field of generalized linear modeling [217]], in which we assume the function g* is known exactly.
More generally, there ought to exist a trade-off between the approximation and estimation errors for
this class of problems: on the one hand, we incur a certain approximation error (or bias) by treating
the unknown function as linear, and our estimation error (or variance) behaves as though the true
model is linear. The results of Plan and Vershynin—and of many other preceding papers in this
general area—are intriguing because they show that for a large enough noise level, and provided
that the function g* is not “orthogonal” to the class of linear functions, a biased estimator for the
parameter achieves error that is optimal up to constant factor, since the bias is of a smaller order
than the variance.

On the other hand, one could instead ask what happens in the low noise, or high signal regimeﬂ
when the errors made due to modeling the non-linear function as linear are no longer of the same
order as the noise. Indeed, such a question is motivated by applications in which we often have
significant side-information that allows us posit some function class G to which g* belongs. By
building better models for the non-linearity, it would stand to reason that the bias can be reduced
and finally eliminated when G DO ¢*. The major motivation for this chapter is to understand this
phenomenon in quantitative terms. We study this issue in the context of parameter recovery, i.e.,
recovering 6* from n i.i.d. samples drawn from the model. From a statistical perspective, we
would like to derive precise bounds on the recovery error as a function of both the dimension d

' A natural measure of signal-to-noise ratio in the problem is given by |[|0*|| /. We set ||§*| = 1 for identifiability
in the single-index model, and so the low noise regime in which o — 0 corresponds to high signal-to-noise ratio. Thus,
we use the terms ‘low noise’ and ‘high signal’ interchangeably in this chapter.
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Figure 6.1: Left: The unknown, monotone function ¢g*(z) = sgn(z) - log (1 + |z|) used in the
simulation. We collected i.i.d. samples from the single-index model defined by this function,
corrupted by Gaussian noise of variance o2. Right: Simulations of the error of parameter estimation
plotted against the noise level ¢ for (a) in red, the standard Average Derivative Estimator (ADE) [45]
254]] and (b) in blue, our refined estimator from Algorithm 4] that employs the least squares estimator
over monotone functions as the non-parametric estimate of the ‘inverse’ function. In this experiment,
we set p = 20 and n = 5000, and the errors are averaged over 50 independent runs of the respective
algorithms. The generalized Lasso estimator of Plan and Vershynin [253]] also has very similar
performance to the ADE method and so its error is not plotted here.

and the sample size n. In addition, we would like to be able to accomplish the estimation task in
a computationally efficient manner, and by using fine-grained properties about the function class
G. For a comparison of our approach and motivation with those of related work, see Section [6.1.2
Overall, our approach formalizes a complementary notion to that articulated by Plan and Vershynin
above. In particular, we show that when ¢g* € G, then leveraging certain structural properties of the
class G through a natural, iterative algorithm can lead to uniformly faster rates of estimation for all
noise levels. In particular, significant gains are obtainable in the high signal regime by methodology
that automatically adapts to the noise level of the problem.

To foreshadow our results, let us illustrate in a simulation the quantitative benefit of using
our iterative framework for a sample link function. Figure [6.1] plots the performance of our
procedure along with a classical semiparametric estimate as a function of the noise parameter o. In
particular, while standard algorithms see a large error floor even as o — 0, our estimator achieves
asymptotically better error in the high signal (or low noise) regime, while remaining competitive
with the classical approach even for larger values of o. It is also worth noting that even so, the error
achieved by our estimator plateaus for small values of o, leading to a non-zero error floor of the
problem. This motivates our study of the special case o = 0, which we show serves as a proxy for
all values of o that are “sufficiently small”.

In the literature on statistical learning theory, the low-noise regime has received considerable
attention for empirical risk minimization applied to regression problems (e.g., [[189} 222]). In
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particular, Mendelson [222], noted that classical analyses of ERM are often very conservative in the
low noise (or what is referred to in learning theory as the nearly-realizable) setting. He proposed a
new “‘small-ball” method of analysis to derive rates for the problem that are usually much faster
when the model is nearly-realizable. Our motivation should be viewed as analogous but as applied to
semiparametric regressio The low-noise regime has also been extensively studied in the literature
on statistical signal processing, but as applied to specific models such as phase retrieval (in which g*
is the absolute value or square function) and its relatives. For the related (noisy) matrix completion
problem, the recent paper [62] provides an analysis of a popular convex relaxation method in the
low-noise regime via a delicate analysis of a non-convex optimization algorithm.

We now discuss our contributions in a little bit more detail in Section [6.1.1] before providing a
survey of related work and applications in Section

6.1.1 Contributions and Organization

Our approach to performing estimation under the single-index model is based on leveraging fine-
grained structure in the function ¢g*, and we formalize the notion of structure that we require by
assuming access to a certain “labeling” oracle that provides information about the “inverse” model
y — E[(x, 0*)|y]. Loosely speaking, the labeling oracle helps us narrow our investigation to regions
of the domain of the function ¢* on which this conditional expectation is easy to reason about.
This provides, in broad terms, a program for estimation under the semiparametric model (6.1)) via
a reduction to nonparametric regression over the inverse function class. While we omit it here
for brevity, this intuition is illustrated in the full paper [243]] via a warm-up exercise on the phase
retrieval problem, where we implement a labeling oracle and reduce the problem to linear regression.
This leads to a simple algorithm for phase retrieval that achieves optimal parameter estimation rates.

We present in Section [6.2] the precise labeling oracle that we require for general single-index
models, and provide a flexible procedure for parameter estimation. This procedure assumes access
to the labeling oracle and solves a non-convex problem via an iterative algorithm. It requires, as
input, any nonparametric function estimation oracle over the inverse function class. Under standard
assumptions on the observation model, our general result (Theorem [6.2.1]) provides guarantees on
the error attained by such an iterative algorithm for general SIMs as a function of the error rate of
the nonparametric estimator provided as input to the procedure. We then leverage the vast literature
on empirical risk minimization (ERM) for nonparametric function estimation in order to establish
Theorem [6.4.1] which shows upper bounds on parameter estimation in terms of natural measures of
complexity of the class of inverse functions.

In order to illustrate a concrete application of our framework, we consider a sub-class of
monotone SIMs for which a labeling oracle can be implemented efficiently, and with no additional
computational effort. This leads to a procedure with end-to-end guarantees for this class, which
we present as Corollary This result provides a sharper parameter estimate than classical
procedures, and the gains are particularly significant when o — 0.

’Indeed, Mendelson’s general techniques are also applicable to this problem via the reduction that we establish; see
the full paper [243]] for a discussion.
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6.1.2 Related work

Single-index models have seen a concrete theoretical treatment across multiple, related commu-
nities. The classical viewpoint emerges from the statistics community, in which these have been
studied under the broader umbrella of semiparametric estimation; the latter is broadly applied in
microeconomics, finance, and the social sciences. Index models, in particular, have been used as
a general-purpose, non-linear dimensionality reduction tool. We refer the the interested reader to
the books by Bickel et al. [33] and Li and Racine [197] for a broad overview of classical methods
for semiparametric estimation, their applications, and associated guarantees. In the context of the
single-index model, a well known estimator for the index vector is the semiparametric maximum
likelihood estimator (SMLE) [145]], which solves the full-blown M-estimation problem, finding the
function, index pair that maximizes the likelihood of the observed samples. The SMLE is known to
have excellent statistical properties in the asymptotic regime where the ambient dimension is fixed
and the number of samples goes to infinity—in particular, a parameter estimate obtained as a result
of running these procedures is often “y/n-consistent”—and succeeds with minimal assumptions
on the covariate distribution [176, 266]]. In addition to the SMLE, other influential approaches
include gradient-based estimators (73} [146], moment-based estimators [45, |195]], and slicing es-
timators [196], which have driven a lot of progress in the deployment of semiparametric models
in practice. There has also been recent interest in studying some of these procedures under weak
covariate assumptions [[8]. Indeed, our general approach can be viewed as a more refined version of
slicing; this is discussed in detail in Remark We also note the recent work of Dudeja and Hsu,
which falls under this broad umbrella and analyzes the single-index model with Gaussian covariates
by expressing the unknown function in the Hermite polynomial basis. Their estimators may be
viewed as higher-order moment methods, and they propose efficient, gradient-based algorithms to
compute them.

There has also been a lot of recent interest in applying the double (or de-biased) machine learning
approach to semiparametric models,especially in the high-dimensional regime [66, 67]]. These
papers are motivated by the fact that semiparametric estimation is a natural lens through which to
view estimation problems with nuisance components, when the statistician is only interested in some
target component; examples of such problems span the diverse fields of treatment effect estimation,
policy learning, and domain adaptation. The classical notion of Neyman orthogonality [238] has re-
emerged as a natural and flexible condition under which to study these problems. We do not survey
this literature in detail, but refer the reader to the recent paper by Foster and Syrgkanis [108], which
provides a general treatment of problems in this space. Focusing on proving excess risk bounds for
problems with a nuisance component, these results show that a natural one-step meta-algorithm that
splits samples between estimating the nuisance component and the target component (or parameter)
is able to achieve oracle excess risk bounds in some settings. In particular, they show that if a
Neyman orthogonality condition is satisfied and the class of nuisance components is not too large
when compared to the target class, then oracle risk boundsE] are achievable. The generality of these
results is striking: they apply to a general class of problems, general loss functions, and general

3That is, the excess risk of estimating the target is of the same order as the risk attainable if the nuisance component
were known exactly



CHAPTER 6. ADAPTING TO NOISE LEVEL IN SEMIPARAMETRIC ESTIMATION 156

data distributions, thereby providing a broad framework for the study of such models. Notably,
the results are also reduction-based, in that they allow the statistician to use any procedure for
estimation of the target and nuisance components, and derive bounds that depend on the rates at
which these components can be estimated. In this last respect, our treatment is similar; however, our
focus should be viewed as being complementary to this general theory. Some salient differences are
worth highlighting: First, and foremost, we are interested primarily in understanding the rates of
estimation as a function of the noise level in the problem, which was not the focus of these recent
results. In particular, any one-step meta-algorithm will no longer be optimal (even in the special
case of SIMs) over all noise levels. Second, we are interested in the rates of parameter estimation
as in the semiparametric literature, and this requires us to impose stronger covariate assumptions.
Finally, by specializing our model class to single-index models, we are able to simultaneously
address issues of computational efficiency, statistical optimality, and adaptivity to the noise level.

A second perspective on single-index models emerges from the statistical signal processing
literatureﬂfor more broadly, the literature on geometric functional analysis and linear inverse
problems—in which we are interested in imposing additional structure on the underlying param-
eter 0*. While the application of geometric functional analysis to linear inverse problems is a
relatively recent endeavor, the literature in this general space is already quite formidable; examples
of results here can be found in the papers [110, 237,253 254,296, 297,339, 340, 342]. The focus in
this area is on recovering the underlying “signal” 6* at a rate that depends optimally on the properties
of the set to which the signal belongs. This literature often places stronger assumptions on the
measurements or covariates—often Gaussian, although some extensions to sub-Gaussian settings
are available (e.g. [223]]). Many of the algorithms in this space are based on convex relaxations, but
in the case where there is no structure on 6*, they reduce to more classical moment-based estimators.
As mentioned in Section [6.1] a representative result in this space is that of Plan and Vershynin,
which shows that provided the unknown link function has a non-zero “projection” onto the class
of linear functions, a constrained variant of the standard (linear) least squares estimator recovers
the true parameter at the optimal rate for large noise levels; in particular, this error rate depends
precisely on the geometric properties of the set to which #* belongs. Extensions of this result are
also available for cases when ¢* is an even function [297], and are based on constrained versions of
the Principal Hessian Directions (PHD) algorithm [195]]. Besides convex relaxation approaches,
there are also non-convex approaches to problems in this space; for example, Yang et al. [341]
study a two-step non-convex optimization procedure for SIMs, and show that this algorithm is
able to obtain a parameter estimate at the optimal Sk’%l rate for s-sparse vectors #* under moment
conditions on the link function.

Given that we specialize some of our results in the sequel to the class of monotone SIMs, let us
now discuss some prior work in this space. The design of efficient algorithms for monotone single-
index models was the focus of much work in the machine learning community [161}|162], where
these models were introduced in order to account for mis-specification in generalized linear models
with known link functions. The algorithms here—Isotron [[162] and variants [161]—are inspired by

4Our division of related work under these two broad headings is somewhat arbitrary; the motivations of some of the
papers listed in the geometric functional analysis literature were statistical, and vice versa.
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the Perceptron algorithm and run variants of the stochastic gradient method. They obtain bounds
on the excess risk incurred by the algorithm, showing bounds that are typically nonparametric.
These models have also seen a more recent appearance in the literature on shape-constrained
estimation, in which index-models and their relatives have emerged as natural means to alleviate
the curse of dimensionality [[12,61,/178]]. Broadly speaking, these papers analyze the consistency
of the global SMLE for their respective problems, and propose heuristic algorithms—without
provable guarantees—that solve this non-convex problem by alternating projection procedures. It
should be noted that in the absence of smoothness assumptions, there are a multitude of technical
obstacles that must be overcome in order to show that the SMLE is even consistent. The monotone
single-index model, in particular, has been analyzed in recent papers by Balabdaoui et al. [12] and
Groeneboom and Hendrickx [[126]. In addition to providing fine-grained guarantees for the SMLE
(e.g., the limiting distribution of the regression estimate at a point [[127], or the prediction error of
the “bundled” function ¢g*((#*, -))), these papers also provide guarantees for the ADE approach and
their guarantees hold under minimal assumptions on the underlying link function.

Having discussed the lay of the land, let us now put our contributions in context. In spite
of the vast literature on single-index models, some important and fundamental questions remain
unaddressed. In particular, our focus is on simultaneously tackling the following issues:

* Leveraging structure in the class of link functions: Moment and slicing based estimators,
which form the foundation for the investigation of SIMs in the literature on linear inverse
problems, completely ignore any fine-grained structure in the true function g*. As alluded
to earlier, they simply require g* to obey certain moment conditions, and do not attempt to
model it in any way. This leads to a “bias” in these estimators that becomes significant in the
high signal regime, and indicates that better models for g* can be leveraged to reduce this
bias.

* Adapting to the noise level: As alluded to in the introduction, none of the computationally
efficient estimators of #* obtain a provably optimal error bound as a function of the noise
variance o2. In particular, the performance of estimators in the low noise setting is near-
identical to their performance in the constant-noise setting. Take, for example, the recent
results of Babichev and Bach [8] and Dudeja and Hsu [89], which show a bound of the form

|\§—9*H? < (02+c)% (6.2)

for their respective estimators, provided the function ¢g* satisfies certain conditions. The <
notation in these bounds hides logarithmic factors in the pair (d, n), and the constant ¢ in this
bound is some problem dependent constant that is strictly positive for any non-linear g*. The
analysis of Yang et al. [[341] posits additional structure on the underlying parameter §* and
improves the rate of the estimate (i.e., the dimension d in the bound is replaced by a
geometric quantity, but the (o2 + ¢) term persists). Clearly, these bounds exhibit the same
behavior for both large and small o, and this is a limitation of these approaches that we would
like to address. Adaptivity to noise variance is only achievable when we are able to drive the
bias of the problem to zero at a faster rate by positing a good model for the function g*.
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* Computational efficiency: The SMLE, for instance, solves a non-convex problem to optimal-
ity and is NP-hard to compute for many nonparametric function classes. Variants of the SMLE
are able to avoid some statistical issues with the SMLE, but they are still computationally
intractable.

* Dependence on the dimension: Since a large portion of the semiparametric literature is
classical, the dependence on the covariate dimension d is seldom made explicit. In many
cases, this dependence is much worse than the linear dependence on d that we expect for
parametric models.

Chapter-specific notation: Recall the notational convention introduced in Section We
complement this notation with a few other definitions that are used solely in this chapter and the
corresponding technical proof section in Appendix We largely use capital letters X, Y, etc.
to denote random variables/vectors, and small letters to denote their realizations, usually with
the sample index x;, y;, etc. We reserve the notation Z for the standard Gaussian distribution,
where the dimension can be inferred from context. Boldface capital letters X, W, etc. are used
to denote matrices; we let X denote the i-th column of X. We let X T denote the Moore-Penrose
pseudoinverse of a (tall) matrix X. For any positive integer p, we let I,, denote the p X p identity
matrix. We deliberately eschew measure-theoretic considerations. Throughout, we write conditional
expectations assuming that they exist. For a pair of continuous random variables (U, V') and a scalar
u, we use the shorthand E[V'|U = u] to denote the standard conditional expectation E[V'|u].

6.2 Methodology and main result for general single index
models

We now turn to the single-index model, which is the main focus of the paper. Throughout, we
suppose that n samples drawn i.i.d. from the observation model

vi = 9" ({4, 07)) + €, (6.3)

once again assuming that x; L ¢;, and that z; g N(0,1,). We also assume that the noise ¢; is
drawn from a o-sub-Gaussian distribution and that the unknown parameter * € S?~! has unit norm.
Assumptions on both the covariates and noise can be relaxed for subsets of our results, and we
allude to this in Section @ The univariate function is assumed to satisfy the inclusion g* € G for
some nonparametric function class G. Our procedure for parameter estimation in SIMs requires two
natural oracles, which we introduce first.

6.2.1 Oracles: Labeling and Inverse Regression

As alluded to in the introduction, the first oracle that we require is a labeling oracle.
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Labeling Oracle: Such an oracle outputs:

* A closed interval Z C R, and a set of labeled samples S = {i : (x;, 8*) € Z}. Let W denote
the truncation of the random variable (X, 0*) on this interval, having density

f ) — {mm -

0 otherwise,

where ¢ denotes the standard Gaussian density. Denote by Py the induced distribution on the
response Y = g*(W) + ¢, and let ) denote its sample space.

* A closed, convexE] set ‘H corresponding to the function class
HO {yHE[le] y=9W)+ege G}-

In words, this contains functions mapping R — 7 that contains all conditional expectations
under the “inverse” model. We use the shorthand ~* to denote the conditional expectation—
which we refer to hereafter as the “inverse function”—formed when our observations are
generated according to the link function g*.

Note that in principle, outputting a set S via such a labeling oracle requires knowledge of the
true parameter 6*, which we are trying to estimate! However, in the sequel, we show an example
of a class of single-index models for which this is also true. For now, assume that such a labeling
oracle exists and let N = | S| be the effective sample size that we work with. Note that NV is, in
principle, a random variable, but it will be helpful to think of it as a fixed integer for the rest of this
section.

The “spirit” of the labeling oracle is to provide a region on which the “inverse” function is easy
to reason about. With the labeling oracle in hand, note that the random variable 1/ may be viewed
as being generated according to the model

W = h*(Y) +¢, (6.4)

where ¢ is uncorrelated with 4*(Y") by definition, and may be viewed as zero-mean noise. In the
sequel, we use the convenient notation & (y) = [W]Y = y] —E[WY = y] to indicate that { depends
on the realization y. The sample space of W is Z, and when the noise € is supported on the entire
real line, the sample space of Y is JJ = R. We emphasize that in spite of how the labeling oracle
above has been defined, we do not assume that we have access to realizations of the pair of random
variables (¥, £); one should view the observation model (6.4)) simply as an analysis device.

The second oracle that we require is a nonparametric regression oracle over the function class .

SIf the set H is not convex, then it suffices to work with its convex hull. More generally, we only require the set to
be star-shaped around h*, and if not, we can work with the star hull centered at h*.
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Inverse regression oracle: Our overall algorithm uses, as a black-box, an estimation procedure
A over the function class H. Given k i.i.d. samples drawn from a generic nonparametric regression
model over the class #, the procedure A : (R x R)* — H uses these samples to compute a function
h € H that optimizes some measure of fit to these samples. We place no restrictions (besides
measurability) on such a procedure; our main result depends on the properties of the procedure
through its “rate” function, introduced in Assumption @

With these two oracles in hand, we are now ready to present our procedure for parameter
estimation in general SIMs. We denote the covariate distribution post-truncation (i.e., the distribution

on the samples S) by PZ.

6.2.2 Reducing SIMs to regression: a meta-algorithm and its analysis

Our procedure 1s based on a natural alternating minimization principle applied iteratively for T°
steps. We begin by partitioning the N samples into 27" equal partsﬂ Denote such a partition
by Dy, ..., Dyr; each of these sets has size N/(27") by construction. Our algorithm runs for 7’
iterations; at each iteration, we use two of these data sets. Let us briefly describe iteration ¢ of the
algorithm, which uses the data sets Do, 1 and Dy (5. R

On the first data set, we run the nonparametric procedure A on the set of pairs (v;, (s, ) )ieDs, 1
and form a function estimate /Ht+1 € H such that /l;tH =A <<yz, (x;, @)) o . In particular,

1 2t+1

we treat our current linear prediction (x;, @;) as a noisy observation of the true function evaluated
at the point y;. This is our minimization in the space of functions #, through which we obtain an
estimate of 2*. In order to intuitively reason about whether this step is sensible, consider the special
case 0, = 0*. Here, the nonparametric procedure A obtains samples from the model h*(y;) + &;
for each i € Dy, 1; these are simply noisy observations of the true function, and A is designed
precisely to denoise these samples. On the other hand, if 6, is close to *, then we obtain samples
from a similar model, but with some additional noise—our analysis will make this precise—that
vanishes provided ¢; converges to 6*.

With the function estimate h;,, in hand, we now turn to the second data set and run a linear

regression. In particular, we regress {ht+1(yi)} on the covariates {x; };cp,,,, and obtain
1€D2¢ 42

the linear parameter estimate 515+1- Finally, we output the normalized parameter estimate é\tﬂ =
011/ ||0++1|| at the end of this iteration. Note that once again, one can reason about how sensible
our linear regression step is by specializing to the case ﬁtﬂ = h*; here, h*(y;) is effectively a noisy
sample of (x;, 0*), and so we expect the linear regression to return an estimate that is close to 6*.
When 7Lt+1 # h*, this, once again, introduces additional noise in our observation process which
vanishes when our function estimate /i;tﬂ converges to the true function h*.

With this intuition—made concrete in the proof—we are then able to relate the error of parameter
estimation at the next time step with the error at the current time step, and iterating this bound

®We assume that N is a multiple of 27" for simplicity.



CHAPTER 6. ADAPTING TO NOISE LEVEL IN SEMIPARAMETRIC ESTIMATION 161

allows us to improve upon the error of the initializer 50. A formal description of the entire procedure
is provided as Algorithm

Algorithm 4: The LTI-SIM meta-algorithm with sample-splitting for the two regressions

Input: Data of N samples {x;, y; };cs returned by the labeling oracle; nonparametric
regression procedure .A; initial parameter é\o; number of iterations 7.

Output: Final parameter estimate 6.

Initialize ¢ < 0. Split the data into 27" equal portions indexed by Dy, ..., Dor.

repeat

w N

5 Form the function estimate Etﬂ € H by computing
Tt = A ((y (i, 1)) ) . 6.5)
1€D2¢ 11
7 Letting X, denote the % x d matrix with rows {x; };cp,,,, and stacking up the
responses {ﬁtﬂ (yl)} in a vector v, compute
1€D2t 42
01 = X
t+1 t+1Y-
9 Compute the normalized parameter @H = II?HH .
t+1

10 until ¢t =T
12 Return 67.

__ Note that we use two separate samples for the sub-steps of the algorithm in order to ensure that
hs+1 1s independent of the samples used to perform the linear regression. In the full paper [243]], we
introduce and analyze a variant of the algorithm without sample-splitting in the special case o = 0.

Remark 6.2.1 (LTI-SIM as alternating minimization). Note that for X ~ PZ%, the observations
obey the relation

(0, X) =h"(Y) + &
where & may be viewed as “noise” in the inverse problem. Thus, for a data set D C S, it is
reasonable to construct the loss function
1 2
- WZ(@ i) — h(yi))”,

1€D

Lp(6,h)

and minimize it over the pair (6, h) in order to obtain some measure of fit to the samples in the
data set. However, this minimization is rendered non-convex by the constraint that the returned 0
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must be unit norm. Thus, step 2 of the LTI-SIM procedure may be viewecﬂ as minimizing this loss
function over the function class H, and steps 3 and 4 in conjunction as performing a minimization
in parameter space.

Remark 6.2.2 (Comparison with slicing estimators). Slicing estimators [8, |196|] are based on
the observation that for spherically symmetric distributions, the conditional moment E[X®*|Y]
capture properties of the true parameter 0*. For instance, when k = 1, classical calculations show
that under mild assumptions on g*, the vector E[ X |Y'| aligns with the vector 0* for almost every
realization of Y. Thus, we may construct estimates of this conditional expectation from samples by
slicing over y values, and this leads to a \/n-consistent estimate for the parameter and is similar
in many respects to the ADE procedure [45]. However, even when o = (, the randomness in the
covariate X introduces noise in the empirical expectation, and so the error cannot decay at a rate
faster than \/n even in this noiseless case.

Algorithmd\is also based on reasoning about a first-order conditional expectation, but relies
on a model, provided by the labeling oracle, of further structure in the function y — E[W|Y = y|.
Intuitively, modeling this higher-order structure in conjunction with the first-order conditional
expectation allows us to considerably refine the slicing estimate in an iterative fashion. The original
slicing estimator can thus be used to provide a natural initialization 0 for our procedure.

While our methodology is well-defined for any single index model in which we have access to a
labeling oracle, our theoretical analysis of the algorithm requires the following assumptions.

Assumption 6.2.1. The Gaussian volume of the set T is greater than k, i.e., Pr{Z € T} > & for
Z e N(0,1).

Such an assumption is natural, and guarantees that we have a large enough “effective sample
size”, with N growing directly proportional to the true sample size n. For our next assumption, we
require the following definition of a sub-Gaussian norm, which is a standard notion [313, 319].

Definition 6.2.1 (Sub-Gaussian norm). The L-Orlicz norm of a scalar random variable U is given
by

U1, = inf{t > 0 | E[exp(U?/7)] < 2}

We also refer to this as the sub-Gaussian norm, and a random variable with sub-Gaussian norm
bounded by o is said to be o-sub-Gaussian.

Assumption 6.2.2. The noise of the inverse problem has sub-Gaussian norm p, uniformly for all
y € R. Specifically, p, is a positive scalar such that

1EW) g, < ps forally e .

"This is particularly true if the procedure A performs least squares, as in Theorem to follow.
8The notation v®* represents the tensor product of order .
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Remark 6.2.3. Assumption can be weakened in multiple ways. Firstly, the requirement that
the noise be uniformly sub-Gaussian y-everywhere can be replaced with a requirement that it only
holds over all y that can be realized with high probability. More generally, the sub-Gaussian
assumption is not really required for our main result and can be weakened to allow for heavy-tailed
noise—see the full paper [243|] for such an extension to noise with bounded second moment.

Finally, it can be verified that if the function g* is invertible on the interval Z and o = 0, then
Assumption [6.2.2]is trivially satisfied with py = 0, since without noise, we have E[W|Y = y] =
g (y), and so £(y) = 0 almost surely. The next assumption requires that our inverse regression
procedure output a useful function estimate.

Assumption 6.2.3. Suppose we have k samples {y;, w;}_, drawn i.i.d. from the observation model
w; = h*(yi) + & + 2, (6.6)

where the pair (y;,&;) is drawn from a joint distribution Py ¢ such that E[{|Y = y] = 0 for each
scalar y, the RV z; is additional zero-mean, p-sub-Gaussian noise that is independent of the pair
(yi, &), and h* € H is an unknown function to be estimated. Suppose {y,}*_, are k fresh samples,

each drawn i.i.d. from the distribution Py. Then the procedure A ((yi, wi)f:1> returns a function

h satisfying

k
Z (h(F,) — h*(@))? < Ry (0, Prg; . )

wlr—k

with probability greater than 1 — ).

Through Assumption|[6.2.3] we quantify the “quality” of the nonparametric procedure .4 through

its population rate function R, . Indeed, computing these rate functions for specific nonparametric
regression procedures is one of the principal goals of statistical learning theory 21} 302]. Note that

unlike standard definitions of such a rate function, we allow the rate ﬁ? to depend explicitly both
on the underlying function ~*, and on the joint distribution of the noise and design points Py¢. In
the sequel, we visit settings in which the latter dependence can be removed if Assumption [6.2.2]
also holds.

With these assumptions in place, we are now ready to state our main theorem. In the statement

of the theorem, we track the error at time ¢t by A; = sin? / (é\t, 9*) ; note that since each estimate

(Z has unit norm, there are absolute constants (¢, C') such that
cmin{||f, — 0%[1*, 116 + 6°°} < A < Crin{ ][0, — 071, [16; + 0"},

whence A, captures the squared /5 error of parameter estimation up to a sigrﬂ We also use the
shorthand N : = N /2T and v; = cos £ <9t, ) v/ 1 — A, for convenience, and denote by P;- ¢

9While the sign ambiguity is inherent to even link functions g*, it can otherwise be eliminated by assuming that 00
forms an acute angle with 6*.
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the joint distribution of the random variables (Y, ¢) in the model (6.4). The shorthand c - Py,
denotes the joint distribution of the scaled random variables (Y, ¢£) in the model (6.4)). Flnally,
recall the definition of the function ~* from the model (6.4).

Theorem 6.2.1. Suppose that Assumptions (6.2 11 16.2.2] and [6.2.3| hold, and that the iterates
00, . 9T are generated by Algorithm 4 I Then there is a pair of absolute constants (cy, ¢) such
thatforeacht—(),..., -1, if
99
A < —
" =100

Ry (mh* Pye A, 0/3) + p2 < e1® and N > cpmax {‘* w ™ log* (1) log (0?52>} ’
(6.7a)

then we have

= . . d+log(4/0
A1 < Cz{R%(Vth ;thy,ga Ay, 5/3> + P?f} ) (#) (6.7b)

with probability exceeding 1—0. Moreover, on this event, ifé(gt, 0*) < /2, then 4(@“, 0*) <7 /2

The conditions present in the theorem warrant some discussion. The theorem requires
that the iterate at time ¢ satisfy A, < 99/100; the value of this constant is not important, and can be
replaced with any other absolute constan less than 1. The second condition

ﬁ% (Vth*; Utp}*/,ga Ata 5/3> + p?, <

implies (qualitatively) that we are in the low noise regime with p, bounded above by an absolute
constant. This is the regime in which we expect any gains to occur over classical semiparametric
estimators, and in that sense, the condition should not be viewed as restrictive. Finally, the sample
size condition N > ¢5 - d is also natural, and a consequence of the fact that we would like the linear
regression step in the algorithm to return a unique solution. The accompanying technical condition
N > cor%log?(1/k) log 2 ensures that the matrix X, is well-conditioned.

Moving on to the theorem s conclusion, first note that it applies to any nonparametric estimation

L : . =A
procedure that we use, and significant gains are obtained whenever the error rate Ry (z/t b5 v Py e, Ay, 0 / 3)

is small. In particular, if ﬁ% (vh*; viPye, A, 0/ 3) = o(1), then running just one step of the proce-
dure already obtains a better guarantee than that of classical estimators (cf. equation (6.2)), with
n = N). To obtain a final guarantee—which will typically be even sharper—the inequality needs to
be applied iteratively; we do so in deriving Corollary [6.3.1] to follow. Finally, since the theorem
applies to only one step of the iterative procedure, it is worth noting that the error A, of previous
step acts as the noise variance encountered by the nonparametric estimation procedure. This is what
allows us to bootstrap the result and obtain a final rate. In Section we derive a corollary of
our main theorem when the procedure .4 is chosen to be the empirical risk minimizer. Let us now
illustrate this guarantee on a specific subclass of monotone SIMs.

10Tt is also likely that this condition can be weakened to allow A; < 1 — O(d~'/?) (which would accommodate,
say, a vector 6; chosen uniformly at random from the unit sphere), but we do not concern ourselves with this extension
since classical estimators can be used to guarantee that A, is smaller than any pre-specified universal constant.
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6.3 Consequences for monotone single index models

In this section, we apply the general result given by Theorem|[6.4.1]to the case where the link function
g* is monotone. In this section, suppose that we have n i.i.d. samples drawn from the SIM (6.3))
where the noise distribution is Gaussian of variance o?. We also make a further assumption on the
link function ¢*; we require some additional notation in order to state it. Let ¢, s = y/21log(8n/J),
and recall that the set of sub-differentials of a function ¢ at the point x are given by

dg(z) ={y €R:g(z) > g(x) +y- (2 —x) forall z € R}.

For a pair of reals a < b, we say that a < dg(z) < b if each element y in the set of sub-differentials
obeys the inclusion y € [a, b]. With these definitions in place, we make the following assumption
on the link function g*.

Assumption 6.3.1. The function g* is continuous with 0 < m < 09g*(z) < M < oo for
all z € [—c, 5, Cn ).

Link functions employed in generalized linear models largely satisny] Assumption and
more generally, the class of SIMs satisfying Assumption [0.3.1 has been extensively studied as a
generalization of GLMs [161] 162]. Note that in contrast to general SIMs, the invertibility of the
true function makes this class comparatively easier to handle. Let us now specify the two oracles
that we require.

Labeling oracle: For this class of SIMs, the labeling oracle is trivial to implement. Simply output:
* The interval Z = [—cy, 5, Cp 5]

* All n samples of the SIM, and

* The function class
H={h:R— T | hnon-decreasing}

which is a convex set by definition. In Lemma|[6.4.2]in the proof section, we show that this
class contains, with high probability, all the appropriate conditional expectations that we hope
to model.

Nonparametric inverse regression procedure: We let A correspond to the ERM procedure over
the function class H defined above. In this special case, the algorithm can be implemented in
near-linear time via the pool adjacent violators algorithm [19, |128].

"'In some cases, it may be necessary to choose the tuple (m, M) to be functions of n and & (e.g., for the logistic
link function), but these will typically be functions that decrease/increase sub-polynomially in n.
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With the labeling oracle and inverse regression procedure specified, it remains to verify the
various technical assumptions required to apply Theorem Let kg = % denote a natural notion
of conditioning in the problem. In Lemma [6.4.3] we show that Assumption [6.2.2/holds with

g
Po < Pmono : = C' (02%5\/&% -1+ - {log(3ko) V Cm(s}) ) (6.8)

When o is small, i.e., in our regime of interest, we have pmono < 0 - C,, 5, Where the < notation hides
problem-dependent factors. Another special case is when M = m and g*(z) = mz a.e.; here, we
have pmono = C'7-Cy 6, and 7 is the right proxy for noise-to-signal ratio in linear models.

Bounds on the complexity terms are provided in Lemma and Assumption holds
trivially with b = c,, 5. We are thus led to the following corollary of Theorem|[6.4.1] in which we use
the shorthand 7 = n /2T for convenience.

Corollary 6.3.1. Suppose that Assumption holds, and that the labeling oracle and regression
procedure are given by the discussion above. Then there is a tuple of absolute constants (cy, ¢o, C3, Cy)
such that for eacht =0,1,....T — 1, if

n Z CQda At S f_ogoa and Pmono S C1,

then

logm\ #/® Ay + p? 2/3 d c Can
A1 < o { ( i ) + (%) T quono = log (f) -log <2T> (6.92)

with probability exceeding 1 — 0.
Consequently, if in addition we have @ > cydlog® n, then when c3log(logn) < T < c4log(logn),
we obtain

: 5/3 .
Ay < exdlogn - { (logn log(log n)> L log n - log(log n)} 6.9b)

n mono n

with probability exceeding 1 — con ™.

Once again, a few comments are in order. First, note that by our discussion above, the
bound recovers the correct behavior in a linear model up to a poly-logarithmic factor.
Second, note the following consequence of the bound in order to facilitate a more transparent
discussion. Assuming the initial angle made by 6, with 6* is acute, we have

02% ifo >n1/3
d

6.10
=573 otherwise, ( )

n%—wws{

where the < notation above ignores both problem-dependent constants that depend on the pair
(m, M), as well as logarithmic factors in n. Comparing the bounds and (6.10), we see
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immediately that the estimation bias is significantly reduced, and this comparison helps explain the
behavior seen in Figure

While Corollary [6.3.1] clearly provides a guarantee that is significantly better than classical
estimators when o is small, it is worth noting that it is derived as a consequence of Theorem @],
which may not be the sharpest possible result obtainable when, for instance, 0 = 0. In the full
paper [243]], we take a slightly different route towards understanding the zero-noise setting, by
designing a slightly different procedure that is motivated by analysis considerations; we omit these
details here.

6.4 Proofs of main results

In this section, we provide proofs of our main results. We begin by proving Theorem [6.4.1] and
then derive the various corollaries stated in the main text. A few notes to the reader. Throughout our
proofs, we assume that n is greater than some universal constant; the complementary case can be
handled by appropriately modifying the constants in the proofs. Often, we work with the random
variables defining a model—which we denote by capital letters—before instantiating the model
on samples—which we denote using small letters. Finally, we use ¢, ¢1, ¢, . .. to denote universal
constants whose values may change from line to line.

6.4.1 Proof of Theorem [6.2.1

Each covariate is given by d i.i.d. random variables X = (X7, X5,..., X;). Assume wlog by the
rotational invariance of the Gaussian distribution that 6* = ey, so that (X, 6*) = X;. Recall the
random variable 1/ given by the truncation of X; to the interval Z. Recall the function i*, given by

h*(y) = E[W|Y = y] for each y € R.
Also recall the (unobservable) model given by
W= h*(y) +£(y),

for each fixed value of y, where {(y) = [W]Y = y] — E[W|Y = y] denotes noise that obeys
E[¢(y)] = 0 for each y by definition, and is p,-sub-Gaussian for each y € R by Assumption
Finally, recall that we denoted the covariate distribution post-truncation by PZ. Note that in each
sample, we also observe d — 1 other covariates XQ,/\. .., X4 each drawn from a standard Gaussian
that is independent of everything else. Let oy = Z(6;,0*) and note that for X ~ PZ, we have

(X, 0;) = cos(a,)W + sin(a;) X,
where X ~ A/(0, 1) is some linear combination of the random variables Xo, . .., X, (and therefore
independent of 17). Recall the shorthand v, = cos(«;) and A; = sin®(a;). Suppose for the rest
of this proof that o is acute, so that sin(a;) = v/Ay; the complementary case is similar, provided
we work with the angle a; = 4(@, —0*) instead. With this setup at hand, we are now ready to
prove the theorem. We organize the proof by providing error guarantees for the two sub-steps of
Algorithm ] and then putting together the pieces.
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Error due to nonparametric regression: The procedure A is given N = N/2T samples drawn
from the observation model

(i, é\t> =v-h"(y) + - &+ VAT for i € Dyyq.

By the star-shaped nature of H, we have v, - h* € H, so that this is now a nonparametric regression
model where we observe N i.i.d. evaluations of the true function v,h* corrupted by noise. In
particular, comparing with the model (6.6)), we have p? = A;. By Assumption the procedure
A uses these samples to then return a function h,,; € H that satisfies, for each § € (0, 1), the
inequality

1 ~ . —A N “

< 2 (hea(y) = k" (1)* < Ry(ih™ Py, A, )
1€D2¢ 42

with probability exceeding 1 — 9.

Error due to linear regression: We now show that performing the linear regression step leads
to an error contraction by a multiplicative factor roughly p/N. For this, we require the following
lemma. For a vector v, we let v; denote its i-th entry, and let v\; = v — v; - ¢; denote the vector with
its i-th entry zeroed out.

Lemma 6.4.1. Suppose we are given a matrix X = (X',..., X%) € R"™4 where the columns
X2 ..., X e N(0,1,,). Also suppose we are given the n-dimensional vector y = 7X' + z
for some scalar T, and some vector z € R" that is fixed independently of the random vectors
X2, ..., X% Then there is an absolute constant c such that if n > cmax {d, log (g) } then the

estimate 3 = X1y obeys the inequalities

d+ log(4/0
Il < 16+ (B g, and 6110
2 2
2o T &l

>__ _3 6.11b
ﬁl jai 2 HXl HQ? ( )

with probability exceeding 1 — %5. Moreover, on this event, if T > \/g ”ﬁ?l'”, then 31 > 0.

We prove this lemma at the end of the section. Let us now use it to provide an error guarantee
on our problem. For a fresh draw of the pair (X, Y") with marginals X ~ PZ and Y ~ Py, we have

W = (X, 0%) = h* (V) + 1€ = ht (V) + 04 + (0 h* (V) — b (Y)),
so that rearranging yields

T (V) = (X, 07) — h& — (b (V) = hysr (Y)). (6.12)
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Notably, all random variables in the RHS are functions only of the tuple (W, ¢) and hence indepen-
dent of the random variables Xo, ..., X .

The linear regression step is performed on the samples i € Dy, 5. It is therefore helpful to
instantiate the model (6.12)) on these samples, and write

o1 (ys) = velas, 0%) — Vi — (ih*(y:) — husa (yi)) fori € Dyypa;

~
-

crucially, due to sample-splitting across the two sub-steps of the algorithm, we have ensured that the
function estimate h;,; can be regarded as fixed, since it is independent of the samples i € Do 2.
Step 3 of the algorithm models the value h;,1(y;) as a linear response to the covariates z;. In
particular, stack the covariates {z;}icp,,,, in a matrix and the responses {Et+1(yi)}iep2t ,ina
vector, and let ¢ € RY denote a “noise” vector. Recall the condition N > cmax{d,log(c/d)}
assumed in Theorem [6.2.1] and recall that our regression estimate obtained as a result of step 3 of
Algorithmwas denoted by 6, ;. Applying Lemmayields, with probability exceeding 1 — %5,
the implications

~ . d+ log(4/0
101117 sin® (1) < 16 - [|€])2 - <%> and (6.13a)
2 /]2
0. 112 cos? SV o €] 6.13b
” t+1H Cos (Oft-i-l) = 9 3 ZieDzH_Q <$Z_’ 9*>27 (6.13b)

where we have used the fact that the scalar 7 in the lemma is equal to 1.

Putting together the pieces: We are finally ready to put together the pieces. Applying the
Cauchy—Schwarz inequality yields

111 <2- | Yo &+ D il (y) — hea(w)?
1€D2t42 1€D2¢ 42
By Assumption [6.2.2] each random variable &; is p,-sub-Gaussian, so that
1 (¢]
Pri= Y g=p (1+\/%) <4/3 (6.14)
1€D2¢ 12

for each N > log(6/§). On the other hand, Assumption guarantees that we have

1 . ~ —A “ X
Pr ~ Z (weh* (i) — heer(4:))” = Ry(mh™s Py e, Ay, 6/3) p < 5.

1€D2t42
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Putting together the pieces, we have

/1|12
||§ | <C ( +ﬁ%(yth*; ViPy e, At,d/?))) (6.15a)

with probability greater than 1 — 2—3‘5. Additionally, Lemma from the appendix guarantees that
provided N > cllogiﬁf# log(4/9), we have

Z (5, 0%)? Z w? >~k

1€Dat 42 1€Dat 42

(6.15b)

l\')l»—t

with probability exceeding 1 —4d/4. Now note that we have A; < 99/100 by assumption, which guar-
antees the relation v, > 1/10. Thus, on the intersection of the two events defined in inequality (6.15]),

inequality (6.13) yields
A d+1 4/6
tan2(04t+1) <C <p§ +RN(yth*;Vt73;,5,At,6/3)> . (+g(/)> ’

where we have also used that the condition p? + ﬁ%(uth*; viPye, At,6/3) < ¢; holds for a
small enough constant ¢;, to ensure that the RHS of inequality is bounded below by a
universal positive constant. Finally, noting the elementary inequality sin? o < tan? a concludes the
proof. ]

6.4.2 Proof of Lemma

Our proof of this lemma proceeds from first principles; we note that similar proofs are used to
bound the variance inflation factor (VIF) in linear models (see, e.g., the book [235]]). Use the more
convenient notation z = X' and W = (X?2,..., X%), so that the matrix is given by X = [z W],
|| «TW
Wiz WI'W
LDU decomposition can be written as

a b7 [ 1 0][a=b"C)' 01 —bTC!
b C|~ |-Cb I 0 clllo 1 |

where I denotes the identity matrix of appropriate dimension. Applying this to the matrix X ' X
and using the shorthand Pyww = W(W TW)~'W T for the projection matrix onto the range of the
matrix W, we may write the pseudoinverse of X as

and XX = } . Note that for a general (invertible) symmetric matrix, the partial

Xt =

wrwerwe 10w o T e
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Now for an arbitrary vector v € R", let (x, v) : = z,; then we have

1 — 2™ WWW) ' 2" ] [z, — 2 Pwo
0 I wi'T | Wil |

so that putting together the pieces yields

o= Lwrwpewes 1 [T e [T W]
B 1 0] [(lell? — ™ Pwa) ! - (2, — 2 Pyy)]
{—(WTW) W'z I] [ Wiy ]

Now using the shorthand P55, = I — Pyy for the projection matrix onto the orthogonal complement

of W, we have
Xty — 1 0] [(z"Pswx)™ - (2" Pwv)
T WTW) W T T Wiy

T | -Wiz -1, + Wiy |
where we have let 7, : = (2" Piz) ™! - (2 T Ps;v) for convenience.
Note that the above derivation holds for each v € R™. We are interested in a vector that can be
written as v = 7x + z. In this case, we have
X' = XT(r2) + X2
=761+ X'z
o T, +T
T | -Wiz.r, + Wiz|
Up to this point, all of our steps were deterministic; we now use the fact that W is a standard
Gaussian random matrix. In particular, letting w; denote the first row of the matrix W and for any

vector v fixed independently of W, we have
(W TW) W e |
[(W W)~ [l

[OW W) =HIG, o 12 el

W |

IN

2

! (d -+ log(4/6)) ]|

< ;
(v — v~ \/log(475)

where step (i) holds with probability exceeding 1 — §/4 by tail bounds for x? random variables, and
the minimum singular value of a Gaussian random matrix [319].

—~
=
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We now use the assumption n > ¢max{d, log(4/9)} for a large enough constant ¢ to obtain the

inequality
1\ ul? 4
e <2 (1)1 (0 (1)),
n n )

which holds for each fixed vector u with probability exceeding 1 — §/4. Moreover, we have
the equivalence u' Py u = ||Psyul/?. Putting together the pieces and using the Cauchy—Schwarz
inequality, the following sequence of bounds holds with probability exceeding 1 — §:

2 (d+log(4/6
Pull ¢ (o0 2o + el

:@i@&@)(ﬁﬁﬁfww+wﬂ

n2 H]‘D\L?Vx”4
() d+log(4/9) IR 2 2
< - -~ 7 . - .

where step (i) uses the Cauchy—Schwarz inequality and symmetry of the matrix Ps;, to obtain
|2 Py z| < [Pwalll=]l

Now note that we since I W, we have Hﬁl‘Z"Hﬁ”Q < ||Pye1||2 which is the squared norm
of a unit-norm n-dimensional vector projected onto a random (n — d + 1)-dimensional subspace.
By well-known results (see, e.g, Dasgupta and Gupta [78]), this quantity is bounded above by
Hﬂ+og(w with probability exceeding 1 — ¢ /4. Putting together the pieces once again with our
assumption n > ¢ max{d, log(4/0)}, we have

2 d +log(4/0
Pl < () el +

with probability exceeding 1 — %‘5.
To lower bound the signal term, we once again use the Cauchy—Schwarz inequality to obtain

Bz -
s &l
> ——3- .
2 [l ]|?
This concludes the proof. [

Remark 6.4.1. Lemma illustrates the role of the approximation error in the problem, and
can be used to reason about variants of classical semiparametric estimators. In particular, if
Elg*(Z2)Z] = p # 0, then we may write g*(X1) = uXy1 + Z,,, where Z, , is uncorrelated
with X due to the orthogonality properties of Hermite polynomials [124]. Treating E|Z, ,| as
the approximation error (which is a constant for any non-linear g*), we see that Lemma
guarantees that regressing our observations g(X1) + € on X1, ..., X,, yields an estimate with error
%(02 + E|Z, ,|) (cf. equation (6.2)). The goal of first performing nonparametric regression to

obtain a function estimate h is to significantly reduce the approximation error of the problem.
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6.4.3 Implications for empirical risk minimization procedures

It is useful to particularize Theorem [6.2.1]to the case where .A corresponds to the empirical risk
minimization (ERM) algorithm over the function class H. Since we are interested in performing
ERM on i.i.d. samples drawn from the model (6.6)), let us introduce it in this context. Given k
i.i.d. samples {y;, w;}’_, drawn from this model, the ERM algorithm estimating the unknown
nonparametric function 2* € H returns the function

k
~ 1
herm € argmin z Z(wz — h(y:))?,

hen K4

where we have chosen the squared loss given our assumption that the noise € is sub-Gaussian. Note
that this estimator exists since the function class H is closed and convex. The estimate is also
random, due to both the randomness in the “design points” y1, . . ., yx and in the noise. Let us now
discuss how one might bound the error rate of this algorithm with high probability.

A classical result in the study of the ERM algorithm [21, [173]] is that the rate function is
governed by the local population Rademacher complexity of the function class being estimated
over. Let us first define a more general version of this quantity, valid for an arbitrary function class
F mapping R — R with k i.i.d. samples from our model (6.6)). Let y = (y1,...,y:) denote the
tuple of £ i.i.d. design points drawn from the distribution Py, and let = (7, ..., nx) denote k
i.i.d. Rademacher random variables drawn independently of everything else. Then the population
Rademacher complexity of the function class is given by

1 k
- anf(yz)

The Rademacher complexity defined in equation depends only on the function class F
and design points ¥y, ..., Yk, but not on the specific noise in the problem. In order to reason
about how the noise affects the estimation procedure in our specific context, it is useful to also
introduce another measure of complexity of the function class. Consider model (6.6), and denote
by &, : = p (& + z) the rescaled noise in the i-th sample of our observations. Use the shorthand

pi=+/p2 +p%andleté = (&,,...,&,). Then the noise complexity of the function clas}" is
defined as

f)‘{k(f) =K .k

Y7

] . (6.16a)

sup
]:

&y (F; ylf) : g sup

fer

1 e
EZS yz

Note that in contrast to our definition of the population Rademacher complexity (6.16a)), we no

] . (6.16b)

longer take an expectation over the random samples y1, . . ., Yy in equation (6.16b), and so the noise
complexity should be viewed as a random variable when the samples ¥4, . . . , y; are random.

12This is typically known as the Gaussian complexity when the noise is Gaussian, but we prefer the more general
nomenclature at this stage of our development.
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It is also useful to define the norms

k
I£15:=Eyep, [fP()] and ISl := D F2(wa); (6.17)
i=1
once again, the second norm should be viewed as random when the samples y1, . . ., y are random.
For either norm || - ||, let B(|| - ||;¢) denote the norm-ball of radius ¢ centered at zero. Also define

the shifted function class
Hpy ={h —ho | h € H},

where we have the equivalence H = H,.

With these definitions in place, analyses of the ERM algorithm rely on finding fixed points of
certain local complexity measures, which we now define for our specific function class H;,«. For
each positive integer k and pair of positive constants (71,7, ), define the quantities

2
7:(h*;71) : = inf {7’ >0 Re(Hp- OB(| - |25 7)) < T—} , and (6.18a)
Y
0 i) =it {> 0@ B b < b s
2
Note that the functional 1;, depends on the noise &, while the functional 75, does not. Let us provide

some motivation for these complexity measures. A natural way to measure the error of the ERM is
via its fixed-design loss

k
lherm — R* |1} - = Z herm(y:) — ™ (1:)), (6.192)

?rl»—ﬂ

where y1, . ..,y are precisely the £ i.i.d. samples generated from the model (6.6) using which the
ERM procedure is computed; consequently, the estimate hggpy is not independent of the randomness
in these samples. The noise complexity (6.16b)) and associated critical inequality (6.18b)) are useful
in bounding this quantity. However, we are interested in controlling the error measured by the
random variable

k

1 ~
7D (her(7;) — 1" (7)), (6.19b)

=1

with fresh samples {¥,}¥_, drawn from the distribution Py. A natural question is whether the
error measures defined in equation (6.19)) are close to each other. The functional 7, defined in
equation (6.184) provides such a measure of closeness for an appropriate value of the scalar 7. In
particular, a uniform law of large numbers holds in this problem, as a consequence of which both
error metrics are in fact close to the expected error || herm — h* 3.
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With this lengthy setup complete, we are finally ready to state our assumption on the function
class H. For simplicity, we assume that the function class is uniformly boundedE]

Assumption 6.4.1 (Bounded function class). There is a positive constant b such that for all h € H,
we have ||h||s <.

The following proposition states a bound on the rate of the ERM algorithm in terms of the
complexity functions defined above, with the shorthand H* = H;-. Recall that the observations are
corrupted by sub-Gaussian noise with parameter p.

Proposition 6.4.1 (Theorems 14.1 and 13.5 of Wainwright [323]]). (a) Suppose that Assump-
tion holds, and that we observe k samples from the model (6.6). Then there are absolute
constants (cy, co) such that for each scalar u > 1,(h*; b), we have

1 1
713 = 17131 < SISIB + 5o

uniformly for all functions f € H*, with probability exceeding 1 — c5 exp <—clk’g—§).

(b) Suppose that Assumption holds. Then there are absolute constants (cy, ¢q) such that
for each u > uy(h*,y¥; 2p), the fixed-design loss of the ERM algorithm run on k samples
from the model (6.6)) satisfies

R h* k. 2%
Pr {HhERM — Bl > 16upk(h*, y7; 2?)} < ¢y exp <—01ku ' Mk(’_—gl’p)) .
D

Applying this proposition leads to the following consequence of our main result Theorem[6.2.1]

when the procedure A corresponds to the ERM algorithm. The proof follows straightforwardly by

combining Theorem [6.2.1] and Proposition [6.4.1] but we provide it in Section [6.4.4] for completeness.
We nevertheless state the result as a theorem for stylistic reasons. Recall the shorthand N : =

N/(2T) and p,; : = /A7 + v#p2, and let
2
%= (T%(Vth*Q b) v %) + <M2N(Vth*, {yi}ieDaii1 2004) V %)
denote (what we will establish to be) an upper bound on the rate function used in Theorem [6.2.1]

Theorem 6.4.1. Let the above notation prevail. Suppose that Assumptions 6.2.1116.2.2land[6.4.1
hold. Also suppose that the iterates 0, . . . , O are generated by running Algorithmlﬂwith procedure

3This assumption can be relaxed to require that for some p > ¢ > 2 and all h € H with ||h]|2 < 1 we have
E[r(Y)] < PTIE[RI(Y)],

when Y ~ Py. We do not pursue this extension here, and direct the reader to Wainwright [323]] and Mendelson [222]
for details.
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A corresponding to the ERM algorithm. There are absolute positive constants (cy, ¢a) such that for
eacht =0,...,T — 1, the following holds true: If

A, < 99/100, T, - log (%2) +p2 < c1k?, and N > cymax {p, k2 log?(1/k) log (%)} ’

then

log(4/6
A1 < e (fit log (%) + p?,) : (]HOTM) (6.20)

with probability exceeding 1 — .

It is worth making a few remarks on the theorem. Note that once again, we have stated the
result only for one step of our iterative algorithm; in order to produce a guarantee on the ‘final’
iterate we will have to recurse this bound, and subsequently, bound (i) the number of iterations 7'
required to reach a fixed point of the recursive relation (6.20), and (ii) the error of the fixed point of
the recursion. To provide a qualitative answer to point (i), first note that for most nonparametric
function classes, the RHS of equation (6.20) is always strictly positive for each finite N, so that
we can never hope to show an exact recovery guarantee for the algorithm. In other words, zero is
not a fixed point of the error recursion. Typical arguments used in analyses of many nonparametric
regression problems show that

o~ (§)" and i~ (9)") 621)

where A\; and )\, are two fixed constants in the unit interval that depend on the regression problem,
and the constants (C7, () depend on the remaining quantities that parameterize each of these
complexity functions. In this case, it suffices to apply the error recursion for Ty, = O(loglog(N))
iterations in order to arrive within a constant multiplicative factor of the fixed poinﬂ where the
constants absorbed by this asymptotic notation depend on the other parameters of the problem, and
the scalars (A1, \y). For a specific illustration of this phenomenon, see Corollary to follow.

The abstract bound also provides a qualitative answer to point (ii) above: taking N — oo,
we see immediately that the fixed point has error bounded by a quantity (o(1) + pi)%. Comparing
such an error bound with equation (6.2), we verify what was already alluded to after the statement
of Theorem [6.2.1} when p, < o, using a consistent ERM estimator improves the rate of parameter
estimation uniformly for all noise levels.

It is also helpful to state a consequence of the bound when p, = 0; this is achieved for
noiseless SIMs if the function g* is invertible on the interval Z. Let mZ%. = denote the value of m

N,5
satisfying the fixed point relation

d
m = copine (¥, Y5 2¢/m) ~ log (%) .

14Since zero is not a fixed point, the number of iterations required to ensure convergence to within a multiplicative
factor of the fixed point is finite; this is in contrast to problems for which we would like to guarantee exact recovery [236],
and crucially, bounds the number of resampling steps required by the algorithm.
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Then assuming that the error recursion converges to its fixed point, we have the bound

Ar <C (;\lf 72(b) + mi 5) (6.22)

for the ‘final’ iterate of our algorithm. Once again, it is worth noting that the final error in
the noiseless case is strictly better than the d/N rate if the complexity term 75 decays with N;
Corollary [6.3.1] provides an example of such a phenomenon.

Remark 6.4.2 (Sharpness in the noiseless regime). The bound (6.22) is unlikely to be the sharpest
bound one can prove in general SIMs for the noiseless case. There are other analyses of the ERM
tailored to capture the correct “version space” of the noiseless nonparametric regression problem,

and these will be sharper than the bounds presented above. For a more in-depth discussion, see the
full paper [243|].

6.4.4 Proof of Theorem

First, we use Proposition |6.4.1|to provide a bound on the rate function ﬁ,ERM (th*; poy, 6/3). Using

the notation of Assumption |6.2.3] let T denote the function estimate obtained as a result of running
the ERM on k samples from the model (6.6). For a sufficiently large constant ¢, set

w=cyyflog (2) - (m(whib) v ) (6.23)
in Proposition a), and consider the function f : = h—yh* € H,,n+. This yields the bound
~ ~ B2
o= w1 < 20—t 4 o (un ) v ) 1o (%)

with probability exceeding 1 — §/9. Moreover, applying the same result to the set of fresh samples
Yy, - .., Yy (note that our definition of the norm, etc. would have to change, but the same result
applies), we have

1
I = w3 +

[\ RV

kz( )—ub'(@) <

choosing u according to equation (6.23) and putting together the pieces implies the bound
2

2 ~ b
- Z ( —uh <yi>) <3|\ —vh*|; + ca - (n?(vth*; b) V E) log (%)

with probability exceeding 1 — %
Finally, we bound ||h — v;h*||? using Proposition b). Setting

2
u=cy-log(2)- (Uk(’/th*vylf§2pa,t)v — )

k 1223 (Vth‘ Y1 72pl7-,t)
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and simplifying, we obtain
~ 2
1B = v 2 < 2 (R0, 2p00) v 54 ) Tog (%)

with probability exceeding 1 — g. Putting together the pieces, we have shown the bound

—ERM

2
R (1h™;pst,0/3) < ¢ { (T]?(I/th*; b) vV %) + (,ui(yth*, Yy 2051) V %) } log (%2) )

Substituting this expression into Theorem by setting & = N completes the proof, since at
iteration ¢ of the iterative algorithm, we have y} = {y;}icp,,,, - O

6.4.5 Proof of Corollary|[6.3.1]

The proof of this result makes crucial use of Theorem [6.4.1] and the reader is advised to scan
the previous sections for its statement and proof. Given Theorem [6.4.1] it suffices—in addition

to establishing Assumptions [6.2.1] [6.2.2] and [6.4.1}—to bound the complexity functions 7, and
. All of these steps are presented in the following lemmas. Recall the value pyono defined in

equation ([6.8), and our shorthand ¢, s = y/21log(2n/J).

Lemma 6.4.2. For a non-decreasing function g : R — R, consider the observation model

Y = g(X)+ 02, (6.24)

with Z ~ N(0,1) and X drawn from some Lebesgue measurable distribution. Then the function
h(y) = E[X|Y = y] exists a.e., and is non-decreasing.

Lemma 6.4.3. Suppose that in the monotone single-index model (6.24)), the link function g satisfies
Assumption[6.3.1) and the covariate distribution is given by a Gaussian truncated to the interval

[—Cn.s, Cn.s|- Then, Assumption holds with py < pPmono-

The next two lemmas are stated assuming that the function class H is given by
H(b) = {h: R+~ [~b,0] ‘ h non-decreasing } (6.25)

for some positive real number b. Recall our notation for the shifted function class around A*, given
by Hp« = {h — h* | h € H}. In the following lemmas, we also assume that h* € H.

Lemma 6.4.4. For each function h* € H, integer k, sequence of samples y*, and scalar -y, we have

log k\ %/*
T,f(h*;b)gczb?( p ) , and (6.262)

~2blog k>2/3

(R, 1) < e ( p (6.26b)

for a sufficiently large constant cs.
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Remark 6.4.3. Note that we have not been particularly careful about the exact logarithmic factor
in the bounds (6.26)), since there are other logarithmic terms present in the final bound of Corol-
lary[6.3.1] However, we do note that it is likely that these bounds can be sharpened to remove the
logarithmic factor appearing on the RHS.

We prove these lemmas at the end of the section. Taking them as given for the moment, let us
establish Corollary [0.3.1] Begin by defining the event

E = {|(xi, 0")] < cpsforalli € [n]},

and noting that Pr{€} > 1 — % by standard Gaussian tail bounds. We work on this event for the rest
of the proof, so that Lemma [6.4.2] guarantees the inclusion H(c, s) 2 {y — E[(X, 6*)|Y = y]}.
Now, recall our shorthand p,; = /A + 14p2, and suppose that the pair (A;,d) satisfies the
inequalities

99

At S m and {(THQO/th*; b) Vv %) + <ﬂ%(yth*7 {yi}i6D2t+1; 2pa,t) V L

e
|

(6.27)

The second condition is satisfied for large enough 72, and by the assumption that ppen. is bounded
above by a small enough constant. The tuple (i, 757, b) is chosen according to Lemmam Then,
applying Theorem and substituting the bounds guaranteed by Lemmas [6.4.3|and [6.4.4] yields
the guarantee

5 [logn 2/3 9 logn 2/3 9 d )
At‘f‘l < Cn,(5 — + Cn,o (At + pmono) — + Pmono ( = log <_>
n n n 0

log\ /3 A+ p? 2/3 d c
=y {( © ) + (@) + Prono ¢ = l0g (—2) s
n n n ) ’

with probability at least 1 — 9, where the reader should recall that the values of the absolute constants
may change from line to line. This establishes the bound ([6.943).

It remains to translate this guarantee into a bound on the final iterate (6.9b). Toward that end,
set 6 = n~'?, and note that c 5 ~ logn to obtain the simplified one-step guarantee

logn 23 A + %wno 23 d
AtJrl S C2 { ( % ) + (%) + pzqono — 10g2 n,
n n n

which holds for each iteration ¢ on the corresponding event &. On &; and under the assumption
7 > Co?(k¢ — 1)dlog® n, it can be verified that A, , satisfies condition for a large enough
constant C'. Consequently, the argument can be applied iteratively; for an integer value 7j to be
determined shortly, condition on the event ﬂf’fﬁo&-. By the union bound, this event occurs with
probability exceeding 1 — Tyn 1%, Abusing notation slightly, let pmono Now denote the same quantity
but with this value of § substituted.

)}log (%) + pr2nono <.
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Now choose an integer value 7" satisfying C'loglogn < T' < Tj for a large enough absolute
constant C' and any 7y < n. Let us apply Lemma [B.2.1]in the appendix with the substitutions

d

Cy=co— log2 n, and
n

Cs

= Pmonos

and note that v = 2/3 and Ay < 1 by definition. Then by choosing C' large enough, we can ensure
that 7" is large enough to satisfy the condition required by Lemma[B.2.1] Consequently, we have

d logm\ */* d 2 NP
ATgc.{%logzn{( ;) + P one +%log2n-(%) +%log6n

(i) dlog’n (logm\** dlog’n , dlog’n [ phone\”’
: + + :
T3

(6.28)

—pP —
n mono n n

(. J/ %/_/ N
7e) T2

where in step (i), we have used the condition 7z 2 d to obtain the bound

2 —\ 2/3
< dlo_g n <logn> '
n

3
g—slogfinw =
n n

Finally, some algebra reveals that if 7, < 75, then 75 < T7j, and so we may drop the term 7}
from the bound by changing the absolute constant, and this concludes the proof. We note that the
poly-logarithmic factors in the final bound have not been optimized. [
It remains to prove the various lemmas.

Proof of Lemma

We use fx and fy to denote the marginal densities of the pair (X, Y"). The notation fx y is used to
denote their joint density, and let fx|y denote the conditional density X |Y". We use ¢(-) to denote
the standard Gaussian PDF, and X" to denote the support of X. We have

b= BIXIY =] = [ P g
_ Jerfx(@)oly — g(x))dz
fr (W)
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y—g(z)

Now note that we have % fxy(z,y) =— ) fx,v(z,y) for each y; this follows by differenti-

ating the Gaussian PDF. Further, note that fy (y) = |. v [xy(Z,y)dz, so we have

Uzh,(y) B m ‘ ( N /X/Xx(?/ - 9(115)) : ny(f, y)fx,y(x,y)dxdf
- / / x(y —g9(2)) - fxy (T y)fxy(z, y)dxd%)

/ / T)) fxy(Z,y) fxy(x,y)dedz. (6.29)

Since the same statement holds with the roles of x and x interchanged, we also have

1 (y) / / D) ey @) fxy (o p)deds.  (630)
Summing equations (6.29) and (6.30)) yields

20%h (y) / / T —T) —9(0) fxy (T, y) fxy(z,y)dzdz > 0,

where the inequality follows from the monotonicity of g, which ensures that (x — 7)(g(x) — g(7))
1S non-negative. 0
Proof of Lemma

Recall that our (forward) observation model on the set of labeled samples is given by
Y=g"(W)+0Z,

where WV is a standard Gaussian truncated to the interval [—c,, s, C;, 5], the link function ¢* : R — Ris
monotone, and Z is a standard normal independent of everything else. In addition, Assumption [6.3.1]
also implies that the bounds

mla —b| < |g"(a) — g*(0)] < Mla — O] (6.31)

hold for each pair of scalars (a, b).
We now split the rest of the proof into two cases.

Case g*(—c,5) <y < g*(cns): In this case, note that the function ¢! is uniquely defined. Let
us use the shorthand
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and note that both of these quantities are equal to 1 when o = 0. It also convenient to define

. o2 o2
o=\ o=\~
m? + o2’ = M2+ o2

1 —1
_ 9 () 9 ()
Al =1 2 an wy) = 1 Ve
Once again, it is useful to keep in mind that we have & ~ o/m and 7i(y) =~ u(y) = g~ '(y) in the
small o regime. Finally, let ¢ denote the density of a zero-mean Gaussian with standard deviation
7, and let = ¢;. Let ® denote the CDF of the standard Gaussian.
We require the following lemma about the joint density of the pair (W,Y").

Lemma 6.4.5. For each g*(—c,5) <y < g*(cns), we have

al
Ql

fwy (w,y) < —¢r (97 (¥)) ¢5 (w = T(y)) k™" 1 {w € [~cp s, Cn]} and (6.32a)
fow) =5 0: (97" W) n 7 (6.32b)

The proof of Lemma [6.4.5]is postponed to the end of the subsection. Taking it as given for the
moment, let us complete the proof of Lemma[6.4.3] Let us use the shorthand W, = [W|Y = y].
Lemma [6.4.5]yields the tail bound

R A A U ) P
Pr(IW, —7l 2 t7) < T - S gy 2
3T ¢ (97 (y) 5
STo hgiy) TN
)

o2+4+M?2
o2+m?2

where in step (i), we have used the relation < % Further substituting the values of the

pair (7, 7), we have

Pr(|W, — | > t7) < %exp (M G0 Mm(M? — m2)> exp(—t*/2) A 1
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where in step (ii), we have used the fact that when ppono < ¢1, we have 0 < C'm. We now make
note of the following series of inequalities, which holds for each tuple of positive scalars (K, t)
satisfying K > 1:

Ke=#/2 A1 < exp {K—¢/2n0}
:exp{K( —%/\O}
(i)
gexp{(l——)/\()}
< exp{ — %}

where step (i) uses the fact that X' > 1. Also define the positive scalar

rw) = ) ¢ o ()

for convenience, and note that we have

sup )<T: _\/— o2(M? — m?) + log (2M).

ye[g*(_cn,é) g (Cn 6)]

Putting together the pieces, we have

|Wy_ﬁ| t?
P — >t < 1 — ——
( s ) =P Ty )

and applying Lemma 5.5 of Vershynin [319] yields the inequality

(i) o
J6@lez < CIW, = 7ills, < CoT(y) < C (= A1) T,

where step (ii) follows from the fact that centering does not change the sub-Gaussian constant by
more than a constant factor (see, e.g., Lemma 2.6.8 of Vershynin [318]]). Finally, using once again
the fact that o < C'm and applying the elementary inequality va + b < \/a + /b, which holds for
any pair of positive reals (a, b) establishes the result for this case.

Case 2: Wheny ¢ [g"(—cpns), 9" (Cns)], We proceed by showing that the desired sub-Gaussian
constant is still less than C(a1" Vv @c,, 5) for an absolute constant C'. Let § : = g*(c,s), and first
consider the case y > ¢. Define the (non-negative) random variable W' : = ¢, s — W, and use the
notation W = W, for simplicity. First, note that it suffices to show a bound on the smallest positive
~ such that

Ele*™*y =] < 2,
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since centering at the mean only affects the sub-Gaussian constant by a constant factor [318].
Then the ratio between the conditional densities when Y = y and Y = ¥ is given by

fW|Y(w|y) e 7fW,Y<w;y
Sfwy@lg) 7 fwy (w, 7

where C, 7 is a positive parameter that depends on the pair (y, %), but is independent of the scalar w.
This yields the further chain of bounds

Jwiy (wly) —osn [ =y — (YY) /o2
Pl e (=D g (w)/o?))

YT x (g
=Cygexp (—((y—7)/0%)) 7 7™
—C_exp ((y—m) /o)™,

for a different positive constant C, ; that is independent of w. Since y > 7, the likelihood ratio is

non-decreasing in w. Equivalently, the likelihood ratio decreases as the quantity c,, s — w increases.

Consequently, the random variables (c, ;s — W)? and %:i—% are negatively correlated, and for

each v > 0, we have

N2 /A2 [ —2 2 W|y)
B [Py = y] = B[ Hens W fwiy (Wly y_y}
' _ Foy (V]g)]
<E|e (CM*W)Q\YZZ] E[fWY(W@W:—]
fW\Y(W’y)
—FE | (can)z‘yzg]

= E [exp (v (o5 — @) + @7 ~ W) ¥ =7)]
= exp (v (cns — 7(®)°) E [exp (v (7(7) = W)*) Y =7)] .

Finally, note that we have (¢, s — 7i(7))* = 3, 5m;‘—J;2 = c2 50°. On the other hand, by case 1 of

the proof, the expectation term in the last display is bounded by a constant provided 72 > 72I'2.
By adjusting the constant factors, we can ensure that |E [6772(W/)2|Y = y} < 2 provided v >

Ca3(I? v c?h 5)» and this completes the proof for the case y > 7. An identical argument holds when
y < —7v, and combining the two cases yields the lemma. O

Proof of Lemma [6.4.5; Recall the notation k = Pr{Z € T}, so that the density of the random
variable W is given by

fw(w) =k tp(w)1 {w € T};
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we use the shorthand x(w) : = k11 {w € Z} for convenience.
Let us begin by deriving the joint density. We have

fwy (w,y) = fyw(ylw) fw(w)
= ¢ (y — g(z)) d(w)r(w)

2 6o (m(g™ () — w)) Sw)r(w)
= Lexp ( —(g ) — w) - w_) K(w),

2o 202 /m? 2

where step (i) follows from equation (6.31). Completing the squares and performing some more
algebra leads to the relation

(1 2 O
to /m ) 1Jr0'2/m2
exp | — 202 2 K(w)

)
- # exp (— 2_2 eXp ( ) ()

= _¢T ( ( )) y) 7

and this proves inequality (6.32a).
We now turn to establishing bound (6.32b]). We have

y(y) = /fW,Y(w>y)dw

— [ 60ty gla)) élw)nw)du
= [ ontarta™ () — w)) otwyntw)du.

1
< -
fwy (w.y) < om0 P ( 2(1+ (72/m2

where step (ii) once again follows from equation (6.31)). Completing the square similarly to above
and performing some more algebra yields

R P o) (w— )

2(1 + o2 /M2) 202 /M2 wlw)dw



CHAPTER 6. ADAPTING TO NOISE LEVEL IN SEMIPARAMETRIC ESTIMATION 186

The following sequence of relations then completes the proof.

. / bl — () )(w)edw =

Cn

" bolw — pu(y))duo

—Cn,s
Cn,s

> [ dulw — ply)duw
K(y)

1(y)+cn,s

= / ¢o(w)dw
; s
2

> o(z)dz > 1/3,
0

where we have used the inequalities 0 < ﬂ(y) < Cpgs Cno > 2,and o < 1. O

Proof of Lemma

The proof of both claims in this lemma are based on the following result that bounds the expected
supremum of the associated empirical process. In it, we let v = (v, . . ., 1) denote a sequence of
1.i.d. 1-sub-Gaussian random variables that is independent of everything else.

Lemma 6.4.6. For each function h € ‘H, sequence of samples vy, . . . , yx, and scalar U, we have
k
1 b9 (log(b/¥) v 1)
E, su - vi - (h — h")(y; SC\/ )
sup (23w (=) | < k
[ S A

A variant of this claim can be found, for instance, in van de Geer [308]], but we provide the
proof at the end of this section for completeness. Taking the lemma as given for the moment, let us
establish the two bounds. For convenience, we use the shorthand H* = H,+.

Proof of claim (6.26d): We must establish a bound on the (localized) population Rademacher
complexity of the function class H, which contains functions that are uniformly bounded by b. It is
helpful to work instead with the empirical Rademacher complexity, which, for an abstract function
class F takes the form

Ri(F) : = E,

sup
fer

|
z > i (vi)
=1

Note that we no longer take an expectation over the design points, and so this complexity measure
should be viewed as a random variable when the samples v, . . ., y; are random. Recall the norm
| - ||« defined in equation (6.17), and let 7(h*;y) denote the smallest positive solution to the
(empirical) critical equality

] . (6.33)

7_2

= = S OB( - 7)) (6.34)
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for some positive scalar . Since the function class H* is 2b-bounded and star-shaped around
0, a slight modification of Proposition 14.25 of Wainwright (see also the discussion surrounding
equations (14.6)-(14.8)) guarantees that there is an absolute constant ¢ such that

Te(h*;b) < - 72 (h*;b)

with probability exceeding 1 — exp {—c k72 (h*;b)/b*}. Consequently, it suffices to bound the
(random) quantity 7;; we dedicate the rest of this proof to such a bound. Applying Lemma [6.4.6]
we are looking for the smallest strictly positive solution to the inequality

2 (bT log(b/7) > 12 |

_
3 S 2

and solving with equality yields the bound.
[

Proof of claim (6.26b): By definition of the functional 1, and Lemma|6.4.6] we are looking for
the smallest strictly positive solution to the inequality

i @mmmyﬂ
= Co2 )
v k

and solving with equality yields the claimed bound. O

Proof of Lemma[6.4.6: Since we are interested in bounding the sub-Gaussian complexity over
the class of bounded monotone functions, we appeal to arguments based on metric entropy bounds
and chaining [313]]. Let us provide some background for this method, starting with the definition of
the covering number of a set in a metric space.

Definition 6.4.1 (Covering number). An e-cover of a set T with respect to a metric p is a set
{91, 62, ... ,QN} C T such that for each 0 € T, there exists some i € [N] such that p(6,0;) < e.
The e-covering number N (¢;T, p) is the cardinality of the smallest e-cover.

The logarithm of the covering number is referred to as the metric entropy of a set. It is well
known that the sub-Gaussian complexities of sets can be bounded via their metric entropies, and we
employ this approach below. View the samples 1, . ..,y as fixed in our particular problem, and
use the shorthand B,,(1; H*)) := {h € H | |h — h*||x < p}. Then we have the upper bound in
terms of Dudley’s entropy integral (see Theorem 5.22 of Wainwright [323]):

k
1
E, su - vi - (h — h*)(y;
D v 1)
[h—h*|lp<0 b *T

16 [’
<= log N(£; B, (0; H), || - |[)dt.
< [ VNGB @GR




CHAPTER 6. ADAPTING TO NOISE LEVEL IN SEMIPARAMETRIC ESTIMATION 188

It is a classical fact that we have the bound
. cb
log N (t B 1), | - 1) < = max{log(b/2),1}

for some absolute constant c (see, e.g., Example 2.1(i) of van de Geer [308]]), where b is the uniform
bound on functions in H. Substituting this bound and simplifying yields the claim. 0

6.5 Summary and open questions

Our work provides a general-purpose method by which the bias in performing parameter estima-
tion under the class of single-index models can be significantly reduced; crucially, this involves
leveraging properties of the function class to which the nonparametric link function belongs. Our
approach should be viewed as reduction based: given an appropriate labeling oracle, we are able to
reduce the problem to performing nonparametric regression over a suitably defined inverse function
class. Our analysis is black-box and also reduction-based, in that it allows any nonparametric
function estimator, and derives a final rate of parameter estimation depending on the rate of the
nonparametric estimator. We particularized this framework to the case where the nonparametric
function estimator was given by least-squares, or empirical risk minimization.

To illustrate this general framework, we derived end-to-end parameter estimation guarantees for
a sub-class of monotone single-index models, improving upon the rates of classical semiparametric
estimators. Owing to the reduction in bias, this improvement is particularly stark as the noise level
o — 0. In particular, when the model is noiseless, we showed a sharpened rate for the problem
using a slightly different analysis method adapted to a natural variant of the procedure. In addition,
we showed an information-theoretic identifiability limit for the problem of parameter estimation in
monotone SIMs.

The generality of our framework raises many interesting questions. For instance, are there other
classes of SIMs for which a labeling oracle is implementable in a computationally efficient manner?
Another important assumption that was made in our paper was that of Gaussian covariates. Strictly
speaking, this assumption can be weakened slightly provided the noise in the “nuisance” directions
(corresponding to directions of covariate space that are orthogonal to (X, 0*)) are well-behaved
under conditioning. A rigorous extension to this class of covariates is an interesting open problem,
and is likely to significantly broaden the scope of our results. Finally, there is the question—regarded
as widely important in the statistical signal processing literature—of how these approaches should
be modified when the true parameter #* € K for some (typically convex) set K C R, Is it sufficient
to perform the linear regression step in our algorithms under this additional restriction? What are
the rates achieved by such a procedure in the high signal regime?

In the broader context of this dissertation, let us emphasize the main takeaway of this chapter:
that the alternating minimization methodology is both computationally tractable and adapts to the
noise level in single-index models, resulting in significantly faster estimation rates in the low-noise
(or high-signal) regime.
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Reinforcement learning

What is the instance-specific complexity of estimating a value function?
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Chapter 7

The policy evaluation problem

Reinforcement learning (RL) is a class of methods for the optimal control of dynamical systems [27-
29,1292] that has begun to make inroads in a wide range of applied problem domains. This empirical
research has revealed the limitations of our theoretical understanding of this class of methods—
popular RL algorithms exhibit a variety of behavior across domains and problem instances, and
existing theoretical bounds, which are generally based on worst-case assumptions, fail to capture
this variety. An important theoretical goal is to develop instance-specific analyses that help to reveal
what aspects of a given problem make it “easy” or “hard”. In the context of this thesis, such a
goal corresponds to the strongest form of adaptation guarantee, and allows distinctions to be drawn
between ostensibly similar algorithms in terms of their performance profiles. In this portion of the
thesis, we ask such precise questions for the policy evaluation problem. This chapter provides an
introduction to this problem and equips the reader with the necessary background for Chapters §]
and 9l to follow.

7.1 Introduction

A variety of applications spanning science and engineering use Markov reward processes as models
for real-world phenomena, including queuing systems, transportation networks, robotic exploration,
game playing, and epidemiology. In some of these settings, the underlying parameters that govern
the process are known to the modeler, but in others, these must be estimated from observed data.
A salient example of the latter setting, which forms the main motivation for our work, is the
policy evaluation problem encountered in Markov decision processes (MDPs) and reinforcement
learning [27, 28, 292]]. Here an agent operates in an environment whose dynamics are unknown:
at each step, it observes the current state of the environment, and takes an action that changes
its state according to some stochastic transition function determined by the environment. The
goal is to evaluate the utility of some policy—that is, a mapping from states to actions, where
utility is measured using rewards that the agent receives from the environment. These rewards are
usually assumed to be additive over time, and since the policy determines the action to be taken
at each state, the reward obtained at any time is simply a function of the current state of the agent.
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Thus, this setting induces a Markov reward process (MRP) on the state space, in which both the
underlying transitions and rewards are unknown to the agent. The agent only observes samples of
state transitions and rewards.

Given these samples, the goal of the agent is to estimate the value function of the MRP. As
noted above, in the context of Markov decision processes (MDPs), this problem is known as policy
evaluation. The value function evaluated at a given state measures the expected long-term reward
accumulated by starting at that state and running the underlying Markov chain. In applications, this
value function encodes crucial information about the MRP. For example, there are MRPs in which
the value function corresponds to the probability of a power grid failing [109] or the value of a
board configuration in a game of Go [282]. Moreover, policy evaluation is an important component
of many policy optimization algorithms for reinforcement learning, which use it as a sub-routine
while searching for good policies to deploy in the environment.

The focus of the next two chapters is on understanding the policy evaluation problem in finite-
state (or tabular) MRPs in an instance-dependent manner, focusing on the the generative setting
in which the agent has access to a simulator that generates samples from the underlying MRP. In
particular, we would like guarantees on the sample complexity of policy evaluation—defined as
the number of samples required to obtain a value function estimate of some pre-specified error
tolerance—as a function of the agent’s environment, i.e., the transition and reward functions induced
by the policy being evaluated. Local guarantees of this form provide more guidance for algorithm
design in finite sample settings than their worst-case counterparts. Indeed, as sketched in the
introductory chapter, this viewpoint underpins the important sub-field of local minimax complexity
studied widely in the statistics and optimization literatures (e.g., [48} 354]), as well as in more recent
work on online reinforcement learning algorithms [345].

1/2 1/2

1<©/—\©/\O>1

r=20 r=1/2 r=1

Figure 7.1: A simple 3-state Markov reward process.

The benefits of our instance-dependent guarantees are even evident in a model as simple as
the 3-state MRP illustrated in Figure Suppose that we observe noiseless rewards of this MRP
and wish to compute its infinite-horizon value function with discount factor v € (0, 1). Bounds
based on the contractivity of the Bellman operator [160, 166, 324] imply that the /.. -error of the
plug-in estimate scales proportionally to 1/(1 — v)2. The worst-case bounds of Azar et al. [7] imply
arate 1/(1 — )32, But the optimal local result captured in Chapter shows that the error is only
proportional to 1/(1 — ). For a discount factor v = 0.99, this improves the previous bounds by
factors of 100 and 10, respectively, and consequently, the respective sample complexities by factors
of 10* and 10?. Instance-dependent results therefore allow us to differentiate problems that are
“solvable” with finite samples from those that are not.
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Before proceeding to our assessment of various algorithms, let us set down some important
background for Chapters[]and 9]

7.2 Background and problem formulation

In this section, we introduce the basic notation required to specify a Markov reward process, and
formally define the problem of estimating value functions in the generative setting.

7.2.1 Markov reward processes and value functions

We study Markov reward processes defined on a finite set X of states, indexed as X = {1,2,..., D}.
The state evolution over time is determined by a set of transition functions {P( - | z), z € X},
with the transition from state x to the next state being randomly chosen according to the distribution
P(- | z). For notational convenience, we let P € [0, 1]?*? denote a row stochastic (Markov)
transition matrix, where row j of this matrix—which we denote by p,—collects the transition
function of the j-th state. Also associated with an MRP is a population reward function r : X — R:
transitioning from state x results in the reward (). For convenience, we engage in a minor abuse of
notation by letting 7 also denote a vector of length D, with r; corresponding to the reward obtained
at the j-th state.

In this part of the thesis, we consider the infinite-horizon, discounted reward as our notion for
the long-term value of a state in the MRP. In particular, for a scalar discount factor v € (0, 1), the
long-term value of state x in the MRP is given by

0" (x):=E

Zwkr(xk) ’ T = x] ) where zj, ~ P( - | 1) forall k > 1.
k=0

In words, this measures the expected discounted reward obtained by starting at the state x, where
the expectation is taken with respect to the random transitions over states. Once again, we use 6" to
also denote a vector of length D, where ¢} corresponds to the value of the j-th state.

A note to the reader: in the sequel, we often reference a state simply by its index, and often refer
to the state space X = [D]. Accordingly, we also use P( - | j) to denote the transition function
corresponding to state j € [D].

7.2.2 Observation model

Given access to the true transition and reward functions, it is straightforward, at least in principle,
to compute the value function. By definition, it is the unique solution of the Bellman fixed point
relation

0" =1+ yPo*. (7.1)

In the learning setting, the pair (P, r) is unknown, and we instead assume access to a black box
that generates samples from the transition and reward functions. In this part of the thesis, we



CHAPTER 7. THE POLICY EVALUATION PROBLEM 193

operate under a setting known as the synchronous or generative setting; it is a stylized observation
model that has been used extensively in the study of Markov decision processes (see Kearns and
Singh [[166] for an introduction). Let us introduce it in the context of MRPs: for a given sample
index k = 1,2, ..., N and for each state j € [D], we observe a random next state X, ; € [D] drawn
according to the transition function P( - | j), and a random reward Ry, ; drawn from a conditional
distribution D,.( - | ). Throughout, we assume that the rewards are generated independently across
states, with E[Ry, ;] = ;. Letting p(r) denote a non-negative vector indexed by the states j € [D],
we assume the conditional distributions {D,.(- | j), j € [D]} are p(r)-sub-Gaussian, meaning that
for each j € [D], we have

A2p2(r)

Eg~p.(-1j) [e’\(R_T’j)] <e 2 forall A € R. (7.2)

With N such i.i.d. samples in hand, our goal is to estimate the value function #* in the /.,-error
metric.

Such a goal is particularly relevant to the policy evaluation problem described in the introduction,
since /..-estimates of the value function can be used in conjunction with a policy improvement sub-
routine to eventually arrive at an optimal policy (see, e.g., Section 1.2.2. of the recent monograph [2]).
We note in passing that bounds proved under the generative model may be translated into the more
challenging online setting via the notion of Markov cover times (see, e.g., the papers [6} [95]] for
conversions of this type for Markov decision processes).

7.2.3 The plug-in estimator

A natural approach to this problem is use the observations to construct estimates (f’, 7) of the pair
(P, ), and then substitute or “plug in” these estimates into the Bellman equation, thereby obtaining
the value function of the MRP having transition matrix P and reward vector 7.

In order to define the plug-in estimator, let us introduce some helpful notation. For each time
index k, we use the associated set of state samples { X} ;, j € [D]} to form a random binary matrix
Z; € {0,1}P*P in which row j has a single non-zero entry, determined by the sample X, ;. Thus,
the location of the non-zero entry in row j is drawn from the probability distribution defined by p;,
the j-th row of P. Recall that our observations also include the stochastic reward vectors { Ry},
sampled from the reward distribution D,.. Based on these observations, we define the sample means

- 1Y 1 &
P—N;Zk and T:NZRk, (7.3)

which can be seen as unbiased estimates of the transition matrix P and the reward vector r,
respectively.
The estimates (P, ) define a new MRP, and its value function is given by the fixed point relation

Ootug = 7+ 7POpiug. (7.4)
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Solving this fixed point equation, we obtain the closed form expression §p|ug =(I- 7?’)*1? for
the plug-in estimator. Note that the terminology “plug-in” arises the fact that §p|ug is obtained by
substituting the estimates (13, 7) into the original Bellman equation (7.1)). We also note that in this
special case—that is, the tabular setting without function approximation—the plug-in estimate is
equivalent to the LSTD solution [39, 41]].

In Chapter|8] we also introduce a close relative of the plug-in estimator that makes it significantly
more “robust”.

7.2.4 Operator view of stochastic approximation

Given these samples, define the k-th (noisy) linear operator ’7\} : RP s RP whose evaluation at the
point 6 is given by
Te(0) = Ry, + yZy0. (1.5)

The construction of these operators is inspired by the fact that we are interested in computing the
fixed point of the population operator,

T 60— r+~P0, (7.6)

and a classical and natural way to do so is via a form of stochastic approximation known as temporal
difference learning.

Classical temporal difference (TD) learning algorithms are parameterized by a sequence of
stepsizes, {ay }x>1, with oy, € (0, 1]. Starting with an initial vector §; € RP, the TD updates take
the form

Opir = (1 — )0y + i Th(0) fork =1,2,. ... (1.7)

In the sequel, we discuss three popular stepsize choices:

Constant stepsize: ap = a, where 0<a<ams. (7.8a)
Polynomial stepsize: =15 for some w € (0, 1). (7.8b)

1
Recentered-linear stepsize: o = ——. 7.8¢
P A (1—9)k (7.8¢)

In addition to the TD sequence (/.7), it is also natural to perform Polyak-Ruppert averaging,
which produces a parallel sequence of averaged iterates

O =

| =

k
D> 0 fork=1.2,... (7.9)
j=1

Such averaging schemes were introduced in the context of general stochastic approximation by
Polyak [255]] and Ruppert [270]. A large body of theoretical literature demonstrates that such an
averaging scheme improves the rates of convergence of stochastic approximation when run with
overly “aggressive” stepsizes.
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7.2.5 Local complexity measures

In order to make our local guarantees precise, we require precise definitions of the “complexity” of
an instance. First, define the span semi-norm of a value function 6 as
0 :=maxf(x) — minf(x).
161]span + = mavs () — iy O()
Equivalently, the span semi-norm is equal to the variation of the vector § € R”; see Puterman [258]]

for more details.
For each vector § € R?, define the vector of empirical variances

Y

~ ~ 2
52(0) =& )(z - P)e)
where E denotes expectation over the empirical distribution (i.e., the random matrix Z is drawn

uniformly at random from the set {Z;}2_,). Note that given 6, this quantity is computable purely
from the observed samples. Also define population variance vector

o*(0) :=E|(Z-P)d",

where in this case Z is drawn according to the population model P.
Define the covariance matrix of the vector (Z — P)6 as

Ep((g) .= COVz~P ((Z — P)Q) . (710)

We often use () as a shorthand for ¥p(#) when the underlying transition matrix P is clear from
the context. With these definitions in hand, define the complexity measures

v(P,0) : = max (e] M= +P)'S(O)T —vP) Te,)?, and (7.11a)
€
p(P,r):= 0, H(I—WP)_IHzOO = o0, max ||(I—9P) . (7.11b)

[[ull2=1

Note that (P, #) corresponds to the maximal variance of the random vector (I — vP)~1(Z — P)6.
We also use the convenient shorthand

[6pan
b(0) : = (7.11c)
(0):=

in order to define our final measure of complexity.

7.3 A ““toy” Markov reward process

In the next two chapters, we study the local behavior of various algorithms. It will be helpful to
specialize these results to a toy MRP in which the instance-specific complexities can be changed in
a transparent and straightforward fashion.
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I—p

/\
P <) O=1

r=v r=v-T

Figure 7.2: Tllustration of the 2-state MRP used in the simulation. The triple of scalars (p, v, 7),
along with the discount factor v, are parameters of the construction. The chain remains in state 1
with with probability p and transitions to state 2 with probability 1 — p; on the other hand, state 2 is
absorbing. The rewards in states 1 and 2 are deterministic, specified by v and v7, respectively.

This MRP consists of D = 2 states, where state 1 stays fixed with probability p, transitions to
state 2 with probability 1 — p, and state 2 is absorbing. The rewards in states 1 and 2 are given by v
and v, respectively. Here the triple (p, v, 7), along with the discount factor ~y, are parameters of the
construction. See Figure[/.2|for an illustration.

In some cases, it will be convenient to parameterize this MRP in a scalarized manner, in which
case we vary the triple (p, v, 7) in the following way. First, we fix a scalar \ in the unit interval
0, 1], and then we set

p=S=,  v=1, and T=1-(1—-7" (7.12)

Note that this sub-family of MRPs is fully parameterized by the pair (-, A). In particular, the local
complexity quantities introduced in Section[7.2.5|can be explicitly calculated as functions of these
two parameters. It can be shown via simple calculations that the underlying MRP satisfies

1 1.5—-X 1 2—A
V(P,H*) ~ (m) R p(P,?") =0 and b(9*) ~ (m) , (7133)

and furthermore, that

1 0.5—X 1 1.5—X\ 1 1-X
* - _ —1 * ~ - * ~ -
@~ () =P o~ (122) and [~ ()

1 v
(7.13b)

provided N > 1/(1 — ) and v > 3. These calculations are presented in Appendix C.1| but the
bounds (7.13) will be useful both in our lower bound constructions and simulations to follow.

Having formally set up the necessary background, we now turn to formal guarantees on these
procedures and their variants in Chapters[§]and [0
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Chapter 8

Instance-dependent adaptation of plug-in
estimator

As a natural first step towards providing local guarantees for the policy evaluation problem, we
analyze the plug-in estimator for the problem, which estimates the underlying transition and reward
functions from the samples, and outputs the value function of the MRP in which these estimates
correspond to the ground truth parameters. We also analyze a robust variant of this approach, and
provide minimax lower bounds that hold over subsets of the parameter space.

Related work: Markov reward processes have a rich history originating in the theory of Markov
chains and renewal processes; we refer the reader to the classical books [99] and [90] for introduc-
tions to the subject. The policy evaluation problem has seen considerable interest in the stochastic
control and reinforcement learning communities, and various algorithms have been analyzed in
both asymptotic 36, 295]] and non-asymptotic [[183}[289] settings. Chapter 3 of the monograph by
Szepesvari [294] provides a brief introduction to these methods, and the recent survey by Dann et
al. [[77] focuses on methods based on temporal differences [293].

In the language of temporal difference (TD) algorithms, the plug-in approach that we analyze
corresponds to the least squares temporal difference (LSTD) solution [41] in the tabular setting,
without function approximation. While TD algorithms for policy evaluation have been analyzed by
many previous papers, their focus is typically either on (i) how function approximation affects the
algorithm [301]], (i1) asymptotic convergence guarantees [36, 295] or (iii) establishing convergence
rates in metrics of the /5-type [[183} 289, 295]. Since ¢5-type metrics can be associated with an inner
product, many specialized analyses can be ported over from the literature on stochastic optimization
(e.g., [9, 232]) On the other hand, our focus is on providing non-asymptotic guarantees in
the /.-error metric, since these are particularly compatible with policy iteration methods. In
particular, policy iteration can be shown to converge at a geometric rate when combined with policy
evaluation methods that are accurate in /,.-norm (e.g., see the books [2,[29]]). Also, given that we

"Here we have only referenced some representative papers; see the references in Szepesvari [294] for a broader
overview.
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Problem Algorithm Paper Model Sample-size Guarantee Technique
State-action Plug-in J 166 U 160] | Synchronous | N on—asymptot%c Global, /., Hoeffdn}g
value [7] Synchronous | Non-asymptotic | Global, £ Bernstein
estimation Stochastic [37] Synchronous Asymptotic Glolbal,. ODE method
. . conv. in dist.
in MDPs | approximation: Local Asymptotic
Q—lear.mng & [84] Synchronous Asymptotic conv. in dist. normality
variants [1324] Bernstein
i63] Synchronous | Non-asymptotic Local, /, Moreau envelope
16 l’. . Bernstein
[280], Synchronous | Non-asymptotic | Global, / . .
[325] variance reduction
Optimal Plug-in [7] Synchronous | Non-asymptotic | Global, {, Bernstein
\./alue. [3] Synchronous | Non-asymptotic | Global, /., Bernstelp *
estimation decoupling
in MDPs Stocl}ast1f: [281] Synchonous | Non-asymptotic | Global, /., .Bernsteln *
approximation variance reduction
. . . , Bernstein +
Plug-in This chapter | Synchronous | Non-asymptotic Local, /., leave-one-out
POhC.y . (2951, [255,"’ Synchronous, . Local, ¢5 and Averaging,
evaluation Stochastic 1150}, [37], . . Asymptotic Lo
. . trajectories conv. in dist. ODE method
in MRPs approximation: [184]
TD-learning [183], [30], | Synchronous, . Averaging,
[289] trajectories Non-asymptotic Global, £, martingales
Global oracle
TD-learning 1301, Trajectories Asymptotic inequality Asymp tgtlc
. . [306] Local, normality
with function -
.. conv. in dist.
approximation 30]
2’ Synchronous, . Global and Population to
(861, . . Non-asymptotic
72 trajectories local, 45 sample
Median of . . :
means This chapter | Synchronous | Non-asymptotic Local, /., Robustness

Table 8.1: A subset of results in the tabular and infinite-horizon discounted setting, both for policy
evaluation in MRPs and policy optimization in MDPs. For a broader overview of results, see
Gosavi [123] for the setting of infinite-horizon average reward, and Dann and Brunskill [[76]] for the
episodic setting. The “technique” vertical of the table is only meant to showcase a representative
subset of those employed. Our contributions are highlighted in red.
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are interested in fine-grained, instance-dependent guarantees, we first study the problem without
function approximation.

As briefly alluded to before, there has also been some recent focus on obtaining instance-
dependent guarantees in online reinforcement learning settings [209, 283]]. These analyses have
led to more practically applicable algorithms that provide, for instance, horizon-independent regret
bounds for certain episodic MDPs [154} 345]], thereby improving upon worst-case bounds. Recent
work has also established some instance-dependent bounds for the problem of state-action value
function estimation in Markov decision processes, for both ordinary ()-learning [324]] and a variance-
reduced improvement [325]]. However, we currently lack the localized lower bounds that would
allow us to understand the fundamental limits of the problem in a more local sense, except in some
special cases for asymptotic settings; for instance, see Ueno et al. [306] and Devraj and Meyn [84]]
for bounds of this type for LSTD and stochastic approximation, respectively. We hope that our
analysis of the simpler policy evaluation problem will be useful in broadening the scope of such
guarantees.

Portions of our analysis exploit a decoupling that is induced by a leave-one-out technique. We
note that leave-one-out techniques are frequently used in probabilistic analysis (e.g., [81]]). In the
context of Markov processes, arguments that are related to but distinct from those appearing in this
chapter have been used in analyzing estimates of the stationary distribution of a Markov chain [|63]],
and for analyzing optimal policies in reinforcement learning [3|].

For the reader’s convenience, we have collected many of the relevant results both in policy
optimization and evaluation in Table along with the settings and sample-size regimes in which
they apply, the nature of the guarantee, and the salient techniques used.

Contributions: We study the problem of estimating the infinite-horizon, discounted value function
of a tabular MRP in /,-norm, assuming access to state transitions and reward samples under the
generative model. Our first main result, Theorem [8.1.1] analyzes the plug-in estimator, showing
two types of guarantees: on one hand, we derive high-probability upper bounds on the error that
can be computed based on the observed data, and on the other, we show upper bounds that depend
on the underlying (unknown) population transition matrix and reward function. The latter result is
achieved via a decoupling argument that we expect to be more broadly applicable to problems of
this type.

Corollary [8.2.1] then specializes the population-based result in Theorem [8.1.1] to natural sub-
classes of MRPs. Theorem [8.2.1|provides minimax lower bounds for these sub-classes, showing—in
conjunction with Corollary [8.2.T}—that the plug-in approach is minimax optimal over the class of
MRPs with uniformly bounded reward functions. However, these results suggest that the plug-in
approach is not minimax-optimal over the class of MRPs having value functions with bounded
variance under the transition model. Consequently, we analyze an approach based on the median-of-
means device and show that this modified estimator is minimax optimal over the class of MRPs
having value functions with bounded variance.
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Chapter-specific notation: Recall the notational convention introduced in Section We
complement this notation with a few other definitions that are used solely in this chapter and the
corresponding technical proof section in Appendix We let || M]|; o denote the maximum
¢1-norm of the rows of a matrix M, and refer to it as the (1, co)-operator norm of a matrix.

8.1 Guarantees for the plug-in approach

Recall the local complexity measures defined in Section of Chapter[7] With this notation, we
are ready to state two results for the plug-in estimator.

Theorem 8.1.1. There is a pair of universal constants (ci, c3) such that if N > ¢) "~ ( ) > log(8D/9),
then each of the following statements holds with probability at least 1 — 0.
(a) We have
~ . log(8D/4) S~ (1)l o log(8D/§ ~
e — 0"l < { e R N R LU Y
(8.1a)
(b) We have
~ . log(8D/d N . 00 log(8D/d .
||9p|ug -0 Hoo < ¢ { % (7 H(I _VP) 1‘7(6 ) ‘oo + ”q(_)l ) + % -yb(ﬁ )} .

(8.1b)

It is worth making a few comments on this theorem, which provides two instance-dependent
upper bounds on the error of the plug-in approach. Assuming for simplicity of discussio that
the maximum noise reward parameter ||p(r)||o is known, then part (a) of the theorem provides a
bound that can be evaluated based on the observed data; bounds of this form are especially useful in
downstream analyses. For instance, a central consideration in policy iteration methods is to obtain

“good enough” value function estimates 6 for fixed policies, in that we have || — 6*|| < e for
some prescribed tolerance e. Theorem [8.1.1((a) provides a method by which such a bound may be
verified for the plug-in approach: compute the statistic on the RHS of bound (8-1al); if this is less
than €, then the bound ||6,ug — 6%/« < € holds with probability exceeding 1 — 6.

On the other hand, Theorem [8.1.1b) provides a guarantee that depends on the unknown problem
instance. From the perspective of the analysis, this is the more difficult bound to establish, since
it requires a leave-one-out technique to decouple dependencies between the estimate 6,5 and the

matrix P. We expect our technique—presented in full in Section and its variants to be more

2We note that when p(r) is not known but the reward distribution is (say) Gaussian, it is straightforward to provide
an entry-wise upper bound for it by computing the empirical standard deviation of rewards from samples, and using this
to define a high-probability and data-dependent bound on the sub-Gaussian parameter.
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broadly useful in analyzing other problems in reinforcement learning besides the policy evaluation
problem considered here.

Third, note that our lower bound on the sample size—which evaluates to N' > 7% log(8D/4)
for any strictly positive discount factor—is unavoidable in general. In particular, for any fixed
reward-noise parameter ||p(r)||- > 0, this condition is required in order to obtain a consistent
estimate of the value function On the other hand, in the special case of deterministic rewards
(Ilp(r)||sc = 0), we suspect that this condition can be weakened, but leave this for future work.

Finally, it is worth noting that there are two terms in the bounds of Theorem [8.1.1} the first term
corresponds to a notion of standard deviations of the estimated/true value function and reward, and
the second depends on the span semi-norm of the value function. Are both of these terms necessary?

What is the optimal rate at which any value function can be estimated?

8.2 Assessing optimality

The questions asked above motivate the analysis to be presented in this section, which has two parts.

8.2.1 Lower bounds on the local minimax risk

In order to study the question of optimality in this chapter, we adopt the notion of local minimax
risk, in which the performance of an estimator is measured in a worst-case sense locally over natural
subsets of the parameter space. In the next chapter, we revisit this question and provide even more
refined lower bounds that show that the plug-in estimator is in fact optimal when viewed from the
local asymptotic minimax framework (see Section[9.I).

Our upper bounds in the previous section depend on the problem instance via the standard devia-
tion function o (6*), the reward standard deviation p(r), and the span semi-norm of §*. Accordingly,
we define the following subsetsﬂ of Markov reward processes (MRPs):

Mo (¥, 0) : = {set of all MRPs s.. ||o(6%)]|.c < ¥ and [|p(r)|l= < g}, (8.2a)
Msn(C, 0) == {set of all MRPs s.t. ||0*||span < ¢ and ||p(7)]|oc < Q}, and  (8.2b)

Miew(Fmaes 0) - = {set of all MRPS s.. ||7]|ac < 7 and || p(r)]|oe < g}. (8.2¢)

Letting M be any one of these sets, we use the shorthand § € M to mean that 6 is the value
function of some MRP in the set M. Each choice of the set M defines the local minimax risk given

3For instance, even with known transition dynamics, estimating the value function of a single state to within additive
error € requires {2 (W) samples of the noisy reward.

4The following mnemonic device may help the reader appreciate and remember notation: the symbol ¥J, or
“vartheta”, stands for a measure of the variability in the value function 6; the symbol g, or “varrho”, represents the
variability in reward samples, and r,,x represents the maximum absolute reward mean.
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by

inf sup E[[I§ - 0|
6 0*eM

where the infimum ranges over all measurable functions 6 of N observations from the generative
model. With this set-up, we can now state some lower bounds in terms of such local minimax risks:

Theorem 8.2.1. There is a pair of absolute constants (¢, ) such that for all y € [%,1) and sample
sizes N = 1% log(D/2), the following statements hold.

(a) For each triple of positive scalars (9, , o) satisfyingﬂﬁ < (/1 — 7, we have

o log(D/2)
1—7 N

inf sup E [||§— 9*||oo] > (0 + o). (8.3a)
(¢0)

é\ o* EMVar(ﬁyg)vafun

(b) For each pair of positive scalars (Tyax, 0) SAtiSfying ryax > 04/ IOJgVD , we have

. ~ Co log(D/2) Tmax
inf sup E [ 0 — 0" Oo} > +o0]. (8.3b)
0 0€Mew(rmae,0) | | 1—vy N (L —=y)12

Equipped with these lower bounds, we can now assess the local minimax optimality of the
plug-in estimator. In order to facilitate this comparison, let us state a corollary of Theorem [8.1.1]
that provides bounds on the worst-case error of the plug-in estimator over particular subsets of the
parameter space. In order to further simplify the comparison, we restrict our attention to the range
v e [%, 1) covered by the lower bounds.

Corollary 8.2.1. There are absolute constants (cs, cy) such that for all y € [5,1) and sample sizeﬂ

N2 g% log(8D/§), the following statements hold.

(a) Consider a triple of positive scalars (9, (, o) such thaﬂﬁ < (. Then for any value function
0 € Mvar<19> Q) N vaun (Ca Q), we have

~ 1 D 1 D
g = 07l < 7 { RO (94 )+ M-c} (8.42)

N

with probability at least 1 — 0.

>We conjecture that this lower bound can be proved under the weaker condition ¥ < ¢, thereby matching the
condition present in Corollary [8.2.1fa).

6As shown in the proof, part (a) of the corollary holds without this assumption on the sample size, but we state it
here to facilitate a direct derivation of Corollary from Theorem

"It is worth noting that the condition ¥ < ¢ in part (a) of the corollary does not entail any loss of generality, since
we always have [|0(0*)|locc < ||0*||span. Indeed, for MRPs in which ||o(0*)|lec < [|6*||span. the second term on the

RHS of inequality (8:4a) will dominate the bound unless the sample size N is large.
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(b) Consider an arbitrary pair of positive scalars (Tmax,0). Then for any value function
0* € M ew(Tmax, 0), we have

~ . Cy log(8D/4) T'max
_ < .
Heplug 0 Hoo =14 N (1_7)1/2 +0 (8.4b)

with probability at least 1 — ).

By comparing Corollary [8.2.1(b) with Theorem [8.2.1(b), we see that the plug-in estimator is
minimax optimal (up to constant factors) over the class Mew ("max, 0)- This conclusion parallels
that of Azar et al. [[7] for the related problem of optimal state-value function estimation in MDPs.
(In our notation, their work applies to the special case of o = 0, but their analysis can easily be
extended to this more general setting.)

A comparison of part (a) of the two results is more interesting. Here we see that the first term in
the upper bound matches the lower bound up to a constant factor. The second term
of inequality (8.4a), however, does not have an analogous component in the lower bound, and this
leads us to the interesting question of whether the analysis of the plug-in estimator can be sharpened
so as to remove the dependence of the error on the span semi-norm ||6*||span. Proposition
presented in Appendix [C.2] shows that this is impossible in general, and that there are MRPs in
which the /., error can be lower bounded by a term that is proportional to the span semi-norm.

This raises another natural question: Is there a different estimator whose error can be bounded
independently of the span semi-norm ||6*||span, and which is able achieve the lower bound (8.3a))?
In the next section, we introduce such an estimator via a median-of-means device.

8.2.2 Closing the gap via the median-of-means method

In many situations, the span semi-norm of a value function 6* may be much larger its variance o (6*)
under the transition model. Such a discrepancy arises when there are states with extremely large
positive (or negative) rewards that are visited with very low probability. In such cases, the second
terms in the bounds (8.1)) dominate the first. It is thus of interest to derive bounds that are purely
“variance-dependent” and independent of the span norm. In order to do so, we analyze a slight
variant of the plug-in approach. In particular, we analyze the median-of-means estimator, which is
a standard robust alternative to the sample mean in other scenarios [188, [234]]. In the context of
reinforcement learning, Pazis et al. [250] made use of it for online policy optimization in MDPs.
In our setting, we only employ median-of-means to obtain a better estimate of term depending
on the transition matrix; we still use the estimate 7 defined in equation (7.3) as our estimate of
the reward function Given the data set {Zk}],::l and some vector § € R”, the median-of-means

estimate M (0) of the population expectation P#@ is given by the following nonlinear operation:

81n principle, one could run a median-of-means estimate on the combination of reward and transition, but this is
not necessary in our setting due to the sub-Gaussian assumption on the reward noise (7.2)). Slight modifications of our
techniques also yield bounds for the combined median-of-means estimate assuming only that the standard deviation of
the reward noise is bounded entry-wise by the vector p(r).
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* First, split the data set into K equal parts denoted {D;, ..., Dk}, where each subset D; has
sizem = |[N/K|.

* Second, compute the empirical mean 7i;(0) : = = > kep, Zit for each i € [K].

« Finally, return the quantity M (0) : = med(u1(0), ..., ik (0)), where the median—defined
for convenience as the | /{/2|-th order statistic—is taken entry-wise.

The random operator M defines the median-of-means empirical Bellman operator, given by

~

TMM () : = 7 4+ v M(6). (8.5)

As shown in Lemma [8.4.6| (see Section [8.4)), this operator is y-contractive in the ¢,-norm. Conse-
quently, it has a unique fixed point, which we term the median-of-means value function estimate,
denoted by Oyiom- R

In practice, the estimate f\om can be found by starting at an arbitrary initialization and repeatedly
applying the y-contractive operator 7¥°M until convergenceﬂ The following theorem provides a

population-based guarantee on the error of this estimator.

Theorem 8.2.2. Suppose that the median-of-means operator M is constructed with the parameter
choice K = 8log(4D/§). Then there is a universal constant c such that we have

c log(8D/§)
1—7 N

ot = " < (Mo ®llo + 10711 (5.6)

with probability exceeding 1 — 6.

We have thus achieved our goal of obtaining a purely variance-dependent bound. Indeed, for
each pair of positive scalars (¢, ), any value function 6* € M, (¥, 0), and reward distribution
satisfying ||p(7)]|c < 0, we have

c log(8D /)
1—7 N

||0Mo|\/| _Q*HOO S (19+Q)a

with probability exceeding 1 — d. Integrating this tail bound yields an analogous upper bound on
the expected error, which matches the lower bound (8.3a)) on the expected error up to a constant
factor. As a corollary, we conclude that the minimax risk over the class M., (¥, o) scales as

, ~ 1 log(D)
inf sup E |0 — 0| < 9+ o), (8.7
0 0" cMuyar(9,0) [H H } L=y N ( )

and is achieved (up to constant factors) by the estimator §M0M.

°Since the operator is y-contractive, it suffices to run this iterative algorithm for log., € to obtain an e-approximate
fixed point in an additive sense.
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However, our results fall short of showing that the estimator §M0M is minimax optimal over the
class M ew (Tmax, 0) of MRPs with bounded rewards. Indeed, for any value function 6* in the class
Mew(Tmax, 0), Theorem yields the corollary

c log(8D /6 T max
DL (o )

Ontom — 0%l <
[[Omom — 07| S N -

with probability exceeding 1 — 0. Comparing inequality (8.3b) with this bound, we see that our

upper bound on the median-of-means estimator is sub-optimal by a factor (1 — 7)_% in the discount
complexity. From a technical standpoint, this is due to the fact that our upper bound in Theorem

involves the functional ﬁ |o(0*)]|s and not the sharper functional ||(I—~P) 1o (6*)|| presentin
Theorem [8.1.1)(b). We believe that this gap is not intrinsic to the MoM method, and conjecture that
an upper bound depending on the latter functional can be proved for the estimator fyom; this would
guarantee that the median-of-means estimator is also minimax optimal over the class M ey (Tmax, 0)-

8.3 Numerical experiments

In this section, we explore the sharpness of our theoretical predictions, for both the plug-in and
the median-of-means (MoM) estimator. Our bounds predict a range of behaviors depending on the
scaling of the maximum standard deviation ||o(6*)||~, and the span semi-norm (for the plug-in
estimator). Let us verify these scalings via some simple experiments.

8.3.1 Behavior on the “hard” example used for the lower bound

First, we use a simple variant of our lower bound construction illustrated in Figure [/.2| of Chapter|/|
where we additionally choose the scalar parameterization (7.12). Recall the bound on the
local complexity measures of this class of MRPs.

Consequently, by the bound from Theorem for a fixed sample size N, the MoM

1.5—-A
estimator should have /,,-norm scaling as <%7) . The same prediction also holds for the

1
plug-in estimator, assuming that N - ﬁ

In order to test this prediction, we fixed the parameter \ € [0, 1], and generated a range of MRPs
with different values of the discount factor ~y. For each such MRP, we drew N = 10* samples from
the generative observation model and computed both the plug-in and median-of-means estimators,
where the latter estimator was run with the choice K = 20. While the plug-in estimator has a simple
closed-form expression, the MoM estimator was obtained by running the median-of-means Bellman
operator 7'M iteratively until it converged to its fixed point; we declared that convergence had
occurred when the /.. -norm of the difference between successive iterates fell below 1075,

In Figure 8.1} we plot the ¢.,-error, of both the plug-in approach as well as the median-of-means
estimator, as a function of +. The plot shows the behavior for three distinct values A = {0,0.5, 1}.
Each point on each curve is obtained by averaging 1000 Monte Carlo trials of the experiment. Note

that on this log-log plot, we see a linear relationship between the log ¢..-error and log discount
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Log error versus log(1/(1 —y))

—— a= 0.00, (1.554, 1.569, 1.500)
0- — 4= 050, (1.045, 1.056, 1.000)
— a= 1.00, (0.547, 0.564, 0.500)

s 1
| -
Q
£ —2°
| -
(@)
[
|8 _3_
=
(@)
o _4.
Plug
_5—
2.0 2.5 3.0 3.5 4.0

Complexity log(1/(1 — y))

Figure 8.1: Log-log plot of the /. -error versus the discount complexity parameter 1/(1 — ) for
both the plug-in estimator (in + markers) and median-of-means estimator (in ® markers) computed
on the toy MRP from Figure [7.2| with the scalar parameterization (7/.12)). Errors are averaged over
T = 1000 trials with N = 10* samples each. We have also plotted the least-squares fits through
these points, and the slopes of these lines are provided in the legend. In particular, the legend
contains the tuple of slopes ( By, Omom, 5*) for each value of \. Logarithms are to the natural base.

complexity, with the slopes depending on the value of A\. More precisely, from our calculations
above, our theory predicts that the log /. -error should be related to the log complexity log (ﬁ) in
a linear fashion with slope

B*=15-\

Consequently, for both the plug-in and MoM estimators, we performed a linear regression to
estimate these slopes, denoted by [Sye and Suviom respectively. The plot legend reports the triple
( Bplug, EMoM, [*), and for each we see good agreement between the theoretical prediction 5* and its
empirical counterparts.

8.3.2 When does the MoM estimator perform better than plug-in?

Our theoretical results predict that the MoM estimator should outperform the plug-in approach
when the span semi-norm of the value function ||6*||span is much larger than its maximum standard
deviation ||o(6*)]||«- Indeed, Proposition in Appendix |C.2| demonstrates that there are MRPs
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on which the ¢, -error of the plug-in estimator grows with the span semi-norm of the optimal value
function. Let us now simulate the behavior of both the plug-in and MoM approach on this MRP,
constructed by taking D/3 copies of the 3-state MRP in Figure [8.2(a).

Log error versus log(1/(1 —y))

— a= 050, (0.981, 0.540)
—5.0- — a= 0.75, (0.955, 0.301)
— a= 1.00, (0.912, 0.053)

é -55-
T _6.0-
1—-¢ q &
S -6.5-
1<) O O=1 3 _70- -
r=0 r=p/2 r=p g |
= _75-
-8.0- __
2.0 2.5 3.0 3.5 4.0
Complexity log(1/(1 —y))
(a) (b)

Figure 8.2: (a) Illustration of the MRP R4 (g, it). In the simulation as well as in the lower bound
construction of Proposition|C.2.1, we concatenate D /3 such MRPs to produce an MRP on D states.

For the simulation, we choose D = 3{ (ﬁ) AJ and set ¢ = % and = 1. (b) Log-log plot of
the ¢.-error versus the discount complexity parameter 1/(1 — ) for both the plug-in estimator
(in + markers) and median-of-means estimator (in @ markers) averaged over 1" = 1000 trials with
N = 10* samples each. We have also plotted the least-squares fits through these points, and the

slopes of these lines are provided in the legend. In particular, the legend contains the tuple of slopes
(Bpiug, Bmom) for each value of A. Logarithms are to the natural base.

Our simulation is carried out on N = 10* samples from this D-state MRP, with noiseless
observations of the reward. In order to parameterize the MRP via the discount factor alone, we fix
the pair (g, D) in the following way. First, we fix a scalar \ in the unit interval [0, 1], and then set

D:?{(ﬁ)w and ¢ = %

Note that this sub-family of MRPs is fully parameterized by the pair (-, A). The construction also
ensures that
0*|| 0o o(0*) | oo
16 lr(®)]

N JN

(8.8)
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for this chosen parameterization, and furthermore, that the ratio of the LHS and RHS of inequal-
ity increases as the dimension D increases (see the proof of Proposition [C.2.1)).

As shown in Proposition in Appendix the /., error of the plug-in estimator for this
family of MRPs can be lower bounded by ||0*||~/N. It is also straightforward to show that the
error of the MoM estimator is upper bounded by the quantity LoDl - Now increasing the value
of )\ increases the dimension D, and so the MoM estimator should behave better and better for
larger values of A. In particular, this behavior can be captured in the log-log plot of the error against
1/(1 — ~), which is presented in Figure [8.2(b).

The plot shows the behavior for three distinct values A = {0.5,0.75, 1}. Each point on each
curve is obtained by averaging 1000 Monte Carlo trials of the experiment. As expected, the MoM
estimator consistently outperforms the plug-in estimator for each value of A\. Moreover, on this
log-log plot, we see a linear relationship between the log ¢.-error and log discount complexity, with
the slopes depending on the value of A. For both the plug-in and MoM estimators, we performed a
linear regression to estimate these slopes, denoted by 3,1, and Suom respectively. The plot legend

reports the pair (Spe, OSvom), and we see that the gap between the slopes increases as A increases.

8.4 Proofs of main results

We now turn to the proofs of our main results. Throughout our proofs, the reader should recall
that the values of absolute constants may change from line-to-line. We also use the following facts
repeatedly. First, for a row stochastic matrix M with non-negative entries and any scalar v € [0, 1),
we have the infinite series

(T—yM)~ = (yM), (8.92)
t=0

which implies that the entries of (I — M) ™! are all non-negative. Second, for any such matrix, we
also have the bound ||(T — YM) ||} o < ﬁ Finally, for any matrix A with positive entries and a
vector v of compatible dimension, we have the elementwise inequality

|Av| < All. (8.9b)

8.4.1 Proof of Theorem 8.1.1], part (a)

Throughout this proof, we adopt the convenient shorthand 0 = é\pmg for notational convenience. By
the Bellman equations (7.1)) and (7.4) for 6* and 6, respectively, we have

0—0 = {PI-P0"} + (F—r) = P(E—07)+7(P—P)0" + (1)
Introducing the shorthand A:=0—0"and re-arranging implies the relation

A=~vI—~P) ' (P -P)* + I —~P) (7 —r), (8.10)
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and consequently, the elementwise inequality
Al =3I =P) (P = P)"| + (T = 9P) 7!~ )], (8.11)

where we have used the relation (8:95) with the matrix A = (I — yP)~!. Given the sub-Gaussian
condition on the stochastic rewards, we can apply Hoeffding’s inequality combined with the union

bound to obtain the elementwise inequality |7 —r| < ¢4/ w -p(r), which holds with probability
atleast 1 — 2. Since the matrix (I — ~P)~! has non-negative entries and (1, 00)-norm at most ﬁ,
we have

log(8D/4)

L (8.12a)

~ c
I—vP_l?—r < ——lp(r)|ls
( ) | 1_7||()||

with the same probability. On the other hand, by Bernstein’s inequality, we have

5 " log(8D/9) ) . 10g(8D/9)
(P —P)o| 50{ — @)+ HspanT'l}

with probability at least 1 — g, and hence

~ ~ log(8D /o ~ 0*||span log(8D /9
<I—7P>-1|<P—P>e*|jc{ REEDED (L= 9By (o) o + L e RECDS >}-1.
(8.12b)

Substituting the bounds (8.12a)) and (8.12b)) into the elementwise inequality (8.11]), we find that

X log(8D/9) Sy-1 (g lo(r)llse ), 1167 [[span log(8D/0)
!A\fc‘{ — N (’YH(I—’YP) 7 (0")loo + Y )+ }'1

N 1— 1—7 N
(8.13)
with probability at least 1 — %.

Our next step is to relate the pair of population quantities (o(0*), ||0*||span) to their empirical
analogues (7 (6), ||0||span)- The following lemma provides such a bound.

Lemma 8.4.1 (Population to empirical variance). We have the element-wise inequality

log(8D/3)

0(67) 2 25(0) +2A + 0 span\ —

1 (8.14)

with probability at least 1 — § /2.
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Taking this lemma as given for the moment, let us complete the proof.

Since the matrix (I — fyf’)_l has non-negative entries, we can multiply both sides of the
elementwise inequality (8.14) by it; doing so and taking the /..-norm yields

2] Al . 116" llspan [los(8D/5)

— AP o (6] < —4P)"'5(0
[T =~P)" 0 (0)]oc < 2((T—~P)"7(0) + 1=~ T, N

Substituting back into the elementwise inequality (8.13)) and taking ¢..,-norms of both sides, we find
that

A log(8D/9) S\—14 (5 (M) llos\ | 710" [|span log(8D/9)
Al < c{ — (fyH(I — AP)'5(0) |0 + _7) i }

N 1 - 1—7 N
2¢y  [log(8D/d), ~
JAY| IS
SR

Since the span semi-norm satisfies the triangle inequality, we have
16" lspan < 161lspan + [ Alspan < [6]lspan + 211 A|oc-

Substituting this bound and re-arranging yields

~ log(8D/0) TN o)l \ , YN10llspan log(8D/3)
mue—eumg{ —(’V\I(I—VP) 5Ol + 27 )+ }

N 1— 1—7x N

—_

-

choosing the pre-factor c; in the lower bound N > ¢;~? 1051(53)/25)

K> %, thereby completing the proof of Theorem a).

where we have introduced the shorthand x := 1 — 22 (\/ Re(3D/0) | le(32) 6)). Finally, by

large enough, we can ensure that

Proof of Lemma

We now turn to the proof of the auxiliary result in Lemma [8.4.1] We begin by noting that the
statement is trivially true when N < log(8D/0), since we have

o(6") % (16" [ pan.

Thus, by adjusting the constant factors in the statement of the lemma, it suffices to prove the lemma
under the assumption N > clog(8D/¢) for a sufficiently large absolute constant c. Accordingly,
we make this assumption for the rest of the proof.

We use the following convenient notation for expectations. Let [E denote the vector expectation
operator, with the convention that E[v] = Pv. Similarly, let E denote the vector empirical expecta-
tion operator, given by IEM — Puv. These operators are applied elementwise by definition, and we
let [E; and I@z denote the i-th entry of each operator, respectively.
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With this notation, we have

o’ (0") =E|¢0" — E[¢"]]"

_ E-B)o — )| +E 0" — Elp7)?
< E®-B)|o —we| +2 ] - Elp' "4 oF o — RBpe|
= & -B)|y - Elp)| +2[El] - B[ +25%0") (8.15)
We claim that the terms 7} and 75 are bounded as follows:
T < sz*) +c|ye*y\§panw ‘1, and (8.16a)
T <e {w ?(67) + (ne*uspm@)g ' 1} , (8.16b)

where each bound holds with probability at least 1 — g. Taking these bounds as given for the
moment, as long as N > ¢’ log(8D/4) for a sufficiently large constant ¢/, we can ensure that

2 1 D/o
Tl +T2 = 7 <2 ) +C"9*‘|§pan%/) ' 17

Substituting back into our earlier bound (8.15)), we find that

2( n*

span N

Rearranging and taking square roots entry-wise, we find that

-1.

log(8D/9)
N

1= 250 + 0t [ 2BERLY)

a(6") = \/432(9*) +2¢016* (1 3an ~

Finally noting that we have the entry-wise inequality o (6*) < 8(9\) + ]9\ — 6*| establishes the claim
of Lemmal[8.4.1]
It remains to prove the bounds (8.16a)) and (8.16b).

Proof of bound (8:16a): For each index i € [D], define the random variable Y; : = (6% —E, [0*])2,

where J is an index chosen at random from the distribution p;. By definition, each random variable
Y is non-negative, and so with [E now denoting the regular expectation of a scalar random variable,
we have lower tail bound (Proposition 2.14, [323]])

n82

]P)[ED/;] — Y; > S] < exp (—W) for all s > 0.
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2

span almost surely, from which we obtain

Moreover, we have Y; < ||6*||

E[Y?] < 11071 2ans [(07 — E[0])?] = 116”5007 (67).

span span— 1

Putting together the pieces yields the elementwise inequality

log3D/8) . ) oX(6")
—N W)= —

with probability at least 1 — §/3, where in step (i), we have used the inequality 2ab < va® + v~10?,
which holds for any triple of positive scalars (a, b, v/).

2 log(8D/5)
span N 9

Tl j CHG*Hspan +Cl||‘9*”

Proof of the bound (8.16b): From Bernstein’s inequality, we have the element-wise bound

.. { l08(8D/9) | ) 1 6], 128ED/3) 1}

]E[e*] _E[§Y] - -

with probability at least 1 — /4, and hence

log(8D/6) . . . log(8D/6)\?
T = C{T ©0 (0 ) + (HH ||SpanT) : 1} )

as claimed.

8.4.2 Proof of Theorem 8.1.1], part (b)

Once again, we employ the shorthand 0= ép.ug for notational convenience, and also the short-
hand A = 6 — 6*. Note that it suffices to show the inequality

n * — 5 * —1= 0
Pr{lf— 0" > v |[X— 1) B -P)|| +c(l=)F-rlaf <5 ®ID)

from which the theorem follows by application of a Bernstein bound to the first term and Hoeffding
bound to the second, in a similar fashion to the inequalities (8.12). We therefore dedicate the rest of
the proof to establishing inequality (8.17).
Proving the bound
We have
A=0—0"=yP0 —vP0" + (F—r) =y(P —P)d +1PA + (F—1),
which implies that
A (TP (F—r)=7I-P) (P -P)}
= vI-P) " (P-P)A+y(I1—-~P)'(P -P)9*.  (8.18)

~
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Since all entries of (I — yvP)~! are non-negative, we have the element-wise inequalities

Al 2 7T = 4P) (P = P)A| + 7(I — 4P) (P — P)§*| + (I — +P) |7 — 7

<A1 =) (P = PR 45— P) (P =P+ vl 1. (B19)
The second and third terms are already in terms of the desired population-level functionals in
equation (8.17). It remains to bound the first term.

Note that the key difficulty here is the fact that the two matrices P —P and A are not independent.
As a first attempt to address this dependence, one is tempted to use the fact that provided NV is large
enough, each row of P — P has small /;-norm; for instance, see Weissman et al. [330]] for sharp
bounds of this type. In particular, this would allow us to work with the entry-wise bounds

. - . - D -~
(P =P)A[ZP = Pllic/Alloc - 1 3 Cyf 5 [[Alloo - 1,

where the final relation hides logarithmic factors in the pair (D, d). Proceeding in this fashion,
we would then bound each entry in the first term of equation (8.19) by (1 — ) *1\/5 A0

then choosing NV large enough such that (1 \/7 < 1/2 suffices to establish bound (8.17).
However, this requires a sample size N 2 ( ) —L D, while we wish to obtain the bound (8.17) with
the sample size NV > 2T )2 This requires a more delicate analysis.

Our analysis instead proceeds entry-by-entry, and uses a leave-one-out sequence to carefully
decouple the dependence between P — P and A. Let us introduce some notation to make this
precise. For each i € [D], recall that we used p; and p; to denote row 7 of the matrices P and P,
respectively. Let P denote the i-th leave-one-out transmon matrix, Wthh is identical to P except
with row ¢ replaced by the population vector p;. Let Q) =(I- vP( )~ 17 be the value function
estlmate based on P® and the true reward vector r, and denote the associated difference vector by
AD =gl — =,

Now note that we have

-~

(P =P)A] = (i —pi. B) = (5 = pi: AV) 4+ (i = i, - 0).

This decomposition is helpful because, now, the vectors p; — p; and A are independent by
constructionz\so tpat standard tail bounds can be used on the first term. For the second term, we use
the fact that @ ~ 01, since the latter is obtained by replacing just one row of the estimated transition
matrix. Formally, this closeness will be argued by using the matrix inversion formula. We collect
these two results in the following lemma.
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Lemma 8.4.2. Suppose that the sample size is lower bounded as N > ¢ 72%. Then with

probability at least 1 — % and for each i € [D), we have

N ~ i ~ log(8D/6 - . N
316 - p A9 < c{vuAuw PP o lpi— i, 0]+ I —rum} and
(8.20a)
G~ p B0~ B)] < c{wnAnm DL 1o\~ i 0] + I —r||oo}. (8.200)

With this lemma in hand, let us complete the proof. Combining the bounds of Lemma [8.4.2]
with a union bound over all D entries yields the elementwise inequality

~ ~ i ~ log(8D /6 N
7‘(P—P)A‘jcv‘(P—P)9 +c{vHA||oo g(—/>+Hr—rlloo}1l

N

with probability at least 1 — §/2. Since the entries of (I — vP)~! are non-negative, we can multiply
both sides of this inequality by it, thereby obtaining

YI—P)~!

(P - P)ﬁ‘

< ey(1-9P) (P - P’

c ~ log(8D/6) | -
+1_7{v||A||oo L 1

Returning to the upper bound (8.19)), we have shown that

X |1A|  [log(8D/) B ¢ N
Allw < |@=P) (P - Py — lee.
1Rl < ey =2 P 4y =)@ Py | e 7
Under the assumed lower bound on the sample size N > ¢/~? lo(gl(ff)/f) , this inequality implies that
~ - ~ N C .
1Bl < ¢ T =AP) P =P | 4 =l =Tl
as claimed (8.17). O

We now proceed to a proof of Lemma [8.4.2] which uses the following structural lemma relating
the quantities A and A.

Lemma 8.4.3. Suppose that the sample size is lower bounded as N > ¢ 72%. Then with

probability at least 1 — % and for each i € [D)], we have

C
1—7

This lemma is proved in Section to follow.

IAD| < ¢ Al +

1= pi, 07) 4+ [P = o} (8.21)
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Proof of Lemma

We prove the two bounds in turn.

Proof of inequality (8.20a): Note that p; — p; and A are independent by construction, so that
the Hoeffding inequality yields

log(8D /)

5. — ps. ADY < ¢ AD]|
|(pi — pi, AY)| < || A N

(8.22)

with probability at least 1 — 6/(4D).
Using this in conjunction with inequality (8.21) from Lemma 8.4.3]yields the bound

R . ~ log(8D/4) ¢y [log(8D/4) . ~
YWD = pis AN < ey|| Aot/ ~ T _7\/ ~ {sz pi, )| + (7 7“Iloo}

log(3D/4)
N

M R . R
< YAl + ey [(Di — i 0°)| + |7 = 7|loo,

where in step (i), we have used the lower bound on the sample size N > ¢ # log(8D/$§).

Proof of inequality (8.20b): The proof of this claim is more involved. Using the relation (8.18)
(with suitable modifications of terms), we have

0 —§ = (I —AP) (PP —P)0D + T —~P)(r —7)
= —y(I-~P)'e; ((@ - pi, 5‘“>) +(I=~P) (r—7). (8.23)

Moreover, the Woodbury matrix identity [[144] yields

N1 N1 I— ]/_:\)(i)—lif\i_ )T (T — P -1
M:(I_7P> _(I—’}/P(Z)> :_7( Y )Ae<p p) (A7 ) '
1= 5(pi = pi) "I = yPW) e

Consequently,

—~ ~

(i — piy 0 — )
= (B —p) (A= 7P) e <<@ — Di, 5@>) + (@ —p) (A= AP) (r = 7)

(i = ) (=P ey (B =i, 09)) + (i = p) (T = PY) 7 (r = 7)
(i — pi) Mei (B = pir 89)) + (5 — p) TM(r = 7)

N 272 — 7 1—27,
0 ) JE4i T 4 i
<<pl p’b) 9 > 1_ ZZ + 7 1_ ZZ 9

(8.24)
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where we have defined, for convenience, the random variables
Zi =0 —p) A= APD) e, and  Tp:= (pi — pi) @ — AP — 7).
Since p; — p; is independent of the vector (I — 713("))_1(7’ — 7), applying the Hoeffding bound
yields the inequality
c . log(8D/4)
| — Pl B
-7

with probability exceeding 1 — §/(4D).
On the other hand, exploiting independence between the vectors p; — p; and (I — vP®) e,
and applying the Hoeffding bound, we also have

T3] <

1z < ¢y [log(8D/6)
R Y N

with probability least 1 — §/(4D). Taking N > ¢ (11—2)2 log(8D/§) for a sufficiently large constant

¢ ensures that v|7;| < ||r — 7|« and |Z;| < 1/4, so that with probability exceeding 1 — §/(2D),
inequality (8.24) yields
W@ = pi, 09 = )| < e {3155 = i, 09+ lIr = 7l }

< e {l(Fs = iy B +31(5s = i, 07|+ lIr o

Finally, applying part (a) of Lemma [8.4.2] completes the proof. N
Proof of Lemma
Recall our leave-one-out matrix f’(i), and the explicit bound (8.22). We have
N ; N ~ . . ~ i log(8D /4 - .
B~ 0 9] < (51— pie RO 15— pi 0] < I ROt/ EEPL 4 15—y o)
(8.25)

with probability at least 1 — §/(4D). Substituting inequality (8.25)) into the bound (8.23)), we find
that

79 - Bl < 5 {’VHA(’)HOO BP9 —ruoo}. (826)

Finally, the triangle inequality yields
1A®|oo < 1Al + 16 — 8o

log(8D/4)

N

~ C ~.
< Al + —— AD . -
< [1A] +1_7{ﬂ| |

+7K@—quH+HW—mw}-



CHAPTER 8. INSTANCE-DEPENDENT ADAPTATION OF PLUG-IN ESTIMATOR 217

For N > (/286D with ¢ sufficiently large, we have

(1=7)?
~ -~ c ~ * ~
13Ol < el + 7= {7 145 = s 091+ IF ~ il }
with probability at least 1 — %, which completes the proof of Lemma [

Since Corollary [8.2.1] follows from Theorem [8.1.1] we prove it first before moving to a proof of
Theorem in Section

8.4.3 Proof of Corollary 8.2.1]

In order to prove part (a), consider inequality (8.10) and further use the fact that we have the
loo-bound [|(I — vP) 7|1 0c < = to obtain the element-wise bound

7=l

~ Y S . |
0— 0" < — (P —P)o*||.1 1.
| |_1_7W )0 ool + T2

Applying Bernstein’s bound to the first term and Hoeffding’s bound to the second completes the
proof.

In order to prove part (b) of the corollary, we apply Lemma 7 of Azar et al. [/]—in particular,
equation (17) of that paper. Tailored to this setting, their result leads to the point-wise bound

B 1 % < T'max
[T —~P) demm_caj;ga

We also have the bound

27 max

L=~

167 lspan < 2[16"[|oc = 2 (T = 7P) "7l <

?

so that combining the pieces and applying Theorem [8.1.1[b), we obtain

-0l < { PRI (s ) ) -+ - B2 T } |

N N 1—7

Finally, when N > 01@ for a sufficiently large constant c;, we have

1og(8D/§) Tmax <. log(8D/§)  rmax
N 1—-v7 N (1=

thereby establishing the claim. 0
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8.4.4 Proof of Theorem

For all of our lower bounds, we assume that the reward distribution takes the Gaussian form
D(- | j) = N(rj, 0% (8.27)

for each state j. Note that this reward distribution satisfies ||p(r)||.c = o by construction.

Let us begin with a short overview of our proof, which proceeds in two steps. First, we suppose
that the transition matrix P is known exactly, and the hardness of the estimation problem is due to
noisy observations of the reward function. In particular, letting My (7yax, 0) denote the class of all
MRPs with the specific reward observation model (8.27), and for which the transition matrix is the
identity matrix I and the rewards are uniformly bounded as ||7||oc < 7max, We show that

~ log(D max
inf  sup E||0—-0w>c e_. \/ og(D) AL . (8.28)
8 0" My(rmax,0) 1=~ N 1=~

Note that for each pair of positive scalars (¢, ri,.x) we have the inclusions

Ml(rmaxa Q) g Mvar(ﬂa Q) and MI(Tmaxa Q) g Mrew<7nmaxa Q)>

and so that the lower bound carries over to the classes My, (9, 0) and M ew ("max, 0)-

Next, we suppose that the population reward function r is known exactly (¢ = 0), and the
hardness of the estimation problem is only due to uncertainty in the transitions. Under this setting,
we prove the lower bounds

~ 9 log(D/2
inf  sup E|f — 0w >c Y IO - (8.29a)
0 60" €Muyar(9,0) 1—7 N

~ max log(D /2
inf sup E|l0 — 0%||c > ¢ Tma =73 og(D/ )
0 6*EMoew(rmax,0) (1—7)¥ N

(8.29b)

Since M, (9,0) C Mo (9, 0) for any o > 0, these lower bounds also carry over to the more
general setting. The minimax lower bounds of Theorem (8.2.1| are obtained by taking the maximum
of the bounds (8.28) and (8.29). Let us now establish the two previously claimed bounds.

Proof of claim (8.28))

For some positive scalar A to be chosen shortly, consider D distinct reward vectors {r(), ... (P},
where the vector r® € R? has entries

’ N ifi— i
MO ne=J forall j € [D).
0 otherwise,

Denote by R the MRP with reward function r(?); and transition matrix I. Thus, the i-th value
function is given by the vector (6*)®) : = ﬁr(").
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By construction, we have ||(8*)® — (6*)9)|| = A/(1 — «) for each pair of distinct indices
i, j). Furthermore, the ivergence between Gaussians of variance o® centered at 7 and r) is
/, 7). Furth he KL divergence b Gaussi f vari 2 d at ¥ and )
given by
i < [r D)3 2
KL (N (r®, 1) | N(r), 0°T)) = TQ =

Thus, applying the local packing version of Fano’s method (S15.3.3, [323]]), we have

2
~ A 22N + log 2
inf sup E|l0 — 0| > ¢ - 7).
0 0 e{MD}icipy 1—7 log D
Setting A = p %g—ND A Tmax yields the claimed lower bound.
Proof of claim (8.29)

This lower bound is based on a modification of constructions used by Lattimore and Hutter [[184]]
and Azar et al. [[7]. Our proof, however, is tailored to the generative observation model.

Our proof is structured as follows. First, we construct a family of “hard” MRPs and prove a
minimax lower bound as a function of parameters used to define this family. Constructing this
family of hard instances requires us to first define a basic building block: a two-state MRP that
was illustrated in Figure After obtaining this general lower bound, we then set the scalars that
parameterize the hard class MRP appropriately to obtain the two claimed bounds.

We now describe the two-state MRP in more detail. For a pair of parameters (p, 7), each in the
unit interval [0, 1], and a positive scalar v, consider the two-state Markov reward process Ro(p, v, T),
with transition matrix and reward vector given by

_|p 1—-p | v
PO—[O 1 } and TO_[V'T}’

respectively. See Figure[7.2]in Chapter[7|for an illustration of this MRP.
A straightforward calculation yields that it has value function and corresponding standard
deviation vector given by

1-y+97(1-p) (1-7)/p(1—p)
0*(p,v,7) = v | G701 and o(0*)=v 1—p , (8.30)
— 0

respectively, where we have used the shorthand 6* = 6*(p, v, 7). We also have [|0*||span = Vl(:;);

the two scalars (v, 7) allow us to control the quantities ||o(6*)||o and ||60*||span- Index the states of
this MRP by the set {0, 1}, and consider now a sample drawn from this MRP under the generative
model. We see a pair of states drawn according to the respective rows of the transition matrix
Po; the first state is drawn according to the Bernoulli distribution Ber(p), and the second state is
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deterministic and equal to 1. For convenience, we use IP(p) = (Ber(p), 1) to denote the distribution
of this pair of states.

Our hard class of instances is based in part on the difficulty of distinguishing two such
MRPs that are close in a specific sense. Let us make this intuition precise. For two scalar
values 0 < p, < p; < 1, some algebra yields the relation

* * (pl _p2)(1_7—)
0 —0 o =V- . 8.31
|| (pl,V,T) (p277/a7-)|| v (1_'7]71)(1—’7]92) ( )

In the sequel, we work with the choices

4~ — 1 1 1-—
p1 = il and p2:p1——\/w10g(l?/2),

which, under the assumed lower bound on the sample size /V, are both scalars in the range [l 1)

27
for all discount factors v € [%, 1). Moreover, it is worth noting the relations

1—9p1==(1—7), and ci(l=7) <1 —=p2 < (1 —7), (8.32)

where the inequalities on the right hold provided N > 10_77 log(D/2) for a sufficiently large
constant c. Here the pair of constants (cy, ¢2) are universal, depend only on ¢, and may change from
line to line.

We also require the following lemma, proved in Section [8.4.4]to follow, which provides a useful

bound on the KL divergence between P(p;) and P(ps).

Lemma 8.4.4. For each pair p,q € [1/2,1), we have

(p— q)*
PV (l—(pVaq)

We are now in a position to describe the hard family of MRPs over which we prove a gen-
eral lower bound. Suppose that D is even for convenience, and consider a set of D /2 “master”
MRPs M : = {R1,...,Rp /2} each on D state constructed as follows. Decompose each master
MRP into D /2 sub-MRPs of two states each; index the k-th sub-MRP in the j-th master MRP
by R, x. For each pair j, k € [D/2], set

KL (P(p)[[P(q)) <

R = Ro(pr,v,7) ifj#k
gk — .
Ro(pa, v, T) otherwise.

10Note that this step is only required in order to “tensorize” the construction in order to obtain the optimal dependence
on the dimension. If, instead of the /., error, one was interested in estimating the value function at a fixed state of the
MREP, then this tensorization is no longer needed.
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Let 07 denote the value function corresponding to MRP R, and let IP;V denote the distribution of
state transitions observed from the MRP R ; under the generative model. Also note that for each
i € [D/2], we have

=DV =p)

8.33
0 —p1) (8:33)

lo(07)lloc =

Lower bounding the minimax risk over this class: We again use the local packing form of
Fano’s method (S15.3.3, [323]]) to establish a lower bound. Choose some index J uniformly at
random from the set [D /2], and suppose that we draw N i.i.d. samples Y : = (Y}, ..., Yy) from
the MRP R ; under the generative model. Here each Y; € X D represents a random set of D states,
and the goal of the estimator is to identify the random index .J and, consequently, to estimate the
value function #%. Let us now lower bound the expected error incurred in this (D /2)-ary hypothesis
testing problem. Fano’s inequality yields the bound

1 I(J; YY) +1og?2
inf sup E||f — 0% ||o > = mln 167 — 071l oo (1 _IUEYT) +log ) : (8.34)
0 oM 2 log(D/2)

where I(J; Y) denotes the mutual information between J and Y.
Let us now bound the two terms that appear in inequality (8.34). By equation (8.31]), we have

(p1 —p2)(1 —17)

0 — 0 ||oc = v - foralll < j#k < DJ/2.
” ’ i (1 =p)(1 —vp2) /
Furthermore, since the samples Y7, ..., Yy are i.i.d., the chain rule of mutual information yields
1
NJ(J YNy =1(J;11) < max KL(P;||Py)
0)
= KL(P(p1)[[P(p2)) + KL(P(p2)[[P(p1))
(iéi) 9 (p1 — 2?2)27
pi(1—p1)

where step (i) is a consequence of the construction, which ensures that the distributions IP; and
[P, coincide on all but the j-th and k-th sub-MRPs. On the other hand, step (ii) follows from
Lemma[8.4.4] and the fact that p, < p;.

Putting together the pieces, we now have

inf sup ]E||9 0| v (p—p2)(1—7) 2N pl(lpz +log 2
0 g eM 0 = 2 (1 - '7p1>(1 — ’yp2) 10g(D/2)

Recall the choice p; — py = \/ 2=p1) 16(D/2). For D > 8, this ensures, for a small enough
positive constant ¢, the bound

~ 1-— 1-— log(D/2 1
6 oM (1 —vp1) N 1—=1p
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With the relation (8.35)) at hand, we now turn to proving the two sub-claims in equation (8.29)).

Proof of claim (8.292): Recall equation (8.33); for i € [D/2], we have

* (1—=7)vpi(1 —p1) (1—-17)

lo(07) e = v :
(1 —p1) (1 —vp1)

Now for every pair of scalars (¥, ¢) satisfying ¥ = (/T — v, set7 = 1/2and v = 2¢(1—~p;). With
this choice of parameters, we have the inclusion M. (9, 0) N M,n(¢,0) C M, and evaluating

the bound (8.35)) yields

and |6} [|span = v

~ log(D/2 1
inf sup B — 0" > ey 2/2)
0 0 Muar (9.0) " Mogun (C.0) N 1=1p;
(i) 0 log(D/2) 1 |
N 1—7

where in step (ii), we have used inequality (8.32). The same lower bound clearly also extends to the
set Myar(9,0) N Mysun (¢, 0) for ¢ > 9(1 — ~)~1/2; this establishes part (a) of the theorem.

Proof of claim (8.29b)): _ Given a value ryay, set 7 = 0 and v = 7, and note that the rewards of
all the MRPs in the set M satisfy ||r||., < v. Hence, we have M ey ("max, 0) C M for this choice
of parameters. Using inequality (8.35) and recalling the bounds (8.32) once again, we have

~ 1— log(D/2 1
f s BJT- > e P2 flos(D/2)
0 e*eMrew("'mmmo) (1 - ’Ypl) N 1 — ’yp2
S o Tmax log(D/Q)'
T (1—y)32 N
Proof of Lemma 8.4.4

By construction, the second state of the Markov chain is absorbing, so it suffices to consider the KL
divergence between the first components of the distributions P(p) and P(q). These are Bernoulli
random variables Ber(p) and Ber(g), and the following calculation bounds their KL divergence:

KL (Ber(p) [Ber(q)) = plog | + (1~ p)log ;

—q
M p—gq q—p
<p-—+(1—-p)-—
1—g¢q
_(p—9)?
q(1—q)’

where step (ii) uses the inequality log(1 + z) < z, which is valid for all x > —1. A similar
inequality holds with the roles of p and ¢ reversed, and the denominator of the expression is lower
for the larger value p V g. This completes the proof.
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8.4.5 Proof of Theorem

Note that the median-of-means operator is applied elementwise; denote the i-th such operator
by /Y/l\l Let M — P denote the elementwise difference of operator M and the linear operator P; its
i-th component is given by the operator /T/l\z() —(pi, *)-

We require two technical lemmas in the proof. The power of the median-of-means device is
clarified by the first lemma, which is an adaptation of classical results (see, e.g., [153, 234]]).

Lemma 8.4.5. Suppose that K = 8log(4D/§) and m = |N/K|. Then there is a universal
constant c such that for each index i € [D] and each fixed vector 6 € RP, we have

log(8D/9) } _ 0

Pr{uﬂi—p»wﬂzf:o—i(e) i <15

Comparing this lemma to the Bernstein bound (cf. equation (8.12b)), we see that we no
longer pay in the span semi-norm ||6*||span, and this is what enables us to establish the solely
variance-dependent bound (8.6)).

We also require the following lemma that guarantees that the median-of-means Bellman operator
is contractive.

Lemma 8.4.6. The median-of-means operator is 1-Lipschitz in the {..-norm, and satisfies

\/\7(91) — /\//\1(92)| < |61 — 05| for all vectors 0,0, € RP.

Consequently, the empirical operator Ty'°M is ~-contractive in {.-norm and satisfies

| TMM(B,) — TMM(B,)| < 7|61 — 2]|oc for all pairs of value functions (01, 0s).
See Section for the proof of Lemma
We are now in a position to establish the theorem, where we now use the shorthand 0= §M0M for
convenience. Note that the vectors 6* and 6 satisfy the fixed point relations
0" =r++P6*, and 6=7+ 7/\7(5),
respectively. Taking differences, the error vector A = 0 — 0" satisfies the relation
0 — 0 =y(M(A+6)—PO)+7—r

= Y (M(A +67) — M(6%)) + (M = P)(0") + (7 — 7).

Taking /..-norms on both sides and using the triangle inequality, we have
18s0 < AIME" + B) = M(E)llow + M = P)E)] + 7~ 7
< 3Bl + 1M~ PYE) + [~ 1l

where step (i) is a result of Lemma Finally, applying Lemma in conjunction with the
Hoeffding inequality and a union bound over all D indices completes the proof.
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Proof of Lemma
The second claim follows directly from the first by noting that
[TAM(01) — TYM(B2)] = 7| M(01) — M(62)].
In order to prove the first claim, recall that for each § € R”, we have M (0) = med(u1(0), ..., 0x(0)),

where the median—defined as the | K'/2]-th order statistic—is taken entry-wise. By definition, for
each i € [K], we have

172:(01) — 1:(02) || oo = ( Z Zk) (6, — 6-)

keD; ~
<=zl e -0
>~ m k 1 21|oco
keD; 1,00
D16y = s,

where step (i) is a result of the fact that - ", _, Zj is a row stochastic matrix with non-negative
entries. Finally, we have the entry-wise bound

IM(6) — M(62)] = | med(7ir (61), - .., Firc(61)) — med(7iy (62), - . ., Fire (62)))]
(ii)
= |61 — 02| - 1,

where step (ii) follows from our definition of the median as the | K /2]-th order statistic, and
Lemma 8.4.7]to follow. This completes the proof of Lemma 8.4.6] O

Lemma 8.4.7. For each pair of vectors (u, v) of dimension D and each index i € [D], we have
[u) = vl < llu =0l

Proof. Assume without loss of generality that the entries of w are sorted in increasing order (so that
uy < ug < ... < up), and let w denote a vector containing the entries of v sorted in increasing
order. We then have

()
[u@y — v = | —wil < flu—wlleo < [lu = v,

where step (i) follows from the rearrangement inequality applied to the ¢,.-norm [320]. [

8.5 Summary and open questions

Our work investigates the local minimax complexity of value function estimation in Markov reward
processes. Our upper bounds are instance-dependent, and we also provide minimax lower bounds
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that hold over natural subsets of the parameter space. The plug-in approach is shown to be optimal
over the class of MRPs with bounded rewards, and a variant based on the median-of-means device
achieves optimality over the class of MRPs having value functions with bounded variance.

Our results also leave a few interesting questions unresolved. Is Corollary [8.2.1a) sharp, say
up to a logarithmic factor in the dimension? Is the median-of-means approach minimax-optimal
over the class of MRPs having bounded rewards? We conjecture that both of these questions
can be answered in the affirmative. Are our results also sharp under alternative local minimax
parameterizations (say in terms of the functional ||(I—~P) "' (6*)||..)? Is there a more fine-grained
lower bound analysis that shows the (sub)-optimality of these approaches, and are there better
adaptive procedures for this problem? There is also the related question of whether a minimax lower
bound can be proved over a local neighborhood of every point 8*. These questions are answered in
the affirmative in Chapter [9]to follow.

In a complementary direction, another interesting question is to ask how function approximation
affects these bounds. Our techniques should be useful in answering some of these questions, and
also more broadly in proving analogous guarantees in the more challenging policy optimization
setting.

There is the question of removing our assumption on the generative model: How does the plug-in
estimator behave when it is computed on a sampled trajectory of the system? A classical solution is
the blocking method of simulating the generative model from such samples [344]]: given a sampled
trajectory, chop it into pieces of length (roughly) equal to the mixing time of the Markov chain,
and to treat the respective first sample from each of these pieces as (approximately) independent.
But clearly, this approach is somewhat wasteful, and there have been recent refinements in related
problems when the mixing time can become arbitrarily large [284]]. It would be interesting to
explore these approaches and derive instance-dependent guarantees in the Li-norm, where p is the
stationary distribution of the Markov chain.

It would also be interesting to analyze other policy evaluation algorithms with this local perspec-
tive. In Chapter [9]to follow, we provide non-asymptotic guarantees on the ¢ -error for the popular
family of temporal-difference learning algorithms that are based on stochastic approximation.
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Chapter 9

Is stochastic approximation
instance-optimal?

In this chapter, we study a class of stochastic approximation algorithms for policy evaluation, with
a focus on developing instance-dependent bounds. Our results complement those of Chapter [§] in
which we analyzed the plug-in estimator and its robust variant.

Related work

We begin with a broad overview of related work on stochastic approximation for policy evaluation,
which goes by the same of temporal difference (TD) learning. For a broader discussion of related
work on learning in Markov reward processes, see Chapter

Asymptotic theory: The TD update was originally proposed by Sutton [293]], and is typically used
in conjunction with an appropriate parameterization of value functions; see [77] for a comprehensive
survey. Classical results on the algorithm are typically asymptotic, and include both convergence
guarantees [37]] and examples of divergence [10]; see the seminal work [[301]] for conditions that
guarantee asymptotic convergence.

It is worth noting that the TD algorithm is a form of linear stochastic approximation, and can be
fruitfully combined with the iterate-averaging procedure put forth independently by Polyak [255]]
and Ruppert [270]]. In this context, the work of Polyak and Juditsky [255] deserves special mention,
since it shows that under fairly mild conditions, the TD algorithm converges when combined with
Polyak-Ruppert iterate averaging. To be clear, in the specific context of the policy evaluation
problem, the results in the Polyak-Juditsky paper [255] allow noise only in the observations of
rewards (i.e., the transition function is assumed to be known). However, the underlying techniques
can be extended to derive results in the setting in which we only observe samples of transitions; for
instance, see the work of Tadic [295] for results of this type.

Non-asymptotic theory: Recent years have witnessed significant interest in understanding TD-
type algorithms from the non-asymptotic standpoint. Bhandari et al. [30] focus on proving ¢5-
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guarantees for the TD algorithm when combined with Polyak-Ruppert iterate averaging. They
consider both the generative model as well as the Markovian noise model, and provide non-
asymptotic guarantees on the expected error. Their results also extend to analyses of the popular
TD(\) variant of the algorithm, as well as to ()-learning in specific MDP instances. Also noteworthy
is the analysis of Lakshminarayanan and Szepesvari [183], carried out in parallel with Bhandari et
al. [30]; it provides similar guarantees on the TD(0) algorithm with constant stepsize and averaging.
Note that both of these analyses focus on ¢s-guarantees (equipped with an associated inner product),
and thus can directly leverage proof techniques for stochastic optimization [9, [232].

Other related result{] include those of Dalal et al. [72]], Doan et al. [86|], Korda and La [|175]],
and also more contemporary papers [321, 337]. The latter three of these papers introduce a
variance-reduced form of temporal difference learning, a variant of which we analyze in this paper.

Instance-dependent results: The focus on instance-dependent guarantees for TD algorithms is
recent, and results are available both in the ¢5-norm setting [30} 72, 183}, 337] and the /,,-norm
settings [246] (see Chapter[§). In general, however, the guarantees provided by work to date are not
sharp. For instance, the bounds in [72] scale exponentially in relevant parameters of the problem,
whereas the papers [30, 183} [337] do not capture the correct “variance” of the problem instance at
hand. In the previous chapter, we derived /., bounds on policy evaluation for the plug-in estimator.
These results were shown to be locally minimax optimal in certain regions of the parameter space.
There has also been some recent focus on obtaining instance-dependent guarantees in online
reinforcement learning settings [209]. This has resulted in more practically useful algorithms that
provide, for instance, horizon-independent regret bounds for certain episodic MDPs [|154} 345]].
Recent work has also established some instance-dependent bounds, albeit not sharp over the whole
parameter space, for the problem of state-action value function estimation in Markov decision
processes, for both ordinary ()-learning [[324]] and a variance-reduced improvement [325].

Contributions

In this paper, we study stochastic approximation algorithms for evaluating the value function of a
Markov reward process in the discounted setting. Our goal is to provide a sharp characterization of
performance in the ¢..-norm, for procedures that are given access to state transitions and reward
samples under the generative model. In practice, temporal difference learning is typically applied
with an additional layer of (linear) function approximation. In the current paper, so as to bring the
instance dependence into sharp focus, we study the algorithms without this function approximation
step. In this context, we tell a story with three parts, as detailed below:

Local minimax lower bounds: Global minimax analysis provides bounds that hold uniformly
over large classes of models. In this paper, we seek to gain a more refined understanding of how the
difficulty of policy evaluation varies as a function of the instance. In order to do so, we undertake

IThere were some errors in the results of Korda and La [[175] that were pointed out by both Lakshminarayanan and
Szepesvari [[183]] and Xu et al. [337].
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an analysis of the local minimax risk associated with a problem. We first prove an asymptotic
statement (Proposition that characterizes the local minimax risk up to a logarithmic factor; it
reveals the relevance of two functionals of the instance that we define. In proving this result, we
make use of the classical asymptotic minimax theorem [135,|186,|187]. We then refine this analysis
by deriving a non-asymptotic local minimax bound, as stated in Theorem [9.1.1] which is derived
using the non-asymptotic local minimax framework of Cai and Low [48]], an approach that builds
upon the seminal concept of hardest local alternatives that can be traced back to Stein [290]].

Non-asymptotic suboptimality of iterate averaging: Our local minimax lower bounds raise
a natural question: Do standard procedures for policy evaluation achieve these instance-specific
bounds? In Section[9.2] we address this question for the TD(0) algorithm with iterate averaging.
Via a careful simulation study, we show that for many popular stepsize choices, the algorithm fails
to achieve the correct instance-dependent rate in the non-asymptotic setting, even when the sample
size is quite large. This is true for both the constant stepsize, as well as polynomial stepsizes of
various orders. Notably, the algorithm with polynomial stepsizes of certain orders achieves the local
risk in the asymptotic setting (see Theorem 1).

Non-asymptotic optimality of variance reduction: In order to remedy this issue with iterate
averaging, we propose and analyze a variant of TD learning with variance reduction, showing
both through theoretical (see Theorem 2) and numerical results (see Figure [9.2)) that this algorithm
achieves the correct instance-dependent rate provided the sample size is larger than an explicit
threshold. Thus, this algorithm is provably better than TD(0) with iterate averaging.

Chapter-specific notation: Recall the notational convention introduced in Section We
complement this notation with a few other definitions that are used solely in this chapter and the
corresponding technical proof section in Appendix Recall from Chapter [§] that we let || M]|1
denote the maximum ¢;-norm of the rows of a matrix M, and refer to it as the (1, co0)-operator norm

of a matrix. More generally, for scalars ¢, p > 1, we define |[M]|, % SUD|) <1 [Mz|,. We let

M’ denote the Moore-Penrose pseudoinverse of a matrix M.

We turn to the statements of our main results and discussion of their consequences. All of our
statements involve certain measures of the local complexity of a given problem, which we introduce
first. We then turn to the statement of lower bounds on the /.,-norm error in policy evaluation. In
Section 9.1} we prove two lower bounds. Our first result, stated as Proposition[0.1.1] is asymptotic
in nature (holding as the sample size N — +00). Our second lower bound, stated as Theorem[9.1.1]
provides a result that holds for a range of finite sample sizes. Given these lower bounds, it is then
natural to wonder about known algorithms that achieve them. Concretely, does the TD(0) algorithm
combined with Polyak-Ruppert averaging achieve these instance-dependent bounds? In Section
we undertake a careful empirical study of this question, and show that in the non-asymptotic setting,
this algorithm fails to match the instance-dependent bounds. This finding sets up the analysis in
Section where we introduce a variance-reduced version of TD(0), and prove that it does achieve
the instance-dependent lower bounds from Theorem [9.1.1|up to a logarithmic factor in dimension.
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9.1 Local minimax lower bound

Throughout this section, we use the letter P to denote an individual problem instance, P = (P, ),
and use 6(P) := 6* = (I — vP)~!r to denote the rarget of interest. The aim of this section is
to establish instance-specific lower bounds for estimating () under the generative observation
model. In order to do so, we adopt a local minimax approach.

The remainder of this the section is organized as follows. In Section[9.1] we prove an asymptotic
local minimax lower bound, valid as the sample size N tends to infinity. It gives an explicit Gaussian
limit for the rescaled error that can be achieved by any procedure. The asymptotic covariance
in this limit law depends on the problem instance, and is very closely related to the functionals
v(P,0%) and p(P, r) that we have defined. Moreover, we show that this limit can be achieved—in
the asymptotic limit—by the TD algorithm combined with Polyak-Ruppert averaging. While
this provides a useful sanity check, in practice we implement estimators using a finite number
of samples N, so it is important to obtain non-asymptotic lower bounds for a full understanding.
With this motivation, Section provides a new, non-asymptotic instance-specific lower bound
for the policy evaluation problem. We show that the quantities v(P,6*) and p(P,r) also cover
the instance-specific complexity in the finite-sample setting. In proving this non-asymptotic lower
bound, we build upon techniques in the statistical literature based on constructing hardest one-
dimensional alternatives [[34] |49, 87, 188, [290]]. As we shall see in later sections, while the TD
algorithm with averaging is instance-specific optimal in the asymptotic setting, it fails to achieve
our non-asymptotic lower bound.

Asymptotic local minimax lower bound

Our first approach towards an instance-specific lower bound is an asymptotic one, based on
classical local asymptotic minimax theory. For regular and parametric families, the Hajek—Le
Cam local asymptotic minimax theorem [ 135, |186, |187] shows that the Fisher information—an
instance-specific functional—characterizes a fundamental asymptotic limit. Our model class is both
parametric and regular, and so this classical theory applies to yield an asymptotic local minimax
bound. Some additional work is needed to relate this statement to the more transparent complexity
measures v(P, 6%) and p(P, r) that we have defined.

In order to state our result, we require some additional notation. Fix an instance P = (P, r).
For any € > 0, we define an e-neighborhood of problem instances by

N(Pse) = {P' = P",r) [P =Plp+r—r, < e}
Adopting the /,,-norm as the loss function, the local asymptotic minimax risk is given by

Moo (P) = Moo(P; | |) = lim lim inf  sup Eg [\/NHéN—e(Q)M. ©.1)

eroo N=voo gy QeEN(Pse/VN)

Here the infimum is taken over all estimators d that are measurable functions of /V i.i.d. observa-
tions drawn according to the generative observation model.
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Our first main result characterizes the local asymptotic risk 9, (P) exactly, and shows that it
is attained by stochastic approximation with averaging. Recall the Polyak-Ruppert (PR) sequence
{0 }i>1 defined in Eq. (7.9), and let {6}, denote this sequence when the underlying SA
algorithm is the TD update with the polynomial stepsize sequence with exponent w.

Proposition 9.1.1. Let Z € RP be a multivariate Gaussian with zero mean and covariance matrix
(I—=~P) ' (¥*Zp(0(P)) + o D) (I—P)" " (9.2a)

Then the local asymptotic minimax risk at problem instance P is given by
Moo (P) = E[[| Z]|c]- (9.2b)

Furthermore, for each problem instance P and scalar w € (1/2,1), this limit is achieved by the TD
algorithm with an w-polynomial stepsize and PR-averaging:

lim VN -E ||| = 0(P)]loc| = EllI Z]1). 9:2¢)

N—oo

With the convention that 0* = 6(P), a short calculation bounding the maximum absolute value
of sub-Gaussian random variables (see, e.g., Ex. 2.11 in Wainwright [323]]) yields the sandwich
relation

Ww(P,0%) + p(P,r) SE[|Z]|] < /2log D - (yw(P,07) + p(P, 1)),

so that Proposition [0.1.1| shows that, up to a logarithmic factor in dimension D, the local asymptotic
minimax risk is entirely characterized by the functional yv(P,0*) 4+ p(P, r).

It should be noted that lower bounds similar to Eq. have been shown for specific classes of
stochastic approximation algorithms [303|]. However, to the best of our knowledge, a local minimax
lower bound—one applying to any procedure that is a measurable function of the observations—is
not available in the existing literature.

Furthermore, Eq. shows that stochastic approximation with polynomial stepsizes and
averaging attains the exact local asymptotic risk. Our proof of this result essentially mirrors that of
Polyak and Juditsky [255]], and amounts to verifying their assumptions under the policy evaluation
setting. Given this result, it is natural to ask if averaging is optimal also in the non-asymptotic
setting; answering this question is the focus of the next two sections of the paper.

Non-asymptotic local minimax lower bound

Proposition m provides an instance-specific lower bound on #(P) that holds asymptotically. In
order to obtain a non-asymptotic guarantee, we borrow ideas from the non-asymptotic framework
introduced by Cai and Low [49]] for nonparametric shape-constrained inference. Adapting their
definition of local minimax risk to our problem setting, given the loss function L(0—6*) = ||0—0"|| .,
the (normalized) local non-asymptotic minimax risk for 0(-) at instance P = (P, r) is given by

mN<P)_S7131/11)10I]lVfQ€H{17§1}7()/ VN -Eg |[|0x — 0(Q)l | - (9.3)
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Here the infimum is taken over all estimators §N that are measurable functions of NV i.i.d. obser-
vations drawn according to the generative observation model, and the normalization by /N is
for convenience. The definition (9.3) is motivated by the notion of the hardest one-dimensional
alternative [312, Ch. 25]. Indeed, given an instance P, the local non-asymptotic risk 9ty (P) first
looks for the hardest alternative P’ against PP (which should be local around P), then measures the
worst-case risk over P and its (local) hardest alternative P’.

With this definition in hand, we lower bound the local non-asymptotic minimax risk using the
complexity measures v (P, 6*) and p(P, r) defined in Eq. (7.11):

Theorem 9.1.1. There exists a universal constant ¢ > 0 such that for any instance P = (P, 1), the
local non-asymptotic minimax risk is lower bounded as

My (P) > c(vy(P, 0") + p(P,T)). (9.4)

This bound is valid for all sample sizes N that satisfy

. b
NZNO.—max{<1_7)2,y2(P76*>}. 9.5)

A few comments are in order. First, it is natural to wonder about the necessity of condition
on the sample size N in our lower bound. Chapter (8| upper bounds on the ¢..-error of the plugin
estimator, and these results also require a bound of this type. In fact, when the rewards are observed
with noise (i.e., for any o, > 0), the condition N 2> ﬁ is natural, since it is necessary in order
to obtain an estimate of the value function with O(1) error. On the other hand, in the special case of
deterministic rewards (o, = 0), it is interesting to ask how the fundamental limits of the problem
behave in the absence of this condition.

Second, note that the non-asymptotic lower bound (9.4)) is closely connected to the asymptotic
local minimax bound from Proposition[9.1.1] In particular, for any sample size N satisfying the
lower bound (9.3)), our non-asymptotic lower bound coincides with the asymptotic lower
bound up to a constant factor. Thus, it cannot be substantially sharpened. The finite-sample
nature of the lower bound (9.4)) is a powerful tool for assessing optimality of procedures: it provides
a performance benchmark that holds over a large range of finite sample sizes N. Indeed, in the next
section, we study the performance of the TD learning algorithm with Polyak-Ruppert averaging.
While this procedure achieves the local minimax lower bound asymptotically, as guaranteed by
Eq. in Proposition [9.1.1} it falls short of doing so in natural finite-sample scenarios.

9.2 Suboptimality of averaging

Polyak and Juditsky [255] provide a general set of conditions under which a given stochastic-
approximation (SA) algorithm, when combined with Polyak-Ruppert averaging, is guaranteed to
have asymptotically optimal behavior. For the current problem, the bound in Proposition[9.1.1]
which is proved using the Polyak-Juditsky framework, shows that SA with polynomial stepsizes
and averaging have this favorable asymptotic property.
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However, asymptotic theory of this type gives no guarantees in the finite-sample setting. In
particular, suppose that we are given a sample size N that scales as (1 — ) ™2, as specified in our
lower bounds. Does the averaged TD(0) algorithm exhibit optimal behavior in this non-asymptotic
setting? In this section, we answer this question in the negative. More precisely, we use the
parameterized family of Markov reward processes described in Figure[7.2] of Chapter (7] and provide
careful simulations that reveal the suboptimality of TD without averaging.

A simulation study

In order to compare the behavior of averaged TD with the lower bound, we performed a series
of experiments of the following type. For a fixed parameter A in the range [0, 1.5], we generated
a range of MRPs with different values of the discount factor . For each value of the discount
parameter v, we consider the problem of estimating 6* using a sample size N set to be one of two

possible values: namely, N € {(ﬁ}, (ﬁ} }

Log error versus log(1/(1 —vy))

Log error versus log(1/(1 —y))
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Figure 9.1: Log-log plots of the ¢..-error versus the discount complexity parameter 1/(1 — ) for
various algorithms. Each point represents an average over 1000 trials, with each trial simulations
are for the 2-state MRP depicted in Figure with the parameter choices p = 4?5—;1, v =1 and
7 =1— (1 —~)*. We have also plotted the least-squares fits through these points, and the slopes
of these lines are provided in the legend. In particular, the legend contains the stepsize choice for
averaged SA (denoted as «y), the slope B of the least-squares line, and the ideal value 5* of the
slope computed in equation[9.6] We also include the lower bound predicted by Theorem [9.1.1] for

these examples as a dotted line for comparison purposes. Logarithms are to the natural base.

In Figure we plot the /.-error of the averaged SA, for constant stepsize ((7.8a)), polynomial-
decay stepsize (7.8b) and recentered linear stepsize (7.8c|), as a function of . The plots show
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the behavior for A € {0.5,1.5}. Each point on each curve is obtained by averaging 1000 Monte
Carlo trials of the experiment. Using our lower bound calculations above in conjunction with the
bound (7.134), the log ¢..-error is related to the complexity log (ﬁ) in a linear fashion; we use 5*
to denote the slope of this idealized line. Simple algebra yields

. 1 1 . 1

5—5—)\ for N—m, and ("= -\ for N_—v' (9.6)

In other words, for an algorithm which achieves the lower bound predicted by our theory, we expect

a linear relationship between the log /.. -error and log discount complexity log (ﬁ) with the
slope 3*.

Accordingly, for the averaged SA estimators with the stepsize choices in (7.8a)-(7.8¢c), we
performed a linear regression to estimate the slopes between the log £.-error and the log discount-
complexity log (ﬁ) The plot legend reports the stepsize choices «j, and the slope /3 of the fitted
regression line. We also include the lower bound in the plots, as a dotted line along with its slope, for
a visual comparison. We see that the slopes corresponding to the averaged SA algorithm are higher
compared to the ideal slopes of the dotted lines. Stated differently, this means that the averaged SA
algorithm does not achieve the lower bound with either the constant step or the polynomial-decay
step. Overall, the simulations provided in this section demonstrate that the averaged SA algorithm,
although guaranteed to be asymptotically optimal by Eq. in Proposition does not yield
the ideal non-asymptotic behavior.

9.3 Variance-reduced policy evaluation

In this section, we propose and analyze a variance-reduced version of the TD learning algorithm.
As in standard variance-reduction schemes, such as SVRG [[156]], our algorithm proceeds in epochs.
In each epoch, we run a standard stochastic approximation scheme, but we recenter our updates in
order to reduce their variance. The recentering uses an empirical approximation to the population
Bellman operator 7.

We describe the behavior of the algorithm over epochs by a sequence of operators, {V,,}, -,

which we define as follows. At epoch m, the method uses a vector #,, in order to recenter the
update, where the vector 6,,, should be understood as the best current approximation to the unknown
vector 0*. In the ideal scenario, such a recentering would involve the quantity 7 (,,), where T~
denotes the population operator previously defined in Eq. (7.6). Since we lack direct access to the
population operator 7, however, we use the Monte Carlo approximation

~ 1 ~ _
T (Om) = > Ti(0m), (9.7)

€D

where the empirical operator 7A§ is defined in Eq. (7.5). Here the set ©,, is a collection of V,, i.i.d.
samples, independent of all other randomness.
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Given the pair (6,,, Ty, (9,,)) and a stepsize o € (0, 1), we define the operator V, on R as
follows:

~

0V (9; @, 0, %Nm) —(1-a)f+a {ﬁ(e) —Tu(0) + Tr., (ém)} . 9.8)

As defined in Eq. ((7.5)), the quantity 7A2 is a stochastic operator, where the randomness is independent
of the set of samples ©,, used to define 7y,,. Consequently, the stochastic operator 7, is independent
of the recentering vector Ty,, (6,,). Moreover, by construction, for each § € R”, we have

E |75(0) = Ta(On) + T ()| = T(6).

Thus, we see that Vy can be seen as an unbiased stochastic approximation of the population-level
Bellman operator. As will be clarified in the analysis, the key effect of the recentering steps is to
reduce its associated variance.

A single epoch

Based on the variance-reduced policy evaluation update defined in Eq. (9.8)), we are now ready to
define a single epoch of the overall algorithm. We index epochs using the integers m = 1,2,..., M,
where M corresponds to the total number of epochs to be run. Epoch m requires as inputs the
following quantities:

« a vector 6, which is chosen to be the output of the previous epoch,
* a positive integer K denoting the number of steps within the given epoch,

* a positive integer N, denoting the number of samples used to calculate the Monte Carlo
update (9.7),

« a sequence of stepsizes {ay, }1v, with ay, € (0,1), and

a set of fresh samples {ﬁ}ie@m’ with |€,,| = N,, + K. The first V,, samples are used to
define the dataset ®,,, that underlies the Monte Carlo update (9.7), whereas the remaining /X
samples are used in the K steps within each epoch.

We summarize the operations within a single epoch in Algorithm [3]

The choice of the stepsize sequence {ay }x>1 is crucial, and it also determines the epoch length
K. Roughly speaking, it is sufficient to choose a large enough epoch length to ensure that the error
is reduced by a constant factor in each epoch. In Section [9.3]to follow, we study three popular
stepsize choices—the constant stepsize (7.8a)), the polynomial stepsize and the recentered
linear stepsize (7.8c)—and provide lower bounds on the requisite epoch length in each case.
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Algorithm 5: RunEpoch (6; K, Ny, { Y| { T Vice,,)

1:

Given (a) Epoch length K’ , (b) Recentering vector 0 () Recentering sample size N,,,
(d) Stepsize sequence {O‘k}szp (e) Samples {7 }ice,,

. Compute the recentering quantity Ty, (9) : = -— 3 7:(6)

. Initialize ; = 6

4: for k=1,2,..., K do

Compute the variance-reduced update:

Okr1 = Vi (ekQ Oékz,g, 7-Nm>

end for

Overall algorithm

We are now ready to specify our variance-reduced policy-evaluation (VRPE) algorithm. The overall
algorithm has five inputs: (a) an integer M, denoting the number of epochs to be run, (b) an integer
K, denoting the length of each epoch, (c) a sequence of sample sizes { N,, }*._, denoting the number

1

of samples used for recentering, (d) Sample batches {{7;}ice,, }*__, to be used in m epochs, and (e)
a sequence of stepsize {ay }x>1 to be used in each epoch. Given these five inputs, we summarize
the overall procedure in Algorithm [6}

Algorithm 6: Variance-reduced policy evaluation (VRPE)

1:

SANR AN R

Given (a) Number of epochs M, (b) Epoch length X', (c) Recentering sample sizes
{N,.}M ., (d) Sample batches {7 }ice,,. form = 1,..., M, (e) Stepsize {a;}X,

m=1°
Initialize at 6,
for m=1,2,...,M do

Om41 = RunEpoch <§m; K, Ny, {a}E {ﬁ}ieem>
end for_
Return 0, as the final estimate

In the next section, we provide a detailed description on how to choose these input parameters
for three popular stepsize choices (7.8a)—(7.8c)). Finally, we reiterate that at epoch m, the algorithm
uses NV,, + K new samples, and the samples used in the epochs are independent of each other.
Accordingly, the total number of samples used in M epochs is given by K M + Zn]‘le Np,.
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Instance-dependent guarantees

Given a desired failure probability, § € (0, 1), and a total sample size N, we specify the following
choices of parameters in Algorithm [6}

N(1—+7)?
Number of epochs : M :=log, (SIOg((S(l)/(S),‘Y-)logN)> (9.9a)

42.92.log(8M D /)
(1—7)?

form=1,...,M
(9.9b)

Recentering sample sizes : N,,:=2

Sample batches: Partition the N samples to obtain {ﬁ}ie@m form=1,...M (9.9¢)

N
E h 1 th: K=— 9.9d
poch leng i (9.9d)

In the following theorem statement, we use (c1, ¢z, ¢3, ¢4) to denote universal constants.

Theorem 9.3.1. (a) Suppose that the input parameters of Algorithm [6| are chosen according to
Eq. (0.9). Furthermore, suppose that the sample size N satisfies one of the following three stepsize-
dependent lower bounds:

(a) % > 01% for recentered linear stepsize o = m

12
(b) % > colog(8ND/§) - (ﬁ) (F=v8) for polynomial stepsize oy, = k% with() < w < 1,
. N2
(c) % > m for constant stepsize oy, = o < 52}322 . log(é]\]%/&).

Then for any initialization 0., the output 0,1 satisfies
log®((8D/6) - log N)
> N2(L =)

e { log(8ZM/5)

10ars1 = 0% lloo < ca- |1 — 67

. (’y (P, 0%) + p(P,'r’)) , log(8DM/0) b(e*)} ,

N
(9.10)

with probability exceeding 1 — 0.
See Section for the proof of this theorem.

A few comments on the upper bound provided in Theorem [9.3.T]are in order. In order to facilitate a
transparent discussion in this section, we use the notation 2 in order to denote a relation that holds
up to logarithmic factors in the tuple (N, D, (1 —~)~1).
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Initialization dependence: The first term on the right-hand side of the upper bound de-
pends on the initialization ;. It should be noted that when viewed as a function of the sample size
N, this initialization-dependent term decays at a faster rate compared to the other two terms. This
indicates that the performance of Algorithm@ does not depend on the initialization 6, in a significant
way. A careful look at the proof (cf. Section reveals that the coefficient of ||, — 6* ||, in
the bound can be made significantly smaller. In particular, for any p > 1 the first term in the
right-hand side of bound can be replaced by

11 = 6*[loc  10g”((8D/5) - log N)
NP (L =) ’

by increasing the recentering sample size (9.9b)) by a constant factor and changing the values of the
absolute constants (cy, cs, c3, ¢4), with these values depending only on the value of p. We have stated
and proved a version for p = 2. Assuming the number of samples N satisfies N > (1 — ~)~(2+4)
for some A > 0, the first term on the right-hand side of bound can always be made smaller
than the other two terms. In the sequel we show that each of the lower bound conditions (a)-(c) in
the statement of Theorem requires a lower bound condition N 2> (1 —~)73.

Comparing the upper and lower bounds: The second and the third terms in (9.10) show the
instance-dependent nature of the upper bound, and they are the dominating terms. Furthermore,
assuming that the minimum sample size requirements from Theorems[9.1.1]and [9.3.1] are met, we
find that the upper bound (9.10) matches the lower bound (9.4)) up to logarithmic terms.

It is worthwhile to explicitly compute the minimum sample size requirements in Theorems [9.1.1]
and[0.3.1] Ignoring the logarithmic terms and constant factors for the moment, unwrapping the
lower bound conditions (a)-(c) in Theorem we see that for both the constant stepsize and

the recentered linear stepsize the sample size needs to satisfy N > (1 — ~)~3. For the polynomial

stepsize oy, = k% the sample size has to be at least (1 — 7)*(ﬁv%). Minimizing the last bound for

different values of w € (0, 1), we see that the minimum value is attained at w = 2/3, and in that case
the bound (9.10) is valid when N 2> (1 — ~)~3. Overall, for all the three stepsize choices discussed
in Theorem we require N > (1 — ~)~% in order to certify the upper bound. Returning to
Theorem[9.1.1] from assumption (9.5) we see that in the best case scenario, Theorem [9.1.1]is valid
as soon as N 2> (1 — ~)~2. Putting together the pieces we find that the sample size requirement for
Theorem [9.3.1|is more stringent than that of Theorem Currently we do not know whether
the minimum sample size requirements in Theorems[9.1.1}and [9.3.1| are necessary; answering this
question is an interesting future research direction.

Simulation study: It is interesting to demonstrate the sharpness of our bounds via a simulation
study, using the same scheme as our previous study of TD(0) with averaging. In Figure we
report the results of this study; see the figure caption for further details. At a high level, we see that
the VRPE algorithm, with either the recentered linear stepsize (panel (a)) or the polynomial stepsize
t=2/3, produces errors that decay with the exponents predicted by our instance-dependent theory for
A € {0.5,1.0,2.0}. See the figure caption for further details.
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Figure 9.2: Log-log plots of the /.. -error versus the discount complexity parameter 1/(1 — ) for
the VRPE algorithm. Each point is computed from an average over 1000 trials. Each trial entails
drawing N = (ﬁ} samples from the 2-state MRP in Figure [7.2| with the parameter choices
p = %, v =1and 7 =1— (1 —~v)*. Each line on each plot represents a different value of ),
as labeled in the legend. We have also plotted the least-squares fits through these points, and the
slopes of these lines are also provided in the legend. We also report the pair (3, 5*), where the
coefficient 3 denotes the slope of the least-squares fit and 5* denotes the slope predicted from the
lower bound calculation (9.6)). (a) Performance of VRPE for the recentered linear stepsize (7.8¢).

(b) Performance of VRPRE with polynomially decaying stepsizes (7.8b) with w = 2/3.

9.4 Proofs of main results

We now turn to the proofs of our main results.

9.4.1 Proof of Proposition 9.1.1]
Recall the definition of the matrix Yp(#) from Eq. (7.10)), and define the covariance matrix
Vp = (I—~P) "' (4°Sp(0) + o7 1)(T —4P) " (9.11)

Recall that we use Z to denote a multivariate Gaussian random vector Z ~ N (0, Vp), and that

the sequence {5,? }i>1 is generated by averaging the iterates of stochastic approximation with
polynomial stepsizes (7.8b) with exponent w. With this notation, the two claims of the theorem are:

Mo (P) =E[|Z]l.], and (9.12a)
lim E VN - 08 = 0]l | = E[| Z]|.]. (9.12b)
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We now prove each of these claims separately.

Proof of Eq. (9.12a)

For the reader’s convenience, let us state a version of the Hijek—Le Cam local asymptotic minimax
theorem:

Theorem 9.4.1. Let { Py }yco be a family of parametric models, quadratically mean differentiable
with Fisher information matrices Jy. Fix some parameter v € ©, and consider a function
Y : @ — RP that is differentiable at ). Then for any quasi-convex loss L : RP — R, we have:

lim lim inf sup  Eg [L(\/N Dy — 0’))] — E[L(2)], 9.13)
c—00 N—oo 1§N 9
19—l <e/ VN

where the infimum is taken over all estimators ¥y that are measurable functions of N i.i.d.
data points drawn from Py, and the expectation is taken over a multivariate Gaussian 7 ~

N(0, V()T TIV(9)).

Returning to the problem at hand, let ¥ = (P, r) denote the unknown parameters of the model
and let ¢() = 6(P) = (I—~P)~'r denote the target vector. A direct application of Theorem [0.4.1]
shows that

Moo (P) = E[||Z],.] where Z = N(0, Vio(9)T JIV(9)), (9.14)

where Jy is the Fisher information at ¢J. The following result provides a more explicit form of the
covariance of Z:

Lemma 9.4.1. We have the identity
Vo) IIV(0) = (- 4P) " (2Zp(6) + o211 —1P) . ©9.15)

Although the proof of this claim is relatively straightforward, it involves some lengthy and somewhat
tedious calculations; we refer the reader to Appendix [C.3.1]for the proof.

Given the result from Lemma 9.4.1] the claim (9.12a)) follows by substituting the relation (9.15)
into (9.14).

Proof of Eq. (9.12Db)

The proof of this claim follows from the results of Polyak and Juditsky [255, Theorem 1], once
their assumptions are verified for TD(0) with polynomial stepsizes. Recall that the TD iterates
in Eq. (7.7) are given by the sequence {6y };>1, and that §;° denotes the k-th iterate generated by
averaging.
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For each k£ > 1, note the following equivalence between the notation of our paper and that of
Polyak and Juditsky [255]], or PJ for short:

xp = O, Ve = s A=1-~P, and & = (Ry—71)+ (Zy— P)by.

Let us now verify the various assumptions in the PJ paper. Assumption 2.1 in the PJ paper holds by
definition, since the matrix I — vP is Hurwitz. Assumption 2.2 in the PJ paper is also satisfied by
the polynomial stepsize sequence for any exponent w € (0, 1).

It remains to verify the assumptions that must be satisfied by the noise sequence {{; }r>1. In
order to do so, write the k-th such iterate as

Since Z, is independent of the sequence {6;}%_,, it follows that the condition

. _p*)|2
dim B [[|6y — 60°3] (9.16)

suffices to guarantee that Assumptions 2.3-2.5 in the PJ paper are satisfied. We now claim that for
each w € (1/2, 1], condition (9.16) is satisfied by the TD iterates. Taking this claim as given for the
moment, note that applying Theorem 1 of Polyak and Juditsky [255] establishes claim (9.12b)), for
any exponent w € (1/2,1).

It remains to establish condition (9.16)). For any w € (1/2, 1], the sequence of stepsizes {av }r>1
satisfies the conditions

o0 o0

_ 2
E ap =00 and E g, < 0.
k=1 k=1

Consequently, classical results due to Robbins and Munro [263, Theorem 2] guarantee /?-convergence
of O to 6*.

9.4.2 Proof of Theorem[9.1.1

Throughout the proof, we use the notation P = (P, r) and P’ = (P’,7’) to denote, respectively, the
problem instance at hand and its alternative. Moreover, we use 8* = 6(P) and 6(P’) to denote the
associated target parameters for each of the two problems P and P’. We use Ap = P — P’ and
A, = r — 1’ to denote the differences of the parameters. For probability distributions, we use P
and P’ to denote the marginal distribution of a single observation under P and 7, and use P~ and
(P")Y to denote the distribution of N i.i.d observations drawn from P or P’, respectively.

Proof structure

We introduce two special classes of alternatives of interest, denoted as &; and S, respectively:

81:{73/:<P/’7’/) ’T/:’f‘}, and SQZ{P/:(P/,T/) |P/:P}
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In words, the class S; consists of alternatives P’ that have the same reward vector r as P, but
a different transition matrix P’. Similarly, the class S, consists of alternatives P’ with the same
transition matrix P, but a different reward vector. By restricting the alternative P’ within class S;
and S,, we can define restricted versions of the local minimax risk, namely

My (P;Si) = sup inf max Ep [V - [[dy —0(P)| ], and (9.17a)
Pes) On PEPP'} o
My (P;Ss) = PSEEQ ig}vfpgl%),,{y}Ep [\/N |0~ — Q(P)HOO] : (9.17b)

The main part of the proof involves showing that there is a universal constant ¢ > 0 such that the
lower bounds

My (P;S1) > c-yw(P,0%), and (9.18a)
My(P; S2) > ¢+ p(P,7) (9.18b)
both hold (assuming that the sample size NV is sufficiently large to satisfy the condition (9.3))). Since

we have My (P) > max {My(P;S1), My (P; S2)}, these lower bounds in conjunction imply the
claim Theorem The next section shows how to prove these two bounds.

Proof of the lower bounds (9.18al) and (9.18b):

Our first step is to lower bound the local minimax risk for each problem class in terms of a modulus
of continuity between the Hellinger distance and the /,,-norm.

Lemma 9.4.2. For each S € {S;,S,}, we have the lower bound My (P;S) > 1 - My (P;S),
where we define

. gy def , Yy , 1
My (P; )= sup {\/N 16(P) — 6(P)]|.. | dhel(P,P)g—Qm}. (9.19)

The proof of Lemma [9.4.2] follows a relatively standard argument, one which reduces estimation to
testing; see Appendix for details.

This lemma allows us to focus our remaining attention on lower bounding the quantity 9%, (P; S).
In order to do so, we need both a lower bound on the {,.-norm ||¢(P) — 6(P')||_ and an upper
bound on the Hellinger distance dy, (P, P’). These two types of bounds are provided in the following
two lemmas. We begin with lower bounds on the /.,-norm:

Lemma 94.3. (a) Forany P and for all P’ € S, we have

/ 2 - *
16P) 0Pl 2 (1 12 18wl ) - [(X—7P) At

(9.20a)

(b) For any P and for all P' € Sy, we have
16(P) = 6(P")|l, > [|T—=~P)"A|| - (9.20b)
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See Appendix for the proof of this claim.

Next, we require upper bounds on the Hellinger distance:

Lemma 9.4.4. (a) For each P and for all P' € Sy, we have

2
dhei (P, P')? < % S “AE)'M ©9.21)
Z’]

Z'Ij

(b) For each P and for all P’ € Sy, we have

dpe(P, P')? < Szl - roll3 . (9.21b)
See Appendix [C.3.2]for the proof of this upper bound.

Using Lemmas [9.4.3|and [9.4.4] we can derive two different lower bounds. First, we have the
lower bound M (P; S1) > My (P; S1), where

A 0 — * (Ap)ij : 1
My (P; S1) = sup {VN‘<1 - %) (@ =AP) AR || | Z% < ﬁ}
+

P eSt i,j
(9.22a)
Second, we have the lower bound DM (P; S2) > My (P; Sz), where
/ _ \/_ —1 1 1
My (P;S2) = sup N-[@=P) " Arllee =5 lIr1 —72ll; < o (- (9.22b)
P'eSs Ur

In order to complete the proofs of the two lower bounds (9.18a)) and (9.18b), it suffices to show
that

1

wlN(P7 82) > P(P, 7“), and (9233)

-5

My (P; S1) > m (P, 07). (9.23b)

Proof of the bound (9.234): This lower bound is easy to show—it follows from the definition:

1 1
[@=2P)7 A = ().

oy
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Proof of the bound (9.23b): The proof of this claim is much more delicate. Our strategy is to
construct a special “hard” alternative P € S, that leads to a good lower bound on 2y (P; Sy).
Lemma [9.4.5|below is the main technical result that we require:

Lemma 9.4.5. There exists some probability transition matrix P with the following properties:

((P_P)"J)Q < L

(a) It satisfies the constraint Yy, TP < 5%
P 1,7

(b) It satisfies the inequalities

_ 1
P-P| <—
PPl <o

See Appendix for the proof of this claim.

and ||(I—~AP) (P —P)0*||_ > —— - v(P,0").

V2N

Given the matrix P guaranteed by this lemma, we consider the “hard” problem P : = (P, r) € Si.
From the definition of 9, (P; S;) in Eq. (9.224), we have that

o0

0 (P;S)) > VN (1 - - PHOO) Jh@—+P) (P — P
+

ZW'(1‘1-v‘m)+'m'”(”>Zﬁ'””(P’Q)’

where the last inequality follows by the assumed lower bound N > iQ This completes the
proof of the lower bound (9.23D).

4
(1—=7)

9.4.3 Proof of Theorem

This section is devoted to the proof of Theorem [9.3.1] which provides the achievability results for
variance-reduced policy evaluation.

Proof of part (a):

We begin with a lemma that characterizes the progress of Algorithm [6|over epochs:

Lemma 9.4.6. Under the assumptions of Theorem (a), there is an absolute constant c such
that for each epoch m = 1, ..., M, we have:

_ 0 — 0% oo
H@m_H — b* . < %
log(8DM /§ . log(8DM/8) .
(9.24)

with probability exceeding 1 — %.
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Taking this lemma as given for the moment, let us complete the proof. We use the shorthand

T i = U% (7 -v(P,0") + p(P,r)) and 1, := % -b(0")  (9.25)

to ease notation, and note that % < Tyt and ”Tm < M1, for each m > 1. Using this notation and
unwrapping the recursion relation from Lemma[9.4.6] we have

_ O — 6*
[ S (AL N,
@) |[Opr_1 — 6
§HM142 Oo+§(TM+T]M)+C(TM+77M)
@ |8, — o
< 24 2c(T; + 1)

4M

Here, step (1) follows by applying the one-step application of the recursion (9.24)), and by using
the upper bounds ?/5 < Tms1 and 2 < 4. Step (ii) follows by repeated application of the
recursion (9.24). The last inequality holds with probability at least 1 — ¢ by a union bound over the
M epochs.

It remains to express the quantities 4, 75, and n,,—all of which are controlled by the recen-
tering sample size N);—in terms of the total number of available samples N. Towards this end,

observe that the total number of samples used for recentering at M epochs is given by

S, 2 08B D/D),
— (I —=9)?

N(1-—v)?
8log((8D/6)-log N)

Substituting the value of M = log, ( > we have

where ¢; is a universal constant. Consequently, the total number of samples used by Algorithm [6]is
given by

N N
MK Np < —+4+—=N,
- mZ:l ST
where in the last equation we have used the fact that M K = % Finally, using M = log, (WM)

we have the following relation for some universal constant c:

uM _ .. N?(1—9)*
log*((8D/6) - log N)
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Putting together the pieces, we conclude that

log?((8D/4) - log N)
> N2(1 =)t

. { log(8DM/5)

100141 — 0%||oe < 2|61 — 6

(v v(P.0%) + p(P,1)) +

N

log(8DM/§) .
i) )

for a suitable universal constant co. The last bound is valid with probability exceeding 1 — § via the
union bound. In order to complete the proof, it remains to prove Lemma[9.4.6] which we do in the
following subsection.

Proof of Lemma

We now turn to the proof of the key lemma within the argument. We begin with a high-level
overview in order to provide intuition. In the m-th epoch that updates the estimate from 6,,, to
Om+1, the vector § = 6, is used to recenter the updates. Our analysis of the m-th epoch is based on
a sequence of recentered operators { 7" }>1 and their population analogs J™(#). The action of
these operators on a point ¢ is given by the relations

TO) = To(0) = Te(0n) + Tn(@,), and  T™(0) := T(0) — T(On) + Tn(@n). (9.262)
By definition, the updates within epoch m can be written as
91€+1 = (1 — O(k) Qk + ozkjkm (Qk) . (926]3)

Note that the operator J™ is y-contractive in || - ||,-norm, and as a result it has a unique fixed point,
which we denote by 8,,. Since J ™(6) = E[J.™(0)] by construction, when studying epoch m, it is
natural to analyze the convergence of the sequence {0y }r>1 to §m

Suppose that we have taken K steps within epoch m. Applying the triangle inequality yields
the bound

[Grsr — 0 loe = 1051 — 07| < H9K+1 - é\mHm + H@n _ (9.26¢)

With this decomposition, our proof of Lemma[9.4.6]is based on two auxiliary lemmas that provide
high-probability upper bounds on the two terms on the right-hand side of inequality (9.26c).

Lemma 9.4.7. Let (cy, ¢, c3) be positive numerical constants, and suppose that the epoch length
K satisfies one the following three stepsize-dependent lower bounds:
log(8K M D/9) . . o 1
(a) K > i for recentered linear stepsize oy, = JERgE—
12
“" for polynomial stepsize oy, = k% with) < w < 1,

1-w

(b) K > c3log(SKMD/5) - <ﬁ>(
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_ 3 ; — a-—? 1
(c) K> o g — for constant stepsize oy, = & < [inrs  Erp-

Then after K update steps with epoch m, the iterate 0 | satisfies the bound
- 1 _ 1 ~
10k+1 — Omlloo < gHHm — 0|0 + gﬂﬁm — 0*||x  with probability at least 1 — 3. (9.27)
See Appendix [C.3.3|for the proof of this claim.

Our next auxiliary result provides a high-probability bound on the difference ||§m — 0"|| o

Lemma 9.4.8. There is an absolute constant c, such that for any recentering sample size satisfying

N,, > 4%2.9%. %, we have

log(8DM/9)
Np,

log(8DM/9)

n * 117 *
[0 — 0" [|oo < §H9m — 0|0 + c4 N

(W (P, 6%) +p(P,r)> n B(E) S

with probability exceeding 1 — ﬁ.
See Appendix [C.3.3|for the proof of this claim.

With Lemmas[9.4.7/and [9.4.8]in hand, the remainder of the proof is straightforward. Recall from
Eq. (9.25) the shorthand notation 7,,, and 7,,. Using our earlier bound (9.26c]), we have that at the
end of epoch m (which is also the starting point of epoch m + 1),

(G = 0| . < 1041 = Omlloo + 10 — 0" oo

@ (N0 — 0o = 11~ 0,

—{ 8 +8H o0 * o0
[ — 0" lloe | 9 HA

= Wm = P llee L 71l — g

5 s =

i %%{Hem_e oo + (o + ) }
O — 0%

< % + C4(7'm +77m)7

where inequality (i) follows from Lemma(9.4.7(a), and inequality (ii) from Lemma|[9.4.8] Finally,
the sequence of inequalities above holds with probability at least 1 — % via a union bound. This
completes the proof of Lemma

Proof of Theorem [9.3.1}, parts (b) and (c)

The proofs of Theorem parts (b) and (c¢) require versions of Lemma for the polynomial
stepsize and constant stepsize (7.8a)), respectively. These two versions of Lemma[9.4.6/can be
obtained by simply replacing Lemma[9.4.7] part (a), by Lemma[9.4.7] parts (b) and (c), respectively,
in the proof of Lemma
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9.5 Summary and open questions

In this chapter, we have discussed the problem of policy evaluation in discounted Markov decision
processes via stochastic approximation. Our contribution is three-fold. First, we provided a non-
asymptotic instance-dependent local-minimax bound on the /..,-error for the policy evaluation
problem under the generative model. Next, via careful simulations, we showed that the standard
TD-learning algorithm—even when combined with Polyak-Rupert iterate averaging—does not yield
ideal non-asymptotic behavior as captured by our lower bound. In order to remedy this difficulty, we
introduced and analyzed a variance-reduced version of the standard TD-learning algorithm which
achieves our non-asymptotic instance-dependent lower bound up to logarithmic factors. Both the
upper and lower bounds discussed in this paper hold when the sample size is bigger than an explicit
threshold; relaxing this minimum sample size requirement is an interesting future research direction.
Finally, we point out that although we have focused on the tabular policy evaluation problem, the
variance-reduced algorithm discussed in this paper can be applied in more generality, and it would
be interesting to explore applications of this algorithm to non-tabular settings.

In the broader context of this dissertation, this chapter (and this part of the thesis more generally)
focused on the adaptation question in policy evaluation. This perspective both asks and answers
interesting questions and has helped guide our algorithmic developments. We expect that demanding
instance-specific adaptation from other algorithms in reinforcement learning can lead to interesting
statistical and algorithmic insights that a focus solely on worst-case optimality cannot.
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A.1 Technical lemmas used in Chapter 2

249

In this section, we provide statements and proofs of the technical lemmas used in the proofs of our

main theorems.

A.1.1 Supporting proofs for Theorem [2.3.1;: d = 1 case

We provide a proof of Lemma [2.4.T]in this section; see Section [2.4.1] for the proof of Theorem [2.3.1]

(case d = 1) given Lemma We begin by restating the lemma for convenience.

* |12
Lemma 2.4.1. For d = 1 and any two permutation matrices 11 and 11*, and provided ”xa# > 1, we

have

Pr{A(IL,II*) < 0} < ¢ exp (—cdH(H,H*) log (Hx*”g» .

0—2
Proof of Lemma 2.4.1]

Before the proof, we establish notation. For each § > 0, define the events

F1(0) = {lIIPwylls — 1Prwll3] = 0}, and
F2(0) = {IIPxyllz — [ Prwl; < 20} .

Evidently,
{A(ILII) < 0} € Fi(0) U Fa(6).

Indeed, if neither F; () nor F»(d) occurs

ALIT) = (1Pryllz = 1Prwl) — (1Pey

53— | Prwll3) > 20— 6 =4

(A.1a)
(A.1b)

(A.2)
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Thus, to prove Lemma we shall bound the probability of the two events F; () and F5(6)
individually, and then invoke the union bound. Note that inequality holds for all values of
> 0; it is convenient to choose 0* := || PyII* Az*||3. With this choice, the following lemma
bounds the probabilities of the individual events over randomness in w conditioned on a given A.
Its proof is postponed to the end of the section.

Lemma A.1.1. For any § > 0 and with 6* = || PrIT* Az*||3, we have
, J
Pr,{F1(0)} < exp | —c— |, and (A.3a)
o
" : 0"
Pr {F2(6")} < exp ) (A.3b)

The next lemma, proved in Section[A.T.1] is needed in order to incorporate the randomness in A
into the required tail bound. It is convenient to introduce the shorthand Ty := || P 1T* Az*||3.

Lemma A.1.2. For d = 1 and any two permutation matrices 11 and 11* at Hamming distance h, we
have
h

h t
Pra{Tn < t|jz*[j3} < 6exp (_E {log + 7 1}) (A4)

forallt € |0, h).
We now have all the ingredients to prove Lemma|2.4.1
Proof of Lemma Applying Lemma[A.T.Tand using the union bound yields

Pr, {A(TLTT*) < 0} < Pry, {F1(0")} + Pro{F2(6")}
< dexp (—cﬁ) . (A.5)

o2

Combining bound (A.5)) with Lemma yields

t 2
Pr{A(IL,II") <0} < 'exp (—c L ||2) Pry{T > t||z*||3} + Pra{Tu < t|z*|3}
o2

< .
cexp( + 6ex 1o logt—l——h—l , (A.6)

where the last inequality holds provided that ¢ € [0, h], and the probability in the LHS is now taken
over randomness in both w and A

Using the shorthand snr := H2 , setting t = hlognsr"r, and noting that ¢ € [0, h] since snr > 1,
we have

h 1
Pr{A(II,I*) < 0} < ¢ exp (—chlogsnr) + 6 exp ( T [l (loznsrnr) + Ofnsrnr — 1]) :
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It is easily verified that for all snr > 1, we have

log snr n log snr s logsnr. (A7)
log snr snr 4
Hence, after substituting for snr, we have
* |2
Pr{A(IL,IT*) < 0} < exp (—chlog (Hx 2”2)) . (A.8)
o

Proof of Lemma [A.1.1]

We prove each claim of the lemma separately.

Proof of claim (A.3a) To start, note that by definition of the linear model, we have || Pq.y
| Pwl|3. Letting Z, denote a x? random variable with ¢ degrees of freedom, we claim that

3=

1Pl — | Prwll3 = Zi — Zi,

where k := min(d, dy(IL, IT*)).
For the rest of the proof, we adopt the shorthand IT \ TI' := range(ITA) \ range(II’A), and
IINII" := range(ITA) N range(I1'A). Now, by the Pythagorean theorem, we have

1Pz wllz — | Prwllz = [ Prwl3 — || Pr-wlf3.
Splitting it up further, we can then write
| Pawll = [| Paamwll3 + |(Pr = PreneJwlf3,

where we have used the fact that Py Pon = Proans = Panm P
Similarly for the second term, we have || Pp-wl|3 = || Purm-w]|3 + || (P — P )wl|3, and
hence,

| Prwl3 = | Pr=wll3 = |(Pn — Prrn=)w|3 — |(Pas — Pran-)w][3.

Now each of the two projection matrices above has ran dim(IT \ IT*) = k, which completes the
proof of the claim. To prove the lemma, note that for any 6 > 0, we can write

Pr{F,(8)} < Pr{|Z, — k| > 6/2} + Pr{|Z, — k| > §/2}.

Using the sub-exponential tail-bound on x? random variables (see Lemma in Appendix |A.2.2)
completes the proof. O

"With probability 1
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Proof of claim (A.3b) We begin by writing

Pr {F2(0)} = Pry { ||PqIT* Az*||3 + 2(PyII* Az*, Prw) < 20

R(Aw)

We see that conditioned on A, the random variable R(A, w) is distributed as N (T, 40%T11), where
we have used the shorthand Tty := || P11 Az*|)3.
So applying standard Gaussian tail bounds (see, for example, Boucheron et al. [38]]), we have

(Th — 25)2) |

ImAfX®}§@m(— =

Setting 0 = 0" := %TH completes the proof. ]

Proof of Lemmal[A.1.2)

In the case d = 1, the matrix A is composed of a single vector a € R". Recalling the random
variable Ty = || P 11* Az*||3, we have

1= 0" (ol - om0
(i)

> (2")? (Ilall3 - Ka, am)])

x*)Q
2

where step (i) follows from the Cauchy Schwarz inequality. Applying a union bound then yields

Pr{Ty < t(x*)2} < Pr{lla — aH||§ < 2t} 4+ Pr{lja + aH||% < 2t}.

1
lall3

—~

min (|la — anl}3, [la + anl|3)

Let Z, and Z, denote (not necessarily independent) y? random variables with ¢ degrees of
freedom. We split the analysis into two cases.

Case h > 3 LemmalA.2.T/from Appendix guarantees that

e A

2 = Zpy t ZLhy + Zpy, a0 (A.9a)
a+ agl|3 > = = ”

|| 5 H||2 i Zh1 + Zhg + Zh3 + Zn—h7 (A.9b)

where 2 denotes equality in distribution and hq, ho, h3 > % with hy 4+ hy 4+ h3 = h. An application
of the union bound then yields

3
h;
Pr{lla — an|3 <2t} <) Pr {Zhi < tﬁ} .

=1
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Similarly, provided that A > 3, we have
Pr{|la + an||? < 2t} < Pr{Zy, + Zn, + Zny + Zy_p < t}
(if) ~ - ~
é PI‘{Zhl + Zh2 + Zh3 S t}
(i) > _ h.
< Pri Z, <t—
et}

where inequality (i) follows from the non-negativity of Z,,_, and the monotonicity of the CDF;
and inequality (iii) from the union bound. Finally, bounds on the lower tails of y? random variables
(see Lemma|B.1.6/in Appendix [B.1.4) yield

hi =k

Here, inequality (iv) is valid provided % < h;, or equivalently, if ¢ < h, whereas inequality (v)
follows since h; > h/5 and the function ze'™® € [0, 1] for all z € [0, 1]. Combining the pieces
proves Lemma for h > 3.

Case h = 2 In this case, we have

B 9 2 ~ ~
M 297, and w L2720 + Zyo.

Proceeding as before by applying the union bound and Lemma [B.1.6] we have that for ¢ < 2, the
random variable 71; obeys the tail bound

e < 1671 <2 (5o (1-5))

¢ ANAL
§6(Eexp(1—ﬁ>) , for h = 2.

A.1.2 Supporting proofs for Theorem 2.3.1: d > 1 case

We now provide a proof of Lemma[2.4.2] See Section [2.4.2] for the proof of Theorem [2.3.1] (case
d > 1) given Lemma We begin by restating the lemma for convenience.
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Lemma 2.4.2. For any 1 < d < n, any two permutation matrices 11 and 11* at Hamming distance
* (|2 2n
h, and provided <w> n n-d > %, we have

* < < / . - _ .
Pr{A(IL,IT*) < 0} < ¢’ max [exp ( nlog 2) , €XPp (ch (10g ( 5 — logn
(2.11)
Proof of Lemma 2.4.2]

The first part of the proof is exactly the same as that of Lemma In particular, Lemma
applies without modification to yield a bound identical to the inequality (A.5]), given by

o2

Pr, {A(ILIT*) < 0} < ¢'exp (—c&> : (A.10)

where Ty = || PA11* Az*||3, as before.
The major difference from the d = 1 case is in the random variable 77;. Accordingly, we state
the following parallel lemma to Lemma[A.1.2]

Lemma A.1.3. For 1 < d < n, any two permutation matrices Il and 11* at Hamming distance h,
2n
and t < hn~ »—4, we have

Pra{Tu < t||z*|3} < 2max{Ty, T3}, (A.11)
where

11 = exp (—nlog g) , and

2n
h h tnn—d
Ty = 6exp <_E [log (t 2"d> + nh d _1]>.
nn-

The proof of Lemma/A.1.3]appears in Section We are now ready to prove Lemma[2.4.2]
Proof of Lemma We prove Lemma from Lemma and equation (A.10) by an

argument similar to the one before. In particular, in a similar vein to the steps leading up to
equation (A.6)), we have

t * |2
Pr{A(II,IT") < 0} < ¢’ exp (_C IIIQIIQ) + Pra{Th < t]a*[12}. (A12)
o
a3 g (snrn ™74 ) 2n
We now use the shorthand snr := “—= and lett* = h e . Noting that snr - n”»-4 > 5/4

yields t* < hn*%, we set t = t* in inequality (A.12) to obtain
Pr{A(IL, IT*) < 0}
< dexp (—ch log sn_"%) + Pra{Ty < t*]|z*||3}. (A.13)
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Since Pra{T < t*||z*||2} can be bounded by a maximum of two terms (A-11]), we now split the
analysis into two cases depending on which term attains the maximum.

Case 1 First, suppose that the second term attains the maximum in inequality (A.TI), i.e.,

2n

Pra{Tn < t*||z*||3} < 12exp (—% [log( h27n> + Bt 1]) Substituting for t*, we

t*mn—d

have

Pra{Tn < t*||z*|3}
2n

snr-n id | log (snr : n_m>
2n . eXp T 2n - 1
log (snr . n7m>

h
< 12exp | ——log
10 10 snr-n n—d

2n .o, . . . . . .
We have snr-n”~»-d > 2, a condition which leads to the following pair of easily verifiable
inequalities:

2n
—2n log (snr : n’ﬂ) ] — 2
. n—d . n—d
log [ —— 2" |+ VAN [ LY, (A.14a)
log (snr : n‘m> snr-n 4
2n
- log (snr . n*m)
. n—d n
log ren ™ + o™ —1<5log (snr . n_n%d) . (A.14b)
log (snr . n_m> snr-n n-d
Using inequality (A.14a)), we have
Pra{Ty < #*||z*||2} < 12exp (—chlog <snr : n*%» . (A.15)

Inequality (A.14b) will be useful in the second case to follow. Now using inequalities (A.15]
and (A.13) together yields

Pr{A(IL,IT*) < 0} < exp (—ch log (snr : n_"%>> : (A.16)
It remains to handle the second case.

Case2 Suppose now that Pra{T7 < t*||z*||3} < 2exp (—nlog 2), i.e., that the first term in RHS
of inequality (A.11]) attains the maximum when ¢ = ¢*. In this case, we have

2n
h h t*nn—d
exp (—nlog g) > 6Gexp <_E llog (t 2”d) + nh - 1])
*) n—

@ o
> ¢ exp (—chlog (snr n n—d>) ,
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where step (i) follows from the right inequality (A.14b). Now substituting into inequality (A.13),
we have

Pr{A(IL,II*) < 0} < c'exp (—ch log <snr : n*%>) + 2exp (—nlog g)

< dexp (—nlog g) . (A.17)

Combining equations (A.16) and (A.17) completes the proof of Lemma [

Proof of Lemma

2, Where e; represents the first standard ba-
sis vector in R%. In particular, if Wz* = e;]|2* ||, for a d x d unitary matrix 1V and writing A = AW,
we have by rotation invariance of the Gaussian distribution that the the entries of A are distributed
as i.i.d. standard Gaussians. It can be verified that Ty = || — TTA(AT A) =2 (ILA) TIT* Aey ||3]| 273
Since A 4 A, the reduction is complete.

In order to keep the notation uncluttered, we denote the first column of A by a. We also denote
the span of the first column of IIA by S; and that of the last d — 1 columns of I[TA by S_;. Denote
their respective orthogonal complements by Si- and S+,. We then have

We begin by reducing the problem to the case x* = eq||z*

Tn = [l=" 3] Prall3
= [|2"[[2]| Py, nsz all3

= 2" 1211 Ps2, nst Psyall3.

We now condition on a. Consequently, the subspace Si- is a fixed (n — 1)-dimensional subspace.
Additionally, S+, N S{ is the intersection of a uniformly random (n — (d — 1))-dimensional subspace

with a fixed (n — 1)-dimensional subspace, and is therefore a uniformly random (n — d)-dimensional
PS La

subspace within Si-. Writing u = ————, we have
1 1PgLall2

d
T = [|2" (1211 Pse, s ull2 ]| Psyall2-

Now since u € Si, note that ||Psf1msliu||% is the squared length of a projection of an (n — 1)-
dimensional unit vector onto a uniformly chosen (n — d)-dimensional subspace. In other words,
denoting a uniformly random projection from m dimensions to £ dimensions by P;"* and noting
that w is a unit vector, we have

d _ (i) _
|Pse nsrulls = [|1Bp=goill3 = 1 = [[Py5ton3,

where v; represents a fixed standard basis vector in n — 1 dimensions. The quantities P~ and
Pj_’f are projections onto orthogonal subspaces, and step (i) is a consequence of the Pythagorean
theorem.
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Now removing the conditioning on a, we see that the term for d > 1 can be lower bounded by
the corresponding 77y for d = 1, but scaled by a random factor — the norm of a random projection.
Using T := || Pg: al|3||z*||3 to denote Tiy when d = 1, we have

Tn = (1— X41)T4, (A.18)

where we have introduced the shorthand X, ; = || P}~ vy ||2.
We first handle the random projection term in equation (A.18) using Lemma [A.2.3]in Ap-

pendix In particular, substituting 3 = (1 — z) 2=} in inequality yields

(d—1)/2 (n—d)/2
n—1 z(n—1)
— < < | —— S
Pr{l Xd_l_Z}_(d_l) (n—d)

() n—1 n—1 n—d
< z 2
- d—1 n—d

B n—1 n—d
“\d-1)°

< g1t

where in steps (i) and (i), we have used the standard inequality 2" > (") > (2)". Now setting
z= n%, which ensures that (1 — z)—1 > 1 for all d < n and large enough n, we have

P
Pr{l — X, ; < n%} < exp (—nlog g) ) (A.19)
Applying the union bound then yields
Pr{Ti < t]la"|3}
< Pr{l — Xy <nimi} + Pr{T} < tni=a||2*|3}. (A.20)

We have already computed an upper bound on Pr{T}} < tna-a |z*||3} in Lemma Applying
it yields that provided ¢t < hn_%, we have

t 2n t 2n h/lO
2n n—d n—d
Pr{T}, < tnia|2*|2) < 6 ( "h exp (1 _ )) . (A21)

h

Combining equations (A.21)) and (A.19) with the union bound (A.20) and performing some
algebraic manipulation then completes the proof of LemmalA.1.3 [
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A.1.3 Supporting proofs for Proposition 2.3.1]

The following technical lemma was used in the proof of Proposition[2.3.1] Recall that the observation
vector y is drawn from the mixture distribution

M) ‘BH HEG:

where Pr; denotes the Gaussian distribution N (ITAz*, 0°1,).

Lemma A.1.4. For y drawn according to the mixture distribution M(h), we have

det]E[yy ] (0 + [|z*||D)™ (1 + n) (%) . )

Proof of Lemma We first explicitly calculate the matrix Y := E [yy " |. Note that the diagonal
entries take the form

Yii = (") 'E [ara.] 2" + E [wr ] = 27| + 0™
The off-diagonal entries can be evaluated as

Y= (z*)'E [%GT-] 2"+ E [wr,wr,]

5

~h ok ) o
("2 (el o), fori #

—~

i)

n
where step (i) follows since
h

n2

—h
= 7; with probablhty — 4+ — (A.22)

Equation (A.22) is a consequence of the fact that a uniform permutation over By () can be generated
by first picking A positions (the permutation set) out of [r2] uniformly at random, and then uniformly
permuting those h positions. The probability that m; = 7; 1s equal to the probability that 7; = ¢, an
event that occurs if: )
(a) position ¢ is not chosen in the permutation set, which happens with probability %", or if
(b) position 7 is in the permutation set but the permutation maps ¢ to itself, which happens with
probability 21

Hence, the determinant of Y is given by det Y = (||2*||2 4+ 0)" det Y, where we have defined
Y = WY Note that Y is a highly structured matrix, and so its determinant can be computed

exactly. In particular, letting the scalar 3 = 1 denote the identical diagonal entries of Y and the
scalar ~y denote its identical off-diagonal entries, it is easy to verify that the all ones vector 1 is an
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eigenvector of Y, with corresponding eigenvalue 3 + (n — 1)~. Additionally, for any vector v that
obeys 1Tv = 0, we have

Yo=(8-7v+~w 1)1 = (8-,

and so the remaining n — 1 eigenvalues are identically 5 — 7.
Substituting for 5 and ~, the eigenvalues of Y are given by

(n—h)(n—1) N h(n —1)

MY)=1+ , and

h

n

[\

Hence, we have

da7:<y+m_hm%4)+un_n)(ﬁ_ﬁ)w1

n n?

< (1+n_h+g) (ﬁ)
< (1+n) (%)n_l,

where in the last step, we have used the fact that 0 < h < n. This completes the proof. [

A.1.4 Supporting proofs for Theorem 2.3.3|

The following technical lemma was used in the proof of Theorem , and we recall the setting for
convenience. For any estimator 1, we denote by the indicator random Varlable E(H D) whether or
not the IT has acceptable distortion, i.e., F(II, D) = I[dy(IL, IT*) > D], with £ = 1 representing
the error event. Assume IT* is picked uniformly at random in &,,.

Lemma A.1.5. The probability of error is lower bounded as
I(IT*;y, A) + log2

logn! — log m '

Pr{EI,D)=1}>1- (A.23)

Proof of LemmalA.1.5] We use the shorthand E := E(ﬁ, D) in this proof to simplify notation.

Proceeding by the usual proof of Fano’s inequality, we begin by expanding H (E, IT*|y, A = a, IT)
in two ways:

H(E, 11|y, A, II) = H(IT*|y, A, II) + H(E|IT*, y, A, T0) (A.24a)

— H(Ely, A, Tl) + H(II*|E, y, A, TI). (A.24b)
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Since IT* — (y, A) — II forms a Markov chain, we have H(II*|y, A, II) = H(II*|y, A). Non-
negativity of entropy yields H(E|IT*,y, A, H) > 0. Since condmomng cannot increase entropy, we
have H(E|y, A,1I) < H(E) < log2, and H(II*|E, y, A, II) < H(II*| E, II). Combining all of this
with the pair of equations (A.24)) yields

H(IT"|y, A) < H(IT*|E, ) + log 2
= Pr{E = 1}H(T*|E = 1,1I)
+(1—Pr{E =1}) HIT*|E = 0,1I) + log 2. (A.25)

We now use the fact that uniform distributions maximize entropy to bound the two terms as

H(I'|E = 1,T) < H(II*) = logn!, and H(II'|E = 0,11) < log o—p5;, where the last

inequality follows since £ = 0 reveals that IT* is within a Hamming ball of radius D — 1 around II,
and the cardinality of that Hamming ball is m
Substituting back into inequality (A.23) yields

n! .
. n!
H(H |y, A) — 10g2 — 10gm + logn!,

where we have added the term H (IT*) = logn! to both sides. Simplifying then yields inequal-

ity (A.23). O

A.2 Auxiliary results for Chapter

In this section, we prove a preliminary lemma about permutations that is useful in many of our
proofs. We also derive tight bounds on the lower tails of y?-random variables and state an existing
result on tail bounds for random projections.

A.2.1 Independent sets of permutations

In this section, we prove a combinatorial lemma about permutations. Given a Gaussian random
vector Z € R", we use this lemma to characterize the distribution of Z £ IIZ as a function of
the permutation II. In order to state the lemma, we need to set up some additional notation. For
a permutation 7 on k objects, let G,. denote the corresponding undirected incidence graph, i.e.,
V(G,) = [k], and (i,5) € E(G,) iff j = 7(i) or i = 7(j).

Lemma A.2.1. Let w be a permutation on k > 3 objects such that dy(w, I) = k. Then the vertices
of G can be partitioned into three sets Vy, V5, V3 such that each is an independent set, and
VAl IVal, VA > 4] > &
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Proof. Note that for any permutation 7, the corresponding graph G, is composed of cycles, and
the vertices in each cycle together form an independent set. Consider one such cycle. We can go
through the vertices in the order induced by the cycle, and alternate placing them in each of the 3
partitions. Clearly, this produces independent sets, and furthermore, having 3 partitions ensures that
the last vertex in the cycle has some partition with which it does not share edges. If the cycle length
C' =0 (mod 3), then each partition gets C'/3 vertices, otherwise the smallest partition has [C'/3|
vertices. The partitions generated from the different cycles can then be combined (with relabeling, if
required) to ensure that the largest partition has cardinality at most 1 more than that of the smallest
partition. [

A.2.2 Tail bounds on random projections

We state the following lemma for general sub-exponential random variables (see, e.g., Boucheron et
al. [38]). We use it in the context of x? random variables.

Lemma A.2.2. Let X be a sub-exponential random variable. Then for all t > 0, we have
Pr{|X —E[X]| >t} < de .

Lastly, we require tail bounds on the norms of random projections, a problem that has been stud-
ied extensively in the literature on dimensionality reduction. The following lemma, a consequence
of the Chernoff bound, is taken from Dasgupta and Gupta [78, Lemma 2.2b].

Lemma A.2.3 ([78]]). Let x be a fixed n-dimensional vector, and let P} be a projection matrix from
n-dimensional space to a uniformly randomly chosen d-dimensional subspace, where d < n. Then
we have for every 8 > 1 that

(A.26)

d 1— d (n—d)/2
Pr(lpgal = el) < 7 (14 E200)

n—d

A.2.3 Strong converse for Gaussian channel capacity

The following result due to Shannon [278]] provides a strong converse for the Gaussian channel.
The non-asymptotic version as stated here was also derived by Yoshihara [343]].

Lemma A.2.4 ([343]). Consider a vector Gaussian channel on n coordinates with message power
P and noise power o2, whose capacity is given by R = log (1 + %) For any codebook C with
|C| = 2", if for some € > 0 we have

R> (1+¢€)R,

then the probability of error p. > 1 — 2 - 27" for n large enough.
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A.3 Preliminary lemmas for Chapter 3

Before proceeding to the proofs of our main results, we provide two lemmas that underlie many of
our arguments. The proofs of these lemmas can be found in Sections [A.3]and [A.3] respectively. Let
us denote the /o, norm of A by || Al|oc = maXicpn,], jems] |4ij]-

The first lemma establishes concentration of a linear form of observations Y; ; around its mean.

Lemma A.3.1. For any fixed matrix A € R™*" and scalar v > 0, and under our observation
model (3.1), we have

with probability at least 1 — 4e™".
Consequently, for any nonempty subset S C [ny] X [na, it holds that

ning

> (Vi — M)

(4,5)€S

<8(C+1) <\/|S|”TI”2 log(nins) +

log(n1n2)>

with probability at least 1 — 4(niny) ™.

The next lemma generalizes Theorem 5 of Shah et al. [274] to any model in which the noise
satisfies a “mixed tail” assumption. More precisely, a random matrix W € R™*"2 ig said to have
an («, 3)-mixed tail if there exist (possibly (n;, n,)-dependent) positive scalars v and 3 < n? such
that for any fixed matrix A € R™*"2 and u > 0, we have

Prd (W, 4)] > (all Allpv/i+ 5| Allt) } < 267, (A27)

It is worth mentioning that similar (but less general) lemmas characterizing the estimation error for
a bivariate isotonic matrix were also proved in prior work [55] |56].

Lemma A.3.2. Let ny < ny, and consider the observation model Y = M* + W. Suppose that the
noise matrix W satisfies the («, 3)-mixed tail condition (A.27).
(a) There is an absolute constant c such that for all M* € Cg:

@ permy the least squares estimator
Mis(Cge,,., Y) satisfies

c
erm?

| Mis(CRe, Y) — M

Perm>

2
» < c{a2n1 log ny + Bna(logny)? + Bny logn,

+ [a\/nlng(log nl)Q} A [ainng log(ni/a + e)] A [o/l/?’n}/?’ng(log n1)2/3}}

with probability at least 1 — ny®™.
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(b) There is an absolute constant ¢ such that for all M* € Cgiso, the least squares estimator
M, s(Cgiso, Y) satisfies

| Ms(Caiso, Y) — M*

i < C{ﬁ%ﬂog ny)’

N [a@(logmﬂ A [ainng log(m/a—i—e)] A [0/1/371 no(log ny )2/3}}

with probability at least 1 — ny*™.

Proof of Lemma [A.3.1]

Recall that the observation matrix Y is defined by

N/
=1

Let {I; j }icin), jens) be the partition of [N'] defined so that ¢ € I;; if and only if X, = E(). In
other words, the observation y, is a noisy version of entry M;; for each £ € I, ;. Then, we have

1Mo
Yij= N Z Ye-

Lel; ;

By Poissonization N’ ~ Poi(/N'), we know that the random variables |/, ;| are i.i.d. P0|( -), and
that the quantities Y; ; are independent for (7, j) € [n1] X [na]. Moreover, we may write

* ning * « N2 N
Sfi,j_Mi,j: N Z(yf_Mi,)—i_Mz] N (|‘[1]‘ >

Ee[m-

As aresult, it holds that
<Y _— M*,A> = Z1 + ZQ,

where we define

Z Aunln2 Z (ye — M;;) and

ze[nl ZEI,"]'
Jj€Eln2]
n1n2 N
A M (I - )
Z JHg N | J’ n1no
’LE[nl
J€Eln2]

We now control Z; and Z, separately.
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First, for s € R, we compute

Eexp(le) = Eh,] {exp( ZA”TLNM Z( ]\/[* )> [m’”
L =
nn
e [T o (a0 1]
- i, Lel;
<E H H ex (( ”1”2A )2” it )< (A.28)
R =l &

where inequality(A.28) holds since the quantity y, — M, is sub-exponential with parameter (. It

then follows that for |s| < we have

n nzHAH ¢’

Eexp(sZﬁﬁE{Hexp((CSnl”z . UI)}

,J

S ()
e fon((00) ).

12

where step (i) follows by explicit computation since |; ;| are i.i.d. Poi(-2 -) random variables. We
may now apply the inequality e* — 1 < (e — 1)z valid for = € [0, 1], w1th the substitution

n1n9 2
o= (G )

note that this lies in the range [0, 1] for all |s| < Thus, for s in this range, we have

ﬂ1n2||A|| ¢’

Eexp(sZ;) < Hexp{ e— 1)”}\7:2 (CSAM')Q}
0]

= exp { (e = DTECE AR .

Using the Chernoff bound, we obtain for |s| < and all ¢ > 0 the tail bound

N
ninz||AlleoC

Pr{Z, >t} < e *Eexp(sZ;) < exp {(e - 1)n}\?2 s A% — st}.

The optimal choice s = = 1)71552(2\\14\\2 A nmﬁ\i"‘mc yields the bound
N t? t
Pr{Z, > 1} < -—( A )): A29
w20 <o ( - 2 (oo s (42
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The lower tail bound is obtained analogously.
Let us now turn to the noise term Z,. For s € R, we have

A an
Eexp(sZs) = {exp( E A; i M, }V2<|]”| nl”))}
niny N
~TTE T L E—
];[ [exp (S 7,7 N | 7J| nins ):|
N ning ning
_ A M )—Ai-M.*. —1| 4
ge}{p{nm{exp(s SR s -1

where the last step uses the explicit MGF of |I; ;|. We may now apply the inequality e* —x — 1 <
(e — 2)x? valid for = € [0, 1], with the substitution

« N2
x = sA; ;M o
note that this quantity is in the range [0, 1] provided |s| <

nlnzHAHoo
Thus, for all s in this range, we have

Eexp(sZs) < HGXP {(e - 2)71}\7;2 (SAMM:J')Q}
i,J
ning o

< exp { (e - 25252 Al .

A similar Chernoff bound argument then yields, for each ¢ > 0, the bound

N t2 t
> < — .
PriZe 21} < e ( P ST T el 2||A||oo>)’ (4.30)

and the lower tail bound holds analogously.
Combining the tail bounds (A.29) on Z; and (A.30) on Z5, we obtain

. nin nin
(Y = M, A)| < |2] + 2] < 2(¢ + D) (Ve = T Alley | S2u + [ Alle 50
with probability at least 1 — 4e™*, for each u > 0.
The second consequence of the lemma follows immediately from the first assertion by taking A
to be the indicator of the subset S, and some algebraic manipulation. [

Proof of Lemma[A.3.2]

We first state several lemmas that will be used in the proof. The following variational formula due
to Chatterjee [58]] is convenient for controlling the performance of a least squares estimator over
any closed (not necessarily convex) set.
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Lemma A.3.3 (Chatterjee’s variational formula). Let C be a closed subset of R™*"2. Suppose that
Y = M* + W where M* € Cand W € R™*"2, Let M s(C,Y") denote the least squares estimator,
that is, the projection of Y onto C. Define a function fy;« : R, — R by
t2
fu(t) = sup (W, M —M") — =

Mec 2
(1M —DM*|2<t

If there exists t* > 0 such that fyr.(t) < 0 for all t > t*, then we have ||]\7LS(C, Y) — M*| < t*.

This deterministic form is proved in [[104, Lemma 6.1]. Here we simply state the result in matrix
form for convenient application.

The following chaining tail bound due to Dirksen [85, Theorem 3.5] is tailored for bounding
the supremum of an empirical process with a mixed tail. We state a version specialized to our
setup. For each positive scalar ¢, let ¢|| - || denote the norm || - || scaled by c. Let ,(C, || - ||) and
diam(C, || - ||) denote Talagrand’s -, functional (see, e.g., [85]) and the diameter of the set C in the
distance induced by the norm || - ||, respectively.

Lemma A.3.4 (Generic chaining tail bounds). Let W be a random matrix in R™*"? satisfying the
(o, B)-mixed tail condition (A.27). Let C be a subset of R"*"2 and let M* € C. Then there exists a
universal positive constant c such that for any v > 1, we have

> ¢(72(C.all - lr) + (€, B - 1)

+ Vadiam(C, ol - |7) + udiam(C, 8] - [l)) } < e

Pr{ sup [(W, M — M*)
MecC

r,c

The final lemma bounds the metric entropy of the set Cg_  in the 5 or £, norm. The ¢ entropy
bound is known [56,274]]. For e > 0 and a set C equipped with a norm || - ||, let N(¢; C, || - ||) denote
the e-metric entropy of C in the norm || - ||.

Lemma A.3.5. There is an absolute positive constant c such that for any ¢ < \/nins, we have

log N(€; Cperms || - [|F) < 214 logni+ (A.31a)
2 0 T oo ) 5 ()
log N(¢; Cgiso, || - [|1F) < (A.31b)
[cnl? <1og @)2} A <cn1n2 log @) A (c n€1n2n2 log m),
and the metric entropies are zero if € > \/niny. We also have, for each ¢ < 1, the bounds
log N(€; Cperms ||+ loo) < [%log(enl)} A (nlng log S) + 2n, logny; (A.32a)
log N(¢; Cgiso, || * [|loo) < [%log(enl)} A (anLQ log §>, (A.32b)

and the metric entropies are zero if € > 1.
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The proof of this lemma is provided at the end of the section.

Taking these lemmas as given, we are ready to prove Lemma[A.3.2] We only provide the proof
for the class CLZrm, the proof for the class Cgso is analogous. Let By«(t) denote the ball of radius
t in the Frobenius norm centered at M *. To apply Lemma[A.3.3] we define

gt)= sup (WM —-M") and f(t)=g(t) - -

MeCLE NBy+(t) 2

Perm

The key is to bound this supremum g(¢). By the assumption on the noise matrix ¥/, Lemma
immediately implies that with probability 1 — e, we have

9(8) S 72(Cpm N Bar- (), ] - 1) + 71(Chim 0 Bar(8), 81l - 1) (A33)
- Vadiam(Cye,, N B (8), all - 1) + udiam(Cpe,, O Bag- (8), 8] - [l):

The diameters are, in turn, bounded as

dlam((CPerm mBM*( ) O{H ’ ||F) <a (t/\ \/nan) and
diam(Cpgp, N Bas+ (1), Bl - lloo) < B(EAT)

since each entry of M € Cg, isin [0, 1].
It remains to bound the v, and 7, functionals of the set Cgg, N By« (). These functionals can

be bounded by entropy integral bound (see equation (2.3) of [85]])

Vp (CPerm mBM*( ) || . ||) < Cp/(] [lOgN(E CPZrm mBM*(t)v || . ||)]1/pd€’

valid for a constant ¢, > 0 and any norm || - ||. We use this bound for p = 1 and p = 2, and the
metric entropy bounds established in Lemma[A.3.5]
Let us begin by establishing a bound on the -, functional by writing

/amm)

Yo (Coorm N Bar= (1), | - || r) < 2 [log N (e, Cpe,y N Bas=(t), o] - ”F)}l/?de.
0

Perm
We now make two observations about the metric entropy on the RHS. First, note that scaling the
Frobenius norm by a factor aw amounts to replacing € by €/« in (A.3Ta). Second, notice that the
metric entropy is expressed as a minimum of three terms; we provide a bound for each of the terms
separately, and then obtain the final bound as a minimum of the three cases.

For the first term, notice that the minimum is never attained when € < oml_5, so that we have

a(tAy/ninz) 2 2 1/2
1(Chn " Bar- (0, 1) 5 [ {2 (10 Y2 ) oo ) de
any® €

ny ° 62
1
VM2 o /min a~/mn
§/ 1 log ! 2de+ozt\/n1 log ny
-5 € €
oml

< ay/ning(logny)? + aty/ny logn.
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Now consider the second term of the bound (A.3Ta)); we have

a(thny/ninz) /T T, 1/2
VQ(CBZrmmBM*(t%aH : ||F) f§ / {(n1n2 log %) +2n1 lognl} de
0

< aty/ninglog(ng /t + e) + at/ny logn,.
Finally, the third term of bound (A.3Ta)) can be used to obtain

1/2

oA ray/mn
72<(ngrm n BM*(t),OéH ’ HF) (S / {(%HZ 10gn1> + 2ny lognl} de
0
< at1/2n}/4ng/4\/log ny, + aty/nqlogn,.

With the three bounds combined, we have

Y2 (Che.. N B (t), | - || ) < aty/nylogni+

Perm
[ozw/nlng(log 711)2} A [at\/nlng log(ny/t + e)] A <ozt1/2n}/4ng/4\/log n1>.
Let us now turn to bounding the 7; functional in /., norm. Scaling the || - || norm by a factor

[ amounts to replacing € by €/ in the metric entropy bound (A.324), so we have

B(tA1)
1(Coerm N B+ (1), Bl - [loo) < 01/ log N (€, Cprm N Bar+ (t), Bl - Il ) de
0

< /05 { [@ log(enl)] A <n1n2 log ?) + 2n, lognl}de

€
Bny® B
< / ning log éde + @ log nyde + Bny logng
0 € €

-5
ﬁnl

< Bna(log n1)2 + Bnylogn,.

Putting together the pieces with the bound (A.33)), we obtain

g(t) < [a\/nlng(log n1)2] A [at\/mm log(ny/t + e)} A <at1/2n}/4n§/4\/log nl)
+ aty/nilogny + Bns(logny)? + Bny logny + atv/u + Bu.

As a result, there is a universal positive constant ¢ such that choosing

t>t" = 03{ [\/a(nlng)l/4 log nl] A [a\/nlng log(ny/a + e)] A [a2/3ni/6n§/2(log n1)1/3]
(A34)

+ a\/m logn, + \/an logny + v/ fnilogn, + av/u + \/ﬁu}
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yields the bound g(¢) < ¢?/8. This holds for each individual t > t* with probability 1 — e~*. We
now prove that f(t) < 0 simultaneously for all ¢ > t* with high probability. Note that typically, the
star-shaped property of the set suffices to provide such a bound, but we include the full proof for
completeness.

To this end, we first note that by assumption,

Pr{|W;;| > av/u + Bu} < 2e™"
A union bound then implies that

Pr{[|[W|p > (an/u+ Bu)y/niny} < 2ninse™™

Therefore, we have with probability at least 1 — 2nyn.e™ that

g(t) < tHIWllp < tlavu+ Bu)y/nin,

simultaneously for all + > 0. On this event, it holds that f(t) < 0 for all t > t# = 3(ay/u +
Bu) /.

For t € [t*,t#], we employ a discretization argument (clearly, we can assume t# > ¢* without
loss of generality). Let T = {t,...,%.} be a discretization of the interval [t*,¢¥] such that
t* =1, < --- <ty =t and 2t; > t,. Note that 7" can be chosen so that

i
IT| =k <log, y + 1 <log, ( (34 3/ Pu) n1n2> + 1 < 7log(nqu),

where we used the assumption that 3 < n?. Using the high probability bound g(t) < t%/8

for each individual ¢ > t* and a union bound over 7', we obtain that with probability at least
1 — 7log(nju)e ™,

_ g2
r%%’xg(t) t°/8 < 0.

On this event, we use the fact that g(¢) is non-decreasing and that ¢; > ¢;,1/2 to conclude that for
each t € [t;, t;41] where i € [k — 1], we have

F() = g(t) = 2/2 < g(tir) = £7/2 < g(tin) — £741/8 < maxg(t) — /8 < 0.

In summary, we obtain that f(t) < 0forall t > t* simultaneously with probability at least
1 —2ninqge ™ — 7log(n1u) . Choosing u = 4n; log ny, recalling the definition of t* in (A.34)
and applying Lemma . we conclude that with probability at least 1 — 3"1,

||MLS Perm7Y) - M* F < (t*)Q S

[a\/W(log nl)z} N [042711“2 log(ny /o + e)] [044/371 ns(log n1)2/3]

+ a?nylogny + Bna(logng)? + Bny logng.

The entire argument can be repeated for the class Cgjso, in which case terms of the order
ny log ny disappear as there is no latent permutation. Since the argument is analogous, we omit the
details. This completes the proof of the lemma. [
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Proof of Lemma Note that \/71n5 and 1 are the diameters of Cg:, in ¢ and {,, norms
respectively, so we can assume € < ,/nin, or 1 in the two cases.
For the /5 metric entropy, Lemma 3.4 of [56] yields

nn /ning\ 2
log N (€; Caiso, || - 1) < e3> (log Y2

€2 €

which is the first term of (A.31a)). In addition, since Cgso is contained in the ball in R™*"2 of
radius /nin, centered at zero, we have the simple bound

\/T1MN2

log N (& Caiso, | - [|r) < cominzlog =——,

which is the second term of (A.31a)).
Moreover, any matrix in Cgjso has Frobenius norm bounded by ,/n1n, and has non-decreasing
columns so Cg;, is a subset of the class of matrices considered in Lemma 6.7 of the paper [104] with

A =0andt = ,/nins (see also equation (6.9) of the paper for the notation). The aforementioned
lemma yields the bound

n1no
log N(e; Cge, s |l - llr) < Ca=———13 logn,.
Taking the minimum of the three bounds above yields the ¢, metric entropy bound (A.3Tb) on the
class of bivariate isotonic matrices. Since Cgc s a union of n;!n,! permuted versions of Cgso,

Perm

combining this bound with an additive term 2n, log n; provides the bound for the class Cgg, ...
For the /., metric entropy, we again start with Cgiso. Let us define a discretization /. =

{0,€,2¢,...,|1/€|e} and a set of matrices
Q={M € Cgiso : M;; € I},

which is a discretized version of Cg;so. We claim that Q is an e-net of Cgsp in the /., norm. Indeed,
for any M € Cgiso, we can define a matrix M’ by setting

MZ'] = argmin |a — M, ;|
a€l,

with the convention that if M; ; = (k + 0.5)e for an integer 0 < k < |1/¢], then we set M; ; =
(k + 1)e. It is not hard to see that M’ € Q and moreover ||M' — M ||, < €. Therefore the claim is
established.

It remains to bound the cardinality of Q. Since each column of Q is non-decreasing and takes
values in /. having cardinality |1/¢| + 1, it is well known (by a “stars and bars” argument) that the
number of possible choices for each column of a matrix in Q can be bounded as

ny € ny €]\ L1/¢€] ny el\m
(") = P ()
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where we used the bound (Z) < (%)k for any 0 < £ < n. Since a matrix in Q has ny columns, we

obtain X
log |Q] < nylog m - [1/e] < [@ log(enl)] A <n1n2 log E).
|1/€] € €
This bounds log N (¢; Cgiso, || - ||o) and the same argument as before yields the bound for
(Clr:;:rm' D

A.4 Technical lemmas used in Chapter

We now proceed to the technical lemmas used to prove Theorems [3.4.1]and [3.4.2]

Proof of Lemma

We split the proof of Lemma|[3.5.3]into two cases.

Case 1 First, suppose that |B| > ™52 log(nin2). In view of the condition
Z Mg, — Z My, > 2np
teB teB

and the definition of a topological sort, Lemma [A.6.5] (which is stated and proved shortly) with
a; = Y yep Mi b =a, =7 and 7 = 2np yields

nin
S0z~ 20| < 20 < 9606+ 1)y "2 Bl o1,

leB

forall i € [n4].

Case 2 Otherwise, we have |B| < “52 log(n;ny). It then follows that

nn
| S — M| <21B) < W 1B log(mins)

where we have used the fact that M € [0, 1]"1*"2,
Since the columns of M* are all non-decreasing, we have

DMy — M| = ’ > Mz 5 — M)

jEB jEB

Y

so the proof is complete. 0
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Proof of Lemma 3.5.4]

272

Let @ = min,cp,) v; and b = max;cp, v; = a + var(v). Since the quantities in the inequality remain
the same if we replace v by —v, we assume without loss of generality that b > 0. If a < 0, then
|V|loe <b—a=var(v). Ifa >0, thena < ||v||;/n and ||v]|~ = b < ||v]|1/n + var(v). Hence, in

any case we have [[v]5 < [[vllsol|vlls < [[Jv]l1/n + var(v)][|v]s.

Proof of Lemma [3.5.3]

Since A has increasing rows, for any i, iy € [n] with i < iy and any j, jo € Ji, we have

Aiyj— Aig = (Aiyj — Aiyay) + (Aig o, — Aiy) + (Aip, — 4iy)
< (AiQ,bk - AiQaak) + (Ai27j2 - Ai,jz) + (Ai,bk - Ai,ak)'

Choosing j, = arg min, ¢, (Ai,» — A;,), we obtain

1
Aiz,j - Ai,j < (Aizlik - Ai27ak) + (Ai,bk - Ai,ak) +— Z(Aizw - Aiﬂ")'

m
k reJg

Together with the assumption on 7, this implies that

1
[An@g = Aigl < Aryn — Antian + Aip, = Aia 7= > [Aniyr = Air|-

my

Zik
Hence, it follows that
n m n l
SN Ay = Ae@ ) =D ) 0 (Aij— Aniiy)’
i=1 j=1 i=1 k=1 jeJ,
n V4
<Y YN A = Aniiy sl (i + Yik + Zik/ )
i=1 k=1 jeJy
n l
= Z Z 2 (Tige + Yig + 2ip /M)
i=1 k=1

According to the assumptions, we have
1LY e <land Y7 2, < x forany i € [n],k € [(];
2. 3 ik <land 3.7 yix < x foranyi € [n],k € [(];
3. 2z < prand Yr_, 2 < pforanyi € [n], k € [].

Consequently, the following bounds hold:

]
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; ¢ ¢

1. Z?ﬂ Zk:l Zi kTik < Z?:l Zk:l PrTig < X Zk:l Pk>
¢ ¢ ¢

2. Z?:I Zk:l Zi kYik < Z?ﬂ Zk:1 PrYik < X Zk:1 Pk

n y4 n 4
30 3 D e P e S D0 Dy Zik - MaXee(g (ok/m) < np maxgee (pr/ M)

Combining these inequalities yields the claim. [

A.5 Technical results on the isotonic projection used in
Chapter 4

In this section, we collect some technical results on the isotonic projection onto piecewise constant
hyper-rectangular partitions. This is the operator given by B( - ;bly, ..., bl;), which was defined
in equation (4.41)). Let us begin by defining some other helpful notation. Let C(Ly,; bly, . .., bly)
denote the set of all tensors in R, ,, that are piecewise constant on the d-dimensional blocks

specified by the Cartesian products of one-dimensional partitions bly, . . ., bl;. Define the operators
P : Ry, — Rypand A: Ry, — Ry, as projection operators onto the sets M (L, 71, ..., 7q)
and C(Lg,; bly, ..., bly), respectively, i.e., for each 6 € R,,,, we have

PO;m1,...,mq) € argmin |6 — ¢'||3, and

0'eM(Lg n;m15e..,q)

A(0;bly,....bly) €  argmin  ||0 — ¢'||3.

H/EC(Ldyn;bh,...,Hd)

Recall our notion of a permutation that is faithful to a one-dimensional ordered partition from the
proof of Lemma b). Finally, let s denote the average of the entries of § € Ry, on the set
S C Lgp.

Our first technical lemma demonstrates that the operator ‘B can be written as a composition of
the operators P and A4, i.e., in order to project onto the class of isotonic tensors that are piecewise
constant on hyper-rectangular blocks given by a d-dimensional ordered partition, it suffices to first
average all entries within each block, and then project the result onto the class of isotonic tensors
whose partial orderings are consistent with the corresponding one-dimensional ordered partitions.

Lemma A.5.1 (Composition). For each j € [d], let 1; € &, be any permutation that is faithful to
the ordered partition bl;. Then, for each 0 € R, we have

%(9,b|1,,b|d> = P( A(e,bll,,bld) ;7T1,...,7Td).

Proof. To fix notation, suppose that bl; is a partition of [n;] into s; blocks, and that H;l:l s; = S.
Note that the ordered partitions bly, . . ., bl; induce a hyper-rectangular partition of the lattice L,
into s pieces. Index each of these hyper-rectangles by the corresponding member of the smaller
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ceey

With this notation, the projection operator for any 0 € R, takes the form

B(0;bly,...,bly) € argmin Z Z (O — um)Q.

/J/EM(I[‘d7S1,.H7Sd) xeLd,sl """ sq

The inner sum in the objective can be written as

S 1) =Y (0u—05)+ Y (@5 1) +2(O0 — ) Y. (60— 05,)

wWE By wWE By wWE By wWE By
=" (00— 05.) +1Bul - (05, — 1) (A.35)
wEBy

where equation (A.35) follows since ) 5 (Qw — ng) = (. Putting together the pieces and
noting that the first term of inequality (A.35)) does not depend on u, we have

B(0;bly,...,bl;) € argmin Z |B,| - (05, —ux)Q.

NGM(]Ld,sl ,,,,, Sd) xeﬂ-‘d,sl """" sy

The proof is completed by noting that A(6;bly, ..., bly) is equal to 65, on each block B,, and

so the optimization problem above can be viewed as the projection of A(¢; bly, . .., bl;) onto any
set M(Lg,,; 71, . .., m4) such that the permutations 7y, . . ., w4 are faithful to the ordered partitions
bly, ..., blg, respectively. [
Lemma A.5.2 ({,.-contraction). For each 0,6 € R, ordered partitions bly, . .., bl,, and permu-
tations T, . .., T4, we have
| A(6;bly, ... blg) — A(6;bly, ... blg)|le < [|0 — 0o and (A.36a)
|PO; 71, ... ,7q) — PO 571, 70) |loo < |0 — || o (A.36b)
Consequently,
19B(0; bli, ..., blg) —B(;bly, ..., blg) [l < |10 — ]| (A.36¢c)

Proof. Owing to Lemmal[A.5.1] equation follows directly from equations (A.36a)) and (A.36b).
Equation is also immediate, since the operator A simply averages entries within each parti-

tion, and the averaging operation is trivially ¢.,-contractive.

The proof of equation is slightly more involved. First, since the /., norm is invariant to
the labeling of the entries of the tensor, it suffices to establish the result when 7; = id for all j € [d].
We use the notation P(-) : = P( - ;id,...,id), for convenience. For each = € L, let £(x) and
U(zx) denote the collections of lower and upper sets containing x, respectively. Recall the min-max
characterization of the isotonic projection [264, Chapter 1]: For each tensor a € R,,, and z € L.,
we have

P(a)(z) = min max arny.
Lel(x) UeU(x)
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Consequently, for each pair of tensors a, b € R;,,, we obtain the sequence of bounds

P(a)(z) = P(b)(x)| =

min max arny — min max brny
LeL(z) UEU(x) LeL(z) UeU(x)

< max | max apny — max bry
LeLl(z) |UeU(x) Uel(z)
< max max |arny — bravl
Lel(z) UeU(z)
< lla = bl
Since this holds for all z € LLg,,, we have proved the claimed result. O

As an immediate corollary of equation (A.36b)), we obtain the following result that may be of
independent interest.

Corollary A.5.1. The isotonic projection is {, contractive, i.e., for any 0,0" € Ry,,, we have
|P(0;id,....id) —P(#;id,...,id)|le < |0 — 0| -

To the best of our knowledge, similar results are only known when d = 1 [338]].

A.6 Auxiliary results for Chapter |4

In this section, we collect several results that are used in multiple proofs.

A.6.1 Basic lemmas for least squares estimators

Our first lemma allows us to bound the expected supremum of a Gaussian process over a union of
sets in terms of the individual expected suprema. Similar results have appeared in the literature [S7,
130]. We state a version that can be readily deduced from [[130, Lemma D.1].

Lemma A.6.1. Let K > 1, and let € denote a standard Gaussian tensor in R, ,,. Suppose that for
some positive scalar t, we have O1, ..., O C By(t). There is a universal positive constant C' such
that

(a) The supremum of the empirical process satisfies

Pr {max sup (¢,0) > max E {sup (e, 0>} + Ct(+/log K + \/ﬂ)} <e™ foreachu > 0.

ke[K] gco, ke[K] 6eOy,

(b) If, in addition, the all-zero tensor is contained in each individual set {O}_,, then

E [max sup (e,@ﬁ < max [E [sup } + Cty/log K.
ke[K] gco, ke[K] 0€0),
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Our second lemma bounds the supremum of a Gaussian process over a set that is piecewise
constant over known blocks. Recall that for 0 € R, ,, and S C L, ,,, we let 5 denote the sub-tensor
formed by restricting  to indices in S. In the statement of the lemma, we also use the notation of

d
stochastic dominance: for a pair of scalar random variables (X, X3), the relation X; < X, means
that Pr{X; >t} < Pr{X, >t} foreacht € R.

Lemma A.6.2. Let B, ..., B denote a (known) partition of the lattice L ,,. Let © C R, ,, denote
a collection of tensors such that for each 6 € © and { € [s|, the sub-tensor 0, is constant. Let
e € Ry, represent a standard Gaussian tensor. Then, for eacht > 0, we have

d
wp (o6 E10v,
0cONB2(t)

where Y2 ~ x2. Consequently, we have

E sup (6,0) <tys.
66@0[832(15)

Proof. We focus on proving the first claim, since the second claim follows immediately from it by
Jensen’s inequality. For each S C L., we write 0 : = 3 SI > seg Uz Foreach § € ©, we have the
decomposition

2 0= |B-0 Lsen, .
2 2 e 2 VIR e ST

Now define the s-dimensional vectors € and v(6) via
~ ZZGBg €y L n
¢ :=——=— and [v(0)];:=+/|Bi 0p, foreach (€ [s].

By construction, the vector € consists of standard Gaussian entries, and we also have ||v(8)||2 = [|0]|2
for each 6 € ©. Combining the pieces with Cauchy—Schwarz inequality yields

sup  (6,0) < sup (€,v) <t-|[[e]fs,
0cONBy(t) veERS

as desired. O]

Our third lemma follows almost directly from [323, Theorem 13.5], after a little bit of algebraic
manipulation. In order to state the lemma, we require a few preliminaries.

Definition A.6.1. A set C is star-shaped if for all 0 € C and « € [0, 1], the inclusion af € C holds.
We say that C is additionally non-degenerate if it does not consist solely of the zero element.
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Let € denote a standard Gaussian in R, ,,, and suppose that the set © C R, is star-shaped and
non-degenerate. Let A € R,,, denote a (random) tensor satisfying the pointwise inequality

IAlZ < sup (e, A),
A€6
IAll2<IIA]l2

and for each ¢t > 0, define the random variable

(t) = sup (e, A).

Ae€O
lAllz<t

Let ¢,, denote the smallest positive solution to the critical inequality

Such a solution always exists provided © is star-shaped and non-degenerate; this can be shown via
a standard rescaling argument (see [[323, Lemma 13.6]). R
We are now ready to state a high probability bound on the error | Al|3.

Lemma A.6.3. Under the setup above, there is a pair of universal positive constants (c,C') such
that

Pr {||3H§ > Ct2 + u} <exp{—cu} forall u>0.
Consequently,
E[|AI3) < O + 1).
Proof. Applying [323, Theorem 13.5] and rescaling appropriately yields the bound

~ ot
Pr{HAHg > 16t,, - 5} < exp {—7”} forall & >t,.

Now note that ¢,, > 0, and that for any u > 0, we may set 6 = t,, + ——. This yields the bound

16ty
PI{HKH2 > 1612 —I—u} <ex —ﬁ ex {—i} <ex {—i}
2= i U =GP P T =P T

The bound on the expectation follows straightforwardly by integrating the tail bound. [

Our fourth lemma is an immediate corollary of [311, Theorem 2.1], and shows that the error of
a least squares estimator—recall our notation from equation (4.5)—over a convex set concentrates
around its expected value.
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Lemma A.6.4. Let € denote a standard Gaussian tensor in R, and let K C Ry, denote a closed

convex set. For a fixed tensor 0 € K, let 0= @\LSE(K, 0* + €). Then for each u > 0:
(a) The {5 norm of the error satisfies the two-sided tail bound

Pr{[18— 0"l — E[IF - 0°|la]| > v2u} < e
(b) The squared {5 norm of the error satisfies the one-sided tail bound
Pr{)10—0"3 = 2[19 - 0")13) + 4u} < ™

Proof. Part (a) of the lemma follows directly by rescaling the terms in [311, Theorem 2.1]. Part (b)
of the lemma follows from part (a) by noting that if ||§ — 6*||s — E[||6 — 0*||2]| < v/2u, then

—~ —~ 2 —~
16— 672 < 2 <]E[||0 . 9*||2}> 2. 2u < 2E[|0 — 0°]2] + 4u.

A.6.2 Some other useful lemmas

We first state a useful (deterministic) lemma regarding permutations, which generalizes [211),
Lemma A.10].

Lemma A.6.5. Let {a;}!" | be a non-decreasing sequence of real numbers, let {b;}!'_, be a sequence
of real numbers, and let T be a positive scalar. If 7 is a permutation in &,, such that 7(i) < 7(j)
whenever b; — b; > T, then |ar;y — a;| < 7+ 2||b — al|s for all i € [n]. Here, we have defined the
vectors a = (ay,...,a,) and b= (by,...,by,).

Proof. The proof is by contradiction. Letting A = b — a, assume that a; — a(jy > 7 + 2||A||« for
some index j € [n]. Since 7 is a bijection, there must exist—by the pigeonhole principle—an index
i < m(j) such that w(i) > 7 (7). Hence, we have

bj—bi=a; —a;i+ A5 —A; > aj — azgy + A5 — Ay > 7+ 2[|All e — 2[| A0

which contradicts the assumption that 7(¢) < 7(j) whenever b; — b; > 7.
On the other hand, suppose that a, ;) —a; > 74 2||Al| for some j € [n]. Since 7 is a bijection,
there must exist an index ¢ > 7(j) such that 7(¢) < 7(j). In this case, we have

bi—bj:ai—aj—i—Ai—Aj Zaw(j)—aj—FAi—Aj > T,
which also leads to a contradiction. L]

Our next technical lemma is a basic result about random variables.
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Lemma A.6.6. Let (XY, Z) denote a triple of real-valued random variables defined on a common

probability space, with X* < Z? almost surely. Let £ be a measurable event such that on the event
E, we have X? < Y?2. Then,

E[X?] < E[Y? + /E[Z4] - \/Pr{&}.
Proof. Since X? < Y?on &, we have X? < Y?1{€} + X?1{&°}. Consequently,

E[X?] < E[Y?1{&}] + E[X?1{&}]
< E[Y? +E[Z°1{€}]
< E[Y?] + E[Z4] - VE[1{&}],

where the final inequality is an application of Cauchy—Schwarz inequality. [

Our third lemma is an elementary type of rearrangement inequality. For a permutation 7 € G,
and vector v € R™, we use the notation v{r} to denote the vector formed by permuting the entries
of v according to 7, so that v{7} = (vzq1),...,Vx()). Let 1,, denote the n-dimensional all-ones
vector.

Lemma A.6.7. Letv € R" witht = (% > vi) - 1,,. Then, we have

— 7|2 < — 2
lv = 7ll; < max flv —v{m};

Proof. Firstnote that 7 = (g~ 3, ce, v{7}, so that we have

2
_ 1 i 1
lo=3ll; = |lv -5 > vfn| < S Y v —o{m}3 < max|lo — v{x}3,
6] €S 6] €S TEGn
n 2 n
where step (i) follows from Jensen’s inequality. O

Finally, we state an elementary lemma that bounds the number of distinct one-dimensional
ordered partitions satisfying certain conditions. Recall that J3; denotes the set of all one-dimensional
ordered partitions of the set [n;] consisting of exactly L blocks. Also recall that 3;"** denotes all
one-dimensional ordered partitions of [n;] in which the largest block has size at least k.

Lemma A.6.8. For each ny > 2, the following statements hold:
(a) For any L € [n1], we have

L
U
/=1

(b) For any k* € [n,], we have

=L"™, andso [|B|= = (ny)™.

U
/=1

< (n1>3(m—k*)'

B
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Proof. The second claim of part (a) follows from the first. In order to prove the first claim, note that
each ¢ € [n;] can be placed into any one of the L blocks, and each different choice yields a different
element of the set UL B,.
We now proceed to prove part (b). First, note that the claim is immediately true whenever
k* > ny — 1, since
IPr] =1 and [P, | = 2n4.

ni ni—1

Consequently, we focus our proof on the case k* < ny — 2, in whichcase n; —k*+1 < %(nl — k).
Suppose we are interested in bounding the number of one-dimensional ordered partitions in which
the largest block has size at least £ and the number of blocks is at most s;. Then there are (’E)
distinct ways of choosing the first k& elements of the largest block and s; ways of choosing the
position of the largest block. After having done this, the remaining n; — k elements of [n;] can
be placed in any of the s; blocks. Finally, note that s; < n; — k£ + 1, so that the number of such

one-dimensional ordered partitions is bounded above by

n _ n .
(k:i> sy S (kl) (= k)M TH

Choosing k£ = k* yields the bound

RS

: (Zl) LT VA

nl! (’I’Ll —k*+ 1)n17k*+1
. — k1)
Gy TR D

' *
< (Zijv Vg =k LT (2m) 7
< ()" /g — k1 em T (o) 2

where the second inequality uses the bound n! > (%)n v 27mn given by Stirling’s approximation.

Now note that for each n; > 2, we have e/+/2m < ,/n;. Combining this with the bound n; — k* +
1 < n, and putting together the pieces, we have

B

< (ng)m R TR < ()P RY)

Y

where the final inequality is a consequence of the bounds n; — k* +1 < 3(n; —k*) and e < (ny)*/?
for each ny; > 2. U]
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Appendix B

Technical material for part 11

B.1 Technical lemmas used in Chapter

In this section, we collect statements and proofs of some technical lemmas used in the proofs of our
results concerning the AM algorithm.

B.1.1 Bounds on the “volumes” of wedges in R?

For a pair of scalars (w,w’) and d-dimensional vectors (u,u’), recall that we define the wedge
formed by the d + 1-dimensional vectors v = (u, w) and v' = (u/, w’) as the region

W(v, ') ={zr eR: ((z, u) +w) - ((x, u') +w') < 0}.

Note that the wedge is a purely geometric object.
For any set C C RY, let
vol(C) = {X eC}

X~/\/ (0 1)

denote the volume of the set under the measure corresponding to the covariate distribution.
We now bound the volume of a wedge for the Gaussian distribution.

Lemma B.1.1. Suppose that for a pair of scalars (w,w"), d-dimensional vectors (u,u’), and

v = (u, w)andv' = (v, W), we have ””” T' < 1/2. Then, there is a positive constant C' such that

. o=l e (2l
W (o, v)) < O log'! (Hv 'u)

Proof of Lemma [B.1.1]

Using the notation £ = (x, 1) € R?*! to denote the appended covariate, we have

VO](W(val» = PI"{<§, U> ) <§7 U/> < 0}7
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where the probability is computed with respect to Gaussian measure.
In order to prove a bound on this probability, we begin by bounding the associated indicator
random variable as

1{<€7 U>'<€7 = { v’ _U Z <§ >2}
{gu—v >t} 4+ 1{(¢ v)* <t} (B.1)

where inequality (B. 1)) holds for all ¢ > 0. In order to bound the expectation of the second term, we
write

Pr{(&, v)2 <t} = Pr{[|ull* x2. <t}

(i) ( - )1/2
< 2
[l

where 2, is a non-central chi-square random variable centered at -

standard 2 tail bounds (see Lemma B.1.6)).
It remains to control the expectation of the first term on the RHS of inequality (B.T)). We have

> and step (i (i) follows from
Pr{(¢ v —v)* >t} <Pr{2(z, v —u)® + 2w —w)* >t}

t
<prffu-ulf 2 - o= oI},

Now, invoking a standard sub-exponential tail bound on the upper tail of a x? random variable
yields

c t
Prife =2 sae (- s - )

Co t 2
S C1 €Xp (- m{é — ”U—'U/” })

Putting all the pieces together, we obtain

c t et 1/2
ol (0, 0) < cresp (= o=t )+ (15
oo 12 ol

'l|), which is a valid choice provided H””;ﬁ/“ < 1/2,

Substituting ¢ = 2¢ ||Jv — v'||* log(
yields the desired result.

B.1.2 Growth Functions and Uniform Empirical Concentration

We now briefly introduce growth functions and uniform laws derived from them, and refer the
interested reader to Mohri et al. [225]] for a more in-depth exposition on these topics.
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We define growth functions in the general multi-class setting [[75]. Let X denote a set, and let F
denote a family of functions mapping X’ — {0,1, ...,k — 1}. The growth function Il : N — R of
F is defined via

Mr(n) = max [{{f(n), f(e2),. . [(za)} = f € FY].

In words, it is the cardinality of all possible labelings of n points in the set X’ by functions in the
family F.

A widely studied special case arises in the case k£ = 2, with the class of binary functions. In
this case, a natural function class F is formed by defining C to be a family of subsets of X', and
identifying each set C' € C with its indicator function fo := 1¢ : X — {0, 1}. In this case, define
Fec ={fc: C € C}. Abound on the growth function for such binary function provides following
guarantee for the uniform convergence for the empirical measures of sets belonging to C.

Lemma B.1.2 (Theorem 2 in [315]]). Let C be a family of subsets of a set X. Let i1 be a probability
measure on X, and let [i,, := % >, dx, be the empirical measure obtained from m independent
copies of a random variable X with distribution ji. For every u such that m > 2/u?, we have

Pr {sup | (C) — uw(C)| > u} < Tz, (2m) exp(—mu?/16). (B.2)
cec

We conclude this section by collecting some results on the growth functions of various function
classes. For our development, it will be specialize to the case X = R4,
Define the class of binary functions % as the set of all functions of the form

sgn((z, 0) +b) +1
2 b

fop(x) :=
specifically, let F := { for:0€RY b€ R}. In particular, these are all functions that can be

formed by a d-dimensional hyperplane.
Using the shorthand Bf = {Bjy, ..., By}, define the binary function

k
g@’f,b’f (ZI;> P= H fei,bi (.Z‘),
i=1
and the binary function class corresponding to the intersection of k hyperplanes

Gk 1= {gglic’bllc 20q,...,0; GRd, bi,..., b ER}.
Finally, we are interested in the argmax function over hyperplanes. Here, define the function

m () - = argmax ({0, @) +b) — 1,
JEK]
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mapping R? — {0, ...,k — 1}. The function class that collects all such functions is given by
M, = {m91f7b1f 20q,...,0; GRd, bi,..., b ER}.

The following results bound the growth functions of each of these function classes. We first
consider the function classes F; and Gyx, for which bounds on the VC dimension directly yield
bounds on the growth function.

Lemma B.1.3 (Sauer-Shelah (e.g. Section 3 of Mohri et al. [225]])). We have

d+1
en
Iz, (n) < (d—|— 1) , and (B.3)
k(d-+1)
en
Ilg, ,(n) < (d—l— 1) (B.4)

The following bound on the growth function of the class My is also known.

Lemma B.1.4 (Theorem 3.1 of Daniely et al. [75]). For an absolute constant C, we have

en ) Ck(d+1) log(kd)

My, (n) = (Ck(d 1) log(kd)

B.1.3 Singular value bound

We now state and prove a technical lemma that bound the maximum singular value of a matrix
whose rows are drawn from a sub-Gaussian distribution.

Lemma B.1.5. Suppose that the covariates are drawn i.i.d. from a n-sub-Gaussian distribution.
Then for a fixed subset S € [n] of size ¢ and each t > 0, we have

Pr{ Amas (S3s) = £+ (VU +d + €1) } < 2e7mniee),

where 17 = max {n, 1}.

Proof of Lemma B.1.3]

Let {z;}_, denote i.i.d. Rademacher variables, and collect these in an ¢-dimensional vector z. Let
D = diag(z) denote a diagonal matrix, and note that by unitary invariance of the singular values,
the singular values of the matrix gs = D=y are the same as those of =.

By construction, the matrix =g has i.i.d. rows, and the i-th row is given by z;(x;, 1). Forad+ 1

dimensional vector A = (), w) with A € R% and w € R, we have

w —w

E [exp((\, z(ws, 1)] = 5 Elexp(\, 7)) + 5 - Efexp(=(, 7))

1 w —w
= exp(AIPR/2) - 5 (e +e7)

< exp(||Al*n°/2) - exp(w®/2) < exp([]\|[*7°/2).
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where we have used the fact that z; is zero-mean and 7 sub-Gaussian.
Since the rows of =g are i.i.d., zero-mean, and 77-sub-Gaussian, applying [323), Theorem 6.2]
immediately yields the lemma. ]

B.1.4 Anti-concentration of > random variable

The following lemma shows the anti-concentration of the central and non-central x? random
variable.

Lemma B.1.6. Let 7, and Z, denote central and non-central x* random variables with { degrees
of freedom, respectively. Then for all p € [0, (], we have

, P JANKE: 14 ¢ p
<p}< <p< (=t - = A ) P ,
Pr{Z, <p} <Pr{Z, < p} (€ exp <1 £>> exp ( 5 {log 7 1 (B.5)

Proof of Lemma

st.
The fact that Z; < Z, follows from standard results that guarantee that central x* random variables
stochastically dominate their non-central counterparts.
The tail bound is a simple consequence of the Chernoff bound. In particular, we have for all
A > 0 that

Pr{Z, < p} = Pr{exp(—AZ;) > exp(—Ap)}
< exp(Ap)E [exp(—AZy)]
= exp(Ap)(1 + 2)\)_5 (B.6)

where in the last step, we have used E [exp(—AZ,)] = (1 + 2\)~2, which is valid for all A > —1/2.

1
2

than 0 for all 0 < p < /. Substituting this choice back into equation (B.6) proves the lemma. [

Minimizing the last expression over A > 0 then yields the choice \* = (ﬁ — 1), which is greater

B.2 Technical lemmas used in Chapter [6

We now collect some technical lemmas that were used in the proofs of our main results.

B.2.1 A recursion formula
We present a general recursion formula that is used to bound the error in multiple proofs.

Lemma B.2.1. Consider any sequence of positive reals {a; };>o satisfying the sequence of inequali-
ties

aH—Cg

Y
a1 < Cp 4+ Oy ( ) for each integert > 0,
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where the tuple (C4, Cy, C3) represent some arbitrary positive scalars, n represents a positive
1=y~
integer, and we have the inclusion vy € (0, 1). Define the shorthand p : = (ﬁ) ag. Then

there is an absolute constant c such that for all T > log, -1 max{log =07V og pl, we have

.,
ar < ¢ {01 + Oy (%> + (2C,) -7 .n—v(l—v)‘l} _
n

Proof. First, note the fact that two positive scalars a and b and v € (0, 1], we have (a+0b)? < a7 +0".
Thus, a consequence of the recursive inequality above is the relation

C:\" a;\ "
ey < Cy + Cy (—3) + O, (i)
n n

'y
§2maX{C’1+C’2 (%) ,OQ (%)7}
n n

Since the first term above is a constant, it suffices to provide upper bounds on the recursion

b\
by <20, ( —

n

with the initial condition by = ay.
We now claim that for all ¢ > 1, the following upper bound holds:

be < (2C,) 0 (127) L1t (B.7)

-1 -1 -1 7t 1 (1_7)71 ”
= (202)(1*7) A= <n7(1*’7) ) . —— bo | (B.8)
205

where equality (B.8)) follows by computation.
Taking this claim as given for the moment, note that if ¢ > logﬁf_l log x for a scalar = > 1, then

we have 7/ < (logz)~!. Also note that for each 2 € R, we have 2(°%)"" = ¢ by definition. We

1=yt
now split the proof into two cases, using the shorthand p : = (ﬁ) 0-

15¢ 1; 19 < |: lll t]liS case, lt SU“iCCS to take 1 > to 1= 1()g. -1 1()g n’y(lf’y)fl\/l, iI] Wthh case we
have 0:=
bt < 6(202)(1—'7) 1 ‘n 7(1_7)71.

Case2;p > 1: Nowtaket >ty V log,y_l log p where ¢, was defined in case 1 above. Then, we
again have

1

b, < 62(202)(1—7)‘1 (S



APPENDIX B. TECHNICAL MATERIAL FOR PART II 287

Combining the two cases with the setup above completes the proof of the lemma.

It remains to establish claim (B.7), for which we use an inductive argument. The base case
follows from the one-step definition of the recursion. Assuming the induction hypothesis—that the
claim is true for some positive integer t—evaluating the recursion yields

b\
b1 < (2C%) o
1

< (2Cy) - (202)7'(177)_1(1*775) X <_)ﬂ/ : (1/n)v-7(177)‘1-(14t) % bgt“

n

= (202)(177)—1(177“1) ‘ (1/n)'y(17'y)—1(17,}/t+1) -bgtﬂ,

thereby establishing the induction. 0

B.2.2 Properties of truncated Gaussians

Let ®(-) denote the d-dimensional standard Gaussian PDF. For a < b, let ms(a,b) denote the
second moment of a univariate standard Gaussian truncated to lie in the interval [a, b], and let
v = min{1, ms(a, b)}. Finally, let x denote the Gaussian volume of the interval [a, b].

Lemma B.2.2. Let wy,ws, ..., w, denote i.i.d. draws from a Gaussian truncated to the interval
[a,b]. There is a pair of absolute constants (cy, cy) such that if k*n > ¢y log?(1/k), then

1 — 1 nk>
Pr< — w2 < —k2Y <cre —Co——— | .
{”; R }_ 1 Xp( 210g2(1/f<a))

Proof. The proof follows immediately from Lemma 4 of Ghosh et al. [119]]. In particular, a slight
modification of their lemma, specialized (in their notation) to d = 1 and with nx samples, yields the
following claim. There is a pair of universal constants (c;, ¢;) such that if k?n > ¢, log®(1/x), then

1 — 1 nk>
Pr< — w< -2V <exp| —rnun-.
(<} =on ()

Adjusting the constant factors completes the proof. [

Lemma B.2.3. Consider a matrix X consisting of n > p i.i.d. rows drawn from the distribution

e[}
9(x) = Pr{z, € [(,7]}

- ®(x)
for each x € RP. Then for all t > 0, we have

Pr {amin(XTX/n) <y —cyp/n— %} <e ¥
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0 ‘

Figure B.1: Center of the circle denotes the point cv; circle denotes valid set of u. Clearly, the u
that makes the largest angle with v is given by the tangent to the circle (in blue).

Proof. LetY ~ g denote the truncated random variable. We claim that
E[YY "] = ~I, and that Y is sub-Gaussian with parameter at most 2.

Given this claim, the proof of the theorem follows immediately by applying Remark 5.40 of [319].
Proving the claim is also straightforward. Indeed, for any v € R”, we have

B(Y, 0)? = ofE[P) + Yo
i#1

= vimy(a, b) + va

i#1
Minimizing the above expression over unit norm v yields

inf E(Y, v)? = min{1,my(a,b)} = ~.

viloll=1

In order to show that the random vector Y is sub-Gaussian, it suffices to show that (Y, v) is 2-sub-
Gaussian for each unit vector v. Since the truncation operation only influences the one-dimensional
RV Y1, it suffices to show that Y] is 2-sub-Gaussian. Once again, we invoke a standard truncation
lemma by symmetrization (e.g. Ledoux [190]), which yields the result. [

B.2.3 Angles and norms

The following lemma collects an elementary fact about angles between vectors and distances
between their scaled counterparts.

Lemma B.2.4. Given a unit norm vector v and a pair of positive scalars (¢, T) obeying the relation
T < ¢, suppose that a vector u satisfies

lu — cv||* < 72 (B.9)
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Then, we have

sin Z(u,v) < z
c

Proof. We provide a simple proof by picture in Figure In particular, denoting the ball of radius
r centered at x by B(x; ), condition is equivalent to the inclusion u € B(cv; 7). Clearly, the
vector v that maximizes the angle between v and v is given by the tangent to this ball from the
origin. In this particular case, we have

sin Z(u,v) = Z,
c

and this establishes the proof. [
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Appendix C

Technical material for part III

C.1 Calculations for the ‘“hard” sub-class in Section

Recall from equation (8.30) our previous calculation of the value function and standard deviation,
from which we have

p(1—p) o p(1—p)
0'0* OO:Vl—T s I—’YP 0'0* OO:Ul—T ,
lo (8] (=75 I ) o0 (1—7) =)
and ||6*||span = (1 — T)—l_lw. Substituting in our choices v = 1, p = —4?3;1, and7=1—(1—~)

and simplifying by employing inequality (8.32)), we have

1 0.5—« 1 1.5—a 1 l1—a
o0~ (1) 1A= P @ () and 1~ (7]

L—n

for each discount factor v > % Here, the ~ notation indicates that the LHS can be sandwiched
between two terms that are proportional to the RHS such that the factors of proportionality are
strictly positive and y-independent.

For the plug-in estimator, its performance will be determined by the maximum of the two terms

TP o (@)l | L (L N e L1
VN VN \1—7~ (I-7N N\1-~v '

In the regime N 2 ==, the first term will be dominant.

C.2 Dependence of plug-in error on span semi-norm

In this section, we state and prove a proposition that provides a family of MRPs in which the
{-error of the plug-in estimator can be completely characterized by the span semi-norm of the
optimal value function.
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Proposition C.2.1. Suppose that the rewards are observed noiselessly, with p(r) = 0. There is a
pair of universal positive constants (cy, c2) such that for any triple of positive scalars (¢, N, D),
there is a D-state MRP for which

8*
o)l 3

¢
N VD N’

and for which the error of the plug-in estimator satisfies

(C.1)

10%]lc = ¢ and

®  Clog(1+ D
2, el +D/3)

~ {(loglog(1+ D/3))" " Al}. (C2)

¢ @
CIVN < E HQPIUg_Q Hoo

A few comments are in order. First, note that equation (C.1) guarantees that we have

1 1 1
@ =AP) () oo S —= 160" | spn
T NP 00 e $ s I

for large values of the dimension D), so that the first term in the guarantee (8.1b) is dominated by
the second. In particular, suppose that D > = )2, then we have

1 1 g L.
—= 1T =7P) (87 lloo < 516" lspan-

VN

In other words if our analysis was loose in that the error of the plug-in estimator depended only on
|| (I —4P)15(0*)| o then it would be impossible to prove a lower bound that

involves the quantlty 10 ”‘p‘"‘” . On the other hand, equation (C.2)) shows that this such a lower bound

can indeed be proved: the plug-in error is characterized precisely by the quantity VM

logarithmic factor in the dimension D.
Second, note that while equation (C.2)) shows that the plug-in error must have some span
semi-norm dependence, it falls short of showing the stronger lower bound

5
(1—y)N

uptoa

<E [Hép'ug _ 9*||oo} , (C.3)

1

which would show, for instance, that Corollary [8.2.1(a) is sharp up to a logarithmic factor. We
conjecture that there is an MRP for which the bound (C.3)) holds.

Finally, it is worth commenting on the logarithmic factor that appears in the upper bound
of equation (C.2). Note that for sufficiently large D, the logarithmic factor is proportional to
log D/loglog D. This is consequence of applying Bennett’s inequality instead of Bernstein’s
inequality, and we conjecture that the same factor ought to replace the factor log D factor multiplying
the span semi-norm in the upper bound (8.1b).
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C.2.1 Proof of Proposition [C.2.1|

In order to prove Proposition [C.2.1] it suffices to construct an MRP satisfying condition (C.I)) and
compute its plug-in estimator in closed form. With this goal in mind, suppose that for simplicity
that D is divisible by three, and consider D /3 copies of the 3-state MRP from Figure a). By
construction, we have ||o(6*)|l = p1/q(1 — q), and ||0*||span = - Setting ¢ = %5, We see
that condition (C.T)) is immediately satisfied with ¢ = =t

It remains to verify the claim (C.2). Note that the plug-in estimator for this MRP can be
computed in closed form. In particular, it is straightforward to verify that for each state ¢ having

reward p/2, we have

) N
T <0P|Ug(7’) - 91‘) = Bin(N, q) — Ny, (C4)

where we have used the notation é\plug (1) to denote the i-th entry of the vector gpmg. Furthermore,
these D /3 random variables are independent. Thus, the (scaled) /. -error of the plug-in estimator is
equal to the maximum absolute deviation in a collection of independent binomial random variables.

Proof of inequality (C.2)), part (a): The following technical lemma provides a lower bound on
the deviation of binomials, and its proof is postponed to the end of this section.

Lemma C.2.1. Let X, ..., X} denote independent random variables with distribution Bin (n, %)
LetY; = X; — E[X|] for each 1 < j < k. Then, we have

4
E [max |Yj|} > —.
1<j<k 9
Applying Lemma with & = D/3 in conjunction with the characterization (C.4), and
substituting our choices of the pair (u, ¢) yields

E (1~ 0°l1] = - 2.

AN

Proof of inequality (C.2), part (b): Corollary 3.1(ii) and Lemma 3.3 of Wellner [331] yield, to
the best of our knowledge, the sharpest available upper bound on the maximum absolute deviation
of Bin(n, ¢) random variables in the regime ng(1 — q) < 1:

log(1 + k) :
E Yill £v12- ————— if log(l+k) > 5. C5
Lfg;’gJ ”'] - loglog(1 + k) ' og(l+k) 25 (©3)

Combining this bound with the Bernstein bound when £ is small, and substituting the various
quantities completes the proof.
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Proof of Lemma|C.2.1: Employing the shorthand ¢ = -, we have

3kn’

1<j<k

1l > (1 =ng)- >
E LIE;%@‘Y}@ > (1—ngq) Pr{max X; > 1}

9 , 1 3nk
> (1= ¢/(1-—
-3 \/( 3nk;)

2 4
> (1—e ) > 2
>3 (=) 23

C.3 Technical lemmas used in Chapter [9

Let us now collect technical lemmas used in Chapter 9] along with their proofs.

C.3.1 Proofs of auxiliary lemmas for Proposition 9.1.1]

In this subsection, we provide proofs of the auxiliary lemmas that underlie the proof of Proposi-

tion

Proof of Lemma

The proof is basically a lengthy computation. For clarity, let us decompose the procedure into three
steps. In the first step, we compute an explicit form for the inverse information matrix J];. In the
second step, we evaluate the gradient V(). In the third and final step, we use the result in the
previous two steps to prove the claim (9.15)) of the lemma.

Step 1: In the first step, we evaluate Jg. Recall that our data (Z, R) is generated as follows. We
generate the matrix Z and the vector R independently. Each row of Z is generated independently.
Its j-th row, denoted by z;, is sampled from a multinomial distribution with parameter p;, where p;
denotes the j-th row of P. The vector R is sampled from N (r, 02I). Because of this independence
structure, the Fisher information Jy is a block diagonal matrix of the form

J,, 0 0... 0 0
0 Jy, 0... 0 0
Jy=10 0 ... 0 0
0 0 0...J, 0
0 0 0... 0 J

Here each sub-block matrix J,, is the Fisher information corresponding to the model where a
single data Z; is sampled from the multinomial distribution with parameter p;, and J, is the Fisher
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information corresponding to the model in which a single data point R is sampled from A (r, o21).
Thus, the inverse Fisher information J:g is also a block diagonal matrix of the form

Ji0 0. 0 0

0 Ji, 0... 0 0
Ji=10 0 0 0 (C.6)

0 0 0. J 0

0 0 0... 0 Jf

It is easy to compute J§ and J:

J;j = diag(p,) — p]pj = cov(Z; — p;) for j € [D], and (C.7a)
JI=Jt =0l (C.7b)

For a vector ¢ € RP, we use diag(q) € RP*P to denote the diagonal matrix with diagonal entries
4j-

Step 2: In the second step, we evaluate V) (19). Recall that ¢(9) = (I — P)~1r. It is straightfor-
ward to see that

V. (9) = (I—-~P)~". (C.8)
Below we evaluate V), 9 (0) for j € [D], where p; is the j-th row of the matrix P. We show that
Vi, 0(9) = v(I—yP) 'e;07. (C.9)

Here we recall § = ¢(9) = (I — yP) ™!
To prove Eq. (C.9), we start with the following elementary fact: for the matrix inverse mapping

A — A7!, we have ‘?9‘2 = —A'e;el A7 for all j, k € [D]. Combining this fact with chain rule,
we find that
oYY _
) (TP el (T 7P) T = (1= ) et e,
j

valid for all j, k& € [D]. This immediately implies Eq. (C.9) since p, is the vector with coordinates
Pj.

Step 3: In the third step, we evaluate V) (4)” JIV1(9). From Eq. (C.6), we observe that the
inverse Fisher information Jg has a block structure. Consequently, we can write

V) TIVY(0) = >V 0(0)" IV 0 (9) + Vrt(0) TRV rib(0). (C.10)

JE[D]
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Combining Egs. (C.7b)) and (C.8) yields
V() TRV i (9) = o7 (I —7P) (T —7P) " (C.11)
Combining Egs. (C.74) and (C.9) yields
Vo, 0(0) " IV 0(9) = v* (L= vP) "e;0" cov(Z; — pj)fe] (T —P) "
= (I —P)ejcov((Z; — p;)" 0)ej (I—P)7",

valid for each j € [D]. Summing over j € [D] then leads to

S VB 0) T V0 (0) = A= P) (S g eon((Z; - py) O)el ) (1 —4P) T
]

jelD i€[D]
=7 (I=P)"Sp(O)(I-7P)", (C.12)
where the last line uses the definition of Xp(6) in Eq. (7.10). Finally, substituting Eq. (C.11)) and
Eq. (C.12) into Eq. (C.10)) yields the claim (9.15]), which completes the proof of Lemma[9.4.1]

C.3.2 Proofs of auxiliary lemmas for Theorem [9.1.1]

In this appendix, we detailed proofs of the auxiliary lemmas that underlie the proof of the non-
asymptotic local minimax lower bound stated in Theorem[9.1.1]

Proof of Lemma

The proof uses the standard device of reducing estimation to testing (see, e.g., [34, 302, 323]]). The
first step is to lower bound the minimax risk over P and P’ by its averaged risk:

. 1 A
inf_max Ep [0~ 6(P)[[] > 3 (B 16w - 0l .| +Epn |

ov-0|.]) €13
By Markov’s inequality, for any 0 > 0, we have

On = ||| =8 [P (16w - 0ll, = 8) + P™ ([l - ]|, = 9)] .

Epv [[0n = 0]l | + Ep |

If we define 6y; &' 1 {|§ — ¢/|| ., then we have the implication
10 —0|.,<dn = 0—0|, > do, (C.14)
from which it follows that
Ep |00 =0l | + B [[16n = 0']L0] = 001 [1 = P(1[6 = 6], < 01) + P (|00 = 8']| . > 01)]
> 51 {1 — P(||0n — 0| > 6o0) + P"(||On — || > 501)]

> o [1= [P = Pl 1] = dor [1 = V2 (P, P")?]



APPENDIX C. TECHNICAL MATERIAL FOR PART II1 296

The tensorization property of Hellinger distance (cf. Section 15.1 in [323]]) guarantees that
et (PN, P2 = 1= (1 = dya(P, P')?)" < N dyar(P, P')’.
Thus, we have proved that

inf max }EQ |6 —06(Q)|.] > 3”9(73) — 0P| - <1 — V2N - dpa (P, P/)2>

Oy QE{P, P’ +

Taking the supremum over all the possible alternatives P’ € S yields

o0

My (P;S) > sup %'\WHW’) — (P
P'eS

A calculation shows that this bound implies the claim in Lemma[9.4.2]

(1 — VAN - du(P, P’)2> . (C.15)
+

Proof of Lemma (9.4.3

Recall the shorthand Ap = P — P’ and A, = r — 7/, and let 6* = 6(P). We prove that
16(P) — 6(P")]|.. is lower bounded by

[

A
(= ) At (1= 9P) A = (2 a0 P) e

Y [Ap |l 1A o
(11—~

> (1=7)?
(C.16)
Since (P) = (I —~4P)~!r and §(P’) = (I — yP’)~ ¢/ by definition, if we introduce the shorthand
Mp = (I —~P)~! — (I — vP')7}, some elementary calculation gives the identity
O(P) — 0(P') = Mpr + (I —vP)'A, + MpA,. (C.17)
Now we find a new expression for Mp = (I — yP)~! — (I — vP’)! that is easy to control. Recall
the elementary identity A;' = Ag' + A7 (Ag — A;) Ay " for any matrices Ay, A;. Thus,
Mp = (I—9P)"" — (I—7P)""
=(I-~P)'(P - P)I-~P)""
= (1= P)UP — P/)(I = 4P) " + 43(1 = 4P') (P — P')(1 - yP) (P — P/)(I - 4P)!
= (I = 9P) " Ap(I = 9P) ™ +7*(I = 7/P) ' Ap(I - yP) ' Ap(I - oP) .
Substituting this identity into Eq. (C.17)), we obtain
0(P) — 0(P") = v(I—~P) " Apf* + (I —~+P)'A, + Ry, (C.18)
where the remainder term R, takes the form
Ro1 = V(I —~AP) 'Ap(I—vP) ' Apd* + MpA,.
Since (1—~)(I—~P’)~! is a probability transition matrix, it follows that || (1 — v)(I — yP") 7| <

1. Thus, the remainder term Ry satisfies the bound

’y —1 * Y
IRotll < AR [[Y(X=P)"Apb*||  + 3
(1=7) H o (1= )2
The claimed lower bound (C.16) now follows from Eq. (C.18)) and the triangle inequality. It is clear
that Eq. (C.16) implies the claim in the lemma statement once we restrict P’ € §; and P’ € S,.

1Ap [ A -
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Proof of Lemma

Throughout the proof, we use (Z, R) (respectively (Z’, R')) to denote a sample drawn from the
distribution P (respectively from the distribution P’). We use Py, Pr (respectively Py, Pp) to
denote the marginal distribution of Z, R (respectively Z', R’). By the independence of Z and R
(and similarly for (Z’, R'), the joint distributions have the product form

P=P;®Pg, and P =P, ® Py (C.19)

Proof of part (a): Let P’ = (P, R') € S; (so " = r). Because of the independence between Z
and R (see Eq. (C.19)) and r = 1/, we have that

dhel(Pa P,)Q = dhel(PZ7 pZ’)g-

Note that the rows of Z and Z’ are independent. Thus, if we let Z;, Z! denote the i-th rows of Z and
7/, we have

dne1(Pz, Pp)? =1 — H (1 = dya(Pz,, Pz;)?) < Zdhel(PZ“ Pg)?.

Now, note that Z; and Z; have multinomial distribution with parameters P; and P}, where F, ;, P, ;
are the i-th row of P, and P;. Thus, we have

—_

(P, — Pé,j)z'

1
dher(Pz,, Pay)* < 5Dy (Pl Pz) =5 ) P

2 &~

J
Putting together the pieces yields the desired upper bound (9.2Ta).
Proof of part (b): Let P’ = (P, R') € S; (so P’ = P). Given the independence between Z

and R (see Eq. (C.19)) and P = P, we have the relation dye (P, P')? = dpe(Pr, Pr/)?. Note that
R~ N(r,I)and R" ~ N(r',I). Thus, we have

dyel(Pr, Prr)? < Dy (Pg||Pr) = ||7"—7“/||§,

2
20;

as claimed.

Proof of Lemma

We now specify how to construct the probability matrixif’ that satisfies the desired properties stated
in Lemma We introduce the shorthand notation § = P#*, and U = (I — yP)~L. Let £ € [D]
be an index such that

_ 1/2
{ € argmax (e/ (I —vP)"'S(0)(I - vP)_Teg)l/Q = argmax <Z UZp?(Q*))

Le[D) Le[D]
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We construct the matrix P entrywise as follows:
_ 1 _
P,,=P,;+ — P, ;U;,(0: —0;
»J 5] v /2N »J e, ( J )

1/2 _
forv = v(P,0%) = <Z ; U%iaz(ei)> . Now we show that P satisfy the following properties:

(P1) The matrix P is a probability transition matrix.

((P—f’)i,j)2

(P2) It satisfies the constraint ) ; B < %
3. 1,7

(P3) It satisfies the inequalities

HP—PHOOg\/%, and  ||y(I—~P) (P —P)#"||_ > —= - »(P,6"). (C.20)

V2N

We prove each of these properties in turn.

Proof of (P1): For each row i € [D], we have
_ 1 _
E Pi~:§ Pi-+—U*iE P,Q’-‘—Hizg P,,=1, C.21
- 2J - 2J V\/W L, - 7]( j ) - »J ( )

thus showing that P1 = 1 as desired. Moreover, since (1 —)U = (1 —9)(I —yP) lisa
probability transition matrix, we have the bound |Uj;| < ﬁ By the triangle inequality, we have

200" lspan = 165 — Oil-

)

Thus, our assumption on the sample size N implies that vv/N > %HQ*Hspan > Uz, (05 — 0;)
which further implies that

_ 1 _
P,=P(14+—— U;(6:—6)) >0.
2J J( I/\/W 87(3 ))

In conjunction with the property P1 = 1, we conclude that P is a probability transition matrix, as
claimed.

Proof of (P2): We begin by observing that (Ap); ; = ﬁ -P;;Ug,; (07 — 0;). Now it is simple
to check that

$ (Ap)iy)” _ 1 SR UL -0 Y S Uk ==, €22
P;; N2 4= T 2NV i 2N’

1,J 7

where in step (i), we use 07(6*) = Y. Py ;(8; — ;) for each 7, as the i-th row of our observation Z
is a multinomial distribution with mean specified by the i-th row of P. This proves that P satisfies
the constraint, as desired.
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Proof of (P3): In order to verify the first inequality, we note that for any row 4,

V2 P?j 12 i
Z\AM!_(Z( ) (S5) Y

Pi; i 0.

where step (i) follows from the Cauchy-Schwartz inequality, and step (ii) follows by the previously
established Property 2. Taking the maximum over row ¢ yields

1
v = max{ el be L

thus establishing the first claimed inequality in Eq. (C.20).
In order to establish the second inequality in Eq. (C.20), our starting point is the lower bound

71~ 4P) " At

o> le;v(I—~+P) " Apb*

=7 | > Uni(ae)is8|
2

It is straightforward to check that

(5) VvV

_ 2 * n\2 \“Y
iZjUE,i(AP .J j ZUEI AP U 61 I/\/_ZPZJUZz 61) - \/W

Here step (i) follows from the fact that i (Ap);; = Oforalli (as Apl = P1—P1 = 0); whereas
step (ii) follows from our previous calculation (see Eq. (C.22))) showing that

Z PZJU%J(@; - §z>2 = 1/2.
]
Thus, we have verified the second inequality in Eq. (C.20).

C.3.3 Proofs of auxiliary lemmas for Theorem 9.3.1

This appendix is devoted to the proofs of auxiliary lemmas involved in the proof of Theorem[9.3.1]

Proof of Lemma [9.4.7:

In this section, we prove all three parts of Lemma which provides high-probability upper
bounds on the suboptimality gap at the end of each epoch. Parts (a), (b) and (c), respectively,
of Lemma provides guarantees for the recentered linear stepsize, polynomially-decaying
stepsizes and constant stepsize. In order to de-clutter the notation, we omit the dependence on
the epoch m in the operators and epoch initialization 6,,. In order to distinguish between the total
sample size N and the recentering sample size at epoch m, we retain the notation N,, for the
recentering sample size.
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Proof of part (a): We begin by rewriting the update Eq, in a form suitable for application
of general results from [324]]. Subtracting off the fixed point # of the operator 7, we find that

Oort — 0= (1 — ) (ek - 5) + ooy {jk(é’k) . 5} .

Note that the operator 6 — j\k (0) is y-contractive in the ¢,,-norm and monotonic with respect to the
orthant ordering; consequently, Corollary 1 from [324]] can be applied. In applying this corollary,
the effective noise term is given by

Wii= 300 - I @) = {76 - 7@ } - {70) - 7@}
With this setup, by adapting Corollary 1 from [324]] we have

K
2 — o~
01 =0 < T 10 = Bloe + D Vel p + Vs o C.23a
|6 =9 < )K{H o+ 31 euoo} Vil (C23w)
where the auxiliary stochastic process {V} }x>1 evolves according to the recursion
Vier = (1 — o) Vi + s W (C.23b)

We claim that the /,.-norm of this process can be bounded with high probability as follows:
Lemma C.3.1. Consider any sequence of stepsizes {ay tr>1 in (0, 1) such that
(1 — ags1)on < agyr. (C.24)

Then for any tolerance level 6 > 0, we have

0

P[[Veslloo = 4110 = Oloev/aer/logBKAMD/D)| < 5o (C.25)

See Appendix [C.3.3] for a proof of this claim. For future reference, note that all three stepsize
choices ((7.8a)—(7.8c) satisfy the condition (C.24).

Substituting the bound (C.25)) into the relation (C.23a)) yields
; 60 ||9 5||oo
01— 0| <c | + log(SKMD/5
-~ log(8K M D/§) log(SKMD /o
B RVAC / N ¢ 2BKD/5)
1+ (1 -7k (1—~)32VK
with probability at least 1 — 537. Combining the last bound with the fact that KM = 3 N we find that
forall K > ¢, % we have
||9K+1 - QHOO < %Hg - HHOO < %Hé - e*Hoo + %”9 - 9*”007

which completes the proof of part (a).




APPENDIX C. TECHNICAL MATERIAL FOR PART II1 301

Proof of part (b): The proof of part (b) is similar to that of part (a). In particular, adapting
Corollary 2 from the paper [[324] for polynomial steps, we have

k 1—’Yélfw

0| —1=2 (k1w — n N _l=yl-w el-
1611 = oo < e ET DT — o + e TS
(=1

Velloo + [Vasilloo-  (C.26)

Recall that polynomial stepsize (7.8b) satisfies the conditions of Lemma [C.3.1] Consequently,
applying the bound from Lemma|C.3.1| we find that

k 1-yp1-w
~ — ~ _1—y 1—w_ _l-yyi1-w el-w 1
001 — Bl < ||e—e||oo{e 501 44 /log(BKMD ) ( SR k/>}
=1
(C.27)

It remains to bound the coefficient of ||§ — 5“00 in the last equation, and we do so by using the
following lemma from [324]:

Lemma C.3.2 (Bounds on exponential-weighted sums). There is a universal constant c such that

forallw € (0,1) and for all k > <2(§f’y))7l—w e have
k —w 1— (k:l w)
_leypi-w el Wt e T-w 1 1
[ 1—w < _|_ .

Substituting the last bound in Eq. (C.26) yields

o,

_ ~ —i (k1) 11 1
< cllF — ~12 (R 1) 4 4 /logBKMD/9) | &
< c]|f — 0| {6 + \/ 0g(8 /9) (1— ’Y)ﬁ + (1= ) k)2 + fw/2

. —1=2 (k1) 2

_ e

< ||d — 0|oo - V10g(8BKMD/§) <5 - T + .
| [ERVAT /){ 1= Ao En

Finally, doing some algebra and using the fact that KM = % we find that there is an absolute

1 2

Ve
constant ¢ such that for all K lower bounded as K > clog(4ND/§) - (ﬁ) , we have

N ||§_§||C>o 1 1 ~
0 O < ——— < |6 — 0 || + =1|0 — 07| oo
165611 = Blloe < 7 < ST = 07w + 510 — 07|

The completes the proof of part (b).
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Proof of part (¢): Invoking Theorem 1 from [324], we have [|0x — 0| < ax + bx + ||Vic|loo-
For a constant stepsize a = «, the pair (ag, by ) is given by

b= 08 -0—a( -

K-1
ax =70 [Velloo +910 Vil D { (1= (1 = 7))}
k=1
@ o~ : 2vaz
<= - (270/5’ VIog(BKMD/3) + Jﬁ\/log@KMD/é)) ,
-7
where inequality (i) follows by substituting o, = «, and using the bound on ||V|s from
LemmalC.3.1]

It remains to choose the pair («, &) such that |0z — §||Oo 1= é\||Oo Doing some simple
algebra and using the fact that KM = % we find that it is sufficient to choose the pair (o, K)
satisfying the conditions

(1 —~)? 1 2log 16

O<a< and K >1+ ; .
1Og <1—a(1—'y)>

= log (4ND/&) 52322

With this choice, we have
18—l _
8

R 1 1~
P Z - o —H@—e*
” K+1 “ — —8” oo+8

)

which completes the proof of part (c).

Proof of Lemma

Recall our shorthand notation for the local complexities (7.11)). The following lemma characterizes
the behavior of various random variables as a function of these complexities. In stating the lemma,
we let P,, be a sample transition matrix constructed as the average of n i.i.d. samples, and let 7,
denote the reward vector constructed as the average of n i.1.d. samples.

Lemma C.3.3. Each of the following statements holds with probability exceeding 1 — %.‘

(L= P) (B~ )6 < 20(P.07) - | DO gy BUDAD)
n n

=P — Pl < 20, r) -/ EEDYLD),

A~

Proof. Entry ( of the vector (I — vP)~1(P,, — P)#* is zero mean with variance given by the ¢!
diagonal entry of the matrix (I — vP)~13(6*)(I — 4P)~Z, and is bounded by b(6*) almost surely.
Consequently, applying the Bernstein bound in conjunction with the union bound completes the
proof of the first claim. In order to establish the second claim, note that the vector (I—~yP)~1(7,, —r)
has sub-Gaussian entries, and apply the Hoeffding bound in conjunction with the union bound. [
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In light of Lemma |C.3.3] note that it suffices to establish the inequality

Pr {H@n — 0| > He—%

)
< — .
S 9 (C.28)

+ 1= P) ' (Py,, = P)0[|oc + [I(T = 7P) (P, — 7’)Hoo}

where we have let P N, and 7y, denote the empirical mean of the observed transitions and rewards
in epoch m, respectively. The proof of Lemma[9.4.8|follows from Eq. (C.28) by a union bound.

Establishing the bound (C.28): Since the epoch number m should be clear from context, let us
adopt the shorthand h= 0,m, along with the shorthand 7 = 7, and P=P N,,- Note that 0 is the
fixed point of the following operator:

TO) :=T©O) —T@) + T, @) =7+~ (ﬁ . P) 9 ++P0,

-

T

where we have used the fact that Ty, (6) = 7 + ~Po.
Thus, we have § = (I — vP)~'7, so that § — §* = (I — yP)~! (¥ — r). Also note that we have

?—rz?%—v(f’—P)?—r:?—r+7<f’—P> 9*+7<f’—P> (6—06%),
so that putting together the pieces and using the triangle inequality yields the bound
10 = 6%[|oo
<= AP) = )lloe + A= AP) " (P =P) "o+ (T=1P) ! (P = P) (8- 0") ||
< _ -1/~ _ _ -1 (P _ * L D _ N _ p* )
<N =P 7 = 1)l + AT = 9P) (B =P ) 6o 7 (B P) (7 0)

Note that the random vector (f’ — P) (5 — 0*) is the empirical average of N, 1.1.d. random vectors,

each of which is bounded entrywise by 2(|0 — #*||.. Consequently, by a combination of Hoeffding’s
inequality and the union bound, we find that

6-5)0-n

with probability at least 1 — ;%-. Thus, provided N,, > 4% .92 .
enough constant c;, we have

i lE oo

log(8DM/6)
N,

<P -0

) 5 log(8DM /6) for a large

[ <Pl
oo 9

This completes the proof.
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Proof of Lemma

Recall that by definition, the stochastic process {V} },>1 evolves according to the linear recursion
Vi = (1 — o) Vi1 + ci.Wi—1, where the effective noise sequence {Wj } > satisfies the uniform
bound

1Willoo < | 7@ = T@)|| _+1T(0) = T @)l < 218 ~ Bl forank >o.
o0 ——

:=b

Moreover, we have E[WW;] = 0 by construction so that each entry of the random vector W, is a zero-

mean sub-Gaussian random variable with sub-Gaussian parameter at most 2|| 6 — 0| . Consequently,
by known properties of sub-Gaussian random variables (cf. Chapter 2 in [323]]), we have

522

log £ [eSW’“(I)] < = for all scalars s € R, and states z. (C.29)

We complete the proof by using an inductive argument to upper bound the moment generating
function of the random variable V}; given this inequality, we can then apply the Chernoff bound to
obtain the stated tail bounds. Beginning with the bound on the moment generating function, we
claim that

log E [esv’f (x)} < % for all scalars s € R and states . (C.30)

We prove this claim via induction on k.

Base case: For k = 1, we have

logE [esvl(x)} =logE [eS‘“WO(w)] < 82(?)27

where the first equality follows from the definition of V;, and the second inequality follows by
applying the bound (C.29).

Inductive step: We now assume that the bound (C.30) holds for some iteration k£ > 1 and prove
that it holds for iteration £ + 1. Recalling the definition of V}, and the independence of the random
variables V), and W}, we have

E [estH(éE)] =1logE [68(1—%)Vk($)] +1logE [esaka(I)}

$2(1—ag)?ap_1b? s2a2b?
8 8

= A

) s (1—ag)ayb? + s2agb?
8 8
_ s2ayb?

-8

IN

where inequality (i) follows from the assumed condition (C.24) on the stepsizes.
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Simple algebra yields that all the stepsize choices (7.8a)—(7.8c)) satisfy the condition (C.24).
Finally, combining the bound (C.30) with the Chernoff bounding technique along with a union
bound over iterations k£ = 1, ... K yields

5
> 2 /ar <9
P [HVzHoo > 2b ag,l\/log(SKMD/(S)] < oo

as claimed.
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