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Formation Control of Underactuated Ships with Elliptical
Shape Approximation and Limited Communication Ranges

K. D. Do

School of Mechanical Engineering, The University of Western Australia
35 Stirling Highway, Crawley, WA 6009, Australia

Abstract

Based on the recent theoretical development for formation control of multiple fully actuated agents with an elliptical shape in
Do (2011), this paper develops distributed controllers that force a group of N underactuated ships with limited communication
ranges to perform a desired formation, and guarantee no collisions between any ships in the group. The ships are first fitted to
elliptical disks for solving collision avoidance. A coordinate transformation is then proposed to introduce an additional control
input, which overcomes difficulties caused by underactuation and off-diagonal terms in the system matrices. The control design
relies on potential functions with the separation condition between elliptical disks and the smooth or p-times differentiable step
functions embedded in.
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1. Introduction

Formation control of a group of underactuated ships is a
hard and challenging problem due to difficulties in controlling
each single ship while requiring to perform cooperative tasks
for the group. The reader is referred to Do and Pan (2009)
and references therein for various control methods for single
underactuated ships. There are several approaches mentioned
below to formation control design for underactuated ships.

The leader-follower approach plus the Lyapunov and slid-
ing mode methods were used in Lapierre et al. (2003), Fahimi
(2007), Schoerling et al. (2010), Cui et al. (2010) to design co-
operative controllers for a group of underactuated vessels. A
combination of line-of-sight path-following and nonlinear syn-
chronization strategies was studied in Borhaug et al. (2006),
Borhaug et al. (2010) to make a group of underactuated ves-
sels asymptotically follow a given straight-line path with a
given forward speed profile. In Dong and Farrell (2008), see
also Dong and Farrell (2009), nontrivial coordinate changes,
graph theory, and stability theory of linear time-varying sys-
tems were used to design cooperative control laws for under-
actuated vessels to perform a geometric pattern.

In the above papers, collision avoidance between vessels
was not considered even though a collision between vessels
can cause a catastrophic failure. Embedding a collision avoid-
ance algorithm in a formation control design for underactuated
ships is difficult due to the stability problem of zero dynamics
of the un-actuated degree of freedom. Moreover, ships usually
have a long and narrow shape. Fitting them to circular disks
results in a problem of the large conservative area defined as
the difference between the areas enclosed by the circle and the
ellipse. Using the result in Section 1 in Do (2011), it can be
shown that the conservative area is proportional to square of
the difference between the length and the width of the ship. In
addition, an elliptical fitting covers a circular one by setting the
semi-axes of the bounding ellipse equal, but not vice versa.
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Figure 1: Comparison of sway distance when bounding ships by a) elliptical
disks and b) circular disks

In practice, there are cases where it is necessary to navi-
gate a group of underactuated ships moving in a formation that
requires the distance in the sway direction between the ships
in the group as short as possible. An example is a refueling
scenario between two ships. As illustrated in Figure 1, when
bounding each ship with a long and narrow shape by an el-
liptical disk the distance de (in the sway direction between two
ships) is much shorter than the distance dc when bounding each
ship by a circular disk.

In comparison with formation control of fully actuated
agents with an elliptical shape in Do (2011), formation con-
trol design for elliptical ships is difficult due to the underactu-
ation problem. It is not straightforward to combine the tech-
niques developed for stabilization and trajectory tracking con-
trol of underactuated ships in Do and Pan (2009) and refer-
ences therein with the formation control design method in Do
(2011) to design a formation control system for underactuated
ships. This is due to the fact that the techniques in Do and
Pan (2009) and references therein use the heading angle as an
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immediate control to control the sway displacement. Conse-
quently, it is not an easy task to embed the collision avoidance
in a proper potential function for formation control design, see
also Do (2008) for a discussion where formation control of
mobile robots was addressed.
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Figure 2: Two elliptical disks and their coordinates

The aforementioned observations motivate contributions of
this paper on design of formation control algorithms for un-
deractuated ships with an elliptical shape and limited commu-
nication ranges. The paper’s contributions include: 1) a way
to embed the condition for separation between two elliptical
disks proposed in Do (2011) in a new potential function for
deriving formation control algorithms, see Section 4.1; 2) a
design of formation controller, see Section 4; and 3) stability
analysis of critical points of the closed loop system, see Ap-
pendix Appendix A.

2. Preliminaries

2.1. Separation condition between two elliptical disks

This section presents a condition for separation of two ellip-
tical disks applicable for embedding collision avoidance in the
formation control design later.

Lemma 2.1. Consider two elliptical disks i and j, of which
bounding ellipses have semi-axes of (ai, bi) and (a j, b j), are
centered at (xi, yi) and (x j, y j), and have heading angles of ϕi

and ϕ j, respectively, see Figure 2. Define the generalized dis-
tance ∆i j between the elliptical disks i and j as

∆i j =

√
1
2
(∥Qi j p̄i j∥2 + ∥Q ji p̄ji∥2

)
, (1)

where p̄i j = [x̄i j ȳi j]T ,

Qi j =


−
κi j cos(αi j)

ai(κi j + â2
j )
−
κi j sin(αi j)

bi(κi j + â2
j )

κi j sin(αi j)

ai(κi j + b̂2
j)

−
κi j cos(αi j)

bi(κi j + b̂2
j )

 , (2)

and κi j is the unique solution of the following equation:

F(κi j) :=
( â j x̂i j

κi j + â2
j

)2
+

( b̂ jŷi j

κi j + b̂2
j

)2
− 1 = 0. (3)

All the variables â j, b̂ j, x̄i j, ȳi j, x̂i j, ŷi j, and αi j are given by:

â j = 1/
√

Ta, b̂ j = 1/
√

Tb,[
x̂i j

ŷi j

]
=

[ − 1
ai

cos(αi j) − 1
bi

sin(αi j)
1
ai

sin(αi j) − 1
bi

cos(αi j)

]
p̄i j,

αi j = 2 arctan
 2(T11T12 + T21T22)

T 2
11 + T 2

21 + T 2
12 + T 2

22

 ,
(4)

with

Ta = (T 2
11 + T 2

21) cos2(αi j) + (T11T12 + T21T22)×
sin(2αi j) + (T 2

12 + T 2
22) sin2(αi j),

Tb = (T 2
11 + T 2

21) sin2(αi j) − (T11T12 + T21T22)×
sin(2αi j) + (T 2

12 + T 2
22) cos2(αi j),

T11 =
ai
a j

cos(ϕi j), T12 = − bi
a j

sin(ϕi j),
T21 =

ai
b j

sin(ϕi j), T22 =
bi
b j

cos(ϕi j),

xi j = xi − x j, yi j = yi − y j, ϕi j = ϕi − ϕ j,

[x̄i j, ȳi j]T = Ri[xi j, yi j]T ,

(5)

where Ri = −R−1(ϕi) with R(•) the rotational matrix of •. The
matrix Q ji and the vector p̄ji are defined accordingly. The two
elliptical disks are separated if

∆i j > 1. (6)

Proof. See Do (2011).

2.2. p-times differentiable step function
This section defines and constructs p-times differentiable or

smooth step functions. These functions are to be embedded
into a potential function to avoid discontinuities in the control
law due to the ships’ communication limited ranges.

Definition 2.1. A scalar function h(x, a, b) is said to be a p-
times differentiable step function if it has the properties:

1) h(x, a, b) = 0, ∀ x ∈ (−∞, a],
2) h(x, a, b) = 1, ∀ x ∈ [b,∞),
3) 0 < h(x, a, b) < 1, ∀ x ∈ (a, b),
4) h(x, a, b) is p times differentiable,

(7)

where p is a positive integer, x ∈ R, and a and b are constants
such that a < b. Moreover, if the function h(x, a, b) is infinite
times differentiable with respect to x, then it is said to be a
smooth step function.

Lemma 2.2. Let the scalar function h(x, a, b) be defined as

h(x, a, b) =

∫ x
a f (τ − a) f (b − τ)dτ∫ b
a f (τ − a) f (b − τ)dτ

, (8)

with a and b constants such that a < b, and the function f (y)
defined as

f (y) = 0 if y ≤ 0, f (y) = g(y) if y > 0, (9)

where the function g(y) has the following properties

a) g(τ − a)g(b − τ) > 0, ∀τ ∈ (a, b),
b) g(y) is p times differentiable,

c) lim
y→0+

∂kg(y)
∂yk = 0, k = 1, . . . , p − 1,

(10)
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with p a positive integer. Then h(x, a, b) is a p-times differ-
entiable step function. Moreover, if g(y) in (9) is replaced by
g(y) = e−1/y then h(x, a, b) is a smooth step function.

Proof. See Do (2007).

3. Problem statement
3.1. Ship dynamics

i
y

i
x

EY

EO
EX

iO

iX

iY

i

ia

ib

Bounding ellipse

*

iX

*

iY
*

i

*

i
y

*

i
x

*

i
O

Figure 3: Ship’s coordinates

We consider a
group of N under-
actuated ships. The
ship i equipped with
a pair of propellers
or water jets, for all
i ∈ N with N the set
of all ships, has the
dynamics, Fossen
(2002):

η̇∗i = J(ψ∗i )vi,

Miv̇i = −Ci(vi)vi − Di(vi)vi + τi + JT (ψ∗i )di,
(11)

where η∗i = [x∗i y∗i ψ
∗
i ]T denotes the ship position (x∗i , y

∗
i )

and yaw angle ψ∗i coordinated in the earth-fixed frame; vi =

[ui vi ri]T denotes the ship velocities coordinated in the body-
fixed frame; di = [d1i d2i d3i]T denotes external constant
forces due to wind and ocean currents coordinated in the earth-
fixed frame; τi = [τui 0 τri]T denotes the surge force τui, and
the yaw moment τri; and

J(ψ∗i ) =
[

R(ψ∗i ) 02×1
01×2 1

]
, Di(vi) = −

 d11i 0 0
0 d22i d23i

0 d32i d33i

 ,
Mi =

 m11i 0 0
0 m22i m23i

0 m23i m33i

 ,Ci(vi) =

 0 0 c13i

0 0 c23i

−c13i −c23i 0

 ,
(12)

with
m11i = mi − Xu̇i, m22i = mi − Yv̇i, m23i = mixgi − Yṙi,

m33i = Izi − Nṙi, c13i = −m22ivi − m23iri, c23i = m11iui,

d11i = −(Xui + Xu|u|i|ui|), d22i = −(Yvi + Y|v|vi|vi| + Y|r|vi|ri|),
d23i = −(Yri + Y|v|ri|vi| + Y|r|ri|ri|), d32i = −(Nvi + N|v|vi|vi|+
N|r|vi|ri|), d33i = −(Nri + N|v|ri|vi| + N|r|ri|ri|).

(13)

In (13), mi is the mass of the ship; Izi is the ship’s inertia about
the Z∗i -axis of the body-fixed frame; x∗gi is the X∗i -coordinate
of the ship center of gravity in the body-fixed frame; the other
symbols are hydrodynamic derivatives, SNAME (1950).

3.2. Transformation of ship dynamics
We combine the coordinate change on page 168 in Do and

Pan (2009) to get around the difficulty caused by the term m23i

and the transverse function approach in Morin and Samson
(2003) to create an additional control input for solving the un-
deractuated problem, see also Do (2010). We introduce the
coordinate change:[

xi

yi

]
=

[
x∗i + εi cos(ψ∗i )
y∗i + εi sin(ψ∗i )

]
+ R(ψi)

[
f1i(αi)
f2i(αi)

]
,

ψi = ψ
∗
i − f3i(αi),

v̄i = vi + εiri,

(14)

where εi = m23i/m22i, fli(αi), l = 1, 2, 3, are to be determined
later. With (14), the ship’s dynamics (11) is rewritten as:[

ẋi

ẏi

]
= Ai

[
ui

α̇i

]
+

[
−v̄i sin(ψ∗i )
v̄i cos(ψ∗i )

]
+ R′(ψi)

[
f1i(αi)
f2i(αi)

]
×

(ri − f ′3i(αi)α̇i),
ψ̇i = ri − f ′3i(αi)α̇i,

u̇i = φui +
1

m11i
τui +

1
m11i

(d1i cos(ψ∗i ) + d2i sin(ψ∗i )),

˙̄vi = φvi +
m23i

m22i
φri +

1
m22i

(−d1i sin(ψ∗i ) + d2i cos(ψ∗i )),

ṙi = φri +
m22i

∆i
τri +

m23i

∆i
(d1i sin(ψ∗i ) − d2i cos(ψ∗i )) +

m22i

∆i
d3i,

(15)

where α̇i is referred to as an additional control, and

Ai =

[[
cos(ψ∗i )
sin(ψ∗i )

]
R(ψi)

[
f ′1i(αi)
f ′2i(αi)

]]
, ∆i = m22im33i − m2

23i,

φui =
m22i

m11i
viri +

m23i

m11i
r2

i −
d11i

m11i
ui,

φvi = −
m11i

m22i
uiri −

d22i

m22i
vi −

d23i

m22i
ri,

φri =
m11im22i − m2

22i

∆i
uivi +

m11im23i − m23im22i

∆i
uiri−

m22i

∆i
(d33iri + d32ivi) +

m23i

∆i
(d23iri + d22ivi),

(16)

and f ′li(αi) =
∂ fli(αi)
∂(αi)

, l = 1, 2, 3 and R′(ψi) =
∂R(ψi)
∂ψi

. We now
choose fli such that fli are bounded, differentiable and make
the matrix Ai invertible for all ψ∗i ∈ R and αi ∈ R as

f1i = ϵ1i sin(αi)
sin( f3i)

f3i
, f2i = ϵ2i sin(αi)

1 − cos( f3i)
f3i

,

f3i = ϵ3i cos(αi),
(17)

where the constants ϵ1i and ϵ2i are chosen such that ϵ1i > 0,
ϵ2i = ϵ1i, and 0 < ϵ3i <

π
2 . With the choice of fli in (17), a

calculation shows that | f1i| ≤ ϵ1i, | f2i| ≤ ϵ1i, | f3i| ≤ ϵ3i and
det(Ai) ≤ − ϵ1i

ϵ3i
(1 − cos(ϵ3i)), ∀αi ∈ R. Due to the v̄i-dynamics

in (15), the constants ϵli need to satisfy an additional condition
to prevent instability of the v̄i-dynamics. This will be detailed
after the formation control is designed.

3.3. Bounding the ship by an elliptical disk
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Figure 4: Formation setup.

From (14) and (17), a
calculation shows that

∥(xi − x∗i , yi − y∗i )∥ ≤

εi +

√
ϵ2

1i + ϵ
2
2i,

|ψi − ψ∗i | ≤ ϵ3i.

(18)

Therefore, we can bound
the ship by an elliptical
disk with a heading an-
gle of ψi and the center
at the point Oi coordinated at (xi, yi), see Figure 3. The semi-
axes, ai and bi, of the bounding elliptical disk can be calcu-
lated from the ship’s length, width, the point O∗i coordinated at
(x∗i , y

∗
i ) and the heading angle ψ∗i using the bounds (18).
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3.4. Formation control objective
To design a formation controller, there is a need of speci-

fying a common goal for the ships, some communication be-
tween them, and their initial position and orientation. Hence,
the following assumption is imposed on the reference trajecto-
ries, communication, and initial conditions between the ships:

Assumption 3.1.
1) The reference trajectory, ηid(sid) = [xid(sid) yid(sid)

ψid(sid)]T , i = 1, . . . ,N with sid the parameter of ηid(sid), for
each ship i, i ∈ N, has bounded derivatives and satisfies

∆i jd > 1, (19)

where ∆i jd is given in (1) with ηi and η j replaced by ηid and
η jd, respectively, and sid = s jd.

2) The ships i and j have circular communication areas cen-
tered at the points Oi and O j, and with radii of Ri and R j, see
Figure 4. The radii Ri and R j satisfy the condition

∆m
i jR > 1, (20)

where ∆i jR is the greatest lower bound of ∆i j when the ships i
and j are within their communication ranges, i.e.,

∆m
i jR = inf(∆i j) s.t. ψi j ∈ R, x̄2

i j + ȳ2
i j = min(R2

i ,R
2
j ),

∀(i, j) ∈ N, j , i.
(21)

3) The ship i broadcasts ηi and ηid in its communication
area. Moreover, the ship i can receive η j and η jd broadcasted
by other ships j, j ∈ N, j , i if the points O j of these ships are
in the communication area of the ship i.

4) At the initial time t0 ≥ 0, all the ships are sufficiently far
away from each other, i.e., they satisfy the condition:

∆i j(t0) > 1, (22)

where ∆i j(t0) is given in (1) with ηi = ηi(t0) and η j = η j(t0).

Formation Control Objective 3.1. Under Assumption 3.1,
design the control inputs τui and τri for each ship i such that the
trajectory ηi tracks the reference trajectory ηid while avoids
collisions with all other ships. In addition, sid and ṡid of ηid

are to approach the common reference trajectory parameter
sod and its rate ṡod, i.e.,

lim
t→∞

(
(ηi(t) − ηid(t)),

(
sid(t) − sod(t)

)
,
(
ṡid(t) − ṡod(t)

))
= 0,

∆i j(t) > 1,∀(i, j) ∈ N, i , j, t ≥ t0 ≥ 0.
(23)

4. Formation Control Design

The system (15) is of a strict feedback form. Therefore, we
will apply Lyapunov’s method and the backstepping technique
Krstic et al. (1995) to design the controls τui and τri.

4.1. Stage I
Define the following errors

uie = ui −ϖui,

rie = ri −ϖri,
(24)

where ϖui and ϖri are the virtual controls of ui and ri, respec-
tively. This stage designs ϖui, ϖri, and α̇i to achieve the task
of trajectory tracking and collision avoidance. As motivated

by the work in Do (2011), we consider the following potential
function:

φI =

N∑
i=1

(γi + βi). (25)

The goal function γi for the ship i puts penalty on the track-
ing errors between ηi and ηid, and is chosen as:

γi = 0.5(pi − pid)T K1(pi − pid) + 0.5k2(ψi − ψid)2, (26)

where pi = [xi yi]T , pid = [xid yid]T , and K1 is a 2× 2 diagonal
positive definite matrix and k2 is a positive constant.

The collision avoidance function βi prevents collisions be-
tween the ship i and other ships, and is chosen as:

βi =
1
2

∑
j∈Ni

βi j, (27)

where Ni is the set that contains all the ships in the group ex-
cept for the ship i. The pairwise collision avoidance function
βi j between the ships i and j is a function of χi j, with χi j given
by

χi j = 0.5
(√
∆2

i j + ϵ
2 −
√

1 + ϵ2
)2
, (28)

where ϵ is a positive constant, and has the properties:

1) βi j = 0, β′i j = 0, β′′i j = 0,∀ χi j ∈ [min(χm
i jR, χi jd),∞),

2) βi j > 0, β′i j < 0,∀ χi j ∈ (0,min(χm
i jR, χi jd)),

3) lim
χi j→0

βi j = ∞, lim
χi j→0

β′i j = −∞,

4) βi j is at least three times differentiable,
5) βi j ≤ µ1i j, |β′i j| ≤ µ2i j, |β′′i j| ≤ µ3i j, ∀ 0 < χi j ≤ µ4i j,

(29)

for all (i, j) ∈ N and i , j, where β′i j =
∂βi j

∂χi j
; β′′i j =

∂2βi j

∂χ2
i j

;

µli j, l = 1, ..., 4 are positive constants; and χi jd and χm
i jR are χi j

given in (28) with ∆i j replaced by ∆i jd and ∆m
i jR, respectively.

Remark 4.1. Properties 1) - 3) imply that βi is positive defi-
nite, is equal to zero when ηi − ηid = 0, and is equal to infinity
when a collision between the ship i and any other ships occurs.
Also, Property 1) ensures that the collision avoidance between
the ships i and j is only taken into account when they are in
their communication areas. Properties 3) and 5) are used to
prove stability of the closed loop system. Property 4) allows us
to use control design and stability analysis for continuous sys-
tems found in Khalil (2002) to handle the collision avoidance
problem under the ships’ limited communication ranges.

Based on the p-times differentiable step function in Section
2.2, we can find many functions that satisfy all properties listed
in (29). As an example, we will use the following function βi j

in the rest of the paper:

βi j = ki j
(
1 − hi j

(
χi j, ai j, bi j

))
/χi j (30)

where ki j is a positive constant, χi j is given by (28) and
hi j

(
χi j, ai j, bi j

)
is a p-times differentiable step function with

p ≥ 3 and the function g(y) taken as g(y) = yp. The constants
ai j and bi j are chosen such that

0 < ai j < bi j ≤ χi jd − µi jd, (31)
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where µi jd is a positive constant.
To design the virtual controls ϖui and ϖri and the additional

control α̇i, we differentiate both sides of (25) along the solu-
tions of (24) and the first three equations of (15) to obtain

φ̇I =

N∑
i=1

[(
K1(pi − pid) +

∑
j,i

β′jiΓi j

)T
(
Ai

[
uie +ϖui

α̇i

]
+

R′(ψi)
[

f1i

f2i

]
(rie +ϖri − f ′3iα̇i) +

[
−v̄i sin(ψ∗i )
v̄i cos(ψ∗i )

]
− ṗid

)
+(

k2(ψi − ψid) +
∑
j,i

β′jiΞi j

)
(rie +ϖri − f ′3iα̇i − ψ̇id) + Ωid ṡid

]
,

(32)

where we dropped the argument αi of fli and f ′li, and

Fi j =

( â j x̂i j

κi j + â2
j

)2
+

( b̂ jŷi j

κi j + b̂2
j

)2
,

Gi j = (Qi j p̄i j)T
(
Qi j −

(∂Fi j

∂κi j

)−1 ∂Qi j

∂κi j
p̄i j

(∂Fi j

∂ p̄i j

)T )
,

Hi j = (Qi j p̄i j)T
(
∂Qi j

∂ψi j
p̄i j −

(∂Fi j

∂κi j

)−1 ∂Qi j

∂κi j
p̄i j
∂Fi j

∂ψi j

)
.

Γi j =
( − Gi jRT

i + G jiRT
j
)
, Ξi j =

(
Gi jSpi j + Hi j − H ji

)
,

Ωid =
∑
j,i

β′jiΓ
T
i j

[
x′id y′id

]T
+

∑
j,i

β′jiΞi jψ
′
id,

(33)

with S =
[

0 1
−1 0

]
, pi j = pi − pj, x′id =

∂xid
∂sid

, y′id =
∂yid
∂sid

, and

ψ′id =
∂ψid
∂sid

. Note that ∂Fi j

∂κi j
is always nonzero, see Proof of

Lemma 2.1 in Do (2011).
From (32), we design the virtual controls ϖui and ϖri, and

the additional control α̇i as follows[
ϖui

α̇i

]
= A−1

i

(
− c1Φ(Ωpi) − [−v̄i sin(ψ∗i ) v̄i×

cos(ψ∗i )]T − R′(ψi)
[
f1i f2i

]T (−c1Φ(Ωψi ) + ψ̇id) + ṗid

)
,

ϖri = −c1Φ(Ωψi ) + f ′3iα̇i + ψ̇id,

(34)

where c1 is a positive constant, and

Ωpi = K1(pi − pid) +
∑
j,i

β′jiΓi j, Ωψi = k2(ψi − ψid) +
∑
j,i

β′jiΞi j.

(35)

The vector functionΦ(Ωpi) = [Φ(Ω1pi) Φ(Ω2pi)]T with Ωpi =

[Ω1pi Ω2pi]T . The function Φ(x) satisfies

1) |Φ(x)| ≤ M1, Φ(0) = 0, xΦ(x) > 0 if x , 0,
2) Φ(−x) = −Φ(x), (x − y)[Φ(x) − Φ(y)] ≥ 0,

3)
∣∣∣∣Φ(x)

x

∣∣∣∣ ≤ M2,
∣∣∣∣∂Φ(x)
∂x

∣∣∣∣ ≤ M3,
∂Φ(x)
∂x

∣∣∣∣
x=0
= 1,

(36)

for all x ∈ R, y ∈ R, where M1,M2,M3 are positive constants.
The update law, ṡid, is designed as:

ṡid = h
(
χi j, ai jd, bi jd

)
(−kid(sid − sod) + ṡod), (37)

where kid is a positive constant, and sid(t0) = sod(t0);
h
(
χi j, bi j, χ

M
i jR

)
is a p-times differentiable step function with

p ≥ 3. The constants ai jd and bi jd are chosen as

ai jd = bi j, bi jd < min(χM
i jR, χi jd), (38)

where bi j is given in (31), and χM
i jR is χi j given in (28) with ∆i j

replaced by its least upper bound value, ∆M
i jR, when the ships i

and j are in their communication ranges, i.e.,

∆M
i jR = sup(∆i j) s.t. ψi j ∈ R, x̄2

i j + ȳ2
i j = min(R2

i ,R
2
j ). (39)

The choice (38) results in β′i jh
(
χi j, bi j, χ

M
i jR

)
= 0 ⇒ Ωid ṡid =

0, and ensures that h
(
∆i j, ai jd, bi jd

)
tends to 1 when χi j tends to

bi jd, which is smaller than χi jd. This means that sid and ṡid are
to approach sod and ṡod as required.

Remark 4.2. In (35), Ωpi and Ωψi consist of the gradient of
γi responsible for trajectory tracking plus the gradient of βi

responsible for collision avoidance tasks. Moreover, ϖui, ϖri,
and α̇i are differentiable and depend on only ηi, ηid, and η j,
η jd of other ships j if these ships j are communicating with the
ship i due to Property 1) of βi j in (29).

Substituting (34) and (37) into (32) gives

φ̇I =

N∑
i=1

[
− c1Ω

T
piΦ(Ωpi) − c1ΩψiΦ(Ωψi )+

ΩT
pi Ai

[
uie 0

]T
+

(
ΩT

piR
′(ψi)

[
f1i f2i

]T
+ Ωψi

)
rie

]
.

(40)

4.2. Stage II

In this stage, we design the actual controls τui and τri. Since
di is unknown, we apply Lemma 3.1 in Do (2010) to (11) to
estimate the disturbance vector di as follows:

d̂i =ξi + K0i J−T (ψ∗i )Mivi,

ξ̇i = − K0iξi − K0i
(
J̇−T (ψ∗i )Mivi + J−T (ψ∗i )Mi

(
M−1

i ×
(−Ci(vi)vi − Di(vi)vi + τi)

)
+ K0i J−T (ψ∗i )Mivi

)
,

(41)

where K0i is a positive definite matrix. The above disturbance
observer results in the observer error dynamics ḋie = −K0idie,
where die = [d1ie d2ie d3ie]T = di − d̂i. To design τui and τri, we
consider the following Lyapunov function candidate

φII = φI +
1
2

N∑
i=1

(
u2

ie + r2
ie

)
. (42)

By differentiating both sides of (42) along the solutions of (24),
(15) and (34), the controls τui and τri are chosen as:

τui = m11i

(
− c2uie −ΩT

pi Ai[1 0]T −
[
φui +

1
m11i

(d̂1i cos(ψ∗i )+

d̂2i sin(ψ∗i )) −
(∂ϖui

∂pi

)T
ṗi −

(∂ϖui

∂pid

)T
ṗid −

(∂ϖui

∂ ṗid

)T
p̈id−

∂ϖui

∂αi
α̇i −

∂ϖui

∂ψi
ψ̇i −

∂ϖui

∂ψid
ψ̇id −

∂ϖui

∂ψ̇id
ψ̈id −

∂ϖui

∂v̄i

(
φvi+

m23i

m22i
φri +

−d̂1i sin(ψ∗i ) + d̂2i cos(ψ∗i )
m22i

)
−

∑
j∈Ni

((∂ϖui

∂pj

)T
ṗj+

∂ϖui

∂α j
α̇ j +

∂ϖui

∂ψ j
ψ̇ j

)])
,
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τri =
∆i

m22i

(
− c2rie −

(
ΩT

piR
′(ψi)[ f1i f2i]T + Ωψi

)
−

[
φri+

m23i

∆i
(d̂1i sin(ψ∗i ) − d̂2i cos(ψ∗i )) +

m22i

∆i
d̂3i −

(∂ϖri

∂pi

)T
ṗi−(∂ϖri

∂pid

)T
ṗid −

(∂ϖri

∂ ṗid

)T
p̈id −

∂ϖri

∂αi
α̇i −

∂ϖri

∂ψi
ψ̇i −

∂ϖri

∂ψid
ψ̇id

− ∂ϖri

∂ψ̇id
ψ̈id −

∂ϖri

∂v̄i

(
φvi +

m23i

m22i
φri +

−d̂1i sin(ψ∗i )
m22i

+

d̂2i cos(ψ∗i )
m22i

)
−

∑
j∈Ni

((∂ϖri

∂pj

)T
ṗj +

∂ϖri

∂α j
α̇ j +

∂ϖri

∂ψ j
ψ̇ j

)])
,

(43)

where c2 is a positive constant. With the choice of τui and τri

given in (43), the derivative of φII is

φ̇II =

N∑
i=1

[
− c1Ω

T
piΦ(Ωpi) − c1ΩψiΦ(Ωψi ) − c2u2

ie − c2r2
ie+

uie

(
ϑ1ie

m11i
− ∂ϖui

∂v̄i

ϑ2ie

m22i

)
− rie

(m23i

∆i
ϑ2ie +

∂ϖri

∂v̄i

ϑ3ie

m22i

)]
,

(44)

where ϑ1ie = d1ie cos(ψ∗i ) + d2ie sin(ψ∗i ), ϑ2ie = −d1ie sin(ψ∗i ) +
d2ie cos(ψ∗i ), ϑ3ie = d1ie sin(ψ∗i )−d3ie cos(ψ∗i ), and we have used
φ̇I in (40). The formation control design has been completed
and results in the closed loop system:

ṗi = −c1Φ(Ωpi) + Ai[uie 0]T + R′(ψi)[ f1i f2i]T rie + ṗid,

ψ̇i = −c1Φ(Ωψi ) + rie + ψ̇id,

u̇ie = −c2uie −ΩT
pi Ai[1 0]T +

ϑ1ie

m11i
− ∂ϖui

∂v̄i

ϑ2ie

m22i
,

ṙie = −c2rie −
m23iϑ2ie

∆i
+
∂ϖri

∂v̄i

ϑ3ie

m22i
−ΩT

piR
′(ψi)[ f1i f2i]T −Ωψi ,

ḋie = −K0idie,

˙̄vi = φvi +
m23i

m22i
φri +

1
m22i

(−d1i sin(ψ∗i ) + d2i cos(ψ∗i )),

(45)

for all i ∈ N. We now present the main result of our paper in
the following theorem.

Theorem 4.1. Under Assumption 3.1, the controls τui and τri

given in (43) together with the disturbance observer given in
(41) for the ship i solve the formation control objective as long
as the design constants ϵli, l = 1, 2, 3 are chosen such that

Y|v|vi

m22i
+

m11i

m22i

ϵ1i + ϵ2i

det(Ai)
+
ϵ3i(λ1i + 4λ2i)

det(Ai)
≤ −λ0i,

ϵ1i > 0, ϵ2i = ϵ1i, 0 < ϵ3i < π/2,
(46)

where λ0i is a positive constant, Ai is defined in (16), and

λ1i =
(
2|εiY|v|vi| + |Y|r|vi| + |Y|v|ri|

)
/m22i,

λ2i =
(
ε2

i |Y|v|vi| + εi(|Y|r|vi| + |Y|v|ri|) + |Y|r|ri|
)
/m22i,

(47)

with εi given just below (14). In particular, there are no col-
lisions between any ships for all t ≥ t0 ≥ 0, the closed loop
system (45) is forward complete, and the ships’ trajectories
track their reference trajectories in the sense of (23).

Proof. See Appendix A.

5. Simulation results
We simulate formation tracking control of a group of N =

7 identical underactuated container ships, with a length of
230.66 m and a beam of 32 m. The non-dimensional pa-
rameters of the ship taken from Perez and Blanke (2002) are
(multiplied by 10−5): mi = 750.81, xgi = −200, Izi = 43.25,
Xu̇i = −124.4, Yv̇i = −878, Yṙi = −48.1, Nṙi = −30, Xui = −226.5,
X|u|ui = −64.4, Yvi = −725, Y|v|vi = −5801.5, Y|r|vi = −1192.7,
Yri = 118.2, Y|v|ri = −409.4, Y|r|ri = 0, Nvi = −300, N|v|vi = −712.9,
N|r|vi = −174.7, Nri = 0, N|v|ri = −778.8, N|r|ri = 0.

The ships are initially positioned uniformly on a circle with
a radius of Ro = 6, the same heading of 1.8, and zero veloc-
ities. We choose di = [m11i m22i m33i]T for all i ∈ N, and
pid = pod(sid) + li, ψid = arctan

(
y′od/x′od

)
, where pod(sid) =

[xod(sid) yod(sid)]T , x′od =
∂xod
∂sid

, y′od =
∂yod
∂sid

, and sid(t0) = 0. The
reference vectors li and pod(sid) are chosen such that we per-
form both linear and circular formations. In particular, for the
non-dimensional time t ≤ 5 we choose li = [0 − 1.25(i − 1)]T

and pod = [sid 0]T and ṡod = 5, i.e., the reference trajectory
pod is a straight-line. For the non-dimensional time t > 5,
we take li = −1.25(i − 1)[− cos(sid) cos(sid + π/2)]T and
pod = 10[sin(sid) cos(sid)]T and ṡod = 5, i.e., the reference
trajectory pod is a circle with a radius of 10.

To satisfy the conditions (19), (22), (31), (38), and (46), the
control design constants are chosen as ϵ1i = ϵ2i = 0.2, ϵ3i =

0.1, Ri = 3, ai = 1, bi = 0.3, K1 = diag(0.2, 0.2), k2 = 0.2,
c1 = 10, c2 = 5, kid = 2, ki j = 5, ai j = 0, bi j = 0.25, ai jd = 0.3,
bi jd = 0.35, and K0i = diag(3, 3, 3).

Several snapshots of the ships and their trajectories in xy-
plane are plotted in Figure 5. The little dark color circular
disk indicates the head of the ship. The representative distance
χ∗i j =

(∏
j∈N, j,i χi j

)1/26 is plotted in the 1st sub-figure of Fig-
ure 6. It is seen that χ∗i j > 0, i.e., χi j > 0, hence ∆i j > 1
for all (i, j) ∈ N, i , j implying no collision between any
ships. The tracking errors [xe ye ψe]T = η∗i − ηid are plotted
in the 2nd, 3rd, 4th sub-figure of Figure 6. The control inputs
τu = [τu1, ..., τuN]T , τr = [τr1, ..., τrN]T , and α̇ = [α̇1, ..., α̇N]T

are plotted in the 5th, 6th, 7th sub-figure of Figure 6. It is
noted that the tracking errors converge to a ball centered at
the origin instead of zero since our proposed formation con-
troller solved the practical formation control problem, see the
coordinate transformation (14). High frequency oscillations in
the controls τui, τri, and the additional control α̇i during the
transient (non-dimensional) time can be reduced by tuning the
control gains K1, k2, c1, c2, ϵ1i, ϵ2i, and ϵ3i with a tradeoff of
larger tracking errors and longer transient response time. From
Figure 5, it can be seen that when the lateral distance between
ships is small, the proposed formation controller forces the
ships to turn their heading a (plus or minus) small angle and to
move in the surge direction backward or forward at the same
time, i.e., the ships move in a zigzag way, to prevent collision
between them.

Finally, it should be stressed that if one uses a circular disk
to bound the ship in this simulation, the radius of the bounding
circle must not be less than ai = 1. Consequently, no desired
formation as the one in the above simulation can be achieved
because ∥li − li−1∥ = 1.25, which is smaller than ai + ai−1 = 2,
for all i = 2, ...,N.

6. Conclusions
The keys to success of the proposed formation control de-

sign included the separation condition for ellipses, the coordi-
nate changes, and the potential functions. An extension of the
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Figure 5: Snapshots of the ships and their trajectories in XY plane.
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Figure 6: Representative χ∗i j, tracking errors, and control inputs.

proposed formation control design in this paper to provide a
formation control system for a group of underactuated under-
water vehicles is under consideration.

Appendix A. Proof of Theorem 4.1

1) Proof of complete forwardness of the closed loop system:
Consider the Lyapunov function candidate

W1 = φII +
σ1

2

N∑
i=1

dT
ie die + σ2

N∑
i=1

(√
1 + v̄2

i − 1
)

(A.1)

where σ1 and σ2 are positive constants to be chosen later.
Differentiating (A.1) using (44) and (45) results in

Ẇ1 =

N∑
i=1

[
− c1Ω

T
piΦ(Ωpi) − c1ΩψiΦ(Ωψi ) − c2u2

ie − c2r2
ie+

uie

(
ϑ1ie

m11i
− ∂ϖui

∂v̄i

ϑ2ie

m22i

)
+ rie

(m23i

∆i
ϑ3ie −

∂ϖri

∂v̄i

ϑ2ie

m22i

)]
−

σ1

N∑
i=1

dT
ie K0i die + σ2

N∑
i=1

1√
v̄2

i + 1

[(Y|v|vi

m22i
+

m11i

m22i
×

| f ′1i| + | f ′2i|
det(Ai)

+
| f ′3i|(λ1i + 4λ2i)

det(Ai)

)
|v̄i|v̄2

i + Yvim−1
22iv̄

2
i + A1iv̄2

i +

A0i

]
+ A2i|Φ(Ωψi)|2 + A3i∥Φ(Ωpi)∥2 + A4iu2

ie + A5ir2
ie,

(A.2)

where λ1i and λ2i are defined in (47), and Ali, l = 0, · · · , 5 are
nonnegative constants. With ϵi, i = 1 − 3 in (46), a calculation
shows from (A.2) that Ẇ1 ≤ C0 with C0 a nonnegative bounded
constant, i.e., (45) is forward complete.

2) Proof of no collisions: We consider the function W2 =

φII +
σ1
2

∑N
i=1 dT

iedie whose derivative along the solutions of
(45) satisfies Ẇ2 ≤ −ω with ω :=

∑N
i=1

[
c1Ω

T
piΦ(Ωpi) +

c1ΩψiΦ(Ωψi ) + c∗2u2
ie + c∗2r2

ie + c∗3∥die∥2
]
, where c∗2 = c2 − ϵ,

c∗3 = σ1λmin(K0i)−1/ϵ with λmin(K0i) the minimum eigenvalue
of K0i, and ϵ a positive constant. Picking ϵ and σ1 such that
the constants c∗2 and c∗3 are strictly positive, we have Ẇ2 ≤ 0.
Hence W2(t) ≤ W2(t0) for all t ≥ t0 ≥ 0. From the condition
(22) and Property 3) of βi j, we have W2(t0) is bounded by a
positive constant. Boundedness of W2(t0) implies that of W2(t).
As a result, βi j(χi j(t)) must be smaller than some positive con-
stant for all t ≥ t0 ≥ 0. From properties of βi j, χi j(t) > 0 or
∆i j(t) > 1, i.e., there are no collisions between any ships for
all t ≥ t0 ≥ 0. Moreover, W2(t) ≤ W2(t0) also implies that
∥ηi − ηid∥ is bounded.

3) Equilibrium set: Integrating both sides of Ẇ2 ≤ −ω yields∫ ∞
0 ω(t)dt = W2(t0) − W2(∞) ≤ W2(t0). Indeed, the function
ω(t) is scalar, nonnegative and differentiable. Now differenti-
ating ω(t) along the solutions of (45) and using Properties 2)
and 5) of βi j given in (29) readily show that

∣∣∣ dω(t)
dt

∣∣∣ ≤ Mω(t)
with M being a positive constant. Therefore Lemma 2 in Do
(2007) results in limt→∞ ω(t) = 0, which implies from ex-
pressions of ω(t), Ωpi and Ωψi in (35), and boundedness of
∥ηi − ηid∥ that limt→∞

(
K1(pi(t)− pid(t))+

∑
j,i β

′
ji(t)Γi j(t)

)
= 0

and limt→∞
(
k2(ψi(t) − ψid(t)) +

∑
j,i β

′
ji(t)Ξi j(t)

)
= 0. These

limits imply that η(t) = [ηT
1 (t), . . . , ηT

N(t)]T can tend to ηd =

[ηT
1d, . . . , η

T
Nd]T , since β′i j(t) = 0 at ηi = ηid and η j = η jd

(see, Property 1) of βi j), or tend to a vector denoted by ηc =

[ηT
1c, . . . , η

T
Nc]T with ηic = [xic yic ψic]T as the time goes to in-

finity, i.e., the equilibrium sets can be Ξd containing ηd or Ξc
containing ηc. The vector ηc is such that

Ωpic =
(
K1(pi − pid) +

∑
j,i

β′jiΓi j

)∣∣∣
η=ηc
= 0,

Ωψic =
(
k2(ψi − ψid) +

∑
j,i

β′jiΞi j
)∣∣∣
η=ηc
= 0,

(A.3)

for all i ∈ N. To investigate stability properties of Ξd and Ξc,
we consider the first equation of (45), i.e.,

ṗi = −c1Φ(Ωpi) + ṗid +Ψpi,

ψ̇i = −c1Φ(Ωψi ) + ψ̇id + Ψψi,
(A.4)

where Ψpi = Ai[uie 0]T + R′i[ f1i f2i]T rie and Ψψi = rie. We
treat Ψpi and Ψψi as inputs to (A.4) instead of states. We now
need to prove that Ξd is locally asymptotically stable and that
Ξc is locally unstable.

4) Proof of Ξd being asymptotically stable: Since
β′i j

∣∣∣
η=ηd

= 0 and β′′i j

∣∣∣
η=ηd

= 0, see Property 1) of the
function βi j in (29), local asymptotic stability of the equi-
librium set Ξd follows from (A.4) by using the func-
tion Vd =

1
2
∑N

i=1
( √∥pi − pid∥2 + (ψi − ψid)2 + 1 − 1

)
and

limt→∞(Ψpi(t),Ψψi(t)) = 0.
5) Proof of Ξc being unstable: Let N∗ be the set of the ships

such that if the ships i and j belong to the set N∗ then χi j < bi jd,
and N∗ be the size of N∗. In N∗, we have η̇id = 0. From (A.3)
we have

∑
(i, j)∈N∗ pT

i jc(Ωpic −Ωpic), which is expanded as:∑
(i, j)∈N∗

pT
i jcLi j pi jc =

∑
(i, j)∈N∗

pT
i jcK1 pi jd, (A.5)
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where Li j = K1 +N∗(β′jicΓ
∗
i jc +β

′
i jcΓ

∗
jic). Since ∥pi jd∥ and ∥pi jc∥

are bounded, (A.5) indicates that limλmax(K1)→0 β
′
jic = −∞.

Hence there exists K1 with a sufficiently small λmax(K1) such
that Li j is negative definite for some (i, j) with i , j. Let
N∗∗ ⊂ N∗ be a nonempty set such that for all (i, j) ∈ N∗∗, i , j,
Li j is negative definite. Moreover, we define a set U such that

U =
{(

pi j, ψi, ψ j
) ∈ Br

∣∣∣U1 ≤ 0, U2 ≤ 0, U3 ≤ 0, (A.6)

for all (i, j) ∈ N∗∗, i , j, where U1 = ∪N∗∗
i=1

( − (ψi − ψic)Φ(Ωψi )
)
,

U2 = ∪(i, j)∈N∗∗
(
(Q̄i j(pi j − pi jc))T

(
Q̄−T

i j

(
β′jiΓ

∗
i j − β′jicΓ∗i jc

)
Q̄−1

i j

)
Q̄i j pi j

)
, and

U3 = ∪(i, j)∈N∗∗
(
(Q̄ ji(pji − pjic))T

(
Q̄−T

ji

(
β′i jΓ

∗
ji − β′i jcΓ

∗
jic

)
Q̄−1

ji

)
Q̄ ji pji

)
,

where i , j, and Q̄i j = Qi jRi. It can be readily proved that
the set U is non-empty. In U, we consider the function

V̄∗∗c =
1
2

∑
(i, j)∈N∗∗

√
∥pi j − pi jc∥2 + 1 +

1
2

N∗∗∑
i=1

√
(ψi − ψic)2 + 1, (A.7)

whose derivative along the solutions of (A.4) satisfies

˙̄V∗∗c ≥ −c1

∑
(i, j)∈N∗∗

(pi j − pi jc)T Hpi jTi j(pi j − pi jc)√
∥pi j − pi jc∥2 + 1

+ Θc, (A.8)

where Hpi j = diag
(
Φ(Ωxi)−Φ(Ωx j)
Ωxi−Ωx j

,
Φ(Ωyi)−Φ(Ωy j)
Ωyi−Ωy j

)
, Ti j = K1 +

N∗∗(β′jicΓ
∗
i jc+β

′
i jcΓ

∗
jic) with β′i jc = β

′
i j

∣∣∣
η=ηc

, Γ∗i jc = Γ
∗
i j

∣∣∣
η=ηc

, pi jc =

pi j

∣∣∣
η=ηc

, and Θc =
∑

(i, j)∈N∗∗
(pi j−pi jc)TΨpi j√
∥pi j−pi jc∥2+1

+
∑N∗∗

i=1
(ψi−ψic)Ψψi√

(ψi−ψic)2+1
.

Since Hpi j is positive definite, Ti j is negative definite, and
limt→∞ Θc(t) = 0, Chetaev’s Theorem (Theorem 4.3 in Khalil
(2002)) implies that Ξc is unstable. Since we have already
proved that the errors (ηi(t)−ηid(t)), (ψi(t)−ψid(t)), uie(t), rie(t)
and die(t) asymptotically converge to zero, boundedness of v̄i

directly follows from (A.2). �
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