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22. Appendix: Mathematics for Deep Learning

Brent Werness (4Amazon), Rachel Hu (Amazon), and authors of this book

One of the wonderful parts of modern deep learning is the fact that much of it can be understood and used without a full understanding of the
mathematics below it. This is a sign that the field is maturing. Just as most software developers no longer need to worry about the theory of
computable functions, neither should deep learning practitioners need to worry about the theoretical foundations of maximum likelihood learning.

But, we are not quite there yet.

In practice, you will sometimes need to understand how architectural choices influence gradient flow, or the implicit assumptions you make by
training with a certain loss function. You might need to know what in the world entropy measures, and how it can help you understand exactly
what bits-per-character means in your model. These all require deeper mathematical understanding.

This appendix aims to provide you the mathematical background you need to understand the core theory of modern deep learning, but it is not
exhaustive. We will begin with examining linear algebra in greater depth. We develop a geometric understanding of all the common linear
algebraic objects and operations that will enable us to visualize the effects of various transformations on our data. A key element is the

development of the basics of eigen-decompositions

We next develop the theory of differential calculus to the point that we can fully understand why the gradient is the direction of steepest descent,
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H: i A (Generative Model)

DALLE3

A Dutch still life of an arrangement of tulips in
afluted vase. The lighting is subtle, casting
gentle highlights on the flowers and
emphasizing their delicate details and natural
beauty.
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FEE . KLE{EE (Kullback-Leibler Divergence)

KL(pllq) = Jp(x) logzgg dx = Ey..,(logp —logq)
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p(x)

KL(pllq) = fp(x) logq(x) dx = Ey.,(logp —logq)
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A5 4 H b4 (Variational Autoencoder, VAE)
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p(x,z) = px|z)p(z) = p(z|x)p(x)

p(x) = f p(x,2)dz,  p(2) = f p(x, 2)dx

13



AR5 H Gt e

(X)) R I IEE N

P ASRY

* p(x|z)amik
* p(z|x)smit

>, z~N(0,1)
bz, lTiE R x, SR FEA 2R Decoder
A Ex, e lTiFRz, XM 4EAL %R Encoder

Reconstructed
NP« ------ === —-coceememnnaas Ideally they are identical. ------------------ * input
x ~x
Bottleneck!

An compressed low dimensional
representation of the input.

14



AR5 H Gt e

© ] P & s 09 x 69 4 AT R AT A2
() = [ po(x12) Pz = By iy (x12)
° ﬁﬂ ;l‘l\ﬁ'ﬁ] ﬁ.;}i"f}ﬁ'f%DKL (p(.X') | |7T9 (x)) ’ ’@Jﬁt/’\%xj—%é/]\i{%%’ o‘]‘:"\xi ’
BT KTy (%)), EEE3zEP(2) = N(0,1) F KAt

c REVHE? HTzAS TREIGEHHEENI N, BHRTAA
FAMEZRIET 509 %

* FZANA Bz Hx 10 1&ZF AR RS R K A ARDL A Z BLIZ A&
RABIL BT X, T I 7, A R LAY B g

s TR, RINEBL R ERINEZITH

15



AR5 H Gt e

o RATH T AT AY Z B 25T 0 AR R pg (x]2), 94 (2]X)
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o RAVA WA X R BxFzG IR A 5T
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1P 5 (Evidence Lower Bound)

qe(z|x;)
L=, _ ~
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H 254k (Reparameterization)

1
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L = Eyeqy(zixn [— 108 0o (xi]2)] + Dy (94 (2] 1| p(2))
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11 % PR

L = Eyeqy(zixn [— 108 0o (xi]2)] + Dy (94 (2] 1| p(2))
ARGy (z|x) XTT Re B EAF A IES
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P 5K (Diffusion Model)
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q(xelxe—q) = N(\/l — BeXt—1, Bel)
NE A ELRMNHETT, Fhar=1—0¢, TUKEH
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q(xelxe—q) = N(\/l — BeXt—1, Bel)
NE A ELRMNHETT, Fhar=1—0¢, TUKEH
Xt =Jarxe_q + \/1 — Ot&t—_1, E—1 ~ N(0,1)
© HRAVT LS B FFx_q
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q(x1|x0)q(xz]xq) - q(xr|x7-1)
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Q(xl-..lexO) p(xT)pQ (x()lxl) | | pg (_X't_llxt)
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= [E (x1|x0) log pg (xolx1) + Dir,(qCxrlxo) Il p(x7))

+ z Eq(x,|x0)Prr(q(Xe—11%e, X0) Il Do (Xe-1]%¢))
t=2
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11t 2K PR %X
L= [ETCI(x1|x0) log pg(xolx1) + DKL(CI(XTle) | p(xT))

+ ) By o) Pre (G-l %0) | Py (e |%0))
t=2

¢ i — R R X T 89— Ao 6 1R, T A RAE— ok At o

'%'fﬁ“]’ CI(XT|x0)iEZ£75U"""3V$£“l’I}i Exr 8157, p(xr) 32
W R, E—I R OAAETH R %50, BT L
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11 2% B2
L = IEq(x1|x0) logpg (xolx1) + DKL(CI(XHXO) | P(XT))

Z IEq(x |xO)DKL(CI(xt 116, x0) I Po(Xe—1]xt))

-ET%%mﬁ&hkﬁ¢ﬁ*%%%ui 5T VAR fg A RAVA R
W«f:"}%?Pe(xt 11xe) BT q(xe—q|xe, x0) AT AE 4= 1L

Ly = q(xt|x )DKL(Q(xt 11%e, %0) | Po(Xe-11%¢))

o W T A m AR P KA T A \iyx ﬁ%%cﬁéﬂ ‘s JZJkayLFm)l] 25 Bt 3K,
ﬂlé\%L?é’m‘\ﬁnfiﬁxﬁtéﬁﬁﬂ s’tmﬁ%v&/;\%w% fl’%@
¥, &S J/\i’v’wﬁmﬂ%«—/\t fex 895 R EIRACL, rf’an/\

i AT ) A A2

AL
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Ly = IEq(xt|x0)DKL(CI(xt—1|xt: xo) Il Po(xe—1lxt))

°M%1MJdmfﬁAﬂ%ﬁﬁ%M$,E%LﬁMWuﬁ%ﬁ

) AL A AR A X
q(xe_q|xs, x9) = q(celxe_q1,%0)q(xt_1]|%x0)
o q(x¢lxo)

* TURZIAAFANE—FRAT I ESSH, AERNTHE
AT T VAR IG (261 | X, xo)’dﬁii*‘/\if‘/\jﬁN(H» ﬁtl)
Q(xt—llxt' xO) — N(ﬁ; IBtI)
Vae(1—ap_q) Y, at_1 Pt ~ 1—ai4

+ ) = —
1_&1- Xt 1_&1- XO ﬁt 1—C¥t ﬁt

:a(xb xO) —
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Ly = Eq(xt|x0)DKL(CI(xt—1|xt) xo) Il Po(Xe—1|x¢t))
© BAVAAE T q(xp—1]xe, X0) R CA G EE 5, po(Xe—q|Xe) AR %
WA IES ]
Po(Xe—1lxe) = N (ug(xy, t), 0£1)
o —H WKL E AR B &L X
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1 25941 By KLl B

T S TFHANES AP = N (uy,

HEA

° ‘ﬁ‘? 51‘2\/\

oL D AP, = N (uy, 051), HKL

Ny — 2||2 1

o,
DKL(P1||P2)—108_+_+ — =

20%

EIAE, RN K IAKLEE

205 2

B XE R A A A9 L23E & - g
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Ly = Eq(x, |xO)DKL(CI(Xt 11%e %0) Il Po(Xe—1]xt))
s BRI EL T, KAV LA BRKLBE LA A5 T ¥ {5 89
[2 % FE
Ly = [Eq(xt|x0)”/1(xtr Xo) — tg (X, t)llz
o Al TR AEq(xlxo) 895 T RIAE, RAVT LA B Z Ay 4
By % &, B X 34T KA
— \/CTf_txO + \/1 — C_(tgt, gt""N(O, I)

PEEE, RAETATII KD HSH AT, R A
Sk o) R4 RIE AT T — K R
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ﬁ(xtl xO) —

= \/c_x_txo + 1 — ape RGO, x0) 89 X, &

© FAT AHKx,
X0 » ’f%"é]]

o BAF XN X,

Po (Xr—q1]x) 8y yﬂﬁ#e (x¢, ), 1*%‘#{ 2 75

Ly = ]Eq(xtlx )||M(Xt» Xo) — to (x¢, DI
Var (1 — “t—1) \/ A 1.3t

1_6_(1- 1—C{t

10) = —— (0~ i)
U\ Xt —\/— t \/1__ t

AT AR &gk T35 2 L heg(xe, t), @A

ta e ) = o= (e~ ezt 1)
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* BT T IR )G, LM R FH BT XA

2
Ly = q(xt|x0)”€t — &g (x¢, O)||
xt =1/C_th0+\/1—c_(t8t
Algorithm 1 Training Algorithm 2 Sampling
1: repeat 1: xr ~ N(0,1)
2 Xo ~ g(x0) 2 fort=T,...,1do
3: tml{?{lanET{{l""'T}) 3 z2~N(0,I)ift > 1,elsez=0
£ ™~/ "
5: Take gradient descent step on | 4 X = \f:}t ( Xt = ﬁﬁﬁ(xh”) + otz
Vo ||E — €p(v/@rxo + V1 — Gqe, th; 5: end for
6: return x;

6: until converged




SR

e A Brief Introduction to Generative Models

htt

https:/ /blog.rexking6.top/2019/06/09/ & 4~ B 454 3 VAE

vs:/ /lilianweng. github.io/posts/2021-07-11-diffusion-models

htt

bs:/ /speech.ee.ntu.edu.tw/~hylee/ml/2023-spring.php
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https://lilianweng.github.io/posts/2021-07-11-diffusion-models/#reverse-diffusion-process
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