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Abstract: In this paper, a suboptimal distributed MPC approach for linear interconnected systems is considered, where it is assumed that
the systems are coupled through their control inputs and an optimal reference tracking problem for the overall system is solved. The
approach is applied to distributed MPC of a hydro-power valley case study.
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INTRODUCTION

Model predictive control (MPC) involves the solution at each
sampling instant of a finite horizon optimal control problem
subject to the system dynamics, and state and input
constraints. Solving in a centralized way MPC problems for
large-scale systems may be impractical due to the topology of
the plant and data communication and the large number of
decision variables. Recently, several approaches for
decentralized and parallel implementation of MPC algorithms
have been proposed, [1] - [4].

In [5] - [8], approaches for distributed/decentralized MPC
for systems consisting of linear interconnected subsystems
have been developed. The approach in [7] is based on the dual
decomposition method [9], where large-scale optimization
problems are handled by using Lagrange multipliers to relax
the couplings between the sub-problems. In [8], a distributed
optimization algorithm based on accelerated gradient methods
using dual decomposition is proposed and its performance is
evaluated on optimization problems arising in distributed
MPC. Also, approaches for distributed MPC for systems
composed of several nonlinear subsystems have been
proposed (e.g. [10], [11], [12]).

In this paper, a modification of the suboptimal distributed
MPC approach [7] is considered, where it is assumed that the
interconnected linear systems are coupled through their
control inputs and an optimal reference tracking problem for
the overall system is solved. The approach is applied to
distributed MPC of a hydro-power valley case study,
described in [13].

THE HYDRO-POWER VALLEY CASE STUDY

Description

The hydro-power valley is a set of hydroelectric production
plants, depending on interconnected water resources (typically
along a river) and aiming at producing a given amount of
electricity according to a daily power-generation program for
each power plant. In each plant, the generated power is a
function of the turbine flows, which at the same time influence
the reservoir levels that need to be controlled such that they

are within the specified limits [13]. The control system design
for a hydro-power valley should take into account the fact that
the valley can face unpredictable events, such as plant failures
or meteorological changes.

The configuration of the considered hydro-power valley is
depicted in Fig. 1 [13].
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Fig. 1. The hydro-power valley [13].
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Each power plant in the valley is characterized by the
dynamics of its water storage, described as follows [13]:

dh

S—=f - 1
= Fu fo M
where & denotes the water level, S the water surface, and
f» .. theinput and output water flows, respectively. These

water flows depend on the interconnections between the plants
as well as the turbine flows, considered as the control inputs,
and disturbance flows. By considering a sampled-data version
of equation (1) for a purpose of discrete-time control, and
gathering all equations of this form, the whole system is
modeled as a classical state space representation [13]:

x(t +1) = Ax(¢) + Bu(t) + Ed(?) ©)
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In (2):
() =[x, (0,2, (0,5, u(@) = [u, (1,1, (6), 5 (0,0, (D] (3)
d(t)=[d,(1),d,()]' C)
are the state, control input, and the disturbance input vectors.

All state variables are assumed measurable. The matrices of
the model (2) are the following [13]:

TS TSt 00
A=I.B=| 0 TS' -TS,' 0 6)
TS0 TS -1
TS0
E=| 0 Ts ©)
0 0

where 7, is the sampling time and S, S,, S, are the cross-

sectional areas of the three tanks (see Fig. 1). The following
constraints are imposed on the levels in the three tanks and on
the flows through the four turbines [13]:

0 w7 [60
6.6 4 Uy (1) 0 3
[m’/s] < s (0) < 60 [m>/s] @)
| 0 uy(t)| |60
[716.2 x@] [729.5
282 |[m]<| x,(¢) |<| 287.5 | [m] ®)
1259.5 x; ()| |268.5

Decomposition
The hydro-power valley system, described above, can be

decomposed into the following three subsystems:
Subsystem 1:

x(t+1) = 4x, () + B4, (1) + Ed, (1) )
with:
i, () =[u, (), u, (O], 4 =1,B, =[-T.S;' -T.S;'1,E, =TS (10)
Subsystem 2:
X, (1 +1) = Ay, (1) + Byythy (1) + Byt (1) + Erd, (1) (11D
with:
i, (1) =u,(t), 4, =1,B,, =-T,S,", B, =[0 1.S,'].E, = TS, (12)
Subsystem 3:
X, (¢t +1) = Ayx; (t) + Byt (t) + By if (1) + Byt (1) (13)
with:
iy (t) = u (1), 4, =1,B, =-TS,", B, =[T.S," 01,B,, =T.S," (14)
It can be seen from equations (9), (11) and (13) that the three
subsystems are coupled through their control inputs.

DISTRIBUTED MPC OF LINEAR SYSTEMS COUPLED
THROUGH THEIR INPUTS
Consider a system composed by the interconnection of M
local subsystems described by the following linear discrete-
time models:

x,.(z+1):A,.x,.(t)+f:,“(z)+ d(0),i=12,...,M (15)
j=1

where x;(1)e R, u,(t) e R™, and d;(t) e R¥ are the state,
control input, and disturbance input vectors, related to the i-th
subsystem, and 4, eR"™", B, eR"V , and E; eR" are

constant matrices. It can be seen that the subsystems (15) are
coupled through their control inputs. Let the overall state,
control input, and disturbance input be denoted by:

nyxm

xX(0) =[x (1), x; (@), o2y (O] €R" 1 zn (16)

u(t) =[u (£),u; (1), ... ,uy, (O]F € R™, m = Zm, (17)

i=1

,%mfﬁﬂwfs(w

i=1
The following constraints are imposed on the subsystems:

d(0)=[d} (0),d} (1), .

Upin.i S u, (1) < Ui Xmini S x; (1) < Xpax.is 1= 1,2,...,M (19)
The following assumptions are made:
Al. Reference trajectories X'/ = [xtre’ x;ﬁ - x[f’} 1" and
U™ =[u t"f ut’ff; - ufig 1" of the overall state and control

input for a specified finite horizon 7T are generated by a
supervisory optimization algorithm and supposed to be
admissible with respect to the state and input constraints.

A2. A forecast D=[d,d},,...d";]" of the overall
disturbance input realization is available for the finite horizon
T.

It is supposed that a full measurement x =[x/ ,x;, ..., x5 ]"
of the overall state is available at the current time 7. The
optimal reference tracking problem is considered where the
goal is to have the overall state x(¢) and control input u(¢)
X () and u(t) by
performance  index. For the

following the reference signals
minimizing  certain

currentxz[xlT ,xZT ,,..,xL]T, the reference tracking MPC

solves the optimization problem:
Problem P1 (Centralized MPC):

Vo (x) = min J(U,x) (20)

subject to x,, =x and:
X € Xy i= LM k=1.,N @1
g €U, i=l,M, k=01 N1 22)
X rektle = AiXi ok Z W ek Bl g 23)

=1..,M, k:O,l,...,N—l
T T T T
xt+k\t = [xl,t+k\t>x2,t+k\t’ ’xM,t+k\t] > k= 1>--"N (24)
T T T T
Upp =ty oty pops sty ] > K=0,1., N -1 (25)

with U =[u,u.,, ... ,u}. ;1" and the cost function given by:

N-1M
J(Uax) = Z Zli(xi,t+k+1\t’ui,t+k) (26)
k=0 i=1
Here:
l; (xi,t+k+l|t9ui,t+k) = @7
ref 2
|| Xit+k+1t _xz",éz:+k+1\t ”Ql. + H Ui sk — z’étj:rk ”R

is the stage cost for the i-th subsystem with corresponding
weighting matrices O, R, >0, and N is a finite horizon. It is

supposed that N <T (T being the specified finite horizon of

the reference trajectories and the disturbance forecast, cf.

assumptions Al and A2). The sets X; and U, are defined by:
< ﬂ, <x

— {ﬂ € m”l | xmmz max,i} (28)

Ui = {771 € iRmi | umin,i < 771' < umax,i} (29)
and they represent convex (polyhedral) sets.

Problem P1 can be decomposed by using the dynamic dual
decomposition approach [7], [9]. The following decoupled
state equations can be formulated:

x(t+1)=Ax,(t)+ Bu;(t)+v,(t) + Ed,(t),i =1, ...

i

M (30)
with the additional constraints that:



M

v (1) = z

=L

Byu(t), i=1,...,M forall ¢ 31)
The variable v;e R" can be interpreted as the influence of the
other subsystems in the update of x;. Then, the constraints
(31) are relaxed by introducing the corresponding Lagrange
multipliers p,e R" (also referred to as prices) in the cost

function (26) and the following distributed reference tracking
MPC problem is formulated:
Problem P2 (Distributed MPC):

V*(x) = max
P

M N-1

M
: T T T
Z(UH}}HV Z [ (xi,t+k+1|t’ui,t+k) t DiiekVigrk Wikt ZBjipj,H-k D
i=l DN k=0 j=1

G
1 Gt gkt M gk Vi P)
(32)
subject to x,, = x , constraints (21), (22) and:

X kst = A% penpe F Bl vre T Vi + Eild pone (33)

i=L...M,k=0,1,...N -1

Pran-1 =0 (34)

Here:
T T T T
P_[pt > Prits - ’pt+N—1]
: T T T T ,_
with Prsx = [pl,t+k’p2,t+k’ ’pM,t+k] s k= 0’1>"'>N_1
T T T T T T T T
U=[u, ,u,,....un,1,U; _[ui,l’ui,IH’ ’ui,HN—l] 35
X = T 9Ty 1yt T T (33)
[xt+1\t7 ’xt+N\t] s T [xi,t-v»l\ﬂ ’xi,t+N\t]
T .T T Ty _r,T T T T
V= [Vt sVitls oot ’Vt+N—1] ,V;- _[Vi,t’vi,t+l> ’Vi,t+N—1]
. T T T T
with v, o =V oV ks o Varasr] > k=01, N =1

Since the problem P1 is convex and the Slater’s condition
holds for the inequality constraints (21)-(22), then

Vo' (x)=V"(x) (there will be no duality gap between the
primal and the dual problem [14]).

The inner decoupled optimization problems in problem P2
are Quadratic Programming (QP) sub-problems, since the
constraints (33) are linear and the stage cost function

lip (xi,t+k+l\t>ui,t+kvvi,t+k>P) is quadratiC:
Problem P3' (i-th QP sub-problem):

N-1
Vi (Prxi) = Umin zlip(xi,t+k+l\t’”i,t+k SVitvk 7P) (36)

Vi [ 20
subject to x; ,, =x; and:
Xitrkle € X k=1,.,N (37
U p €Uy, k=0,1..,N-1 (38)
xi,t+k+l|t 4; iXi Ji+k|t + Bnul z+k\t Vi Jt+k|t + Ezdz Jt+kl|t (39)
k=0,1,..,N-1
* W T +T T
Denote by Ui =[5t p15eensthy oy ] s
* «T «T T ST 4T «T
Xi :[xi,r+l|t""’xi,t+N\t] and V, [V I’Vt t+1o° ’vz t+N— 1] he

optimal solution of P3%. It should be noted that the optlmal
solution to these sub-problems depends on the values of the
prices P .

From the formulation of the distributed MPC problem P2 it

X, and v for

can be seen that the computation of U, , X,

given prices P is completely decentralized. However, finding
the optimal prices requires coordination [7]. According to the

duality theory [14], ¥, (P,x,), i=l,..,

functions of P . Therefore, the optimal price sequence

M are concave

. T 4T «T ..
P =[P, sPriserDian]" can be found as the limits of a

gradient iteration [7]. Given a price prediction sequence
" T

P =[ pl tr oo s Dienotl for the [-th iteration, the
. * T " T
corresponding sequences U, = [ul. s U] s
o T T T */T T
Xi _[xi,t+1\t’ ’xi,t+N\t] and V [ Vig s ’Vi,t+N—1] are

computed locally by solving problem P3'. Then, the prices can
be updated distributedly by a gradient step:

M
pil,;]rk = pi],t+k + 71‘1(V:Zt+k - zBiju;{Hkp)’k =0,1,..,N=-2

7 )

with pz{;}rN—l = Pf,mvfl =0

n [7], a suboptimal algorithm for on-line computation of
distributed MPC for linear interconnected systems (coupled
through their states) has been suggested, where the prices are
updated iteratively by a gradient step (similar to (40)). Also, a
stopping criterion for the iterative updates is proposed in [7]
that can be locally verified by each subsystem and that
guarantees closed-loop suboptimality above a pre-specified
level and asymptotic stability of the overall system. The
algorithm in [7] is adapted to the case considered here, where
the linear systems are coupled through their inputs.

SIMULATION RESULTS FOR THE DISTRIBUTED MPC
OF THE HYDRO-POWER VALLEY
The distributed MPC approach is applied to the hydro-power
valley, described above. The sampling time in the model (2)-
(6) is T, =5[min]. The prediction horizon in the MPC
problem is N =6 and the weighting matrices in the stage cost
(27) are Q,=100,i=1,2,3, R =diag(1,10), R, =R, =1.
The distributed MPC approach, described in the previous
section is used to generate the four control inputs (turbine
flows) for an initial state x(z)=[726.4, 283.85, 264.2]" [m]

and a disturbance d,(¢) in the river flow, shown in Fig. 2 (it is
assumed that d,(t)=0). The obtained suboptimal trajectories

of the four turbine flows and the water levels in the three tanks
are depicted in Fig. 3 to Fig. 9 along with the reference
trajectories generated by a supervisory optimization algorithm.

3
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Fig. 2. The disturbance d, .
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Fig. 3. The control input u, .
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Fig. 4. The control input u, .
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Fig. 5. The control input u; .
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Fig. 6. The control input u, .
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Fig. 7. The water level x; .

time [h]
Fig. 8. The water level x, .
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time [h]
Fig. 9. The water level x; .

It can be seen that the closed-loop trajectories obtained with
the suboptimal distributed MPC approach deviate slightly
from the reference ones. The accuracy of the tracking of water
level x; can be improved by increasing the requirement for

the level of suboptimality of the distributed MPC solution.
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