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Involvement in the scientific community
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Scientific animation
• National:  

• GTAS 2007  
• Theme F of GdR STIC-Santé (7 years): 

10 thematic days,1 thematic school  

• Eurographics workshop: 
• VRIPHYS 2015, VRIPHYS 2017

Scientific responsibilities
• Member of the LIRIS council since 2011 

• Co-superviser of ORIGAMI team since sept. 2020 

• 7 selection committees for associate professors 

• 6 PhD committees outside of the co-supervision

24 Publications 
• in Computer Graphics:  

Pattern Recognition Letters, 
Visual Computer, VRIPHYS, 
GRAPP 

• in Biomechanics:  
CMBBE, EMBC, Book’s chap. 



Motivation - Context of medical training

"Never the first time on the patient"  
French High Authority of Health (HAS), 2012.

How to learn medical gestures without 
any risk for the patient?
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Provide tactile feelings

2.4 Le simulateur BirthSIM 55

Du point de vue médical, l’unité utilisé est le centimètre pour les positions. Le
capteur choisi doit donc avoir une précision de l’ordre du millimètre et des erreurs
statiques insignifiantes par rapport au centimètre exigé par les médecins. Les erreurs
maximales du capteur monté sur le banc d’essai sont de l’ordre du dixième de mil-
limètre (l’erreur maximale est de 0.2234 mm). En ce qui concerne les orientations,
l’ordre de grandeur exigé par les médecins est de l’ordre de quelques degrés. Les
erreurs mesurées pour une position statique sont de l’ordre de quelques centièmes
de degré (0.0685 degré est la plus grande erreur de mesure du capteur). Le champ
magnétique créé par l’émetteur ne semble donc pas être perturbé par notre banc
d’essai car les mesures de l’erreur correspondent aux données constructeurs (réso-
lution statique : 0.5 mm et 0.1 degré). Les capteurs MiniBIRD peuvent donc être
utilisés sur notre banc d’essai.

En instrumentant la tête fœtale et les forceps avec ces capteurs, il est possible de
suivre en temps réel le déplacement des différents éléments mobiles du simulateur. Une
scène virtuelle a été créée pour permettre à l’équipe médicale de suivre le déplacement de
ces éléments par rapport au bassin considéré comme fixe. Cette interface est également
complétée par des informations sur le niveau et la variété de présentation actuelle de la tête
fœtale ou sur les efforts (volontaires, involontaires et instrumentales). Ces compléments
d’information sont à la disposition de l’instructeur et, selon son choix, de l’opérateur.

2.4.4 Fonctionnalités

Diagnostic du toucher vaginal

La première fonctionnalité disponible est l’entraînement au diagnostic du toucher va-
ginal. Ce diagnostic est crucial pour déterminer la suite de l’accouchement (eutocique,
instrumental ou césarienne). Pour cela la tête fœtale est placée de manière automatique
dans un des onze niveaux de présentation (de -5cm à +5cm) et dans une des huit variétés
de présentation par l’instructeur. Ce dernier demande alors à l’opérateur de déterminer la
présentation. La figure 2.32 représente un opérateur en train de s’entraîner au toucher va-
ginal sous la supervision d’un instructeur qui peut vérifier le diagnostic grâce aux données
du capteur de position de la tête fœtale qui sont affichées sur son écran.

Fig. 2.32 – Un opérateur en train de réaliser un diagnostic du toucher vaginal sur le
simulateur BirthSIM sous la supervision d’un instructeur

New training simulators based 
on Virtual Reality
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My topic of research

Lab. Ampère, CAOR ARMINES

Haptic device

All4Tech, HRV, LSE, Lyon Sud maternity, midwifery school of Grenoble (France)

Didactic software

LIRIS, lab. TIMC-IMAG, CAOR ARMINES

A 3D simulation in real time

Chapitre 5 : Vers la réalisation d’un simulateur d’accouchement

Notre seconde approche pour la tête foetale. Une modélisation plus fine de la tête
foetale a ensuite été réalisée durant la thèse de Mathieu Bailet afin de prendre en compte
ses di�érentes plaques permettant sa déformation lors de la descente dans le canal pelvien.
Ce travail a été e�ectué en collaboration avec le Pr Olivier Dupuis de la maternité Lyon
Sud et a été intégré au sein de la plateforme CamiTK (http://camitk.imag.fr/).

Pour le modèle géométrique, nous avons employé le modèle numérisé de la tête du
mannequin utilisé dans le simulateur BirthSIM. Le maillage comporte 4 466 noeuds et 8 928
triangles. Afin de pouvoir modéliser les di�érentes parties du crânes ayant des propriétés
mécaniques di�érentes, le maillage a été séparé en deux zones. Ce maillage est présenté
par la Fig. 5.22 (a). Nous pouvons voir en bleu les os du crâne, et en vert les fontanelles
et sutures. La Fig. 5.22 (b) présente les mesures employées pour évaluer les déformations
subies par la tête foetale. Ces mesures ont été mises en avant dans les travaux de Sorbe
and Dahlgren (1983) et correspondent aux diamètres reflétant le plus les déformations
issues de la pression intra-utérine appliquée sur la tête durant l’accouchement : le SOB
(sous-occipito-bregmatique), le OrVD et le MaVD.

(a) (b) (c)

Figure 5.22 – (a) Maillage de la tête foetale intégrant les os du crâne (bleu) ainsi que les

fontanelles et les sutures (vert). (b) Mesures du diamètre de la tête. (c) Déformation de la tête

foetale subissant les pressions intra-utérines et le contact avec le col de l’utérus.

La modélisation mécanique de la tête est basée sur le modèle de coque CST-DKT
présenté dans le chapitre 4, intégrant une contrainte pour la préservation du volume.
Les propriétés mécaniques employées sont issues des travaux de McPherson and Kriewall
(1980a) et de McElhaney et al. (1970) résumées dans le tableau 5.1.

Module de Young Coe�cient de Poisson Masse volumique Epaisseur
Os du crâne E = 2 GPa ‹ = 0, 22 fl = 1.8 0, 8 mm
Fontanelles et sutures E = 31.5 MPa ‹ = 0, 45 fl = 1, 0 0, 6 mm

Tableau 5.1 – Propriétés mécaniques des parties de la tête foetale.

En terme de conditions limites, les noeuds à la base du cou sont fixés pour éviter des
déplacements rigides.

Comportement de la tête foetale lors de la simulation. La Fig. 5.23 présente les
pressions que nous avons appliquées sur la tête foetale pour simuler celles subies durant
un accouchement correspondant aux pressions intra-utérines et aux pressions exercées
par le col de l’utérus. Nous nous sommes basés sur les mesures de Rempen and Kraus
(1991) pour établir ces champs de pression. La Fig. 5.22(c) présente les déformations de
la tête foetale obtenues par la simulation, ainsi que les mesures de ces déformations mises

75

Numerical simulation for medical 
training simulators 
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Second challenge - 
A globally realistic behavior

Interactive time execution time Several hours

WIREs Systems Biology and Medicine Modeling childbirth

In this review, we first give a brief overview
of the history of childbirth studies, addressing the
various techniques used to gain insights into this
complex process. We then discuss recent developments
in computational models of childbirth, comparing
the results and the modeling frameworks. Lastly, we
describe some of the main challenges in this field and
propose possible solutions for further improvements.

HISTORY OF CHILDBIRTH STUDIES
The mechanism of labor was first described by obste-
tricians early in the eighteenth century, and much of
our understanding of the process is due to these early
pioneers. In particular, William Smellie (1697–1763)
documented that the primary considerations for vagi-
nal delivery were the size and shape of the pelvis and
the fetal head. He measured fetal skull diameters and
pelvic diameters, and described the process of internal
rotation of the fetal head. These were subsequently
published in a set of anatomical tables in 1793.17

Many of the early observations made by Smellie
were confirmed by Borell and Fernstrom in 1950s
and 1960s in their published studies on childbirth
and the mechanism of labor.18–22 By observing the
movements of the fetal head with respect to the
bony pelvis through a series of X-ray images,18–22

they suggested that the shape of the bony pelvis
had the most influence on the motion of the fetal
head. In addition, they emphasized the importance
of the LA in the labor process. Their investigations
initiated a new era in childbirth studies using imaging
techniques. However, such studies are unlikely to be
repeated because of ethical restrictions.23

Ultrasound and MRI are the standard imaging
modalities in modern obstetrics and gynecology.5,24–27

They are considered superior to X-ray or computed
tomography (CT), which expose subjects to harmful
radiation during the imaging process. Ultrasound is
more commonly employed because of its low cost,

portability, and ease of use. However, ultrasound
images suffer from poor signal-to-noise ratio and sig-
nificant geometric distortions, making this modality
less suitable for the creation of mathematical models.
In contrast, MRI can be readily transformed into com-
puter models for mechanical analysis (Figure 1).28–31

Such techniques have significantly enhanced the
representation of pelvic floor structures. However,
the limiting factor with MRI is the relatively low
spatial resolution, which fails to give a reasonable
representation of detailed pelvic floor structures such
as muscle fibers and connective tissues.

In order to address this issue, Janda et al.32

carried out a study on the morphological parameters
of the pelvic floor using an embalmed female cadaver.
The study quantified in detail the muscle fiber length,
fiber directions, sarcomere length, and cross-sectional
area. However, before these data can be used in an
individual-specific finite element (FE) model, some
adjustments need to be applied to these descriptions
in order to compensate for the loss of muscle tone
prior to the embalming process.

MODELS OF CHILDBIRTH
With the advance in computational technology, the
ability to study complex biomechanical processes,
such as childbirth, can now be achieved on conven-
tional commodity computers. Several research groups
have developed childbirth models in recent years.
Table 1 provides a brief summary of their work with
highlights of their models.

First stage of labor
There have been very few studies involving compu-
tational models of the first stage of labor. Early FE
studies investigated the material properties of the
fetal head, and simulated fetal head deformation by
applying pressure boundary conditions.33–36 Lapeer

Vagina Rectum Uterus Perineal 
body

Bulbospongiosus

Transverse 
perineae

Bony pelvis

Obturator internusBladder Levator 
ani

Coccyx External anal sphincter

Internal anal sphincter

FIGURE 1 | Models of the female pelvic floor structures in anterior (left) and inferior (right) views.
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Figure 9: (a) Registration error vs. number of views. (b) Number of iterations vs. number of views. (c) Mean surface registration error for 2,4 and
15 views.

Figure 10: Registration between the uterus in a pre-operative MRI to intra-operative laparoscopic images, and visual augmentation of two hidden
myomas. The top row shows M (the mesh model of the uterus from the MRI ) overlaid in each image. The red contours denote the silhouette
boundaries of M in each image. The bottom row shows the augmented myomas. Best Viewed in colour.

complementary cues involving natural anatomical landmarks, the
uterus’ boundary contour and feature correspondences.

This is the first work which registers a pre-operative MRI of the
uterus to laparoscopic images. In our ongoing research we will per-
form a deeper quantitative evaluation, test other deformable models,
and test the system’s performance on live videos. Our solution is
not limited to visualising myomas. Any anatomical structure that
is visible in the MRI can be visualised in the laparoscopic images,
such as the cervix and uterine cavity. We expect that augmenting
this information may also help the surgeon perform myomectomies
and other uterine surgery, improve safety and reduce time in the
operating room.
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M. Schöbinger, T. Kunert, and H.-P. Meinzer. The medical imaging
interaction toolkit (MITK), http://www.mitk.org/.

Operations planification 

[Collins 2014]

Training simulators

[Buttin 2013]

Simplified simulations accuracy of biomechanical behavior Complex simulations 

Challenges of interactive medical simulation 9



Outline of the talk

■Challenges of interactive medical simulation 

■Strategy: towards a generic model  

■Contributions 

■Application 

■Conclusion & Research program



M
od

el
10

10Strategy: towards a generic model

Dynamic adaptation

Topological model Constitutive law Physical model Collision model



M
od

el
10

10Strategy: towards a generic model

Dynamic adaptation

Topological model

• Refinement/merging  
• Cutting 
• Piercing

Constitutive law Physical model Collision model

[Fléchon 2014]

1 2 3 

4 5 6 
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Abstract
This paper presents a robust, adaptive method for animating dy-
namic visco-elastic deformable objects that provides a guaranteed
frame rate. Our approach uses a novel automatic space and time
adaptive level of detail technique, in combination with a large-
displacement (Green) strain tensor formulation. The body is par-
titioned in a non-nested multiresolution hierarchy of tetrahedral
meshes. The local resolution is determined by a quality condi-
tion that indicates where and when the resolution is too coarse. As
the object moves and deforms, the sampling is refined to concen-
trate the computational load into the regions that deform the most.
Our model consists of a continuous differential equation that is
solved using a local explicit finite element method. We demon-
strate that our adaptive Green strain tensor formulation suppresses
unwanted artifacts in the dynamic behavior, compared to adaptive
mass-spring and other adaptive approaches. In particular, damped
elastic vibration modes are shown to be nearly unchanged for sev-
eral levels of refinement. Results are presented in the context of a
virtual reality system. The user interacts in real-time with the dy-
namic object through the control of a rigid tool, attached to a haptic
device driven with forces derived from the method.

1 Introduction
Animating deformable objects in real-time is essential to many in-
teractive virtual reality applications, such as surgery simulators or
video-games. An important point for a successful immersion is the
liveliness of objects: deformations should be dynamic (oscillations
should appear after a deformation for example), and not just a suc-
cession of static postures. Another essential point is to make a strict
guarantee for real-time. Merely satisfying visual and tactile fusion
frequencies (30 images, 1000 force samples per second) is not suf-
ficient to prevent lag or slow motion in the animation. In addition,
the simulation time must always be synchronized with the physical
time, regardless of computational platform.
Although quasi-static interactive simulators have been proposed

in the last few years [3, 20], computing accurate dynamic deforma-
tions in real-time is still a challenge. This paper proposes a solution
to this problem, using an adaptive physically-based model which is
locally animated at different levels of detail.

1.1 Related work
Background on deformable models
Many approaches have been developed for animating deformable
objects (see [17] for a thorough overview), but only few models
can be used when aiming at real-time performance.
Global deformation models have been designed for interactive

animation, but they restrict deformations to the combination of a
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Figure 1: Our real-time multiresolution model allows for a wide
range of applications, from virtual surgery simulators (top: liver
laparoscopic operation) to other immersive simulations (bottom:
toy example). The approach makes use of a local refinement tech-
nique to ensure high physical fidelity while bounding the global
computation load to guarantee real-time animations.

given set of vibration modes, or of a specific class of global de-
formations [23, 26]. They are less useful, however, when realistic
deformations are called for.
Particle and mass-spring systems are based on a local description

of the material. These systems allow for large deformations and dis-
placements, and are fairly easy to implement. The equations of mo-
tion are integrated independently for each particle, which generally
leads to fast calculations. When the spring stiffness is large, implicit
integration can be used to animate hundreds of mass points effi-
ciently [1], and even in real-time with some approximations [11].
Deformable models with greater physical accuracy have been

derived from elasticity theory [12] using finite element methods
(FEM). One of the most widely used solutions computes an equi-
librium shape of the object from a set of limit conditions [25, 18].
This method requires solving a large sparse system; as a result, it is
less compatible with real-time applications. Preinverting the matrix
allows for real-time [3], but the object has to be deformed using
penalty forces, which often fails to model accurate contact between
the object and the tool. The inverse matrix can also be updated
depending on which nodes are moved by the user, allowing a quasi-
static real-time animation of a hundred points [20]. One can also
precompute the effects of the displacement of each external point in
the three axis directions and then use a linear combination of these
deformations during animation [6]. However, superposition prob-
lems appear with this technique when several points are moved at
the same time.
The second main approach using elasticity theory is sometimes

called explicit finite elements [9, 22] (the term ”explicit” here refers
to a spatial discretization, and must not be mistaken with the more
common notion of time explicit integration). The way the anima-
tion is performed is quite similar to the mass-spring case, since each
node of the FEM mesh dynamically integrates its motion from the
positions of neighboring nodes. These methods give more accu-
rate results than mass-spring systems. However, computing local
deformations at a visually good discretization level requires a fine
sampling that prevents real-time performances, even if interactive

[Debunne 2009]
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Abstract
This paper presents a robust, adaptive method for animating dy-
namic visco-elastic deformable objects that provides a guaranteed
frame rate. Our approach uses a novel automatic space and time
adaptive level of detail technique, in combination with a large-
displacement (Green) strain tensor formulation. The body is par-
titioned in a non-nested multiresolution hierarchy of tetrahedral
meshes. The local resolution is determined by a quality condi-
tion that indicates where and when the resolution is too coarse. As
the object moves and deforms, the sampling is refined to concen-
trate the computational load into the regions that deform the most.
Our model consists of a continuous differential equation that is
solved using a local explicit finite element method. We demon-
strate that our adaptive Green strain tensor formulation suppresses
unwanted artifacts in the dynamic behavior, compared to adaptive
mass-spring and other adaptive approaches. In particular, damped
elastic vibration modes are shown to be nearly unchanged for sev-
eral levels of refinement. Results are presented in the context of a
virtual reality system. The user interacts in real-time with the dy-
namic object through the control of a rigid tool, attached to a haptic
device driven with forces derived from the method.

1 Introduction
Animating deformable objects in real-time is essential to many in-
teractive virtual reality applications, such as surgery simulators or
video-games. An important point for a successful immersion is the
liveliness of objects: deformations should be dynamic (oscillations
should appear after a deformation for example), and not just a suc-
cession of static postures. Another essential point is to make a strict
guarantee for real-time. Merely satisfying visual and tactile fusion
frequencies (30 images, 1000 force samples per second) is not suf-
ficient to prevent lag or slow motion in the animation. In addition,
the simulation time must always be synchronized with the physical
time, regardless of computational platform.
Although quasi-static interactive simulators have been proposed

in the last few years [3, 20], computing accurate dynamic deforma-
tions in real-time is still a challenge. This paper proposes a solution
to this problem, using an adaptive physically-based model which is
locally animated at different levels of detail.

1.1 Related work
Background on deformable models
Many approaches have been developed for animating deformable
objects (see [17] for a thorough overview), but only few models
can be used when aiming at real-time performance.
Global deformation models have been designed for interactive

animation, but they restrict deformations to the combination of a
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Figure 1: Our real-time multiresolution model allows for a wide
range of applications, from virtual surgery simulators (top: liver
laparoscopic operation) to other immersive simulations (bottom:
toy example). The approach makes use of a local refinement tech-
nique to ensure high physical fidelity while bounding the global
computation load to guarantee real-time animations.

given set of vibration modes, or of a specific class of global de-
formations [23, 26]. They are less useful, however, when realistic
deformations are called for.
Particle and mass-spring systems are based on a local description

of the material. These systems allow for large deformations and dis-
placements, and are fairly easy to implement. The equations of mo-
tion are integrated independently for each particle, which generally
leads to fast calculations. When the spring stiffness is large, implicit
integration can be used to animate hundreds of mass points effi-
ciently [1], and even in real-time with some approximations [11].
Deformable models with greater physical accuracy have been

derived from elasticity theory [12] using finite element methods
(FEM). One of the most widely used solutions computes an equi-
librium shape of the object from a set of limit conditions [25, 18].
This method requires solving a large sparse system; as a result, it is
less compatible with real-time applications. Preinverting the matrix
allows for real-time [3], but the object has to be deformed using
penalty forces, which often fails to model accurate contact between
the object and the tool. The inverse matrix can also be updated
depending on which nodes are moved by the user, allowing a quasi-
static real-time animation of a hundred points [20]. One can also
precompute the effects of the displacement of each external point in
the three axis directions and then use a linear combination of these
deformations during animation [6]. However, superposition prob-
lems appear with this technique when several points are moved at
the same time.
The second main approach using elasticity theory is sometimes

called explicit finite elements [9, 22] (the term ”explicit” here refers
to a spatial discretization, and must not be mistaken with the more
common notion of time explicit integration). The way the anima-
tion is performed is quite similar to the mass-spring case, since each
node of the FEM mesh dynamically integrates its motion from the
positions of neighboring nodes. These methods give more accu-
rate results than mass-spring systems. However, computing local
deformations at a visually good discretization level requires a fine
sampling that prevents real-time performances, even if interactive
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Scenario Integrand Our Meth. Reg. Samp. Adapt.
h(� , �, � ) �rel (24QP) �rel #QP �rel #QP

1 3.32e�5 4.44e�3 560 5.79e�2 54
� + � + � 4.43e�5 4.44e�3 560 8.19e�2 54

�� + � � + � � 5.54e�5 9.78e�1 560 9.25e�1 181
� 2 + �2 + � 2 5.54e�5 5.00e�1 560 4.94e�1 181

1 2.99e�6 4.94e�4 3795 1.54e�2 646
� + � + � 6.50e�6 4.89e�4 3795 2.16e�2 646

�� + � � + � � 1.26e�5 2.50e�3 3795 1.86e�2 2512
� 2 + �2 + � 2 1.38e�5 1.10e�4 3795 1.72e�2 2512

1 3.88e�4 4.62e�3 8219 1.21e�2 788
� + � + � 5.15e�4 6.23e�3 8219 1.65e�2 788

�� + � � + � � 6.43e�4 7.60e�3 8219 1.30e�3 3073
� 2 + �2 + � 2 6.46e�4 7.71e�3 8219 1.79e�4 3073

Table 1. Results of our numerical integration test using regular sampling, an
adaptive approach [Müller et al. 2012] and our method. The unit tetrahedron
was cut using a planar (diagonal) cut, a kinked cut and a spherical cut. The
integral over polynomials h(� , �, � ) over the volume portion indicated in
blue was computed. �rel and #QP represent the relative error to the analytic
solution and the number of the contributing quadrature points used for
quadrature, respectively.

Fig. 13. Le�: Cu�ing a plate with a smooth, helical surface. Right: Stanford
armadillo is cut by several high- and low-frequent, smooth or sharp surfaces.

re�nement depth of four was used. The results are summarized in
Table 1. Please note the we counted only quadrature points evaluat-
ing to non-zero values in the other methods. The regular sampling
consistently produced less accurate results compared to our method
while a much larger number of quadrature points was required.
Although the adaptive approach was in some cases able to achieve
comparable accuracy, the number of required quadrature points was
larger by several orders of magnitude.

Complex Cutting. Besides comparisons and academic examples
we performed four simulations with multiple complex cut surfaces.
In the �rst experiment we used a helical cut surface to dissect a plate
discretized with 25 ⇥ 25 ⇥ 1 hexahedral blocks each consisting of 5
tetrahedra (cf. Figure 13, left). Even though the object is discretized
by a small number of linear elements the helical-shaped material
deforms very smoothly while the cut is progressing. In the second
scenario we simulated the Stanford armadillo that we �xated on its
limbs (cf. Figure 13, right). Here, we demonstrate that our method
is able to robustly handle cuts with low and high frequent smooth
and/or sharp features while dissecting thousands of tetrahedra.

In the scenario illustrated in Figure 1 (right), we cut a circular
groove into the Stanford bunny and subsequently peeled the groove
o� with a second cut. The result demonstrates that our method is
able to robustly handle �nely structured cut surfaces while pro-
ducing a realistic result. Moreover, it shows that our simulation
yields realistic results even when a coarse tetrahedral mesh is used.
The tetrahedral discretization of the bunny consisted of only ~18.5k
tetrahedra while the visualized triangle mesh had ~53k triangles.
In the fourth and �nal scenario we simulated a plate with several
attached objects as depicted in Figure 1 (left). We modeled a very
long cut surface and complicated the scenario by displacing the
cut surface’ vertices using distorted noise. Due to the noise several
tetrahedra are cut multiple times by the same cut surface resulting
in the requirement to enrich several nodes multiple times (prob-
lem described in Section 4.3). In this highly complex example, we
show that our method is able to accurately handle very complex cut
surfaces and yields a realistic animation where all cut regions are
properly separating without any artifacts.

We also measured the performance of the last two scenarios. Both
scenarios were simulated using a time step width of �t = 5ms. The
simulation of the bunny scenario took on average 1.375s per step
with initially 5326 DOFs, �nally resulting in 9432 DOFs. Further,
47.27% of the time was spent to process the cuts and to enrich the
nodes. Our quadrature rule construction is included in that portion
but individually took only 8.5% of the time required per step. The
plate scenario initially consisted of 47643 DOFs resulting in 53326
DOFs and took 9.365s per time step. 17.5% of the time was spent to
process the cuts while our quadrature rule construction individually
took 0.7% of the simulation time. The last scenario clearly shows
the advantage of our approach in comparison to remeshing based
methods since even for a very complex cut surface the number of
DOFs increased only by 12%.

Preconditioning. In order to analyze the e�ect of our precondi-
tioner on the system matrix’ condition number we conducted an
experiment where we cut the unit cube consisting of �ve tetrahedra
with bounding coordinates (�1,�1,�1)T and (1, 1, 1)T using a plane
with normal (1, 0, 0). We then measured the condition number of the
system matrix while varying the location of the cut in x-direction.
We further chose the system matrix as A = M+�t2K resulting from
discretization and linearization in a single Newton step, where �t
and K = @f int/@u represent time step width and tangent sti�ness
matrix, respectively. The cube was unconstrained and the matrix
was assembled for Young’s modulus E = 106N /m2, Poisson ratio
� = 0.3, density � = 1000k�/m3 and time step width �t = 10�3s .
The graph in Figure 14 shows the outcome of our experiment. While
the condition number of the unpreconditioned system matrix ap-
proaches in�nity when the cut is close to the bounds, the condition
number of the preconditioned matrix is considerably lower. Even
when the cube is cut exactly through its center the condition number
of the unpreconditioned matrix is nearly two orders of magnitude
higher compared to the uncut matrix’ condition number. It should
further be mentioned that the condition number of the precondi-
tioned matrix will also approach in�nity when the cut is so close to
the cube boundary that some of the enriched vertices’ DOFs have (al-
most) no support. Fortunately, this is prevented by constraining the

ACM Transactions on Graphics, Vol. 36, No. 4, Article 55. Publication date: July 2017.

[Koschier 2017]

Cutting based on eXtended 
Finite Elements

[Chitalu 2020]

Chitalu et al. / DC-XFEM for Simulating Brittle Fracture

(a) Bunny (b) ArmBunny (c) Statue

Figure 18: Examples of brittle fracture simulated with our method.

(a) Setup

(b) [SDF07] (c) [WJST14] (d) Ours

Figure 19: Mesh cutting evaluation scene where a bunny is cut into
four pieces. See also Table 2.

our approach can deal with recursive breakage more efficiently than
classical FEM, which requires the tetrahedral mesh to be refined dur-
ing crack propagation. Our method only requires tetrahedralization
once for each crack surface that generated fragments.

Another limitation of our method is that we assume simple topolo-
gies for the propagation of the crack front. We do not explicitly han-
dle crack bifurcation (‘branching’ as in e.g. [DMD*00; MGS11]),
and self-intersections which can occur. Despite this, our method
can still be used to simulate complex fracture patterns on flat (wine
glass) and volumetric (statue) shapes.

Controlling the condition number of the stiffness matrix is an
open challenge in XFEM discretization, which we did not address.
Simulation failure can occur if the stiffness matrix is not kept reg-
ular, and/or when nodes whose enrichment functions have only

(a) input mesh (b) cutting plane (c) output

Figure 20: An extreme example. The input mesh (blue) is a pentag-
onal frustum where the pentagons (top and bottom faces) have been
made concave (and are not parallel to each other). Each pentagon
is composed of polygons with several concavities.

(a) 3D partial cut. (b) 2D cutting

Figure 21: Handling incision (partial) cuts and 2D cuts.

small supports in the cut element are not removed (see Fries and
Belytschko [FB10] for a brief discussion).

Our cutting algorithm successively consigns the use of floating-
point operations to the task of calculating intersection points but it
is not provably robust against rare degeneracies. Despite this fact,
the algorithm is reasonably stable, even with our complex fragment
geometries. One solution to providing robustness guarantees is incor-
porating contingency measures to detect and resolve degeneracies by
using tolerances in a hierarchical manner and specifying bounds on
floating point error [WJST14]. Alternatively, geometric predicates
may also be applied e.g. using the binary space-partition view for
representing intersection points [BF09].

Finally, as mesh fragments often exhibit complex geometries,

c� 2020 The Author(s)
Computer Graphics Forum c� 2020 The Eurographics Association and John Wiley & Sons Ltd.
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Adaptive Anisotropic Remeshing for Cloth Simulation · 152:9

(a) (b)

Images copyright Rahul Narain, Armin Samii, and James F. O’Brien.

Figure 10: Two different dresses simulated on a dancing character.

Working with dynamic data structures does make efficient imple-
mentation harder compared to working with static structures. For
example, we do not attempt to maintain a cache-friendly memory
layout of the mesh. However, we think the benefits from adaptive
data structures justify the added complexity, and believe that more
efficient implementation is still feasible with further work.

Our current strain limiting approach is not aware of self-collision
constraints, which are left to the subsequent collision resolution pro-
cedure. Collision resolution may thus cause the cloth to violate the
strain limits in colliding regions. In particular, this causes difficulties
in scenarios like a tightly stretched knot. We believe this limitation
could be overcome by incorporating additional constraints in the
strain limiting optimization.
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a simple framework for adaptive simulation. In Proc. ACM SIG-
GRAPH 2002, 281–290.

GRINSPUN, E., HIRANI, A. N., DESBRUN, M., AND SCHRÖDER,
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Abstract

We present a method for simulating highly detailed cutting and frac-
turing of thin shells using low-resolution simulation meshes. In-
stead of refining or remeshing the underlying simulation domain
to resolve complex cut paths, we adapt the extended finite ele-
ment method (XFEM) and enrich our approximation by custom-
designed basis functions, while keeping the simulation mesh un-
changed. The enrichment functions are stored in enrichment tex-

tures, which allows for fracture and cutting discontinuities at a res-
olution much finer than the underlying mesh, similar to image tex-
tures for increased visual resolution. Furthermore, we propose har-

monic enrichment functions to handle multiple, intersecting, arbi-
trarily shaped, progressive cuts per element in a simple and unified
framework. Our underlying shell simulation is based on discontin-
uous Galerkin (DG) FEM, which relaxes the restrictive requirement
of C

1 continuous basis functions and thus allows for simpler, C
0

continuous XFEM enrichment functions.

CR Categories: I.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling—Physically based modeling; I.6.8
[Simulation and Modeling]: Types of Simulation—Animation

1 Introduction

One of the most striking aspects of thin-walled structures is their
dramatic failure via buckling, tearing, and fracturing modes. The
introduced discontinuities can drastically alter the stability, defor-
mation, and trajectory of the structure. Simulating such phenomena
requires identifying the location of discontinuities and predicting
the response of neighboring material. Yet even representing dis-
continuities is in itself considered awkward. Works in the graphics
and mechanics communities have considered adaptive refinement
methods, which are well-suited for gradual variations in the scale
of relevant features, but require too many levels of refinement to
sharply resolve creases or fractures. Other works take a remeshing
approach, which avoids introducing many new unknowns at the cost
of some additional implementation and a projection step to transfer
data between the old and new representations.

In an alternative point of departure, the extended finite element
method (XFEM) enriches the representation with the specific ba-
sis functions required to capture the desired discontinuity. In doing
so, XFEM introduces (unlike refinement) only a negligible number
of new unknowns, and (unlike remeshing) keeps intact the origi-
nal mesh connectivity. No method is best for all applications, but
the XFEM approach, as yet unexplored in the context of anima-
tion tools for flexible surfaces, offers an enticing way to represent

Figure 1: Starting from a single 8-node quad shell element, our

method is able to capture complex deformations and topological

changes by simply enriching the element’s basis functions through

texture maps (left). Fracturing a bunny triangle mesh (right).

highly-complex, sharp features, while keeping computation and im-
plementation relatively simple.

The mechanics community has studied extensively the application
of XFEM to thin shell fracture. However, mechanics research fo-
cuses on accurate prediction of crack growth and consequent ma-
terial displacements, necessitating a fine spatial discretization and
in particular a sparse number of discontinuous features relative to
mesh elements. In the rare case where an element is cut a second or
third time, current methods impose a hierarchical structure to keep
track of the cuts. Furthermore, because the diameter of elements is
small compared to the diameter of discontinuous features, existing
methods can safely assume a simple (linear, low-order, or trigono-
metric) shape to the piecewise discontinuity per element.

By contrast, a coarse mesh is both economical and sufficient for
computing plausible animations. That a graphics application de-
mands less precision and predictive power does not imply that a
coarser, less-detailed output is acceptable; in fact, the converse is
true—if we compare the desired level of feature resolution to com-
putational investment, graphics applications are far more demand-
ing. An XFEM method for graphical simulation of shells operates
in a different regime characterized by more dense and more com-
plex discontinuities. In our setting, assuming a simple shape (a line
or quadratic curve) for the discontinuity is unnecessarily limiting,
and adopting a hierarchical structure to keep track of multiple cuts
is needlessly cumbersome.

In this paper, we extend the current body of work on XFEM toward
the goals of graphical simulation. We introduce recent develop-
ments in XFEM treatments of thin shells, and we describe several
developments novel to both the graphics and engineering literature.
Our main contributions are

• a unified XFEM framework based on harmonic enrich-

ment functions, which allows for multiple, intersecting, and
arbitrarily-shaped cuts per element, while being easy to de-
fine, compute, and use;

• a discrete representation of the enrichment functions using en-

richment textures, which simplifies specification and compu-
tation of cuts and paves the way for the future incorporation
of now-standard GPU-based techniques;
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Abstract
This paper presents a robust, adaptive method for animating dy-
namic visco-elastic deformable objects that provides a guaranteed
frame rate. Our approach uses a novel automatic space and time
adaptive level of detail technique, in combination with a large-
displacement (Green) strain tensor formulation. The body is par-
titioned in a non-nested multiresolution hierarchy of tetrahedral
meshes. The local resolution is determined by a quality condi-
tion that indicates where and when the resolution is too coarse. As
the object moves and deforms, the sampling is refined to concen-
trate the computational load into the regions that deform the most.
Our model consists of a continuous differential equation that is
solved using a local explicit finite element method. We demon-
strate that our adaptive Green strain tensor formulation suppresses
unwanted artifacts in the dynamic behavior, compared to adaptive
mass-spring and other adaptive approaches. In particular, damped
elastic vibration modes are shown to be nearly unchanged for sev-
eral levels of refinement. Results are presented in the context of a
virtual reality system. The user interacts in real-time with the dy-
namic object through the control of a rigid tool, attached to a haptic
device driven with forces derived from the method.

1 Introduction
Animating deformable objects in real-time is essential to many in-
teractive virtual reality applications, such as surgery simulators or
video-games. An important point for a successful immersion is the
liveliness of objects: deformations should be dynamic (oscillations
should appear after a deformation for example), and not just a suc-
cession of static postures. Another essential point is to make a strict
guarantee for real-time. Merely satisfying visual and tactile fusion
frequencies (30 images, 1000 force samples per second) is not suf-
ficient to prevent lag or slow motion in the animation. In addition,
the simulation time must always be synchronized with the physical
time, regardless of computational platform.
Although quasi-static interactive simulators have been proposed

in the last few years [3, 20], computing accurate dynamic deforma-
tions in real-time is still a challenge. This paper proposes a solution
to this problem, using an adaptive physically-based model which is
locally animated at different levels of detail.

1.1 Related work
Background on deformable models
Many approaches have been developed for animating deformable
objects (see [17] for a thorough overview), but only few models
can be used when aiming at real-time performance.
Global deformation models have been designed for interactive

animation, but they restrict deformations to the combination of a

debunne|cani @imag.fr, mathieu|barr @cs.caltech.edu

Figure 1: Our real-time multiresolution model allows for a wide
range of applications, from virtual surgery simulators (top: liver
laparoscopic operation) to other immersive simulations (bottom:
toy example). The approach makes use of a local refinement tech-
nique to ensure high physical fidelity while bounding the global
computation load to guarantee real-time animations.

given set of vibration modes, or of a specific class of global de-
formations [23, 26]. They are less useful, however, when realistic
deformations are called for.
Particle and mass-spring systems are based on a local description

of the material. These systems allow for large deformations and dis-
placements, and are fairly easy to implement. The equations of mo-
tion are integrated independently for each particle, which generally
leads to fast calculations. When the spring stiffness is large, implicit
integration can be used to animate hundreds of mass points effi-
ciently [1], and even in real-time with some approximations [11].
Deformable models with greater physical accuracy have been

derived from elasticity theory [12] using finite element methods
(FEM). One of the most widely used solutions computes an equi-
librium shape of the object from a set of limit conditions [25, 18].
This method requires solving a large sparse system; as a result, it is
less compatible with real-time applications. Preinverting the matrix
allows for real-time [3], but the object has to be deformed using
penalty forces, which often fails to model accurate contact between
the object and the tool. The inverse matrix can also be updated
depending on which nodes are moved by the user, allowing a quasi-
static real-time animation of a hundred points [20]. One can also
precompute the effects of the displacement of each external point in
the three axis directions and then use a linear combination of these
deformations during animation [6]. However, superposition prob-
lems appear with this technique when several points are moved at
the same time.
The second main approach using elasticity theory is sometimes

called explicit finite elements [9, 22] (the term ”explicit” here refers
to a spatial discretization, and must not be mistaken with the more
common notion of time explicit integration). The way the anima-
tion is performed is quite similar to the mass-spring case, since each
node of the FEM mesh dynamically integrates its motion from the
positions of neighboring nodes. These methods give more accu-
rate results than mass-spring systems. However, computing local
deformations at a visually good discretization level requires a fine
sampling that prevents real-time performances, even if interactive
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Adaptative level of detail

Shell in 2D

[Kaufmann 2009]

Our aim:  
A single description  

for topology / geometry /
physics / in 2D & 3D 

An approach suitable for 
several physical models

[Meseure 2010]

Topological 
model

Robust eXtended Finite Elements for Complex Cu�ing of Deformables • 55:11

Scenario Integrand Our Meth. Reg. Samp. Adapt.
h(� , �, � ) �rel (24QP) �rel #QP �rel #QP

1 3.32e�5 4.44e�3 560 5.79e�2 54
� + � + � 4.43e�5 4.44e�3 560 8.19e�2 54

�� + � � + � � 5.54e�5 9.78e�1 560 9.25e�1 181
� 2 + �2 + � 2 5.54e�5 5.00e�1 560 4.94e�1 181

1 2.99e�6 4.94e�4 3795 1.54e�2 646
� + � + � 6.50e�6 4.89e�4 3795 2.16e�2 646

�� + � � + � � 1.26e�5 2.50e�3 3795 1.86e�2 2512
� 2 + �2 + � 2 1.38e�5 1.10e�4 3795 1.72e�2 2512

1 3.88e�4 4.62e�3 8219 1.21e�2 788
� + � + � 5.15e�4 6.23e�3 8219 1.65e�2 788

�� + � � + � � 6.43e�4 7.60e�3 8219 1.30e�3 3073
� 2 + �2 + � 2 6.46e�4 7.71e�3 8219 1.79e�4 3073

Table 1. Results of our numerical integration test using regular sampling, an
adaptive approach [Müller et al. 2012] and our method. The unit tetrahedron
was cut using a planar (diagonal) cut, a kinked cut and a spherical cut. The
integral over polynomials h(� , �, � ) over the volume portion indicated in
blue was computed. �rel and #QP represent the relative error to the analytic
solution and the number of the contributing quadrature points used for
quadrature, respectively.

Fig. 13. Le�: Cu�ing a plate with a smooth, helical surface. Right: Stanford
armadillo is cut by several high- and low-frequent, smooth or sharp surfaces.

re�nement depth of four was used. The results are summarized in
Table 1. Please note the we counted only quadrature points evaluat-
ing to non-zero values in the other methods. The regular sampling
consistently produced less accurate results compared to our method
while a much larger number of quadrature points was required.
Although the adaptive approach was in some cases able to achieve
comparable accuracy, the number of required quadrature points was
larger by several orders of magnitude.

Complex Cutting. Besides comparisons and academic examples
we performed four simulations with multiple complex cut surfaces.
In the �rst experiment we used a helical cut surface to dissect a plate
discretized with 25 ⇥ 25 ⇥ 1 hexahedral blocks each consisting of 5
tetrahedra (cf. Figure 13, left). Even though the object is discretized
by a small number of linear elements the helical-shaped material
deforms very smoothly while the cut is progressing. In the second
scenario we simulated the Stanford armadillo that we �xated on its
limbs (cf. Figure 13, right). Here, we demonstrate that our method
is able to robustly handle cuts with low and high frequent smooth
and/or sharp features while dissecting thousands of tetrahedra.

In the scenario illustrated in Figure 1 (right), we cut a circular
groove into the Stanford bunny and subsequently peeled the groove
o� with a second cut. The result demonstrates that our method is
able to robustly handle �nely structured cut surfaces while pro-
ducing a realistic result. Moreover, it shows that our simulation
yields realistic results even when a coarse tetrahedral mesh is used.
The tetrahedral discretization of the bunny consisted of only ~18.5k
tetrahedra while the visualized triangle mesh had ~53k triangles.
In the fourth and �nal scenario we simulated a plate with several
attached objects as depicted in Figure 1 (left). We modeled a very
long cut surface and complicated the scenario by displacing the
cut surface’ vertices using distorted noise. Due to the noise several
tetrahedra are cut multiple times by the same cut surface resulting
in the requirement to enrich several nodes multiple times (prob-
lem described in Section 4.3). In this highly complex example, we
show that our method is able to accurately handle very complex cut
surfaces and yields a realistic animation where all cut regions are
properly separating without any artifacts.

We also measured the performance of the last two scenarios. Both
scenarios were simulated using a time step width of �t = 5ms. The
simulation of the bunny scenario took on average 1.375s per step
with initially 5326 DOFs, �nally resulting in 9432 DOFs. Further,
47.27% of the time was spent to process the cuts and to enrich the
nodes. Our quadrature rule construction is included in that portion
but individually took only 8.5% of the time required per step. The
plate scenario initially consisted of 47643 DOFs resulting in 53326
DOFs and took 9.365s per time step. 17.5% of the time was spent to
process the cuts while our quadrature rule construction individually
took 0.7% of the simulation time. The last scenario clearly shows
the advantage of our approach in comparison to remeshing based
methods since even for a very complex cut surface the number of
DOFs increased only by 12%.

Preconditioning. In order to analyze the e�ect of our precondi-
tioner on the system matrix’ condition number we conducted an
experiment where we cut the unit cube consisting of �ve tetrahedra
with bounding coordinates (�1,�1,�1)T and (1, 1, 1)T using a plane
with normal (1, 0, 0). We then measured the condition number of the
system matrix while varying the location of the cut in x-direction.
We further chose the system matrix as A = M+�t2K resulting from
discretization and linearization in a single Newton step, where �t
and K = @f int/@u represent time step width and tangent sti�ness
matrix, respectively. The cube was unconstrained and the matrix
was assembled for Young’s modulus E = 106N /m2, Poisson ratio
� = 0.3, density � = 1000k�/m3 and time step width �t = 10�3s .
The graph in Figure 14 shows the outcome of our experiment. While
the condition number of the unpreconditioned system matrix ap-
proaches in�nity when the cut is close to the bounds, the condition
number of the preconditioned matrix is considerably lower. Even
when the cube is cut exactly through its center the condition number
of the unpreconditioned matrix is nearly two orders of magnitude
higher compared to the uncut matrix’ condition number. It should
further be mentioned that the condition number of the precondi-
tioned matrix will also approach in�nity when the cut is so close to
the cube boundary that some of the enriched vertices’ DOFs have (al-
most) no support. Fortunately, this is prevented by constraining the
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Chitalu et al. / DC-XFEM for Simulating Brittle Fracture

(a) Bunny (b) ArmBunny (c) Statue

Figure 18: Examples of brittle fracture simulated with our method.

(a) Setup

(b) [SDF07] (c) [WJST14] (d) Ours

Figure 19: Mesh cutting evaluation scene where a bunny is cut into
four pieces. See also Table 2.

our approach can deal with recursive breakage more efficiently than
classical FEM, which requires the tetrahedral mesh to be refined dur-
ing crack propagation. Our method only requires tetrahedralization
once for each crack surface that generated fragments.

Another limitation of our method is that we assume simple topolo-
gies for the propagation of the crack front. We do not explicitly han-
dle crack bifurcation (‘branching’ as in e.g. [DMD*00; MGS11]),
and self-intersections which can occur. Despite this, our method
can still be used to simulate complex fracture patterns on flat (wine
glass) and volumetric (statue) shapes.

Controlling the condition number of the stiffness matrix is an
open challenge in XFEM discretization, which we did not address.
Simulation failure can occur if the stiffness matrix is not kept reg-
ular, and/or when nodes whose enrichment functions have only

(a) input mesh (b) cutting plane (c) output

Figure 20: An extreme example. The input mesh (blue) is a pentag-
onal frustum where the pentagons (top and bottom faces) have been
made concave (and are not parallel to each other). Each pentagon
is composed of polygons with several concavities.

(a) 3D partial cut. (b) 2D cutting

Figure 21: Handling incision (partial) cuts and 2D cuts.

small supports in the cut element are not removed (see Fries and
Belytschko [FB10] for a brief discussion).

Our cutting algorithm successively consigns the use of floating-
point operations to the task of calculating intersection points but it
is not provably robust against rare degeneracies. Despite this fact,
the algorithm is reasonably stable, even with our complex fragment
geometries. One solution to providing robustness guarantees is incor-
porating contingency measures to detect and resolve degeneracies by
using tolerances in a hierarchical manner and specifying bounds on
floating point error [WJST14]. Alternatively, geometric predicates
may also be applied e.g. using the binary space-partition view for
representing intersection points [BF09].

Finally, as mesh fragments often exhibit complex geometries,

c� 2020 The Author(s)
Computer Graphics Forum c� 2020 The Eurographics Association and John Wiley & Sons Ltd.
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(a) (b)

Images copyright Rahul Narain, Armin Samii, and James F. O’Brien.

Figure 10: Two different dresses simulated on a dancing character.

Working with dynamic data structures does make efficient imple-
mentation harder compared to working with static structures. For
example, we do not attempt to maintain a cache-friendly memory
layout of the mesh. However, we think the benefits from adaptive
data structures justify the added complexity, and believe that more
efficient implementation is still feasible with further work.

Our current strain limiting approach is not aware of self-collision
constraints, which are left to the subsequent collision resolution pro-
cedure. Collision resolution may thus cause the cloth to violate the
strain limits in colliding regions. In particular, this causes difficulties
in scenarios like a tightly stretched knot. We believe this limitation
could be overcome by incorporating additional constraints in the
strain limiting optimization.
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Abstract

We present a method for simulating highly detailed cutting and frac-
turing of thin shells using low-resolution simulation meshes. In-
stead of refining or remeshing the underlying simulation domain
to resolve complex cut paths, we adapt the extended finite ele-
ment method (XFEM) and enrich our approximation by custom-
designed basis functions, while keeping the simulation mesh un-
changed. The enrichment functions are stored in enrichment tex-

tures, which allows for fracture and cutting discontinuities at a res-
olution much finer than the underlying mesh, similar to image tex-
tures for increased visual resolution. Furthermore, we propose har-

monic enrichment functions to handle multiple, intersecting, arbi-
trarily shaped, progressive cuts per element in a simple and unified
framework. Our underlying shell simulation is based on discontin-
uous Galerkin (DG) FEM, which relaxes the restrictive requirement
of C

1 continuous basis functions and thus allows for simpler, C
0

continuous XFEM enrichment functions.

CR Categories: I.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling—Physically based modeling; I.6.8
[Simulation and Modeling]: Types of Simulation—Animation

1 Introduction

One of the most striking aspects of thin-walled structures is their
dramatic failure via buckling, tearing, and fracturing modes. The
introduced discontinuities can drastically alter the stability, defor-
mation, and trajectory of the structure. Simulating such phenomena
requires identifying the location of discontinuities and predicting
the response of neighboring material. Yet even representing dis-
continuities is in itself considered awkward. Works in the graphics
and mechanics communities have considered adaptive refinement
methods, which are well-suited for gradual variations in the scale
of relevant features, but require too many levels of refinement to
sharply resolve creases or fractures. Other works take a remeshing
approach, which avoids introducing many new unknowns at the cost
of some additional implementation and a projection step to transfer
data between the old and new representations.

In an alternative point of departure, the extended finite element
method (XFEM) enriches the representation with the specific ba-
sis functions required to capture the desired discontinuity. In doing
so, XFEM introduces (unlike refinement) only a negligible number
of new unknowns, and (unlike remeshing) keeps intact the origi-
nal mesh connectivity. No method is best for all applications, but
the XFEM approach, as yet unexplored in the context of anima-
tion tools for flexible surfaces, offers an enticing way to represent

Figure 1: Starting from a single 8-node quad shell element, our

method is able to capture complex deformations and topological

changes by simply enriching the element’s basis functions through

texture maps (left). Fracturing a bunny triangle mesh (right).

highly-complex, sharp features, while keeping computation and im-
plementation relatively simple.

The mechanics community has studied extensively the application
of XFEM to thin shell fracture. However, mechanics research fo-
cuses on accurate prediction of crack growth and consequent ma-
terial displacements, necessitating a fine spatial discretization and
in particular a sparse number of discontinuous features relative to
mesh elements. In the rare case where an element is cut a second or
third time, current methods impose a hierarchical structure to keep
track of the cuts. Furthermore, because the diameter of elements is
small compared to the diameter of discontinuous features, existing
methods can safely assume a simple (linear, low-order, or trigono-
metric) shape to the piecewise discontinuity per element.

By contrast, a coarse mesh is both economical and sufficient for
computing plausible animations. That a graphics application de-
mands less precision and predictive power does not imply that a
coarser, less-detailed output is acceptable; in fact, the converse is
true—if we compare the desired level of feature resolution to com-
putational investment, graphics applications are far more demand-
ing. An XFEM method for graphical simulation of shells operates
in a different regime characterized by more dense and more com-
plex discontinuities. In our setting, assuming a simple shape (a line
or quadratic curve) for the discontinuity is unnecessarily limiting,
and adopting a hierarchical structure to keep track of multiple cuts
is needlessly cumbersome.

In this paper, we extend the current body of work on XFEM toward
the goals of graphical simulation. We introduce recent develop-
ments in XFEM treatments of thin shells, and we describe several
developments novel to both the graphics and engineering literature.
Our main contributions are

• a unified XFEM framework based on harmonic enrich-

ment functions, which allows for multiple, intersecting, and
arbitrarily-shaped cuts per element, while being easy to de-
fine, compute, and use;

• a discrete representation of the enrichment functions using en-

richment textures, which simplifies specification and compu-
tation of cuts and paves the way for the future incorporation
of now-standard GPU-based techniques;
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highly-complex, sharp features, while keeping computation and im-
plementation relatively simple.

The mechanics community has studied extensively the application
of XFEM to thin shell fracture. However, mechanics research fo-
cuses on accurate prediction of crack growth and consequent ma-
terial displacements, necessitating a fine spatial discretization and
in particular a sparse number of discontinuous features relative to
mesh elements. In the rare case where an element is cut a second or
third time, current methods impose a hierarchical structure to keep
track of the cuts. Furthermore, because the diameter of elements is
small compared to the diameter of discontinuous features, existing
methods can safely assume a simple (linear, low-order, or trigono-
metric) shape to the piecewise discontinuity per element.

By contrast, a coarse mesh is both economical and sufficient for
computing plausible animations. That a graphics application de-
mands less precision and predictive power does not imply that a
coarser, less-detailed output is acceptable; in fact, the converse is
true—if we compare the desired level of feature resolution to com-
putational investment, graphics applications are far more demand-
ing. An XFEM method for graphical simulation of shells operates
in a different regime characterized by more dense and more com-
plex discontinuities. In our setting, assuming a simple shape (a line
or quadratic curve) for the discontinuity is unnecessarily limiting,
and adopting a hierarchical structure to keep track of multiple cuts
is needlessly cumbersome.

In this paper, we extend the current body of work on XFEM toward
the goals of graphical simulation. We introduce recent develop-
ments in XFEM treatments of thin shells, and we describe several
developments novel to both the graphics and engineering literature.
Our main contributions are

• a unified XFEM framework based on harmonic enrich-

ment functions, which allows for multiple, intersecting, and
arbitrarily-shaped cuts per element, while being easy to de-
fine, compute, and use;

• a discrete representation of the enrichment functions using en-

richment textures, which simplifies specification and compu-
tation of cuts and paves the way for the future incorporation
of now-standard GPU-based techniques;
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1) Topology = combinatorial maps [Lienhardt 1991, Damiand 2012] 

darts and pointers object = set of i-cells

       0        1        2         3  

Definition of the data structure
Contributions. 1. A unified data structure 13

We can mix several topologies of 2-cells or 3-cells inside the same object 

geometry embedded in 0-cells

2) Geometry = Linear Cell Complex [Lienhardt 1991, Damiand 2012]
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3) Physics = add mechanical properties into i-cells 

Definition of the data structure
Contributions. 1. A unified data structure 14

+ Direct access to information for simulation
+ Same approach for any physical model & topology / in any dimension

For mass-spring system: 0-cells: particles; 1-cells: springs; 3-cells: internal springs

[Fléchon WSCG 2013]

For mass-tensor: 0-cells: nodes; 3-cells: forces

[Golec WSCG 2015]



Topological operations
Motivations Cartes Combinatoires LCC pour la Simulation Solution pour Limiter les Mises à Jour Résultats Conclusion et Travaux futurs

Mise à Jour à Effectuer après une Découpe

Aucune

v
2

v
1

v
4

v
3

A
B

v
3

v
4

v
1

v’
2

v’
1

v
2

A
B

14 / 23

4) Topological changes = used combinatorial maps operations

For mass-spring: springs, particles

Vol1 Vol0111 

Vol0011 Vol0110 

RefinementCutting

Contributions. 1. A unified data structure 15

Cutting is based on unsew operator of the combinatorial map 
■Delete the β3 link 

■Some 2-cells and 1-cells are split into two 
■ Information is copied (naturally done by the combinatorial map)

[Damiand PRL 2020]

We have to update mechanical properties 

[Fléchon WSCG 2013]

+ Topological operations: managed by combinatorial maps



Simulation with topological changes
Contributions. 1. A unified data structure 16

[Fléchon WSCG 2014]

Forces computation: call appropriate addForce() function︎ into appropriate i-cells  
For mass-spring: spring’s force          For mass-tensor: force code 

RefinementUpdating
Physical model information

Pre-processing

Forces accumulation
Integration

Simulation

Linear Cell Complex + Mass-Spring System
Topological + physical model Simulation’s loop

Management

β2
β3

β1β0

(x,y,z)

Spring

Particle

Spring

LCC 
changes

Cutting/piercing

Non-conformal mesh

no
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[Fléchon WSCG 2014]

Forces computation: call appropriate addForce() function︎ into appropriate i-cells  
For mass-spring: spring’s force          For mass-tensor: force code 

RefinementUpdating
Physical model information

Pre-processing

Forces accumulation
Integration

Simulation
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Topological + physical model Simulation’s loop

Management
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(x,y,z)
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Our contribution: a generic approach
17Contributions. 1. A unified data structure 

■Description of an object = a single data representation 
• combinaison of elements (2 or 3-cells) 
• with different topologies, with different physical models 

■Easy to add new physical model 

■During simulation: refinement, merging, cutting, piercing, etc. 
• mathematically robust thanks to combinatorial maps

What’s next? 
Addition of subdivision schemes / other topological operations 
Improvement of mesh cutting in 3D 
Integration of collision model inside our representation?



Outline of the talk

■Challenges of interactive medical simulation 

■Strategy: towards a generic model  

■Contributions 

1. A unified data structure 

2. Generation of mass-tensor force code 

3. Extension of mass-spring system 

■Application 

■Conclusion & Research program



Contributions. 2. Generation of mass-tensor force code

2 - Generation of mass-tensor force code 

1 - A unified data structure

3 - Extension of mass-spring system
Topological 

model
Physical 
model

PhD Thesis of  
Xavier Faure

2010 2014

Project: European ENVISION project 
(European NoVel Imaging Systems for ION therapy)



Motivation - Mass-tensor approach
18

[Cotin97, Pincinbono2003, Schwartz 2005] 

Contributions. 2. Generation of mass-tensor force code



Motivation - Mass-tensor approach

Parameters chosen according to soft tissue’s mechanical behavior

constitutive law

ϵHooke = 1
2 ("T + ")

Wlaw(x, y, z) = λ
2 (Tr ϵ(x, y, z))2 + μ Tr (ϵ(x, y, z)2)

ϵsvk = 1
2 ("T + ") + 1

2 ("T ⋅ ")

WE = ∫E Wlaw(x, y, z) dx dy dz

strain tensor

Integration using Gauss points

{
2. Computation of the deformation energy on an element

Parameters chosen according to element’s topology

1. Discretization of displacement’s field on an element 

 uE(x, y, z) ≃ ∑n−1
i=0 Λi(x, y, z) ui

18

[Cotin97, Pincinbono2003, Schwartz 2005] 

Contributions. 2. Generation of mass-tensor force code

according displacement of nodes Pi



3. Computation of the force applied on any node Pi of an element 

FE(Pi) = − ∂WE(Pi)
∂ui

19Contributions. 2. Generation of mass-tensor force code

+ A formulation for each node of element 

- Complex for non-linear laws / some topologies / implicit integration scheme

In [Cotin97, Pincinbono2003, Schwartz 2005]: 
- formulation for: Hooke / Saint-Venant Kirchhoff / non-linear visco-elastic 
- Euler’s explicit integration scheme 
- triangles / tetrahedra

Motivation - Mass-tensor approach
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1. C++ code to derive symbolic code of strain energy

Contributions. 2. Generation of mass-tensor force code

Algorithme 2 : Algorithme du code C++ pour le calcul du déplacement.
1: Pour chaque nœud i de l’élément Faire

2: Li := �i(
≠æ
R ) ; // Fonctions de forme en fonction de la géométrie

3: Pour chaque nœud i de l’élément Faire
4: Ui(R) := Li ú Ui;

5: Pour chaque nœud i de l’élément Faire
6: U(R) := U(R) + Ui(R);

// Fonctions de forme avec R = (R0, R1, R2)
L0:=1-R0-R1; L1:=R0; L2:=R1;

// Deplacement
U0:=[L0*U0x,L0*U0y]; U1:=[L1*U1x,L1*U1y]; U2:=[L2*U2x,L2*U2y];

U:=U0+U1+U2;

// Gradient du deplacement
JT := matrix([diff((1-R0-R1)*P0x+(R0)*P1x+(R1)*P2x,R0),

diff((1-R0-R1)*P0y+(R0)*P1y+(R1)*P2y,R0)],
[diff((1-R0-R1)*P0x+(R0)*P1x+(R1)*P2x,R1),
diff((1-R0-R1)*P0y+(R0)*P1y+(R1)*P2y,R1)]);

GradU:=JT^(-1)matrix([diff(U,R0),diff(U,R1)]);

GradUT:=matrix(transpose(GradU));

4.4 - Génération des équations

Code 2 Formulation symbolique de l’énergie de déformation pour un triangle en Hooke.

1 // Code Maxima genere pour un element triangulaire avec loi de Hooke
2 E:=1/2 * (GradU + GradUT);
3

4 // p0 et p1 les coefficients de Lame
5 W0:=p0/2 * trace(E)^2;
6 W1:=p1 * trace(E^2);
7

8 // Integration analytique
9 WE :=integrate(integrate(W0(R0,R1)*det(JT(R0,R1)),R1,0,1-R0), R0,0,1);

10

11 // Integration en utilisant des points de Gauss
12 // a = 1/6, b = 2/3, omega = 1/6 (par exemple)
13 intW0_0:=omega * W0(a,a) * det(JT(a,a));
14 intW1_0:=omega * W1(a,a) * det(JT(a,a));
15 intW0_1:=omega * W0(b,a) * det(JT(b,a));
16 intW1_1:=omega * W1(b,a) * det(JT(b,a));
17 intW0_2:=omega * W0(a,b) * det(JT(a,b));
18 intW1_2:=omega * W1(a,b) * det(JT(a,b));
19

20 WE:=intW0_0 + intW1_0 + intW0_1 + intW1_1 + intW0_2 + intW1_2;

Extraction des données constantes. Pour optimiser l’exécution de la simulation, nous
regroupons les parties constantes de la formulation obtenue en calcul formel de l’énergie
de déformation afin de ne calculer ces parties constantes qu’une seule fois en tant que
pré-traitement de la boucle de simulation. A noter que ce processus est e↵ectué sur la
formulation de l’énergie de déformation puisque les autres étapes de la simulation (calcul
des forces et de leurs dérivées) n’introduisent pas de nouvelles variables.

Expressions commutative. Afin de faciliter cette extraction, nous convertissons les for-
mulations symboliques en expressions commutatives (i.e. des expressions ne contenant
ni soustraction, ni division, ni opérateur puissance). Comme illustré sur la Fig. 4.2, les
expressions commutatives peuvent être représentées par un graphe 1.
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0,)2%!'
03#456%!37!5'
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=

>

!
"

<
=

=

>

!
$

!

!" !# !"!""#" $$$$

!# %% !$ %% !$$$$

Figure 4.2 – Expressions commutatives représentées par un graphe.

1. Les figures de type graphe de ce chapitre sont issues du manuscrit de la thèse de Xavier Faure (2014b).
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2. Grouping of constant data for pre-processing purpose

Symbolic code of strain energy

Sum of equations

Constants Variables

+ Grouping performed at this step as any other variables are next introduced

Deriving code of F, dF/du, dF/dv



Deriving code of F, dF/du, dF/dv
22Contributions. 2. Generation of mass-tensor force code

      3. C++ code to derive symbolic code of F and its derivatives

Figure 4: The optimized expression obtained with two constant data extracted.

puted by summing all the contributions from the neighboring
elements, with:

F(PI) = FI =
X

E2NI
FE(Pi) =

X

E2NI
�@WE(Pi)
@Ui

,

where NI is the set of elements containing node PI, and with
i 2 [0, n � 1] the local node of E corresponding of the global
node I of the object (in the global vertex indexation).

Whereas the information of the forces is su�cient for an ex-
plicit or semi-implicit integration scheme (enabling to compute
velocities and displacements according to accelerations and
velocities, respectively), the computation of their di↵erentials
is mandatory when an implicit integration scheme is used.
Considering a 3D element E, the di↵erentials of the force
on node Pi is given by �FE(Pi) =

h
�F0

E(Pi) . . . �Fn�1
E (Pi)

i
,

where �F j
E(Pi) =

h
@FE(Pi)/@U j

i
3,3

for j 2 [0, n � 1] for a
three-dimensional object.

A C++ program is used to generate the symbolic code ex-
ecuted to obtain the formulation of the forces and their di↵er-
entials applied on each node i. Algorithm 3 presents the main
steps of this program. The forces are computed from the refor-
mulated energy, a polynomial expression P in function of Ui.
The coe�cient of the term depends on the constant data. The
program 3 presents the Maxima’s formulation of the forces and
their di↵erentials obtained for the triangle.

2.4. Split of the symbolic formulation
This step consists to split the commutative expressions ob-

tained with Maxima as a sum of smaller expressions. Indeed,
the initial expressions are initially too long for the compiler (for
example, we have not enough memory on the processor for an
hexahedron considering the Saint Venant Kirchho↵ constitutive
law). The separation is done in three places:

• The constitutive law is generally the sum of several terms
inducing a trivial split of the expression. For example W =
�
2 (tr ✏)2 + µ tr ✏2 can be naturally split in 2. We note nl
the splits number due to the formulation of the law.

Algorithm 3 Generation of the symbolic formulation of the
forces and their di↵erentials for each node of an element.

1: {Reformulation of the total strain energy}
2: IW = P(Ui 2 [0..n � 1],Dj 2 [0..m � 1])

3: {Computation of the forces}
4: for each node i do
5: Fi = � @IW

@Ui

6: {Computation of the forces di↵erentials}
7: for each node i do
8: for each dimension k do
9: for each node j do

10: for each dimension l do
11: dFik, jl =

@Fi[k]
@U jl

12: {Multiplication of @F@U by a vector V}
13: for i = 0 to n � 1 do
14: for k = 0 to dim � 1do
15: for j = 0 to n � 1 do
16: for l = 0 to dim � 1 do
17: dFi[k]+ = dFik, jl ⇤ Vj[l]

Program 3 Symbolic formulation of the forces and their di↵er-
entials using Maxima.

1 // Maxima’s code generated for the triangle’s nodes
2 F0x: -diff(WE,U0x); F0y: -diff(WE,U0y);
3 F0:[F0x,F0y];
4

5 F1x: -diff(WE,U1x); F1y: -diff(WE,U1y);
6 F1:[F1x,F1y];
7

8 F2x: -diff(WE,U2x); F2y: -diff(WE,U2y);
9 F2:[F2x,F2y];

10

11 dF00 := diff(F0,U0);
12 dF01 := diff(F0,U1);
13 dF02 := diff(F0,U2);
14

15 dF10 := diff(F1,U0);
16 dF11 := diff(F1,U1);
17 dF12 := diff(F1,U2);
18

19 dF20 := diff(F2,U0);
20 dF21 := diff(F2,U1);
21 dF22 := diff(F2,U2);

5
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16: for l = 0 to dim � 1 do
17: dFi[k]+ = dFik, jl ⇤ Vj[l]

Program 3 Symbolic formulation of the forces and their di↵er-
entials using Maxima.

1 // Maxima’s code generated for the triangle’s nodes
2 F0x: -diff(WE,U0x); F0y: -diff(WE,U0y);
3 F0:[F0x,F0y];
4

5 F1x: -diff(WE,U1x); F1y: -diff(WE,U1y);
6 F1:[F1x,F1y];
7

8 F2x: -diff(WE,U2x); F2y: -diff(WE,U2y);
9 F2:[F2x,F2y];

10

11 dF00 := diff(F0,U0);
12 dF01 := diff(F0,U1);
13 dF02 := diff(F0,U2);
14

15 dF10 := diff(F1,U0);
16 dF11 := diff(F1,U1);
17 dF12 := diff(F1,U2);
18

19 dF20 := diff(F2,U0);
20 dF21 := diff(F2,U1);
21 dF22 := diff(F2,U2);

5
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4. Split of equations for compilation purpose
1.0*1.0/(2.0)*D[1]*((-1.0)*1.0*1.0/(4.0)*u[3][0]+1.0*1.0/(4.0)*u[2][0]+(-1.0)*1.0*1.0/
(4.0)*u[1][0]+1.0*1.0/(4.0)*u[0][0])+(-1.0)*1.0*1.0/(2.0)*D[2]*(D[3]*((-1.0)*1.0*1.0/
(4.0)*u[3][0]+1.0*1.0/(4.0)*u[2][0]+1.0*1.0/(4.0)*u[1][0]+(-1.0)*1.0*1.0/(4.0)*u[0][0])
+D[4]*(1.0*1.0/(4.0)*u[3][1]+1.0*1.0/(4.0)*u[2][1]+(-1.0)*1.0*1.0/(4.0)*u[1][1]+
(-1.0)*1.0*1.0/(4.0)*u[0][1]))*D[3]+1.0*1.0/(4.0)*D[5]*D[6]*((-1.0)*1.0*1.0/(4.0)*u[3]
[0]+1.0*1.0/(4.0)*u[2][0]+(-1.0)*1.0*1.0/(4.0)*u[1][0]+1.0*1.0/(4.0)*u[0][0])+1.0*1.0/
(2.0)*D[5]*D[8]*((-1.0)*1.0*1.0/(4.0)*u[3][0]+1.0*1.0/(4.0)*u[2][0]+(-1.0)*1.0*1.0/
(4.0)*u[1][0]+1.0*1.0/(4.0)*u[0][0])+D[9]*((-1.0)*1.0*1.0/(2.0)*D[8]*((-1.0)*1.0*1.0/
(4.0)*u[3][0]+1.0*1.0/(4.0)*u[2][0]+1.0*1.0/(4.0)*u[1][0]+(-1.0)*1.0*1.0/(4.0)*u[0][0])+
(-1.0)*1.0*1.0/(2.0)*(1.0*1.0/(2.0)*D[3]*((-1.0)*1.0*1.0/(4.0)*u[3][1]+1.0*1.0/(4.0)*u[2]
[1]+1.0*1.0/(4.0)*u[1][1]+(-1.0)*1.0*1.0/(4.0)*u[0][1])+1.0*1.0/(2.0)*D[4]*(1.0*1.0/
(4.0)*u[3][0]+1.0*1.0/(4.0)*u[2][0]+(-1.0)*1.0*1.0/(4.0)*u[1][0]+(-1.0)*1.0*1.0/(4.0)*u[0]
[0]))*D[4])

5. Sofa’s plugin: CPU & GPU

addForce(): uses generated code of F
addDForce(): uses generated code of dF
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to derive code of F, dF/dU, dF/dV
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+ Useful to use an implicit integration scheme / to perform virtual prototyping 
+ This process is usable for other physical model

Topological model Constitutive law

• Hooke 
• Saint Venant-Kirchhoff 

• Triangle 
• Quad 
• Tetrahedron 
• Hexahedron

Code of F, dF/dU, dF/dV for any node of an element

• CPU 
• GPU

Unit



Criteria driven adaptative simulation

[Faure VRIPHYS 2012] [Caillaud VRIPHYS 2013]

25Contributions. 2. Generation of mass-tensor force code

Hooke

Changement de loi dynamique

Hooke => 100FPS, 10% erreur
Contrainte faible
Contrainte forte => intermédiaire 25FPS, 1% erreur
StVK => 1FPS, erreur nulle
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Integration of other constitutive laws / topologies / shape functions 

Improvement of the process / optimization 

Contributions. 2. Generation of mass-tensor force code



Outline of the talk

■Challenges of interactive medical simulation 

■Strategy: towards a generic model   

■Contributions 

1. A unified data structure 

2. Generation of mass-tensor force code 

3. Extension of mass-spring system 

■Application 

■Conclusion & Research program
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⃗F v
ij(t) = − dij(x′ j(t) − x′ i(t))

⃗F e
ij(t) = − kij (∥xi(t) − xj(t)∥ − lij) ⃗u ij(t)

Particle

Spring
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7.2 Travaux existants sur les modèles masses-ressorts

En Informatique Graphique, le modèle physique des masses-ressorts est souvent employé

pour e↵ectuer des animations interactives (Chen et al. (1998)) puisqu’il est simple à mettre

en œuvre et qu’il permet aussi bien de simuler des objets 2D, comme des textiles (Bridson

et al. (2002)), ou des objets 3D dits déformables (Teschner et al. (2004)). Mais son emploi

devient un peu plus compliqué quand nous souhaitons l’utiliser dans le cadre d’applications

médicales où la précision reste un critère important. En e↵et, la mise en place de la

modélisation physique d’un objet par un système masses-ressorts nécessite la définition

des propriétés mécaniques du système, c’est-à-dire la définition des masses et des raideurs

des ressorts, alors que le lien entre ces raideurs et les propriétés mécaniques d’un matériau

(module de Young et coe�cient de Poisson par exemple) n’est pas évident à mettre en

place. C’est pourquoi au fil des ans, des travaux se sont focalisés sur cet aspect, ainsi que

sur le contrôle du volume de l’objet simulé, afin d’assurer le caractère incompressible des

tissus mous dans le cadre d’une simulation médicale.

En ce qui concerne les travaux sur la la formulation des raideurs, deux approches

existent : une approche tente d’identifier les paramètres du système en fonction de données

réelles issues d’expérimentations mécaniques ou de vidéos ; et une autre vise à obtenir

une formulation analytique des raideurs en fonction des paramètres mécaniques du matériau.

Notre objectif étant l’obtention d’une solution qui soit applicable pour di↵érents tissus

mous définis par leurs propriétés mécaniques, nous nous sommes concentrés sur la recherche

d’une formulation analytique des raideurs intégrant les
propriétés mécaniques

(module de Young, coe�cient de Poisson) du matériau.

Le Tableau 7.1 fournit un récapitulatif des formulations analytiques des raideurs qui

ont été établies dans la littérature. Je donne ensuite quelques détails sur ces formulations,

afin de positionner nos propres travaux sur cette thématique de recherche.

Table 7.1 – Récapitulatif des formulations des raideurs propos
ées dans la littérature dans le cadre de la

simulation d’objets déformables. Tableau modifié initialement issu de la thèse de Karolina Golec (2018).

N¶ Auteurs
Formulation des

raideurs

Propriétés

géométriques et

mécaniques du

matériel

Bases physiques

1
Wilhelms and

Van Gelder

(1997)

ktri = A1 + A2
l20

katri = c
ÿ

i

Ai

3

maillage triangu-

laire, membrane

élastique

approximation géomé-

trique

2 Gelder (1998)
kctri = E2

q
e
Ae

|l0|2

kctetra = E
q

e
Ve

|l0|2

maillage triangu-

laire ou maillage

tétraédrique, iso-

tropique, élastique

linéaire

approximation géomé-

trique

La suite sur la page suivante
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Table 7.1 – Suite du tableau récapitula
tif des formulations des raideurs.

N¶ Auteurs
Formulation des

raideurs

Propriétés

géométriques
et

mécanique
s du

matériel

Bases physique
s

3
Maciel et al.

(2003)

khexa =
k0 cos0 +

q
i
ki cosi

l0+
q

i
li cosi

objets élastiques

linéaires, maillage

hexaédrique avec

ressorts diagonaux

ajustement angulaire de

la formulation de Gelder

(1998)

4
Lloyd et al.

(2007)

ktri =
q

e
E h

Ô3
4

kerect =
q

e

5
16 h E

kdrect = 7
16 h E

ktetra =
q

e

2
Ô2
25 l E

kVtetra =
q

e

2
Ô2
21 l E

4
5

kV =
Ô2
84 l3 E

2
5

élastique linéaire,

raideurs pour la

préservatio
n du vo-

lume pour maillage

tétraédrique

basé sur modèle FEM de

référence

5
Zerbato et al.

(2007)
ktetra = E1+E2

2

q
i
Vi

l
2
0

échantillons de foie
approximation géomé-

trique

6
Delingette

(2008a,b)

ktri =
2 cot

2–i(⁄+µ)+µ
16 Ap

=

E (2 cot
2–i+1≠‹)

16(1≠‹2)Ap

ctri =
2 cot –i co

t –j(⁄+µ)≠µ

16 Ap

=

E (2 cot –i co
t –j+‹≠1)

16(1≠‹2)Ap

ktetra =(⁄+µ) V

2
(Di·Dj)2

+µV

2 ÎDiÎ2ÎDjÎ2

ctetra = (⁄+µ) V
2

(Di·Dj)(Di·Dk)+

µV

2 ÎDiÎ2(Dj·Dk)

élastique linéaire,

membrane non-

linéaire
(Saint

Venant Kirchho↵),

maillage
triangu-

laire ou maillage

tétraédrique

basé sur l’énergie de dé-

formation d’un triangle

ou d’un tétraèdre

7
Arnab and

Raja (2008)

kEtri = E
q

iœj
Vj

l
2
i

kGtri = E
q

iœj
Vj

2 l2i (1≠‹)

kBtri = E

3(1≠2‹)
q

iœj
Vj

l
2
i

objets 3D élastiques
modèle géométrique avec

propriétés élastiques
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Table 7.1 – Suite du tableau récapitulatif
des formulations des raideurs.

N¶ Auteurs
Formulation des

raideurs

Propriétés

géométriques et

mécaniques du

matériel

Bases physiques

8
Baudet et al.

(2009)

kerect = E(j2(3‹+2)≠i
2)

4 l0 h0(1+‹)

kdrect = E(l20+h
2
0)

4 l0 h0(1+‹)

kehexa = E l0(4‹+1)
8(1+‹)

kdi

hexa
=

E i

q
jœ{x0,y0,z0}j

2

8(1+‹)
r

{lœ{x0,y0,z0},l ”=i} l

matériel élastique li-

néaire avec maillage

rectangulaire et

hexaédrique

paramétrisation
basée

sur déformations en

cisaillement et étirement

9

Natsupakpong

and Ça-

vuşoğlu

(2010)

kerect = ⁄

3 + µ

2

kdrect =
1

5⁄
12 + 3µ

4

2

élastique linéaire,

maillage rectangu-

laire

approximation d’un mo-

dèle FEM

1. Une des premières formulations a été proposée par Wilhelms and Van Gelder (1997)

dans le cadre d’animation de personnages ou d’animaux représentés par di↵érents

composants : os, muscles, tissus mous et peau. Pour simuler la déformation de la

peau, qui se produit lors de la contraction du muscle, celle-ci peut être vue comme

une membrane élastique et être modélisée par un système masses-ressort
s basé sur

un maillage triangulaire. Pour un triangle donné, les raideurs ktri des ressorts sont

définies en fonction des surfaces A1 et A2 des deux triangles adjacents avec l0 la

longueur au repos du ressort considéré. La formulation des raideurs est établie pour

un coe�cient de Poisson nul. Une autre raideur katri est proposée pour les ressorts

(de longueur nulle) assurant un lien entre la peau et les autres composants (muscle,

os, tissus mous) également établie en fonction des aires Ai des triangles adjacents.

2. L’année suivante, Gelder (1998) propose une nouvelle formulation des raideurs pour

un système masses-ressorts
également utilisé pour modéliser le comportement d’une

membrane élastique. Ce papier met en avant le fait que pour améliorer la précision

de la simulation, il ne faut pas utiliser une unique formulation des raideurs, même

dans le cas d’une membrane uniforme. Pour un triangle donné composé des ressorts

a, b, c, la formulation de la raideur kctri du ressort c est à nouveau établie en fonction

des aires Ae des triangles qui lui sont adjacents, mais en intégrant cette fois-ci le

module de Young 1D et 2D notés respectivement E2 et E (avec E2 = E h où h est

l’épaisseur du matériau), ainsi que le coe�cient de Poisson ‹ du matériau simulé. La

formulation complète est donnée par :

kctri =
3 E2

1 + ‹

4 Ae

|lc|2
+

3 E2 ‹

1≠ ‹2

4
|la|

2 + |lb|
2 ≠ |lc|

2

8Ae

(7.1)

où la, lb, lc représentent les longueurs des ressorts a, b, c. Par contre, au niveau des

résultats, Gelder (1998) utilise les formulations simplifiées mises dans le tableau 7.1

correspondant au cas où ‹ = 0. Par ailleurs, les résultats fournis sont uniquement

visuels, c’est-à-dire qu’il ne donne pas l’erreur obtenue par le système masses-ressorts

par rapport, par exemple, à un modèle élément fini d’une membrane élastique qui

pourrait être modélisée par le modèle CST (Constant St
rain Model - cf. chapitre

2). A

210

Chapitre 7 : Amélioration du modèle physique des masses-ressorts

Le Tableau 7.2 récapitule les formulations données dans la littérature afin d’assurer la
conservation du volume d’un objet modélisé en utilisant un système masses-ressorts. Il
s’agit essentiellement de forces de correction appliquées sur les sommets du système. Pour
référence, j’ai rappelé dans la première ligne du tableau, la formulation des forces initiales
qui sont appliquées par un ressort sur un sommet j connecté à ses voisins i, avec ks et kd
la raideur et le coe�cient d’amortissement du ressort. Je donne ensuite quelques détails
sur ces formulations afin de positionner nos travaux de recherche.

Table 7.2 – Récapitulatif des forces de corrections proposées dans la littérature pour la conservation du
volume dans le cadre de l’emploi d’un système masses-ressorts.

N¶ Auteurs Force ajoutée dans le système masses-ressorts

0
Formulation
initiale F j

ressort
= ≠

1
ks (Îxj ≠ xiÎ ≠ l0) + kd

(vj≠vi)·(xj≠xi)
Îxj≠xiÎ

2
xj≠xi

Îxj≠xiÎ

1
Bourguignon
and Cani
(2000)

F j

tetra
= ≠ks

1q3
i=0 Îxi ≠ xBÎ ≠

q3
i=0 Îxi ≠ xBÎt=0

2
xj≠xB

Îxj≠xBÎ

F j

hexa
= ≠

1
ks (Îxj ≠ xBÎ ≠ Îxj ≠ xBÎt=0) + kd

(vj≠vB)·(xj≠xB)
Îxj≠xBÎ

2
xj≠xB

Îxj≠xBÎ

2
Mollemans
et al. (2003) F vol

j

tetra = q
t
(Vt ≠ V 0

t ) xj≠xbt

|xj≠xbt
| , xbt

= 1
4

q4
k=0 xk, t indice des tétraèdres

3
Baudet et al.
(2009)

F‹e
rect = i Fi(1≠3 ‹)

8 j
, (i, j) œ {l0, h0}, i ”= j

F‹e

hexa
= ≠

Fi(4 ‹≠1)
16 , i œ {x0, y0, z0}

4
Jarrousse
et al. (2010) Wv = W + 1

2 k (det(F)≠ 1)2 = W + 1
2 k

1
V ≠V0
V0

22
, k = 2◊ 106

5

Kot and
Nagahashi
(2015, 2017);
Kot et al.
(2014)

F j = F j
µ + F j

ú , F j
µ = ≠Ÿµ (Îxj ≠ xiÎ ≠ l0) , F j

ú = ≠q Ÿµ (Îxj ≠ xiÎ ≠ l0)

6
Arnab and
Raja (2008) F j = kB

tri
(V ≠ V0) – N

1. Afin d’employer le modèle des masses-ressorts dans le cadre de simulations médicales,
Bourguignon and Cani (2000) proposent une approche permettant de conserver le
volume des éléments du maillage durant la déformation de l’objet. Une formulation
est donnée pour les éléments d’un maillage tétraédrique et une autre pour les éléments
d’un maillage hexaédrique. Il s’agit d’une force qui est appliquée sur les sommets
des éléments. Cette force relie le barycentre de position xB aux autres sommets de
l’élément. Elle remplace la formulation usuelle des forces appliquées par des ressorts
sur les sommets. A noter que pour les tétraèdres, ils prennent en compte uniquement
la raideur ks des ressorts, alors que pour les hexaèdres, ils considèrent également le
coe�cient d’amortissement kd des ressorts. En terme de résultats, ils annoncent une
variation de volume inférieure à 1, 5%, mais en signalant que ces résultats sont très
dépendants du type de matériau et des tests e↵ectués.
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Additional forces to preserve volume&
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devient un peu plus compliqué quand nous souhaitons l’utiliser dans le cadre d’applications

médicales où la précision reste un critère important. En e↵et, la mise en place de la

modélisation physique d’un objet par un système masses-ressorts nécessite la définition

des propriétés mécaniques du système, c’est-à-dire la définition des masses et des raideurs

des ressorts, alors que le lien entre ces raideurs et les propriétés mécaniques d’un matériau

(module de Young et coe�cient de Poisson par exemple) n’est pas évident à mettre en

place. C’est pourquoi au fil des ans, des travaux se sont focalisés sur cet aspect, ainsi que

sur le contrôle du volume de l’objet simulé, afin d’assurer le caractère incompressible des

tissus mous dans le cadre d’une simulation médicale.

En ce qui concerne les travaux sur la la formulation des raideurs, deux approches

existent : une approche tente d’identifier les paramètres du système en fonction de données

réelles issues d’expérimentations mécaniques ou de vidéos ; et une autre vise à obtenir

une formulation analytique des raideurs en fonction des paramètres mécaniques du matériau.

Notre objectif étant l’obtention d’une solution qui soit applicable pour di↵érents tissus

mous définis par leurs propriétés mécaniques, nous nous sommes concentrés sur la recherche

d’une formulation analytique des raideurs intégrant les
propriétés mécaniques

(module de Young, coe�cient de Poisson) du matériau.

Le Tableau 7.1 fournit un récapitulatif des formulations analytiques des raideurs qui

ont été établies dans la littérature. Je donne ensuite quelques détails sur ces formulations,

afin de positionner nos propres travaux sur cette thématique de recherche.

Table 7.1 – Récapitulatif des formulations des raideurs propos
ées dans la littérature dans le cadre de la

simulation d’objets déformables. Tableau modifié initialement issu de la thèse de Karolina Golec (2018).

N¶ Auteurs
Formulation des

raideurs

Propriétés

géométriques et

mécaniques du

matériel

Bases physiques

1
Wilhelms and

Van Gelder

(1997)

ktri = A1 + A2
l20

katri = c
ÿ

i

Ai

3

maillage triangu-

laire, membrane

élastique

approximation géomé-

trique

2 Gelder (1998)
kctri = E2

q
e
Ae

|l0|2

kctetra = E
q

e
Ve

|l0|2

maillage triangu-

laire ou maillage

tétraédrique, iso-

tropique, élastique

linéaire

approximation géomé-

trique

La suite sur la page suivante
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Table 7.1 – Suite du tableau récapitula
tif des formulations des raideurs.

N¶ Auteurs
Formulation des

raideurs

Propriétés

géométriques
et

mécanique
s du

matériel

Bases physique
s

3
Maciel et al.

(2003)

khexa =
k0 cos0 +

q
i
ki cosi

l0+
q

i
li cosi

objets élastiques

linéaires, maillage

hexaédrique avec

ressorts diagonaux

ajustement angulaire de

la formulation de Gelder

(1998)

4
Lloyd et al.

(2007)

ktri =
q

e
E h

Ô3
4

kerect =
q

e

5
16 h E

kdrect = 7
16 h E

ktetra =
q

e

2
Ô2
25 l E

kVtetra =
q

e

2
Ô2
21 l E

4
5

kV =
Ô2
84 l3 E

2
5

élastique linéaire,

raideurs pour la

préservatio
n du vo-

lume pour maillage

tétraédrique

basé sur modèle FEM de

référence

5
Zerbato et al.

(2007)
ktetra = E1+E2

2

q
i
Vi

l
2
0

échantillons de foie
approximation géomé-

trique

6
Delingette

(2008a,b)

ktri =
2 cot

2–i(⁄+µ)+µ
16 Ap

=

E (2 cot
2–i+1≠‹)

16(1≠‹2)Ap

ctri =
2 cot –i co

t –j(⁄+µ)≠µ

16 Ap

=

E (2 cot –i co
t –j+‹≠1)

16(1≠‹2)Ap

ktetra =(⁄+µ) V

2
(Di·Dj)2

+µV

2 ÎDiÎ2ÎDjÎ2

ctetra = (⁄+µ) V
2

(Di·Dj)(Di·Dk)+

µV

2 ÎDiÎ2(Dj·Dk)

élastique linéaire,

membrane non-

linéaire
(Saint

Venant Kirchho↵),

maillage
triangu-

laire ou maillage

tétraédrique

basé sur l’énergie de dé-

formation d’un triangle

ou d’un tétraèdre

7
Arnab and

Raja (2008)

kEtri = E
q

iœj
Vj

l
2
i

kGtri = E
q

iœj
Vj

2 l2i (1≠‹)

kBtri = E

3(1≠2‹)
q

iœj
Vj

l
2
i

objets 3D élastiques
modèle géométrique avec

propriétés élastiques
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7.2 - Travaux existants sur les modèles masses-ressorts

Table 7.1 – Suite du tableau récapitulatif
des formulations des raideurs.

N¶ Auteurs
Formulation des

raideurs

Propriétés

géométriques et

mécaniques du

matériel

Bases physiques

8
Baudet et al.

(2009)

kerect = E(j2(3‹+2)≠i
2)

4 l0 h0(1+‹)

kdrect = E(l20+h
2
0)

4 l0 h0(1+‹)

kehexa = E l0(4‹+1)
8(1+‹)

kdi

hexa
=

E i

q
jœ{x0,y0,z0}j

2

8(1+‹)
r

{lœ{x0,y0,z0},l ”=i} l

matériel élastique li-

néaire avec maillage

rectangulaire et

hexaédrique

paramétrisation
basée

sur déformations en

cisaillement et étirement

9

Natsupakpong

and Ça-

vuşoğlu

(2010)

kerect = ⁄

3 + µ

2

kdrect =
1

5⁄
12 + 3µ

4

2

élastique linéaire,

maillage rectangu-

laire

approximation d’un mo-

dèle FEM

1. Une des premières formulations a été proposée par Wilhelms and Van Gelder (1997)

dans le cadre d’animation de personnages ou d’animaux représentés par di↵érents

composants : os, muscles, tissus mous et peau. Pour simuler la déformation de la

peau, qui se produit lors de la contraction du muscle, celle-ci peut être vue comme

une membrane élastique et être modélisée par un système masses-ressort
s basé sur

un maillage triangulaire. Pour un triangle donné, les raideurs ktri des ressorts sont

définies en fonction des surfaces A1 et A2 des deux triangles adjacents avec l0 la

longueur au repos du ressort considéré. La formulation des raideurs est établie pour

un coe�cient de Poisson nul. Une autre raideur katri est proposée pour les ressorts

(de longueur nulle) assurant un lien entre la peau et les autres composants (muscle,

os, tissus mous) également établie en fonction des aires Ai des triangles adjacents.

2. L’année suivante, Gelder (1998) propose une nouvelle formulation des raideurs pour

un système masses-ressorts
également utilisé pour modéliser le comportement d’une

membrane élastique. Ce papier met en avant le fait que pour améliorer la précision

de la simulation, il ne faut pas utiliser une unique formulation des raideurs, même

dans le cas d’une membrane uniforme. Pour un triangle donné composé des ressorts

a, b, c, la formulation de la raideur kctri du ressort c est à nouveau établie en fonction

des aires Ae des triangles qui lui sont adjacents, mais en intégrant cette fois-ci le

module de Young 1D et 2D notés respectivement E2 et E (avec E2 = E h où h est

l’épaisseur du matériau), ainsi que le coe�cient de Poisson ‹ du matériau simulé. La

formulation complète est donnée par :

kctri =
3 E2

1 + ‹

4 Ae

|lc|2
+

3 E2 ‹

1≠ ‹2

4
|la|

2 + |lb|
2 ≠ |lc|

2

8Ae

(7.1)

où la, lb, lc représentent les longueurs des ressorts a, b, c. Par contre, au niveau des

résultats, Gelder (1998) utilise les formulations simplifiées mises dans le tableau 7.1

correspondant au cas où ‹ = 0. Par ailleurs, les résultats fournis sont uniquement

visuels, c’est-à-dire qu’il ne donne pas l’erreur obtenue par le système masses-ressorts

par rapport, par exemple, à un modèle élément fini d’une membrane élastique qui

pourrait être modélisée par le modèle CST (Constant St
rain Model - cf. chapitre

2). A
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Le Tableau 7.2 récapitule les formulations données dans la littérature afin d’assurer la
conservation du volume d’un objet modélisé en utilisant un système masses-ressorts. Il
s’agit essentiellement de forces de correction appliquées sur les sommets du système. Pour
référence, j’ai rappelé dans la première ligne du tableau, la formulation des forces initiales
qui sont appliquées par un ressort sur un sommet j connecté à ses voisins i, avec ks et kd
la raideur et le coe�cient d’amortissement du ressort. Je donne ensuite quelques détails
sur ces formulations afin de positionner nos travaux de recherche.

Table 7.2 – Récapitulatif des forces de corrections proposées dans la littérature pour la conservation du
volume dans le cadre de l’emploi d’un système masses-ressorts.

N¶ Auteurs Force ajoutée dans le système masses-ressorts

0
Formulation
initiale F j

ressort
= ≠

1
ks (Îxj ≠ xiÎ ≠ l0) + kd

(vj≠vi)·(xj≠xi)
Îxj≠xiÎ

2
xj≠xi

Îxj≠xiÎ

1
Bourguignon
and Cani
(2000)

F j

tetra
= ≠ks

1q3
i=0 Îxi ≠ xBÎ ≠

q3
i=0 Îxi ≠ xBÎt=0

2
xj≠xB

Îxj≠xBÎ

F j

hexa
= ≠

1
ks (Îxj ≠ xBÎ ≠ Îxj ≠ xBÎt=0) + kd

(vj≠vB)·(xj≠xB)
Îxj≠xBÎ

2
xj≠xB

Îxj≠xBÎ

2
Mollemans
et al. (2003) F vol

j

tetra = q
t
(Vt ≠ V 0

t ) xj≠xbt

|xj≠xbt
| , xbt

= 1
4

q4
k=0 xk, t indice des tétraèdres

3
Baudet et al.
(2009)

F‹e
rect = i Fi(1≠3 ‹)

8 j
, (i, j) œ {l0, h0}, i ”= j

F‹e

hexa
= ≠

Fi(4 ‹≠1)
16 , i œ {x0, y0, z0}

4
Jarrousse
et al. (2010) Wv = W + 1

2 k (det(F)≠ 1)2 = W + 1
2 k

1
V ≠V0
V0

22
, k = 2◊ 106

5

Kot and
Nagahashi
(2015, 2017);
Kot et al.
(2014)

F j = F j
µ + F j

ú , F j
µ = ≠Ÿµ (Îxj ≠ xiÎ ≠ l0) , F j

ú = ≠q Ÿµ (Îxj ≠ xiÎ ≠ l0)

6
Arnab and
Raja (2008) F j = kB

tri
(V ≠ V0) – N

1. Afin d’employer le modèle des masses-ressorts dans le cadre de simulations médicales,
Bourguignon and Cani (2000) proposent une approche permettant de conserver le
volume des éléments du maillage durant la déformation de l’objet. Une formulation
est donnée pour les éléments d’un maillage tétraédrique et une autre pour les éléments
d’un maillage hexaédrique. Il s’agit d’une force qui est appliquée sur les sommets
des éléments. Cette force relie le barycentre de position xB aux autres sommets de
l’élément. Elle remplace la formulation usuelle des forces appliquées par des ressorts
sur les sommets. A noter que pour les tétraèdres, ils prennent en compte uniquement
la raideur ks des ressorts, alors que pour les hexaèdres, ils considèrent également le
coe�cient d’amortissement kd des ressorts. En terme de résultats, ils annoncent une
variation de volume inférieure à 1, 5%, mais en signalant que ces résultats sont très
dépendants du type de matériau et des tests e↵ectués.
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ρ
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κ = 1
2

E (4 ν − 1)
(1 + ν)(1 − 2ν)

Wc
vol = 1

2 κ (Vc − Vc
0)2

V0
FPi

= ∂Wc
vol

∂Pi
= κ Vc − Vc

0
V0

∂Vc

∂Pi
For an element:

: material coefficient linked to volume variationκ

Tr(ϵ) = (V − V0)/V0

ϵ = 1
2 ("T + ")



Stability improvement thanks to springs on faces
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A = 0

+ Results similar to those obtained using the FEM

No more wrinkles in compression!



Breaking Cauchy’s limitation thanks to 
additional forces

Contributions. 3. Extension of mass-spring system
12 K. Golec et al.

 0

 1

 2

 3

 4

 5

 0  1  2  3  4  5  6  7
 Y

 

 X 

FEM
MSS+CF

(a) n = 0

 0

 1

 2

 3

 4

 5

 0  1  2  3  4  5  6  7

 Y
 

 X 

FEM
MSS+CF

(b) n = 0.25

 0

 1

 2

 3

 4

 5

 0  1  2  3  4  5  6  7

 Y
 

 X 

FEM
MSS+CF

(c) n = 0.499

Fig. 8 Shape of the body for the shearing experiment with big (20%) deformation at different Poisson’s ratios, E = 10,000; comparison between
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+ Possibility to simulate any  
+ Stiffness formulations according to E, 

ν
ν

Results close to FEM results in shear, tension, torsion
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Icosahedron 
Faces: 20; Edges: 30; Vertices: 12 

Cone 
Faces: 1 or 2; Edges: 0 or 1; 

Vertices: 0 or 1 

Cylinder 
Faces: 2 or 3; Edges: 0 or 2; 

Vertices: 0 

Name Date 
 

 
 

GEOMETRY QUICK GUIDE 3:  3D SHAPES 
 
 
 
 
 
 

  

Tetrahedron 
Faces: 4; Edges: 6; Vertices: 4 

Square pyramid 
Faces: 5; Edges: 8; Vertices: 5 

Hexagonal pyramid 
Faces: 7; Edges: 12; Vertices: 7 

 
 
 
 
 
 

  

Cube 
Faces: 6; Edges: 12; Vertices: 8 

Cuboid 
Faces: 6; Edges: 12; Vertices: 8 

Triangular prism 
Faces: 5; Edges: 9; Vertices: 6 

 
 
 
 
 
 

  

Octahedron 
Faces: 8; Edges: 12; Vertices: 6 

Pentagonal prism 
Faces: 7; Edges: 15; Vertices: 10 

Hexagonal prism 
Faces: 8; Edges: 18; Vertices: 12 

 
 
 
 
 
 

  

Dodecahedron 
Faces: 12; Edges: 30; Vertices 20 

Sphere 
Faces: 0 or 1; Edges: 0; Vertices 0 

Ellipsoid 
Faces: 0 or 1; Edges: 0; Vertices 0 

 
 
 
 
 
 

  

Icosahedron 
Faces: 20; Edges: 30; Vertices: 12 

Cone 
Faces: 1 or 2; Edges: 0 or 1; 

Vertices: 0 or 1 

Cylinder 
Faces: 2 or 3; Edges: 0 or 2; 

Vertices: 0 

complex object (not with a cubic grid) 
any refinement scheme 
cutting without any constraint

k = ?
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In collaboration with

To be suitable to "any" constitutive law of soft tissues

Extension of non-linear force formulation

Extension

For

Contributions. 3. Extension of mass-spring system
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PhD Thesis of  
Romain Buttin & Mathieu Bailet

Projects: GMCAO & SIMED, cluster ISLE (Informatique, signal, logiciel embarqués), Région Rhône-Alpes 
 SAGA project (ANR-12-MONU-0006)

: A childbirth simulator



[Buttin EMBC 2009, Buttin CMPB 2013]
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Outline of the talk

■Challenges of interactive medical simulation 

■Strategy: towards a generic model   

■Contributions 

■Application 

■Conclusion & Research program

1. Dynamic adaptation 
2. Parallel computing 
3. Childbirth simulator 
4. An optimal description? 
5. Validation: towards medical simulators 
6. Patient specific simulators

What’s next?
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Simulation’s loop 
Forces accumulation 

Numerical integration 
(explicit, implicit)

Criteria 
• Topological one (shape) 
• Physical one (stress, strain)

A topological 
description by 

element

A physical model 
with a force 

formulation by 
node

Mass-tensor 

- Formulation

Mass-spring system 

- , , non-linear∀ν ∀E

C
ou

pl
ag

e 
to

 h
ap

tic
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ev
ic

es

• Refinement 
• Merging  
• Cutting 
• Piercing

• Linear 
• Non-linear

• Mass-tensor 
• Mass-spring

Dynamic adaptation

Conclusion & Research program.



A generic model

Our strategy: 

■A model suitable to the simulation of objects composed of several 
types of elements (topology, physics) 

■A dynamic adaptation of these elements according to criteria

35

A lot of papers in Computer Graphics for 3D deformable objects

To meet the need of user’s interaction

Conclusion & Research program.



Dynamic adaptation of hybrid objects
Conclusion & Research program. 1. Dynamic adaptation 36

Border management between different elements (topology/physics) 

Implication for implicit integration scheme 

Implication for stability / convergence/ mechanics / perception

Constitutive law

• Linear 
• Non-linear 
• etc.

Physical model

• 3D FEM 
• 2D FEM Shell 
• Mass-tensor 
• Mass-spring system

Topology

• Hexahedron 
• Tetrahedron 
• Prism 
• etc.

Numerical 
integration

•Implicit 
•Explicit

?



Parallel computing (GPU, multi-CPU)
To propose adequate data structure / algorithms

Conclusion & Research program. 2. Parallel computing 37

Numerical 
integration

Processor: Quad-core AMD OpteronGPU: GeForce 6600GT Nvidia

Haptic model 

Collision model

•Explicit 
•Implicit



Integration of forceps with sensors into the simulator

38

In collaboration with

Childbirth simulator
Conclusion & Research program. 3. Childbirth simulator

Combine several physical models: 

■Foetus’s head 

■Articulated body 

■Pelvic floor 

■Bony pelvis 

■Parturient’s abdomen



Towards an optimal description 
during simulation?

Conclusion & Research program. 4. An optimal description? 39

mobility showed those ligaments had a major role in mobility
of organs [9, 10] and their lesion could potentially cause
urogenital prolapse. The higher the size of the fetal head
(gestational age/fetal macrosomia) the more important the de-
formation of the uterosacral ligaments is, but also the eventu-
ality of potential damage in cases of disorders of pelvic statics.

Comparison to other models described

Understanding childbirth for the pathophysiology of urogen-
ital prolapse is an important public health problem. Many
delivery simulations have been developed in two different
ways:

Fig. 3 Trajectory of fetal head: the different steps are head flexion, engagement, descent and rotation, deflexion, expulsion and restitution

Fig. 4 Pelvic system at different
instants, fetal head passage and
other fields of displacement

Int Urogynecol J

[Lepage 2014] [Buttin 2009]

simplifications / errors

?

[Jiang 2019]

8.4 - Comment simuler numériquement un accouchement ?

temps que la tête s’engage dans le détroit supérieur, elle est fléchie sur la poitrine, puis
elle va se tourner légèrement vers le côté droit ou gauche pour entrer dans le bassin (pour
présenter sa plus petite taille). Ce premier détroit franchi, la tête descend ensuite dans le
bassin pour e↵ectuer une seconde rotation. Pour accompagner ces mouvements, le bassin
e↵ectue également un mouvement particulier appelé “nutation”, conséquence de la poussée
de la tête fœtale sur celui-ci. Ces mouvements sont illustrés par la Fig. 8.9 (b).

Ainsi au cours de la descente du fœtus, la partie supérieure des ailes iliaques e↵ectue un
mouvement d’adduction (flèches rouges qui se rapprochent du plan médian) accompagné
d’une abduction de la partie basse de l’ischium (flèches bleues qui s’éloignent du plan
médian). Durant ces rotations, la tête va appuyer sur le coccyx qui e↵ectue alors un
mouvement de flexion. Le coccyx e↵ectuera ensuite un mouvement de contre-nutation
lors du dégagement de la tête du bassin. Les mouvements du coccyx sont illustrés par les
flèches bordeaux. Il est ainsi important de modéliser de manière pertinente à la fois les
mouvements du bassin osseux et ceux de la tête du fœtus afin d’obtenir une trajectoire
réaliste de la descente fœtale.

Notre approche pour le bassin osseux. Afin de limiter le temps d’exécution de
la simulation, nous avons considérablement simplifié le maillage surfacique du bassin
osseux en supprimant les arêtes vives, tout en conservant ses caractéristiques essentielles
telles que les épines ischiatiques, la pointe du coccyx ainsi que la zone du pubis. Pour
cela, nous avons tout d’abord réalisé un maillage très grossier qui s’appuie sur les boites
englobantes des di↵érentes parties connexes du bassin et au final nous obtenons un maillage
comportant 1 750 nœuds comme illustré sur la Fig 8.10 (a). Pour les conditions limites
visibles sur la Fig. 8.10 (b), nous avons considéré les ailes iliaques comme des organes fixes
et indéformables, le rachis comme fixé et nous n’avons ainsi laissé mobile que la bascule au
niveau inférieur.

(a) (b)

Figure 8.10 – (a) Simplification du maillage du bassin osseux (de gauche à droite) : maillage lissé (3 500
noeuds), bôıtes englobantes, maillage final (1 750 noeuds). (b) Conditions limites du bassin osseux avec en
vert les parties fixées..

Pour le comportement mécanique, Fung (1993) rappelle les expériences réalisées par
Yamada (1970) suggérant que la loi de Hooke est applicable aux os dans le cadre de
contraintes limitées. Nous avons ainsi utilisé la loi de Hooke pour la modélisation du bassin
osseux permettant de petites déformations. Pour le module de Young de l’os, Dufour
and Pillu (2007) présentent une valeur moyenne de 15 à 19 MPa comprenant les parties
trabéculaire et cortical de l’os. L’os cortical étant beaucoup plus dense que l’os trabéculaire
(la partie spongieuse de l’os), nous avons choisi un module de Young E = 23 MPa afin
de se concentrer sur l’os cortical. Le coe�cient de Poisson pour l’os étant compris entre
0, 2 et 0, 3 selon Dalstra et al. (1993), nous avons choisi une valeur ‹ = 0, 3 pour le bassin
osseux. En outre, nous avons estimé la valeur de la densité à 1000 kg/m3, proche de celle
de l’eau. A noter que la partie musculaire du bassin a été directement incorporée dans
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in order to reach a description with an optimal trade-off 
between speed and precision/user interactions

(law, physical model, topology)  

Need to determine the validity limit of each physical model: machine learning?
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■A second validation with the elaboration of relevant scenarii (morphology, 

pathology - usual & rare situations) for learning to reproduce 
■A third validation in regards of medical training: tests campaign with practitioners

SPARTE project (ANR-11-IDFI-0034, SAMSEI project of Université de Lyon)

“We have to learn how to operate on a real patient 
and not learn to run the simulator. "

[Barnouin GRAPP 2020]
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From medical training simulators…  
          to patient specific simulators

Even more challenges at each step of the simulation 

■Data (3D mesh, mechanical parameters) from patient 

■Need to automate the whole pipeline 

■Need for more accurate simulations 

■A robust validation!

Conclusion & Research program. 6. Patient specific simulators 41

[Charlotte 2011]



Thanks to my family

Happy birthday Charlotte!
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