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ABSTRACT This paper presents the control design for the regulation and trajectory tracking tasks of
the non-minimum phase output voltage of a DC-DC Boost-type power converter. The proposed approach
exploits the differential flatness property of the system leading to a control strategy whose benefits include
a simple derivation based on the parameterization of the control input and a zero steady-state error in the
system response due to the establishment of predefined stable error dynamics. The main contribution of
this paper is that the proposed controller is robust against power supply variations that may arise from the
use of renewable energy sources. Furthermore, it is also robust against load variations that are normally
related to energy consumption demands. These aspects are disregarded in most of the existing control
techniques. Successful validation of the effectiveness of the flatness-based control system is carried out
through numerical simulations and experimental tests performed in a built prototype of the system.

INDEX TERMS Control design, DC-DC power converters, differential flatness, nonlinear control systems,
trajectory tracking task.

I. INTRODUCTION
In recent years, DC-DC power converters have been used
in different applications such as switching power supplies,
DC motor drives, photovoltaic systems, etc. [1]–[4]. The
high efficiency in the input-output energy conversion of
DC-DC power conversion systems is one of its salient
features [5], [6]. The Boost-type converter is one of the basic
topologies of DC-DC power converters which transforms a
low input voltage into a high output voltage. Generally, its
operation is controlled via the switching element through a
Pulse-Width-Modulator (PWM) technique [7].

The difficulties in controlling Boost-type DC-DC convert-
ers lie in their nonlinear nature and in the existent input
disturbances and parameter variations [8]. Unknown fluctua-
tions of both the load and the input voltage degrade the per-
formance of the controllers [9]. Input voltage variations are
an often-encountered phenomenon that may arise from the
use of non-conventional power supplies such as photovoltaic
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energy [10], hydrogen fuel cells [11], or fading DC voltage
sources [6], [12].

An effective control law for the trajectory tracking task
must spontaneously respond even under system disturbances.
Such performance is useful in dynamic applications such as
motor drives or power converters to meet tracking require-
ments [13]. In the literature, there are different algorithms
which have been proposed to control the output voltage of
the Boost converter for the regulation and trajectory tracking
tasks. For instance in [14], a control strategy that combines
a predesigned cascade controller and a nested reduced-order
Proportional-Integral Observers (PIOs) to produce a desired
voltage is developed; the validity of the proposed observer-
based control scheme is evaluated via computer simulations
and comparative experiments using a laboratory prototype.
A robust nonlinear adaptive controller for trajectory tracking
maneuvers of the output voltage on a Boost converter with
uncertain time-varying parameters is presented in [6]; this
proposal is compared with an adaptive Linear Quadratic Reg-
ulator (LQR) optimal control based on feedback linearization
showing its superiority. A sliding mode controller for the
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regulation task is developed in [15]; the controller takes into
account the variations of the load and voltage reference of
the Boost converter. A control for the Boost converter that
combines sliding modes with a generalized PIO is presented
in [16]; the observer is used to estimate the perturbations
occurring in the system in order to increase its robustness. The
effectiveness of the proposed controller is evaluated through
numerical simulations and experiments. Another control that
considers the sliding mode technique is proposed in [17];
the salient feature of this control scheme is that the con-
trolled system has a total sliding motion without a reach-
ing phase as in the conventional sliding mode control. The
design of a PWM-based adaptive sliding-mode control is
presented in [18]; it operates in spite of unknown loads and
unknown power source. The proposal is evaluated through
numerical simulations and experimental tests; a compari-
son with a conventional sliding-mode controller and with
a Propotional-Integral (PI) control shows its effectiveness.
In [8], a robust time-delay control for the regulation of the
output voltage of the Boost converter is proposed; it uses
a delayed switching input to the converter, where the vol-
tage and current output variables are replaced by unknown
dynamics and disturbances. The proposed control is validated
through numerical simulations and experimental tests; its
robustness is evaluated by means of load and input voltage
variations.

A cascade control that embeds a robust inner-loop cur-
rent controller for the task of regulating the output voltage
of a Boost converter is developed in [19]; the performed
experiments show the robustness of the proposed approach
against uncertainties in both the system parameters and the
converter load. A different controller for the stabilization
task is presented in [20], it is based on the system passivity
property in combination with two nonlinear observers that
reject perturbations of the system parameters; a compara-
tive analysis demonstrates the superiority of the proposed
approach with respect to the classic passivity control and
with respect to a passivity control with integral action. The
cascade controller proposed in [21] is based on a reduced
order PIO for regulating the voltage of the Boost converter
that is subject to various uncertainties such as changes
in load resistance, power supply variations and parametric
uncertainties. This control is validated through numerical
simulations.

The above-mentioned references deal with the regulation
task. On the other hand, the trajectory tracking problem for
the Boost converter is addressed in [22] and [23]. In [22],
a flat filter digital controller based on the flatness property
is designed and implemented. The flat filter constitutes a
reinterpretation of the classical compensation networks for
linear systems. In [23], a sliding mode controller in which
the reference signal is defined by the flat output of the
system is designed and validated by means of experimental
tests. Nevertheless, the chattering phenomenon linked to the
sliding mode technique and the lack of robustness against
load variations are some of its drawbacks.

FIGURE 1. Electronic circuit of a Boost converter.

The differential flatness property of the Boost converter
has been used to obtain the parameterization of the system
variables, see for instance [24]. Within the framework of the
trajectory tracking problem, this parameterization is useful
for generating the reference trajectories in terms of intrinsic
variables of the system, see for instance [23]–[27]. Based on
this approach a trajectory tracking feedback controller with
integral action is derived in [24].

Following the ideas presented in [24] and motivated by
the parametrization technique used in [23]–[27], this paper
details the design of a closed-loop controller oriented to
the regulation and trajectory tracking tasks for the output
voltage of the Boost converter. It is important to highlight
that the proposed control approach operates under power
supply variations typically arising from the use of renew-
able energy sources. In contrast, this aspect is disregarded in
most of the existing control techniques. Besides, unlike other
research works, the proposed control is robust against load
variations that are normally related to energy consumption
demands. The effectiveness of the flatness-based controller
is validated through numerical simulations and experimental
tests performed in a built prototype of the system. Among the
advantages of the proposed controller, it is worth mentioning
that its derivation and implementation are simple. Besides,
there is no steady state error in the system response due to
the establishment of predefined stable error dynamics.

It is worth mentioning that the output voltage of the Boost
converter is of non-minimum phase, which hinders the con-
trol design since the related dynamic is unstable around the
equilibrium point [28], [29]. However, it has been shown that
the flatness approach allows controlling non-minimal phase
systems [24], [30].

The rest of the paper is organized as follows. Section II
presents a general description and the mathematical model of
the DC-DC Boost converter. Section III details the design of
a differential flatness-based controller. Section IV highlights
the effectiveness of the proposed controller through simu-
lation and experimental results. Finally, section V presents
some concluding remarks and perspectives.

II. DC-DC BOOST CONVERTER MODEL
The main attribute of the Boost converter is that its output
voltage is always equal to or greater than its input volta-
ge. Fig. 1 shows the electronic diagram of a Boost power
converter consisting of the following elements: an inductor
L, a capacitor filter C , a load resistor R, a diode D, and a
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FIGURE 2. Ideal circuit of a Boost converter.

transistor Q, which operates within the cut-off and saturation
regions when it is excited by a switched signal. In order to
represent the ideal model of the Boost converter, it must be
considered that the transistor has an infinitely fast response
and that the diode has a threshold voltage equal to zero,
which allows the activation of conducting and blocking states
without any time loss. Here it is assumed that the input
voltage E(t) is provided by a variable power source.

Fig. 2 shows the electronic diagram of an ideal Boost power
converter. Note that the transistor and the diode are replaced
here by a switching device with two positions indicated as
u = 1 and u = 0. When u = 1, there is no connection
between the voltage source E(t) and the system load R, and
when u = 0, the energy flows between the power supply
and the load. The Boost converter output voltage is then
controlled by the switch position u. Generally, the switch
position change is carried out by a PWM signal.

Kirchhoff’s voltage and current laws are used to obtain the
mathematical model of the Boost converter described by the
differential system given by 1:

di
dt
= −

v
L
(1− u)+

E
L

(1)

dv
dt
=

i
C
(1− u)−

v
RC

(2)

where v is the output voltage, i is the current through the
inductor, andE is the time-varying power supply voltage. The
control input u represents the switch position which can only
take the binary values {0,1}.

A. AVERAGE MODEL
In order to design a control law for the Boost converter
an average model must be defined. The average model of
the Boost converter is represented by the same equations
(1)-(2), but the control variable u is redefined as a suffi-
ciently smooth function uav taking values in the real inter-
val [0,1] representing the average switch position and i, v
are the average variables of the system. Then, the model
given by (3)-(4) is referred to as average model replacing
the switched control input u ∈ {0, 1} by the average control
input uav ∈ [0, 1], which is frequently interpreted as a
duty ratio function in PWM-controlled converters and as the
equivalent control in sliding mode-controlled converters [24].

1In the following, the time dependence symbol (t) of dynamic variables
will be omitted for simplification.

The average model is written as:

di
dt
= −

v
L
(1− uav)+

E
L

(3)

dv
dt
=

i
C
(1− uav)−

v
RC

(4)

where the capacitor voltage v is a non-minimum phase output,
while the inductor current i is a minimum phase output.
Regarding the mathematical model of the Boost con-

verter used in this paper, it should be mentioned that
despite being a model where energy losses are not
considered, it is used due to its simplicity and relatively
good precision compared to more complex models such as
the ones that consider the internal resistance of the inductor,
the Shockley diode model [31], or the Ebers-Moll transistor
model [32].

III. FLATNESS-BASED CONTROL DESIGN
In nonlinear systems theory, the flatness property refers to
the capability of dynamic systems to support an accurate
linearization through endogenous feedback [33]. A differen-
tially flat system is one that satisfies the flatness property.
The main feature of differentially flat systems is that the
input and state variables can be defined in terms of a set of
variables, known as flat output or linearizing output, and a
finite number of its time derivatives without integrating the
underlying differential equation.

A flat output of the Boost converter can be deter-
mined by the total energy stored in the system (see for
instance [23]– [27], [34]):

F =
1
2

(
Li2 + Cv2

)
(5)

Using (3) and (4), the differential parameterization of the
states and of the input of the Boost converter is obtained as
follows:

i = −
RCE
2L
+ β (6)

v =

√
2
C
F −

L
C

(
−
RCE
2L
+ β

)
(7)

uav = 1−
iĖ + 1

LE
2
+

2
R2C

v2 − F̈(
1
LE +

2
RC i

)
v

(8)

β =
1
2

√(
RCE
L

)2

+
4
L

(
RCḞ + 2F

)
(9)

The derivation of (6)-(9) is presented in Appendix A. Note
that the average model (3)-(4) is represented by the differen-
tial parameterization given by (6)-(9) stated in terms of the
flat output F and its time derivatives.

The control objective is to steer the output voltage v to a
predefined (constant or variable) reference v∗. To accomplish
this goal, the control must force the flat output F to follow
the predefined reference F∗ calculated as:

F∗ =
1
2

(
Li2 + Cv∗2

)
(10)

VOLUME 7, 2019 63439



L. Gil-Antonio et al.: Trajectory Tracking Control for a Boost Converter Based on the Differential Flatness Property

Note that F∗ is given in terms of the predefined reference
voltage v∗ and of the corresponding inductor current i which,
in practice, can be directly measured by a SP22 sensor, as will
be seen in Section IV.

Following [24], in (8), the highest order derivative of the
flat output is replaced by an auxiliary input (µaux), i.e.,

µaux = F̈ (11)

Then, the control uav is determined by:

uav = 1−
iĖ + 1

LE
2
+

2
R2C

v2 − µaux(
1
LE +

2
RC i

)
v

(12)

By an appropriate selection of the auxiliary input, the stable
error dynamics ensure that F → F∗, which means that
the trajectory tracking task is achieved. The auxiliary input
defined in (13) is considered.

µaux= F̈∗−β2(Ḟ−Ḟ∗)−β1(F−F∗)− β0

∫ t

o
(F − F∗)dτ

(13)

Define the error e as the difference between the actual flat
output F and the one defined in terms of the reference output
voltage F∗, i.e., e = F − F∗.
The closed-loop tracking error dynamics is obtained by

substituting (13) in (11) and taking the time derivative of the
resulting equation:

...
e + β2ë+ β1ė+ β0e = 0 (14)

The error will asymptotically converge to zero if the gains
of the feedback tracking controller are chosen such that all
roots of the characteristic polynomial of the closed loop
system p(s) defined in (15) lie in the left half complex plane.
The constants β2, β1 and β0 must be chosen accordingly.

p(s) = s3 + β2s2 + β1s+ β0 (15)

The characteristic polynomial is written in terms of the damp-
ing factor ζ and the natural frequency ωn as follows:

p(s) = (s+ a)(s2 + 2ζωns+ ω2
n) (16)

where a > 0, ωn > 0 and ζ > 0. Notice that β2, β1 and β0
are determined by:

β2 = 2ζωn + a, β1 = 2aζωn + ω2
n, β0 = aω2

n (17)

Notice also that the proposed control law defined in (12)-
(13) takes into account that the input voltage E is a time-
varying function. However, load resistance variations are not
considered in the control design. The presence of such varia-
tions can be monitored in real-time through the measurement
of the current flowing through this element iR. Then, in this
way the control is robust against load and input voltage vari-
ations. The closed loop system trajectories are free of steady
state error due to the predefined stable dynamic. The average
controller defined in (12)-(13) cannot appropriately govern
the DC-DC Boost converter switch since it only takes binary

FIGURE 3. Block diagram of the flatness-based control system.

FIGURE 4. Time-varying input voltage, E(t).

values, hence, the controller can be implemented through a
PWM [35]. Figure 3 presents a schematic diagram illustrating
the implementation of the control system. Notice that the ref-
erence flat output F∗ is generated from the reference voltage
v∗ through (10).

IV. NUMERICAL SIMULATIONS AND
EXPERIMENTAL IMPLEMENTATION
This section presents the numerical simulations and the
experimental tests performed in a built prototype of the
system for the validation of the flatness-based controller
developed in the previous section.

A. NUMERICAL SIMULATIONS
The performance of the proposed control approach is eval-
uated through numerical simulations using the software
Matlab R©/Simulink R©. The following model parameters were
considered.

L = 10mH, C = 470 µF, R = 50 �

Fig. 4 shows the time-varying input voltage E(t) defined by

E(t) = 11.008+ 0.5504 sin(5t)+ 0.5848 sin(10t),

10 V ≤ E(t) ≤ 12 V

The design parameters defined in (17) are chosen as β0 =
12500000, β1 = 280000, and β2 = 650, so that

a = 50, ζ = 0.6, ωn = 500. (18)

Then, the roots of the characteristic polynomial (15) are
s1 = −100 + 4j, s2 = −100 − 4j and s3 = −50 + 0j.
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FIGURE 5. Numerical simulations for the first study case: constant
reference signal, variation in the load resistance. (a) Boost converter
output voltage; (b) inductor current response; (c) flatness-based average
control signal.

Since the roots lie on the left side of the complex plane,
the stability of the error dynamics is ensured, i.e., the error
e = F − F∗ asymptotically converges to zero as t →∞.

The performance of the flatness-based controller is eval-
uated through simulations. The following four study cases
were considered.

(i) The converter output voltage must keep a constant
value of 16 V. A variation in the load resistance
at 2.5 seconds is considered. This variation is per-
formed by connecting in parallel a resistance (Rp)
of 220 � to the one of 50 �, which leads to
an equivalent load of 40.7407 �. This variation
demands to the Boost converter to handle an incre-
ment of 22.73% in the current. Simulation results
for this study case are shown in Fig. 5.

(ii) The output voltage of the Boost converter must fo-
llow a triangular signal varying between 14 V and
16 V. The simulation results are shown in Fig. 6.

(iii) The output voltage of the Boost converter must fo-
llow a sine signal that varies between 14 V and 16 V
with a period of 2.5 s. The simulation results are
shown in Fig. 7.

(iv) The output voltage of the Boost converter must
smoothly shift from an initial value of v∗i = 14 V to
a final value of v∗f = 16 V in a time interval of 1 s.
Subsequently, it must smoothly decrease from 16 V
to 14 V. For this case, the reference trajectory F∗(t)
is defined as follows:

F∗(t) =



F∗(ti), for t < ti

F∗(ti)+ (F∗(tf )− F∗(ti))f (t, ti, tf )
for ti ≤ t ≤ tf

F∗(tf ), for t > tf

FIGURE 6. Numerical simulations for the second study case: triangular
reference signal. (a) Boost converter output voltage; (b) inductor current
response; (c) flatness-based average control signal.

FIGURE 7. Numerical simulations for the third study case: sinusoidal
reference signal. (a) Boost converter output voltage; (b) inductor current
response; (c) flatness-based average control signal.

where f (t, ti, tf ) ∈ [0,1] ∀ t ∈ [ti, tf ] is a 10th-order
Bézier polynomial defined as:

f (t, ti, tf ) = 252ϕ5 − 1050ϕ6 + 1800ϕ7

− 1575ϕ8 + 700ϕ9 − 126ϕ10

where

ϕ =

(
t − ti
tf − ti

)
and

F∗(ti) =
1
2

(
Lv∗4i
R2E2 + Cv

∗2
i

)

F∗(tf ) =
1
2

(
Lv∗4f
R2E2 + Cv

∗2
f

)
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FIGURE 8. Numerical simulations for the fourth study case: smooth
reference signal. (a) Boost converter output voltage; (b) inductor current
response; (c) flatness-based average control signal.

The initial values of the current and voltage of the
Boost converter are:[
i∗(ti), v∗(ti)

]
=

[
v∗2i
RE

, v∗i

]
=

[
142

RE
A, 14V

]
and the final values are:[
i∗(tf ), v∗(tf )

]
=

[
v∗2f
RE

, v∗f

]
=

[
162

RE
A, 16V

]
Fig. 8 shows the simulation results for the fourth
study case.

The reference trajectories defined for v∗ in cases (i)-(iv)
are directly generated from Matlab R©/Simulink R©. According
to the control system diagram shown in Figure 3, this signal
v∗ is sent to a block that, from (10), generates the reference
flat output F∗ which is required to produce the control signal.
Simulation results highlight the performance of the pro-

posed control approach which is effective in solving the
regulation and trajectory tracking tasks raised in the different
test scenarios. Case (i) considers the transit from a lightly
loaded system to a heavily loaded one; cases (ii)-(iv) are
defined to demonstrate the effectiveness of the control law
in tracking different reference trajectories. From Figures 5-
8, it can be noticed that the system reaches the steady state
in a very short period of time regardless the variation of the
power supply voltage. Besides, the load change occurring at
2.5 s is imperceptible in the output voltage response. A zoom
of Figure 5 (a) shows that the stabilization time is acceptable
since it is less than 0.05 s (see Figure 9). As can be seen,
a time-varying power supply voltage does not prevent the
control from solving the regulation and trajectory tracking
tasks and a change in the load do not degrade the performance
of the flatness-based controller.

B. EXPERIMENTAL RESULTS
This section presents the experimental results that highlight
the effectiveness of the proposed control strategy.

FIGURE 9. Zoom of Figure 5 (a).

FIGURE 10. General scheme of a experimental setup of the Boost
converter.

For the implementation of the flatness-based controller,
a Boost power converter is designed to operate in continuous
conductionmode (CCM) at a switching frequency of 45 KHz.
Furthermore, four sensors are used to measure the following
variables: the current through the inductor i, the output volt-
age of the converter v, the input voltage E and the current
through the load resistor iR. An additional circuit enables
the change in the system load by means of a digital output
signal d .
Fig. 10 shows a diagram with the Boost converter ele-

ments and their part numbers. The flatness-based control
algorithm was implemented with the Simulink Real-Time R©

software using an Humusoft R© MF 624 multifunction I/O
card that is installed on a computer with an Intel R©CoreTM

i7 processor and 8GB RAM memory. The complete scheme
operates at a fixed sampling frequency of 10 KHz. A PWM
generator which is set to a frequency of 45 KHz, four analog
inputs to sense the current and voltage, one analog out-
put to generate the low power source signal ELP(t) and a
digital output allowing the load change were implemented.
The disturbance signal d uses a digital output of the MF
624 card, which has a voltage level of 5 V when d = 1;
its function is to activate the relay RAS-0510. Since the
Humusoft R© card can only generate analog signals with max-
imum values of ± 10 Volts with a maximum current of
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FIGURE 11. Experimental results for the first study case: constant
reference signal, variation in the load resistance. (a) Boost converter
output voltage; (b) inductor current response; (c) flatness-based average
control signal.

FIGURE 12. Experimental results for the second study case: triangular
reference signal. (a) Boost converter output voltage; (b) inductor current
response; (c) flatness-based average control signal.

± 15 mA, to generate the signal E(t) it was necessary to
amplify by a factor of 3.44 the signal ELP(t) = 3.2 +
0.16 sin(5t) + 0.17 sin(10t) by means of a linear operational
amplifier based on the Quanser R© card UPM-15-03 (with
maximum values of:± 15 Volts,± 3 A, 45Watts continuous)
in non-inverter mode.

The flatness-based control system can be described as
follows (use Figures 3 and 10 as visual guides). The input
signals to the average control defined in (12) are supplied by
sensors S22P (current) and AMC1100 (voltage). The average
control signal uav adjusts the duty cycle of the PWM gener-
ator operating at a frequency of 45 KHz, which activates the
MOSFET 19NF20 through the optocoupler circuit IX3180.
The auxiliary input µaux defined in (13) is generated with
the use of the reference signal F∗ (derived from the output
voltage reference) and the flat output F .
The four study cases described in the previous section were

also considered for the development of experimental tests.

FIGURE 13. Experimental results for the third study case: sinusoidal
reference signal. (a) Output voltage response; (b) inductor current; (c)
average control input.

FIGURE 14. Experimental results for the fourth study case: smooth
reference signal. (a) Output voltage response; (b) inductor current; (c)
average control input.

Fig. 11 shows the experimental results obtained for the first
study case in which the output voltage of the Boost converter
must follow a constant reference signal and a variation in the
load resistance at 2.5 seconds is considered.

Fig. 12 shows the results for the second study case in
which the output voltage of the Boost converter must follow
a triangular reference signal.

Similarly, Fig. 13 shows the experimental results obtained
for the third study case in which the output voltage of the
Boost converter must follow a sinusoidal reference signal.

Fig. 14 shows the experimental results obtained for the
fourth study case in which the output voltage of the Boost
converter must follow a reference signal that smoothly
increases from 14 V to 16 V and then smoothly decreases
from 16 V to 14 V.

It is worth mentioning that, despite the chattering, the pro-
posed control approach is robust against load and voltage
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FIGURE 15. Zoom of Figure 11 (a).

supply variations. For a better perception of the system
response characteristics, a zoom of Figure 11 (a) is presented
in Figure 15. Due to the control action, the system response
presents an overshoot, which is of greater magnitude com-
pared to the one obtained in the simulation (see Figure 9).
The settling time is also bigger, but still it can be considered
acceptable since it is less than 0.2 s and most applications do
not require a faster response.

V. CONCLUSION AND PERSPECTIVES
The design of an average control based on the differential
flatness property of a DC-DCBoost power converter in which
the output voltage requires to steer a desired reference voltage
is presented in this paper. The proposed control scheme is
shown to be robust against power supply and load variations.
In practice, the power supply variations are associated with
renewable energy sources which do not always deliver a
constant voltage and the load variations are related to energy
consumption demands. An efficient performance of the pro-
posed control scheme was observed both in numerical simu-
lations and in experimental results. Among the benefits of the
controller are its direct derivation from the differential param-
eterization of the control input and its simple implementation.
Furthermore, the trajectories are driven to the reference paths
without steady state error and with a short settling time.

In order to illustrate the robustness of the proposed
approach against power supply variations in a practical appli-
cation, authors are working on the experimental implemen-
tation of the flatness-based controller to solve the Maximum
Power Point Tracking (MPPT) problem in a photovoltaic sys-
tem. The MPPT problem can be treated as a trajectory track-
ing problem for which the reference trajectory is described in
terms of the maximum power provided by the photovoltaic
panel.

APPENDIX A DIFFERENTIAL PARAMETERIZATION
This section presents the parameterization of the states and
control inputs of the Boost converter model derived from the

flat output. Consider the flat output given by

F =
1
2

(
Li2 + Cv2

)
(19)

Its time derivative is:

Ḟ = Li
di
dt
+ Cv

dv
dt

(20)

substituting the system dynamics (3)-(4) yields,

Ḟ = i(−vu+ E)+ v(iu−
v
R
)

Ḟ = iE −
v2

R
(21)

where

u = 1− uav (22)

The parameterization of i is obtained by substituting v2 (that
can be derived from (21)) into 19,

i = −
RCE
2L
+ β (23)

where:

β =
1
2

√(
RCE
L

)2

+
4
L

(
RCḞ + 2F

)
(24)

From (19), one obtains:

v =

√
2F − Li2

C
(25)

substituting (23) into (25) yields the parameterization of v,
which is obtained as follows:

v =

√
2
C
F −

L
C

(
−
RCE
2L
+ β

)2

(26)

The second derivative of F is:

F̈ = iĖ + E
di
dt
−

2v
R
dv
dt

(27)

Substituting the system dynamics (3)-(4) into (27) yields the
parameterization of the average control as follows:

uav = 1−
iĖ + 1

LE
2
+

2
R2C

v2 − F̈(
1
LE +

2
RC i

)
v

(28)
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