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ABSTRACT This study develops a novel robust control approach for a nonlinear clutchless automated
manual transmission (CAMT) in pure electric vehicles. The developed approach comprises model predictive
control (MPC), observer, and polytopic linear parameter varying (LPV) model with inexactly measured
scheduling parameters. The stability of the online-designed MPC and the offline-designed observer, as
well as the overall closed-loop system, is guaranteed by presenting the quadratic Lyapunov function
stability conditions in terms of linear matrix inequalities (LMIs). Moreover, by the means of sampler
and zero-order-hold (ZOH), the discrete-time LPV-MPC is merged with continuous-time LPV-observer to
construct the overall observer-based controller. The first contribution of the presented approach is that the
issue of inexactly measured scheduling parameters is considered, which avoids the simplifying separation
principal technique. The second contribution is assuring the stability of the closed-loop system with hybrid
continuous- and discrete-time systems. Also, the LPV-observer design procedure utilizes the singular value
decomposition (SVD) method to reduce the conservativeness; and, a constrained one-step-ahead PV-MPC
is suggested. Finally, to illustrate the performance improvement and optimality of the developed controller,
it is applied to a nonlinear CAMT system and comparison numerical results are given.

INDEX TERMS Polytopic LPV system, inexact scheduling parameters, observer-based control, model
predictive control (MPC), linear matrix inequality, clutchless automated manual transmission, pure electric
vehicle.

I. INTRODUCTION
Among the electric vehicles, the Pure Electric Vehicle (PEV)
benefits from the consumption of completely clean electric
power. Deploying the highly precise and effective electric
motors in PEVs brings new challenges and occasions in
transferring power to the wheels [1]–[3]. The power transmis-
sion structure of PEVs can be principally classified as Dis-
tributedMotor-Driven (DMD) and CentralizedMotor-Driven
(CMD) [4]. In the first category, the powertrain struc-
ture does not need mechanical transmission and differen-
tial, and PEVs are directly actuated by in-wheel motors.
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However, several apparatuses should be installed at the
wheels, which increases the wheel un-sprung mass and
vibration acceleration, and degrades the riding quality and
comfort [5]. Besides, the second category has almost the
same apparatus as the conventional power transmission sys-
tems with the exception that the inter-combustion engine is
removed and the electric motors are installed [6]. Compared
with the DMD PEV technology, the CMD PEV has been
widely utilized in the industry because of its inheritance
similarity with the conventional propulsion systems [6]. Also,
in the CMD PEVs, by eliminating the clutch control mecha-
nism, an enhanced andmore smoothed shifting is achieved by
actively controlling the electric motors. Thus, it is preferred to
deploy gears with a fixed gear ratio to control most industrial
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PEVs’ speed and simplify the powertrain structure [4].
In contrast with the dual-clutch, conventional automated,
continuously variable transmission methods, the high effi-
ciency and the low weight and cost of the Clutchless Auto-
matedManual Transmission (CAMT)make it a proper choice
in the centralized motor-driven PEV automated transmission
[7], [8]. The CAMT has already been exposed to effectively
enhance the drivability and energy efficiency of pure electric
buses.

The CAMT in the centralized motor-driven PEVs has fast
dynamics in which driveline oscillations appear. This fact
makes the overall speed control of PEVs more challenging
[9], [10]. In recent years, various control approaches have
been proposed for the speed control of PEVs using CAMT.
In [11], the nonlinearity of the air drag force has been repre-
sented by a Takagi-Sugeno fuzzy model and the scheduling
parameters are estimated using an observer. However, it is
assumed that the aerodynamic gains are known. In [12],
the dynamics of the CAMT are analyzed and a gear-shifting
controller is presented for the enhanced position regulation
performance of gear-shifting actuators. In [13], a robust H∞
Linear Quadratic Regulator (LQR) is incorporated with the
pole-placement technique to alleviate the effect of the exter-
nal load torque on the speed of PEV. A robust performance
improvement with two-layer control scheme in four-wheel
electric vehicle is proposed in [14]. In [15], a recursive least-
squares algorithm is considered to update the parameters of a
brushless DC motor, then a generalized Proportional Integral
(PI) approach is developed for the speed synchronization of
CAMT systems in the presence of networked induced delays.
In addition, an unknown input observer control scheme is
considered in [16] for the estimation of the states of CAMT.
Then, the gain of the Kalman-Bucy filter is deployed to
eliminate the effect of the torque disturbance on the esti-
mation. In [17], the problem of the CAMT is investigated
to improve the system performance of down- and up-shifts.
In [18], a two-motor PEV CAMT dynamics is considered
and the problem of torque control for multiple speed gear
ratio issue is investigated. Besides, an event-triggered robust
H∞ state-feedback controller with two performance indices
is designed in [4] via Linear Matrix Inequalities (LMIs).
The so-called performance indices stand for wheel speed
(to assure the tracking performance) and the axle wrap rate
(to assure the passenger comfort), respectively. The attempt
is made to reduce the effect of the external disturbance based
on the energy-to-peak criterion. In [11], the nonlinearity of
the air drag force is modeled by a Takagi-Sugeno fuzzy rep-
resentation and then an observer is presented to estimate the
scheduling parameters. Utilizing Vehicle-to-Grid technique,
EVs can act as loads. [19] investigates aggregation of EVs
for frequency control of microgrid by implementing grid
regulation and charger controller.

During the last decades, Linear Parameter Varying (LPV)
Model Predictive Control (MPC) methods have received a
great deal of consideration due to their practical implemen-
tation [9], [10], [20]. For applications with all state variables

not available from measurement, the output-feedback robust
MPC is the solution of choice. However, it is worth noting
that no common valid separation principle exists to affirm
the stability of the augmented closed-loop system in output-
feedback robust MPC. This is due to the existence of physical
constraints alongwith the coupling between the parameters of
the observer and controller [21]. Most of the recent advances
in output-feedback robust MPC for LPV stabilize the aug-
mented closed-loop system by simultaneously optimizing the
parameters of the observer and controller. Hence, in order to
attain robust stability while satisfying the given constraints,
one must take into consideration the joint dynamics of the
observer and the controlled system. Amajor drawback of this
technique, however, is the Bilinear Matrix Inequality (BMI)
problem; a nonconvex optimization approach that cannot be
solved in polynomial time [22], [23]. In [24], [25], quadratic
boundedness is considered to guarantee that the current and
future augmented states are constrained in one Robust Pos-
itive Invariant (RPI) set such that the robust stability of the
augmented closed-loop system is ensured. An N-step MPC
for Systems with Persistent Bounded disturbance under SCP
is discussed in [26]. The off-line output-feedback robustMPC
technique based on a look-up table approach is studied in
the researches of Ping and Ding [24] for decreasing the
online computational burden. The state-observer gain is first
designed off-line. The gain of the online optimized controller
is then determined by considering the dynamics of the estima-
tion error, computed using the off-line observer gain, so as
to avoid the coupling between the observer and controller
gains. Note, however, that those gains are derived with the
assumption that the scheduling parameters are completely
known. The problem of designing resilient MPC for cyber-
physical systems (CPSs) has been addressed in [27]. The
design took into consideration the polytopic uncertainties and
state saturation nonlinearities under the Try-Once-Discard
(TOD) scheduling. For the inexact scheduling parameters of
LPV systems, the nonconvex optimization problems have
been solved using an iterative Cone Complementarity Lin-
earization (CCL) algorithm in [28]. However, the considered
approach resulted in conservative solutions due to the use
of CCL.

In general, in the experimental cases, there is mismatch
between the actual and measured values depending on sen-
sor error and imprecision because of calibration, temper-
ature variation, and quality of instrument. This issue has
become a stimulating research topic and numerous tech-
niques have been planned for LPV systems with inexactly
measured scheduling parameters in several themes, cover-
ing design of fault-detection observer [29], filtering [30],
design of state-feedback controller [31], and design of output-
feedback controller [32]. Since in the practical circumstances,
the states are not available for feedback control, this work
emphases on design of the output-feedback control tech-
nique. In [33] and [34], the topics of designing a dynamic
output-feedback controller and an observer-based controller
are considered, respectively. However, in those approaches,
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the existence of uncertainties in the scheduling parameters
is not studied. In a few references, the inexact scheduling
parameter issue has been investigated in [35] and [36]. For
example in [35], the design conditions of an observer-based
controller are presented in terms of LMIs by considering
that the scheduling parameter measurements get different
values from their real ones due to parametric uncertainties.
The results of [35] are then improved in [36], where the
observer-based controller is extended to a more general class.
However, in [35] and [36], the inexact parameters are sup-
posed to be proportional to their real values. Recently in [37],
the observer-based controller, which does not expose any
restriction on the inexact parameters is suggested. Though,
in that approach, the controller is designed offline without
considering any constraint on the system states and control
inputs.

In this paper, a novel observer-based MPC design method
is proposed to deal with the inexactly measured scheduling
parameters for the nonlinear CAMT systems represented
by polytopic LPV systems. To formulate the design con-
ditions by LMIs, a novel method based on the Singular
Value Decomposition (SVD) form of the output matrix is
proposed. Such an approach avoids the well-known prob-
lem of appearing equality constraints in the observer-based
controller design procedure [38] and makes the constraints
procedure convex. The LMI conditions not only guarantee
the stability of the closed-loop system, but also ensure the
desired level of its induced L2-norm in the existence of
any external disturbances and inexact scheduling parame-
ters. Also, a constrained one-step-ahead MPC is developed.
Since the gain-scheduling parameters are not completely
known, the observer and controller design procedure does
not fulfill the separation principle. Also, in order to have an
accurate controller, a continuous-time observer is designed
offline, meanwhile, the discrete-time MPC is developed
online. Though, the interactions between the observer and
controller are considered in the design procedure to assure
closed-loop stability. Finally, several simulations and com-
parisons are provided to demonstrate the applicability and
effectiveness of the proposed approach for a CAMT case
study.

This paper is structured as follows. Section II provides
the dynamics of practical CAMT of PEV and derives its
polytopic LPV representation. Section III details the pro-
posed LPV-based MPC and LPV-based observer. Section IV
illustrates the simulation results and comparison study with
state-of-the-art methods. Finally, some concluding remarks
are given in section V.

II. PRACTICAL CAMT OF PEV
A. DRIVELINE DYNAMICS
The CAMT is mainly comprised of the motor-gearbox and
wheel-vehicle apparatus, which are commonly modeled as
signal inertia systems shown in Figure. 1 [39]. Whenever the

FIGURE 1. Simplified schematic of the driveline.

transmission gears are engaged, then the following relations
hold:

Tgo = igioTgi, ωm = igioωg, θm = igioθg, (1)

where ig and io are the gear and final drive ratios, respectively,
T gi is the torque input to the gearbox, Tgo is the torque output
of the gearbox, θm(ωm) and θq(ωg) are the motor and gearbox
output angles (rotations), respectively.

Considering (1), the dynamics of the CAMT system are
represented as follows [4], [11]:

Jmgω̇m = Tm − Tf /igio − cmωm
Jvω̇w = Tf − Troad
Jmg = Jm + Jg/i2gi

2
o

Tf = cf
(
ωm/igio − ωw

)
+ kf

(
θm

igio
− θw

) (2)

where Jm is the inertia of the driving motor, Jg is the gearbox
inertia, J v is the vehicle inertia, which can be obtained by
adding the wheels’ inertia Jw to the equivalent inertia of the
vehicle massmv. Tm is themotor torque, Tf is the torque in the
flexible driveshaft, ωw is the rotation speed of the wheel, cm
is the damping coefficient of the motor, cf is the drive shaft
damping coefficient, kf is the stiffness factor, and Cr is the
rolling resistance coefficient. Troad is the external load torque
including airdrag T airdrag, rolling torque T roll and resistant
torque Tgrad due to the road grade, which is defined by

Troad = Troll + Tgrad + Tairdrag,Troll = Crmvgcos (α) rw,

Tgrad = mvgsin (α) rw,Tairdrag =
1
2
ρairAf Cd r3wω

2
w. (3)

where α is the road grad, rw is the wheel radius, ρair is the air
density, Af is the frontal area of the vehicle, Cd is the airdrag
coefficient.

B. POLYTOPIC-LPV REPRESENTATION
To derive the polytopic-LPV representation, the external load
torque is decomposed as

Troad = Tairdrag + Troll + Tgrad

=
1
2
ρairAf Cd r3wω

2
w + w (t) . (4)

where Troll + Tgrad is taken as w (t) which is an exter-
nal disturbance vector whose elements belong to L2 and
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L∞ spaces. Furthermore, for the desired wheel angular speed
reference ω∗w, the tracking error vector and the new control
input are obtained as x̃(t) =

[
x̃1(t)x̃2(t)x̃3(t)

]T and u(t) =
Tm − T ∗M , where x̃1(t) = ωm − ω

∗
m, x̃2(t) = ωw − ω

∗
w, and

x̃3(t) = (θm/igio − θw)− (θ∗m/igio − θ
∗
w), where

ω∗m = igioω∗w
θ∗m

igio
− θ∗w =

1
2kf

ρairAf Cd r3wω
∗
w2

T ∗m = cmigioω∗w +
1

2igio
ρairAf Cd r3wω

∗
w2+

w∗

igio
.

(5)

The tracking error dynamics are obtained based on (2)-(5),
as follows:

˙̃x(t) = A (t) x̃(t)+ Bu(t)+ Ew (t) , (6)

with

A(θ (t))

=


cf−i2gi

2
ocm

Jmgi2gi2o

cf
Jmgigi0

−
kf

Jmgigi0

cf
Jvigio

{
−
cf
Jv
−

1
2Jv
ρairAf

×Cd r3w(2ω
∗
w+x̃2(t))

}
kf
Jv

1
igio

−1 0

,

B2 =

 1
Jmg
0
0

 ,E =
 0
−

1
Jv
0

 , (7)

where u(t) denotes the control input and w (t) indicates the
disturbance. The term 1

2Jv
ρairAf Cd r3w(2ω

∗
w+x̃2(t)) comprises

the uncertain time-varying parameters ρair , Cd , Af , the state
x̃2(t), and desired cruise speed ω∗w. Thereby, the dynamics (6)
should be rewritten by a polytopic-LPV model. Because the
PEV speed is limited and the varying parameters are bounded,
one has

θ ≤
1
2
ρairAf Cd r3w

(
2ω∗w + x̃2 (t)

)
< θ̄, (8)

where θ and θ̄ are the lower and upper bounds, respectively.
Applying the sector nonlinearity approach, a two-vertex

polytopic-LPV system is obtained as
˙̃x(t) =

2∑
i=1

ρi (θ (t)) {Aix̃ (t)+ Bu (t)+ Ew (t)}

y (t) = x̃2 = Cx̃ (t)

(9)

where θ (t) = 1
2ρairAf Cd r

3
w(2ω

∗
w + x̃2). Also,

A1 =



cf − i2gi
2
ocm

Jmgi2gi2o

cf
Jmgigi0

−
kf

Jmgigi0
cf

Jvigio
−
cf + θ
Jv

kf
Jv

1
igio

−1 0


,

A2 =



cf − i2gi
2
ocm

Jmgi2gi2o

cf
Jmgigi0

−
kf

Jmgigi0
cf

Jvigio
−
cf + θ
Jv

kf
Jv

1
igio

−1 0


,

ρ1 (θ (t)) =
θ̄ − θ (t)

θ̄ − θ
, ρ2 (θ (t)) = 1− ρ1 (θ (t)) ,

C =
[
0 1 0

]
. (10)

Moreover, the available output y(t) in (9) is obtained by
measuring the wheel speed ωm and involving the desired ref-
erence ω∗m. It should be remarked that the exact value of θ (t)
is not available, since it is a function of time-varying aerody-
namics parameters ρair , Af , Cd , and rw. This practical issue
makes the time-varying parameters inexactly measurable.

Our objective is to design a robust controller against the
external disturbance to assure the regulation of the speed
of PEV to its desired value in the presence of practical
constraints and the above-mentioned challenges. To achieve
this goal, an observer-based LPV-MPC is suggested in this
paper. In the following section, our proposed approach will
be discussed.

III. ROBUST LPV OBSERVER-BASED PREDICTIVE
CONTROLLER DESIGN
This section deals with designing a nonlinear MPC controller
to assure the stability of the closed-loop system. The MPC
approach is inherently developed for discrete-time systems.
On the other hand, an observer should be designed to deal
with the inexactly measurable time-varying parameters and
state estimations of the continuous-time system. This contra-
diction encourages the design of the overall controller design
into the following two steps:

A. ROBUST LPV-BASED PREDICTIVE
CONTROLLER DESIGN
Consider a class of discrete-time LPVmodel of the following
form:

x (k + 1) = Ā (θ (k)) x (k)+ B̄u (k)+ Ēw̄(k)

y (k) = Cx (k) (11)

where Ā (θ (k)), B̄, and Ē can be obtained by discretizing
the system (6). Furthermore, x (k), u (k), w̄(k), y (k) are the
discrete states, control input, disturbance, and output vector.
Assume that the state vector is measurable. Also, the matrix
Ē should be chosen so that the following assumption holds:
Assumption 1: The disturbance term w̄(k) is persistent,

bounded, and satisfies

‖w̄(k)‖ ≤ 1 (12)

Moreover, there exist non-negative coefficients ρl(θ (k)),
l ∈ {1, . . . , p}, such that

∑p
l=1 ρl (θ (k)) = 1 and

A (θ (k)) =
∑p

l=1 ρl (θ (k))Al . The input is subject to the
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following constraint

−ū ≤ u(k) ≤ ū (13)

The computational time for solving the MPC control prob-
lem is assumed to be less than one sampling interval. The fol-
lowing one-step ahead feedback control law is utilized [40]:

u (k + i | k) =

{
F (k − 1) x (k + i | k) , i = 0
F (k) x (k + i | k) , ∀i > 0

(14)

In order to bound the state in the presence of unknown dis-
turbance, the concept of robust positive invariance is utilized.
Definition 1. A convex set � is a Robust Positive

Invariant (RPI) for the time-varying system x (k + 1) =
f (x (k) ,w (k)), if for all w (k) ∈ W , x (k) ∈ � implies
x (k + 1) ∈ � for all k > 0.
Theorem 1. For the system (16) with feedback control law

(14), the terminal region Xf (k) = {x|V (x, k) ≤ 1}, where
V (x, k) = x (k)T Q−1x(k), is an RPI set in the presence
of disturbance w̄ (k) satisfying Assumption 1, if there exist
scalars α ∈ (0, 1] and β such that

min
γ,Q,Y ,Z

, γ (15)

subject to
(1− α)Q ? ? ? ?

0 α ? ? ?

AlQ+ BY E Q ? ?

L1/2Q 0 0 γ I ?

R1/2Y 0 0 0 γ I

 ≥ 0, ∀l ∈ {1, 2, . . . , p}

(16) 1− β ? ?

0 βI ?

(Al + BlF (k − 1)) x (k) El Q

 ≥ 0, (17)

[
Q ?

Y Z

]
≥ 0,Z (j)

≤ ū2j for j = 1, . . . , nu (18)

where γ is a suitable nonnegative variable to be minimized,
Z (j) stands for the j-th array of the diagonal element, and ūj
represents the peak bound of the j-th control input. Finally,
F (k) = YQ−1.

Proof: In order to guarantee the stability of the system
(11) with control law (14) in the presence of disturbance,
we utilize the concept of Quadratic Boundedness (QB) [24]
to fulfill that Xf (k) = {x|V (x, k) ≤ 1} is a RPI set if the
following condition is satisfied:

if V (x, i | k) ≥ 1 H⇒ V (x, i+ 1 | k) ≤ V (x, i | k) , ∀i > 0

(19)

The conventional RPI method can be extended to the
optimal controller design as

V (x, i+ 1 | k)− V (x, i | k) ≤ −1
/
γ[

x (k+i | k)T Lx (k+i | k) + u (k+i | k)T Ru (k + i | k)
]
,

∀i > 0 (20)

where L and R are the weights of the cost function

J (k) =
∑
∀i>0

x (k + i | k)T Lx (k + i | k)

+ u (k + i | k)T Ru (k + i | k) . (21)

and γ is the upper bound of the cost function. Since
‖w̄ (k)‖ ≤ 1 and V (x, i+ 1 | k) ≥ 1, one concludes
V (x, i+ 1 | k) ≥ w̄ (k)T w̄ (k). Then, by applying the
S-procedure, we have

V (x, i+ 1 | k)− V (x, i | k)

−α
(
w̄ (k)T w̄ (k)− V (x, i+ 1 | k)

)
+1
/
γ
[
x (k + i | k)T Lx (k + i | k)

+ u (k + i | k)T Ru (k + i | k) ≤ 0,
]

∀i > 0 (22)

where α > 0 is an arbitrary scalar value. By arranging
(22) in a quadratic form in terms of [x (k + i | k) w̄ (k)]T ,
defining Y = F (k)Q, and applying Schur complement,
(16) is obtained.
On the other hand, one needs to guarantee x (k + 1 |k ) ∈

Xf (k) for all possible w̄ (k) satisfying ‖w̄ (k)‖ ≤ 1, as{
‖w̄ (k)‖ ≤ 1→ x (k + 1 |k ) ∈ Xf (k)

}
. (23)

By utilizing (11) and (14) and applying S-procedure on
(23), we obtain

1− β − [(Al + BlF (k − 1)) x (k) + Ēw̄ (k)
]T Q−1 [(Al

+BlF (k− 1)) x (k) +Ēw̄(k)
]
+ βw (k)T ETl Elw (k) ≥ 0.

(24)

By expressing (24) in a quadratic form in terms of
[1w (k)T ] and eliminating the variables, it is shown that (24)
is equivalent to[

1− β ?

0 β

]
−

[
[(Al + BlF (k − 1)) x (k)]T

ETl

]
×Q−1

[
(Al + BlF (k − 1)) x (k) El

]
≥ 0 (25)

By applying the Schur complement on (25), (17) is
obtained. On the other hand, in order to handle the constraint
on the control input u (k), the constraint on the future control
sequence u (k + 1 | k) needs to be considered. For this con-
straint, consider the peak bounds [41]∣∣uj (k + i | k)∣∣ < ūj, j = 1, 2, . . . , nu, i ≥ 1 (26)

where it holds that

max
i≥1

∣∣uj (k + i | k)∣∣2 = max
i≥1

∣∣∣∣(YQ−1x (k + i | k))j
∣∣∣∣2

≤

∥∥∥∥(YQ−1/2)j
∥∥∥∥2
2
=

(
YQ−1Y T

)
jj

(27)

If there exists a symmetric matrix Z such that (18) holds,
(26) is assured. The proof is complete. �
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B. LPV-BASED OBSERVER DESIGN
In a practical CAMT, the measurement of all states is costly
and increases the volume of the PEV gearbox. So, it is
preferred to estimate the state-vector based on the available
measures [42], [43]. In this regard, the term x (k + i | k)
of the control law (14) should be replaced by the term
x̂ (k + i | k). To compute x̂ (k + i | k), define the following
polytopic observer:{
˙̂x (t) = A

(
θ̂ (t)

)
x̂ (t)+ Bu (t)+ L

(
θ̂ (t)

) (
y (t)− ŷ (t)

)
ŷ (t) = Cx̂ (t)

(28)

where θ̂ (t) is the vector of inexact measured scheduling
parameters, where θ̂ (t) 6= θ (t). However, the polytopic
vertices for the system and the observer are equal. This paper
does not exert any conservative relationship between the
time-varying scheduling parameters and their inexact mea-
surements. Whereas the scheduling parameters satisfy θ i ≤
θi (t) ≤ θ̄i, the inexactly measured scheduling parameters
should only satisfy similar bounds, as

θ i ≤ θ̂i (t) ≤ θ̄i, i = 1, 2, . . . , p. (29)

Referring to Figure.2, the inexactly measured scheduling
parameters get any values in the colored hyper-rectangular
Region 1 characterized by vertices θ i and θ̄i. However, if they
get any value in Regions 2 and 3, they will be replaced by
θ̄i and θ i, respectively. It is noted that all observer design
methods considering inexact scheduling parameters exploit
the online measured values of parameters, which can be
perturbed and different from their real values.

FIGURE 2. Admissible region for the measured scheduling parameters.

The dynamics of e (t) = x̃(t)− x̂ (t) are obtained as

ė (t) =
(
A (θ (t))− L

(
θ̂ (t)

)
C
)
e (t)

+

(
A (θ (t))− A

(
θ̂ (t)

))
x̂ (t)+ Ew (t) . (30)

Further, one has

˙̂x (t) =
(
L
(
θ̂ (t)

)
C
)
e (t)+

(
A
(
θ̂ (t)

)
− BF

)
x̂ (t) . (31)

where F is the controller gain. Augmetnig (30) and (31) as
xcl(t) =

[
x̂(t)T e(t)T

]T , it follws that
ẋcl (t) = Acl

(
θ (t) , θ̂ (t)

)
xcl (t)+ Eclw(t) (32)

z (t) = Cclxcl (t) , (33)

with

Acl
(
θ (t), θ̂ (t)

)
=

 A
(
θ̂ (t)

)
− BF L

(
θ̂ (t)

)
C

A (θ (t))− A
(
θ̂ (t)

)
A (θ (t))− L

(
θ̂ (t)

)
C

 ,
(34)

Ecl =
[
0
E

]
, (35)

Ccl =
[
C C

]
, (36)

Lemma 1 [44]: For the following LPV system:

ẋ (t) = A (θ (t)) x (t)+ B (θ (t))w (t)
y (t) = C (θ (t)) x (t)+ D (θ (t))w (t)

, (37)

and any matrix X = XT> 0, the H∞ performance criterion
γ can be specified byA (θ (t))X + XAT (θ (t)) ∗ ∗

BT (θ (t)) −γ 2I ∗

C (θ (t))X D (θ (t)) −I


< 0, i = 1, . . . , p. (38)

Theorem 2: The system (32) characterized by C =

U [S 0]V T is stable with γ attenuation level, if there exist
symmetric positive matrices X1, X11, and X22 and matrices Zj
and M fullfilling

(
AjX1 − BM+
X1ATj −MB

T

)
∗ ∗ ∗( (

Ai − Aj
)
X1

−CTZTj

) (
AiX2 − ZjC
+X2ATi − C

TZTj

)
∗ ∗

0 BT −γ 2I ∗
CX1 CX2 0 −I


< 0, i, j = 1, . . . , p (39)

where X2 = V
[
X11 0
0 X22

]
V T . The observer gains are

given by

Lj = ZjX̄
−1
2 (40)

Proof. Using Lemma 1 and (32), if there exists a matrix
X = XT > 0 such that

{
Acl(θ (t), θ̂ (t))X+
XATcl(θ (t), θ̂ (t))

}
∗ ∗

BTcl(θ (t)) −γ 2I ∗

Ccl(θ (t), θ̂ (t))X 0 −I

 < 0. (41)

Then, by partitioning X as X = diag (X1,X2), (41) results in
(42), as shown at the bottom of the next page.

Let the output matrix to be represented in the singular value
decomposition (SVD) form C = U [S 0]V T , where S is a
diagonal matrix, 0 is a zero matrix and, U and V are unitary

matrices. Inspired from [45], for X2 = V
[
X11 0
0 X22

]
V T ,

there exists X̄2 = USX11S−1U−1 that satisfies CX2 = X̄2C .
By defining the changes in the variables M = FX1 and
Zj = LjX̄2, (42) leads to (39). This thereby completes the
proof. �
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C. INTEGRATION OF MPC AND OBSERVER
As can be seen in Sections 3.1 and 3.2, the LPV-MPC should
be designed discrete-time. However, the closed-loop system
should be implemented in a continuous-time form. The over-
all proposed observer-based MPC schematic is illustrated
in Figure. 3. The discrete-time MPC is implemented by
adding a sampler and zero-order-hold (ZOH). Further, since
both the observer and the MPC are designed for dynamic
error, it is necessary to compute the tracking error output
y(t) and the actual control input Tm based on the desired
references for the wheel speed (i.e., ω∗M ) and control input
bias (i.e., T ∗M ).

FIGURE 3. The closed-loop system schematic.

Since the overall system, LPV-observer, and the LPV-MPC
are nonlinear, the separation principle is not held and the
effects of observer and MPC on each other should be con-
sidered to achieve the overall stability. The observer (28)
is designed offline. On the other hand, the gains of MPC
(i.e. F(k)) are designed online. Thereby, the controller gain
is not available at the stage of designing the observer (28).
In order to solve this issue, additional constraints should be
added to Theorems 1 and 2 to make the overall closed-loop
system stable. From (42), one infers that

Const1 :
(
Aj − BF

)
X1 + X1

(
ATj − F

TBT
)
< 0 (43)

which verifies that the continuous-time non-disturbed closed-
loop system (A,B) (with the control u = Fx) must be stable.
However, the gains F in the online MPC optimization will
be computed optimal later. If the control gains of MPC,
besides the conditions of Theorem 1, are found such that the
eigenvalues of (A,B) are smaller than those of Const1 in (16),
then the observer will be stable for the gains of MPC. In other

words, for anyF∗ which satisfies (42), if there existsF(k) that
guarantees (

Aj − BF(k)
)
<
(
Aj − BF∗

)
(44)

then, (42) will be held. The extra constraint (44) can affect
the optimal solution of LPV-MPC and Theorem 1. In order to
reduce this effect, it is required to find F∗ so that Const1 is
non-strictly feasible. In this regard, the following optimiza-
tion problem should be added to Theorem 2:

F∗ = min σ
Subject to:

−σ I ≤
(
Aj − BF

)
X1 + X1

(
ATj − F

TBT
)
. (45)

Then, for the feasible solution of F∗, the following con-
straint should be added to Theorem 1:

Aj − BF (k) ≤ λmin
(
Aj − BF∗

)
I = εI , (46)

or equivalently

Aj − BF (k)− εI ≤ 0 (47)

Considering V = xTQ−1x with Q > 0, its time-derivative
results:

Q−1
(
Aj−BF (k)− εI

)
+

(
ATj −F (k)

T BT−εI
)
Q−1 ≤ 0

(48)

Reminding F (k) = YQ−1, (48) is continued as satisfied by

Q−1Aj + ATj Q
−1
− 2εQ−1 − Q−1BYQ−1

−Q−1Y TBTQ−1 ≤ 0. (49)

Pre- and post-multiplying (49) by Q, one gets

AjQ+ QATj − 2εQ− BY − Y TBT ≤ 0. (50)

By adding LMI (50) to Theorem 1, the controller gains
F(k) are obtained such that the stability of the observer is
guaranteed.

The flowchart of the proposed controller design proce-
dure is presented in Figure 4. As can be seen in Figure 4,
the observer gains are obtained offline based on the
continuous-time system representation and LMIs (39) of The-
orem 2 and the optimization (45). Furthermore, the MPC
controller gains are computed for the discrete-time represen-
tation of the system via the optimization problem (15)-(18)
of Theorem 1 (to assure the stability of the constrained MPC)
and the LMIs (50) to assure the stability of online imple-
mented observer. In summary, the observer is designed and



(
AjX1−BFX1+

X1ATj −X1F
T
| BT

)
∗ ∗ ∗( (

Ai−Aj
)
X1

−X2CTLTj

) (
AiX2 − LjCX2+

X2ATi − X2C
TLTj

)
∗ ∗

0 BT −γ 2I∗
CX1 CX2 0 −I


< 0. (42)
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FIGURE 4. Total flowchart of the proposed method.

the parameter ε is found offline. Then, this parameter as well
as the control amplitude upper bounds are considered in the
online procedure to design the MPC at each instance.
Remark 1 (Advantages of the proposed approach):

By reviewing the state-of-the-art methods, it is inferred
that few approaches consider the issue of inexactly mea-
sured scheduling parameters in observer-based MPC. These
approaches have two drawbacks in general. I) The overall
observer-based controller design conditions are not derived
in terms of strict LMIs. Thereby, it is not possible to find the
optimal solution and some parameters must be chosen by trial
and error. II) The LMIs must be solved online to obtain both
the observer and controller gains. Thereby, the number of
LMI variables and the online computational burden increase.
III) TheMPC and observer are designed based on continuous-
or discrete-time frameworks. If a continuous-time is utilized,
practical online computation can be a critical issue for anal-
ogously updating the controller. On the other hand, if a
discrete-time observer is utilized, the inter-sampling values
of the states are not accurately estimated. The proposed
controller deals with the above-mentioned issues. In order
to have an accurate control and estimation for continuous-
time nonlinear systems, the LPV-MPC is designed discrete-
time with ZOH; while, the LPV-observer is continuous-time
to precisely estimate the states. On the other hand, in order
to reduce the online computational burden, it is necessary to
design the gains and unknown parameters offline as much
as possible. In this regard, the observer is designed offline
and the gains of MPC are designed online, as is evident
in Figure 3. Furthermore, to assure the closed-loop system
stability, additional constraint in Section III, part c is pro-
posed. Since the number of additional constraints (50) is

TABLE 1. Parameters of powertrain system [4] and [46].

few, the online computational burden of MPC LMIs slightly
increases.

IV. SIMULATION RESULTS
In this section, the proposed Theorems 1 and 2 with
(45) and (50) are applied to CAMT (1). The first-order
Euler approximation constant is set as T= 0.01(sec). Using
Theorem 2, the following gains are achieved:

L1 = [135.2528 483.3522 − 0.0569]T

L2 = [127.6370 461.3938 − 0.0469]T (51)

The rotation speed of the gearbox output shaft (i.e. x2) is
measurable and the desired reference is the rotation speed of
the wheel (i.e. ω∗m). Based on (1), the error x̃2(t) is obtained
as x̃2(t) = x2(t) − ω∗w = x2(t) − ω∗m/igio. The nominal
values of the CAMT parameters are outlined in Table 1.
Moreover, the aerodynamic parameters of the vehicle change
at the instant t = 1(sec). Since the time-varying parameter
θ (t) is the function of these unmeasurable parameters, it can
be considered as an inexact measurable variable. In the sim-
ulation, the following values are considered:

For t < 1 :


ρair = 1.2
Cd = 0.3
Af = 2.7

For t ≥ 1 :


ρair = 1.4
Cd = 0.4
Af = 2.6.

(52)

To show the performance improvement of the proposed
approach over the other state-of-the-art approaches, the sug-
gested method is compared with [4]. In [4], a discrete-time
state feedback controller for the CAMT with time delay
is considered and sufficient controller design constraints to
assure robust stability and to improve passenger comfort are
presented in terms of LMIs. To achieve a fair comparison,
in the LMIs of [4], the time delay is set zero. Additionally, in
that approach, it is assumed that the aerodynamic parameters
are known. Thereby, for the nominal CAMT system, the
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FIGURE 5. The closed-loop CAMT system_ Scenario 1 (desired reference
by solid black line, the actual state by solid red line, the estimation by the
dotted blue line, and ref. [4] by solid green line). (a) The first state,
(b) second state, (c) Third state, (d) Control input.

controller gain of [4] is computed as follows:

K = [−15.7996 11.2555 444.4310] . (53)

In the following, two scenarios of constant and stepwise
desired reference for the vehicle are considered.

A. SCENARIO 1 (CRUISE CONTROL WITH
CONSTANT SPEED)
The desired reference and initial conditions are ω∗w =

ω∗m
igio
=

18(rad/s), x(0) =
[
200 13 0

]T , and x̂(0) = [
0 0 0

]T .
Based on the constraint (8), and nominal values of Table 2, the

FIGURE 6. The closed-loop CAMT system_ Scenario 2 (desired reference
by solid black line, the actual state by solid red line, the estimation by the
dotted blue line, and ref. [4] by solid green line). (a) The first state,
(b) second state, (c) Third state.

lower and upper bounds are chosen as θ̄ = −θ = 0.58. The
closed-loop system responses, estimations of the observer,
and the control input Tm are given in Figure 5., which verifies
that the proposed inexact observer-based controller success-
fully makes the closed-loop system states to track the desired
values, even by using only one state variable for feedback and
considering variations in the parameters ρair , Cd and Af .
As can be seen in Figure 5., although the speed of motor

rotation tracking performance is improved by [4], the PEV
experiences oscillation in all of its states. These oscilla-
tions degrade passenger comfort. Further, the control sig-
nal amplitude of [4] is two times larger than the proposed
approach. Also, the proposed approach only uses the second
system state as the measurement; meanwhile, the approach
of [4] utilizes all states.

B. SCENARIO 2 (STEPWISE DESIRED SPEED REFERENCE)
To show the performance of the developed controller and [4],
it is assumed that the desired reference for the wheel rotation
speed changes from 18(rad/s) to 25(rad/s) at t = 2 seconds.
The observer gains and the aerodynamic parameters are the
same as (51) and (52). Figure 6 shows the state evolution of
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FIGURE 7. The closed-loop CAMT system_ Scenario 2 (the proposed
approach by solid red line and ref. [4] by solid green line). (a) The
external disturbance, (b) Control input.

the CAMT system. As can be seen in Figure 6, the proposed
approach results in a smaller deviation of x3 than that of [4],
which increases passenger comfort when the vehicle speed
changes.

Moreover, the control input and the external disturbance
input are illustrated in Figure 7. As can be seen in Figure 7(a),
the external disturbance is related to the aerodynamic param-
eters and vehicle speed. Further, the control input based on
the approach [4] has a higher amplitude than the developed
approach and reaches its upper bound amplitude.

V. CONCLUSION
This paper proposed a novel observer-based MPC controller
with inexactly measured scheduling parameters for non-
linear CAMT systems. The presented approach exploited
the polytopic LPV model as an effective approach to
assure the stability of the nonlinear observer and MPC
lonely and the overall closed-loop system. Sufficient con-
ditions of controller and observer were restated by LMIs.
To make the developed approach accurate, the continuous-
time (discrete-time) LPV-observer (LPV-MPC) was designed
offline (online). To design the LPV-observer, the SVD of the
output matrix was utilized to facilitate deriving convex con-
straints. Moreover, a constrained one-step-ahead LPV-MPC
was developed. Whereas the separation principle was not
held, additional constraints were exerted on both controller
and observer LMIs to deal with the interactions between the
observer and controller. Finally, numerical simulations were
carried out and comparative results illustrated the merits of
the developed approach in increasing the passenger com-
fort and PEV speed regulation for the considered CAMT
case study. For future work, considering uncertainty in the

observer-based controller design procedure is suggested.
Extending the obtained results to a tube-based MPC and non-
quadratic Lyapunov functions is recommended.
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