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New Finite-Time and Fast Converging Observers with a Single Delay

Frédéric Mazenc and Michael Malisoff

Abstract— We provide new reduced order observer designs
for a key class of nonlinear dynamics. When continuous output
measurements are available, we prove that our observers
converge in a fixed finite time in the absence of perturbations,
and we prove a robustness result under uncertainties in the
output measurements and in the dynamics, which bounds the
observation error in terms of bounds on the uncertainties. The
observers contain a dynamic extension with only one pointwise
delay, and they use the observability Gramian to eliminate an
invertibility condition that was present in earlier finite time
observer designs. We also provide analogs for cases where
the measurements are only available at discrete times, where
we prove exponential input-to-state stability. We illustrate the
advantages of our new observers using a DC motor dynamics.

I. INTRODUCTION

Finite and fixed time observers present an obvious advan-
tage by providing estimates of the state variables of systems
in finite time [5]. Fixed time observers are special cases of
finite time observers where the finite convergence time is
independent of the initial state. Several types of fixed time
observers are available. Some use discontinuous dynamic
extensions, such as [12]. Others use time-varying high gains
[3]. Others use delays to solve output feedback stabilization
problems or homogeneity conditions [14].

In earlier works, e.g., [2], [7], and [13], fixed time ob-
servers are designed using dynamic extensions and a delay
7. The designs rely on the invertibility of a matrix which
can be problematic because it is not invertible for all 7’s and
because, when it exists, the inverse can contain big terms
when the delays are close to values where it is not invertible.
We refer to such delays as artificial delays, because although
they are not present in the given dynamics, they occur in the
observers. The work [11] provides an exact calculation of
state variables using a formula with several delays and the
inversion of a matrix, which can also be problematic because
it may be noninvertible for some delay values.

To overcome these shortcomings, we revisit the problem of
estimating the state variables of a system in finite time using
an artificial delay. For a family of unperturbed systems that
are affine in the unmeasured state, we propose a new family
of observers that converge in fixed time when continuous
output measurements are available. The observers only esti-
mate unmeasured variables, and so are reduced order. A key
aspect of the observer design we propose is that it relies on
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the introduction of only one pointwise delay, which can be
arbitrarily chosen. The delay is the fixed convergence time.
Our fundamental tool is the observability Gramian. We also
establish a robustness result for the observers with respect to
additive disturbances on the output measurement and on the
dynamics. We then provide an analog for cases where the
measurements are only available at discrete instants, using
the key ideas of the pioneering paper [4]. In this case, the
exponential convergence rate is proportional to the logarithm
of the size of the largest sampling interval.

We use standard notation, which we simplify when no
confusion would arise. The dimensions of our Euclidean
spaces are arbitrary, unless we indicate otherwise. The stan-
dard Euclidean 2-norm, and its induced matrix norm, are
denoted by |- |, | - |oo 18 the usual L, sup norm, and | - |g
denotes the essential supremum over any set S. We use [ to
denote an identity matrix of arbitrary dimension.

II. STUDIED SYSTEM

We consider the class of continous-time systems

{X(t) = Mx(t) + U(Nx(t),t) + 51(t)
Y(t) = Nx(t)+d(t)

where x is valued in R”, the output Y is valued in RY, the
time dependence in ¥ can represent the effects of a control,
and the locally essentially bounded measurable functions d;
and J- represent disturbances. We assume that (1) is forward
complete, and that W is locally Lipschitz. We also assume
that the pair (M, N) is observable and that N has full rank.

From [6, pp. 304-306], we can deduce that there is a linear
change of coordinates which yields the system

(D

5:1 (t) A& (t) + FL(Y (t) — es(t),t) + e (t)

() = A6(t) = k&(t) + F2(Y () —es(t),f) (5
+e€2(1)

Y(t) = &(t)+es(t)

which is affine in the unmeasured variable &;, where &7 is
valued in R"~9, & is valued in R?, A; € R(m—a)x(n—a)
Ay € R1%("=9)  the pair (A1, As) is observable, and k > 0
is a constant such that A; + &I is invertible. Then F; and F5
are locally Lipschitz, and the measurable locally essentially
bounded functions €; represent disturbances. Although the
—k&5(t) term can be incorporated into the function F5 in (2),
we keep it separate to facilitate the analysis that follows, and
we write 5(t) as Y (t)—es(t) in the F;’s in (2) to facilitate our
study of the key special case where €3 is the zero function.

Changing the tuning parameter k can be done by changing
F5. One can always choose it such that A; 4+ &1 is invertible,
by taking k larger than the spectral radius of Aj.



III. CONTINUOUS MEASUREMENT CASES
A. Assumptions and Statement of Theorem
In this section, we construct an observer for the system
(2) which will provide our fixed time convergence, under
the following assumption:

Assumption 1: Either (i) there are two constants K7 > 0

and K5 > 0 such that
‘Fi(aat)_Fi(bat” §K1|a_b| fOI‘i:laQ (3)

forall ¢ > 0 and a and b in R or (ii) e3(¢) = 0 for all ¢ > 0.
Let us introduce any positive constant 7 and the function
AR — R9*("=9) defined by

Ar) = Ag(Ay 4 kI)71 | T — eArtkDr @

which is well-defined because we choose k > 0 such that
the matrix A; + kI is invertible. We also use the matrix
S=[° A(m)TA(m)dm € Re-0x(r=a) (5)

In the appendix below, we prove that since the pair (A7, As)
is observable, S is invertible. Then we define the matrices

N = fET A(m)Tdm e R(r—9)xq
R =8N e R Dx4 and (6)
H= (A +kI)™)TA] € Rln—a)xa

and we introduce the dynamic extension

G = MEM+ A .

&) = Abi(t) — k(1) + Fy(Y(t),t) (7)
i) = —kva(t) + HIY (1) — &)

Dalt) = —(A] + 2R1)a(t) + HY (1) - (1)

where él is valued in R™" 9, 52 is valued in R?, and v; and
1) are valued in R™9. Finally, in terms of the functions

A, (p) = e —e7*Pl and g
Acclpiq) = [° eA1(r=0¢, (£)de ®)

where £ is from (2), we let ¢4 be the R"%-valued function
-1 ft s =) THTAL(t — 5)Avi(s, t)ds
—S 1 ft L A(s — t) [— ft eFm=t Ay A (m, s)dm 9)
+ [F ekte=) 62(e)dz] ds.

In terms of the preceding notation and the functions

€ (m) = Kiles(m)| + |e;(m)] (10)
for ¢ = 1,2 and the constants
S =87 and ca(7) = 75| AselA1lT )

+5 [ Ao (Ar + k)71 [l 4 1] elal,

our first theorem is then as follows:
Theorem 1: Let (2) satisfy Assumption 1. Then, with the
preceding notation, when €3 is the zero function, we have

§1(t) = &e(t) + e4(t) (12)

for all ¢ > 7, where

&) = &) +R(&((1) —&(1)
+ 87 e Ty (t — 7) — i (t)] (13)
45t [%(t) — e (AT kDT Y (1 7)} '
Also, if F; and F3 satisfy (3) and €3 # 0, then
(1) = &e(t) + ex(t) (14)
holds for all ¢ > 7 where €4 is a function such that
lex (@) < ea(m) f1_[Ns—1)] [ é (m)dmds
+Sft N5 = t)| [L éb(m)dmds (15)
+ S| (1+eIAT+2“IT) It Jes(s)|ds
forallt > 7,

Remark 1: A key feature of the observer & we propose
is that it incorporates only one delay 7. This delay can be
any positive value because for any 7 > 0, S is invertible.

Remark 2: Since

IA(r)| < [A2(Ar + kI)*1| [1 + elArtkI|r| (16)

for all r € R, we deduce that there are two constants
cy > 0 and ¢, > 0 such that |ex(t)] < cyl(er, €2)|p—rq
and [ex (1)] < col(e1, €2, €3)|t—r ¢ for all £ > 7.
B. Proof of Theorem 1

We introduce the variables y =Y — 52 and

Ai(t) = Fi(Y (1) — es(t),t) — Fi(Y (), ) and

2i(t) = (1) — E(t) for i = 1,2. a7
Then simple calculations based on (2) and (7) give
.’tl(t) = Alxl(t) +A1(t) +61(t)
xg(t) = AQiCl(t) - k.’L‘Q(t) + Ag(t) + Ez(t) (18)
y(t) = x2(t) +es(d).

Here and in the sequel, all equalities and inequalities hold
for all ¢ > 0, unless otherwise indicated.
By applying variation of parameters to (18), we obtain

z1(t) = eM =3z (s)

(19)
+ [ eMTIA (m) + e (m)]dm
and
zo(t) — e %)y (s) = pi(t, s) 20)
+Ao(Ay + k)1 [eAl(t_s) - e_k(t_s)q z1(s)
for all s > 0 and t > s, where
prts) = J; eO[Ao(0) + ep(O)]al on
4 [LeRm=t) Ay [T A m=DIA(0) 4 €1 (£)]dbdm,
and where we used the fact that
f: eFm=t) Aper(m=s)g, (s)dm
= ekt 4, f; e(AtEDm=5) qmz, (s) (22)

= 6k(87t)A2(A1 + kIt (e(A“LM)(t*

1) zy1(s).



According to (19), we have

z1(s) = . (23)
M= (1) — N eME=MIA L (m) + €1 (m)]dm,
and our formulas (4) and (8) give A(s —t) = HTA.(t —

s)eAl(s_t). Hence, we can substitute (23) into (20) to obtain

A(s = t)a1(t) = 2a(t) — e "7 ay(s) + pa(t,s)  (24)
Where pQ(t, S) = _pl (t7 S) (25)
FHTAL(t—s) [T eME™A (m) + e1(m)]dm
By left multiplying both sides of (24) by A(s—t) T, we obtain
AT (e _ _nT
Als = 1) " Als = t)aa(t) = A(s — t)  palt, s) 26)

+A(s —t) Tzo(t) —
By integrating (26) with respect to s over [t —T, t], we obtain
I /\(s —)TA(s — t)dsz (2)
= ft (s—t Tdsxg( )
— ft e IN(s —t) Txo(s)ds
+ ft_T s — t) pa2(t, s)ds for all t > 7.

Hence, our choices in (5)-(6), and the invertibility of S, give

e R \(s — t) Taa(s).

27)

a1(t) = Raat) +S [ _A(s—1)Tpa(t,s)ds %)
-8 ftt,T e =) \(s — t) Tao(s)ds.
Using the formula for A from (4), we obtain
_1 pt
z1(t) = Raz(t) + S [ A(s — 1) T pa(t, s)ds 29)

-7 i,

with H defined in (6). This equality can be rewritten as

o—k(t—s) [ I — (A +kD)(s—1) } Hao(s)ds

Raa(t) +S71 [ A
_8_1 ftt—'r
+S,

(s —t) T pa(t,s)ds
e =) x4 (s)ds

e~ (Al +2kD)(t=9) 34, (s)ds.

ri(t) =
(30)

Since &(s) = Y (s) — e3(s), we have Y — & = x5 + €3, 50
we deduce from (7) and (30) that

z1(t) = Rao(t) — S [¢hi(t) — e " py (t — 7)]

T 1
1 [wZ(t) — e (A4 +2k1)‘r¢2(t _ 7_):| Tex (t), (31)

where ex(t) = S71 [ftt_T s —t) T pa(t, s)ds
+ftt—‘r e =9 e3(s)ds (32)

B J;t_T e_(A1T+2kI)(t—S)’H€3(s)dsj| .

Hence, (13) and (17) give & =& + €4 forall t > 7.
Recalling the formula for ps in (25) and (17) and our
Lipshitz condition (3) on the F;’s, it follows that (32) satisfies

lex ] < S _IAs—t)pi(t,s)ds
+5 [ IN(s = O|IHT T (t, 5)ds
FSIH| [ e ) |ey(s)|ds

FSH| [ elATH2RINE=9) ¢y (s5)[ds

(33)

and so also
lex(®)] < S [L|A(s —t)|pa(t, 5)|ds
+5 [ M = DIHT A, s)ds  (G4)
+S|H| ftt_T J3(t — s)|es(s)|ds, where
Jl (ta 3)

= ALt = )| [ A AL ()| + s () Jdm O

and the function A, was defined in (8), and where

Jg(t, S) =

el 4 1] [ el =9 (K ey ()] + [ex (m) Jdm O

and J3(r) = e *" + el AT +2k117 and where S is defined in

(11). Also, when €3 = 0, we can use (17) to get A; = Ay =
0, so our formula (9) for €; and (21) and (25) give ex = €;
when e3 = 0. Hence, since the right side of (15) is an upper
bound for the right side of (34), this allows us to conclude.

IV. DISCRETE MEASUREMENTS CASES
A. Assumptions and Statement of Theorem

Although the observer from the preceding section enjoys
fixed time convergence and robustness properties, it requires
continuous measurements of the output, which might not
always be available in practice. Therefore, in this section,
we consider the case where the variables are only measured
at discrete instants. We propose an observer which combines
the one of Theorem 1 and the technique of [4].

Let ¢; be a sequence such that £y = 0 and such that there

are two constants 7 > 0 and T > T such that
I S t]'+1 - tj S T for allj Z 0. (37)

We continue the notation from Section III except we consider

§1(t) = A&+ Fi(&(t),t) +e(t)

&) = AG() - kel + (&) (3
+62( )

Y(t;) = &(tj)+es(t;) for all j >0,

under the assumption that F} and F5 satisfy (3) and where
k is selected as in Section II. We also use these constants:

q = %ﬁ"‘”fff|ms>|(eks—sk—1)ds

S = §f0 ks)ds

G3 = STe|A1|T|"HT|f s)|(elI™ 4 e=F)ds (39)
G = S\'H\ (E( _ —k,T)+Te|AI+2kI|T)

where H is from (6) as before, and 7 satisfies the require-
ments from Section II. We introduce the dynamic extension

§1(t) = A1§1( )+ Fr(w(t),t)
&) = Aki(t) — k() + Fz<w<t),t>
di(t) = k() +Hwt) -&@)]
dat) = —(A] +2kD)ia(t) + Hlw(t) — &(1)] (40
w(t) A2§e(t) - kw(t) + FQ(w(t)7 t)
for all ¢t € [tj,tj_;,_l) andj >0
w(t;) = Y(¢t;)forallj>0




where &, is defined as in (13). We prove:

Theorem 2: Let the constant T in (37) be such that
T,u < 1, where 41
p=|As|q1 +k+K> and ¢ = (¢143) K1 +0 Ko+ (42)

using the constants (39). Then we can find positive constants
a1 and a9 such that all solutions of (38) and (40) satisfy

610 — &) < arlee — wly gy 700
g UDge gy g (€1 (O] + lea(0)] + les ()]

forall 7 > 27+ T and t > r + 7.
Remark 3: The inequality (43) is of ISS type because

ln(T,u)
T+T

) (1—r)

(43)

<0, (44)

by (41). Moreover, since y is independent of 7T, the left side
of (44) converges to —oo as T — 0. Therefore, we can
have arbitrarily large rates of convergence of the estimation
error |£1(t) —&.(t)| to O when the ¢;’s are zero, by choosing
the sample times #; such that T is small enough.

B. Proof of Theorem 2

Our proof will use the variables

O(t) = &(t) —w(t), and z:(t) = &(1) — &) g
and H,‘(t) = Fi(fg(t),t) — Fi(w(t),t) fori = 1, 2.
Thenw—fg =& —(Z)—ég = x5 — W, SO We obtain

) Az (t) + k1 (t) + e (?)

Zo(t) = Asxi(t) — kxa(t) + ka(t) + ea(t)
1/)1(75) = —ki(t) + Hao(t) — HO(t)
dalt) = (Al +2kI)pa(t) + Hao(t) — HO(t) (46)

&(t) Ao[§1(t) =& (t)] =k (t) + ko (t) +e2(t)
for allt € [t;,tj41) and j >0

W(t;) = —es(t;) forallj >0.

We also use the R™~9-valued variables

nt) =81 [_As—t)THT ALt — 5)Jo(t, 5)ds

-§-t ftt_T AMs—1)T fst eFm=t Ay ], (s,m)dmds  (47)
-s-1 f:_T AMs—1)T fst PN ko(0) + ex(£)]dlds,
72(t) - _g! f: —k’(t—s)’H@( )dS
T (43)
+S- 1ft7 (A] +2kI)(— t+s)/H (s)ds,
and
2,(t) = Raa(t) =S [ (t) — e ahi(t — 7)]
T 49)
T [a(t) — e AT DTy ¢ - )
where J,(s,m) = [ e M=O[k1 (0) + €1 (€)]dL.  (50)

The rest of the proof of the theorem consists of two steps. In
the first step, we prove that the preceding variables satisfy

£1(t) = Ee(t) +71(t) +72(t) (51

for all ¢ > 7. In the second step, we bound 1 (t) + 2(t) by
the right side of (43) for suitable values of r and t.

First Step. Since the (x1, z2)-dynamics of (46) agree with
the first two equations of (18) except with the A;’s replaced
by the «;’s, the same reasoning that led to (30) gives

z1(t) = Raa(t 1ft e k=) 1y (s)ds

+871 ft_Te (AT"’%I) =) Hay(s)ds 4 1 (t).
Also, by applying the method of variation of parameters

separately to the v and 5 dynamics in (46), we obtain

f:ﬁT e P9 ao(s5)ds =
() — e Rt — 1)+ [

and

(52)

53
e Ft=)Uo(s)ds oY
ftt_ e~ (AT +2RD) (=) 9y 1, (5)ds =
o(t) — e (AT +2RDTyy (1 — 1)
+ftt_ e(AlT+2kI)(—t+s)’H@(s)dS
for all ¢ > 7. By combining (52)-(54), we obtain
zi(t) = Raot) - ' [1/)1(75) B eikwl(t =7
+j;£t—7' e_k(t—s);!-[@(s)ds] + (1)
4 57 [ialt) — AT )
n ftt_T e(AlT+2kI)(7t+S)7-[(])(s)dS]

(54)

(55)

for all ¢ > 7 Hence, our choices (47)-(49), and our choice

of x1 in (45) and our formula (13) for &, give
1 =2q+ 71+ and 1 — x4 =& — . (56)

Therefore, (51) follows from combining the relations (56).
Second Step. From (51), it follows that

1€&1() = Ee ()] <
S [ I = )] [T AzleR =D Ty (s, m)dmds
+5 [ (s = )] [2 eHED ko (0)] + [ea(£)[Jdlds (5T)
FS5 [ M = O|[HT| [elAIT ek D] gy (s, t)ds
+§ftt,T (ek(s—t) n e|AI+2k1\T) H[c(s)|ds
for all ¢ > 7, where
Ja(s,m) = [ eI w1 (€)] + Jea (£)[]de.

Moreover, our choices of the k;’s in (45) and (3) give
|ka(€)] < Ka|w ()| when s < ¢ < ¢, and so also

(58)

Ja(s,m) < (m — 8)e! M (K @] (5 ) + l€1](s,m)  (59)

when s < m < t. Therefore, by upper bounding the right
side of (57) and then collecting the coefficients of ||,
and |€;|;—r, for i = 1,2 in the result, it follows from our
choices of the constants ¢; in (39) that

|§1(t) = &e(t)] <

_ (60)
qu|0]—r 5+ q2(€1l—rg+€2lfi—r4) for all t > 7,

where ¢, is from (42) and g2 = max{¢; + <3,%2}.



By combining (46) and (60), and recalling (3), we get

()] < A& (t) = &) + Kl@(t)] + lex(t)]
+|F2(&(t),t) — Fa(w(t), t)] 61)
< ([Az2]qr +k + Ko)|0|jp—70 + €(t)

for all t € [t;,t;41) and all j > O when t > 7, where
ec(t) = |Azlgz(ler|i—r.4) + €2]t—r.) + e2(t)[. Since

(1) = (ty) + J; o)l (62)
for all t € [t;,t;41), we deduce that, for all t > T + T,

(@)

IN

|¢ng)| + T(|Az|q Fh+E) W] _7_
+T|6£|[tff,t]

N L, (63)
Tploly_y g g+T leeil[thf'r,t]
iz

IN

forall t € [tj,tj11) and j > 0 when ¢t >r and r > T + 7,
where T% = T(|Az|g2 + 1) + 1, the last inequality in (63)
used the fact that |w(t;)| = |e3(¢;)] for all j > 0, and p is
from (42). Using (41), it follows from applying the trajectory
based approach from [10, Lemma 1] to the function w(t) =

|(t + )| that

ln(TH) _
|(:}(t)| S |Q‘[T*T*T,r]e 7—+T (t 'f') +7;(t,7") (64)
for all ¢ > r with
T &
Te(t,r) = 7, 2 lely-7r - (65)
J=1

The theorem now follows by using (64) to upper bound the
first right side term in (60).

V. ILLUSTRATIONS
A. Ilustration of Theorem 1

Consider this model for a single-link direct-drive manip-
ulator actuated by a permanent magnet DC brush motor [1]:

[/I:‘/C_RZ-—I(BQ7
2 2 I 2
Where M:KAT_F?EE_'_M}(;fO +215W+Ro

_ mLgG MoLoG _ Bo
N = sic T TR ,andB—KT

(66)

)

and where m is the mass of the link, J is the rotor inertia,
Ly is the length of the link, M) is the mass of the load, By is
the viscous friction coefficient at the joint, Ry is the radius of
the load, G is the gravitational constant, ¢(t) is the position
of the load (which is the angular motor position), Z(t) is
the motor armature current, the coefficient K. characterizes
the electromagnetic conversion of armature current to torque,
R is the armature resistance, L is the armature inductance,
Kp is the back-emf coefficient, and V, is the input current
voltage. All constants in (66) are positive, and we assume
that perturbed values of ¢ are available for measurement.
The preceding model has been studied extensively. For
instance, see [9] for continuous-discrete observers for (66),
and [8] for full order observers for (66) with sampling and
input delays. However, we believe that the problem we solve

in this subsection of building reduced order observers for
(66) with arbitrarily small fixed convergence times 7 under
continuous measurements was open.

By also allowing additive uncertainties in the model (66)
and in the measurements, we obtain the dynamics

x1(t) = xa2(t) +01,1(t)
X2(t) = bixa(t) —arsin(x1(t)) — azx2(t)
1 61(t) ©7)
x3(t) = bou(t) — azxa(t) — asxs(t) + d13(t)
Y(t) = xa(t)+02(t)

where x1 = ¢, x2 =4, x3 =Z, a1 = N/M, ay = B/M,
as = KB/L, a4 = R/L, bo = 1/L, and b1 = 1/M, and
u = V, is the control. As in [7], we choose by = 40, by = 15,
a] = 35, ag = 1, as = 36.4 and ag = 200.

Adopting the notation & = x1, 1.1 = X2, {12 = Xa3»
61’1(t) = (51$2(t), El’g(t) = 51’3@), Eg(t) = (51’1(15), and
e3(t) = d2(t), we can rewrite the system (67) as

E11(t) = —agbra(t) + b€ (1)

| —aysin(Y(t) — es(t) + £11 (1)

§12(t) = ;(Zilé)(t) — a41 2(t) + bou(t) (68)
Eot) = &a(t)—k& () +E[Y () —es(t)]+ea(t)
Y(t) = &l(t) +es(t)

for a constant £ > 0 that will be specified.
Then the notation of Sections II-III produces the choices

—az b

s —ay (69)

4 = [
Fi(s,t) = (—aq sin(s), bou(t)), Fa(s,t) = ks, K1 = a1 and
Ky = k. With the preceding parameter choices, A; + kI is
invertible when k2 — 201k + 746 # 0. Thus we can take
k = 1. Then the dynamic extension (7) of Section III is

| ai=to 0

Ea(t) = —Eua(t) + 1562(t) — 35sin(Y (1))
§10(t) = —36.4&1 1 () — 2004 5(t) + 40u(t)

&) = &at) - &) +Y (1)

e = 05| % |0 -&ol o

a0 = | 5 e |

s | W |- é
Then, Theorem 1 provides the exact value
i) = &) +R(E&(1) —&(1) + ex(t)
+S8 et = 1) — (1)) (71)

+ 871 [1/12(15) _ 67(A1T+21)71/J2(t _ 7_)}

for all £ > 7 for a function ey satisfying (15). The preceding
observer contrasts significantly with the fixed time observer
for (67) that was presented in [7, Section 5.2], whose fixed
convergence time 7 is required to be such that e =17 — =74
is invertible where H = A + L4C for a suitable matrix

L4, and where C is from the representation y = Cz of



the output in terms of the state . Moreover, [7, Section 5.2]
produces large coefficients in the final estimation error under
discrete time measurements for small 7 > 0 values. Hence,
we believe that the observer designs from this work offer
potential advantages over previously available observers.

B. Illustration of Theorem 2

We next illustrate the sampled output case using the
following pendulum dynamics that was studied, e.g., in [1]:

iy (t) = za(t)
ia(t) = —sin(z1(t)),

z (72)
w1 (t5) + es3(ty)

1
2
y(t;) =
with x4 () and x2(t) both valued in R. This has the form (38)
with 51 = X2, 52 = X1, A1 = 0, Fl(S,t) = —Sin(s), A2 =
1, F5(s,t) = ks, e = eo = 0, and any positive constant k,
by subtracting and adding kx(¢) in the 1 dynamics. Hence,
Theorem 2 applies for any positive values k£ and 7 if the sup
T of the sampling intervals satisfies T < 1/u, where u was
defined by (42). For example, by choosing £ = 1.2 and
7 = 0.6, we get the bound 7' < 1/u = 0.0159168. On the
other hand, smaller values of T produce faster convergence
rates in the exponential input-to-state stability estimate in
the theorem; see Remark 3 above. The upper bound 1/u
depends on the choices of k£ and 7. In Figure 2, we used
Mathematica to plot 1/ on the vertical axis, as a function
of k and 7 for the preceding values of the other parameters.
Our figure shows how smaller &k values for given choices

0.010

_ 0,005
Boundon T

0.000

10 Y

Bound 1/ on T for Values k € [1.5,10.5] and 7 € [0.01, 1].

Fig. 1.

of 7 lead to larger values of the upper bound for 7. This
illustrates the tradeoffs between the choices of 7 and k and
the sample interval bounds 7T'.

VI. CONCLUSION

We solved significant observer design problems for sys-
tems that are linear in the unmeasured variables and with
continuous but perturbed measurements, using a novel
Gramian approach which eliminates an invertibility condition
on the fixed convergence time from prior works such as [7],
while only requiring a single delay in the observer. We also
provided an analog for cases where only discrete measure-
ments are available and where we instead get arbitrarily large
exponential convergence rates. Our examples illustrated the

potential advantages of our new approaches and a tradeoff
between sample rates in the measurements and the parameter
choices in our observer. We aim to obtain extensions for
systems with state delays or measurement delays.

APPENDIX: INVERTIBILITY OF THE MATRIX S

Let us prove that the matrix S defined in (5) is invert-
ible, which was needed for the observer designs from our
theorems. Let V' € R"™9 be a vector such that SV = 0.
Then

SO VTAm) TA(m)Vdm = 0. (A.1)

As an immediate consequence, we get A(m)V = 0 for
all m € [—7,0]. It follows that for all integers j > O,
A0)(0)V = 0. Also, simple calculations give A7) (0) =
—Ag(Ay+kI)7=1. Thus Ay (A; +kI)'V = 0 for all integers
[ > 0. Using the fact that these equalities are equivalent to

l .
Ay 3 CIAlV =0

Jj=0

(A2)

for suitable nonzero integers C’j, we deduce that AQAZ1 V=0
for all integers [ > 0, by induction on [. Since (A;, As) is
observable, it follows that V' = 0. This allows us to conclude.
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