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The dynamics of modulated wave trains

ABSTRACT

We investigate the dynamics of weakly-modulated nonlinear wave trains. For reaction-diffusion
systems and for the complex Ginzburg--Landau equation, we establish rigorously that slowly
varying modulations of wave trains are well approximated by solutions to Burgers equation over
the natural time scale. In addition to the validity of Burgers equation, we show that the viscous
shock profiles in Burgers equation for the wave number can be found as genuine modulated
waves in the underlying reaction-diffusion system. In other words, we establish the existence
and stability of waves that are time-periodic in appropriately moving coordinate frames which
separate regions in physical space that are occupied by wave trains of different, but almost
identical, wave number. The speed of these shocks is determined by the Rankine--Hugoniot
condition where the flux is given by the nonlinear dispersion relation of the wave trains. The
group velocities of the wave trains in a frame moving with the interface are directed toward the
interface. Using pulse-interaction theory, we also consider similar shock profiles for wave trains
with large wave number, that is, for an infinite sequence of widely separated pulses. The results
represented here are then applied to the FitzHugh--Nagumo equation and to hydrodynamic
stability problems.
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Abstract

We investigate the dynamics of weakly-modulated nonlinear wave trains. For reaction-diffusion sys-
tems and for the complex Ginzburg-Landau equation, we establish rigorously that slowly varying mod-
ulations of wave trains are well approximated by solutions to Burgers equation over the natural time
scale. In addition to the validity of Burgers equation, we show that the viscous shock profiles in Burgers
equation for the wave number can be found as genuine modulated waves in the underlying reaction-
diffusion system. In other words, we establish the existence and stability of waves that are time-periodic
in appropriately moving coordinate frames which separate regions in physical space that are occupied by
wave trains of different, but almost identical, wave number. The speed of these shocks is determined by
the Rankine-Hugoniot condition where the flux is given by the nonlinear dispersion relation of the wave
trains. The group velocities of the wave trains in a frame moving with the interface are directed toward
the interface. Using pulse-interaction theory, we also consider similar shock profiles for wave trains with
large wave number, that is, for an infinite sequence of widely separated pulses. The results represented

here are then applied to the FitzHugh—Nagumo equation and to hydrodynamic stability problems.
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Notation

Throughout this paper, we denote possibly different constants by the same symbol C. We denote by H}
the space of locally square-integrable functions on R whose first m weak derivatives exist and are uniformly
bounded in local L? spaces and for which the spatial translation y — u(- + y) is continuous with respect to
the H}-norm. Their norm is defined by

||UHH£'1L = sup ||uHHm(m,z+1)
zER

where the Sobolev norm || - || gm (z,541) is, for each fixed = € R, given by

m
||u||H’"(m,r+1) = Z ||aiu||L2(m,m+l)‘

Jj=0

We also use the weighted Sobolev spaces H™(n) which we equip with the norm

[ell e my = llw ol g

with py(z) = /1 4+ |2]2.

u(z,t) solution to reaction-diffusion system
uo(wt — kx; k) wave train (27-periodic in argument 6)
0 =wt —kx travelling-wave coordinate (wave train)
k wave number

w temporal frequency

wni(k) nonlinear dispersion relation

cp = wni(k)/k phase velocity

cg = dwni(k)/dk group velocity

A temporal eigenvalue

Alin (V) linear dispersion relation computed in frame with speed c;
v complex spatial Floquet exponent

l imaginary part of spatial Floquet exponent v = i/
(X, T) slowly varying phase

q(X,T) slowly varying wave number

0<ixkl multi-scale expansion parameter
(X,T) = (6(x — cgt),62t) | slow space and time variables

Cx speed of viscous shock

Wi frequency of viscous shock

E=x —cit travelling-wave coordinate (shock)

T = wyt rescaled time (27-periodic)
o=1—koé co-rotating coordinate (wave train)
a(l) = [Ful(¢) Fourier transform of u(x)

w(x,0) = [Jul(x, ) Bloch transform of u(x)

When we fix a wave number kg, we will denote the associated frequency, group and phase velocities evaluated

at ko by wo = wni(ko), Cg and cg, respectively. When confusion is unlikely, we will drop the index 0.




1 Introduction

We begin in §1.1 with a grasshopper’s guide which contains a brief outline of our results and the plan of
the paper. In the rest of the introduction, starting with §1.2, we explain our results and their proofs in
more detail. We finish the introduction in §1.6 with references to related work and a brief discussion of open

problems.

1.1 Grasshopper’s guide

The issue investigated in this paper is the dynamics of slow modulations of nonlinear, spatially-periodic

travelling waves, in the following referred to as wave trains, in reaction-diffusion equations
Opu = DOppu + f(u), rzeR, wueR%

Let u(x, t) = up(wt—ka; k) be such a wave train whose profile ug(6; k) is 27-periodic in 8, and whose temporal

frequency w and the spatial wave number k are related through the nonlinear dispersion relation w = wy (k).

/

! (k) and denote their linear dispersion relation

We define the group velocity of the wave trains via ¢, = w
by Aiin(v). If we modulate the wave number k of the wave trains over large spatial scales, we are led to an

ansatz of the form
u(z,t) = up(wt — kx — (X, T); k 4+ 60xP(X,T)), (X,T) = (6(z — cgt), 6%t)

with 0 < § < 1, which turns out to satisfy the underlying reaction-diffusion system formally to leading order
provided the wave-number modulation ¢(X,T) = Ox®(X,T) is a solution of the (viscous) Burgers equation
1 1
Orq = M (0)0x xq — Swin(k)dx (¢*).

In this manuscript, we investigate the following issues:

o Validity results for Burgers equation (setup: §4.1; results: §4.4; proofs: §5):
We establish rigorous error estimates for the approximation of slowly-varying modulated wave trains
via Burgers equation over the natural time scale of order 6=2. The error estimates are uniform in
the spatial variable x provided the wave-number modulation ¢(X,T) approaches limits as X — 4oo0.
These results are formulated and proved separately for the complex Ginzburg-Landau equation (§3)
and for general reaction-diffusion systems. For the latter case, we also present approximation results

for the inviscid Burgers equation over time scales of order 5~ (§6).

e Modulation equations near sideband instabilities (§7):
When the underlying wave trains become sideband unstable, Burgers equation does no longer provide
an accurate description of the dynamics of slow modulations. Instead, depending on the form of the
linear dispersion relation, it is the Korteweg—de Vries or the Kuramoto—Sivashinsky equation that takes

its role. We discuss their validity properties for reaction-diffusion systems.

o Existence and stability of weak shocks (setup: §4.1; results: §4.5; proofs: §8):
We show that the viscous shock fronts in Burgers equation correspond to genuine modulated waves
of the underlying reaction-diffusion system. In other words, we construct stable waves that are time-
periodic in an appropriately moving coordinate frame and whose profile converges, as * — +o0, to
two wave trains with different, but almost identical, wave number. The speed of these interfaces is
determined by the Rankine-Hugoniot condition with the flux given by the nonlinear dispersion relation
of the wave trains. The group velocities of the asymptotic wave trains, computed in a frame moving

with the interface, are directed toward the interface.



e Global analysis of trains of well-separated pulses (§9):
In the limit of infinite wavelength (or zero wave number), wave trains are made up by an infinite number
of well-separated pulses whose dynamics can be described formally by a lattice dynamical system. In
this description, modulated fronts that connect two such wave trains can be found as heteroclinic orbits
to a certain delay equation. We show that these heteroclinic solutions exist between any two wave

trains.

o Applications (§10):
The results presented here are applied to the FitzHugh—Nagumo equation and to the Taylor—Couette
problem.

1.2 Slowly-varying modulations of nonlinear wave trains

We shall investigate the dynamics of weakly-modulated nonlinear wave trains in partial differential equations

(PDEs) on the real line. To set the scene, suppose that we are given a reaction-diffusion system
Owu = DOpyu + f(u), reR, wueRY (1.1)

Starting point of our investigation are wave trains which are solutions u(z,t) = ug(wt — kz) of (1.1) that are
2m-periodic in their argument 6 = wt — kx. Thus, w may be interpreted as the temporal frequency of the
wave train and k as its spatial wave number; their quotient ¢, = w/k gives the wave speed, or phase velocity,
of the nonlinear wave. Typically, wave trains exist for an entire range' of wave numbers k, and both the
profile ug(f) and the frequency w will depend on the choice of k. To reflect this fact, we write the travelling
wave as

u(x,t) = up(wt — kx; k) (1.2)

and denote the frequency w selected by the wave number k by wy(k); we shall refer to this function as the

nonlinear dispersion relation.

We will assume that the wave trains are spectrally stable: If we transform (1.1) into the frame 6 = wt — kx

and linearize the resulting equation about the wave trains ug(6; k), we obtain the linear operator
Lu = k*DOggu — wdgu + f' (uo(0; k))u. (1.3)

Since the coefficients appearing in (1.3) are periodic in 6, a complex number A € C is in the spectrum of L,
considered for instance on L?(R) if, and only if, there is a wave number ¢ € R and a nonzero 27-periodic
function v(0;¢) such that

Lu = Au, u(f) := v (0;0).

Elements A of the spectrum of £ come in curves A(if) that are parameterized by ¢ € R. In particular,
translation invariance of (1.1) implies? that there is a spectral curve Ay, (i) with A\ji,(0) = 0; the associated
eigenfunctions v(6; ¢) have the expansion

v(0;0) = Dgug(0; k) — LApuo(0; k) + O(L?).

Spectral stability of the wave train therefore means that the spectrum of £ lies in the open left half-plane

except for the curve \jiy (i¢) for which we assume that A{f (0) > 0.

1See §4.1 for details
2See §4.1 for details



The fact that wave trains exist for wave numbers k in an open, nonempty interval of real numbers has very
interesting consequences. We may, for instance, pick two wave numbers k_ and k; from the admissible range
and prepare an initial condition which coincides with ug(—k_z;k_) on R™ and with ug(—kyx;k.) on RT,
perhaps with some smooth transition between the two patterns near x = 0. The dynamical behaviour of the
resulting solution will reflect the interaction properties of the two wave trains with wave numbers k_ and
k. Worded differently, the region where the transition from wave number k_ to k4 occurs can be thought
of as the interface between the two patterns described by the chosen wave trains. Of interest is then the

dynamics of this interface.

More generally, we are interested in the dynamics of modulated wave trains. To motivate the ansatz in
which we shall seek solutions, we begin with a brief heuristic discussion of local wave numbers; Figure 1.1
contains a graphical illustration. Since ug(f) is 2m-periodic in its argument, we can interpret the number k
in the wave train ug(—kz) as the number of waves per unit interval: its wave number, in other words. For
functions of the form uy(—¢(z)), we may therefore regard the derivative 0,¢(x) as the local wave number of
ug(—¢(z)) near x. This concept becomes more plausible and credible if 9, ¢ varies very little in . Thus, pick
a function ®(X) and choose a small multi-scale parameter 6 with 0 < § < 1. The function ug(—kz — ®(dx))
has indeed, locally at z, a wave number that is given by k + d0x ®(0x). This interpretation may become
more clear when specializing to ®(X) = X in which case ug(—kx — ®(dz)) = uo(—(k + 0)z) so that local

and global wave numbers coincide.

Thus, exploiting the freedom we have in selecting the wave number, we choose a smooth real-valued function

®(X) and consider a slowly modulated wave train of the form
u(z) = up(—kz — ®(dx); k + 00x ®(dz)) (1.4)

for 0 < 6 <« 1, where we think of § as a small parameter that determines the length scale over which the
wave number is modulated by the function 0x ®. For § > 0 sufficiently small, it is reasonable to expect that
the solution of (1.1) with initial condition (1.4) remains a slowly modulated wave train: it should still be
of the form (1.4) for a function ®(X) that now also depends on time. If this is true, then it ought to be

possible to derive an effective evolution equation for the time-dependent modulation .

Evolution equations that describe slowly-modulated wave trains have indeed been derived in the literature,

and we shall now describe the outcome of these analyses. First, we make the modulation ansatz
u(z,t) = up(wn(k)t — ke — (X, T); k + 00xP(X,T)) (1.5)

for 0 < § < 1. The variables (X,T) represent the relevant length and time scales over which the slowly-

varying modulation of the wave number evolves. The correct choice for (X, T) turns out to be
(X,T) = (6(z — cgt), 6°t), (1.6)

where
cg = wp (k) (1.7)

nl

is what we shall refer to as the group velocity of the wave trains. In these coordinates, the local wave number

q(X,T) := Ox®(X,T) satisfies, to leading order and on a formal level, Burgers equation®

1 1
Orq = §Aﬁn(0)3qu - §wﬁ1(k)ax(q2)» (1.8)

3The term Burgers equation is often reserved for the inviscid Burgers equation without the diffusion term in (1.8). We

break with this convention and shall refer to (1.8) as Burgers equation.



while the phase ®(X,T) itself satisfies the integrated Burgers equation

lin

or® = %)\” (0)0x x® — %wgl(k)(axé)? (1.9)

At this point, two questions arise naturally:

e First, assuming that the description via (1.8) is correct, what do we learn from it with regard to the

dynamics of modulated wave trains of the reaction-diffusion equation (1.1)?

e Second, can we prove that (1.5) and (1.8) together describe the dynamics of modulated wave trains
accurately? In other words, given a solution ¢(X,T) to Burgers equation, is there a solution to the
reaction-diffusion equation (1.1) which differs from (1.5) by terms that go to zero sufficiently fast as
0 — 07

1.3 Predictions from Burgers equation

To address the first question (whose answer will motivate why we may want to look into the second issue),

4 some key features of solutions to Burgers equation. First, note that solutions ¢(X,7T) of

we briefly review
Burgers equation with sufficiently localized initial data decay to zero in L' N L>® as T' — oco. In terms of

(1.1), this means that localized perturbations of the wave number of wave trains will decay to zero.

Localized solutions ®(X,T) of (1.9), which correspond to solutions ¢ = dx® of (1.8) with vanishing spatial
mean, look very much like a Gaussian when renormalized appropriately and, in particular, remain localized
near X = 0 for all 7. Taking into account the frame (1.6) in which Burgers equation has been derived, we
see that localized perturbations of the phase of wave trains decay to zero in L' N L> while being localized
near = cgt when suitably renormalized. This justifies the term group velocity for the quantity cg: it is the
velocity with which localized perturbations in phase or wave number propagate in time (see also Figure 1.1).
Note that localization of the wave number ¢(X,T') simply means that the wave trains at X = +oo are the
same. The phase ®(X,T) is localized precisely when ¢(X,T) has vanishing spatial mean:

X o)
20T = [ 1Y, a(T) - b D)= [ (X1,
Localization of the phase function ®(X,T') therefore means that the wave trains at X = £oo are in phase,
and the effect of (1.5) is simply to move some of the interior waves forth and back. We refer to Figure 1.2

for an illustration.

Next, we shall focus on nonlocalized solutions of Burgers equation. Of particular interest are the viscous
Lax shocks of (1.8). For any two given numbers ¢_, ¢+ € R, Burgers equation admits a travelling wave
q(X,T) = q.(X — &*T) with ¢.(X — ¢*T) — ¢4 as X — +oo if, and only if,

wni(k)(g+ —g-) <0. (1.10)

Thus, ¢g— < g4 for w|(k) < 0 and ¢4 < ¢_ for w/ (k) > 0. If (1.10) is met, the wave speed c* is given by

1
¢ = som(k)(g+ +q-), (1.11)

and the front ¢.(X — ¢*T) is asymptotically stable. Burgers equation (1.8) is a viscous conservation law,
and it is not hard to see that the inverse slopes of the characteristics of (1.8) to either side of the front g,
are given by

Cgi = wgl(k)Q:t-

4Details can be found in §2.



Cp Cg

— R e U
The left panel shows a wave train that travels with its phase velocity cp, while the right panel

contains a modulated wave train with its local wave number q shown on top. The slowly-varying modulation
of the wave number propagates with the group velocity cg.

Figure 1.1:

wave number x/x e O s

modulation wave | \ \ \ \ \ [\ \ \ ’\ ’\ ’ \ \ ’ \ \ \
wave train | \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \

modulation with zero mean modulation with nonzero mean

Figure 1.2: The difference between localized modulations with zero (left) and nonzero (right) mean is il-
lustrated. The upper row shows the local wave number as a function of x, the resulting modulated wave is
plotted in the center row, and the original wave train is shown in the third row for comparison. Note that
phases of the modulated wave and the wave train at x = H+oo coincide for wave-number modulations with
zero mean, while modulation with nonzero mean generate a phase difference equal to the mean.

Lax shock e N e
o NN
interface
Cx R Cg
Lax shock \ —»
k4 k— interface
Figure 1.3:

The relation between concave (top) and convex (bottom) dispersion relations and the resulting
weak-shock profile is illustrated. The velocity c. of the interface, given by the Rankine—Hugoniot condition
(1.18) and therefore by the slopes labelled c. in the insets, is close to the group velocity cs = wi which is
positive for the dispersion relations shown to the left.



In particular, using (1.10) and (1.11), we have

cg > >cf, (1.12)

and the characteristics therefore point toward the front interface which confirms that the fronts ¢, are viscous
Lax shocks. Of course, if (1.10) is not met, then the characteristics point away from the transition area near
X =0, and we expect the solution ¢(X,T) of (1.8) to behave in a way that is similar to rarefaction waves

in conservation laws.

Starting from a wave train with wave number k& in the reaction—diffusion system, the Lax shocks q.(X —c¢*T)
of the associated Burgers equation correspond formally, via (1.5), to coherent structures of the reaction-
diffusion system (1.1) that move with speed ¢, = ¢z + dc¢* and connect the wave train with wave number
k- =k+0g_ at X = —oco to the wave train with wave number ki = k 4 dg¢; at X = oo (see Figure 1.3).
Since the group velocities of the asymptotic wave trains are given by

winlk + 8g2) = e + wii(k)dgs = g + dcg,
we can therefore conclude from (1.12) that
wii(k +0g-) > ¢g + 6¢* > wiy(k + dgy ).

Using the definitions k+ = k + dg+ and c. = ¢g + ¢, we finally get

wpy(k=) > ex > wyy (k).

Using the interpretation of the group velocity as the speed with which perturbation propagate along the
wave train, we therefore see that the asymptotic wave trains transport perturbations toward the interface
that separates them since its speed is c. = cg+dc*. Coherent structures with this property are often referred
to as sinks [50].

This ends our discussion of the dynamics of Burgers equation and how it relates to the underlying reaction-
diffusion equation. In the next section, we shall now outline our approach for proving validity of Burgers
equation as the system that governs modulations of nonlinear wave trains and the existence of the Lax shocks

we discussed above in the reaction-diffusion equation.

1.4 Verifying the predictions made from Burgers equation

We will prove in §8 that the coherent structures which we discussed in the previous section indeed exist.
More precisely, for given constants k_ and ki, we are interested in solutions to (1.1) of the form wu(z,t) =

Uy (T — et wyt), where u, (€, 7) is 2m-periodic in 7 and
Ui (T — Cutywit) — up(wet —kex — dy; k)

as ¢ — =oo for appropriate phase constants ¢+ € R. Solutions u,(x — c.t,w.t) of the above form are
spatially asymptotic to the wave trains with wave numbers k_ and k4. They are also temporally periodic
with frequency w, when considered in a coordinate frame that moves with speed c,. It turns out that the
assumption of temporal periodicity determines the wave speed via the Rankine-Hugoniot condition

e — wni (k) — wn(k-)
* ky —k_ ’

(1.13)

which coincides with the speed prediction (1.11) once the moving frame (1.6) is taken into account. The

temporal frequency w, is given by
— wnl(k—)k+ - wnl(k+)k_
ky —k_ ’

10



We shall show that u. exists, and is nonlinearly stable with respect to (1.1), whenever the wave numbers k4

are sufficiently close to each other® and the Lax condition

/

wni(k=) > ex > wyy (k)

is satisfied. Thus, the group velocities of the asymptotic wave trains, computed in a frame moving with the
interface, are again directed toward the interface, which illustrates further why these structures correspond

to the Lax shocks of Burgers equation.

Note that we can only prove the existence of u, when k; and k_ are close to each other®, so that the coherent
structures are really weak shocks. It is an interesting consequence of (1.13) that c. — cg(ko) as k+ — ko.
Thus, the speed of the interface between the two asymptotic wave trains becomes the group velocity ¢, when

the wave trains approach each other.

The idea of the existence (and stability) proof is to use spatial dynamics and the Kirchgéassner reduction
[18, 29, 41]: If the weak shocks were independent of time, they would satisfy an ordinary differential equation
(ODE) in the spatial variable £ = x — c¢4t. Since the weak shocks are periodic in time, a similar approach
works: Writing the weak shock as u. (&, 7) = u.(x — c.t, wst), we see that (u,v)(§,7) = (us, Ocus) (€, T) has
period 27 in 7 and satisfies the modulated-wave equation

o (1.14)
v = —D —w.dru+ v+ flu))],

where (u,v)(€, ) lies for each & in the space H],(0,2m) x Hééf (0,27) of functions that are 27-periodic in 7.
In this spatial-dynamics formulation, wave trains correspond to periodic orbits of (1.14), while weak shocks
are heteroclinic orbits that connect them. Since (1.14) is autonomous in &, periodic orbits of (1.14) will
always have one neutral Floquet exponent. If we choose ¢, := cg(ko) to be the group velocity of the wave
train with wave number kg, then the periodic orbit corresponding to this wave train turns out to have two
neutral Floquet exponents, and the vector field on the two-dimensional center manifold coincides with the
equation describing viscous shock profiles in Burgers equation! Thus, we obtain the weak shocks from the

Lax shocks of the flow on the center manifold.

Next, we discuss the validity of the Burgers equation itself over time intervals [0, Tp/§?] for some fixed Ty > 0.
To illustrate the key ideas and difficulties, we focus first on the complex Ginzburg-Landau equation (CGL)

A = (1+10)0, A+ A~ (L +iB)A|A]%,

where A(xz,t) is complex-valued. For simplicity, we consider the wave train with wave number k = 0 which
is given explicitly by

Ag(z,t) = e P!
and whose group velocity vanishes. Exploiting the invariance of the CGL with respect to A — Ael7, we

introduce the amplitude and phase deviations (r, ¢) of this wave train via
Az, t) = (14 r(z,t))el Pt

Substituting this ansatz into the Ginzburg—Landau equation and using the local wave number ¢ = 0,¢ as a

new variable, we obtain the equation

O = Opar — 2r — Y — P2 — 20(0,1)) — adpt) — a(Optp)r — 3r% — 13 (1.15)
_ aaﬂ;wT _ 2 2(61T)¢ _ _ 2
3t¢ - 89:a:w + 890 ( 1 +r CW + 1 +r QﬁT ﬁ’l‘ )

5More precisely, when both the wave numbers and the profiles of the associated wave trains, in the 27-periodic f-variable,

are sufficiently close to each other.
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which depends only on r and ¥ = 0,.¢ but not on the phase ¢ itself. Thus, we have successfully decomposed
the underlying PDE into an equation for the local wave number v and an equation for the remainder r.
Note that the equation for 1 is a conservation law, which somewhat resembles Burgers equation, while the

equation for r is exponentially damped due to the linear term —2r.

Given a solution ¢(X,T) of Burgers equation on the time interval [0, Tp], we now wish to examine whether
there is a solution (r,9)(x,t) of (1.15) that stays close to the slowly-varying modulation (0, §q(dz,°t)) for
t €[0,To0~2] and 0 < § < 1. Our approach follows closely the general strategy that has been developed over
the past decade to establish validity of amplitude and modulation equations. First, using a formal power-
series expansion in the scaled variables (X,T), we can calculate corrections to the initial approximation
(0,8q(dz,5°t)) to obtain functions (ry,1,)(X,T) that satisfy (1.15) up to residuals of the order O(6") (with

n chosen as large as we wish). This suggests that we try to control the full solution by making the ansatz
(r, ) (2, t) = (rp, ) (2, ) + 6" TH (R, RC) (, 1) (1.16)

for solutions of (1.15), which leads to a certain evolution equation for the error (R®, R°). Roughly speaking,
we expect that the equation for R® will again be exponentially damped, and that its solutions therefore
stay bounded by Gronwall’s lemma as long as its right-hand side remains bounded, while the equation for
the error R¢ will retain the conservation-law structure exhibited by (1.15). Corroborating these assertions
requires diagonalizing (1.15) in an appropriate sense which we postpone until the actual proof. Instead, we
shall focus on the model problem

R = 0,R + 0, (0aR°+0(6%)),  a=a(z,t) € LR xRT) (1.17)

which turns out to share the key features with the actual equation for R°.

The issue at hands is to control the growth of the solution R¢ of (1.17) over the time interval [0, Tp/d?].
Using the variation-of-constant formula, we find

RE(t) = /0 t == (=99, [5a(-, s)R°(s) + O(6?)] ds.

The estimate c
€220, || L2 L2 < —o

Vit

of the linear semigroup gives

¢ CO 600
0o Vt—s Vt—s

We can now use the version® of Gronwall’s inequality proved in [22] to conclude boundedness of the error
Re(t). This is further illustrated by the calculation

t
IR (@)= < [dllallz= IR (s)llz2 + O(8%)] ds < €1 +/0 IR(s) L2 ds, Vit € [0,T/8%).

ts5C
ds < 6CyvVt < Co/T
/O\/t_—s s> 0\[_ 0 0

which is valid for ¢ € [0,Ty/4?].
In summary, it is the factor 9, in (1.17), i.e. its conservation-law structure, that allows us to conclude that
the error stays bounded over the desired time interval. We shall see in §3.9 that the leading-order term in

the equation for the error of the Ginzburg-Landau equation is indeed of order O(d) so that we could not

possibly infer boundedness over time intervals of length =2 if the factor d, were not present.

6See Lemma 3.12 in §3.9

12



To apply the same analysis to reaction-diffusion equations, we need to extract an equation of conservation-
law form for the local wave number. This is accomplished in §5: Starting with an arbitrary slowly-varying
phase function ¢(z,t), we change the independent variable x via x = y + ¢(y,t). The resulting PDE in the
y-variable turns out to depend only on the derivatives of ¢ but not on ¢ itself. This allows us to derive an

effective equation for the wave number upon using Bloch-wave transforms and mode filters.

Burgers equation is formulated in terms of the wave number, and any validity result therefore needs to
take into account the reconstruction of the phase ¢ from the wave number dx ®. This reconstruction turns
out to impose a number of limitations on how well the dynamics in the reaction-diffusion system can be
approximated via solutions of the associated Burgers equation: While our approximation results are uniform
in the variable y that we introduced above, it turns out that we cannot expect uniform validity for z € R
but only for x in intervals of large but finite length. Moreover, we have to allow a global z-independent shift
between the approximation and the solution. For this shift, we can only prove an O(1)-estimate on the time
interval of the order O(1/§2).

We emphasize, however, that the quality of the approximation by Burgers equation improves dramatically
for solutions with additional properties. One example are solutions to Burgers equation that converge
sufficiently fast toward, possibly different, limits as X — £oo. In particular, this class of solutions includes
sufficiently localized solutions ®(X,T") of the integrated Burgers equation (1.9). For all the above solutions,

the approximation is uniform in x € R.

1.5 Related modulation equations

We derived the Burgers equation by choosing a scaling of the (z,t) that resembles the self-similarity scaling
of the linear heat equation. Alternatively, following [23], we may also employ the ansatz

u(z,t) = ug(wm(k)t — kx — (X, T)/6; k+ 0x (X, T)), (X,T) = (6=, 0t) (1.18)
which leads to the inviscid Burgers equation”
Orq + Oxwn(k+q) =0 (1.19)

for the wave number ¢ = dx®. Equation (1.19) is a hyperbolic conservation law and therefore allows the
formation of shocks. Thus, we can only expect to obtain validity results that hold over time intervals [0, T} /4]
where T} > 0 is sufficiently small depending on the chosen solution ¢(X,T’). This is indeed the result that
we shall establish in §6 for reaction-diffusion equations. While the profile of solutions is again approximated
well, its position is known only up to an error of the order O(||q||?>/5). We emphasize though that this
estimate is good enough to prove that the group velocity provides the speed with which perturbations are
transported along the wave train. Lastly, we remark that a similar approximation result has been proved in
[40] for the complex Ginzburg-Landau equation.

The description via Burgers equation breaks down once the wave trains undergo sideband instabilities which

occur when the coefficient A{{ (0) changes sign. In particular, Burgers equation (1.8) becomes ill-posed near
these instabilities, which shows the need of taking higher-order derivatives into account that regularize the
equation. Depending on the next nonvanishing term in the linear dispersion relation Aj, (v), it is either the

Korteweg—de Vries equation (KdV)

1 1
Orq — ZNin(0)0x x xq + Swii(k)dx (¢*) = 0

6 2

7Strictly speaking, the term inviscid Burgers equation refers to the conservation law with nonlinearity ¢dxq (i.e. with a

quadratic flux). Within the context of this paper, we think of Burgers equation as a shortcut for the modulation equation for
the wave number and shall therefore, with a slight abuse of notation, always refer to (1.19) as the inviscid Burgers equation.
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or the Kuramoto-Sivashinsky equation®

1 1
Orq — ﬂ)\ﬁg(o)axxqu + koOxxq + 5w§(1(k:)8x(q2) =0

which describe the dynamics of modulated sideband-unstable wave trains. Validity results for both of these
equations are presented in §7 though the results for the KdV equation are again quite unsatisfactory due
to its hyperbolic nature. Since we chose not to exploit the regularity properties of the KdV equation, our

results are limited to time intervals [0, 73073] where 0 < T} < 1 is sufficiently small.

1.6 References to related works

The mathematics and physics literature contains a large body of works pertaining to phase and modulation
equations. We shall put here our work in perspective by citing those papers that influenced us most but do

not attempt to give a comprehensive literature review.

Howard and Kopell [23] were, to our knowledge, the first to consider phase equations in reaction-diffusion
equations. They formally derived the inviscid Burgers equation for reaction-diffusion systems using multi-
scale expansions similar in spirit to the approach pioneered by Whitham [56] in his work on conservative
PDEs. Howard and Kopell also proved the existence of weak shocks in A-w systems where weak shocks
satisfy an ODE. Lastly, they commented on the difficulties that arise for general reaction-diffusion systems

when weak shocks are sought via the spatial-dynamics approach since the resulting equation is ill-posed.

Kuramoto [31] investigated more systematically the different types of phase equations that arise through
formal multi-scale expansions depending on the symmetries of the underlying PDE and the stability and

symmetry properties of the underlying periodic pattern (see also [43] for a comprehensive overview).

Other formal derivations of various phase equations for the Ginzburg-Landau equation and for general
reaction-diffusion equations can be found, for instance, in [3, 4, 20, 30, 35]. For further references, we refer
to the survey articles and textbooks [1, 10, 33, 34, 44, 45]. These also contain references to many of the
works that have focused on multi-dimensional phase equations, starting with the seminal paper [11] by Cross
and Newell.

There do not appear to be many mathematically rigorous results regarding the existence of weak shocks or
the validity of phase equations. Kapitula proved in [25] the nonlinear stability, in polynomially weighted
spaces, of the weak shocks in A-w systems that were found by Howard and Kopell. In [27], he considered the
existence and stability of not necessarily weak shocks for the nearly real cubic Ginzburg-Landau equation.
Van Baalen [2] proved validity of the integrated Kuramoto-Sivashinsky equation for the phase (but not the
wave number) near the k = 0 wave train of the CGL. Lastly, Melbourne and Schneider established in [39, 40]
the validity of the phase diffusion equation and the inviscid Burgers equation near the k£ = 0 wave train of

the real and the complex Ginzburg-Landau equation, respectively.

2 Burgers equation

As outlined in the introduction, solutions ¢ of Burgers equation describe the local wave number of an

underlying travelling spatially-periodic pattern. In this section, we review properties of these solutions.

2.1 Decay estimates

8We shall give the precise definition of the diffusion coefficient k2 in §7
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We begin by reviewing the stability properties of the constant solutions ¢(X,T) = qo of Burgers equation

drq = Oxxq+ 0x(q%) (2.1)
that were obtained in [6].
Thus, denote by ¢(X,T) the deviation from the constant solution so that ¢(X,T) = qo + ¢(X,T) satisfies
(2.1). We see that ¢(X,T) satisfies the PDE
Orq = Oxxq + 2¢00xq + 9x (7% (2.2)
which can be transformed back to (2.1) by the transformation
X — X +2qoT. (2.3)
Hence, without loss of generality, we can restrict ourselves to the stability of ¢ = 0 in the equation
Orq = 0xxq+ 0x(7*). (2.4)

The results for general g can then be obtained by transforming (2.4) into a comoving frame of reference via
X — X —2qT.

Note that the mean [, q(X,T)dX is conserved by Burgers equation (2.4). In particular, the subspace of
functions with vanishing mean value is invariant under the evolution of (2.4). Solutions to the linearized

equation

with vanishing mean satisfy the decay estimate
. (G
(-, T)||l L= < mHQ('aO)”LI
for some constant C' > 0. For these decay rates, the nonlinear terms dx (¢2) turn out to be asymptotically
irrelevant so that solutions to the nonlinear system (2.4) with zero mean have the same asymptotics as
solutions to the linearized system with zero mean.

Proposition 2.1 ([6]) For each ¢ € (0,1/2), there exist positive constants C1, Cy such that the following
is true. If
0l < [ arodx —o

— 00

then there exists an A € R such that

H(1 +T)§ (\/TX, T) - AXe‘XZ/‘lH <&
H2(2) — (14 T)=2"¢
Consequently,
. Co . Co
X, T < —2—, X,T)||p < .
AT € o, WDl € 127

Remark 2.2 The local phase ®, which is related to the wave number q through q = 0x®, satisfies the
integrated Burgers equation
Or® =0xx®+ (8X<I>)2. (2.5)

For this equation, we have the following asymptotics. For each initial condition ®(-,0) for which || ®(-,0)|| g2 (2)
is sufficiently small, there exists an A € R such that

|0+ vDe (Vix,T) — a1 < _ %
H2(2) — (1+4+T)z2—¢

so that the renormalized phase converges toward a Gaussian.
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Next, we consider localized solutions ¢ € L' of (2.4) with nonzero mean. The Cole-Hopf transformation
QX,T) = el 2 AT OY
transforms (2.4) into the heat equation
orQ = 0xxQ.

Since Burgers equation conserves the quantity fR G(X,T)dX, we are interested in the long-term profiles of

solutions to the heat equation with initial conditions that satisfy
lim Q(X,0)=1, lim Q(X,0)=1+ A.
X——00 X —o0
The results in [6] show that

. 1
Jim Q (\/Tx; T) =1+ Aerf(X)+0 (ﬁ) .
Using that the inverse Cole-Hopf transformation is given by
IxQX,T)
QX,T)

we see that solutions ¢ to Burgers equation (2.4) with localized initial conditions in H?(2) satisfy

(X, T) =

Jim VT (VIX,T) = 35 = o+ Aarf () = £3(6)

with rate O(1/v/T). The limiting profile £%(X) satisfies limx 4o f5(X) = 0. Therefore, the renormalized

solutions converge toward a non-Gaussian limit.

Proposition 2.3 ([6]) For A € R, define f4(X) = % In(1 + Aerf(X)). For each c € (0,1/2), there are
positive constants C1, Cy such that the following is true. If [|G(-,0)| g2(2) < C1, then there exists an A € R
such that

Cs
VI+Tq (VTX,T) - f* XH <2
H + q(\/i ) fA( ) H2(2) (1+T)1/2,€
Consequently,
Co
sup [¢(X,T)| < .
sup [{(X.T)] <

2.2 Fronts in Burgers equation

Next, we recall existence and stability properties of fronts of
1 1
orq = iAﬁn(O)aqu - iwffl(k)ﬁx(f) (2.6)
where we assume that A/l

coefficients equal to one. We prefer, however, to leave (2.6) as it is to make the results a little easier to apply.

Thus, we seek solutions of (2.6) of the form ¢(X,T) = ¢.(X — ¢.T) where

(0) > 0 and w!,(k) # 0. Note that an appropriate scaling of z and ¢ makes both

q(§) = qx, £ — Foo (2.7)

with ¢_ and g4 being given real numbers. Upon substituting this ansatz into (2.6), we obtain

1 1
i (00! + gl — iw;’l(k)(qf)’ =0
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where we differentiate with respect to £ = X — ¢, T. Integrating in &, and using that ¢.(§) — ¢— as £ — —o0

by (2.7), we get
1 1 1
(00 + coqe — Swii(k)gZ = caq- — Swin(k)eZ.
If we also require that g.(§) — ¢+ as £ — oo, we find that the wave speed ¢, is necessarily given by

1
Cx = iwgl(k)(QvL +4q-), (2.8)
so that the travelling-wave ODE becomes

_ wn(k)

nl

RERPYA()

(¢« — a4 )(g — q-). (2.9)
Thus, a necessary condition for obtaining a front that satisfies (2.7) is
wii(k)(g+ —g-) <O0. (2.10)

If (2.10) is met, then the front ¢.(§) is given by

e—wn(k)(@r—a-)¢ _ g

¢:(8) = q+e*w$'1(k)(tI+*q7)E 1 {=X-al (2.11)
with ¢, as in (2.8).
Perturbations ¢ of the front g, satisfy the nonlinear equation

Ori = SN (0)0eed + c.0cd — 5a (K020 + ) (212

which is obtained from (2.6) by setting ¢ = ¢« + ¢ and transforming into the comoving frame £ = X — ¢, T.
Initially, one may expect that the solutions ¢ decay only algebraically in ¢. However, by considering (2.12)
on the space

%, = {@ ™€) € L*(R) and e"€19eq(¢) € LA(R) }

where 77 > 0 is sufficiently small, we obtain exponential decay rates: Indeed, Sturm—Liouville theory shows
that the stationary solutions obtained in this fashion are linearly stable, with a simple eigenvalue at the
origin due to translation invariance, when considered on &, with n > 0 small. Using the spatially weighted
norm on A&,, spectral stability also implies nonlinear stability. We summarize these well-known facts in the
following proposition (see also Figure 1.3).

Proposition 2.4 Assume that \{,(0) > 0 and W/ (k) # 0, then equation (2.6) has a unique front given by
(2.11) which approaches the equilibria q+ as X — F00 provided g and q_ satisfy (2.10). The spectrum of
the linearization of (2.12) about zero, considered on X, for sufficiently small n > 0, lies in the left half-plane
except for a simple eigenvalue at A = 0. In particular, the fronts are nonlinearly stable with asymptotic phase

in the spatially weighted space X,.

In fact, there is a constant a > 0 such that small perturbations of the nonlinear fronts converge to zero alge-
braically with t=" or exponentially like exp(—ant) in the norms supgcg |€|"1G(§)| and supgcg exp(n[€])[G(&)],
respectively, for 0 < n < 1 sufficiently small.
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3 The complex cubic Ginzburg—Landau equation

The complex cubic Ginzburg-Landau equation (CGL) in normal form is given by
KA = (1+10)0,, A+ A — (1 +iB)A|A]? (3.1)

where the coefficients a, 8 € R are real and where x € R, ¢ > 0, and A(xz,t) € C. The Ginzburg-Landau
equation is a universal amplitude equation that can be derived by multiple-scales analyses: it describes
slowly varying modulations, in space and time, of the amplitude of bifurcating spatially-periodic solutions

in pattern-forming systems close to the threshold of their first instability.

Among the pattern-forming systems for which Ginzburg-Landau equations have been derived are reaction-
diffusion equations and hydrodynamic stability problems such as the Bénard and the Taylor—Couette prob-
lem. Mathematical justifications and other aspects of the reduction to the Ginzburg-Landau equation have
been investigated, for instance, in [8, 19, 37, 38, 52]. We refer to [1] and [42] for recent reviews of the physical

and mathematical aspects, respectively, of the Ginzburg—Landau equation.

In this section, our goal is to prove that the dynamics of slow modulations of spectrally stable wave trains

of (3.1) is approximated by the dynamics of an associated Burgers equation.

Before we embark on the analysis, we shall review related results that were obtained for the Ginzburg—
Landau equation. Firstly, the nonlinear stability of spectrally stable wave trains in the sense of §2.1 has
been proved in [5, 26]. The existence and stability of fronts, which connect different wave trains and are of
Lax-shock type in the sense of §2.2, has been established in [5, 25] for the real CGL and in [27] for the nearly
real CGL.

We are not aware of any general results on the existence and stability of weak shocks in the CGL. Such
results can be obtained with the same methods that we employ in this paper: in fact, the proofs for CGL
are simpler than in the general reaction-diffusion case since the existence problem reduces to an ordinary
differential equation. We note, however, that the papers [13] and [27] establish the existence and stability,
respectively, of Lax-type fronts for the nearly real CGL that are not necessarily weak in that the asymptotic
wave numbers k4 and k_ are not required to be close to each other.

3.1 Set-up
The complex Ginzburg-Landau equation has a family of time-periodic solutions
A(z,t) = Ag(wn(k)t — kz; k) = r(k)elFe—wn(®)?) (3.2)

where k,r(k),wn(k) € R. The amplitude r, the spatial wave number k, and the temporal frequency w are

related via
r(k) =vV1—-k2,  walk) =0+ (a— Bk (3.3)
In particular, these waves exist only for |k| < 1.

Spectral stability of these waves is checked as follows. Upon substituting the expression
Az, t) = Ag(wn(k)t — kz; k) + eFemenD (g, XFve 4 g ert=ve] (3.4)
into (3.1), we see after some tedious computations that the ansatz (3.4) satisfies (3.1) to linear order in

la1| + |az| provided

"

3= hin(v) = e+ 22002 o) (35)
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with X (0) K2 2y
¢ (0 2k<(1+ 0
— 3 lin
Cg 2](1(04 )a 2 =1+ 046 - 71 2

(see [1, §I1.D]). Therefore, if the Benjamin—Feir—-Newell criterion 14+« > 0 is met, then the wave trains (3.2)

(3.6)

are spectrally stable with respect to perturbations with small wave numbers ¢, where v = i/, for appropriate
values of k. We remark that the wave trains are spectrally, and in fact also nonlinearly [26], stable in certain
regions in (a, 3, k)-space, while they are spectrally unstable with respect to finite wave numbers in other
regions [20, 36].

We restrict our analysis to the following parameter regime. In particular, we do not consider the real

Ginzburg—Landau equation or spectrally unstable wave trains as we shall choose k = 0 below.

Hypothesis 3.1 We assume o + 32 > 0 and 1 + o3 > 0.

3.2 Slowly-varying modulations of the k = 0 wave train: Results

To describe slowly varying, spatio-temporal wave number modulations of the family of wave trains, we derive
and validate Burgers equation. We concentrate on modulations of the wave trains with wave number close
to zero and seek solutions to (3.1) of the form

Az, t) = Ao(wn(0)t — D(5z, 6%t); 50x (5, 62t)) = 1(60x B(Sx, 62t))e (P07 ~wm (0)1) (3.7)

where 0 < § < 1 is a small scaling parameter. We will comment below on the differences when the basic
wave number is non zero. For the above expression (3.7) to be an approximate solution of (3.1), it is then

formally necessary, as we shall see in §3.3 below, that the phase ® satisfies the phase equation
or® = (1 +af)dxx® + (8 — a)(0x®)? (3.8)
where we introduced X = dz and T = §¢. Note that (3.8) can also be written as
200 ® = M (0)0xx P — wy (0)(9x @)?

where w! is evaluated at k = 0.

Of course, once this phase equation has been derived on a formal level, the question that needs to be addressed
is its validity. In other words, given that ®(X,T) is a solution to (3.8), we should investigate in what sense,
and over which time intervals, does (3.7) approximate a solution to the full Ginzburg-Landau equation (3.1).
We will answer these questions by providing estimates of the difference of the formal approximation (3.7) and
an exact solution A(z,t) of the complex Ginzburg-Landau equation over time scales of the order O(1/§2).

Theorem 3.2 Assume that Hypothesis 3.1 is met, and fix an integer n > 3. For each choice of Cy > 0 and
To > 0 there exist constants 61 > 0 and Cy > 0 such that the following is true: For each § € (0,61) and each
solution ®(X,T) of (3.8) for which

sup [ (-, T)[|mr < Co, (3.9)
T€[0,To]

there exists a solution A = A(xz,t) of the complex Ginzburg-Landau equation (3.1) such that

sup sup|A(z,t) — ei[¢(5z152t)—w111(0)t]| < 0,62
te0,70/62] x€R
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In the preceding result, we only allow solutions ® that satisfy (3.9). In particular, the phase function @ is

bounded in X, and we therefore do not change the wave number of the underlying wave train.

Thus, to extend the preceding result, we will now consider modulations ¢ = dx® of the local wave number

which satisfy Burgers equation

drq = (1+ af)dxxq+ (8 — )dx(¢*) (3.10)

or, equivalently,
20rq = M (0)0x xq — wi(0)9x (¢°).

Of particular interest are solutions ¢(X,T') that converge to different limits g+ as X — £oo: such solutions
describe the evolution of interfaces between wave trains with wave number ¢_ at © = —oo and ¢4 at z = oc.
Note that the associated phase functions ® are unbounded in X, so that Theorem 3.2 is not applicable.

Theorem 3.3 Assume that Hypothesis 3.1 is met, and fix integers M > 3 and n > M + 3. For each choice
of Co > 0 and Ty > 0, there exist constants 61 > 0 and Cy > 0 with the following property: Pick ¢ € (0,d1)
and a solution q(X,T) of Burgers equation (3.10) for which there are numbers g+ € R so that

ul

sup | lla(-. 7))

ar + (a(T) — Q+)P3v||Hgl(R+) + I(q(-,T) — Q—)PEVHH;LI(Rf)} < Co,
T€[0,T0]

where pw(X) =1+ X2, then there exists a higher-order approximation (qn,7n) with

sup sup ( rp(X,T) + %[q(X, T)? + adxq(X,T)]| + |qn(X,T) — q(X, T)|> < Cid

Te[0,Ty] XER

and a solution A(x,t) of the complex Ginzburg—Landau equation (3.1) such that

sup  sup|A(z,t) — Aapprox (T, t)| < C6M—3/2
te[0,To/62] ©ER

where
2

Aupprent,1) = |1 = S (00,70 | -0 Sclan 0020 ) dy—am0)]

We remark that the higher-order approximation (gp,r) can, in principle, be computed from the solution ¢

through the solutions of a recursive set of linear PDEs. We refer to §3.4 for details.

Somewhat surprisingly, there appear to be serious limitations regarding the quality of the approximation
when the requirement that ¢ has limits as X — oo is dropped. In particular, as we shall see in Remark 3.13,
we cannot expect validity uniformly for all x € R but only for = in intervals of finite length, where this length

depends on the accuracy of the approximation.

Theorem 3.4 Assume that Hypothesis 3.1 is met. For any choice of integers M > 1 and n > M + 3, and
real numbers Cy, Lo, Ty > and 0 < 1 < M, there exist constants 61 > 0 and Cy > 0 such that the following is
true: Pick 6 € (0,01) and a solution q(X,T) of Burgers equation (3.10) for which

sup |[q(-, T)|lmr < Co,
T€[0,To]

then there exist a global phase function ¢o(t) with

sup  |¢o(t)] < Ch,
t€[0,Ty/62]
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higher-order approximations (qy, ) with

sup s (|7 (X, + S04 D)7 + adaX. ]|+ (,7) — .11 < €,

T€[0,Tp] XER

and a solution A(z,t) of the complex Ginzburg—Landau equation (3.1) such that

sup sup \e_i%(t)A(ac,t) — Aapprox (2, )] < C ot M-L
t€[0,T0/62] |=| <L/

where
2

Aapprox(z,t) = |1 — %Th(&v,é?t) o[/ 8an(69.61) dy—wm(0)t]

The difficulty in justifying Burgers equation for the Ginzburg-Landau equation is the time scale O(1/§2).
Since the admissible modulations are of order O(d), an application of Gronwall’s inequality would only give
validity over a time scale O(1/6). Thus, a more refined method has to be used. We also remark that it is
not obvious why an approximation result should hold for Burgers equation (3.10): as shown in [53], there
are examples of amplitude equations that are derived formally in a correct way, but that do not describe the

dynamics in the original system in the desired way.

We remark that, as shown in [40], it is possible to allow modulations of order O(1). In this case, the wave

number modulation ¢ satisfies the inviscid Burgers equation

Irq + Ox|wn(q)] = 0.

However, validity is only expected over time scales T7/d where, in contrast to the situation discussed in
Theorem 3.4, 17 cannot be chosen arbitrarily but comes out of the analysis: Since the inviscid Burgers
equation is a conservation law, we expect the formation of shocks at which stage validity breaks down.
Secondly, the approach in [40] requires analytic initial data which makes it possible to trade exponential
decay in Fourier space (as k — +00) for temporal decay. Lastly, the global phase difference ¢o(t) will be of
order is O(1/§) on the natural time scale of the conservation law. We shall revisit this situation in §6.

The remainder of this section is devoted to the proofs of the results stated above. We first derive Burgers
equation from the complex Ginzburg-Landau equation using polar coordinates. Afterwards, we construct
higher-order approximations that are then used to formulate an approximation result for the wave numbers.
The idea is now to separate the critical modes belonging to marginally stable spectral curve Ajj, (i) from the
noncritical modes that decay in time: since the relevant eigenmodes are associated with curves of spectrum,
we need to employ mode filters to accomplish this separation of modes rigorously. The key feature that
we shall then exploit is that the equation derived in this fashion for the critical modes has extra structure:
roughly speaking, the nonlinearity is in conservation-law form. It turns out that the same structure is present
in the equations for the residuals. The next step consists in applying Gronwall’s inequality to the system
for the residuals: the extra conservation-law structure supplies the better estimates for the linear problem
that allow us to work on the natural time scale 1/6%. Lastly, the results obtained for the wave numbers need
then be transferred back to the original formulation. It is at this stage that the restrictions and limitations

of Theorem 3.4 arise.

3.3 Derivation of Burgers equation

We formally derive Burgers equation for the complex Ginzburg-Landau equation

A= (14ia)0,,A+A— (1+i 3.11
A DuaA+ A B)A|A?
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where o, 8 € R, z € R, t > 0, and A(z,t) € C. Recall that this equation admits the wave trains
A(z,t) = Ag(wn(k)t — ka; k) = r(k)e!kr—wmB)D)

where
T(k): \% 1_k27 wnl(k)zﬂ‘i‘(a_ﬂ)k?.

We concentrate on long-wavelength modulations of the wave train with k£ = 0 given by
A(z,t) = Ag(wn(0)t;0) = e Bt
and therefore introduce the amplitude and phase deviations (r, ¢) of this wave train via
Az, t) = (14 r(x7t))ei(—ﬁt+¢(w7t)).

The function A(z,t) satisfies (3.11) if, and only if, (r, ¢) satisfies

O = Opar — 21 — (020)% — (020)*r — 2a(0,7)(0,0) (3.12)
—00pp® — a(Dypd)r — 302 — 13

Op = Opd+a — a(0,0)? + —26r — pr.

1+7r 1+7r

Next, we replace the equation for the phase ¢ by an equation for the local wave number ) = 9,¢ and obtain

Or = Opar — 2r — p? — PP — 20(0,1)1h — @0t — a(0p)r — 31 — 13 (3.13)
b = Ouuth+0 (aaf” — a4 20 g m?)
i o T\ 1l+r 1+ '

We emphasize that we lose information in the process of going from phases ¢ to wave numbers ¢ = J,¢ as
we need to recover the value of ¢(0,¢). On the other hand, equation (3.13) is independent of ¢(0,t).

To derive Burgers equation, we assume that the wave number varies slowly and seek solutions of the form
r(x,t) = 8°W (x, 6%t;0), Y(x,t) = 6V (dx, 0%t;5).

Substituting this ansatz into (3.13), we get

SorW = 82 [820xxW —2W — U2 — °UPW — 26°a(Ox W)U — adx ¥ — 6°a(Ox U)W
—38°W? — 5w (3.14)
3 _ 3 _ 2 2 Ol(?xxW 2(3)(W)\I/ _ 2
1) 3T\I/ = 0 aXX\I’ ax(QﬂW'FCV\I/ )+(5 8X (1 +52W 1 —|—(52W BW

where X = 6z and T = §%t. Dividing the two equations by §2 and &3, respectively, we get

SP20rW = 20xxW —2W — 02 — $202W — 262a(dx W)V — adx ¥ — 62a(dx V)W — 36°W?2 — 5w
OxxW  2(0x W)U
U= W — Oy (2 U2) 4 520y | 2SXX —pw?). 1
or Oxx Ox (2BW + a¥?) +§ aX(lJré?W T BW (3.15)
Neglecting terms of order O(4?) and higher gives the equations
0 = —2Wy— U2 —adx ¥, (3.16)

Or¥o = OxxVo+ Ox(—a¥i—28Wo)
for (Wo, Uo)(X,T) = (W, ¥)(X,T;0), which we rewrite as

1
Wy = —5(\1/% + Ozax\Ifo)
orvy = (14+aB)oxx¥o+ (8 — a)dx(V3).
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Thus, every solution ¢(X,T') of the viscous Burgers equation

orqg=(1+aB)dxxq+ (B — a)dx(q*) (3.17)

gives a solution (Wy, ¥y) of (3.16) via

(Wo, ¥o) = (;(q2 + aaXQ)#]) - (3.18)

3.4 The construction of higher-order approximations

The higher-order approximations mentioned in Theorem 3.4 are obtained as follows. Upon writing (W, ¥)
as a formal expansion of the form

Wi = 6% [Wo(dz,8%t) + 6W1 (0w, 6%t) + ... + MWy (o, 6%t)] (3.19)
Th = 5 [Wo(6z,8%t) + 6V (6z,0%t) + ... + MWy (62,6%)]

we find equations for (W}, ¥;) which are determined from (3.15) and (3.19) as long as ¥y = ¢ is given.
First, we find ¥; = W; = 0. On the next level, we obtain

8TW0 = 8XXWO — 2W2 — 2\110\112 — \I/8W0 — Oé(?X\IJQ — Oé(axwo)\llo — Oé(ax\l/o)Wo — 3W02
Or¥sy = OxxWs — Ox(26Wa + 2a¥Us) + dx (adx x Wy + 2(dx Wo)¥o — BIWS).

The first equation is linear in W5 and can be solved for W5 as a function of (Wy, ¥y, ¥U3). Substituting this
solution for W5 into the second equation gives a linear inhomogeneous PDE for ¥y, which we can solve. As
a consequence, the solutions (Ws, ¥y) can be computed as long as ¥y = ¢ is given.

Proceeding in this fashion, we find that Wor11 = Wapy1 = 0 for all £ € N. Moreover, the functions Woy
satisfy linear equations, while Woj, can be found as solutions of linear inhomogeneous PDEs. These functions
can be calculated as long as ¢ is given.

We remark that had we started with a wave number k # 0 in (3.2), we would have got nonzero contributions
from \P2k+1 and and W2k+1.

3.5 The approximation theorem for the wave numbers
The major step in proving Theorem 3.4 is the following approximation theorem for the variables (W, ).

Theorem 3.5 Fix integers M > 1 and 1 < m <n —3 — M and choose a constant Cy > 0. There are then
constants C1 > 0 and §; > 0 such that the following is true. If q is a solution of Burgers equation (3.17)
with

sup HQ('vT)HHL‘l < Co,
T€[0,To]

then, for each & € (0,81), there ewists a higher-order approzimation (Wi, Wh ) € HY,

ul’

see (3.19), which
satisfies

sup [|(Why, Wip) (- T) — (Wo, Wo) (-, T) || g1 < C16
TE[0,Ty)] u

with (Wo, W) as in (3.18), and a solution (W, W) of (3.15) on [0,Ty] such that

T:[%I;" | (W, ¥)(-, T) — (W]{Zvlll?\/[)('vT)HH:lﬁlem < Clajw' (3.20)
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Re )\1([)

Re )\2([)
Figure 3.4: The real part of the eigenvalues A;(£) as a function of the Fourier wave numbers £ for 1+af > 0

Hence, we have an approximation result for the variables (W, ¥) which is uniform in space. In particular,
the limitations in the statement of Theorem 3.4 are entirely due to the reconstruction of the phase ¢ from

the wave number .

Sections 3.6-3.9 are devoted to the proof of Theorem 3.5. We then use Theorem 3.5 in §3.10 to prove the
results stated in §3.2.

3.6 Mode filters, and separation into critical and noncritical modes

To prove Theorem 3.5, we need to separate the dynamics of the critical modes corresponding to marginally
stable spectrum of the wave trains from the remaining damped modes. Upon linearizing equation (3.13)
about (r,1) = 0, we obtain

Oir = Ogar — 2r — a0y
5t1/1 = 8xxw + aaa:xzr - Qﬁa:vr

which we consider on Hg{“ x H. Using the Fourier ansatz

(8

with ¢ € R, we see that f needs to satisfy the equation

( ' ) (z,) =MTEf(0),  f(O) eC?

—2 -0 —ail
AGOSF =N, A(0) = . 3.21
(05 =2, AG) (—iaamw) _W) (3.21)
We obtain two spectral curves £ — \;(¢) where j = 1,2 with A\;(0) = 0 and A\2(0) = —2 < 0. In particular,
the curve A\1(¢) coincides with the linear dispersion relation Ay, (if) calculated in (3.5). Furthermore, we
find that Re \;(¢) < 0 for j = 1,2 uniformly in ¢ except, of course, for A;(¢) which takes values in a small
neighbourhood of A = 0 for £ = 0.

We shall denote the eigenvectors (r,1)(¢) that belong to the rightmost curve A;(¢) = A\jin (i€) of spectrum by
f1(¢) and refer to them as the critical modes when £ ~ 0. We also use the notation A(¢) for the 2 x 2 matrix
A(if). To separate the nonlinear dynamics of the critical modes from the remaining, temporally damped

noncritical modes, we introduce mode filters.

First, there is an ¢; > 0 such that A;(¢) is the rightmost eigenvalue of A(¢) for all £ with |¢| < ¢;. Thus, for
all such ¢, the integral
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defines an f\(é)—invariant projection onto the subspace spanned by f1 (£), provided we choose I' C C to be a
small circle that surrounds A;(¢) counter-clockwise in the complex plane but does not intersect the rest of
the spectrum of A(¢). In particular, we have Q°(¢)f1(£) = f1(¢).

Since we wish to select only the critical modes, i.e. those belonging to |¢| < 1, we pick a C§°-cutoff function
X : R — [0, 1] with values in [0, 1] so that

1 for 4 <1,
f) = 3.22
X0 { 0 for |4 >2, ( )
and define o0 8/
P=eon(3). Po=1-ox(})
1 1
as well as

P () == Q(0)x (f) B = 1- O%(0)x (;}f) |

Note that any two of these matrices commute for each fixed ¢ and that
(1-P9)PSy =0, (1—-P)Ps;=0, PS+P;=1 (3.23)
which shows that the operators ﬁx(flf and P°¢ together behave somewhat like projections. Lastly, we set
AS(l) == M (0)
and define scalar-valued projections p°(¢) and p¢ .(¢) implicitly by

OO0 = PO, (00l fu(6) = Bog(Ov, Vv e

We now employ multiplier theory to transfer these operators from Fourier space back to physical space.
Throughout this paper, the Fourier transform of a variable u is denoted by . To each multiplication

operator M in Fourier space, we associate the operator
M: u— F Y {MFu) (3.24)

where F denotes the Fourier transform. Thus, in z-space, we denote operators by the same symbol but with
the superscript ~ being dropped. The following multiplier theorem gives estimates for the operator M in the
physical spaces Hj.

Lemma 3.6 ([52, Lemma 5]) Let Wy, Wy be Hilbert spaces and fix m € Z. If

M: R—)L(WhWQ)a f'—>./\;l(€)

is a map such that £ — (14 62)"2M(0) lies in C2(R, L(Wy, Wy)), then, for each q € Ny with ¢ +m > 0,
M, defined through (3.24), can be viewed as a bounded operator

M: HSI(R7 Wl) - Hgim(R, WQ)»
and its norm satisfies
||MHL(Hgl(R,Wl),Hgﬁ’"(R,Wz)) < Clgm)[[(L+]- |2)m/2M(')HC@(R,L(WMWQ)),

where C(q, m) does not depend on M.
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Remark 3.7 The above lemma also holds for multilinear mappings.

AT Pe, Deyes D¢ and fl have compact support in ¢. Thus, an application of
Lemma 3.6 with W3 = Wy = C? shows that PS;, P, pC ., p¢ and fl are bounded linear operators from
HY xL? into H"'t' < H™ for each m > 0. Similarly, P5; and P* are bounded linear operators on H "' x H™

for each m > 0.

Note that the mappings Pe

We are now well prepared to establish the desired splitting into critical and noncritical modes in Fourier as

well as in physical space. Using the notation v = (r,v), we write (3.13) as
v = Av + N (v). (3.25)
We seek solutions of this equation by considering the system

o) = AW)wC(l) 4+ P (ON (0 + 0°)(¢) (3.26)
o (0) = Al + P (ON (0 +

for (w°,w*®), where we require that
(1—Pe()ac () =0, (1—P(0)u*()=0, VLeR (3.27)

for all ¢ > 0. Upon applying 1 — ]5‘3(8) and 1 — Ps (£) to the first and second equation in (3.26), respectively,
and using (3.23), we see that (3.23) leaves Fix P¢(¢) and Fix P5(¢) invariant: in other words, if (3.27) holds
true initially at ¢ = 0, then it is met for all ¢ > 0. Most importantly, given a solution (w°, @*%) of (3.26) which
satisfies (3.27), we see from (3.23) that the function v = w® + w*® satisfies (3.25). Lastly, we record that any

initial condition can indeed be decomposed into w® and w*°.

Since w°(¢) lies in a one-dimensional subspace of C? for each fixed Fourier wave number ¢, we may introduce
the scalar function 9¢(¢) by w¢(¢) = 0¢(¢) f1(£). To keep the notation consistent, we also set 0 := @*°. Thus,
(0°, 0°) satisfies

B°(0) = AS(0)D°(€) + P (ON (0° fi + 0°)(0) (3.28)
8% (0) = N(O)(0) + Pop(ON(0°fi + %) (0),

where AS(¢) = A(¢)P5. By construction, we then have p“v°f; = v¢ and PSv® = v®.

Inspecting the equation for ¢ in (3.13), we see that its right-hand side is of the form d,]...] which, in Fourier
space, corresponds to a term of the form £[...]. Since 9 is related to the critical modes, we may expect that
this feature survives the splitting into critical and noncritical modes. The following lemma shows that this
is indeed the case. As already alluded to in §3.2, we will exploit this important property in the later stages

of the proofs of the approximation theorems.

Lemma 3.8 There exists a smooth nonlinear mapping N which maps Hl’l’f“ x H into HY, for each s > 0

and a smooth function p with |p(€)| < C|¢| for some constant C > 0 such that

Brag (ON (8 f1 +8°)(6) = pION(0° fi + %) (0).

Proof. The eigenfunctions of
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see (3.21), have the expansion

fi= (2) +000),  fo= (;) +0(0)

near ¢ = 0, while the adjoint eigenfunctions satisfy

ii=({)+ow.  i=(;)+ow.

Furthermore, upon inspecting (3.15), we see that the nonlinearity N from (3.25) satisfies

Hence,
PN = (f1,N) = O(0)

as claimed.

Using the notation of the preceding lemma, equation (3.28) becomes

Opv° A0 4+ pN€ (v, 0v°)
8tvs — ASUS +NS(/U(:7@S)’

which we shall solve for (v°, v®) where

v¢ € XS = HH N Re(p[pix pe ), v = (r,) € &S, = (H x HJY) NFix P*.

(3.29)

From now on, as there is little danger of confusion, we shall denote both spaces X, and X, simply by X,,.

Note that, since the variable v has compact support in Fourier space, it lies, in fact, in H;, for every s > 0;

more precisely, we have v°f; € ijr by H?, for each s. We also record that p is a possibly nonlocal linear

operator that acts similar to 0.

3.7 Estimates of the linear semigroups

The semigroup associated with the linear part of (3.29) has the following properties.

Lemma 3.9 The operators X\ and A® are sectorial in X,,. Furthermore, there are constants Cy,o > 0 such

At

that the semigroups et and €M generated by these operators satisfy

¥ |2, —x, < Co

C
1ol -, < 7%
e |, —x,, < Coe "

for all t > 0 and each m > 0, where p is the function found in Lemma 3.8 with |p(£)] < C4|.

Proof. The operator A differs by a relatively bounded perturbation from the sectorial operator

Ope  —QOy
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and is therefore also sectorial. On account of [22], A generates an analytic semigroup, and the growth rates
of €M are determined by the position of the spectrum. In particular, et damps with some exponential
rate. The factor t=1/2 for the critical part is obtained by noticing the parabolic form of Re A° at k = 0 and

applying Lemma 3.6 to )
M(g) — eéfz)\c(JZ)TpA(éz)

with T = 62¢. n

Taking the assertions of the Lemmas 3.8 and 3.9 together, we see that we gain a factor t~/2 in the equation
for the critical modes v¢: this factor becomes smaller for larger ¢, and exploiting this additional decaying

factor will be crucial in the forthcoming analysis.

3.8 Estimates of the residual

We are now in a position to begin the proof of the approximation theorems. Thus, pick a solution ¢(X,T)
of Burgers equation (3.17) which satisfies the assumptions laid out in Theorem 3.5. The issue at hands is to
see whether the function (§¢(dx,6%t),0) constructed from ¢ is a good approximation of solutions (v¢,v®) of

(3.29) over sufficiently large time scales.

More generally, we may use ¢ to construct a better approximation (§V¢,§2V*)(dx, §%t) of solutions to (3.29)
using, for instance, the higher-order approximations (¥%, W1 )(X,T) considered in §3.4. A measure for the
quality of these approximations are the residuals Res.(6V¢, §2V*) and Res,(6V ¢, 62V®) defined by

Resc(v°,v°*) = —0ww° + A° + pN°(v°,0°) (3.30)
Ress(v°,0%) = =0 + A%0° + N®(v°,0°)
for arbitrary functions (v, v®*). In other words, the residuals contain all terms that do not cancel out after
substituting the ansatz (v¢,v®) into the PDE.

Equation (3.14) shows that the residuals of (dg, 0) satisfy

A//
Res.(0q,0) = 8% | —0rq + %3}(;{(]4-

Res(dg,0) = N%(3g,0) = O(5?).

ﬂ_TaaX(cf) +0(5") = 0(5")

The following lemma asserts that we can always find approximations whose residuals go to zero with an

arbitrarily large, but fixed, algebraic rate as ¢ goes to zero.

Lemma 3.10 Pick positive integers n,m, M with n > M +m+3, then there exist functions (V°,V*)(6-,T) €
X, and positive constants 61 > 0 and Cies > 0 such that

sup ||VC(57 T) - Q(57 T)HXm < Or056
T€[0,To]
sup  ([[VE(0-, T)llae,, + V(S T)llx,) < Chres (3.31)
T€[0,To]
sup  ||Resc(0VE(8-,6%t),0%V5(5-,0%))||x,, < Cresd™™t3
te[0,7T5/62]
sup  ||Resg(8VE(6-,0%t),02V3(0-,0%))||lx,, < Cresd™ T2
te[0,Ty/62]

is true for all 6 € (0,01).
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Proof. Similar to the calculations in §3.4, we expand (v¢,v%) into a formal series of the form

sve S(VE+8VE+ ...+ MV
VS = SV OV +MVE)

and find equations for (V, V7)(dz, §2t), which we subsequently solve recursively for given V§ = g and V§ = 0.

In detail, we use the relations

(Ve = 8*orVy

(VY = §orVp

e 628,,A°(0 .

AV = — <)5XXVj +0(5%)
AVE = A(0)V7 +0(9)

pNe = 6§(0)axN° + O(5%)

and obtain the system

O A°(0 . 1 .
orvs = 220 vs Lo Box (v
0 = AO)V5+O(IV5l*)
for Vi and Vi§. Since A®(0) = —2, we can solve the second equation for V{§, while the first equation is Burgers

equation as claimed.

Next, the equations for V° and V are of the form

c am’j\co c c C S c
orve = 220 vk oqvsIL+ v+ ]+ V)

0 AO)VF + OV (L + Vi + V5| + [V5'])-

Again, the second equation can be solved for V;°. The first equation is a linear parabolic PDE in V{ since
the higher-order terms contain at most first-order derivatives of Vi°. Thus, V}° and V° exist as long as Vj is

given.

A similar analysis can be carried out recursively for all V; and V. As a consequence, the residual can be
made as small as we wish with respect to powers of §. The assertions about regularity follow by counting

derivatives in the preceding expansions of A\°, A® and the nonlinearities. [ |

We remark that, from now on, we do not distinguish in our notation whether the approximations V¢ and
V* are regarded as functions in (X, T) or (x,t) through (X, T) = (6, §°t).

3.9 Estimates of the errors

Having constructed initial approximations with very small residuals, it remains to prove that the error,
defined as the difference between genuine solutions of (3.29) and the initial approximations, is also small.
Anticipating the expected scaling of the errors, we define the critical and noncritical parts R® and R® of the

error via

vo(x,t) = SVC(ox,6%t) + 6MTIR(x,t)
vi(x,t) = 62V(6x,6%t) + SMPIR (x,t),
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where we assume that the left-hand sides satisfy (3.29). Substituting this ansatz into (3.28), we obtain the
system

QR = XK+ pg°(R,R°,1) (3.32)
R = NR +g (R R, 1)

for (R°, R®). We remark that we shall always work with the initial data
(R°, R¥)|t=0 = 0. (3.33)

We claim that the nonlinear terms satisfy the estimates

lg°(RS, R, )|l x,, < OC1||R|x,, + 6°Cres + 6°C|| R x,,, + 6™ Co(De, Dy)
lg* (RS, R%,t)|lx,., < Cres +C1l|R|x,, +6C1|R||x,, + 6MCo(De, Dy) (3.34)
for
IR, < De, IR, < Ds (3.35)

with constants D. and Dy that are independent of 0 < § <« 1 and will be chosen later. The specific form
of (3.34) arises as follows: First, quadratic interactions of §V°¢ with §M*!1R¢ lead to O(d) terms® in the
equation for R and to O(1) terms in the equation for R®. Next, quadratic interactions with §2V* lead again
to higher-order terms, while quadratic interactions of 1R, with itself leads to O(6™*1) terms in the

equation for R® and to O(6) terms in the equation for R®.

Our goal is to prove that the solution (R, R®) of (3.32)—(3.33) stays bounded, uniformly in 0 < § < 1, over
the time interval [0, 7p/62].

Since the nonlinearity ¢® is bounded on bounded sets, and given the exponential decay of the semigroup
generated by the linear operator A%, we do not expect any problems from the second equation in (3.32).
However, Lemma 3.9 shows that the semigroup associated with the critical part \° is merely bounded: thus,
the term C16||R°| x,, in the estimate (3.34) of the nonlinearity ¢g¢ may cause trouble when integrated over
[0,To/6%]. Tt is here where the special structure of (3.32) becomes crucial. If we subsume the factor p in

(3.32) into the semigroup generated by A, we can exploit the improved estimate
X pll 2, —,, < Cot™/?

which we established in Lemma 3.9. Integrating t—/2 over [0,Ty/6?] gives only a contribution of order

1/, instead of the factor 1/6% when integrating a constant, which can now be taken care of by the term
Cr]|Re|

X+

In the remaining part of this section, we carry out the details. We begin by recording that (3.13) and (3.29),
and therefore also (3.32), are quasilinear. This is further reflected in the estimate (3.34) which shows that
the nonlinear terms map X, into &,,_2 (and not into X,,—1). Thus, we shall treat (3.32) as a fully nonlinear
equation making extensive use of the results in [32] regarding long-time existence, uniqueness and optimal

regularity of solutions. First, we have the following estimate.

Lemma 3.11 ([32, Theorems 4.3.1(iii) & 4.4.1(ii)]) Fiz 0 < v < 1, then there exists a constant C5 > 0
with the following property: For each t; with 0 < t; < oo and each function N° € C%7([0,t1], Xy_2) with
N3(t) = PSN3(t) and N3(0) € Xy, there is a unique solution RS of

R = NR +N°(t),  Rli=o=0

9The term —adx (1?) in the second equation in (3.15) shows that this quadratic term will indeed be present.
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on [0,t1], and
12 llcor ((0,61],2) < C3lINZlcom ((0,61], 20 —2)

Since R° has compact support in Fourier space and the operator A° in the first equation in (3.32) is bounded,
there is a constant Cs > 0 such that

1Rl com(f0,61],2m) < CslI RN co (0,17, 2) + IV lleo(o,61],20m) (3.36)

for the solution R of
O R® = X\°R° + N*(t), R0 =0

on [0,t1] where N¢(t) = P°N*(t). Note that C5 does not depend on t;.

The results in [32, §8.1], and specifically [32, Theorems 8.1.1 & 8.1.3, Proposition 8.2.1], show that the
nonlinear system (3.32)—(3.33) can be solved as long as the C%7([0,t], &X,,)-norm of the solution (R°, R®)
stays bounded: To apply the cited results, we need to check the compatibility condition ¢°(0,0,0) € X, (see
also Lemma 3.11) which is met since the residuals are sufficiently smooth due to Lemma 3.10. In the rest of

the proof, we shall also exploit that the Holder norm of the residuals is bounded uniformly in 4.

We define
S(t) = IR [|cov (0,4, %) SE5(t) = IR lco.n (0,61, 2)

and record that these functions increase monotonically in ¢. We claim that S°(¢) and S°(¢) stay bounded
uniformly in ¢ for t < Tp/6% and & € (0,81) for some fixed §; > 0. To prove the claim, we argue by
contradiction. Thus, we shall pick appropriate positive constants S¢ and S%, which will be chosen in (3.40)
below independently of §, and assume that there are sequences ¢; N\, 0 and t; < TO/(SJQ- so that S¢(t) < S¢
and S5(t) < S5 for all 0 < t < t; and S°(¢;) > SS and S°(t;) > S5.

We proceed as follows to reach the desired contradiction. Throughout the forthcoming estimates, we restrict
ourselves to 0 < t < t; < T /(5]2 Applying the variation-of-constant formula to the equation for R in
(3.32)-(3.33), we get

t
Re(t) = / A=) ot (R, RS, () dr.

The estimates provided in (3.34) and Lemma 3.9 show that

t
1ROl %, < /OIIeA Tl n () 19°(RE B ) ()|, AT

t
< / Co(t — )72 [8C1||R°(T) | &, + 62 CRes + 62CH|| R (7) || &, + 6MTLC(SE, S5)] dr
0

L 6CyCy
< VToCp [6CRes + 6C1 S5 + 6M Oy (S¢S, S8 R° dr.
= 0 0[ Res T+ 10, + 2( * )} +/(; \/ﬁ” (T)HXm T
Using the rescaled time variable T := §%¢, we see that
CoCh

T
IRS(T/6%)|x,, < V/ToCo [0CRes + 6C1S5 + 6™ Co(S¢, 53] +/ |RS(7/6%)]|x,, dT (3.37)
0

VT —71

for T <Tj:=1t; 6]2 < Ty. We are now ready to apply the following version of Gronwall’s inequality.

Lemma 3.12 ([22, Lemma 7.1.1]) Assume that b and Ty are positive constants and 0 < d < 1, then there
is a constant Cy = C(b,d,Ty) such that the following is true. Suppose that a > 0 and u : [0,To] — RT is

continuous with .
bu(T)
T) < —
u( )_a+/0 (T—T)ddT
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for all T € [0,Ty), then

sup u(T) < aCly.
T€[0,To)

Applying Lemma 3.12 to (3.37) with u(t) := |R(t/62)| x,. , we get
IR )|l x,, < V/ToCoCl4 [6CRes + 3C1S5 + 6M Co(SS, S3)] .
Using (3.36), we finally get
S°(t) < /ToCoCiCs [6CRes + §C1 S5 + 3 O5(SS, 53)] (3.38)

for all ¢ with 0 <t <¢;.

Next, we focus on the equation for R® in (3.32)—(3.33). Applying Lemma 3.11 together with the estimates
from (3.34) and Lemma 3.9, we obtain

S3(t) < Csllg® (RS, R ) lleon (j0,8], 4, 2)
< C3(Cres +5°(t) +65%(t) + SMCy(S¢, S3))
< O3 (Cres + 5S4 052 +6MCo (52, 59)) (3.39)
for all ¢ with 0 <t <¢;.
In summary, if we choose
Sy =2, S5 =24 C5(2 + CRes), (3.40)

then we get from (3.38) and (3.39) together with the assumption §; — 0 that
Se(t;) <1, S(t;) <14 C3(2+ Ches)
for all sufficiently large j. This is the desired contradiction which establishes that the solutions (R, R®) of
(3.32)—(3.33) exist on [0,Ty/6?] and are bounded uniformly in J.
3.10 Proofs of the theorems from §3.2
3.10.1 Proof of Theorem 3.4

We use Theorem 3.5 to prove Theorem 3.4. The starting point of our analysis is the relation
x
Az, t) = (14 6°W (6z,6%t)) exp (i&/ (Sy, 62t) dy + igo(t) — iﬁt)
0

which defines a solution A of the complex Ginzburg-Landau equation (3.11) in terms of an arbitrary solution
(W, ) of (3.15). We wish to compare this solution with the function

Aupprox(, ) = (1 + 82WE (52, 6%t)) exp (i(S / Th, (5y, 6%t) dy — iﬁt)
0

where (W}\‘/[, \1111{4) are the improved approximations obtained from a solution ¢ of Burgers equation (3.17)
via the expressions (Wy, ¥y) from (3.18). We estimate the difference of A and Aupprox as follows:

|e_i¢0(t)A($, t) — Aapprox(xy t)‘

< (1 + 0°W (6, 6%t)) exp <i§/ U (0y, 6%t) dy — iﬂt)
0
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—(1 4 8*Wh (6, 5°t)) exp (15 / oh (6y, 6%t) dy — ib’t)'
0

< ‘(1 + 62W (6, 6°t)) exp (15/ U (0y, 6%t) dy)
0
—(1 4 8*W (6z,6°t)) exp (15 / Wl (5y,6%t) dy)’
0
+ ’(1 + 82W (6, 6°t)) exp <i6/ wh (5y, 6%t dy)
0
—(1 4 8*Wh (6, 6°t)) exp <15 / oh (6y, 6%t) dy)’
0
< |1 + 62W(5z,52t)‘ exp <15/ U (5y, 6%t) dy> — exp (ié/ Th 5y, 6%t) dy)‘
0 0
+0% |W (6x, 5°t) — Wi (6, 6%t)|
Thm. 3.5 x
< s / | (5y, 62t) — Wh (5y, 62t)] dy’ + CoM+2
0
Thm. 3.5
<

/ C5M+1dy‘+c(sM+2
0
< CS(EMT 4 5Mz)).

Restricting x to the region |z| < L&', we obtain the desired estimate of the left-hand side by C§*~!. Note
that the limitation comes from the phase which is obtained as the integral of the wave number which is not

necessarily integrable over R.

Lastly, inspecting the right-hand side of the ¢-equation in (3.12), given by

2(0:7)(0:9)
1+7r

OpzT
1+7r

we see that 9,6(0,t) = O(6%) and therefore

8t¢ = 81:z¢ +a - a(az¢)2 + - 2ﬂ7‘ - ﬁ?“Q,

sup [¢(0,1)[ = O(1).

tE[O,T0/62]

Remark 3.13 We emphasize that, in general, we cannot expect better approrimation properties. To see
this, take ¥ = 6% and q = 0. In the above estimates, we would then need to prove that the difference of eid’e

and 1 is smaller than o(0). A uniform estimate over R can only be expected for special solutions.

3.10.2 Proof of Theorem 3.3

The idea of the proof is as follows. By assumption, the solution ¢(X,T') of Burgers equation that we start with
converges to constants algebraically as © — +o00, and our ansatz therefore satisfies the complex Ginzburg—
Landau equation at x = +00. We shall see that this implies that the residuals are also algebraically localized,
which enables us to solve the equation for the errors in appropriate spaces of algebraically localized functions.
When we then transfer the approximation result from wave numbers to phases, we can exploit the algebraic
1/x2-decay of the wave number to see that the phase, computed as the integral of the wave number in z

over R, stays bounded.

Thus, we introduce the space H™(n;d) which is equal to H™(n) but equipped with the norm

[ell m (i) = llu-) oy ()| rm
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where py () = V1 +22. To prove Theorem 3.3, we first repeat the steps in the proof of Theorem 3.5. Tt
is not hard to see that the residuals lie in X, := H™t(2;8) x H™(2;0). Furthermore, the estimates in
Lemma 3.10 stay the same except that the terms 63 and §¥*2 on the right-hand side of the last two
equations in (3.31) are replaced by OM+5/2 and §M+3/2 respectively, due to the scaling properties of L3-
spaces. Next, Lemma 3.11 and the estimates (3.34) of the nonlinear terms remain true in X,,. Likewise, the
estimates of the semigroups in Lemma 3.9 are true in X,, since the 6-dependent norm in H ™(n; ) ensures
that the constants arising in the estimates of the critical semigroup remain are O(1) in § over the long time
scale O(1/42). Thus, we see that Theorem 3.5 remains true with X, replaced by X,, except that the term
6M on the right-hand side of (3.20) needs to be replaced by §M~1/2,

It remains to transfer the result from wave numbers to phases. Without loss of generality, we may assume
that g = 0. We now have to compare the solution

x

Az, t) = (14 5*W (6, 5%t)) exp (id/

U (0y, 6%t) dy — iﬂt)
of the complex Ginzburg-Landau equation (3.11) with the approximation

x

Aapprox (2, 1) = (14 8*Wh (62, 5%t)) exp (15 /

—0o0

b (5y, 6%t) dy — iﬂt) )
The key is that the integrals in the expressions above exist, and are O(1) in 4, since

‘5/ (1 +52y2)_1 dy‘ §/ (1 +y2)_1 dy < oco.

— 00

Thus, as in §3.10.1, we obtain

|A(z,t) — Aapprox(, t)]

IN

05‘ / (U (dy, 62t) — Wt (5y, 62t)] dy| + C6M+2

IN

05/ |6M71/2(1+(6y)2)72|dy+05M+2 < 06M73/2

uniformly for z € R.

3.10.3 Proof of Theorem 3.2

To prove Theorem 3.2, we follow the same strategy as in the proof of Theorem 3.5. However, instead of using
equation (3.13) for the wave number ¢ as in §3.5, we use only the equation (3.12) for the phase ¢. This
is feasible, of course, since we begin with a solution ®(X,T) of the phase equation (3.8) rather than with
a solution ¢(X,T) of Burgers equation (3.10). Thus, we shall focus on (3.12) and go through the analysis

presented in §3.5 to work out the adjustments that we need to make.

The major difference is that Lemma 3.8 is no longer true for (3.12), since the leading order term in the
critical part of the nonlinearity is now given by (9,v°)?, see (3.8). In particular, we can no longer use the
improved estimate in terms of t~1/2 for the critical part of the semigroup in Lemma 3.9 but only the bound
by a constant. Thus, for the estimates of the errors in §3.9 to go through, we shall need that the nonlinearity
itself is of order O(62): the key is that the term (9,v¢)?, is indeed of the desired order O(§2) if v° is a function
of dz. Therefore, to exploit this property, we introduce the space ;s which, as a vector space, is equal to

X1 but whose norm is defined via

lu)llay,s = llu(d™) -
In this space, we obtain the estimate
¢ 1
X )l x5, 5 < C (1 + M) (3.41)
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for the critical part of the linear semigroup. As in §3.9, we make the ansatz
v© = V4 6MRe (3.42)
Py a— 52VS + 5M+2Rs

and seek functions R® and R® in A} 5 and A, respectively. Note that since R® has compact support in
Fourier space, we have that R € &},. Furthermore, the approximations V¢ and V* lie in both &} s and &,.

Upon substitution our ansatz into the analogue of (3.28), we obtain the equation
OR° = MX°R°+ ¢°(R°, R°¢)
R = NANPR + 4R Rt

for the errors, where the nonlinearity obeys the estimate

lg°(R, B* )25 < 0%Ches + 8*ClIR |l 5 + 6°C| R¥| v, + 6" C(De, D[R |2, 5 + 1B, )2
lg*(R®, R*, £)]| x,,, Cres + C||R°||x, ; + 0C|| B, + 6™ C(De, D[RSl 5 + 1R, ]

A

when restricted to
[RNx s <De  and  [|R%(|x,, < Ds

with constants D, and Dg as in §3.9. We record that we used here that the right-hand side depends only on
0,V = 0(0) but not on V¢ = O(1), see (3.12).

From this point on, the rest of the proof follows exactly as in §3.9 upon utilizing the estimate (3.41) instead

of the estimates provided in Lemma 3.9.

4 Reaction-diffusion equations: Set-up and results

4.1 The abstract set-up

Consider the reaction-diffusion system
Opu = DOyyu + f(u) (4.1)

where v € R?, 2 € R, D is a diagonal matrix with strictly positive entries, and f : R¢ — R? is smooth.

We assume that, for some nonzero temporal frequency w = wp and a certain nonzero spatial wave number
k = ko, there exists a nonconstant travelling wave train u(z,t) = ug(wot — koz) of (4.1) where ug(f) is
2m-periodic in its argument. Substituting this ansatz into (4.1), we see that ug(f) must be a 2m-periodic

solution to the boundary-value problem
k*D0gou — wdgu + f(u) = 0. (4.2)
Linearizing this equation about ug, we obtain the linear operator Ly, given by
Lo = k*Ddge — wdp + f'(uo(0)), (4.3)

which defines a closed and densely defined operator on L2 (0,27) with domain D(Ly) = HZ,,(0,2m). We
2

per
therefore spanned by the derivative dgug of the wave train.

assume that A = 0 is a simple eigenvalue of £y on L2, (0,27), so that its null space is one-dimensional, and

We may now vary the parameter k in (4.2) near k = kg and again seek 2m-periodic solutions of (4.2). Note

that the derivative of the boundary-value problem (4.2) with respect to w, evaluated in the solution wy, is
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2

cer(0,27), we see that Jpug does not lie in the

given by Jpug. Since A = 0 is a simple eigenvalue of Ly on L
range of Ly, and the linearization of the boundary-value problem (4.2) with respect to (u,w) is therefore
onto. Thus, exploiting the translation symmetry of (4.2), we can solve uniquely for (u,w), up to translations

in 0, and obtain the wave trains
u(z,t) = up(wn (k)t — kx; k), w = wyi(k) (4.4)
of (4.1) where wni(ko) = wo. In particular, ug(0; k) satisfies the ODE
k*D0gou — wn(k)Ogu + f(u) =0 (4.5)
for all k close to kg. We call wy; the nonlinear dispersion relation and define the group velocity of the wave

train with wave number k to be
_ dWnl

= k). 4.6
o =) (4.6)
Note that the phase speed of each wave train is given simply by ¢ := wni(k)/k. We shall assume that the

nonlinear dispersion relation is genuinely nonlinear so that w! (ko) # 0.

We will need additional assumptions on the stability of the wave train wg as a solution to the reaction-
diffusion system (4.1). We therefore linearize (4.1) in the frame 6 = wot — kox that moves with the phase

speed ¢, = wo/ko of the wave trains and get
Oru = ki Ddpou — woOgu + f'(ug(0))u. (4.7)

The spectrum of the linear operator defined by the right-hand side of (4.7) on the space L?(R) can be

computed using the Floquet or Bloch-wave ansatz

u(f) = e " *oy(9;v) (4.8)
where v € iR and v(f;v) is 2m-periodic in 6. Substituting this ansatz, we obtain a family of operators L,
given by
2
L,v=kiD (0 — 2 w- wo | Op — Z)w+ f(ug(0))v, (4.9)
ko ko

each of which is a closed operator on L2 (0,2r) with dense domain HZ. (0,27). In particular, £, has
compact resolvent, and its spectrum is discrete. Thus, its eigenvalues \;(v) with j € N can be ordered with
descending real part so that ReAj11(v) < Re\;(v). The curves v — \;(v) are analytic except possibly at
a discrete set where the values of two or more curves \;(v) for different indices j coincide. We denote the

associated eigenfunctions by v;(8;v).

Since we assumed that £y has an algebraically simple eigenvalue at A = 0, we find an analytic curve of

eigenvalues given by A = A;,(v) for v € iR close to zero for which
N(Ly — Min(v)) # {0} (4.10)

We call A = Ajjn(v) the linear dispersion relation. As we shall see below, we can compute the derivative

dX/dv and recover the group velocity as defined via the nonlinear dispersion relation:

d)\lin dwnl
W oo~ " q K0} =%~

We remark that the phase velocity c, appears in the above equation simply because we computed the linear

dispersion relation in the frame moving with speed c;,, while the nonlinear dispersion relation was computed
in the steady frame. Note also that the signs of the second derivatives of the linear and nonlinear dispersion
(0) > 0.

relation are, in general, not related. We assume that Re A\jl

We summarize the assumptions that we stated so far in the following two hypotheses.
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Hypothesis 4.1 Assume that there exists a wave-train solution to (4.1) whose linearization Lo has a simple

eigenvalue at X\ = 0 when considered on L?..(0,27). We also assume that the nonlinear dispersion relation

per
is genuinely nonlinear so that w!’| (ko) # 0

Hypothesis 4.2 Assume that the linear dispersion relation is dissipative so that Al (0) > 0.
Our last assumption is concerned with temporally oscillatory solutions of the linearization (4.7). We assume

that, for each fixed v € iR, and for every A in the spectrum of £,,, we have
A # (cp —cg)v (4.11)

except, of course, when v = 0 and A = 0. Recall that ¢, and ¢, denote the phase and group velocity,
respectively, of the wave trains. In the original steady frame, this assumption is equivalent to requiring
the absence of solutions to the linearized equation of the form exp(i(wt — kx)) for which the phase speed
of the modulation, w/k, is equal to the group velocity ¢, of the wave trains. Note that this hypothesis is
automatically met if we assume that the wave trains are spectrally stable, see Hypothesis 4.4 below.

Hypothesis 4.3 We require the absence of resonant spectrum in the dispersion relation as stated in (4.11).

When we derive and validate Burgers equation, we shall need the following, more restrictive hypothesis which

assumes spectral stability of the wave trains ug(wot — ko).

Hypothesis 4.4 We assume that, for any v € iR and any eigenvalue \ of L,,, we have either Re A < 0 or
else A =0 and v € ikyZ.

In other words, we assume that Aj,(v) = Ai(v). Note that Hypothesis 4.4 implies Hypothesis 4.3. As
indicated above, the stronger Hypothesis 4.4 is only needed for the validity of Burgers equations and for the

stability of small-amplitude shocks but not for their existence.

4.2 Expansions of the linear and nonlinear dispersion relations

In this section, we derive some useful expansions for the linear and nonlinear dispersion relations. In

particular, we show that their first derivatives coincide (up to their sign).

We start with the nonlinear dispersion relation. Consider the nonlinear boundary-value problem (4.2)
k% Ddggu — wigu + f(u) = 0 (4.12)

with periodic boundary conditions. Recall that, by assumption, we know that A = 0 is a simple eigenvalue of
the linearization Lo, posed on L2_,(0, 27), of (4.12) about the solution ug(6). The null space of Ly is therefore

per

spanned by Jpug. We denote by u,q the nontrivial function in the null space of the adjoint operator
Laqu = ki DOgou + wodpu + f(uo(0)) u
with the normalization
(Uad; Oguio) L2(0,27) = 1. (4.13)

We now proceed as follows. Recall that the above hypothesis on £y implies that there is a solution ug(6; k)
and w = wy) (k) of (4.12) for each k close to kg, and that the solution v € H2

per

(0, 27) as well as wyi (k) depend
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smoothly on k. Thus, we substitute both u = ug(0; k) and w = wy (k) into (4.12) and take the first two
derivatives of (4.12) with respect to k evaluated at k = ky. We obtain
Lo0kug —2koD0Ogeug + w;ll(]fo)aguO (4.14)
LoOkrug = —4koD0pgOrug + 2&);11(]60)898]@1«) — 2D0goug + wgl(ko)agw) (4.15)
— " (u0)[Okuo, g uo)-

In particular, we conclude from these equations that the right-hand sides of both (4.14) and (4.15) lie in the
range of the operator L£y. Therefore, the L?-product of these right-hand sides with the adjoint solution u,q

vanishes. Writing down these scalar products, and using the normalization (4.13), we obtain

w’ (ko) = Cg = <uad,2k0D899u0>L2 (416)

nl

W (ko) = (uad, 4koDOypouo — QCgakg’U,Q + 2Ddyeuo + f//(uO)[akuO, 8ku0])L2 . (4.17)

nl

Combining (4.14) and (4.16) shows that Jdyug satisfies
LoOkug = —2koD0Ogoug + CgaguO = —2kg [DagguO — <’U,&d7 D899u0>L269u0] . (4.18)
We remark that we can arrange for
(Uad, Ouo) 2 = 0 (4.19)
since we can always shift wave trains arbitrarily in 6. Shifting appropriately in a k-dependent fashion allows
us to replace Opug by Oguo + adpug. Choosing a appropriately gives (4.19).
Next, we turn to the linear dispersion relation. We consider the linear boundary-value problem (4.9)
v\ 2 v
KD (59 - k) v (5’9 - k) v+ f (w0(6))0 = Min(w)o (4.20)
0 0

near v = 0. We proceed as above and take the first two derivatives of this equation with respect to v

evaluated at v = 0. Upon using that v = Jyug at ¥ = 0, we obtain

Lod,v = ( {in(O) - Cp)ag’uo + 2ko Ddgoug (4.21)
LoOuv = Nin(0)0gug + 2M;,(0)9,v + 4ko DIy, v — 2¢,0,v — 2Dgug. (4.22)

Proceeding as above, and comparing the above equations with (4.16) and (4.18), we can arrange that
d,v = —0Ouyg, see also (4.19), and

n(0) = ¢p—cg = (Uaa, pOoug — 2kgDIgoug) 1 » (4.23)

lin

12(0) = (taa, 4ko DOrguo + 2Dgug) - -

Remark 4.5 It is sometimes more convenient to use speed vs period instead of spatial vs temporal frequency

formulations of the nonlinear dispersion relation wy (k). Using

2 wnl(k)
L= ?, Cp = L B (424)
we obtain the phase velocity ¢, = ¢(L) as a function of L. A trivial application of the chain rule gives
dwy de de d2w, L3 d2%¢
e gy opde g = N 4.2
Cg dk C( ) dL? lln(O) dL? dkg o1 dL2 ( 5)

Thus, the signs of —c'(L) and the relative group velocity cg — ¢, coincide. Furthermore, the signs of ¢'(L)

and wl (k) are the same.
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4.3 Formal derivation of Burgers equation

We are interested in slowly varying modulations of the wave trains ug(wni (k)t—kz; k) to the reaction-diffusion
system (4.1)
0w = DOggu + f(u). (4.26)

Thus, we fix a wave number &k and seek solutions to (4.26) of the form
u(z,t) = ug(wa(k)t — kx — ®(X,T;0); k + 60x (X, T;0)) + 6%uy (wn (k)t — kx, X, T;6) (4.27)
where the variables (X,T') depend on (z,t) and are given by
X =0(x —cg(k)t), T =0 (4.28)
We shall assume that both ®(X,T;¢) and u; (0, X, T;d) are smooth in §. Note that the functions ®(X, T )
and ¢(X,T) := Ox®(X,T; ) describe the slowly varying phase and wave number modulations, respectively.

The strategy is now to derive, on a formal level, the equation that ®(X,T;0), or equivalently ¢, ought
to satisfy in order to turn (4.27) into a solution of (4.26). In the process of the derivation, we will also
choose a normalization that makes the correction u; (6, X,T’;¢) unique. The validity proof of the equation
for ®(X,T;0) derived in this fashion then amounts to providing estimates for ®(X,T; ) and u; (6, X, T;9)
for 0 < § < 1 over time scales of order O(1) in 7.

Throughout the derivation, we use the abbreviations
0 = wn(k)t — kz, (4.29)

w = wpi(k), and ug = ug(0; k). For any function h(0 — ®(X,T;9); k + d0xP(X,T;0)), we then have

%h = [w + 5Cgaxq3 — 5287’(:[)]89}1 — §2Cg(8XX(I))akh + 0(53)

%h = 7[k+58)(@]89h+52(({9x)(@)8kh

2
% = —6%(0xx®)(9gh) + [k + 60x ®)>Dpoh — 2k0%(Ox x ®)Opoh + O(5?)

where h is evaluated at (0 — ®(X,T;0); k + 00xP(X,T;0)). Therefore, we obtain formally

-0+ DOpru + f(u)
= —(w+dc0xP — 5200 ®)Dpug + 626g(3XX<I>)8ku0 — 82wdpuy
+D [—6*(0xx®)(Bguo) + (k + 60x ®)*Ogouo — 2k6* (Ox x ®)Okouo + 6°k>gous |
+f(ug + 8%uy) + O(6%)
= —wdgug + k*Ddpouo + f(ug) + & [2k(0x P)DIggug — cg(Ix ®)Iguo)
+0° [cg(Ox x®)Ouo + (O7P)Opuo + D (—(Ox xP)Dpuo + (Ox P)*dgouo — 2k(dx x ®)Irguo)
—wdguy + k*DOgguy + f'(uo)ur] + O(6?)

where ug = ug(6 — ®(X,T;0); k + 60xP(X,T;0)) and u; = u1(0, X, T;0). In the next step, we expand ug
further

2
uo(0 — @3k + 60x ®) = up(0 — ®; k) + 5(Ox D) puo(0 — @5 k) + %(ax@)%,%uo(e — ®; k) + O(6°)

and note that analogous expansions hold for dygug and Jggug. We will next substituting these expansions
into the above equation for —dyu + DO,,u + f(u). Note that, from this point on, we regard (0, X,T) as
independent variables and neglect that they depend on z and ¢ through (4.28) and (4.29). We shall also set

(X, T) := ®(X,T;0).
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Upon substitution, we obtain, with ug = uo(0 — ®(X,T); k) and u; = uq(0, X, T;0), that

=  —wdpug + k*Ddpoug + f(uo)

+0(0x ) [~wdkguo + E2D0goguo + f'(ug)Orug + 2kDdpgug — cgOpuo)
52
—i-? [2cg(8XX<I>)8ku0 - w(é)X@)zakkguo + k‘QD(ax(I))QakkggUo + (8Xq))2fl(u0)({“)kku0

+(8X<I>)2f”(uo)[8ku0, Bkuo} + 4/9(8X<I>)2D8k99u0 — QCg(aX(I))28k9’LL0 + 2(8T<I>)89u0
+2D (7(8XX@)69U0 + (6X<I>)2899u0 + 2k(6xx‘b)akguo) + ,Coul] + 0(6‘3)
= —wdguo + k*Ddgouo + [ (uo)
+6(8X<I>) [ankuo + 2kD0Ogyug — Cgae’lm]
52
+5 [Q,C(]Ul -+ (8X<I>)2 (ﬁoakkuo =+ f”(uo)[akuo, 5‘ku0] -+ 4/€D8k99u0 — 2cg3k9u0 -+ 2D899u0)
+2(0r®)0puo — 2D(0x x ) (Fpuo + 2k0kpuo) + 2cg(8XX<I>)8ku0] + 0(53)
where Ly has been defined in (4.3). Equations (4.12) and (4.14) imply that the terms of order O(5°) and
O(6) in the above expression vanish identically. We can then use (4.15) to simplify the term of order O(§?)
to get
-0+ DOpru + f(u)
1
= 52 Eoul + §w;’1(k)(8xfl))269uo + (8T(I))(99’LL0 - D(BXXQ))(aguo + 2k8k9u0) + cg(axxtb)@kuo
+0(5%).

Thus, we require that the term of order O(62) vanishes identically which results in

1
Louy = —((9T<I))89’UO — iwgl(k) ((9)(‘1))289’&0 + D(aXX(I’)(aguO -+ QkakQUO) + Cg(axx@)akm). (4.30)

We can solve this equation uniquely for u; = u1(0, X, T;0) provided we require that (uaq,u1)r2 = 0 and
provided we choose ®(X,T) so that the right-hand side is in the range of Lg, that is, provided

1
<uad, —(8T(I))891L0 — iwgl(k)(axq))QaguO + D(aqu))(aguO + 2k6k9u0) + Cg(aqu))akuO> =0
L2
The latter solvability condition means

W (k
(Uad, Opto) 12 O7P® = (Uaa, D(Oguo + 2kOkeuo)) 2 Ox x P — wun(k)

5 (Uad, Opuo) 2 (Ox ®)?

where we exploited (4.19). Using (4.13) and (4.23), we eventually obtain the eikonal equation

A (0 W (k
or® = 71‘“2( ) oxx® 7“12( ) (0x®)? (4.31)
for the phase ®(X,T) or, alternatively, Burgers equation
A (0 W (k
org = Mg By (g (4.32)
A (0
= h“T() Ixxq— wi(k) g0xq

for the wave number modulation ¢(X,T) = dxP(X,T).
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4.4 Validity of Burgers equation
We start with the wave trains
u(z,t) = up(wm(k)t — ka; k)

of the reaction-diffusion system (4.1) for a fixed wave number k. It turns out to be convenient to replace the

spatial variable z by 6 = wy1(k)t — kz. In these coordinates, (4.1) becomes
Oyu = k*DOgou — w1 (k)Opu + f(u), (4.33)

and the wave trains are simply given by
u(6,t) = up(0; k). (4.34)

To get into the spirit of the results we shall prove, we will begin with statements that are relatively easy to
formulate but may not be the most general or relevant ones (the latter ones can be found toward the end of

this section).

Therefore, we shall first consider slowly-varying modulations of the wave trains (4.34) that admit the following
representation. Pick a phase function ¢(v,t) with |0g¢ (9, )| < 1/2 uniformly in (1, t) and consider the change
of coordinates defined implicitly via

0 =19+ ¢(,1). (4.35)

Due to our assumption on ¢, we can solve (4.35) for ¥ as a function 9(6) of 6, which will allow us to write
solutions of (4.33) in the form w(6,t) = U(¥,t), where ¥ and 6 are related via (4.35).

Initially, for the sake of clarity, we shall formulate results in terms of the variables #; results for the original
variable 0 are stated toward the end of this section.

First, we consider modulation of the phase. Thus, pick a solution ®(X,T") of the phase equation

or® = %)\ﬁn(o)aqu’ - %w;ﬁ(k)@x@)Q (4.36)
with X € R and T € [0, Tp], and set

P(0,t) == P (6((cp — cg)t —V/k),8%t) . (4.37)

We then have the following approximation result.

Theorem 4.6 Assume that Hypotheses 4.1, 4.2 and 4.4 are met, and fix an integer n > 3. For each choice
of constants Cy > 0 and Ty > 0, there exist constants §1 > 0 and Cy > 0 such that the following is true:
Pick a solution ®(X,T) of (4.36) with

sup (|2 T) s < Co
Te[0,To]

and define
Uapprox (0, ) = ug (9 k(1 + 00x (X, T))), (X, T) = (8((cp — cg)t — V/k),6%t)
then there exists a solution u(0,t) = U(9,t) of the reaction-diffusion system (4.33) such that

sup  sup |U(9,t) — Uapprox (9, 1) < 62
t€[0,Ty/6%] 9ER

uniformly in § € (0,01), where the variables ¥ and 6 are related through (4.35) and (4.37).
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Note that the preceding theorem is weaker than Theorem 3.2 which we stated for the complex Ginzburg-
Landau equation in §3.2, since @ has to lie in H™ instead of H]j. The reason is of a technical nature: we
do not know of estimates for quadratic interactions of Hj-functions which retain the scaling with respect to

the Bloch variable ¢, while such estimates exist for H"-functions [54].

Solutions with a richer dynamics can be obtained by modulating the wave number instead of the phase, and
we are therefore interested in solutions ¢(X,T) = Ox®o(X,T) of Burgers equation

1 1
Orq = 5 Ain (0)0x x4 — §w§fl(k)3><(q2)~ (4.38)

In this situation, we have the following result.

Theorem 4.7 We assume that Hypotheses 4.1, 4.2 and 4.4 are met. For each choice of integers M > 1 and
n > M + 3 and constants Cy > 0 and Ty > 0, there exist constants 61 > 0 and C1 > 0 with the following
properties: For each solution q(X,T) of Burgers equation (4.38) for which

sup lg(-, T)|lmr < Co
T€[0,To]

and each 6 € (0,61), there are functions (qn,71)(9,t) with

sup  [Jan(ot) — q (6((cp — cg)t — 0/k), 8%t)]| . < C16, sup (D)l < Gy
t€[0,To/62] ul te[0,To /62

and a solution u(8,t) = U(V,t) of the reaction-diffusion system (4.33) such that

sup  sup [U(9,t) — Unpprox (9, t)| < C16 M,
te[0,Ty/62] VER

where
Uapprox (U, 1) = ug (9; k(1 + 6qn (9, 1)) + 6%rp (9, t).
Again, 9 and 6 are related through (4.35) with

9
P(0,t) == 5/0 qn (0, ) dd.

The functions (g, 4 )(z, t; d) are obtained as higher-order approximations to the solution ¢(X,T') of Burgers
equation. As outlined in §4.3, they can, in principle, be computed by solving a recursive set of linear
inhomogeneous PDEs.

For practical purposes, the approximation results stated so far are quite useless as they are formulated in
terms of the coordinate ¢ which is defined implicitly by 8 = J+ ¢(9, t), an expression that obviously involves
the knowledge of the phase function ¢. Hence, we now transfer our assertions from the ¥ to the 6 variable.

First, we state an approximation result for solutions ¢(X,T') to (4.38) that approach different constants ¢+ as
X — 4o00. Such solutions are of particular interest, since they describe the temporal evolution of interfaces

between wave trains with wave numbers k + dg+ at X = £oo.

Theorem 4.8 Assume that Hypotheses 4.1, 4.2 and 4.4 are met, and fix integers M > 3 and n > M + 3.
For each choice of Cy > 0 and Ty > 0, there exist constants §1 > 0 and Cy1 > 0 such that the following is
true: Pick a solution q(X,T) of Burgers equation (4.38) for which there are numbers g+ € R with

sup [laC- Tl + 10 T) = a0 gy + g T) = 4 )% sy | < Co
T€[0,To]
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where pw(X) =14+ X2, and a § € (0,61), then there are functions (qn,rr)(9,t) with

sup ||qh(.,t) —q (5((cp —cg)t — ﬂ/k)’(s?t)”Hn < C194, sup (-, t)||mn < C1
t€[0,To/62] ul t€[0,Ty/62]

and a solution u(0,t) of the reaction-diffusion system (4.33) such that

sup  sup|u(f,t) — Uapprox (6, 1) < CL6M—3/2,
te[0,Ty/62%] OER

where Uapprox 1S given by
Uapprox (0, ) = uo (9(0); k(1 + dqn(9(0), 1)) + 6*rn(9(0), 1),

and 9(0) is the solution of

IV
0 =19+ (0, 1), P(0,t) == 5q,q9+5/ (qh(&,t)—q,) dd.

Lastly, we state the most general approximation result that we were able to prove. We will encounter
the same limitations that we found earlier for the complex Ginzburg—Landau equation: We cannot expect
validity to hold uniformly in § € R but only for # in bounded intervals where the length of the interval
depends on the accuracy of the initial approximation. Furthermore, we need to add a global z-independent
phase shift ¢o(t) which will be of order O(1) in d: therefore, only the profile of modulations but not their

exact location is approximated over the relevant natural time scales.

Theorem 4.9 Assume that Hypotheses 4.1, 4.2 and J.4 are met, and fix integers n, M and a real number
with M >1,n>M+3 and 0 <l < M. For each choice of Cy > 0 and Ty > 0, there exist constants 51 > 0
and C1 > 0 such that the following is true: Pick a solution q(X,T) of Burgers equation (4.38) for which

sup lq(-, T)||zn < Co
T€[0,To]

and ¢ € (0,01), then there are functions (qn,71) € HY with

sup |jgn(,t) = q (6((cp — o)t = 9/k),6%t)|| 1y < Ci6, sup ||ra(, )|y < Ch,
te[0,To /52 ul t€[0,To/82]

a phase function ¢o(t) with

sup |oo(t)] < Cn,
+€[0,To /5]

and a solution u(0,t) of the reaction-diffusion system (4.33) such that

sup sup  |u(0,t) — Uapprox (0, )| < Cyot M-t
te[0,T0 /6] 6] <L /3!

where Uapprox 15 given by
Uapprox (0, 1) = o (9(0); k(1 + 8gn (9(6), 1)) + 6%ra(9(), 1),

and ¥(0) is the solution of

9
0 =19+ ¢(0,t), B(0,t) := ¢o(t) + 6/0 qn (0, t) dd.

The proofs of the theorems stated in this section can be found in §5.
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4.5 Existence and stability of weak shocks

We are interested in solutions to (4.1) that are spatially bi-asymptotic to wave trains and time-periodic with
temporal frequency w, in a frame moving with an appropriate speed c.. In other words, we seek solutions
u(x,t) = us(x — cut, wyt) such that

U (T — ety wil) = ue(T — cul,wit + 2m) (4.39)

U (T — cutywit) —  ug(wet — kex; ki) as ¢ — £oo0. (4.40)

Here, the convergence is understood to be uniformly in ¢ for u and its derivatives d,u and 0;u. More precisely,

upon using the new independent variables £ = x — c.t and 7 = w,t, we require that

W+ — kic*

us(§,+) — uo < k& ki) (4.41)

*

HHéer(Oﬂﬂ)
Wi — kic*
S kaGky —0

Hyl2(0,2m)

+ Hagu*(g, ) - 85u0 <

*

as & — +oo. The speed ¢, and the asymptotic wave numbers k4 are, in principle, free parameters. Note,
however, that the asymptotic frequencies w4 are necessarily fixed through the nonlinear dispersion relation
wyt = wpi(ky). In particular, since (4.39) requires that the solution has frequency one in 7, we see that the
asymptotics required in (4.41) imply that

wn(ky) — ki 11— wn (k=) — k_cy
Wi Wa
so that
wnt(ky) — kpcw = we = wp (k) — k_c.. (4.42)

Hence, for k_ # k., we find that the average speed c, of our solution is determined by the Rankine-Hugoniot

condition
_ wni(ky) —wn(k-)

S S—"

with the genuinely nonlinear flux function wy). Using (4.42), we see that the corresponding frequency wy is

(4.43)

then given by

w. — kypwn (k) — k_wm(ky)
* ky —k_ '

Note that ¢, — ¢z and w. — ko(cp, — ¢g) as ky, k— — ko. We say that the solution is a viscous shock if

(4.44)

Cg > Ci > cg (4.45)

where cét = w/(k+) or, equivalently, if
wni(k4) — wni(k-)

ley — k_

wh (k=) >

nl

> whi (k). (4.46)

In particular, viscous shocks correspond to the viscous Lax shocks of Burgers equation found in §2.2. The
interpretation of (4.45) is that the asymptotic wave trains transport toward the interface between them. For
k+ close to ko, (4.46) implies that k_ < ko < k4 for concave dispersion relations with w? (ko) < 0, while we

have k4 < ko < k_ for convex dispersion relations with w!| (ko) > 0 (see also Figure 1.3).

Theorem 4.10 (Existence) Assume that Hypotheses 4.1, 4.2 and 4.3 are met, then the following is true
for all wave numbers k_ and k. that are sufficiently close to ko and for which c; > cg‘. There exists a viscous
shock solution u(x,t) = u.(x — cut,wit) of (4.1) whose temporal frequency w, and speed ¢, are determined by
the Rankine—Hugoniot conditions (4.43)-(4.44). Furthermore, the viscous shock is unique, up to translations
in x and t, in the class of solutions that are close to uy and satisfy (4.59)-(4.40).
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Remark 4.11 We emphasize that the existence statement of Theorem 4.10 remains true if A (0) < 0 in
Hypothesis 4.2. The resulting modulated waves, however, are sources, and not shocks, and satisfy c; < c. <

cg, The rest of Theorem 4.10 remains true as stated.

Under slightly more restrictive assumptions on the linear dispersion relation, the small-amplitude viscous

shocks u, (€, 7) that we found in the preceding theorem are spectrally stable.

We formulate the stability result in exponentially weighted spaces. For each n_ and ny € R, we define

L2, (R) = {u € LEo(R); Jlullzy_, < oo} (4.47)
0 [eS)
l|w]|? 5 = / Ju(z)e™|? der/ |u(z)e™* | da.
=M+ —00 0
We also define H%_m as the subset of functions u in H}_ for which both u and u, belong to L727—J7+'

Theorem 4.12 (Stability) Assume that Hypotheses 4.1, 4.2 and 4.4 are met. Let u.(x — cit,wit) be the
viscous shock solution found in Theorem 4.10 with asymptotic wave numbers ky. There exist then extremal
weights Nmin(k+) and Nmax(kx) such that, for each fized choice of Ny With Nmin < N— < 0 < Ny < Nmax, the

viscous shock is nonlinearly asymptotically stable with respect to perturbations in H%f More precisely, fix

U
Nt With Nmin < N— < 0 < Ny < Nmax, then there are positive numbers §, p and C such that each solution

u(z,t) of (4.1) for which |ju(-,0) — u*("O)HH%_,u < § satisfies

llu(-,t) — use(- — c*t7w*t)||H%7m+ < Ce PH|u(-,0) — w50y (4.48)

My

The optimal exponential rate of convergence is given by

p=min{(c; —en-|,|(cf — e}

The theorem asserts that localized perturbations do not cause a shift in the position or the phase of the
front. In particular, the linearization of the reaction-diffusion system about the viscous shock solution does
not have a neutral eigenvalue at the origin when considered in the exponentially weighted spaces used in the
theorem. Note also that stronger exponential weights enhance the exponential rate with which perturbations

decay in time.

At a first glance, this statement may appear to contradict the assertion in Proposition 2.4 that the viscous
Lax shocks in the Burgers equation do have a neutral eigenvalue at the origin in the same exponentially
weighted spaces. The explanation is as follows. The exponential weights require that perturbations of the
viscous shocks in the reaction-diffusion system are localized. In particular, the phases of the asymptotic
wave trains cannot be changed by perturbations in these spaces. The phase modulation is modelled by the

eikonal equation
1

Ord = SN (0)0xx® — Lufl(k)(0x D)’ (4.49)
for the phase ® = [ ¢, i.e. by the integrated Burgers equation, instead of Burgers equation for the wave
number ¢q. The linearization of (4.49) about the Lax shock does not possess a zero eigenvalue in our exponen-
tially weighted spaces since ®, = ¢ is not localized. Equivalently, we can view perturbations of (4.49) that
are localized in @ as perturbations of Burgers equations that have zero mass [ ¢ = 0: these perturbations,
however, preserve the position of the viscous shock. The absence of the zero eigenvalue can also be inferred
directly from the properties of the viscous shock in the reaction-diffusion system. Any eigenfunction of A = 0

for the linearization of the reaction-diffusion system about the shock solution is a linear combination of the
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derivatives of the shock solution with respect to time and space; we would obtain an eigenvalue at A = 0 in
the exponentially weighted spaces considered above if an appropriate linear combination is localized in space.
We shall prove, however, that localized linear combinations do not exist: Moving the interface in space and
time will always change the phases of at least one of the asymptotic wave trains since phase speeds of the
two wave trains differ (see also [50, Proposition 5.5] where it is shown that the absence of zero eigenvalues

is a generic feature of sinks regardless of their amplitude).

The proofs of the theorems stated in this section can be found in §8.

5 Validity of Burgers equation in reaction-diffusion equations

In this section, we prove the theorems that we stated in §4.4. In §5.1-5.4, we carry out the proof of

Theorem 4.7, while we discuss in §5.5 the modifications needed for the other theorems.

5.1 From phases to wave numbers

The first step is to extract an equation for the phase, and henceforth for the wave number, from a general
reaction-diffusion system. Note that the formal derivation in §4.3 uses a multi-scale expansion which we
cannot assume apriori. We remark that the S'-symmetry respected by the Ginzburg-Landau equation
provided an avenue for deriving directly an equation for the phase. This symmetry, however, is, in general,

not respected in reaction-diffusion systems.

Instead, we proceed as follows for the reaction-diffusion system

0w = DOrpu + f(u). (5.1)
First, we change coordinates via
0 =wt —kx
and obtain
Owu = k?Ddgou — wigu + f(u). (5.2)

Our starting point is a given stationary wave train ug(6; k) of (5.2) with period 27, which therefore satisfies
k*D8goug — wdgug + f(ug) = 0. (5.3)
Given a smooth phase function ¢(¢,t), we shall now seek solutions of the form
w(0,t) = ug(9; k(1 + dyp(9,1))) + w(V, t), (5.4)
where the phase ¢(d,t) and the coordinates 6 and ¢ are related by
0 =194 ¢(1,t). (5.5)

We shall assume that 0y¢ is small, uniformly in 1, but remark that ¢ itself might be unbounded.

Remark 5.1 It might seem more natural to make the ansatz

u(0,t) = up(0 — ¢(0,t); k(1 + dgd(6,1))) + w(6,1) (5.6)
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instead of (5.4). Eventually, we need to be able to relate the dynamics of u(6,t) back to properties of the
wave train ug(0; k). It is desirable to allow the phase function ¢(0,t) to be unbounded. Thus, to transform

back to the wave train, we would need to express u(f,t) in terms of the variable ¥ = 6 — ¢(6,t) which yields
uo(0 = ¢(6,1); k(1 + 9p¢(6,1))) — uo(V; k(1 + 9p(6(0, 1), 1)))

which involves the inverse 6(9,t) of the function ¢ = 60 — ¢(6,t). The occurrence of this inverse would make

the forthcoming analysis much more complicated which is why we proceed with (5.4).

Remark 5.2 Suppose that we found a phase function ¢(¥,t) with small derivative Oyp(9,t) so that (5.4)
satisfies (5.2). Using the implicit function theorem, we can then, a posteriori, solve (5.5) for ¥ as a function
of 0 which is of the form ¥ =0 — $(6,t), where

$(0,1) = $(9,) = $(6 — $(6,1),1).
In particular, we see that uo(9; k(1 + dg(V, 1)) becomes
uo(0 — (0 — $(0,1),1); k(1 + (6 — $(0, 1), 1)) (5.7)
and
%qs(e — 3(0,1),) = (1 — 09$(0, )00 (0 — $(0, 1), t) = Dad(0 — B0, 1), 1) + O(106b(6 — (0,1),1)|%).

Thus, to leading order, the solution (5.7) is, in fact, of the desired form (5.6) with ¢(0,t) replaced by

We shall now substitute the ansatz (5.4) into (5.2) and derive the resulting PDE in 9. We shall use the

notation
uf = ug(9: k(1 +090)),  dpuf == (Djuo)® = (Dyuo) (D: k(1 + 0p0)),  j=1.k. (5.8)

Note that we added an additional degree of freedom by introducing ¢: we shall later add additional conditions

on ¢ and w, via mode filters, to remove them again.

Assuming that dy¢ is small, we obtain the relations

dy 1
d6 1+ 0y9
-0
dt 1+ 0g¢
4 _ 1 4
d6 1+ 0y0 dV
@1 ay
dez — \1+08y9 dv
and therefore
du . 1 @ kdyo o @
W~ 110,60 T T3 0,0 Okt
Pu (1 A ks A
dez  \14+0y6 d9 1499 dk) °
du  —0¢ é _ Op99 010 ¢
v - 1+aﬂ¢aﬁu0+k 15000 + D90 | Oy
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and

o _ o dw 00
dt ot 09 1+0y9

dw 1w

d0 1+ 0999 00

w1 dY

a0 = \Ixogpan) "

Thus, we get
O ¢ ho ¢ 09
1+ 0,0 aﬁuo k (81979(;5 1+ 0y &mtqb) 8ku0 + 0w 1+ 0y Oyw (5.9)

1 0 kdggod 0\ 1 0)\?
_ 2D . . 93 .
b ((1+8,9¢ 819+1+8§¢8k> Wt T3 o6 a0) ¥
—w m (aﬁug + k(&gm)akug + (%w)

f(kzD&wuo — wOyug + f(ug)) + f(ug + w)

where we used (5.3) in the last equation.

Our next goal is to separate the critical modes, which involve the dynamics of ¢, from the damped noncritical

modes using the eigenfunctions of the linearization £ given by
Lv = k*Ddggv — wiyv + f'(uo(V; k))v.

This will be accomplished using Bloch waves which we introduce next.

5.2 Bloch-wave analysis

We briefly recall from §4.1 some of the properties of the operator £ as they serve as a motivation to
introduce the Bloch-wave transform. In the notation of (4.8), the eigenfunctions v(¢) of the linearization £
about ug(9; k) on L?(R) are given by
v(¥) = e ky(9;10). (5.10)
For our purposes, it is more convenient to parametrize solutions by the imaginary wave number ¢, and we
shall therefore use the notation
(9, 0) = v(¥;il)
throughout the rest of §5. As shown in §4.1, for each ¢ € R, the functions o(-,#) are the 27-periodic
eigenfunctions of the operator £, given by
. 0\ 2 0
E[D = kzD <819 — 1k‘> U — wo <819 — lk_) v+ f/(U()(ﬁ))”D
Note that £, coincides with the operator £, for v = i¢ discussed in §4.1. It is convenient in this section,
however, to indicate explicitly when operators act on 27-periodic functions which we shall do by using the
superscript .
We also record that
(0,4 + k) = V9(0, 0), (5.11)
and we can therefore restrict ¢ to the interval [—k/2,k/2). Furthermore, as in §4.1, we denote by 0;(¥, ()
the eigenfunctions associated with the ordered branches \A;(if) of eigenvalues of £, for j € N. In particular,

by Hypothesis 4.4, we have A1 = Ajjy.
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We now turn to the Bloch-wave transform J which can be considered as a generalization of the Fourier
transform F. For every sufficiently smooth and rapidly enough decaying function w in J-space, there are

functions w(¥, £) that are 2w-periodic in 9 and satisfy
W, L+ k) = ePw(0, 0) (5.12)
with the property that w is represented via
k/2
w(V) = / e 0k (9, 0) de. (5.13)
k/2

We shall write

S(
Y
g

The rationale for the Bloch transform is as follows: If we denote the, slightly rescaled, Fourier transform of

w by w, then we have

oo ) k/2 ) ]
w(d) = / etk de = 3 / oI i (0 4 k) Al

sen ) —k/2

k/2 N k/2
= / e RN e (0 + k)| dE = / e 0 k(v 0) dt,
—k/2

—k/2 JEL

which is the desired Bloch-wave representation. Similar to the Fourier transform, the Bloch-wave transform
can be defined for tempered distributions. We remark that the Bloch transform of the product of two

functions wi and wsy in ¥-space is given by the convolution

k/2 B o
j[w1 . U}Q](ﬁ,f) = [1]}1 *j UV]2]<197£) = /k/2 ’11)1 (’19, é — 5)11)2(19, é) dﬁ (514)

of their Bloch transforms w; and wy in Bloch space. Furthermore, if wq(9) is 2m-periodic in ¢ and the

support of the Fourier transform sy of a complex-valued function ws(¥) lies in (—1/2,1/2), then we have

J [wiws] (9, £) Z]—' wyws] (j + €)e? Zew/ Wy (j + £+ O)ivg () Al

JEL JEZ
Zeljﬂ/ ’LU1 A ~ E Z Zwl ’LU2 ) = wl(ﬁ)ﬁ]gw)
JEL JEZ

so that

We refer to [46, 51] for further properties and proofs regarding the Bloch-wave transform.

The analytic properties of the Bloch-wave transform are based on a generalization of Parseval’s identity

27 pk/2
/ (9 |2d19—27rk/ / |a(9, €))% d do.
_ k/2

As a consequence, the Bloch-wave transform is an isomorphism from the space H™(n), equipped with the

norm
lwllrm(ny = uplllam  pw(®) =1+ 92,
., of functions @(¥, ) that are 2m-periodic in 9, satisty (5.12), and whose norm

27 rk/2
|| gmm —ZZ/ / 0507 0(9,0)|> de dY

=0 j=0

into the space Hpy,:
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is finite. We refer to [54] for details.

Bloch-wave transform allows us to analyse differential operators with spatially-periodic coefficients. In Bloch
space, such operators are multiplication operators. Since we are interested in functions without prescribed
behaviour at infinity, i.e. in functions which do not necessarily decay to zero, we employ a method already
used in [52] to extend multiplication operators from the space L? of square-integrable functions to the space

Lﬁl of uniformly locally square-integrable functions equipped with the norm

r+1
Julloz, =sup / fu(y)|? dy.
x x

We recall

ul

o ={u: R = R; ||ullgm = [|ull gm(z,z41) < 0o with lirr%) |lw — Tyu||HnlL — 0}
y— v

where [Tyu|(z) = u(z +y).

Lemma 5.3 Let m,s € Z with m+ s > 0 and m > 0. Consider a function

M: R — LH™(0,2r), H™ (0,27)), 0 —s M(0)

per per

which is at least C* with respect to the Bloch wave number £, then M can be viewed as a bounded operator
M H — H™ with norm

Mg mamy < Cms )Mz —yo,m/2),Lmt m))

per siiper

where C(m, s) does not depend on M.

Proof. Choose x € C§° so that its support is contained in [—1,1] and ZjEZ x(z + j) = 1. Next, pick
u € H'® and set uj(x) = u(z)x(x — 7). Since u; € H™+%(2), we know that Mu; € H™(2) on account of
the results in [54, Lemma 5.4] (this is the crucial step which allows us now to extend the operator). We define
(Mu)(z) == > ;cz(Muj)(x): While this sum does not converge in HJY, it is easy to see that it converges

locally to a function in H} with a norm bounded from above by

O(m7 S) ||M HC%((—]C/Z,]C/Q),L(HM+S,Hgér)) HUHH‘?;H»@

per

since Mu; is concentrated around x = j and decays like 1/(1 + |z — j|?). ]

Remark 5.4 It is not difficult to see that this lemma can be extended to multilinear operators.

5.3 Mode filters, and separation into critical and noncritical modes

Recall that our goal is to separate the dynamics of the eigenmodes o (¥, £) associated with the critical
eigenvalues A1 (i) = A\jin(i¢) from the remaining damped noncritical modes. We shall use mode filters to

obtain this splitting.

First, there exists a number ¢; with 0 < ¢; < 1 so that the eigenvalue A;(if) of £, is to the right of the rest
of the spectrum for each ¢ with |[¢| < ¢;. Therefore, there exists an £-invariant projection

T 2mi

Q) = — /F[)\ ~ ATy
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onto the space spanned by 91 (¢, £), where T' C C is a small circle that surrounds \;(if) counter-clockwise in

the complex plane and does not intersect the rest of the spectrum of £, for this fixed ¢.

Next, we choose a decreasing C°-cutoff function y : R — [0, 1] with

1 for |4 <1
M@:{ o] <

0 for |¢>2.

We can now define

and

P =aun(3). Po=1-eox (G-

It is easy to check that these operators commute for each fixed ¢ and satisfy

(5.16)

(L= P)PL=0=(1- PPy, (1-P)BL=0=(1—-P)By, PotPi=1 Po+ Py =1 (517)

mf»

Lastly, we set
() = A (if)

and define scalar-valued operators pf,(¢) and pS(¢) implicitly by

B (O)ajoi (-, 6) = PE(0)a, Jn (0101 (-, 0) = Pre(£)t

(5.18)

for 2m-periodic functions @(¥). An application of Lemma 5.3 shows that each of the operators above extends

to a bounded operator on H‘fl’“. The resulting operators will be denoted by the same letter but with the

superscript ~ being dropped.

The mode filters p{ ; and P ; obtained in this fashion will now be used to separate the critical and noncritical

modes in (5.9) posed on R. We will use the operators p§, and Pg to limit the Fourier support of the critical

modes. First, we write (5.9), given by

B O ¢ o _ ¢ _ oo
1T 619(]5 aﬂuo k (({91919&5 71 n 8’0¢) &98@) 8ku0 + 0w T angﬁ Oyw
1 0 kdgod 0\ 1 0)\?
_ 2D . . 93 .
b <<1+319¢ 99 "1+ 099 8k> Wt 15 o6 a0) ¥
1

f(kzD&wuo — wOgug + f(UO)) + f(ug + w)’

as
[— By + B1 (09, w)]9,6 + dyw = —LoDygd + Lw + G(dyep, w),
where
B()({“)t(j) = (319710 — kakanﬁ)atd)
Lodgp = —L(kDgpIxuo) + k*D(209d Dgguo + Dy Dpug) — wdy Dgug
= k [L(&g(ﬁ 8,,’01) + kD(209¢ Oggug + Ogod Ogug) — Cpaﬂ(ﬁ 619UO]
Dgul Doy Opul
B1(09¢,w)0ip = <819u0 1 fg?ﬂf)) O — k <m8t¢ + (Oruo — akug)%c’)m) -

o1

(5.19)

(5.20)

(5.21)

819w

1+ 090 O



and G is comprised of the remaining terms. In the calculation above, we used that 0,v; = —0kug, a fact we
established in §4.2. Before continuing, we also remark that

Bi(0yp,w) = O(|9p9] + [w])
G(0gp,w) = O(|09o|* + |w|?).
Our goal is to replace (5.20) with the system
OiPEBo¢ = Pglodsd + PrBi(09, w)0hé — PyG(d96h, w) (5.22)
dw = Lw+ PEBodip — PiLodyd — PS:Bi(0gd, w)sp + P3G (dyh, w)

for (¢, w). Subtracting the first from the second equation and using (5.17), we see that solutions of (5.22)
give solutions of (5.20). Alternatively, we may consider the system
8tp§SBO¢ = pgsf'oaﬁ(b + pfnfBl (aﬁ(ba w)at¢ - pfnfG(aﬁ(b? U)) (523)
Ow = Lw+ PEBodp — PiLodyd — PigB1(09¢, w)0:¢ + PiG(9sg, w)
for (¢, w), where the first equation is now scalar-valued. Inspecting (5.18) and exploiting that the eigen-

functions 0y (1, £) satisfy a linear equation, we see that (5.22) and (5.23) are equivalent. To make (5.23)
well-posed, we shall require that (¢, w) satisfy

awo st e {en () 1) 620
e (1—PYw=0 (5.25)

for all ¢ > 0. Since P® commutes with £, it follows from (5.17) and (5.23) that (5.25) is true for all ¢ > 0
whenever it is met at ¢ = 0.

It remains to check whether (5.24) is respected by (5.23) and to calculate the operator pg, By to see whether
(5.23) is well posed. Due to the properties of the multiplier p¢ ;, we know that

supp F [pr¢ (B1 (999, w) 0 — G(99 9, w))] € T

for any sufficiently smooth function ¢. Next, we see from (5.21) that the operators By and Lo have 27-
periodic coefficients in ¥ and are multipliers in Bloch space which allows us to use Lemma 5.3. For any
function ¢ that satisfies (5.24), we then obtain

PET [Bogl = PL(0)J[Bog)(9,0)

L Gox (51) @0 @sua(0) + 00)

— dx (‘f) (14 0(6)) 519, 0
20 1+ 0(0) 4] n,0),

where the O(¢1) term is a multiplier. In particular, the term [...](¢) has support in Z. Therefore, using the
definition (5.18) of p§, and denoting the operator associated with the O(¢;) term by Bs, we get

pisBod = (1 + B3)o (5.26)

for all ¢ that satisfy (5.24), where Bs has norm ||Bs| = O(¢1) and respects (5.24), i.e. supp F[Bs¢| C T.
Since similar arguments apply to the multiplier Lo, we see that (5.24) is indeed preserved by (5.23) as
claimed.
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Next, for all (¢, w) for which (9g¢,w) is small and ¢ satisfies (5.24), the first equation of (5.23) can be
written as

8t¢ = [1 + B3 + pEnfBl (819¢7 U))]71 [p§5208ﬁ¢ - pfnfG(aﬁ(b? ’lU):| .
Substituting this expression for d;¢ into the second equation of (5.23) for w, we arrive at the system
O

8tw

[1+ By + pSB1(9gp,w)] " {Pfsio&ﬂb — Pt G (On 9, w)]
Lw — PiLodyg + P3G (dgh, w) (5.27)
+[PEBo — PicB1(99b, )] [1 + Bs + plye Br (Db, w)] [pfsﬁoaw — PG (099, w)} :

Thus, we accomplished an effective splitting of the critical modes ¢ and the noncritical modes w.

We now replace ¢ by 1) = 0y¢ and obtain

Oub = 91+ By + i Br(,0)] [phLots — piur G0, w)]
dw = Lw— PiLop+ PG, w) (5.28)
+[PABo = Pag Bu(,w)] [L+ By + Dl Bi (4, 0)] ™ |phuLow — piu G0, w)]

which we also write in short as

Y = AV +N(V), (5.29)

where V = (1, w), A is a linear operator, and A (V) = O(|V|?). We record that it is easy to check, using
(4.21), (4.22) and (5.15), that the spectrum of the operator

819(]. + Bg)_lpfnfzo

near A = 0 is indeed given by the linear dispersion curve 5\0(6) with the associated eigenmodes given approx-
imately by the Fourier modes exp(—i¢¥/k). Since the linear part of the system (5.28) is lower-triangular, we

can find a bounded, lower-triangular operator S that diagonalizes (5.29) so that
STIAS = diag(\°, A®). (5.30)

In particular, if we set (v¢,v%) := SV, then we have v = 1) and Pv® = v. In these coordinates, (5.29)
becomes

O’ = A0+ Opl e N (V6 v%) (5.31)
Ov® = AN+ PN (v60°%),
where N is a smooth nonlinear mapping from HZILJr2 X H":f+2 into H} for every m > 1, and

NC(UC7US) = aﬂpfan(UC7vs)

maps HLTIH'Q X Hf:f” into H}, for each s > 0.

We emphasize that (5.31) therefore has the same properties as (3.28), whence we can follow the proofs in §3

almost line by line to finish the proof of the approximation result for reaction-diffusion equations.

5.4 Estimates for residuals and errors

We shall solve (5.31) for (v°,v%) in the space X, x X, where X, := H]?. We remark that v° will, in fact,
lie in H, for each s > 0.
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Lemma 5.5 The operators A° and A® are sectorial in X, for every m > 0. Furthermore, there exist

constants Cy > 0 and o > 0 such that the semigroups eXt and eMt generated by these operators satisfy

X x, -2, < Co
X0l 4, —x,, < Cot™'/?
e —x,, < Coe™

for allt >0 and m > 0.

Note that the second estimate provides decay of the semigroup for large ¢ > 1 which we shall exploit below

when we estimate the growth rate of solutions to (5.31).

Proof. The operator A differs from the sectorial operator Ddyy by a relatively bounded perturbation and
is therefore also sectorial. Thus, by [22], A generates an analytic semigroup, and the growth rates of e are
determined by the spectrum of A. In particular, e®* decays with some exponential rate. The singularity
t=1/2 for the center part is due to the parabolic profile of Re A at ¢ = 0 which allows us to apply Lemma 5.3
to M(£) = 60e® "X OOT with T = §2¢. n

We are now in a position to compute the evolution of residuals and errors. Upon substituting the ansatz
(v, 0%) = (6q (6((cp —cg)t —V/k), 52t) 7O)

into (5.31) and computing the residual, we obtain

i 1
Res.(6¢,0) = &% |—0rq+ )\“nT(O)&(Xq + w%(k)ax((f) +0(6%)

Ress(6¢,0) = 0O(5?).

Indeed, the second equation follows by using that the nonlinearity is quadratic, while the first equation

follows from the calculation in §4.3. Thus, we see again that ¢(X,T) should satisfy Burgers equation

(0 wih (k
Orq = 711;( )aXXq + #QX(QQ) (5.32)

Thus, we fix integers M > 1 and n > M +3, and pick a solution ¢ € C([0, Tp], H) of Burgers equation (5.32).
To derive error estimates, it is advantageous to add higher-order corrections to the above approximation.

Lemma 5.6 Fix positive integers n, m, M with n > M +m+3, then there exists an improved approximation
(Ve,V®) € C([0,To/6%], H?) such that the following is true. There exist 5o > 0 and Cyes > 0 such that

sup ||VC(,t,(5) - Q(5'752t)||2(m S Cres(;

te[0,To/62]
sup  ([V(,t0)lx, + IV 50)x,) < Cres
te[0,70/62]
sup HRGSC((SVC(',t;(S),(SQVS(',t;(S))H;\{m < ClesdMT3
te[0,70/62]
sup  ||Ress(SVE(-,1;0),82VE(,1;0)|x, < Cresd™ T2
t€[0,Ty/62]

for all § € (0,0).
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Proof. Higher-order corrections ®(X,T;¢) and (9, X,T;d) in physical coordinates can be obtained as
outlined in §4.3. Afterwards, we use the mode filters to transform these solutions into (v¢,v*) form. Note
that V¢ has compact support in Fourier space, whereas ® and ¢ do not. However the difference by the cut-off
in Fourier space is O(6™) due to the concentration at the Bloch wave number ¢ = 0 (see [54]). We identified

Bloch space with Fourier space since v° for fixed £ is one-dimensional. [ |

Using the higher-order approximations, we introduce the scaled errors R® and R® by setting

v = Ve MRS
o= PV MR
Substituting this ansatz into (3.28), and using the approximation properties of (V¢ V*®), we obtain exactly

the same system as the one investigated in §3.9. Thus, following the analysis presented in §3.9, we obtain

the following result which finishes the proof of Theorem 4.7.

Proposition 5.7 For each fized positive integers n,m, M with n > M +m+ 3, there exists constants 61 > 0
and Cy > 0 such that we have

sup  [[R°(t)|[x,, + sup [|R(¢)|x, < Ch
te[0,T0/62] te[0,T0/62]

for all 6 € (0,81).

5.5 Proofs of the theorems from §4.4

The proof of Theorem 4.6 follows closely that of Theorem 3.2 except that we adapt the proof of Theorem 4.7

instead of Theorem 3.5, and we therefore omit the details.

To prove Theorem 4.8, we observe that admissible solutions ¢(X,T') lead to finite phase differences. In detail,

we obtain
lim [9(0) — Yapprox(0)| < C10™,

0—o00

where 9(0) and Yapprox(f) are computed from the true solution ¢(1J,t) and the approximation §V¢(59, 9%t).

We can then reconstruct the phase from the wave number by integrating starting at —oo.

Lastly, we comment on the proof of Theorem 4.9. From Proposition 5.7, one finds the estimate
[9(8) — Vapprox (8 + do(1))| < C6M (6]
and therefore
(0, 1) = tapprox (0, )] < C110(8) = Dapprox (0 + do (1)) + C118gp — V| < CEMH (6] + 1).

Furthermore, we know that

Dpo(t) = 9,$(0,t) = O(?)

which yields the required estimate on the phase.
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6 Validity of the inviscid Burgers equation in reaction-diffusion
systems

We discuss the evolution of modulated wave trains for wave-number modulations of small, but finite, size.

The relevant ansatz in this situation is of the form
g (wn1(ko)x — kox — 6*1@(X, T);ko + 0x®(X,T)), (X,T) = (6z, dt). (6.1)

This is the scaling considered by Howard and Kopell [23] who showed formally that ®(X,T) ought to satisfy
the inviscid phase equation
or® + wnl(ko + 8X<I>) — wnl(ko) =0, (62)

while the wave number ¢(X,T) = dx®(X,T) satisfies the hyperbolic conservation law
0rq + Oxwn (ko + q) = 0. (6.3)

Since (6.3) is a conservation law, shocks will typically form in finite time. Due to the break-down of regularity
during the formation of shocks, we can only expect to prove validity results over time intervals [0, 77 /§], where
Ty > 0 is so small that the solution ¢(X,T) has no shocks on [0, T7].

6.1 An illustration: The Ginzburg—Landau equation

To illustrate the concepts, we briefly review the set-up considered in [40] for the Ginzburg-Landau equation.

Our starting point is once more equation (3.13)

Or = Opar — 2r —b? — PP — 20(0,1r )b — @Optp — a(9p)r — 31 — 13 (6.4)
o = Ot 0, (L EZOTN yr g )

for amplitude and wave number corrections of the wave trains of the Ginzburg—Landau equation with k = 0.

In line with (6.1), we substitute the long-wave ansatz
(r¢)(z,t) = W, )(X,T),  (X,T) = (6x,6t)

into (6.4), and get

SOrW = 820xxW —2W — ¢®> — ¢*W — 20a(0xW)q — dadxq — da(0xq)W — 3W? — w3
52adxxW +280xW
Orq = 66XXq—6X(26W+aq2+ﬁW2)+8X( a XXH;/ X )

Choosing 0 < § < 1 and neglecting terms that are formally of order O(d), we obtain the system

0 = —2W —¢*—¢FW -3w?2-w?
orq = —0x(28W + ag® + gW?).

For |q| < 1, the first equation is satisfied by W = /1 — ¢? — 1. Substituting this expression into the second
equation, we see that the modulation ¢(X,T) ought to satisfy the inviscid Burgers equation

Orq + Ox ((Oé - ﬁ)qz) =0,

which we may also write as
Orq + Oxwni(q) =0, (6.5)
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where wy) (k) denotes the nonlinear dispersion relation (3.3) of the Ginzburg-Landau equation. Note that
local existence and uniqueness of solutions to the scalar first-order conservation law (6.5) are guaranteed by

the method of characteristics or, for analytic initial data, by the Cauchy—Kowalevskaya theorem.

For various technical reasons, the validity results established in [40] are formulated for solutions g(dz, §t)

whose Fourier transform lives in the space
Lr(om) = {i € PR fall = [ [a()ee 1+ 161" at < o
R

for o > 0 and sufficiently large integers m > 0. For each @ in L(p,m), the inverse Fourier transform w is
analytic in a complex strip {z € C; |Imz| < o} [28]. We shall use this and similar spaces in our analysis of
reaction-diffusion systems.

6.2 Formal derivation of the conservation law

We repeat the formal derivation of the inviscid Burgers equation presented in [23, §2C] for reaction-diffusion

systems which proceeds as in §4.3. Upon substituting the ansatz
u(z,t) = ug(wn(ko)t — kox — 01 ®(X,T); ko + Ox (X, T)) (6.6)
with (X, T) = (dz, §t) into the reaction-diffusion system
Oyu = DOppu + f(u),
we obtain formally that
(wni(ko) — Or®)Ogug = D(ko + Ox ®)*pguo + f(uo) + O(6).
Setting formally 6 = 0 and rearranging terms, we get
D(ko + 0x ®)*doouo — (wni(ko) — Or®)douo + f(ug) =0, (6.7)

where ug and its derivatives are evaluated as in (6.6). Formally treating (x,t) and (X,T) as independent
variables, we find that the effective wave number &k of the function wg(-; ko + dx®) in (6.7) is equal to
ko + Ox®. Thus, comparing (6.7) with (4.5), we see that

wni(ko) — 0r® = wn (ko + Ox ®),
so that ®(X,T) should indeed satisfy the inviscid phase equation
Or® + wa(ko + Ox P) — wni(ko) = 0.

Taking the derivative with respect to X, we see that the wave number ¢ = dx ® should therefore be a solution
of the inviscid Burgers equation
Orq + Oxwni (ko + q) = 0. (6.8)

6.3 Validity of the inviscid Burgers equation

Throughout this section, we assume that we are in the set-up introduced in §4.1 and §4.4.
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Theorem 6.1 Assume that Hypothesis 4.1 is met. For any choice of oo > 0 and integers M > 1 andn > 3,
there are positive constants §1,€1,Cr,T1 such that the following is true. For each solution q(-,T) € H; of

the conservation law (6.8) on the interval [0,T)] with

sup (g Tl F7-1L5(00,0) < €1
T€[0,T4]

and each 6 € (0,01), there are functions (qp, 1) (¥, t) in HY with

sup |lgn (1) — q(6-,60) ||, < C46, sup rn( )l < G sup la( Tl
te[0,T4 /6] te[0,T4 /6] T€[0,T1]

and a solution w(0,t) = U(9,t) of the reaction-diffusion system (4.33) such that

sup  sup |U(9,t) — Unpprox (9, )| < Co26M,
te[0,14 /6] 9ER

where
Uapprox(9, ) = uo(V; k(1 + qn(9,1))) + ra(¥, 1),

and ¥ and 6 are related through (4.35) with

I
o0, t) ::/0 qh(g,t) do.

The preceding theorem implies the following approximation result in the original variables (6, t).

Theorem 6.2 Assume that Hypothesis 4.1 is met. For any choice of oo > 0 and integers M > 1 and n > 3,
there are positive constants €1,C1,Th and 61 such that the following is true. For each solution q(-,T) € HJ}

of the conservation law (6.8) on the interval [0,T1] with

sup Hq("T)”]:*IL]:(gg,(]) <eér
T€[0,Ty]

and each 6 € (0,01), there are functions (qp,r1)(Y,t) in HY with

sup lgn(-,t) — (0, 0t) ||y, < C1d, sup |ru( )|l < C1sup la(, Tl s
te[0,T1 /6] t€[0,T1 /6] T€[0,T4] v

a phase function ¢o(t) with

1
sup ()] < 5 sup|g(T) 7y,
t€l0.71 /9] Telo, 1]

and a solution u(0,t) of the reaction-diffusion system (4.33) such that

sup  sup |u(6,t) — Uapprox (8, 1)| < C16M,
tel0,T1 /6] 9€R

where

Uapprox(0,1) = uo(9(0); k(1 + gn(9(0), 1)) + rn(9(0), 1),
and ¢ and 6 are related through (4.35) with

9
P(9,1) = do(t) +/0 qn(9,t) dd.
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Thus, our results indicate that the solution profile is approximated accurately and, for the reasons outlined
in Remark 3.13, we expect that the estimates for the profile are optimal for solutions with no additional
properties. The position of the solution is given only up to an error of order Cj|¢||?/5. We again believe

that this is optimal.

Note that the inviscid Burgers equation (6.8) can be written as
Orq +wy (ko + q)ax =0,

and we can think of its solutions ¢(X,T') initially as waves that travel formally with speed w/,(ko + ¢). In
particular, the profile will, to leading order, move with the speed given by the group velocity c,, and the
estimate O(||¢||?/8) confirms this behaviour over time scales O(1/4). In this sense, Theorem 6.2 justifies that
we named cg the group velocity and interpreted it as the speed with which perturbations are transported

along the wave train.

6.4 Proof of the theorems from §6.3

First, we note that Theorem 6.2 follows from Theorem 6.1 as in the proof of Theorem 4.9 in §5.5 except that
9:¢(0,t) is no longer of O(§2): To get the correct estimate for ¢(0,t), we first infer from (5.27) that

216(0,) = [1+ O(11 s (£oa(89,6t) + O + a]®)) .

on account of the estimates obtained in Theorem 6.1. On the other hand, proceeding as in the derivation of
(5.26), we obtain
Pt (L0q(89,6t)) = O(6).

Thus, 0;¢(0,t) = O(J + ||q]|?) as claimed and, consequently, SUDse(0,1y /5] |P0(t)] = O(1 + llql|?/d).

It therefore suffices to prove Theorem 6.1. As in the case of the Ginzburg-Landau equation [40], we restrict

the class of admissible solutions of (6.8). For ¢ > 0, we set

k}o/2
Ls(o,m) = {u € LM ([~ko/2, ko/2), H™); 0]l (pm) = /k / (-, €)]] el de < oo}.
—ko/2

Note that we do not touch the 27-periodic spatial variable z in this space. Denoting the Bloch transform of

a function u by %, we define the Banach space

Xﬁl:{u:R—)Cd; ﬂELJ(Q,m)}v ”ul

g = Nl om)-
Due to Sobolev embedding theorems, there is a constant C'(m) > 0 for each m > 1 so that
[@% D)Ly (m) < C|E|L 7 (0m) 1Pl (0m)

for any two functions 4,9 € L7 (9, m). Since uv = J (i % ¥), we therefore obtain

x5, < C(m)]lu|

m

[[uv| v|

xgllvllxg - (6.9)

In particular, X2 is an algebra under multiplication for m > 1. Note that the constant C'(m) does not
depend on p > 0.

Fix g9 > 0 and integers M > 1 and n > 3. We also pick a solution ¢(X,T) of the inviscid Burgers
equation (6.8) in the space F 'Lz (09,0) on the time interval [0, Tp]. Scaling the independent variables via
(X,T) = (6(9 — cpt), 0t), we obtain that ¢(6-,T) € X27% for all T € [0,T5]. As before, it is advantageous to

add corrections to the approximation.
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Lemma 6.3 For any 01 € (0, 00), there exist numbers §; > 0 and Cyres > 0 such that the following is true.
For each § € (0,dp), there are functions (V°,V*®) such that

sup HVC('at) - q(a'at)”;(gl/‘s < Cresd
te[0,T /4] m
sup ch(a t)||;(91/5 < Cres
te[0,To /4] m
sup ||Vvs('at)||/'\,/91/‘s < Chres sup ”(I(UT)”?Y"l
t€[0,To /6] m T€[0,To] u
sup [|Resc(V(,8), VI, 1) yerss < Crest™
te[0,T0 /6] m
sup [[Ress(V(+1), V(. 0))ll yerrs < Crest™.
t€[0,T0 /6] m
Proof. This follows as in Lemma 3.10 upon exploiting the diagonalization leading to (5.31). [ |

We introduce the critical noncritical parts 6™ R¢ and 6 R® of the error by

v = Vo4 MRS
v o= ViS4 MR
Substitution into (3.28) leads to
OR° = MR+ pg°(R, R?)
R = AR+ ¢°(R% R®).

For fixed constants D. and Dg, there are constants so that the nonlinear terms satisfy

lg°(RS, R¥)llxg, < Cres + ClIR |l xg, + ClIR|| g, + 6 C(De, D)
lg* (R, B)llxz,_, < Cres + ClIRC||xg, + ClIR|| g, + 8" C(De, Ds),

A

uniformly in ¢ € [0, 01/6], provided
[RNxe < De,  [[R||xg < Ds,

It becomes clear now that we cannot pursue the strategy used previously in §3.9 to prove that the errors are
bounded, since this approach would require a factor §'/2 in front of the estimates of ¢¢ to work. Instead, we
proceed as in [40], where the scale X2 of Banach spaces has been used.

Pick a constant Ky > 0. For each constant K; > 0, we may define a linear operator B via its symbol
B(f) = —K1|¢|. We choose K1 > 1 so large that the spectrum Ag, (£) of \° + B satisfies
Re Ak, (¢) < —Kpl¢|

for the constant Ky > 0 chosen above (thus, if the wave train is not sideband-unstable, any positive constant
K7 > 0 works). Next, we make the exponent g in the family X2 of Banach spaces smaller at a linear rate
as time evolves by setting

o(t) = % — Kyt (6.10)

The requirement that ¢ > 0 therefore limits us to 0 < ¢ < Ty /4 for some T} > 0.

Next, we define the operator S(t) via its symbol S(t) = e(e1/0=FK1vlel and introduce

RE(t) = S(OR(),  R(t) = S()R(t).
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Note that R°(0) € X2/% is equivalent to R¢(0) € X2. The new error variables R¢ and R* satisfy

RS = AR°+ BR+ pG°(R,R%) (6.11)
OR® = A°R°+ BR°+G°(R%, RY).
We shall work from now on in the space &, := X2 and denote its norm by || - ||,». In this space, it has been

shown in [40, §3.2] that the nonlinear terms obey the estimates

IG°(R*, R¥)llx,, < Cres + ColIR® |, + Col R¥| 2, + 6™ C(De, Ds)

”gS(RCa RS)HXM_Q < Ches + O(I”RCHXm + CqHRS”Xm + 5MC(DC»DS)
for
IRllx,, < Doy [IR*|lx,, < Ds

and any fixed choice of positive constants D, and Ds. Furthermore, we have that C; — 0 for ||g|| — 0. The

key is now the following optimal-regularity result proved in [40, §3.3].

Lemma 6.4 ([40, §3.3]) Fiz 0 < v < 1, then there exists a constant Cy > 0 with the following property:
Pick any functions f° and f° with f¢ = p°f° and f5 = P3f% for which f°(0) and f5(0) lie in the domains of
A¢ + B and A® + B, respectively. The system

GRS = (N4 B)RC+pfS,  R(0)=0

HR® = (A°+ B)R*+ f°, R¢(0) =0

then has a unique solution on [0,T1/d], and

IR llcon (0,11 /61,20) < C2ll follcon (o, 11 /8),20m)

IR covro,mn /o), < Collf¥llcom o, /6],%0m—2)-

The crucial assertion of the preceding lemma is, of course, the boundedness of solutions over the O(1/0)
times scale.

Using Lemma 6.4 together with property C;, — 0 as ||¢|| — 0, we can now proceed as in §3.9 to prove that
there are constants C3 > 0 and é; > 0 so that

sup [[R°(t)[|lx,, + sup [[R*(t)]x,, <Cs,
te[0,T4 /6] te[0,T4 /6]
uniformly in § € (0,d), for the solutions R¢ and R® of the full nonlinear problem (6.11). We omit the
details.

7 Modulations of wave trains near sideband instabilities

7.1 Introduction

In this section, we consider the dynamics of modulations of wave trains at the onset of sideband instabilities.
A sideband instability is characterized by the condition that the second derivative A/ (0) of the linear
dispersion relation changes sign as an appropriate systems parameter is varied. This sign change will lead to
an instability of the wave train with respect to long-wavelength perturbations (i.e. perturbations with small

wave number).
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To be more precise, we denote the systems parameter by 1 and assume that the wave train with wavenumber
k exists for all p close to zero, say. We expand the linear dispersion relation to get

1 1 1
At (v 1) = M (0 ) + 5 M (05 v + 6 i (05 )’ + 37 iin (0 vt +0°) (7.1)

where derivatives are taken with respect to v. We are interested in the case where A/ (0; 1) changes sign at
= 0. Thus, if A\”/(0;0) < 0, which is a natural scenario in this context as it implies that the wave train
is spectrally stable for p < 0, say, then the resulting instability for p > 0 is indeed induced by small wave
numbers ¢. In particular, sideband instabilities are modulational in nature, and we may therefore expect

that they can be captured by adding appropriate corrections to Burgers equation
207q = N (03 1)9x xq — wih (0; 1)0x (¢%), (7.2)

which itself becomes ill-posed once Ajl, (0; u) < O.
Our goal is to provide various validity results in this direction. The resulting equations depend on parameter
scalings, and we therefore denote by 1/ the typical spatial length scale of modulations that we wish to

capture.

Firstly, if we focus on the regime |u| < C§2, then the Korteweg—de Vries equation (KdV) is the correct
modulation equation that replaces Burgers equation (7.2). Next, if we choose the scaling u = fid with i < 0,
then the resulting modulation equation is given by a dissipative Burgers-KdV equation.

A particularly interesting scenario arises if the third derivative A{{/ (0; u) also vanishes at ;1 = 0. This typically
requires the adjustment of two parameters, or the presence of additional symmetries, and is therefore of
codimension two. In this case, the Kuramoto-Sivashinsky equation takes the role of Burgers equation in

describing modulations of wave trains.

Lastly, we mention that there are other mechanisms that lead to the destabilization of wave trains. One such
scenario are Hopf bifurcations where a second branch of the linear dispersion relation crosses the imaginary
axis away from zero. In this case, we encounter a coupled system of two PDEs, namely Burgers equation
(describing wave-number modulations) and the complex Ginzburg—Landau equation (describing amplitude
modulations of the Hopf modes) [17].

7.2 An illustration: The Ginzburg—Landau equation

Several different equations have been derived as phase equations for wave trains in the complex Ginzburg—
Landau equation [2, 3, 20, 30, 39].

We concentrated in §3 on the wave train with & = 0. As can be read off (3.6), this wave train becomes
sideband unstable at 1+« = 0. The linear dispersion relation A, (v) of the k = 0 wave train is quite degen-
erate: since the linearization is invariant under the reflection  +— —x, all odd derivatives d?"+! \;;,, /dv2"+1(0)
vanish at v = 0. We also record from [1, (21)] that

N (0) = —502(1+ %) < 0 (7.3)
for the wave train with k£ = 0. In particular, the governing equation near the sideband instability at 1+a8 = 0
is the Kuramoto—Sivashinsky equation. Its validity for phase modulations (but not for modulations of the
wave number) has recently been proved in [2] near the sideband instability of the k¥ = 0 wave train of
the CGL. In §7, we shall give an approximation result for wave-number modulations in reaction-diffusion

equations that should carry over to the CGL.
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Sideband instabilities for wave trains with & # 0 yield the Korteweg—de Vries equation [20], at least when
a # (3 (i.e. away from the real Ginzburg-Landau limit), since the third-order derivative of the linear dispersion

relation at v = 0 does not vanish [1, (21)].

To illustrate how this higher-order PDEs arise as modulation equations, we shall derive the Kuramoto—
Sivashinsky equation for the k£ = 0 wave train near its sideband instability which occurs when 1+ a8 = 0.

Starting point is, once again, equation (3.13)

O = Opar — 2r — Y — P2 — 20(0,1)) — adpt) — a(Optp)r — 3r% — 13 (7.4)
Op = Ope+ 0y (aawa1++2£5xr)w —ay? —20r — ﬁr2>

for amplitude and wave number corrections r and v of the £k = 0 wave trains of the Ginzburg—Landau
equation. We denote by d the spatial length scale of the modulations we wish to capture. After picking an

arbitrary constant ko € R, we unfold the sideband instability in parameter space by setting
1 =+ Oéﬂ = 162(52. (75)
Substituting the ansatz
r =W (dx, ), P = 53U (0z, 6t)
into (7.4), and dividing the factors 6% and §” in the equations for W and V¥, respectively, we obtain
SOrW = P0xxW —2W — 02 — SSW U2 — 254 (0x W)W — ad 20x ¥ — §*a(0x U)W
_356w2 _ 512w3

2 1\
OrV = 6 20xxV — Ox(26W +a¥?) + 6%0x <aaXXW 52 (OxW)

1+ 65W 1+ 65W

— 64ﬁW2)

where X = dz and T = §*t. Upon refining the leading-order solution W = —§2adx ¥ /2 + O(1) to the first
equation, we obtain that
o U2
W=—-—50x¥ - — — —0xxx¥ + 0(*
552 9% 5~ g O0xxx¥+ (6%)
satisfies the first equation up to terms of order O(62). Substituting the expression for W into the equation
for ¥ and using (7.5) gives

(5—2(1 + Olﬁ)aXX\I’ + (5 - Ck)ax(\I/2) - Maxxxx\l/ + 0(52)

)
2

orv

= r2OxxV + (8- a)dx(¥?) — Ixxxx¥ + 0(5?).

Thus, setting g := ¥|s—p, we find that ¢ ought to satisfy the Kuramoto-Sivashinsky equation

Orq = _MaXXXX(] + kedxxq+ (B — @)9x(q%). (7.6)

Note that the factor in front of the fourth-order derivative coincides with (7.3) upon using that 1+ a8 = 0.
As pointed out above, van Baalen considered sideband instabilities of the k = 0 wave train in [2]. He derived

the Kuramoto—Sivashinsky equation

)

or® = — 5

Ixxxx® + k2Oxx® + (B — a)(0x ®)? (7.7)

for the phase ® (and not the wave number ¢) and proved its validity in certain Sobolev spaces of spatially

periodic functions under the technical assumption that a? < 1/2.
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7.3 Validity of the Korteweg—de Vries and the Kuramoto—Sivashinsky equation

We consider the reaction-diffusion system
Oy = DOypu + f(u, ﬂ) (78)

with parameter y € RP, and assume that the Hypotheses 4.1 and 4.4 from §4.1 are met at ¢ = 0. In
particular, the wave trains persist for all u close to zero, and their linear dispersion relations are therefore
given by

1 1 1
Min (V5 1) = N (05 1) + S M (05 ) + 5 i (05 ) + 57 in (0; vt +0°) (7.9)

where the coefficients depend smoothly on p, and derivatives are taken with respect to v. Transforming into
the #-variables, we get
Osu = k*DOgou — wy (ks 1) Ogu + f(u; ). (7.10)

We shall make frequent use of the notation introduced in §4.4. For the sake of clarity, we formulate the
results in this section using only the ¥-variables. We emphasize that all results transfer to the #-variables in
the same way as in §4.4.

We begin with the Kuramoto—Sivashinsky equation.

Hypothesis 7.1 We assume that A (0;0) = A/

lin lin

(0;0) =0 and A\{(0;0) < 0.

lin

Note that we typically need to adjust a two-dimensional parameter g € R? to encounter the situation
documented in Hypothesis 7.1.

Theorem 7.2 Assume that Hypotheses 4.1, 4.4 and 7.1 are met. Suppose that there is a smooth curve
1+(0), defined for 0 < § < 1 with u.(0) =0, such that

1in (03 10:(0)) = r20% + O(67), fin (03 10:(8)) = K38 + O(5?) (7.11)

for appropriate constants k; € R. For each choice of integers M > 1 and n > M + 5, and constants Cy > 0
and Ty > 0, there are constants 61 > 0 and Cy > 0 such that the following is true. For each § € (0,01) and
each solution q(X,T) of the Kuramoto-Sivashinsky equation

1 1 1 1
orq = ﬂAﬁg(O; 0)0xxxxq+ 6ﬂ35XXXq + §H23XXQ - iw;/l(k)aX((f) (7.12)

on [0, Tp] with

sup HQ('vT)HH;';l < Co,
T€[0,To]

there are functions (qn, ) with

P lan (1) = 4 (5((cp — o)t = 9/k),8*0) || . < C1,

sup |7 () |lun < Ch
te[0,Tp /6% ,To

te[0,To /64

and a solution u(0,t) = U(9,t) of the reaction-diffusion system (7.10) for p = p+(0) such that

sup  sup |U(9,t) — Uapprox (¥, 1) < CoM+3,
te[0,To /64 9ER

where
Uapprox (U, ) = uo(9; k(1 + 83qn (9,1))) + 874 (9, 1).

The phase function ¢o(t) needed for the formulation in the 6-variables satisfies sup,epo 1, /547 |#0(t)| = O(1).
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Next, we consider validity of the dissipative Korteweg—de Vries equation.

Hypothesis 7.3 Assume that \!

lin

(0;0) =0 and A\ (0;0) # 0.

Theorem 7.4 Assume that Hypotheses 4.1, 4.4 and 7.3 are met. Suppose that there is a smooth curve
1+ (8), defined for 0 < § < 1 with p.(0) =0, such that

Nin (03 14(8)) = k20 + O(6?)

for some positive constant ke > 0. For each choice of integers M > 1 andn > M +4, and constants Cy > 0
and Ty > 0, there are constants 61 > 0 and Cy > 0 such that the following is true. For each é§ € (0,01) and
each solution q¢(X,T) of

1 1 1
orq = 5 1 (0;0)0x x xq + §H23XXQ - iwgl(k)ax(lf) (7.13)
on [0, Tp] with

sup HQ('vT)HHL‘l < Co,
T€[0,To]

there are functions (qp, ) with

sup lan () — ¢ (8((ep — eg)t — 9/k), 6°t) || . < C10, sup |lra (-, 8]y < Ch
t€[0,To/63] ul t€[0,To/63]

and a solution u(6,t) = U(V,t) of the reaction-diffusion system (7.10) for p = p.(6) such that

sup  sup |U(9,t) — Uapprox(¥,t)] < CoM+2
t€[0,Tp /53] vER

where
Uapprox (9, 1) = uo(9; k(1 + 62q5 (9, 1)) + 6*rp, (9, 1).

The phase function ¢o(t) satisfies sup,epo, 1, /69) |P0(t)| = O(1).

The result that we shall prove for the conservative Korteweg—de Vries equation is less satisfactory. We cannot
exploit that the linear dispersion relation is dissipative at £ = 0 since dissipativeness becomes noticeable only
over time scales of length 6. On the other hand, solutions to the Korteweg—de Vries equation exist for all
times so that we should not run into the restrictions that we encountered and discussed in §6. However, we
shall not exploit these properties, and our result below is therefore weaker and can probably be improved
considerably.

Theorem 7.5 Assume that Hypotheses 4.1, 4.4 and 7.3 are met. Suppose also that u. () is a smooth curve,
defined for 0 < § < 1 with u.(0) =0, such that

1 (0 12(8)) = O(?). (7.14)

For any choice of o9 > 0 and integers M > 1 and n > 3, there are positive constants 61,e1,C1, Ty such that
the following is true. For each § € (0,01) and each solution q(X,T) of the Korteweg—de Vries equation

1 1
Orq= 6/\{{‘/“(0; 0)0xxxq— 5“’;’1("?)3)(((12) (7.15)
on [0,T1] with

sup [|q(, T)|| xe0 < €1,
T€[0,T1]
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there are functions (qn, ) with

sup gn(-t) —q (6((cp — cg)t — ¥/k),8°t)|| . < C4, sup  [ra(t)l|an < Oy
te[0,T1/63] ul te[0,T1/63]

and a solution u(6,t) = U(V,t) of the reaction-diffusion system (7.10) for p = u.(6) such that

sup  sup |U(9,t) — Uapprox (9, t)| < C16™M T2,
te[0,14 /63] YER

where
Uapprox(lg7 t) = Up (197 k(l + 52Qh(19a t))) =+ 54rh(ﬂa t)'

The phase function ¢o(t) satisfies supyepo 1, /63) [P0(t)| = O(1).

We shall prove Theorems 7.2 and 7.5 in §7.4 and 7.5, respectively. We omitted the proof of Theorem 7.4
since it is similar to the one given for Theorem 7.2 except for the different scalings.

7.4 Proof of Theorem 7.2

We proceed in exactly the same way as in §3 and §5.4. Our starting point is again the system (5.31)

O’ = A — pl 0N (ve,v%) (7.16)
Ov® = A — PN (v60°%).

The operators A° and A® generate semigroups with properties analogous to those established in §5.4.

Lemma 7.6 Both A and A® are sectorial in X,,, respectively. Moreover, for each integer m > 0, there are

constants Cy > 0 and o > 0 such that the semigroups eX and Mt satisfy

1~ < Co
C
A 0
He taﬂHXnL_’Xm S W
e |l x,—x,, < Coe™

for allt > 0.

Proof. The first and third inequality follow as in Lemma 3.9. The reason that the second inequality is valid
is due to the fact that A° is, by construction, the multiplication operator in Bloch space associated with the
linear dispersion relation. More precisely, Hypothesis 7.1 implies that Re A°(¢) ~ —¢4. The factor t=1/% s

now a consequence of Lemma 3.6 applied to the function

M(0) = 5eed X 0T
with T = §t. [
Starting with a solution ¢(X,T) of the Kuramoto—Sivashinsky equation (7.12), we substitute the ansatz

(0%, v%) = (63q (8((cp — o)t — I/k),5%) ,0)
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into (7.16) and obtain the residuals

1 1 1. 1
Res.(0%¢,0) = &7 <_8Tq + 5"628qu + éﬁsaxqu + ﬂ)\cml(o)axxqu - 2wg1(k‘)3x(q2)> +0(6%)
— oY)
Res,(%,0) = —PONEa)(0) = O(F)

where we used (7.11). Next, we record that the formal procedures outlined in §3.8 and §4.3 can again be

used to provide approximations with smaller residuals.

Lemma 7.7 With m,n, M chosen as in Theorem 7.2, there are positive constants d1 > 0 and Cres > 0 such
that the following is true. For each ¢ € (0,01), there exist functions (V°,V®) such that

sup ||VC(’t) _q(évt)”?(m < Cres(s

te[0,To/6%]
sup HVS('at)”Xm S Cvres
t€[0,To /6]
sup  ||Resc(33VE(-,1), 85V 1) |lx,, < Cresd™MT
t€[0,To/64]
sup  ||Resg(03VE(-, 1), V() |lx,, < Cresd™TC
t€[0,Ty /6]

uniformly in 6.

We define the scaled errors R° and R® relative to the approximations obtained in the preceding lemma via

¢ = 63Vc + 5M+3Rc
v = VS MR
Substitution into (7.16) gives the system
O:R® = AX°R°+ 0yg°(R°, R°)
OR® = AR+ ¢°(R% R®).

There is a constant Cj such that

lg° (RS, B)|
lg°(R®, B?) |

m—2

%, < 0°CollR||x,, + 6" Cres + 8°Col| R, + 6™ F3C(De, Ds) (7.17)
< Cres + Col|RC||x,, + 8°Col|B®| ., + 6™ C(De, Ds)

where

1B, < D, [[Bx,, < Ds
for arbitrary, but fixed, constants D. and Dj.
The rest of the proof proceeds as in §3.9. Using Lemma 7.6 and Gronwall’s lemma 3.12 over the time scale
T = §* gains the crucial factor § which, taken together with the factor 63 on the right-hand side of (7.17),
shows that the scaled errors stay bounded.
With regard to the §-variables, we record that 9;¢(0,t) = O(d*) so that the phase shift SUPyefo,1, /541 |9(0, )] =

O(1) is bounded uniformly in ¢ as claimed.
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7.5 Proof of Theorem 7.5

We proceed as in §6 to which we refer for the notation we use below. First, we pick gg > 0, integers M > 1
and n > M + 4, and a solution ¢(X,T) of the KdV equation (7.15) in X2. Next, we substitute the resulting
ansatz

(v°,0%) = (6%q (8((cp — o)t — I/k), 5%t) ,0)
into (7.16) to obtain the residuals
1. 1
Resc(6%¢,0) = &° <—8Tq + A" (0)0xxxq ~ 2w;’1(k>ax(q2)> +0(5°%) = 0(8°
Resy(0%¢,0) = —P(ON(8°g)(0) = O(8%),

where we used (7.14). As before, we can construct approximations with smaller residuals.

Lemma 7.8 With o9 and M,n chosen as above, there are positive constants §1 > 0 and Cres > 0 such that
the following is true. For each § € (0,41), there exist functions (V¢,V*) such that

sup ||VC(7t) _q(a'vt)HX,% < Crcsfs

tE[O,T0/64]
sup ”VS(Wt)HX,% < Chres
tE[O,T0/54]
sup  ||Resc(8°VE(-, 1), 05V (1)) |xe < Cresd™ ™
te[0,To/6%]
sup  ||Ress(0°VE(, 1), 68VE(, ) lxe < Cresd™ T,
te[0,To/64]
where 0 = 0o /0.
The errors R® and RS, defined via
v = §°VC 4 MRS
’US — 64Vs 4 6M+4RS,
satisfy the system
OR° = X°R°+ 0yg°(R°, R®)
R = MNR + ¢*(R° R

where, for an appropriate positive constant Cy > 0,

19°(RS, B®)lxe, < 6°CRes + 02Col|R®||xg, + 6*Co| R*| x5, + 6 +2C(De, Dy)
lg°(RS, R¥)[|xe . < Cres + CollR||xg, + 6°Col| R*|| g, + 6™ C(De, Dy)

uniformly in ¢ € [0, gg/d] for
R xg, < De, IRl xg < Ds

where D. and Dy are arbitrary but fixed.

As in §6, we need to exploit the scale of Banach spaces given by X2. We begin by picking a constant Ky > 0.
For any given constant K1 > 0, we may define the linear operator B via its symbol B(f) = —K62|¢|. As in
§6, we choose K7 > 1 so large that the spectrum A, (¢) of A\° + B satisfies

Re Ak, (£) < —K62 |/
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for the constant Ky > 0 chosen above: note that such a choice of K is possible due to (7.14 and Hypothe-
ses 4.4 and 7.3. Next, we define the operator S(t) via its symbol S(t) = eleo/3=K18*DlEl and introduce

RO(t) == S(OR(t),  R(t) := S(H)R(¢)

which both live in X, :== X2 with || - ||,»,. The rescaled errors R¢ and R* satisfy

KR = (A4 B)R°+ 09G° (R, R®)
HR® = (A°+ B)R*+ G°(R%, R%)
where
IG° (RS, R¥)lx,, < 0°Chres + 0°Cy|R°||x,,, + 6 Cy|R®||x,,, + 6 F2C(De, Dy)
IG* (R, R o < Ches + Cyl|RC||x,,, + 6°Cy|R¥||x,,, + 6™ C(De, Ds)
for
1Rl x,. < De, R*||x,, < Ds

for positive constants C; with C; — 0 as ||¢|| — 0. The rest of the proof follows exactly as in §6, and we

therefore omit it.

8 Existence and stability of weak shocks

We prove Theorem 4.10 and 4.12 by introducing an appropriate spatial-dynamics formulation to which we
apply the Kirchgéssner reduction. The ideas behind this approach go back to Kirchgédssner [29] and were
later extended by Mielke and coworkers [18, 41].

8.1 Proof of Theorem 4.10

Suppose that u(x,t) = us (x —cit, wyt) satisfies (4.1) and (4.39), then (u,v)(&, 7) = (us, Ozu) (&, T) has period

27 in 7 and satisfies the modulated-wave equation

Ot = w (8.1)
Ov = —D H-wilru+ cov + f(u)]

where £ = x — ¢t and 7 = w,t. We consider (8.1) on the function space X = H] .(0,27) x H;éf(O,Qﬂ')
and write u = (u,v) € X. Note that (8.1) is equivariant with respect to the time shift S(p) defined by
[S(p)u](T) = u(r + p) for p € [0,27]. In other words, if u(§) € X is a solution of (8.1), so is S(p)u(§) for

each p.

Instead of investigating (8.1) for arbitrary ¢, and w,, we will fix a primary wave number k¢ and concentrate

on finding viscous shocks that have speed ¢, (ko) =: . Since ¢g(k) = w]

nl

(k) and due to our assumption that
wil (ko) # 0, we know that, for each given number ¢ close to ¢4 (ko), there exists a wave number k close to ko
such that ¢ = ¢4(k). Repeating the proof given below for different wave numbers & close to ko gives shocks
with an arbitrary speed c close to cg. Thus, it suffices to prove Theorem 4.10 for the fixed speed cg.

Therefore, from now on, we will set ¢, = ¢ in (8.1). From (4.44), we conclude that the frequency of shocks
with speed ¢ and asymptotic wave numbers kr = ko is w) = ko(c) — ). If we choose different wave
numbers for k4, the temporal frequency of shocks will vary as well. We therefore write w, = w? + @ so that

(U varies near zero.
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We shall assume that w) # 0: If w) = 0, then we fix w, = 0 and allow ¢, to vary near . The associated weak

shocks are travelling waves which satisty (8.1) with w,. = 0, i.e. an ODE. The primary wave train appears as

a saddle-node periodic orbit in this ODE. Unfolding the vector field on the two-dimensional center manifold

using the speed c, gives the desired weak shocks as heteroclinic orbits. We shall omit the details since the

analysis is similar to (but far easier than) the forthcoming analysis of the case w? # 0.

Using the definitions introduced above, (8.1) becomes

Jeu = v
dev = DM + @)+ ot f(u)]

where (u,v) € X. The wave train with wave number ko,
u = UO(th — k0(§ + Cgt)) = UO(ko(Cg - Cg)t - kof) = UO(’T - kof), wo = wnl(ko)
provides a solution to (8.2) with @ = 0. If we transform (8.2) according to

u——ug+u

where
_ uo (- — kof)
H(6) = ( —koOguo (- — ko&) )
we obtain
Oeu = v
v = —D7—(w] 4+ @) u+ v+ f(uo(- — ko&))u + g(u; uo(T — kof)) — @0, uq)
where

g(u0) = F(uo +u) — (o) — /(o) = L f (o)l ] + O(Jull’).

We write this equation (8.4) abstractly as
Deut = B (€)u + 2N (u + ug) + G(u,€)

where
0 1
B(&) = ( —D U2, + f'(uo(- — ko€))] —D71c )

0 0 0
N = < D79, 0 ) Glu.8) = ( —D™ g (u; uo (- — ko)) > '

Alternatively, we can consider (8.4) in the temporally comoving frame o = 7 — ko€ which gives

0w = koOsu+v
0cv = koOyv — Dil[fwgagu + cgv + f(uo(-))u + g(usug(+)) — @0y (u + uo(+))]

or, in abstract form,
deu= [koT + B u+ oN(u+ ug) + G°(u)

where 7 = diag(9,, 05) generates the temporal shift and

0 _ 0 1 On) = 0
&_<D1[w&+fwwm D%£>’ 7 (Dlﬂmw@))
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Solutions to (8.5) and (8.7) are conjugated by the shift generated by ko7 . We also consider the linearized
equations

(9,511 = B*(i)u (8'8)

and
deu = [koT + B)] u. (8.9)

Note that the coefficient matrix of (8.8) is periodic in &, while the coefficient matrices of (8.9) do not depend
on £. From [41] we conclude that the Floquet exponents of (8.8) form a discrete set in the complex plane and
that there exists a strongly continuous family of center projections P¢(§) that are 27/kg-periodic in £ and
have finite-dimensional range. Thus, on account of [41, Theorem 3.4], the nonlinear equation (8.5) admits
a nonautonomous center manifold £(§) = £(& 4 27 /kg) that is tangent to Rg(P°(£)) at (u,») = 0 and that
contains all small bounded solutions to (8.5). Conjugation with the shift evolution S(ko) associated with
Osu = ko7 u gives an invariant center-manifold to (8.7) whose center subspace consists of the generalized
eigenspace to the center eigenvalues v € iR of kg7 + BY. We remark that there does not seem to exist a
center-manifold theorem for the equations of the type (8.7) where a hyperbolic structure 7 is mixed with
a pseudo-elliptic structure BY. Still, smooth center-manifolds of (8.7) exist since they can be obtained from
smooth center-manifolds of (8.5). We prefer to work with (8.7), since we avoid complications that are caused
by the ambiguity in the definition of Floquet exponents.

We need one additional property of the center manifold. Recall that (8.2) is invariant under the action of the
time-shift S(p). In a neighbourhood of the relative equilibrium wuo(7 — ko), this action correspondence to
the following equivariance of the nonautonomous equation (8.5): if u(&; &g) is a solution, so is u(€+ p; &+ p).

In the construction of a center manifold, G(u, ¢) is replaced by

Gmod (,€) == x(||u[[})G(u, &)

for some smooth cut-off function x(r) that satisfies x(r) = 1 for r < § < 1 and x(r) = 0 for r > 2§. Since
the norm of the Hilbert space X' is invariant under the time shift S, equivariance is preserved under the
cut-off procedure. In particular, the flow on the center manifold commutes with the (affine) action of the

circle group. We will use this fact extensively.

In the remaining part of the proof, we compute the generalized center-eigenspace of ko7 + B? and use the
result to calculate the expansion of the reduced vector field on the center manifold. We begin with the

computation of the center eigenspace.

We consider the eigenvalue problem
vu = [kJOT + BS} u

or, more explicitly,
vu = koOsu-+v
v = kol — DM ~wl8u + f'(uo(0))u + .

This boundary-value problem has a solution in X" if, and only if,

2
k3D (30 - l:)) u — wo <5‘g — :()) u+ f(uo(o))u = (c) — Q)vu (8.10)

has a nontrivial 2w-periodic solution. A comparison with the operator £,, defined in (4.9), shows that

nontrivial solutions to (8.10) exist precisely when A\ = (¢ — ¢2)v is an eigenvalue of £, for some v € iR.

This, however, was excluded for A # 0 and v # 0 in the nonresonance assumption of Hypothesis 4.3.

Therefore, the only possible center eigenvalue occurs at v = 0. The same argument shows that the null
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space of ko7 + BY is one-dimensional and spanned by (9,ug, —koO,suo). It Temains to calculate generalized
eigenvectors which are the solutions of the derivative of (8.10) with respect to v evaluated in u = d,u. The

point is that the eigenvalue problem

k2D (ag - k”0>2 v — wo <ae . ]:0) v+ ' (uo(0))v = Ain () (8.11)

for the operator L, see (4.9), coincides to quadratic order in v with (8.10) since

Ain (V) = (cg - Cg)l/ +0(?)

as calculated in (4.23). Thus, recalling the results from §4.2, we therefore see that the generalized eigenvector

u; exists. Its u-component is given as the unique (up to elements of the null space) solution to
Lour = 2koD0ysug — cg&,uO,
while the v-component of the generalized eigenvector is given by
v1 = Ogpttg — koOguq.

Thus, comparing the equation for u; with (4.18), we conclude that u; = —0xug and therefore

*akUQ
u; = .
koOkoto + Ostio

Since Afl_(0) # 0 by assumption, we also see that the eigenvalue ¥ = 0 has algebraic multiplicity equal to

lin
two.

We emphasize that the higher-dimensional eigenspace is generated precisely by our choice of the coordinate
frame—for other choices of the speed ¢, the generalized center eigenspace would be one-dimensional and
spanned by the translated wave trains. Thus, the group velocity can be interpreted as the unique speed
for which the linearization about the wave train, computed in the frame moving with that speed, develops

algebraic multiplicity two.

For the computation of the projection onto the generalized eigenspace, we will also need the generalized
eigenspace of the adjoint [ko7 + BY]aq, where we compute the adjoint with respect to the simpler L?-scalar
product instead of the scalar product in X. Also, as we shall see below, we only need a basis vector, denoted

by ua.q, of the null space of the adjoint operator. The function u,q satisfies the equation

—koOptu — D71w20,v — f(ug)' D 'v = 0
—koOyv + u — D’lcgv = 0.

If we set & = D~ v, we obtain
k2 D0yt 4 wody® + f'(uo)To =0

whose solution 9 = u,q we computed in §4.2. The null space of the L2?-adjoint of ko7 + B is therefore

. koDOytaq + cg,uad
ad Duad .

spanned by

The next step is to calculate the vector field on the center manifold of (8.7). We parametrize the two-
dimensional center manifold by (0, x) € S x (—6,9) via

u=—ru(-—0)+u(f,r),
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where u}, maps R? into the orthogonal complement of the generalized eigenspace, belonging to the eigenvalue
zero, of the adjoint [koZ + BY].q, and by simultaneously replacing o by o — 6 in (8.7). In particular, the
time-shift symmetry acts according to 6 — 6 + p. Since, as discussed above, the vector field on the center

manifold respects this symmetry, it cannot depend on 6. To leading order, we therefore find

D¢0 K+ O(|@] + |x[*) (8.12)
Ok = Bo®+ Por® + O(|@)? + |ok| + |K[*). (8.13)

Locally, the parameterization is given by
u = —00,u9 — kuy + O(0* + K?). (8.14)

Thus, the relevant coefficients 3, and 3, can be computed by projecting ' and G onto the center manifold
using the spectral projection, and comparing the resulting terms with (8.14), differentiated with respect to
&. We obtain

B (Uaq, Nug) {(taa, D™ 05 up) -1
o= 7 (Uag, uy) T (Uaq, up) B (Uaq, up)
5y = —(Duaq, =3 D7 f" (uo) [Okuo, Oxuo]) + (Uad, Do)
(Waq,ur)
_ {tad; 2ko DOyoouo — Q0o tig + Ddyouo + 3./ (o) [0k uo, Dxuo]) - swin (ko)
B (Uad, uy) T (Uag,up)

The denominator in both expressions is determined by the linear dispersion relation:
(Wag,u1) = (koDOyuag + cguad, —Okug) + (Duad, koOkoto + Osuo)
= (taa, 2k Dk + Ddyrio) = 5 X1y (0).
Alternatively, we can infer a relation between (3, and (2 using the following reverse argument. Upon

inspection, we see that (8.13) has equilibria precisely when

On the other hand, we know that the family of wave trains exists for frequencies w = wy (k). Since &

w =

corresponds to the detuning of the wave number, we see that

and comparing the equations for @, we obtain the relation By = %w” (ko) L.

nl

In summary, we have shown that the reduced vector field on the center manifold is of the form

00 = k+O(lw|+ |%|?)
_ 1 1 Z 2 _ ~ —12 - 3
Ok = %)\ﬁn(o) <2wnl(k0)n w) + O(|@|* + |wk| + |&]) (8.15)

where neither of the remainder terms depends on . On the center manifold, we find heteroclinic solutions
in the k-equation which correspond precisely to the desired viscous shock waves. This finishes the proof of
Theorem 4.10.

The statement of Remark 4.11 follows from the fact that a sign change of Aj{, (0) corresponds to replacing &
by —¢ in (8.15). Consequently, the stationary front given in (2.11) connects the asymptotic equilibria in the

opposite order, and the relative group velocities, computed in the comoving frame, change their sign as well.
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8.2 Proof of Theorem 4.12

To prove Theorem 4.12, we need to locate the spectrum of the linearization about a modulated wave.

We denote by u.(x —cgt, wyt; ) the solution that we constructed in Theorem 4.10, where we set £2 = w, —w?.

Here, we assumed that w!}(ko) > 0 (the case where the second derivative is negative can be handled in the
same fashion). Furthermore, we denote by ¥ the time-27/w,-map of the reaction-diffusion system (4.1) and

by W’ () the derivative of the period map with respect to the initial condition, evaluated at u.(z —ct, w.t; €).

Our goal is to show that the spectrum of the linearized period map lies strictly inside the unit circle provided
we consider the operator on appropriate exponentially weighted function spaces as defined in (4.47). Recall
that

12, R) = {uc I (R); lluls , < oo}

0 0o
= / lu(z)e" |2 dz + / |u(z)e™ |2 da.
0

— 00

ez

2

nm into itself. For each
-+

For each fixed choice of n1 € R, we consider ¥/, (¢) as a bounded operator from L

A # 0 in the spectrum of ¥, (), we define its Floquet exponent A by
Wi
A= —logA.
27 o8

We distinguish between values of A in the Floquet point spectrum, where ¥/, (¢) — A is Fredholm with index
zero but not invertible, and values of A in the essential Floquet spectrum, where W/, () — p is not Fredholm

or Fredholm with nonzero index.

Before we state the first lemma, we recall from [49] that the function
1
A3 k) = (g = ep(k))v + Min(v; k) = (¢ — cg(k))v + SN (0 k)v* + O(), (8.16)
which is defined and analytic in v € C, is the linear dispersion relation of the wave train with wave number
k computed in the frame moving with speed ¢J.

Lemma 8.1 For each choice of weights ny € R, the essential Floquet spectrum of W/, (g) in L%ﬂm 1s strictly

to the left of the essential Floquet spectrum of the asymptotic wave trains computed in L%ﬂm’ while the
2

-+

)\:/\*(M*ni;ki), leR.

Floquet spectrum of the wave trains computed in L is given by

In particular, any element A in the essential Flogquet spectrum of the viscous shocks satisfies
Re A < Flefy /2wl (ko)n+ + (Miiy (0) + O(e))nd (8.17)
provided Nmin < N— < 0 < Ny < Nmax ond

2wy, (ko)

Miin (0)

where \iin denotes the linear dispersion relation of the wave train with wave number k.

min{ |7min |, [Mmax| } = [€] +0(e?), (8.18)

For further reference, we remark that we obtain the optimal estimate

1 k) .
< _ 2wy (Ko 3 1
Rel < —¢ 2N (0) + O(e?) (8.19)

for the essential spectrum when we substitute the optimal 74 from (8.18) into (8.17).
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Proof. [49, Remark 2.9 and Proposition 2.10] assert that the linearization about the viscous shocks, com-
puted in the frame moving with the speed cg of the shock, is Fredholm in the complement of the spectrum
of the asymptotic wave trains. Also, the spectra of wave trains with wave numbers & = k., computed in the

frame moving with speed cg, are given by the dispersion relation (8.16)
1
A s) = (e = ) SN (03 k)i + O()

= :
where cg” = w];(k+). Since

e? = Wy — wf = ng(ko)(ki — ko) + O(|ki — /{50|3),

we see that
V2e]
wi (ko)

where we recall that we assumed that w!| (ko) > 0. Therefore,

ki —ko=TF + 0(e?)

) — g = —wl(ko) (ks — ko) + O(Jkx — ko|) = /20! (ko)|e| + O(e?).

We also have

with Af_(0;k+) > 0 by Hypothesis 4.2. Thus, we see that

lin
Aviks) = £/ (Rlel + O] v+ N (0) + 02 + 00,

Substituting v = —n4+ + i¢, we obtain

ReA(v: k) < ReA(—ns:ks) = [#v/207 ()le| + O()] ms + [Ny (0) + 02 + O(a)

which is strictly negative provided Nmin < 7— < 0 < 74 < Nmax and

. 2w (ko)
min{ [1min|, [max|} < |5|>\//71 + 0(82) (8.20)
lin(O)
for € sufficiently close to zero. |

Lemma 8.2 For each € > 0 sufficiently small, the Floquet point spectrum of the viscous shocks is contained
strictly in the open left half-plane.

Before we give the proof of the lemma, we show that the two lemmata imply Theorem 4.12.

Proof of Theorem 4.12. Define ¥ = H, .
Theorem 4.12. Lemma 8.1 and 8.2 assert that the Floquet spectrum of the linearized period map W/, (g)

where we choose the exponential weights as described in

associated with the viscous shocks on ) is contained in the open left half-plane. Therefore, [V (g)]V is a
contraction for some sufficiently large integer N > 1. Next, note that the nonlinearity is actually smooth
when considered as map from ) into itself, since the exponential weights enforce functions to be localized.
Thus, the variation-of-constants formula shows that the nonlinear period map is close to the linearized period
map in the C'-topology if we restrict them to a sufficiently small neighbourhood of the viscous shock. As a
consequence, the iterated nonlinear period map is a contraction in a sufficiently small neighbourhood of the

viscous shock which proves its nonlinear stability in ). This proves Theorem 4.12. ]
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Proof of Lemma 8.2. We have to prove that the operator ¥/, — X\ cannot have exponentially localized
functions in its null space for any A near zero. To show this, we write the Floquet eigenvalue problem as a

differential equation

b~ (8.21)
dv = —D M w.dru— Au+ Qv+ f(u(€, i)l

in the spatial variable £. Theorem 4.10 shows that

u(§,738) = uo(r =€ = 0.(€)),  9e0.(8) = ru(§),  ra(§) = eno tanh(ef)

where the constant k¢ can be computed easily in terms of linear and nonlinear dispersion relation.

Our strategy is similar to the one we used to prove existence of viscous shocks. First, for A =~ 0, we can
reduce (8.21) to a two-dimensional nonautonomous center manifold that contains all bounded solutions to
(8.21). To compute the vector field on the center manifold, we choose appropriate coordinates on it. We

therefore pass to the comoving frame o = 7 — ky{ and parametrize solutions by
u = 00,up + fuy — Ok.uy. (8.22)

Note that, for A = 0, the coordinates (8.22) correspond to the linearization of the coordinates used to
construct the viscous shock. In particular, using these coordinates, we recover the linearization of (8.15)
at the viscous shock. Thus, we need to calculate only the reduced term that corresponds to Au,. This
expression, however, enters the reduced equation in the same form as the term N enters the nonlinear

problem, at least to leading order. Therefore, we end up with a reduced eigenvalue problem

90 = K+0(e%+|e)|) (8.23)
- 1 ~ - -
o6 = o (A -+ win(ho)ss (§)F] + O(e] + [€2]).

It is not hard to see that bounded solutions occur only in the scaling A = 2\ and X = €€, since we recover the
heat equation outside this scaling which does not have bounded unstable eigenfunctions outside a bounded

disk. In the scaled coordinates, the eigenvalue problem becomes
%/\{{D(O)axxé — W (ko) tanh(X)0x 8 = 3 + O(c). (8.24)
This eigenvalue problem arises also through the linearization about shocks in the eikonal equation
Or0 = Oxx0 + (axé)z
which can be viewed as the integrated form ¢ = dx0 of Burgers equation
Orq = Oxxq+ dx ().

Since the Evans function for the linearization about viscous shocks in Burgers equation does not have zeros
in a bounded neighbourhood of the origin except at A= 0, the only exponentially localized eigenfunction is
given by the derivative of the shock profile at A = 0. This solution, however, is not exponentially localized
as a solution to (8.24), since 8X§(X ) converges to nonzero constants as X — +o0o. Therefore, the Evans
function for the eigenvalue problem (8.24) with e = 0 does not vanish in ReA > —a for some a > 0. A
continuity argument with respect to € shows the absence of point spectrum and concludes the proof of

Lemma 8.2. [ ]
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9 Existence of shocks in the long-wavelength limit

9.1 A lattice model for weakly interacting pulses

In this section, we investigate the long-wavelength limit of wave trains. We assume that the wave-train profile
converges to a localized pulse as the wave number k tends to zero. Thus, the wave train itself resembles an
infinite chain of localized pulses that interact weakly with each other. We are then interested in finding the
analogues of viscous shocks for the resulting lattice equation that describes weakly interacting pulses. To be

specific, we consider again the reaction-diffusion system (4.1):

Oru = DOrpu + f(u). (9.1)
We begin by motivating the lattice equation that we are going to investigate. Thus, assume that

u(z,t) = h(zx — cpt)

is a localized travelling-wave solution to (9.1) with phase speed ¢, so that h(() — 0 as ( — xoo. In

particular, h(¢) is a homoclinic orbit of the travelling-wave ODE

() = (oster— s 62)

We shall then be interested in solutions to (9.1) of the approximate form

o0
u(a t) m Y bz —ept+ (1) (9.3)
j=—00
where the time-dependent positions ¢;(t) account for the interaction of individual pulses. We assume that
the pulses are widely spaced to that, at least initially, (j41 — ¢; > 1 for all j € Z.

Next, we want to write down an ODE that gives the evolution of the positions ¢;(¢) of the pulses in the
train (9.3). We may expect that the pulses interact, at least to leading order, only with their nearest
neighbours, so that the equation for (; depends only on the distances ;11 — ¢; and (; — (;—1 of the jth
pulse to its nearest neighbours. If the localized pulse h(() decays to zero exponentially, then the function
given in (9.3) is a solution to the reaction-diffusion equation up to an exponentially small error that arises
due to the overlapping tails. Thus, we expect that the equation of motion for the pulse positions should be
exponentially small in the distances between consecutive pulses. For a finite number of pulses, equations
of this kind have indeed been formally derived, for instance, in [15]. Rigorous results that validate these
equations for a finite number of pulse can be found in [14, 47]. We will take the effective ODE for finite
pulses and simply assume that it correctly reflects the interaction of infinitely many pulses. Alternatively,
we may study the resulting lattice equation on its own right.

To write down the ODE, we assume that the linearization of (9.2) about the equilibrium (u,v) = 0 is
hyperbolic and that there is a unique simple eigenvalue closest to the imaginary axis. We may then assume
that this eigenvalue is stable (the other case can be treated in exactly the same fashion), and we denote it
by v = —b < 0 with b > 0. The resulting lattice equation is

¢, = qe PG —G-1) jEZ (9.4)

dt

where we assume that a # 0. Note that the equation for the jth pulse depends only on the distance to
the pulse behind, but not the pulse ahead. This reflects the fact that, while the jth pulse sees the tails of
both neighbouring pulses, the tail of the pulse behind decays much slower due to our assumption that the
stable eigenvalue is closest to the imaginary axis. Note also that we omit all remainder terms in (9.4). We

summarize our assumptions on the coefficients that appear in (9.4) in the following hypothesis.
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Hypothesis 9.1 We assume that a # 0 and b > 0 in (9.4).

We remark that wave trains with large spatial period L, or small wave number k = 1/L, correspond to the
solutions (;(t) — ¢j—1(t) = L of (9.4) for j € Z where L > 1 is fixed. These wave trains have phase speed
cp(L) = aexp(—bL).
Since we are interested in finding fronts that connect different wave trains as j — o0, it is more convenient
to use the distances

Lj(t) = ¢(t) — ¢-1(t) (9.5)

instead of the positions (; as variables. We then obtain the equivalent lattice equation

dL;
—L=q(e i —e i), jeZ (9.6)
dt
for the distances L;(t) between the jth and the (j — 1)th pulse. Viscous shocks with nonzero speed c, that
connect different asymptotic wave trains with periods Ly correspond then to travelling-wave solutions to
(9.6) of the form

L) =L —ct), jez (9.7)
with L.(§) — Ly as £ — too, where L, () is a given function, defined for £ € R, that describes the profile
of the shock. Substituting the above ansatz into (9.6), we obtain the delay equation

for the profile L, (&) where £ = j — c.t. We can now state the main result of this section.

Theorem 9.2 Assume that Hypothesis 9.1 is met. For any values Ly > L_ > 0, there exist a constant
¢ and a strictly monotonically increasing solution L.(§) of (9.8) such that L.(§) — Ly as & — oo and
sign(acy) > 0. If L_ > Ly > 0, then a solution L.(§) with the above properties does not exist for any value

of cx.

Note that Theorem 9.2 is somewhat stronger than the corresponding Theorem 4.10 for reaction-diffusion

systems, since it is not required in Theorem 9.2 that |L; — L_| is small.

9.2 Proof of Theorem 9.2

It will be convenient to use the new variable r defined by

r=et, =0T (9.9)

instead of L so that L > 0 corresponds to 0 < r < 1 (recall b > 0). Equation (9.8) then becomes

dr ab

dff(é) = ar(f)(r(i) -r(€-1)), £€R,
which we write as d
ag@=m@m@%w@—m, £ER, (9.10)
for r > 0 where
4o ab
Cx
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is arbitrary. Note that any constant function r(£) = ro satisfies (9.10). The characteristic equation of the
linearization d
16 (€)= Ano(s(©) = s(€ 1) (9.11)
about 7(£) = ry is obtained by seeking solutions to (9.11) of the form s(§) = exp(A¢) and is therefore given
by
AN =A—Arg(1—e?) =0. (9.12)

We then have the following result.
Lemma 9.3 ([12]) Assume that Hypothesis 9.1 is met and fix ro > 0. The characteristic equation (9.12)
has the root A = 0. In addition, there is precisely one other real root: this root is positive for Arg > 1,

negative for Arg < 1, and zero for Arqg = 1. All remaining solutions of (9.12) have nonzero imaginary part

and strictly negative real part regardless of the value of A.

Proof. The assertions are a consequence of

dA L
A(0) =0, E(O) =1— Ary, AILII;O sign A(A) =1
taken together with [12, Theorems 3.1, 3.2 and 3.12]. ]

The root A = 0 corresponds, of course, to the line of equilibria of (9.10) given by r(£) = r¢o where ro > 0 is
arbitrary. Interpreting (9.10) as a dynamical system on the function space C°([—1,0]), see [12], and using
the invariant-manifold results stated and proved in [12, Chapters VIII and IX], we can therefore conclude
the following from Lemma 9.3: The unstable manifold of the equilibrium r(§) = rg is one-dimensional if
Arg > 1 and has dimension zero for Arg < 1. Analogously, the stable manifold of r(£) = r¢ has codimension
two if Arg > 1 and codimension one if Arg < 1. The line » = rq € R* of equilibria forms the center manifold

which has dimension one at points where Ary # 1.

In particular, since 0 < 79 < 1 for any equilibrium consistent with (9.9), we see that A > 0 is a necessary
condition to obtain a heteroclinic orbit that connects an equilibrium r_ to r4. Thus, we will only consider
A > 0 from now on and define

t=—>0 (9.13)

r
A
so that (9.10) becomes

ds
dfg(é“) = LE)(E) — (€ - 1)) (9.14)

Lemma 9.4 If ¢(€) satisfies (9.14) for € > 0, and £(§) > 0 is strictly monotone on [—1,0], then £(§) is
strictly monotone for € > —1 as long as £(§) > 0.

Proof. If not, take the smallest value of £ > 0 for which ¢/ (§) = 0, while £(¢) > 0. Tt is then straightforward
to obtain a contradiction to (9.14). ]

The next lemma states that every /_ > 1 connects to some ¢4 > 0 via a heteroclinic solution to (9.14).

Lemma 9.5 For each {_ > 1, there exists a solution £, () to (9.14) in the one-dimensional unstable manifold
of L_ such that £.(€) decreases monotonically for £ € R and £,(§) — L4 for some {4 > 0.
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Proof. Note that the tangent vector to the unstable manifold of /_ is equal to exp(A£) for some A > 0.
In particular, the solution £,(¢) in the unstable manifold that corresponds to £_ — gexp(A¢) + O(g?) for
sufficiently small € > 0 is strictly monotonically decreasing in £ for all £ < —1. On account of Lemma 9.4,
it therefore suffices to show that £, (&) is bounded away from zero in order to prove the lemma. To this end,
define p(§) = 1/£(€) so that p(§) = 1/£,(§) satisfies the equation

p&) —p(&—1)
p—-1)

We shall show that the monotonically increasing p(§) is bounded as a function of €. If not, then we certainly

)=

have that p(§) > 4 for all £ > —1, say. Integrating the above delay equation, we therefore obtain

3
p(Q) —p(C—1 1 1
M@ =@ -pe-1= [ HLPEDaccl wp pO-pc-1)=] sw AQ
e-1 o plC—1) 4cele-14 4cefe-14
for £ > 0. Taking the supremum on both sides gives
1 1
sup A& < 7. Sup sup A(Q) | < 7, Sup A(€)
cefr,m+1] celr,7+1] \C€[E—1,¢] fe[r—1,7+1]
1
< 2| sup A+ sup  A(E)
4 felr—1,7] gelr,m+1]
so that ) .
Mj:= sup A(f) <7 sup A(g) = 5 M-
§€lr,+1] §€li—1.4]
for all j > 0. As a result, we get
J J J M,
p() =p(1) + D AM0) <p(1) + Y M <p(1)+ ) 57 <p(1) +2M
i=0 i=0 i=0
which proves that p(§) is indeed bounded independently of &. ]

For each £_ > 1, we denote by ¢ = H({_) the constant solution for which lim¢_, £.(§) = £+, where £,(§)

is the heteroclinic orbit obtained in Lemma 9.5.

Lemma 9.6 The function H({_) is continuous in £_ > 1, has values in (0,1], and satisfies

H(C) _){ 0 0_ = oo (015)

0_ 1 /— —1

Before we prove this lemma, we show how it implies Theorem 9.2. Choose Ly > L_ > 0, then we need to
find numbers /_ > 1 and A such that

1 1
H(E_) = ZeibL*—, /_ = ZeibL_.

Thus, A = e~ /¢_, and it remains to find /_ > 1 such that

H((-) o b(Li—L)
— = .

Lemma 9.6 together with L — L_ > 0 implies that such an ¢_ exists. Thus, it suffices to prove Lemma 9.6.
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Proof of Lemma 9.6. We first prove that H(¢_) < 1 for all £_ > 1 (note that H is well defined and

positive by Lemma 9.5). Observe that the derivative £ (£) satisfies the variational equation

de
d?(i) = [26:(8) = € (§ = DE) — L(UE — 1) (9.16)
about the connecting orbit £,(§). The results in [9] imply that (9.16) does not admit any nontrivial small
solutions, that is, there are no nonzero solutions to (9.16) that decay faster than any given exponential. If

H(¢_) > 1, then this fact implies that
(€)= a7+ 0(7)

for some a # 0 and some root A of A()), defined in (9.12), with Re A < 0. By Lemma 9.3, any such A has
nonzero imaginary part though, contradicting monotonicity of £,(€) as stated in Lemma 9.4. Therefore, we
have H(¢_) <1 for all £_ > 1.

Using this restriction on the range of H, continuity of H follows from the unstable-manifold theorem for

delay equations [12]. As a consequence of the above facts, we see that H(¢_)/{_ — 0 as {_ — oc.

It therefore remains to prove that H(¢_)/¢_ — 1 as {_ — 1. Hence, we consider the two-dimensional center

manifold of (9.14),

U6y = ey e(e) — te — 1)),

de¢
near £ = 1. Using the results in [12, Chapter IX.10], we see that the vector field on the center manifold is
given by
/ 2z 2 2
¥ o=y (145 06 +y) (9.17)
y = y(2z+0(®+y7)

where the coordinates  and y correspond to the eigenfunction ¢(§) = 1 and the generalized eigenfunction

£(€) = £. We also used the fact that the line y = 0 consists of equilibria. Introducing the new variable

2
z:x’=y<1+§+0($2+y2)>,

(9.17) becomes

¥ = z (9.18)
/ z 2 2
z 2z(m+3+0(m —i—z))

The equilibria with > 0 have a one-dimensional unstable manifold. The solutions inside these manifolds
for which z < 0 will cross the z-axis at a finite distance. We shall construct a trapping region that shows
that each such solution converges to an equilibrium with z < 0. Indeed, consider the line

z=T(z) = —¢* (1 + 2%) = —*w

where —2e < z < 0 and therefore w € [0,1]. We compute

(_ET> () = 54y +0() > 0

which shows that solutions in the unstable manifold of equilibria with = > 0 close to zero converge to
equilibria with z < 0 that are also close to zero. Interpreting these results for the original equation proves
that H((_)/f_ — 1as {_ — 1. ]
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10 Applications

10.1 The FitzHugh—Nagumo equation
The FitzHugh-Nagumo equation is given by

Oy = Opgu+u(l—u)(lu—a)—w (10.1)

ow = e(u—yw),

for x € R, where v > 0 and a € (0, %) are fixed. This equation is a simplification of the Hodgkin—Huxley
equation that models the propagation of impulses in nerve axons. We are interested in travelling waves
(u, w)(z,t) = (u,w)(z — ct).

It has been shown in [21] that (10.1) exhibits a localized pulse with positive speed for all sufficiently small
0 < e < 1. As shown in [24, 57], this pulse, which we refer to as the fast pulse, is nonlinearly stable. Each

fast pulse is accompanied by a family of wave trains with arbitrarily large period.

Theorem 10.1 ([48, Theorem 21]) For each fized a in the interval (0,1), there exists a number e, =
ex(a) with the following property. For every € with 0 < € < €., there is an L, = L.(¢) so that the fast pulse
to the FitzHugh—Nagumo system is accompanied by periodic wave trains with period L for any L > L., and

all these wave trains are spectrally stable.

In fact, using the quantities v*, V=, W* and M from [48, §6.2], we may define the constants b and T" via

) (Vs, W)
b=—1° r=——-+~
Vo, 7
so that
A(v) =0 (e”L — 1) e*bL, (L) = oo — e bk (10.2)

for all L > 1, where ¢ > 0 and ¢(L) denote the phase velocities of the fast pulse and the wave trains with
period L, respectively. From Remark 4.5, we obtain that

cg = (L) — L' (L) = ¢(L) — bLTe "L < ¢(L) < coo, signw!, (k) = signc”’(L) < 0.

Using geometric singular perturbation theory, the results mentioned above carry over to the modified

FitzHugh—Nagumo equation

ou = Opgu+u(l—u)(u—a)—w (10.3)
Ow = 620,00 + (u — yw),

with small diffusion added to the second equation, provided the diffusion coefficient § > 0 is chosen sufficiently
small so that 0 < § < € < 1. Hence, the theory developed in the preceding sections can be applied to the
FitzHugh-Nagumo system (10.3). In particular, weak viscous-shock interfaces of (10.3) travel to the right at
a smaller speed than the wave trains, and they connect wave trains with larger period at x = —oco to wave

trains with smaller period at x = oo.

Lastly, we remark that Eszter [16] investigated spectral and nonlinear stability of periodic wave trains to
the FitzHugh-Nagumo system (10.1) in a different regime: he first fixed the period L of a singular spatially-
periodic wave train and then varied € > 0 near zero with € < €,(L); the maximal allowed value e, (L) will

tend to zero as the period L tends to infinity.
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10.2 The weakly unstable Taylor—Couette problem

In §3, we asserted that solutions to Burgers equation can indeed, as expected, be used to approximate the
dynamics of modulated wave trains in the complex cubic Ginzburg-Landau equation. On the other hand,
it is well known that the Ginzburg-Landau equation itself approximates the dynamics near onset of far
more complex pattern-forming systems. It is the purpose of this section to illustrate this connection by
investigating the Taylor—Couette problem close to the first instability of the stationary Couette flow.

We strongly expect that the results we established for reaction—diffusion systems are also true for hydrody-

namical stability problems such as the Taylor-Couette problem but have not yet embarked on the proofs.

The Taylor—Couette problem [7] consists of finding the velocity field of a viscous incompressible fluid between
two rotating concentric cylinders. This system has a stationary solution, the so-called Couette flow, that has
purely azimuthal form, so that the streamlines are concentric circles. It is known that the Couette flow is
asymptotically stable for sufficiently small Reynolds number R and destabilizes for larger Reynolds numbers.
Mathematically, the fluid flow can be described by the incompressible Navier—Stokes equation with no-slip

boundary conditions.

To set up the problem, we denote by R; and R, the inner and outer radii of the two concentric cylinders,
with the obvious assumption R; < R, and by €; and 2, their angular velocities. We write v for the viscosity

coeflicient of the fluid. It is then convenient to introduce the nondimensional parameters
Q= Q. /%, n = Ri/R,, R = Rii(Ro — Ry)/v

that fully describe the system, where R is called the Reynolds number. The annular planar cross-section
between the cylinders is denoted by X, so that the fluid fills the three-dimensional volume @ = R x X.
Thus, in cylindrical coordinates (z,r, ¢), the domain @ is defined by z € R, /(1 —n) <r < 1/(1 —n), and
¢ € R/27Z. The Cartesian coordinates in the annular cross-section Y are denoted by z = (21,22) € ¥ C R%.

The stationary Couette fluid flow is given by

Utw) 0
- B B Q- (=)
Ucou(m7r7 90) — [[j(r) = <A7“+ ’I“> 0 s A= m, B = m’
(%)

where (U(y), Uy, Uy)) denote the cylindrical coordinates of the vector U. The above fluid flow satisfies the
Navier—Stokes equation on ) with no-slip boundary conditions on dQ and is, in fact, exponentially stable
for sufficiently small Reynolds numbers R. The deviation (U, P) from the Couette flow Ucoy satisfies the

Navier—Stokes equation

U = AU =R[(Ucouw VU + (U - V)Ucou + (U - V)U] = VP (10.4)
v-U = 0

with no-slip boundary conditions U = 0 at r = /(1 — ) and at » = 1/(1 — n). To solve this equation

uniquely for the velocity U and pressure gradient VP, we need to add the flux condition

1
z€EX

We refer to [7] for more details.

In the (U, P) variables, the Couette flow corresponds to (U, P) = 0 which is a solution for all R. This trivial
branch of solutions becomes unstable when the Reynolds number R exceeds a certain threshold value which

we denote by R.. The translation invariance of (10.4) in the z-direction implies that the linearization of
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(10.4) about (U, P) = 0 has continuous spectrum given by dispersion curves A = A, (¢) for n € N with
associated eigenmodes of the form
e’\”(e)teihUn(E, z), zZEX

where £ € R and U, (,z) € C®. We may order the dispersion curves so that Re A, > Re A, for all n € N.
The instability scenario is then as follows.

For 7 close to one, there exists a number 2}, with the following property. If we fix Q > €}, then the real-
valued curve ¢ — A1 (¢) crosses the imaginary axis from left to right as R increases though R.. On the other
hand, if we fix Q < Q, then the two complex-conjugated curves £ +— A;(£) and £ — Ay(£) = A\;(£) cross
the imaginary axis at some nonzero wave number ¢ = /. # 0 as R passes though R.. In both cases, each
remaining dispersion curve is strictly bounded away from the imaginary axis. We refer to the first case as

PRI and to the second case as PRIIL. In the following, we focus on PRII.

To analyse the resulting bifurcation for PRII, we introduce the small parameter €2 = R — R, and make the
ansatz
Uapprox = eA(e(x — cgt), e2t)el™ Tl (0, 2) + c.c. (10.5)
where
dIm )\
T W
Using this ansatz, the Ginzburg-Landau equation

(Le), we = Im Ay (Le).

OrA =c10xxA+coA— 63‘A|2A (106)

can be derived for the complex-valued amplitude A = A(X, T') for certain complex coefficients ¢; € C. It has
been proved in [55] that the approximation of the Taylor—-Couette system by the above Ginzburg—Landau

equation is valid over the natural time scale:

Theorem 10.2 ([55]) For each choice of positive numbers Cy and Ty, there exist constants Cy and g9 > 0
such that the following is true for all0 < & < go. If A € C°([0,Ty], H3)) is a solution to the Ginzburg-Landau
equation (10.6) such that

sup [|A(T)| gz, < Ch,
T€[0,To]

then there exists a solution U of the Taylor—Couette problem (10.4) with

sup ||U(t) — UapprOX(t)HHgl < Cpe?
t€[0,To/e2]

where Uapprox has been defined in (10.5).

Remark 10.3 In the parameter region PRII of interest to us, a system of coupled Ginzburg—Landau equa-
tions can be derived for the amplitudes Ay and As corresponding to the curves Ay and Ay of eigenvalues.
Since these equations decouple when one of the amplitudes is set to be zero, we again obtain a family of

solutions that can be described by a single Ginzburg—Landau equation (see [55]).

The Ginzburg-Landau equation (10.6) can be put into the normal form (3.11). Doing this in the region PRI,
we obtain the coefficients &« = 8 = 0. In the case PRII, however, we obtain nonzero coefficients «, 3 # 0 and

therefore a nontrivial Burgers equation

9-q = (1+aB)dyyq+ (8 — a)dy(q®) (10.7)
for the evolution of the wave number ¢ of the locally preferred planform.

Combining Theorem 3.4 with Theorem 10.2 gives the following result.
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Theorem 10.4 For each fized choice of integers M > 1,0 <m < M andn > M + 3, and constants Cy > 0
and Ty > 0, there are constants C1 > 0 and 01 > 0 such that the following is true for each § € (0,91) and
each solution q of the Burgers equation (10.7) for which

sup |lg(7)l[zn < Co.
T€[0,70]

There exist higher-order approzimations (qp, ) with

sup sup (|1 (X, )+ J06T)? +a0xg(X,T)| + | (X.T) — (X, )] ) < Cud

T€[0,Tp] XER
and numbers €5 > 0 and Cy > 0 such that, for each choice of € € (0,¢e2), there is a solution U = U(z, z,t)
of the Taylor—Couette problem in PRII and a global phase ¢o(t) with |po(t)| < Cy so that

sup sup Uz — ¢o(t),t) —e (1 + 6%rp(e6(z — cgt), e26°t))

te[0,70/(€0)?] z€[-1/(ed)™,1/(ed)™]

ed(x—cgt)
X exp (iécx +iwe +ie2pt + i / Sqn(8Y,26%t) dY) Ur(le, 2) —c.c.| < Credt™=m 4 Che?,
0

Proposition 2.3 shows, at least on the level of approximation of solutions of the Taylor-Couette problem by
Burgers equation as explained by the theorems stated in this section, that the phases of waves with the same

wave number are mixed universally in the Taylor-Couette problem in the case PRII near onset.
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