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Abstract

We investigated the feature map inside deep neural networks (DNNs) by tracking the
transport map. We are interested in the role of depth—why do DNNs perform better
than shallow models?—and the interpretation of DNNs—what do intermediate layers do?
Despite the rapid development in their application, DNNs remain analytically unexplained
because the hidden layers are nested and the parameters are not faithful. Inspired by the
integral representation of shallow NNs, which is the continuum limit of the width, or the
hidden unit number, we developed the flow representation and transport analysis of DNNs.
The flow representation is the continuum limit of the depth, or the hidden layer number, and
it is specified by an ordinary differential equation (ODE) with a vector field. We interpret
an ordinary DNN as a transport map or an Euler broken line approximation of the flow.
Technically speaking, a dynamical system is a natural model for the nested feature maps.
In addition, it opens a new way to the coordinate-free treatment of DNNs by avoiding the
redundant parametrization of DNNs. Following Wasserstein geometry, we analyze a flow in
three aspects: dynamical system, continuity equation, and Wasserstein gradient flow. A key
finding is that we specified a series of transport maps of the denoising autoencoder (DAE),
which is a cornerstone for the development of deep learning. Starting from the shallow
DAE, this paper develops three topics: the transport map of the deep DAE, the equivalence
between the stacked DAE and the composition of DAEs, and the development of the double
continuum limit or the integral representation of the flow representation. As partial answers
to the research questions, we found that deeper DAEs converge faster and the extracted
features are better; in addition, a deep Gaussian DAE transports mass to decrease the
Shannon entropy of the data distribution. We expect that further investigations on these
questions lead to the development of an interpretable and principled alternatives to DNNs.

Keywords: representation learning, denoising autoencoder, flow representation, contin-
uum limit, backward heat equation, Wasserstein geometry, ridgelet analysis

1. Introduction

Despite the rapid development in their application, deep neural networks (DNN) remain
analytically unexplained. We are interested in the role of depth—why do DNNs perform
better than shallow models?—and the interpretation of DNNs—uwhat do intermediate layers
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do? To the best of our knowledge, thus far, traditional theories, such as the statistical
learning theory (Vapnik, 1998), have not succeeded in completely answering the above
questions (Zhang et al., 2018). Existing DNNs lack interpretability; hence, a DNN is often
called a blackbozx. In this study, we propose the flow representation and transport analysis
of DNNs, which provide us with insights into why DNNs can perform better and facilitate
our understanding of what DNNs do. We expect that these lines of study lead to the
development of an interpretable and principled alternatives to DNNs.

Compared to other shallow models, such as kernel methods (Shawe-Taylor and Cris-
tianini, 2004) and ensemble methods (Schapire and Freund, 2012), DNNs have at least
two specific technical issues: the function composition and the redundant and complicated
parametrization. First, a DNN is formally a composite gy, o --- o gg of intermediate maps
ge({ =0,...,L). Here, each gy corresponds to the ¢-th hidden layer. Currently, our un-
derstanding of learning machines is based on linear algebra, i.e., the basis and coefficients
(Vapnik, 1998). Linear algebra is compatible with shallow models because a shallow model
is a linear combination of basis functions. However, it has poor compatibility with deep
models because the function composition (f,g) — f o g is not assumed in the standard
definition of the linear space. Therefore, we should move to spaces where the function
composition is defined, such as monoids, semigroups, and dynamical systems. Second, the
standard parametrization of the NN, such as gy(x) = ?:1 c?a(a? cx— bg), is redundant
because there exist different sets of parameters that specify the same function, which causes
technical problems, such as local minima. Furthermore, it is complicated because the in-
terpretation of parameters is usually impossible, which results in the blackbox nature of
DNNs. Therefore, we need a new parametrization that is concise in the sense that different
parameters specify different functions and simple in the sense that it is easy to understand.

For shallow NNs, the integral representation theory (Murata, 1996; Candes, 1998; Son-
oda and Murata, 2017a) provides a concise and simple reparametrization. The integral
representation is derived by a continuum limit of the width or the number of hidden units.
Owing to the ridgelet transform or a pseudo-inverse operator of the integral representation
operator, it is concise and simple (see Section 1.3.2 for further details on the ridgelet trans-
form). Furthermore, in the integral representation, we can compute the parameters of the
shallow NN that attains the global minimum of the backpropagation training (Sonoda et al.,
2018). In the integral representation, thus far, the shallow NNs is no longer a blackbox,
and the training is principled. However, the integral representation is again based on linear
algebra, the scope of which does not include DNNs.

Inspired by the integral representation theory, we introduced the flow representation
and developed the transport analysis of DNNs. The flow representation is derived by a
continuum limit of the depth or the number of hidden layers. In the flow representation,
we formulate a DNN as a flow of an ordinary differential equation (ODE) #&; = wv(x4)
with vector field v;. In addition, we introduced the transport map by which we call a
discretization & — x + fi(x) of the flow. Specifically, we regard the intermediate map
g : R — R" of an ordinary DNN as a transport map that transfers the mass at © € R™
toward g(x) € R™. Since the flow and transport map are independent of coordinates,
they enable us the coordinate-free treatment of DNNs. In the transport analysis, following
Wasserstein geometry (Villani, 2009), we track a flow by analyzing the three profiles of the
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Figure 1: Mass transportation in a deep neural network that classifies images of digits. In
the final hidden layer, the feature vectors have to be linearly separable because the output
layer is just a linear classifier. Hence, through the network, the same digits gradually
accumulate and different digits gradually separate.

flow: dynamical system, pushforward measure, and Wasserstein gradient flow (Ambrosio
et al., 2008) (see Section 2 for further details).

We note that when the input and the output differ in dimension, i.e., m # n, we sim-
ply consider that both the input space and the output space are embedded in a common
high-dimensional space. As a composite of transport maps leads to another transport map,
the transport map has compatibility with deep structures. In this manner, transportation
is a universal characteristic of DNNs. For example, let us consider a digit recognition prob-
lem with DNNs. We can expect the feature extractor in the DNN to be a transport map
that separates the feature vectors of different digits, similar to the separation of oil and
water (see Figure 1 for example). At the time of the initial submission in 2016, the flow
representation seemed to be a novel viewpoint of DNNs. At present, it is the mainstream
of development. For example, two important DNNs—residual network (ResNet) (He et al.,
2016) and generative adversarial net (GAN) (Goodfellow et al., 2014)—are now considered
to be transport maps (see Section 1.2 for a more detailed survey). Instead of directly investi-
gating DNNs in terms of the redundant and complex parametrization, we perform transport
analysis associated with the flow representation. We consider that the flow representation
is potentially concise and simple because the flow is independent of parametrization, and it
is specified by a single vector field v.

In this study, we demonstrate transport analysis of the denoising autoencoder (DAE).
The DAE was introduced by Vincent et al. (2008) as a heuristic modification to enhance
the robustness of the traditional autoencoder. The traditional autoencoder is an NN that
is trained as an identity map g(xz) = «. The hidden layer of the network is used as a
feature map, which is often called the “code” because the activation pattern appears to be
random, but it surely encodes some information about the input data. On the other hand,
the DAE is an NN that is trained as a “denoising” map g(z) ~ x of deliberately corrupted
inputs . The DAE is a cornerstone for the development of deep learning or representation
learning (Bengio et al., 2013a). Although the corrupt and denoise principle is simple, it is
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successful and has inspired many representation learning algorithms (see Section 1.3.1 for
example). Furthermore, we investigate stacking (Bengio et al., 2007) of DAEs. Because
stacked DAE (Vincent et al., 2010) runs DAEs on the codes in the hidden layer, it has been
less investigated, so far.

The key finding is that when the corruption process is additive, i.e., € = x + € with
some noise €, then the DAE g is given by the sum of the traditional autoencoder & +— x
and a certain denoising term T — f;(x) parametrized by noise variance t:

g+(z) =z + fi(z). (1)

From the statistical viewpoint, this equation is reasonable because the DAE amounts to
an estimation problem of the mean parameter. Obviously, (1) is a transport map because
the denoising term f; is a displacement vector from the origin £ and the noise variance ¢
is the transport time. Starting from the shallow DAE, this paper develops three topics:
the transport map of the deep DAE, the equivalence between the stacked DAE and the
composition of DAEs, and the development of the double continuum limit, or the integral
representation of the flow representation.

1.1. Contributions of This Study

In this paper, we introduce the flow representation of DNNs and develop the transport
analysis of DAEs. The contributions of this paper are listed below.

e We introduced the flow representation, which can avoid the redundancy and complex-
ity of the ordinary parametrization of DNNs.

e We specified the transport maps of shallow, deep, and infinitely deep DAEs, and
provided their statistical interpretations. The shallow DAE is an estimator of the
mean, and the deep DAE transports data points to decrease the Shannon entropy of
the data distribution. According to analytic and numerical experiments, we showed
that deep DAEs can extract much more information than shallow DAEs.

e We proved the equivalence between the stacked DAE and the composition of DAEs.
Because of the peculiar construction, it is difficult to formulate and understand stack-
ing. Nevertheless, by tracking the flow, we succeeded in formulating the stacked
DAE. Consequently, we can interpret the effect of the pre-training as a regularization
of hidden layers.

e We provided a new direction for the mathematical modeling of DNNs: the double
continuum limit or the integral representation of the flow representation. We presented
some examples of the double continuum limit of DAEs. In the integral representation,
the shallow NNs is no longer a blackbox, and the training is principled. We consider
that further investigations on the double continuum limit lead to the development of
an interpretable and principled alternatives to DNNs.
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Figure 2: The activation patterns in DeepFace gradually changes (Taigman et al., 2014).

1.2. Related Work
1.2.1. WHY DEEP?

Before the success of deep learning, traditional theories were skeptical of the depth concept.
According to approximation theory, (not only NNs but also) various shallow models can
approximate any function (Pinkus, 2005). According to estimation theory, various shallow
models can attain the minimax optimal ratio (Tsybakov, 2009). According to optimization
theory, the depth does nothing but increase the complexity of loss surfaces unnecessarily
(Boyd and Vandenberghe, 2004). In reality, of course, DNNs perform overwhelmingly better
than shallow models. Thus far, the learning theory has not succeeded in explaining the gap
between theory and reality (Zhang et al., 2017).

In recent years, these theories have changed drastically. For example, many authors
claim that the depth increases the expressive power in the exponential order while the
width does so in the polynomial order (Telgarsky, 2016; Eldan and Shamir, 2016; Cohen
et al., 2016; Yarotsky, 2017), and that DNNs can attain the minimax optimal ratio in wider
classes of functions (Schmidt-Hieber, 2017; Imaizumi and Fukumizu, 2019). Radical reviews
of the shape of loss surfaces (Dauphin et al., 2014; Choromanska et al., 2015; Kawaguchi,
2016; Soudry and Carmon, 2016), the implicit regularization by stochastic gradient descent
(Neyshabur, 2017), and the acceleration effect by over-parametrization (Nguyen and Hein,
2017; Arora et al., 2018) are ongoing. Besides the recent trends toward the rationalization of
deep learning, neutral yet interesting studies have been published (Ba and Caruana, 2014;
Lin et al., 2017; Poggio et al., 2017). In this study, we found that deep DAEs converge
faster and that the extracted features are different from each other.

1.2.2. WHAT Do DEEP LAYERS DO?

Traditionally, DNNs are said to construct the hierarchy of meanings (Hinton, 1989). In
convolutional NNs for image recognition, such hierarchies are empirically observed (Lee,
2010; Krizhevsky et al., 2012; Zeiler and Fergus, 2014). The hierarchy hypothesis seems to
be acceptable, but it lacks explanations as to how the hierarchy is organized.

Taigman et al. (2014) reported an interesting phenomenon whereby the activation pat-
terns in the hidden layers change by gradation from face-like patterns to codes. Inspired
by Figure 2, we came up with the idea of regarding the activation pattern as a coordinate
and the depth as the transport time.
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1.2.3. FLow INSIDE NEURAL NETWORKS

At the time of the initial submission in 2016, the flow representation, especially the contin-
uum limit of the depth and collaboration with Wasserstein geometry, seemed to be a novel
viewpoint of DNNs. At present, it is the mainstream of development.

Alain and Bengio (2014) was the first to derive a special case of (1), which motivated
our study. Then, Alain et al. (2016) developed the generative model as a probabilistic
reformulation of DAE. The generative model was a new frontier at that time; now, it is
widely used in variational autoencoders (Kingma and Welling, 2014), generative adversarial
nets (GANs) (Goodfellow et al., 2014), minimum probability flows (Sohl-Dickstein et al.,
2015), and normalizing flows (Rezende and Mohamed, 2015). Generative models have high
compatibility with transport analysis because they are formulated as Markov processes.
In particular, the generator in GANs is exactly a transport map because it is a change-
of-distribution g : M — N from a normal distribution to a data distribution. From this
viewpoint, Arjovsky et al. (2017) succeeded in stabilizing the training process of GANs by
introducing Wasserstein geometry.

The skip connection in the residual network (ResNet) (He et al., 2016) is considered to be
a key structure for training a super-deep network with more than 1,000 layers. Formally,
the skip connection is a transport map because it has an expression g(z) = x + f(x).
From this viewpoint, Nitanda and Suzuki (2018) reformulated the ResNet as a functional
gradient and estimated the generalization error, and Lu et al. (2018) unified various ResNets
as ODEs. In addition, Chizat and Bach (2018) proved the global convergence of stochastic
gradient descent (SGD) using Wasserstein gradient flow. Novel deep learning methods have
been proposed by controlling the flow (Ioffe and Szegedy, 2015; Gomez et al., 2017; Haber
and Ruthotto, 2018; Li and Hao, 2018; Chen et al., 2018).

We remark that in shrinkage statistics, the expression of the transport map x + f(x) is
known as Brown’s representation of the posterior mean (George et al., 2006). Liu and Wang
(2016) analyzed it and proposed a Bayesian inference algorithm, apart from deep learning.

1.3. Background
1.3.1. DENOISING AUTOENCODERS

The denoising autoencoder (DAE) is a fundamental model for representation learning, the
objective of which is to capture a good representation of the data. Vincent et al. (2008)
introduced it as a heuristic modification of traditional autoencoders for enhancing robust-
ness. In the setting of traditional autoencoders, we train an NN as an identity map @ +— x
and extract the hidden layer to obtain the so-called “code.” On the other hand, the DAE is
trained as a denoising map & — x of deliberately corrupted inputs . Although the corrupt
and denoise principle is simple, it has inspired many next-generation models. In this study,
we analyze DAE variants such as shallow DAE, deep DAE (or composition of DAEs), in-
finitely deep DAE (or continuous DAE), and stacked DAE. Stacking (Bengio et al., 2007)
was proposed in the early stages of deep learning, and it remains a mysterious treatment
because it runs DAEs on codes in the hidden layer.

The theoretical justifications and extensions follow from at least five standpoints: man-
ifold learning (Rifai et al., 2011; Alain and Bengio, 2014), generative modeling (Vincent
et al., 2010; Bengio et al., 2013b, 2014), infomax principle (Vincent et al., 2010), learning
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dynamics (Erhan et al., 2010), and score matching (Vincent, 2011). The first three stand-
points were already mentioned in the original paper (Vincent et al., 2008). According to
these standpoints, a DAE extracts one of the following from the data set: a manifold on
which the data are arranged (manifold learning); the latent variables, which often behave as
nonlinear coordinates in the feature space, that generate the data (generative modeling); a
transformation of the data distribution that maximizes the mutual information (infomax);
good initial parameters that allow the training to avoid local minima (learning dynamics);
or the data distribution (score matching). A turning point appears to be the finding of the
score matching aspect (Vincent, 2011), which reveals that score matching with a special
form of the energy function coincides with a DAE. Thus, a DAE is a density estimator of
the data distribution p. In other words, it extracts and stores information as a function
of pu. Since then, many researchers have avoided stacking deterministic autoencoders and
have developed generative density estimators (Bengio et al., 2013b, 2014) instead.

1.3.2. INTEGRAL REPRESENTATION THEORY AND RIDGELET ANALYSIS

The flow representation is inspired by the integral representation theory (Murata, 1996;
Candes, 1998; Sonoda and Murata, 2017a).
The integral representation

Shi(e) = [H(ab)oa- @ - . (2)

is a continuum limit of a shallow NN g, (x) = Z?Zl cjo(aj-x—b;) as the hidden unit number
p — oo. In S[y|, every possible nonlinear parameter (a,b) is “integrated out,” and only
linear parameters c; remain as a coefficient function (a,b). Therefore, we do not need to
select which (a, b)’s to use, which amounts to a non-convex optimization problem. Instead,
the coefficient function v(a,b) automatically selects the (a,b)’s by weighting them. Similar
reparametrization techniques have been proposed for Bayesian NNs (Radford M. Neal, 1996)
and convex NNs (Bengio et al., 2006; Bach, 2017a). Once a coefficient function = is given,
we can obtain an ordinary NN g, that approximates S[y] by numerical integration. We also
remark that the integral representation S[v,] with a singular coefficient v, := 25:1 €j0(a; b;)
leads to an ordinary NN g,.

The advantage of the integral representation is that the solution operator—the ridgelet
transform—to the integral equation S[y] = f and the optimization problem of L[y] :=
I1S[Y] — 11+ B]|7]|? is known. The ridgelet transform with an admissible function p is given
by

R[f)(a,b) = - f(@)pla -z —b)de. (3)

The integral equation S[y] = f is a traditional form of learning, and the ridgelet transform
~v = R[f] satisfies S[y] = S[R[f]] = f (Murata, 1996; Candes, 1998; Sonoda and Murata,
2017a). The optimization problem of L[y] is a modern form of learning, and a modified
version of the ridgelet transform gives the global optimum (Sonoda et al., 2018). These

studies imply that a shallow NN is no longer a blackbor but a ridgelet transform of the
data set. Traditionally, the integral representation has been developed to estimate the
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approximation and estimation error bounds of shallow NNs g, (Barron, 1993; Kirkova,
2012; Klusowski and Barron, 2017, 2018; Suzuki, 2018). Recently, the numerical integration
methods for R[f] and S[R][f]] were developed (Candes, 1998; Sonoda and Murata, 2014;
Bach, 2017b) with various f, including the MNIST classifier. Hence, by computing the
ridgelet transform of the data set, we can obtain the global minimizer without gradient
descent.

Thus far, the integral representation is known as an efficient reparametrization method
to facilitate understanding of the hidden layers, to estimate the approximation and estima-
tion error bounds of shallow NNs, and to calculate the hidden parameters. However, it is
based on linear algebra, i.e., it starts by regarding ¢; and o(a; -  — b;) as coefficients and
basis functions, respectively. Therefore, the integral representation for DNNs is not trivial
at all.

1.3.3. OPTIMAL TRANSPORT THEORY AND WASSERSTEIN GEOMETRY

The optimal transport theory (Villani, 2009) originated from the practical requirement in
the 18th century to transport materials at the minimum cost. At the end of the 20th
century, it was transformed into Wasserstein geometry, or the geometry on the space of
probability distributions. Recently, Wasserstein geometry has attracted considerable atten-
tion in statistics and machine learning. One of the reasons for its popularity is that the
Wasserstein distance can capture the difference between two singular measures, whereas the
traditional Kullback-Leibler distance cannot (Arjovsky et al., 2017). Another reason is that
it gives a unified perspective on a series of function inequalities, including the concentration
inequality. Computation methods for the Wasserstein distance and Wasserstein gradient
flow have also been developed (Peyré and Cuturi, 2018; Nitanda and Suzuki, 2018; Zhang
et al., 2018). In this study, we employ Wasserstein gradient flow (Ambrosio et al., 2008)
for the characterization of DNNs.

Given a density p of materials in R™, a density v of final destinations in R™, and a cost
function ¢ : R™ x R™ — R associated with the transportation, under some regularity con-
ditions, there exist some optimal transport map(s) g : R”™ — R™ that attain the minimum
transportation cost. Let W (u,v) denote the minimum cost of the transportation problem
from p to v. Then, it behaves as the distance between two probability densities p and v,
and it is called the Wasserstein distance, which is the start point of Wasserstein geometry.

When the cost function c is given by the ¢P-distance, i.e., c(x,y) = | — y|p, the corre-
sponding Wasserstein distance is called the LP-Wasserstein distance W),(u, ). Let Pp(R™)
be the space of probability densities on R that have at least the p-th moment. The distance
space Pp(R™) equipped with LP-Wasserstein distance W), is called the LP- Wasserstein space.
Furthermore, the L2-Wasserstein space (Ps, W2) admits the Wasserstein metric go, which
is an infinite-dimensional Riemannian metric that induces the L?-Wasserstein distance as
the geodesic distance. Owing to go, the L?-Wasserstein space is an infinite-dimensional
manifold. On P2, we can introduce the tangent space T,,P> at p € P2, and the gradient
operator grad, which are fundamentals to define Wasserstein gradient flow. See Section 2
for more details.
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Figure 3: Three profiles of a flow analyzed in the transport analysis: dynamical system in
R™ described by vector field (or transport map) (left), pushforward measure described by
continuity equation in R™ (center), and Wasserstein gradient flow in Py(R™) (right).

Organization of This Paper

In Section 2, we describe the framework of transport analysis, which combines a quick intro-
duction to dynamical systems theory, optimal transport theory, and Wasserstein gradient
flow. In Section 3 and 4, we specify the transport maps of shallow, deep, and infinitely
deep DAEs, and we give their statistical interpretations. In Section 5, we present analytic
examples and the results of numerical experiments. In Section 6, we prove the equivalence
between the stacked DAE and the composition of DAEs. In Section 7, we develop the
integral representation of the flow representation.

Remark

After the initial submission of the manuscript in 2016, the present manuscript has been
substantially reorganized and updated. The authors presented the digests of some results
from Section 3, 4 and 7 in two workshops (Sonoda and Murata, 2017b,c).

2. Transport Analysis of Deep Neural Networks

In the transport analysis, we regard a deep neural network as a transport map, and we track
the flow in three scales: microscopic, mesoscopic, and macroscopic. Wasserstein geometry
provides a unified framework for bridging these three scales. In each scale, we analyze three
profiles of the flow: dynamical system, pushforward measure, and Wasserstein gradient flow.

First, on the microscopic scale, we analyze the transport map g; : R™ — R™, which
simply describes the transportation of every point. In continuum mechanics, this viewpoint
corresponds to the Eulerian description. The transport map g; is often associated with
a velocity field v; that summarizes all the behavior of g; by an ODE or the continuous
dynamical system: 0;g¢(g¢(x)) = vi(gi(x)). We note that, as suggested by chaos theory, it
is generally difficult to track a continuous dynamics.

Second, on the mesoscopic scale, we analyze the pushforward u; or the time evolution
of the data distribution. In continuum mechanics, this viewpoint corresponds to the La-
grangian description. When the transport map is associated with a vector field v, then the
corresponding distributions evolve according to a partial differential equation (PDE) or the
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continuity equation Oy = —V - [vgy]. We note that, as suggested by fluid dynamics, it is
generally difficult to track a continuity equation.

Finally, on the macroscopic scale, we analyze the Wasserstein gradient flow or the trajec-
tories of time evolution of y; in the space P(R™) of probability distributions on R™. When
the transport map is associated with a vector field v, then there exists a time-independent
potential functional F' on P(R™) such that an evolution equation or the Wasserstein gradi-
ent flow piy = —grad F'[u] coincides with the continuity equation. We remark that tracking
a Wasserstein gradient flow may be easier compared to the two above-mentioned cases,
because the potential functional is independent of time.

2.1. Transport Map and Flow

In the broadest sense, a transport map is simply a measurable map g : M — N between
two probability spaces M and N (see Definition 1.2 in Villani, 2009, for example). In this
study, we use the term as an update rule. Depending on the context, we distinguish the
term “flow” from “transport map.” While a flow is associated with a continuous dynamical
system, a transport map is associated with a discrete dynamical system. We understand
that a transport map arises as a discretization of a flow. An ordinary DNN coincides with
a transport map, and the depth continuum limit coincides with a flow.

Definition 1 A transport map g : R™ — R™ is a measurable map given by

gi(x)=x+ fi(x), z€R™ t>0
go(x) = x, x eR™ t=0,

with an update vector fi.

Definition 2 A flow ¢; is given by an ordinary differential equation (ODE),
bi(x) = vi(pe(w)), TER™, >0
900(93) =, .CL'ERm, t:O)

with a velocity field v;.

In particular, we are interested in the case when the update rule (4) is a tangent line
approximation of a flow (5). i.e., g; satisfies

lim 2:(%)

lim =——— =wv(z), zeR (6)

for some v;. In this case, the velocity field v; is the only parameter that determines the
transport map.

2.2. Pushforward Measure and Continuity Equation

In association with the mass transportation  +— g.(x), the data distribution pg itself
changes its shape to, say, ¢ (see Figure 4, for example). Technically speaking, u; is called
(the density of) the pushforward measure of pg by g¢, and it is denoted by gyst0-

10
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Definition 3 Let u be a Borel measure on M and g : M — N be a measurable map. Then,
gspv denotes the image measure (or pushforward) of pn by g. It is a measure on N, defined
by (gsp)(B) = pog ! (B) for every Borel set B C N.

The pushforward p; is calculated by the change-of-variables formula. In particular,
the following extended version by Evans and Gariepy (2015, Theorem 3.9) from geometric
measure theory is useful.

Fact 1 Let g: R™ — R" be Lipschitz continuous, m < n, and u be a probability density on
R™. Then, the pushforward gyp satisfies

ginog(x)[Vgl(z) = p(x), aex. (7)
Here, the Jacobian is defined by

[Vg] = V/det|(Vg)* o (Vg)|. (8)

The continuity equation describes the one-to-one relation between a flow and the push-
forward.

Fact 2 Let o, be the flow of an ODE (5) with vector field vy. Then, the pushforward p; of
the initial distribution pg evolves according to the continuity equation

O () = =V - [ue(x)ve(x)], = € R™, t>0. 9)
Here, V- denotes the divergence operator in R™.

The continuity equation is also known as the conservation of mass formula, and this relation
between the partial differential equation (PDE) (9) and the ODE (5) is a well-known fact
in continuum physics (Villani, 2009, pp.19). See Appendix B for a sketch of the proof and
Ambrosio et al. (2008, § 8) for more detailed discussions.

2.3. Wasserstein Gradient Flow Associated with Continuity Equation

In addition to the ODE and PDE in R™, we introduce the third profile: the Wasserstein
gradient flow or the evolution equation in the space of the probability densities on R". The
Wasserstein gradient flow has a distinct advantage that the potential functional F' of the
gradient flow is independent of time ¢; on the other hand, the vector field v; is usually time-
dependent. Furthermore, it often facilitates the understanding of transport maps because
we will see that both the Boltzmann entropy and the Renyi entropy are examples of F'.

Let Po(R™) be the L?-Wasserstein space defined in Section 1.3.3, and let u; € Po(R™)
be the solution of the continuity equation (9) with initial distribution ug € Po(R™). Then,
the map ¢ — p; plots a curve in Po(R™). According to the Otto calculus (Villani, 2009,
§ 23), this curve coincides with a functional gradient flow in Py(R™), called the Wasserstein
gradient flow, with respect to some potential functional F : Po(R™) — R.

Specifically, we further assume that the vector field v; is given by the gradient vector
field VV; of a potential function V; : R™ — R.

11
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Fact 3 Assume that p; satisfies the continuity equation with the gradient vector field,
Oppir = =V - [ VVi], (10)

and that we have found F' that satisfies the following equation:

%F[ut] = | Vi) (x)dz. (11)
-

Then, the Wasserstein gradient flow

d
gt = —erad Flu, (12)

coincides with the continuous equation.

Here, grad denotes the gradient operator on L?-Wasserstein space P2(R™) explained in
Section 1.3.3. While (12) is an evolution equation or an ODE in Po(R™), (9) is a PDE in
R™. Hence, we use different notations for the time derivatives, % and 0.

3. Denoising Autoencoder

We formulate the denoising autoencoder (DAE) as a variational problem, and we show
that the minimizer g* or the training result is a transport map. Even though the term
“DAE” refers to a training procedure of neural networks, we refer to the minimizer of
DAE also as a “DAE.” We further investigate the initial velocity vector field d.gy—¢ for
mass transportation, and we show that the data distribution u; evolves according to the
continuity equation.

For the sake of simplicity, we assume that the hidden unit number of NNs is sufficiently
large (or infinite), and thus the NNs can always attain the minimum. Furthermore, we
assume the the size of data set is sufficiently large (or infinite). In the case when the hidden
unit number and the size of data set are both finite, we understand the DAE g is composed
of the minimizer g* and the residual term h. Namely, g = g* + h. However, theoretical
investigations on the approximation and estimation error h remain as our future work.

3.1. Training Procedure of DAE

Let & be an m-dimensional random vector that is distributed according to the data distri-
bution g, and let & be its corruption defined by

T=x+e, e~

where 1; denotes the noise distribution parametrized by variance ¢ > 0. A basic example of
v is the Gaussian noise with mean 0 and variance t, i.e., vy = N(0,tI).

The DAE is a function that is trained to remove corruption & and restore it to the
original x; this is equivalent to finding a function g that minimizes an objective function,
ie.,

Llg] :=Eq,zl9(@) — z|*. (13)

12
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Note that as long as g is a universal approximator and can thus attain the minimum, it
need not be a neural network. Specifically, our analysis in this section and the next section
is applicable to a wide range of learning machines. Typical examples of g include neural
networks with a sufficiently large number of hidden units, splines (Wahba, 1990), kernel
machines (Shawe-Taylor and Cristianini, 2004) and ensemble models (Schapire and Freund,
2012).

3.2. Transport Map of DAE

Theorem 4 (Modification of Theorem 1 by Alain and Bengio, 2014). The global minimum
g; of Llg] is attained at

N P (T — x)dx
6/(@) = s [ @ = w)(a)d (14)
- 1 ~
:w—lwo(:,\é)/msl/t(s)ﬂo(aj—s)ds, (15)

=: fi(x)
where x denotes the convolution operator.

Here, the second equation is simply derived by changing the variable © < & — & (see
Appendix A for the complete proof, where we used the calculus of variations). Note that
this calculation first appeared in Alain and Bengio (2014, Theorem 1), where the authors
obtained (14).

The DAE gj (x) is composed of the identity term x and the denoising term f;(x). If we
assume that vy — §; as t — 0, then in the limit ¢ — 0, the denoising term f;(x) vanishes and
DAE reduces to a traditional autoencoder. We reinterpret the DAE g; (z) as a transport
map with transport time t that transports the mass at € R™ toward x + f;(x) € R™ with
displacement vector f;(x).

3.3. Statistical Interpretation of DAE

In statistics, (15) is known as Brown’s representation of the posterior mean (George et al.,
2006). This is not just a coincidence, because the DAE g/ is an estimator of the mean.
Recall that a DAE is trained to retain the original vector «, given its corruption £ = x + €.
At least in principle, this is nonsense because to retain x from & means to reverse the
random walk & = @ + € (in Figure 4, the multimodal distributions 5 and p; o indicate
its difficulty). Obviously, this is an inverse problem or a statistical estimation problem of
the latent vector @, given the noised observation & with the observation model £ = x + €.
According to a fundamental fact of estimation theory, the minimum mean squared error
(MMSE) estimator of @ given x is given by the posterior mean E[xz|z]. In our case, the
posterior mean equals g;.

_ Jgmzp@ | 2)p(x)de 1
Jom p(@ | @)p(x)da’ vy * po (@)

Eloz] [ an@ - aj(@yiz—gi@. (o)

Similarly, we can interpret the denoising term f;(x) as the posterior mean E[e|x] of noise
€ given observation .

13
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3.4. Examples: Gaussian DAE

When the noise distribution is Gaussian with mean 0 and covariance t1, i.e.,

1 _
&) = G "

the transport map is calculated as follows.

Theorem 5 The transport map gf of Gaussian DAE is given by
g (&) = & + ¥ loglu, + 1] (@). (17)
Proof The proof is straightforward by using Stein’s identity,
—tViy(e) = evy(e),

which is known to hold only for Gaussians.

R —
L) =& — ————=
9t v * ()
1
=T+ — tVui(e T —€)de
e L Tl -

i_i_tVVt*mL(cE)

v * ()
=T + tV log[vy * po(x)]. [ |

/m evi(e)po(x — €)de

Theorem 6 At the initial moment t — 0, the pushforward u; of Gaussian DAFE satisfies
the backward heat equation

8tﬂt:0($) = _A/'LO(:B)a T c Rmv (18)
where /A denotes the Laplacian.

Proof The initial velocity vector is given by the Fisher score

gi(x) —
{

0ig;—o(@) = lim L = Vlog jio(). (19)

t—0

Hence, by substituting the score (19) in the continuity equation (9), we have
p=o(x) = =V - [uo(x)Vlog po(x)] = =V - [Vuo()] = —Apo(x). u

The backward heat equation (BHE) rarely appears in nature. However, of course, the
present result is not an error. As mentioned in Section 3.3, the DAE solves an estimation
problem. Therefore, in the sense of the mean, the DAE behaves as time reversal. We remark
that, as shown by Figure 4, a training result of a DAE with a real NN on a finite data set
does not converge to a perfect time reversal of a diffusion process.

14
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Figure 4: Shallow Gaussian DAE, which is one of the most fundamental versions of DNNs,
transports mass, from the left to the right, to decrease the Shannon entropy of data. The
x-axis represents the 1-dimensional input/output space, the t-axis represents the variance
of the Gaussian noise, and t is the transport time. The leftmost distribution depicts the
original data distribution g = N(0,1). The middle and rightmost distributions depict
the pushforward p; = gy, associated with the transportation by two DAEs with noise
variance t = 0.5 and t = 1.0, respectively. As t increases, the variance of the pushforward
decreases.

4. Deep DAEs

We introduce the composition gy, o---ogg of DAEs g, : R™ — R™ and its continuum limit:
the continuous DAE ¢, : R™ — R™. We can understand the composition of DAEs as the
Euler scheme or the broken line approximation of a continuous DAE.

For the sake of simplicity, we assume that the hidden unit number of NNs is infinite,
and that the size of data set is infinite.

4.1. Composition of DAEs

We write 0 =ty < t; < --- < tr4+1 =t. We assume that the input vector g € R™ is subject
to a data distribution pg. Let go : R™ — R™ be a DAE that is trained on pg with noise
variance t; — tg. Then, let @1 := go(xg), which is a random vector in R™ that is subject
to the pushforward p1 := gospo. We train another DAE gy : R™ — R™ on p; with noise
variance to — t1. By repeating the procedure, we obtain gy(a,) from a,_; that is subject to
He = Ge—1)gHe—1-

For the sake of generality, we assume that each component DAE is given by

go(x) = + (tps1 — t)VVi, (), (£=0,....L) (20)

15



SONODA AND MURATA
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Figure 5: Composition of DAEs g§, : M — M, or the composite of five shallow DAEs
M — M, where M = R?

where V;, denotes a certain potential function. For example, the Gaussian DAE satisfies
the requirement because V;, = log[vy, * pu,].
We abbreviate the composition of DAEs by

gb.L(®) =g o ogo(x). (21)

By definition, the “velocity” of a composition of DAEs coincides with the vector field

goT( ) = 93(5—1)(“’)
tot1 — e

= VV,, (z). (22)

4.2. Continuous DAE

We fix the total time ¢, take the limit L — oo of the layer number L, and introduce the
continuous DAE as the limit of the “infinite composition of DAEs” limy,_,+ g5} -

Definition 4 We call the solution operator or flow ¢ : R™ — R™ of the following dynam-
ical systems as the continuous DAE associated with vector field VV;.

Selt) = VWia(t), t>0, (23)

Proof According to the Cauchy-Lipschitz theorem or the Picard-Lindel6f theorem, when
the vector field VV; is continuous in ¢ and Lipschitz in @, the limit limy_, . go.;, converges
to a continuous DAE (23) because the trajectory ¢t — go.(z¢) corresponds to a broken line
approximation of the integral curve t — @(z). |

The following properties are immediate from Fact 2 and Fact 3. Let ¢, : R™ — R™ be
the continuous DAE associated with vector field VV;. Given the data distribution pg, the
pushforward p; := (¢¢)sp0 evolves according to the continuity equation

Oppu(x) = =V - [ (x) VVi ()], =0 (24)
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and the Wasserstein gradient flow

d
= —grad Flu], t>0 (25)

where F'is given by (11).

4.3. Example: Gaussian DAE

We consider a continuous Gaussian DAE ¢; trained on g € Po(R™). Specifically, it satisfies

d
La(t) = Vioghu(@(®). t>0 (26)
with pp == @po.

Theorem 7 The pushforward p; := pypo of the continuous Gaussian DAE ¢ is the so-
lution to the initial value problem of the backward heat equation (BHE)

() = —=Dp(x),  pe=o(x) = po(x). (27)

The proof is immediate from Theorem 6.

As mentioned after Theorem 6, the BHE appears because the DAE solves an estimation
problem. We remark that the BHE is equivalent to the following final value problem for the
ordinary heat equation:

Orur(x) = Aug(x), w=r(x) = po(x) for some T

where u; denotes a probability measure on R™. Indeed, p¢(x) = ur—(x) solves (27). In
other words, the backward heat equation describes the time reversal of an ordinary diffusion
process.

According to Wasserstein geometry, an ordinary heat equation corresponds to a Wasser-
stein gradient flow that increases the Shannon entropy functional H[u] := — [ p(x)log p(x)de
(Villani, 2009, Th. 23.19). Consequently, we can conclude that the continuous Gaussian
DAE is a transport map that decreases the Shannon entropy of the data distribution.

Theorem 8 The pushforward p; == @po evolves according to the Wasserstein gradient
flow with respect to the Shannon entropy

d
i = —erad Hwl,  p—o = po. (28)
Proof When F' = H, then V; = — log p; thus,
grad H{p] =V - [ Viog pi]) = V - [Vue] = D,

which means that the continuity equation reduces to the backward heat equation. |
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4.4. Example: Renyi Entropy
Similarly, when F' is the Renyi entropy
e/ —
HO] = / Mdm,
m a—1
then grad H[u] = Apg* (see Ex. 15.6 in Villani, 2009, for the proof) and thus the continuity
equation reduces to the backward porous medium equation

Oppr(w) = =Dy (). (29)

5. Further Investigations on Shallow and Deep DAEs through Examples

5.1. Analytic Examples

We list analytic examples of shallow and continuous DAEs (see Appendix D for further
details, including proofs). In all the settings, the continuous DAEs attain a singular measure
at some finite ¢ > 0 with various singular supports that reflect the initial data distribution
1o, while the shallow DAEs accept any t > 0 and degenerate to a point mass as t — oo.

5.1.1. UNIVARIATE NORMAL DISTRIBUTION

When the data distribution is a univariate normal distribution N(mg,00), the transport
map and pushforward for the shallow DAE are given by

@)= op (30)
r) = x mo,
gt o2+t od4t "
0.2
N 0 31
i (mo’ (1+t/08)2>’ (31)

and those of the continuous DAE are given by
gi(x) = /1 —2t/a3(x — mo) + mo, (32)
p = N(mo, 05 — 2t). (33)

5.1.2. MULTIVARIATE NORMAL DISTRIBUTION

When the data distribution is a multivariate normal distribution N (my, ¥), the transport
map and pushforward for the shallow DAE are given by

gi(x) = (I +t35) te + (I +t71%0) tmy, (34)
pe = N(mo, So(I +1551)7%), (35)

and those of the continuous DAE are given by

gi(x) = /T — 2t55" (z — my) + my, (36)

He = N(mo, 20 - 2tI). (37)
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5.1.3. MIXTURE OF MULTIVARIATE NORMAL DISTRIBUTIONS

When the data distribution is a mixture of multivariate normal distributions fo:l wi N (my, L)
with the assumption that it is well separated, the transport map and pushforward for the
shallow DAE are given by

K

gu(x) = (@) {(T + 15 o+ (T+17"5) g} (38)
k=1
K

e~ Y welN (g, Sp(1 + 5, 1)7?), (39)
k=1

with responsibility function

B wi N (x; My, Xg + t1)
SN wN (@3 my, S + 1)

Yit(@) : (40)

and those of the continuous DAE are given by

gi(x) ~ /I — 2t (x — my) + my, (41)

K

pe =Y wpN(my, Ty — 2tT), (42)
=1

with responsibility function
. wkN(:c;mk.,Ek —275[)
Zszl wi N (x; my, Xg — 2t[)'

Vit () : (43)

Here, we say that the mixture Zle wi N (my, Xy,) is well separated when for every cluster
center my, there exists a neighborhood Q. of my, such that N(Qx;my, k) ~ 1 and vy =~
1o

ket

5.2. Numerical Example of Trajectories

We employed 2-dimensional examples, in order to visualize the difference of vector fields be-
tween the shallow and deep DAFEs. In the examples below, every trajectories are drawn into
attractors, however the shape of the attractors and the speed of trajectories are significantly
different between shallow and deep.

5.2.1. BIVARIATE NORMAL DISTRIBUTION

Figure 6 compares the trajectories of four DAEs trained on the common data distribution

o =N ({0,0], B ?D - (44)

The transport maps for computing the trajectories are given by (34) for the shallow DAE
and composition of DAEs, and by (36) for the continuous DAE. Here, we applied (34)
multiple times for the composition of DAEs.
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The continuous DAE converges to an attractor lying on the x-axis at t = 1/2. By
contrast, the shallow DAE slows down as t — oo and never attains the singularity in finite
time. As L tends to infinity, g, plots a trajectory similar to that of the continuous DAE
(¢; the curvature of the trajectory changes according to At.

5.2.2. MIXTURE OF BIVARIATE NORMAL DISTRIBUTIONS

Figure 7, 8, and 9 compare the trajectories of four DAEs trained on the three common data

distributions
uo:o.5zv<[—1,o1, (1) (1)> +0.5N([1,0], (1) (1)> (45)
u0:0.2N<[—1,()], é ?) +0.8N<[1,0], é g’) (46)
o =02N <[—1,0], (1) (1)> +0.8N ([1,0], 3 (1)> . (47)
respectively.

The transport maps for computing the trajectories are given by (38) for the shallow
DAE and composition of DAEs. For the continuous DAE, we compute the trajectories by
numerically solving the definition of the continuous Gaussian DAE: & = V log ().

In any case, the continuous DAE converges to an attractor at some ¢t > 0, but the
shape of the attractors and the basins of attraction change according to the initial data
distribution. The shallow DAE converges to the origin as ¢ — oo, and the composition of
DAEs plots a curve similar to that of the continuous DAE as L tends to infinity, g§.;. In
particular, in Figure 8, some trajectories of the continuous DAE intersect, which implies
that the velocity vector field v; is time-dependent.

20



TRANSPORT ANALYSIS OF INFINITELY DEEP NEURAL NETWORK

Conti DAE ¢y Shallow DAE g4

Figure 6: Trajectories of DAEs trained on the common data distribution (44) (uo =
N([0,0],diag [2,1])). The gray lines start from the regular grid. The colored lines start
from the samples drawn from pg. The midpoints are plotted every At = 0.2. Every lines
are drawn into attractors.
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Figure 7: Trajectories of DAEs trained on the common data distribution (45) (a GMM with
uniform weight and covariance). The gray lines start from the regular grid. The colored
lines start from the samples drawn from pg. Every lines are drawn into attractors.
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Conti. DAE ¢y Shallow DAE g4

x

Figure 8: Trajectories of DAEs trained on the common data distribution (46) (a GMM
with non-uniform weight and uniform covariance). The gray lines start from the regular
grid. The colored lines start from the samples drawn from pg. Every lines are drawn into
attractors.
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Conti. DAE ¢y Shallow DAE g

Comp. DAEs g}, (At

Figure 9: Trajectories of DAEs trained on the common data distribution (47) (a GMM
with non-uniform weight and covariance). The gray lines start from the regular grid. The
colored lines start from the samples drawn from py. Every lines are drawn into attractors.
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5.3. Numerical Example of Trajectories in Wasserstein Space

We consider the space Q of bivariate Gaussians:

o {x (w0 8

Obviously, Q is a 2-dimensional subspace of L?-Wasserstein space, and it is closed in the
actions of the continuous DAE and shallow DAE because the pushforwards are given by
(37) and (35), respectively.

We employ (01, 02) as the coordinate of Q. This is reasonable because, in this coordinate,
the L2-Wasserstein distance Wa(u, ) between two points = (01,02) and v = (11, 7) is
simply given by the “Euclidean distance” Wo(u,v) = /(01 — 71)2 + (02 — 72)? (see Takatsu,
2011, for the proof). The Shannon entropy is given by

01,(72>0}. (48)

H(o1,09) = (1/2)log |diag [0%, 03] + const. = log oy + log o2 + const. (49)

Figure 10 compares the trajectories of the pushforward by DAEs in Q. In the left,
we calculated the theoretical trajectories according to the analytic formulas (37) and (35).
In the right, we trained real NNs as the composition of DAEs according to the training
procedure described in Section 4.1. Even though we always assumed the infinite number of
hidden units and the infinite size of data set, the results suggest that our calculus is a good
approximation to finite settings.

) =—=—===

o2
02
2
1

1
1
m—%\

Figure 10: Trajectories of pushforward measures in a space Q of bivariate Gaussians
N([0,0],diag [0?,03]). In both sides, the blue lines represent the Wasserstein gradient
flow with respect to the Shannon entropy. The continuous Gaussian DAE t — o0 always
coincides with the blue lines. In the left-hand side, the dashed green lines represent
theoretical trajectories of the shallow DAE t — g0 and the solid green line represents
a theoretical trajectory of the composition of DAEs t — gf rzHo. Both the green lines
gradually leave the gradient flow. In the right-hand side, the solid green lines represent
the trajectories of the composition of DAEs calculated by training real NNs (10 trials). In
particular, in the early stage, the trajectories are parallel to the gradient flow.
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6. Equivalence between Stacked DAE and Compositions of DAEs

As an application of transport analysis, we shed light on the equivalence of the stacked DAE
(SDAE) and the composition of DAEs (CDAE), provided that the definition of DAEs is
generalized to L-DAE, which is defined below. In SDAE, we apply the DAE to the features
vectors obtained from the hidden layer of an NN to obtain higher-order feature vectors.
Therefore, the feature vectors obtained from the SDAE and CDAE are different from each
other. Nevertheless, we can prove that the trajectories generated by the SDAE and CDAE
are topologically conjugate, which means that there exists a homeomorphism between the
trajectories. Moreover, we can transform the trajectory of an SDAE into that of a CDAE
by using a linear map, which is obtained from the decoder of the SDAE. Thus, we can
synthesize the feature vectors of the SDAE by using CDAEs.

6.1. Definitions
To begin with, we introduce a generalized version of shallow DAE.

Definition 5 (L-DAE) Let L be an elliptic operator on the domain  in R™, u be a
probability density on Q, and D be a positive definite matriz. The L-DAE with diffusion
coefficient D and initial data p is defined by

id +tDVlogely, t>0. (50)

Here, et is the semigroup generated by the elliptic operator L. Specifically, let j; :=
e'Fu; then, u; satisfies the parabolic equation Oy = Lus. The original Gaussian DAE
corresponds to a special case when D = [ and L = A.

By dae, we denote a DAE realized by a shallow NN (Figure 11). Specifically,

dae(x) = Z cjo(a;-x —bj). (51)
j=1

By enc and dec, we denote the encoder and decoder of dae, respectively. Specifically,

encj(x) =o(a;j-xz—0b;), j=1,....,p (52)
P
dec(z) = » c¢jzj, (53)

1

J

dae
M —p [

Figure 11: enc and dec correspond to the hidden layer and output layer, respectively.
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where z; denotes the j-th element of z = enc(x). Obviously, dae = dec o enc.
For the sake of simipicity, even though we introduced the finite number p of hidden
units, we assume that p is large, and thus dae approximately equals L-DAE for some L.

6.2. Training Procedure of Stacked DAE (SDAE)

Let M := R™ be the space of input vectors with probability density u, and let dae : M — M
be a shallow NN with p hidden units. We assume that dae is trained as the Gaussian DAE
with g, and it thus approximates the DAE id + tVlog[e!®u]. Let H := RP. Then, the
encoder and decoder of dae are the maps enc : M — H and dec : H — M, respectively.

In the SDAE, we apply the DAE to z. Specifically, let i be the density of hidden feature
vectors z = enc(x), and let dae : H — H be a shallow NN with p hidden units,

dae(z) :=

Gol(d; -z — by).

Mm

7=1

<
I

We train dae by using the Gaussian DAE with z, where the network is decomposed as
dae = dec o enc with enc : H — H and dec : H — H, and we obtain the feature vectors

z :=enc(z) € H = RP. By iterating the stacking procedure, we can obtain more abstract

feature vectors (Figure 12).
d

1VI—>J\/I

Figure 12: The (feature map of) SDAE enc o enc is built on the hidden layer.

Technically speaking, 1 is (the density of) the pushforward daeyu, and its support is
contained in the image M := enc(M). In general, we assume that dim M [(= dim M) <

dim H; thus, the support of j is singular (i.e., the density vanishes outside M ) (see Fact 1
for further details).

6.3. Topological Conjugacy

The transport map of the feature vector encoenc : M — H — H is somewhat unclear.
According to Theorem 9 and 10, the transport map of enc o enc can be transformed or
projected to the ground space M by applying decodec (Figure 13). Specifically, there exists
an L-DAE dae’ : M — M such that

dec o dec o enc o enc = dae’ o dae. (54)
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YL, enc i dec I dec M
. ) : dec
d
/ \ dae’

M—2 e > M

Figure 13: By reusing dec, we can transform the SDAE enc o enc into a CDAE dae’ o dae.

Theorem 9 Let H and H be vector spaces, dim H > dim fNI, let My be an m-dimensional
smooth Riemannian manifold embedded in H, and let uy be a C? probability density on M.
Let f: H — H be an Li-DAE:

f :=idg + tDV log et g,

with diffusion coefficient D and time-dependent elliptic operator Ly on H, where V is the
gradient operator in H.

Let T : H — H be a linear map. If T|ar is injective, then there exists an Lt DAE
f H — H with diffusion coefficient D such that

Tofly=foT|u. (55)

In other words, the following diagram commutes. Here we denoted M; := f(My) and

p1 := fipo. See Appendix C for the proof. The statement is general in that the choice of a
linear map T is independent of the DAEs, as long as it is injective.

We note that the trajectory of the equivalent DAE f may be complicated, because
the “equivalence” we mean here is simply the topological conjugacy. Actually, as the proof
suggests, D and Lt contain the non-linearity of activation functions via the pseudo-inverse Tt
of T'. Nevertheless, f may not be much complicated because it is simply a linear projection
of the high-dimensional trajectory of Li-DAE. According to Theorem 6, a Gaussian DAE
solves backward heat equation (at least when ¢t — 0). Hence, its projection to low dimension
should also solve backward heat equation in low dimension spaces.
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6.4. Equivalence between SDAE and CDAE

To clarify the statement, we prepare the notation. Figure 14 summarizes the symbols and
procedures.

First, we rewrite the input vector as z° instead of x, the input space as H? = Mg(:
R™) instead of M, and the density as ,u8 instead of p. We iteratively train the /-th NN
daef . H' — H! with a data distribution uﬁ, obtain the encoder enct : HY — H*"! and
decoder dec’ : H! — HY and update the feature z/+1 := encé(ze), the image Mf_tll =
enc/(M}) ¢ H*!, and the distribution ugﬁ = (encé)ﬁ,uﬁ.

For simplicity, we abbreviate

enc®™ :=enc" o ---oenc’,

n:l

dec™? := decl o - - - o dec”.

In addition, we introduce auxiliary objects.
Mp,, o=dec"™™(M/1]), n=0,--- ¢
Py = decﬁmuﬁﬁ, n=20,---,4

By construction, M¢ is an at most m-dimensional submanifold in H*, and the support of
pé is in M.

Finally, we denote the map dae’, : ML — M£+1 that is (not “trained by DAE” but)
defined by

dae’ := (dec™ 0 enc®™) o (dec" V¥ o enc® (1)L Mt M.

By Theorem 9, if dae’™! is an LEH-DAE, then dae!, exists and it is an L{-DAE.

Theorem 10 If every encelMZe 18 a continuous injection and every decZ\MeH 18 an injection,
n
then

decl¥ o enc%L = dae? o - - - o dae). (56)

Proof By repeatedly applying the topological conjugacy in Theorem 9,
4 /41 14 ¢
dec’ o dael ™! = dae, o dec’,

we have
dect0 o enc®L

= decP"2% 5 dec 1 o daef oenct71o enc%(F2)

— decE=20 4 daeﬁf1 odect ™ o enct ! o enc®(£2)

= decL=0 6 dael~! o dael~! o enc® (L2
= dael odae) _;o---odae). n
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HL+1
L+1 L+1
ML+17 L+1
LaNL L+17ML+1
\ / \/
H? daeg \ 2
M3>,u'3 —||” ML+1a,UL+1
daeg\ dae\
****** > (M3, p3) (M}, i yy)
daeg\ dae\
> Mg» L+1a,u’L+1

Figure 14: By using decoders, an SDAE is transformed or projected into a CDAE. The
leftmost arrows correspond to the SDAE enc®’, the rightmost arrows correspond to the
decoders dec™?, and the bottom arrows correspond to the CDAE dae} o --- o dae8.

6.5. Numerical Example

Figure 15 compares the transportation results of the 2-dimensional swissroll data by the
DAESs. In both the cases, the swissroll becomes thinner by the action of transportation. We
remark that to test the topological conjugacy by numerical experiments is difficult. Here,
we display Figure 15 to see typical trajectories by an SDAE and a CDAE.

In the left-hand side, we trained an SDAE enc! oenc? by using real NNs. Specifically, we
first trained a shallow DAE dae8 on the swissroll data xg. Second, writing dae8 = decgoency
and letting z! := ency(xg), we trained a shallow DAE dae} on the feature vectors z'. Then,
writing dae] = dec; o ency, we obtained x; := dae)(xg) and x5 := dec” o dec! o enc! o enc”.
The black points represent the input vectors @y, and the red and blue points represent
the first and second transportation results ®; and xs, respectively. In other words, the

distribution of xg, 1 and @o correspond to ,ug, ©Y and pY in Figure 14, respectively.

In the right-hand side, we trained a CDAE dae(l)odaeg by using real NNs. Specifically, we
first trained a shallow DAE dae) on the swissroll data . Second, writing & := dae](x),
we trained a shallow DAE dae? on the transported vectors «. Then, we obtained x5 :=
dae}(z1) = dae} o dae)(x(). The black points represent the input vectors ag, and the red
and blue points represent the first and second transportation results x; and x, respectively.
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15
!

10
1

-5
|

-10

Figure 15: Typical transportation results of the 2-dimensional swissroll data by an SDAE
(left) and a CDAE (right). In both the sides, the black points represent the input vectors
xo € R?, and the red and blue points represent the first and second transportation results
x1 and xa, respectively.

7. Integral Representation of the Flow Representation

In this section, we aim to develop the double continuum limit: a combination of the depth
continuum limit, or the flow representation, and the width continuum limit, or the integral
representation.

To facilitate visualization, we write the hidden parameters as € instead of (a,b), the
k-th element of the coefficient function as v(0, k) or vx(0) instead of the boldface ~(8), and
the integral representation as

Shl(@) = / (8, k)o(z; 0)d6. (57)

Furthermore, by using a singular measure ’yz (0) = Z?Zl Cjk0p; (0), we write an ordinary
shallow NN as

Shil(x) = / (6, K)o 0)d0 = 3 cjpo(w: 05). (58)

j=1

If there is no risk of confusion, we omit writing the superscript p. Specifically, we write
“S[vk]” without distinction between an infinite NN (57) and a finite NN (58).
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7.1. Encoder and Decoder in the Integral Representation
First, we consider a finite case. Suppose that a shallow DAE is realized by a finite NN
Z?Zl cjro(x;0;). Then, the encoder is given by
2(0;) =enc(x,0;) =o(x;0;), j=1,...,p;
and the decoder is given by
P

dec(z, k) Zc]kz
=1

Therefore, supposing that a shallow DAE is realized by S[v], the encoder and decoder
in the integral representation are given by

enc(x,0) ;= o(x;0), (59)
dec(z, k) == /7(0,k)z(0)d0, (60)

where “the 0-th element” of z is given by z(8).
Next, we consider the stacked DAE built on z. Suppose that the stacked DAE is realized

by S[e](z) = [ F(w, 8)0(2z; w)dw; then, the encoder and decoder are given by
eiic(z,w) = 0z w), (61)
dec(u, ) := /ﬁ(w,e)u(w)dw, (62)

where the w-th element of u is given by u(w), and the 6-th element of w is given by w(8).
In this notation, for example, the topological conjugacy (55) claims that there exists 7/
such that

[20.0) [Fw.0)0 0ty wiiwio = [ (610 ( [ ‘>o<m;0>do;e') a0’ (63)

7.2. Ridgelet Transform of Flows

Let ¢ : R™ — R™ be a flow that satisfies ¢; 0 @5 = p415. Then, the following formula
holds:

/ Rled (6, k)o ( / Rle:](8, )o(a: o’)ao’) 46 — / Rlgus (0, k)o(x:0)d0.  (64)

In other words, S[R[p:]] o S[R[ps]] = S[R[pt+s]]. According to Barron’s bound (Kurkova,
2012, Cor.5.4), the discretization error ||S[y] — S[y?]||2 between S[y] and S[7?] is bounded
by [|v]l1/+/p- Hence, ||R[@d]|l1 + || R[es]|l1 < [[Rlepiss]|l1 for some ¢ and s, which implies the
expressive efficiency of the DNN.

Consider a special case when ¢ : R™ — R™ is given by the gradient of a potential
function V. Specifically, ¢ = VV. We note that according to the polar decomposition
theorem by Brenier (1991), any optimal transport map ¢; : [0,1] x R™ — R™ can be
written as ¢; = id+tVU with some potential function U. Hence, by letting V = |-|2/2+U,
we can understand ¢ := 1 = VV as an optimal transport map.

Then, we have an integration-by-parts formula for the vector ridgelet transform.
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Theorem 11 Let K C R™ be a compact set with smooth boundary 0K . Given that a
smooth scalar potential V' is supported in K, the ridgelet transform of the potential vector

field VV is calculated by
R,VV](a,b) = —aRy[V](a,b). (65)
Here, R, and R, denote the ridgelet transform with respect to p and p', respectively.

Proof

R,[VV](a,b) = /K VV(z)p(a-x—b)dx

= [/8[( V(z)p(a-x —bn(x)dS — a/ V(z)p(a-x —b)de

K
=0—aRy[V|(a,b). n

The left-hand side (LHS) of (65) denotes a vector ridgelet transform defined by element-wise
mapping, whereas the right-hand side (RHS) consists of a scalar ridgelet transform. We can
understand the RHS given that the network shares common knowledge among element-wise
tasks.

7.3. Example: Autoencoder

As the most fundamental transport map, we consider a smooth “truncated” autoencoder
id, 5. We denote by B"(z;r) a closed ball in R with center z and radius r. We assume
that id, s is (1) smooth, (2) equal to the identity map id when it is restricted to B (r), and
(3) truncated to be supported in B (r 4 §) with a small positive number § > 0. Let VV, 5
be a smooth function that satisfies

3lzf? x € B™(0;7),
Vrs(x) := 4 (smooth map) x € B(0;r + ) \ B(0;7),
0 x ¢ B"(0;r+9),
and let
id, 5 = VV,.s.

Note that we can construct id, s and VV, 5 by using mollifiers; thus, such maps exist.
The ridgelet transform of the truncated autoencoder is given by

R,lid,5](a,b) ~ —Kap'(=b) as §—0 (66)

with a certain constant K (see Appendix E for the proof).

33



SONODA AND MURATA

8. Discussion

We performed transport analysis of denoising autoencoders by introducing the flow repre-
sentation. The flow representation ¢; is the depth continuum limit of a DNN, specified
by an ODE with vector field v;. We interpreted an ordinary DNN g; as a transport map
or an Euler broken line approximation of ;. The advantages of the flow representation
are that it provides the coordinate-free treatment of DNNs, avoiding the redundancy of
the ordinary parametrization of DNNs, and that it facilitates our understanding of what
DNNs do—it is the mass transportation controlled by v;. In addition, the advantage of the
interpretation as mass transportation is that it can handle function composition. In the
transport analysis, we analyzed a flow in three aspects: a dynamical system described by a
transport map or vector field, a pushforward measure described by a continuity equation,
and Wasserstein gradient flow. From the results in Wasserstein geometry, these aspects
are closely connected, and the hyperparameter v; plays a central role as an intermediary.
For example, in the transport analysis of continuous DAESs, the potential functional of the
Wasserstein gradient flow often facilitates our understanding of the flow because it is the
Shannon entropy, which is a fundamental quantity in statistics and machine learning.

In Section 3 and 4, we specified the transport maps of shallow, deep, and infinitely deep
DAEs, and we gave their statistical interpretations. The shallow DAE is an estimator of the
mean, while the deep DAE transports data points to decrease the Shannon entropy of the
data distribution, which gives a partial answer to our research question “what do hidden
layers do?” In Section 5, according to analytic and numerical experiments, we showed that
deep DAEs converge faster and that the extracted features are different from each other,
which gives a partial answer to the other question “why do DNNs perform better?” In
Section 6, we proved the equivalence between the stacked DAE and the composition of
DAEs. Because of the peculiar construction, it is difficult to formulate and understand
stacking. Nevertheless, by tracking the flow, we succeeded in formulating the stacked DAE.
In Section 7, we developed the double continuum limits, or the width continuum limit of
the depth continuum limit. We presented some examples of the integral representation of
the flow, such as encoder, decoder, and traditional autoencoder.

As a consequence of the equivalence, we can understand the so-called pre-training and
fine-tuning strategy (Bengio et al., 2007; Erhan et al., 2010) as an optimal control problem.
Namely, write a DNN as a composite 9 o ¢, of classifier ¥ : R™ — [0,1]" and flow ¢y :
R™ — R™. If ¢, stays closer to the identity, 1 has to be more complex—and vice versa.
The pre-training regularizes the behavior of hidden layers by

%sot(w) =v(pi(®)), xeR™, 1>0 (67)

and the fine-tuning specifies the relation between input and output by
Minimize Exy|Y — o pi1(X)]? w.rt NN 4o p_1. (68)

Overall, we can understand the strategy as the control problem of system (67) under re-
striction (68). Owing to ridgelet transform, shallow NNs are interpretable and principled.
Development of a “solution operator” to the control problem in the flow representation
would open the way to the interpretable and principled alternative to DNNs.
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Appendix A. Proof of Theorem 4

By Ll _(R™) and C>°(R™), we denote the spaces of locally integrable functions and com-

pactly supported smooth functions, respectively. We assume that g : R™ — R™ is locally
integrable (Li ).
Proof The proof follows from the calculus of variations. Let

Llgl = [ Edgla+e) - af'po(a)de
= / Ec[lg(x') — 2’ + e uo(x’ — €)]da’, 2’ + x +e.

Here, L[g] always exists because g € LL (R™) C L?(u*v). Then, for an arbitrary function
h € C°(R™), the first variation dL[h] is given by

SL[h] = %L[g + sh]

)
= | -Ecllg(z) + sh(x) — z + e[*po(x — €)]dz
Rm 68 SZO

—2 [ Ed(gle) - 2+ hule - )hla)da.

s=0

At a critical point g* of L, dL[h] = 0 for every h. Hence,
E.l(g"(@) — 2+ ol — )] =0, ae.x,

by the fundamental lemma of calculus of variations for integrable functions, and we have

Ec[(z — €)po(z — €)]

R e e BT
— Es[sﬂ()(x — E)] —
=T Ew(m o) )

Note that g* attains the global minimum, because, for every function h,

Lig® +h] = / Eelle — Eilela] + h(@)]2uo( — o))de

m

= /m Eclle — Eile|z]|*uo(x — €)]dx + / Ec[|h(z)*po(x — €)]dx

m

+2 [ Edl(e - Blela)ioe - e)lh(@)de

= Llg*| + L[] +2-0 > Llg"]. =
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Appendix B. Proof of Fact 2

For simplicity, we assume that g, v, and p are smooth. See Ambrosio et al. (2008, § 8.1) for
more generalized conditions on the continuity equation.
Proof To facilitate visualization, we write g(x, t), v(x,t), and p(x, t) instead of g;(x), v (x),
and py(x), respectively.

By definition,

oig(g(x,t),t) = v(g(x,t),t), =eR™ t>0
g(z,0) =0, x € R™.

In particular,
Vg(x,0) =1.
According to the change-of-variables formula, for any @ € R™ and t > s > 0,

M(g($7t)vt) : |v9($7t)| = :u(ma S)a

where | - | denotes the determinant.
Take the logarithm on both sides and then differentiate with respect to ¢. Then, the
RHS vanishes and the LHS is calculated as follows:

at['u(g(mvt)a t)]
p(g(z,t),t)
(V,u) (g(m> t)v t) i atg(mv t) + (8t:u)(g(m> t)7 t)
1(g(w,t),1)

+tr[(Vg(z,t)) "' Voig(x, 1)),

9 loglp(g(z, 1),t) - |Vg(z, t)]] = + O log [Vg(z, 1)

where the second term follows a differentiation formula by Petersen and Pedersen (2012,
Eq. 43)

dlog|J| = tr [J~1J].
By letting t — s+ 0,

V,U,(Zl}, t) ) ’U(ZB, t) + (at/‘)(mv t)
p(x, t)

+ tr [Vo(x,t)] =0,
which gives

Oz, t) = =V - [p(z, t)v(x, t)]. [ ]

Appendix C. Proof of Theorem 9

We show that the diagram commutes. Observe that f = id + tDV log e!“* 1 is the sum of
the present position id and the gradient VV' of potential V' = log ettty We calculate the
pushforward VV and show that it coincides with L;-DAE.
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™

Proof We suppose that L; is expressed as
Liu = a) (V*u)a; + b Vu+ ciu, ue C*(H) (69)
and T is expressed as
T(z) = Az (70)

with a matrix A.

By the assumption that the restriction T'|p, is injective, it has a left inverse Tt such
that T o T|m, = idag,- Note that it is not a linear map but an abstract nonlinear map,
which means that there is no matrix A that realizes 7.

Step. 1
We show that

TofoT'=id+tDVV in M, (71)

where D = ADAT and V =V o T, s
For an arbitrary U € C?(My), write T.U := U o TT € C?(M), and

vU(TH(z)) = ATVT.U(z), x € M, (72)

because the i-th element of VT,U is given by

ol o TT aTJ
0x; Z 8zp 8@ ().
Thus, the ¢-th element of ATVT.U is given by
U o TT U o)
_ = 7t . ZTP
Z Aig=g—@ =3 5 (T'(@)) Z Aig (@)

Z azp Pq
8U

= 5, (@)
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Therefore, by substituting U with V = log et g,
TofoTl(x)=x+ AtDVV(T'(x)))
=z +tADATVT,V (z))

=z +tDVV(x).
Step. 2
We show that
V = log etLt,ug + (const.), in My (73)
where
L= a; (V2W)a, + b Vi+&u, ue C*(H) (74)

with 6t = Aat o TT,Et = Abt (@) TT, and Et = Ct © ,_TJf
Let
up = € pg. (75)

By the definition of semigroup ™, ug = po and dyus = Lyu; (however, u; is different from

)
Given uy, let

uy = Tyuy. (76)
According to the change-of-variables formula (7),
Uy = [A] 7 Ty, (77)
where [A] := \/m and Tyuy == u; o TT. In particular, @y = fip and log iy = V.
Furthermore,
Oty = Lyty, in Mo, (78)
because
(@) = [A] Ol (T ()]
= [A]7' L[u (T (),
and

Zat(TT(w)) (ATV2[[ ] "Tou](x)A)ay(TF (2))
= ay(x) " (V2 [] ()@ ()
[A] 0y (T () T V(T ()
= by(TH ()T ATV([[A]" Tous) ()
:bt a:)TVut( ),

T (@))u (T ()
(@) ().

r—|
O
&+

T Y/~
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Thus,
Ovtip(x) = [A] "' Lug (TT(x)) = Lyt ().

Hence, u; is the solution of the initial value problem dyu; = Ztﬂt with ug = pp. By

the uniqueness of the solution, u; = etztﬁo. On the other hand, logu; = V. Therefore,
V =logt; = et jig.

To sum up the two steps,

TofoTt=id+tDVlogeLify =: f,
and we have the topological conjugacy

Tof:foT. |

Appendix D. Proofs for Analytic Examples
D.1. Univariate Normal Distribution

We calculate the case for a univariate normal distribution N (mq, o3).

D.1.1. SHALLOW DAE
We show that

2
99
= , 30
gt(z) 0§+tx 0(2]+tm0 (30)
02
=N — 0 . 31

Proof The proof is immediate from (17). First, write ¢¢(z, y) = (47t) /2 exp(—|z—y|?/4t),
brj2 * N(mo,ag) = N(mo, 0(2] +1).

Hence,

o6

2
gt(x) =z +tVlog|N(mg, 05 +1t)] = U(% n t:z: + ‘78 7

my.

As g; is affine, the pushforward is immediate. |

D.1.2. ConNnTINUOUS DAE

We show that
ge(x) = \/1—2t/08(x—m0)+m0, (32)

pe = N(mo, 08 —2t), 0<t<oap/2 (33)
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Proof [u;] Write the pushforward as N(my,0?). By using the heat kernel ¢;(x,y) =
(4mt)~™/2 exp(—|x — y|?/4t), for some T > 0,

N(mt,af) = ¢p_¢ * N(mr, O'%)

= N(mr, 09 +2(T —t)).
By eliminating 1" by the initial conditions, we have
N(my,0?) = N(mg, o8 — 2t).

By the positivity of o7, we can determine the largest possible T as T = 03 /2. |

Proof [¢;] Fix an arbitrary point xg. Write z; := g;(z¢) and #; := 0yg:(z0). Recall that
my = 0, because m; is a constant. According to (24),

. Ty — My
Tt =— — .
of

By dividing both sides by x; and integrating them,

Ty — My tds
log ’7 =—| =
Lo — Mo 0 05
1 /t ds
2)y s—=T
1 1 ‘T -1
5 08| T |
which concludes the proof. |

D.2. Multivariate Normal Distribution

We calculate the case for a multivariate normal distribution N (mg, o).

D.2.1. SHALLOwW DAE
We show that

gi(x) = (I +t3) te + (I +t71%0) Ly, (34)
e = N(mo,So(I +t55")72). (35)

Proof Calculate (17) directly as in the univariate case. First, by writing ¢i(x,y) =
(4mt) /2 exp(—|z — y|*/4t),

G1y2 % N(mo,Xo) = N(myg, Xo + t1).
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Hence,
gi(x) = x + tV1og[N(myg, 3o + tI)]
— 24tV —%(az —mo) T (S0 + 1)L (@ — my)
= ([ +tSg") e+ (I +t715) 'mo.
As g; is affine, the pushforward is immediate. |

D.2.2. ConTiNUOUS DAE

We show that
gi(x) = /T —2t55" (z — my) + my, (36)

He = N(mo, 20 - 2tI). (37)

Proof Write ¢y(x,y) = (4nt) ™2 exp(—|x — y|?/4t), and recall that ¢; * N(m,%) =
N(m,% + 2tI). Thus, the pushforward N(my,%;) is obtained as follows in a manner
similar to the univariate case.

N(my, ) = N (mg, So — 2t1) .

Suppose that g:(x) is an affine transform A;(x —myg) + mg analogous to the univariate
case. Recall that, if X ~ N(m, ), then AX +b~ N(Am +b, ALAT). Hence, for our case,
Y = AtEJOA;r and we can determine

A= \/Etzgl = \/I — 25t

Finally, we check whether g; satisfies (24). As Y is symmetric, we can always diagonalize
Yo = UDoU " with an orthogonal matrix U and a diagonal matrix Dy. Observe that with
the same U, we can simultaneously diagonalize ¥; and A; as

Y, =UDU", D,:=Dy—2tI
A, =UD;*D;PUT.
Without loss of generality, we can assume that U = I; therefore, >y and A; are diagonal
and m; = 0. Fix an index j and denote the j-th diagonal element of ¥; and A; by ¢? and
ay, respectively. Then, our goal is reduced to showing that d;[a;z] = V log p(aiz) for every

fixed z € R.
By definition,

2 _ 2
o; = o0 — 2,

atzatao_l :\/1—2t00_2.
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Thus, the LHS is

1
laz] = ————1 = —0; Lo} tu,
ot = = T = T
and the RHS is

a/tx -1 -1
Vlog pui(arz) = 3 =0 0 .
t

Hence, the LHS equals the RHS. [ |

D.3. Mixture of Multivariate Normal Distributions

We calculate the case for the mixture of multivariate normal distributions Zszl wiN (my, Xg),
with the assumption that it is well separated (see Section 5.1.3 for the definition).

D.3.1. SHALLOW DAE
We show that

K

) =Y (@) {(T+ S ) e+ (T+7'5) 'my ), (38)
K

TIPS ZwkN(mk, Sk(I+t5,1)7?),  if well separated (39)
k=1

with the responsibility function

wi N (x; e, Xg + t1)
SO weN (@5 my, Sy, + 1)

Vit (@) =
Proof Directly calculate (17). By the linearity of the heat kernel,

VN by tl
|d+tz we VI (m, 2 + )
Ek 1wkN(mk,Ek+tI)

N(my, Sy +t1
|d+z N Bt ) G o0 N (g, S + 1),

S wRN (my, B, + )
K

=id+ Y i(gre —id),
k=1

K
= Z VktGkt s
k=1
where gy; exactly coincides with the flow induced by the individual k-th component.
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To calculate the pushforward, we introduce some auxiliary variables. Write w(k) :=

wi, Y(k|-):=vk(:) and
pe(- | k) == N(my, By + 1),

o= 3wkl | ).

k

Let 7% (- | ©) be a probability measure that satisfies

/ Ty | 2ol | k)dz = uly | k).
M

Note that 7 is not unique. Recall that by definition, if X ~ ug(- | k), then Y = g (X) ~

ue(- | k). Hence, 7 is a stochastic alternative to gp:.
Consider a probability measure

K
o(-[ @)=Y (k| @)(- | @).
k=1
Clearly, this is a stochastic alternative to g;. We show that

/ oy | @)po(@)de ~ 1(y).
M

The LHS is reduced to

K
/M o(y | @)po( z/z k|:1:7'ky|;cz£:w Vol | £)d
=Yl kZ [ Atk 2ty | Dot | )

Suppose that y(k | «) is an indicator function of a domain €, where ka o (-

Then,

(79) ~ wa / oy | @)po(x | O)de

Q,

~Z Ope(y | 0) = pu(y)-

This concludes the claim.

D.3.2. ConTiNUOUS DAE
We show that

gi(x) = /I —2t5 " (z — my) +my, T € Q, if well separated

K

= ZwkN (my, Xy — 2tI),
k=1
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with the responsibility function

 wiN(zymy, Xy — 2t1)
S weN (z;my, By, — 2t1)

Vit () : (43)

Proof The pushforward is immediate by the linearity of the heat kernel. The dynamical
system (24) for our case is reduced to

K
0igi(x) = — Z Vit © ge () (X — Qtf)_l(gt(m) —my,).
k=1

By the assumption that pg is well separated, we can take an open neighborhood €2, of my,
and an open time interval I that contains ¢ such that vy 0g:(x) = 1 for every (x,t) € Qp x I.
In this restricted domain, the dynamical system is reduced to a single-component version:

Ohge(m) = —(Sp, — 2t1) " (ge(w) — my), (x,1) € QU x L.

According to the previous results, we have exactly

gt(sc):\/I—Qtzgl(w—mk)+mk, (x,t) € Q x I. [

Appendix E. Proof of (66)

Let 9 — 0. Then, the ridgelet transform of the truncated autoencoder id, s is given by

R,[id;o](a,b) = —m /p|<r(r2 _ p2)mT_1 {mz—1p2 + r2} o (lalp—b)adp  (80)
~ —Kap'(-b), (81)

where A,,_1 := ﬁzLT) is the surface area of S, and K is given by (87).

2

Proof Let § — 0. Then, the connecting annulus B(0; 7 + J) \ B(0; r) vanishes as follows:

Rp[idr,é](av b) = _a’Rp’ [‘/7“,5](0/7 b)
—>—a/ 1\:13|2p/(a-:L'—b)dar:
Bm(r) 2
= —a,Rp/ [Wp](a, b)

Hence, we omit considering the annulus.
In the following, we use a spherical coordinate defined by

wi=aflal, a:==1/al, §:=b/al,

where u € S~ ! denotes the direction, @ € R denotes the scale, and 3 € R denotes the
(scaled) shift parameters.
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The ridgelet transform in the spherical coordinate (Sonoda and Murata, 2017a) is given
by

R, f(ufa, Ba) = /R Rad(f] (1, p) pap — B)dp.

where Rad|[f](u,p) denotes the Radon transform

Rad[f](u,p) := / f(pu +y)dy

(Ru)+
of the function f € L'(R™) at direction u € S™~! and position p € R, and
pa(p) = p(p/).
The Radon transform Rad[V; o](u, p) for [p| < r is calculated as follows. Because V. 5 is

a radial function, Rad[V} o](u, p) does not depend on the direction u. Hence, it is sufficient
to consider a special case when (Ru)* = R™~!. Therefore,

Rad[V;,0](u, p) = / Vrolpu +y)dy, wly
Ran

1
= /R B ~|pu + y|*1gm o, (pu + y)dy

1 2 2
= + dy, 82
Q/IBml(O; ) {p* +|y*} dy (82)

where the third equation follows by the orthogonality [pu + y|2, = p? + |y|?,_; and a
geometric consideration as follows:

/ [ ’ ]1Bm(0;r) (pu + y)dy - / [ ’ ]1Bm(—pu;r) (y)dy
Rm—1 Rm—1

= / [-1dy
Rm—1NB™ (—pu;r)

=/ [-]dy.
B7m=1(0;4/r2—p?)

The first integral in (82) is calculated as follows:
/ pdy = p? vol [Em—l(o; V2 — p2)]
Bm—1 (0; 7’2—p2>

p(r?—p*) 7. (83)
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The second integral in (82) is calculated as follows:

2 VTR mea
/ ly["dy =/ / |pwl|*p™“dpdw
Bm—1 (0; 7’2—p2> sm-2 Jo
/72_p2
:/ dw/ p"dp
Sm—2 0
m—1
T2

= r?—p*) 2.
T on() )

m—+1

Hence, by combining the first and second integrals, we have

Am—1 2 2P [ 2 2 2
Am1 2 EEe <
Rad[V..o](u,p) = {2<m+1) (r"=p7) {m—lp r } Ip| <r

0 Ip| > r.

The ridgelet transform R,[V; o] is given by

Iﬁﬂﬂad(U/a,ﬁ/a)=:J/ k() — B)dp,

Ip|<r

where we define

k(p) := Rad[V;.o](u,p).

(85)

(86)

Recall that Rad[V; o](u,p) does not depend on the direction w; thus, the definition of k is
reasonable. According to (85), k is a compactly supported bump function. Consequently,

k is summable; thus, the integral

KZZ/Rk(p)dp

always exists. Recall that the convolution results in smoothing, i.e.,
[ k)= e~ K (5]
Ip|<r

In summary, we have presented the following;:

R,lidro)(a,b) = —aR,[V,ol(a,b) ~ —Kap (—b).
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