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Abstract

Graphical Lasso (GL) is a popular method for learning the structure of an undirected graph-
ical model, which is based on an [; regularization technique. The objective of this paper
is to compare the computationally-heavy GL technique with a numerically-cheap heuristic
method that is based on simply thresholding the sample covariance matrix. To this end,
two notions of sign-consistent and inverse-consistent matrices are developed, and then it is
shown that the thresholding and GL methods are equivalent if: (i) the thresholded sample
covariance matrix is both sign-consistent and inverse-consistent, and (ii) the gap between
the largest thresholded and the smallest un-thresholded entries of the sample covariance
matrix is not too small. By building upon this result, it is proved that the GL method—
as a conic optimization problem—has an explicit closed-form solution if the thresholded
sample covariance matrix has an acyclic structure. This result is then generalized to arbi-
trary sparse support graphs, where a formula is found to obtain an approximate solution of
GL. Furthermore, it is shown that the approximation error of the derived explicit formula
decreases exponentially fast with respect to the length of the minimum-length cycle of
the sparsity graph. The developed results are demonstrated on synthetic data, functional
MRI data, traffic flows for transportation networks, and massive randomly generated data
sets. We show that the proposed method can obtain an accurate approximation of the GL
for instances with the sizes as large as 80,000 x 80,000 (more than 3.2 billion variables)
in less than 30 minutes on a standard laptop computer running MATLAB, while other
state-of-the-art methods do not converge within 4 hours.
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1. Introduction

There has been a pressing need in developing new and efficient computational methods to
analyze and learn the characteristics of high-dimensional data with a structured or ran-
domized nature. Real-world data sets are often overwhelmingly complex, and therefore it is
important to obtain a simple description of the data that can be processed efficiently. In an
effort to address this problem, there has been a great deal of interest in sparsity-promoting
techniques for large-scale optimization problems (Coleman and Li 1990; Bach et al. 2012;
Benson et al. 2000). These techniques have become essential to the tractability of big-data
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analyses in many applications, including data mining (Garcke et al. 2001; Muthukrishnan
2005; Wu et al. 2014), pattern recognition (Wright et al. 2010; Qiao et al. 2010), human
brain functional connectivity (Sojoudi and Doyle 2014), distributed controller design (Far-
dad et al. 2011; Fattahi and Lavaei 2017), and compressive sensing (Candes and Romberg
2007; Foucart and Rauhut 2013). Similar approaches have been used to arrive at a parsimo-
nious estimation of high-dimensional data. However, most of the existing statistical learning
techniques in data analytics are contingent upon the availability of a sufficient number of
samples (compared to the number of parameters), which is difficult to satisfy for many
applications (Biithlmann and Van De Geer 2011; Fan and Lv 2010). To remedy the afore-
mentioned issues, a special attention has been paid to the augmentation of these problems
with sparsity-inducing penalty functions to obtain sparse and easy-to-analyze solutions.

Graphical lasso (GL) is one of the most commonly used techniques for estimating the
inverse covariance matrix (Friedman et al. 2008; Banerjee et al. 2008; Yuan and Lin 2007).
GL is an optimization problem that shrinks the elements of the inverse covariance matrix
towards zero compared to the maximum likelihood estimates, using an [y regularization.
There is a large body of literature suggesting that the solution of GL is a good estimate
for the unknown graphical model, under a suitable choice of the regularization parameter
(Friedman et al. 2008; Banerjee et al. 2008; Yuan and Lin 2007; Liu et al. 2010; Kramer
et al. 2009; Danaher et al. 2014). It is known that Graphical Lasso is computationally
expensive for large-scale problems. An alternative computationally-cheap heuristic method
for estimating graphical models is based on thresholding the sample covariance matrix.

In this paper, we develop a mathematical framework to analyze the relationship between
the GL and thresholding techniques. The paper Sojoudi (2016) offers a set of conditions for
the equivalence of these two methods, and argues the satisfaction of these conditions in the
case where the regularization coefficient is large or equivalently a sparse graph is sought.
Although the conditions derived in Sojoudi (2016) shed light on the performance of the
GL, they depend on the optimal solution of the GL and cannot be verified without solving
the problem. Nonetheless, it is highly desirable to find conditions for the equivalence of
the GL and thresholding that are directly in terms of the sample covariance matrix. To
this end, two notions of sign-consistent and inverse-consistent matrices are introduced,
and their properties are studied for different types of matrices. It is then shown that the
GL and thresholding are equivalent if three conditions are satisfied. The first condition
requires a certain matrix formed based on the sample covariance matrix to have a positive-
definite completion. The second condition requires this matrix to be sign-consistent and
inverse-consistent. The third condition needs a separation between the largest thresholded
and the smallest un-thresholded entries of the sample covariance matrix. These conditions
can be easily verified for acyclic graphs and are expected to hold for sparse graphs. By
building upon these results, an explicit closed-form solution is obtained for the GL method
in the case where the thresholded sample covariance matrix has an acyclic support graph.
Furthermore, this result is generalized to sparse support graphs to derive a closed-form
formula that can serve either as an approximate solution of the GL or the optimal solution
of the GL with a perturbed sample covariance matrix. The approximation error (together
with the corresponding perturbation in the sample covariance matrix) is shown to be related
to the lengths of the cycles in the graph.
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The remainder of this paper is organized as follows. The main results are presented
in Section 3, followed by numerical examples and case studies in Section 4. Concluding
remarks are drawn in Section 5. Most of the technical proofs are provided in Appendix.

Notations: Lowercase, bold lowercase and uppercase letters are used for scalars, vectors
and matrices, respectively (say x,x, X). The symbols R?, S? and Si are used to denote the
sets of d x 1 real vectors, d X d symmetric matrices and d X d symmetric positive-semidefinite
matrices, respectively. The notations trace(M) and logdet(M) refer to the trace and the
logarithm of the determinant of a matrix M, respectively. The (i, 7)™ entry of the matrix
M is denoted by M;;. Moreover, I; denotes the d x d identity matrix. The sign of a scalar
x is shown as sign(z). The notations |z|, ||M||; and |M|r denote the absolute value of
the scalar x, the induced norm-1 and Frobenius norm of the matrix M, respectively. The
inequalities M = 0 and M > 0 mean that M is positive-semidefinite and positive-definite,
respectively. The symbol sign(-) shows the sign operator. The ceiling function is denoted as
[-]. The cardinality of a discrete set D is denoted as |D|o. Given a matrix M € S?, define

d d d
1Mo = > 1Ml =Y | M,

i=1 j=1 i=1
| M || max = max | M.
i#]

Definition 1 Given a symmetric matriz S € S?, the support graph or sparsity graph
of S is defined as a graph with the vertex set V := {1,2,...,d} and the edge set E CV x V
such that (i,7) € V if and only if Sij # 0, for every two different vertices i,j € V. The
support graph of S captures the sparsity pattern of the matriz S and is denoted as supp(S5).

Definition 2 Given a graph G, define G(9 as the complement of G, which is obtained by
removing the existing edges of G and drawing an edge between every two vertices of G that
were not originally connected.

Definition 3 Given two graphs Gi and Ga with the same vertex set, Gi is called a subgraph
of Go if the edge set of Gy is a subset of the edge set of Go. The notation Gy C Gy is used to
denote this inclusion.

Finally, a symmetric matrix M is said to have a positive-definite completion if
there exists a positive-definite M with the same size such that M;; = M;; for every (i,7) €
supp(M).

2. Problem Formulation

Consider a random vector x = (x1, xg, ..., £4) with a multivariate normal distribution. Let
Y € Si denote the covariance matrix associated with the vector x. The inverse of the
covariance matrix can be used to determine the conditional independence between the
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random variables x1,x2,...,74. In particular, if the (i,7)™ entry of X! is zero for two
disparate indices ¢ and j, then z; and x; are conditionally independent given the rest of
the variables. The graph supp (Z; 1) (i.e., the sparsity graph of ¥!) represents a graphical
model capturing the conditional independence between the elements of x. Assume that X,
is nonsingular and that supp (E*_ 1) is a sparse graph. Finding this graph is cumbersome in
practice because the exact covariance matrix 3., is rarely known. More precisely, supp(E*_ 1)
should be constructed from a given sample covariance matrix (constructed from n samples),
as opposed to X,. Let X denote an arbitrary d x d positive-semidefinite matrix, which is

provided as an estimate of 3.. Consider the convex optimization problem

min — log det(S) + trace(X.S). (1)
Sesd

It is easy to verify that the optimal solution of the above problem is equal to S°P* = %71,
However, there are two issues with this solution. First, since the number of samples available
in many applications is small or modest compared to the dimension of ¥, the matrix ¥ is ill-
conditioned or even singular. Under such circumstances, the equation S°P' = ¥ ~! leads to
large or undefined entries for the optimal solution of (1). Second, although ;! is assumed
to be sparse, a small random difference between ¥, and ¥ would make S°P' highly dense.
In order to address the aforementioned issues, consider the problem

min — log det(S) + trace(XS) + A||S||1 oft» (2)
Sesd

where A € R, is a regularization parameter. This problem is referred to as Graphical
Lasso (GL). Intuitively, the term |S||; of in the objective function serves as a surrogate for
promoting sparsity among the off-diagonal entries of S, while ensuring that the problem is
well-defined even with a singular input ¥. Henceforth, the notation S°P* will be used to
denote a solution of the GL instead of the unregularized optimization problem (1).

Suppose that it is known a priori that the true graph supp(E; 1) has k edges, for some
given number k. With no loss of generality, assume that all nonzero off-diagonal entries of
3’ have different magnitudes. Two heuristic methods for finding an estimate of supp(E; 1)
are as follows:

e Graphical Lasso: We solve the optimization problem (2) repeatedly for different
values of \ until a solution S°P* with exactly 2k nonzero off-diagonal entries are found.

e Thresholding: Without solving any optimization problem, we simply identify those
2k entries of ¥ that have the largest magnitudes among all off-diagonal entries of
Y. We then replace the remaining d?> — d — 2k off-diagonal entries of ¥ with zero
and denote the thresholded sample covariance matrix as ¥;. Note that X and X
have the same diagonal entries. Finally, we consider the sparsity graph of ¥, namely
supp(Xg), as an estimate for supp (2;1).

Definition 4 [t is said that the sparsity structures of Graphical Lasso and thresh-
olding are equivalent if there exists a reqularization coefficient \ such that supp(S°Pt) =

supp(2g).
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Recently, we have verified in several simulations that the GL and thresholding are equiv-
alent for electrical circuits and functional MRI data of 20 subjects, provided that & is on the
order of n (Sojoudi 2016). This implies that a simple thresholding technique would obtain
the same sparsity structure as the computationally-heavy GL technique. In this paper, it
is aimed to understand under what conditions the easy-to-find graph supp(Xy) is equal to
the hard-to-obtain graph supp(S°P*), without having to solve the GL. Furthermore, we will
show that the GL problem has a simple closed-form solution that can be easily derived
merely based on the thresholded sample covariance matrix, provided that its underlying
graph has an acyclic structure. This result will then be generalized to obtain an approxi-
mate solution for the GL in the case where the thresholded sample covariance matrix has
an arbitrary sparsity structure. This closed-form solution converges to the exact solution of
the GL as the length of the minimum-length cycle in the support graph of the thresholded
sample covariance matrix grows. The derived closed-form solution can be used for two pur-
poses: (1) as a surrogate to the exact solution of the computationally heavy GL problem,
and (2) as an initial point for common numerical algorithms to numerically solve the GL
(see Friedman et al. (2008); Hsieh et al. (2014)). The above results unveil fundamental
properties of the GL in terms of sparsification and computational complexity. Although
conic optimization problems almost never benefit from an exact or inexact explicit formula
for their solutions and should be solved numerically, the formula obtained in this paper
suggests that sparse GL and related graph-based conic optimization problems may fall into
the category of problems with closed-form solutions (similar to least squares problems).

3. Main Results

In this section, we present the main results of the paper. In order to streamline the presen-
tation, most of the technical proofs are postponed to Appendix.

3.1. Equivalence of GL and Thresholding

In this subsection, we derive sufficient conditions to guarantee that the GL and thresholding
methods result in the same sparsity graph. These conditions are only dependent on A and
>, and are expected to hold whenever A is large enough or a sparse graph is sought.

Definition 5 A matriz M € S? is called inverse-consistent if there exists a matrizc N €
S?% with zero diagonal elements such that

M+ N > 0,
supp(N) C (supp(M))"
supp ((M + N)~")) C supp(M).

The matriz N is called inverse-consistent complement of M and is denoted as M(©).
The next Lemma will shed light on the definition of inverse-consistency by introducing

an important class of such matrices that satisfy this property, namely the set of matrices
with positive-definite completions.
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Lemma 6 Any arbitrary matriz with positive-definite completion is inverse-consistent and
has a unique inverse-consistent complement.

Proof: Consider the optimization problem

gniSn trace(MS) — logdet(S) (4a)
E n
subject to  S;; =0, Y(i,j) € (supp(M))© (4b)
S =0, (4c)
and its dual
max det(M +1I) (ba)
subject to M +1I1>0 (5b)
supp(IT) C (supp(M))* (5¢)
M;=0, i=1,..d (5d)

Note that II;; is equal to the Lagrange multiplier for (4b) and every (i,j) € (supp(M))(©),
and is zero otherwise. Since the matrix M has a positive-definite completion, the dual
problem is strictly feasible. Moreover, S = I; is a feasible solution of (4). Therefore,
strong duality holds and the primal solution is attainable. On the other hand, the objective
function (4a) is strictly convex, which makes the solution of the primal problem unique. Let
S°Pt denote the globally optimal solution of (4). It follows from the first-order optimality
conditions that
Sopt — (M + Hopt)—l.

This implies that

supp(IT°P*) C (supp(M))©
supp((M + II°P") ™) C supp(M)
M + TI°P* » 0.

As a result, M € S% is inverse-consistent and II°P! is its complement. To prove the unique-
ness of the inverse-consistent complement of M, let II denote an arbitrary complement of
M. Tt follows from Definition 5 and the first-order optimality conditions that (M +11)~! is a
solution of (4). Since S°P! is the unique solution of (4), it can be concluded that IT = TI°P*.
This implies that M has a unique inverse-consistent complement. |

Remark 7 Two observations can be made based on Lemma 6. First, the positive-definiteness
of a matriz is sufficient to guarantee that it belongs to the cone of matrices with positive-

definite completion. Therefore, positive-definite matrices are inverse-consistent. Second,

upon existence, the inverse-consistent complement of a matriz with positive-definite com-

pletion is equal to the difference between the matriz and its unique maximum determinant

completion.
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Definition 8 An inverse-consistent matriz M is called sign-consistent if the (i, j) entries
of M and (M + M)~ are nonzero and have opposite signs for every (i,j) € supp(M).

Example 1 (An inverse- and sign-consistent matrix) To illustrate Definitions 5 and
8, consider the matrix

1 03 0 0
03 1 -04 O
0 -04 1 02
0 0 02 1

The graph supp(M) is a path graph with the vertex set {1,2,3,4} and the edge set
{(1,2),(2,3),(3,4)}. To show that M is inverse-consistent, let the matrix M be cho-
sen as

M:

0 0 —0120 —0.024

@_| 0 0 0 —0.080
M ~0.120 0 0 0
~0.024 —0.080 0 0

The inverse matrix (M + M())~1 is equal to

1 —0.3
0.91 91 0 0
—0.3 1+ 0.09 + 0.16 0.4 0
0.91 0.91 0.8 9684
0 4 1+ 0. + 0.04 —0.2
0.84 0.84 0.96 0?6
0 0 —0.2
0.96 0.96

Observe that:
e M and M + M are both positive-definite.
e The sparsity graphs of M and M(©) are complements of each other.
e The sparsity graphs of M and (M + M)~ are identical.
e The nonzero off-diagonal entries of M and (M + M (C))_l have opposite signs.

The above properties imply that M is both inverse-consistent and sign-consistent, and M (c)
is its complement.

Definition 9 Given a graph G and a scalar o, define (G, ) as the mazimum of | M || max
over all matrices M with positive-definite completions and with the diagonal entries all equal
to 1 such that supp(M) =G and | M ||max < .

Consider the dual solution II°P* introduced in the proof of Lemma 6 and note that it is
a function of M. Roughly speaking, the function 5(G,«) in the above definition provides
an upper bound on ||II°P!||,,.x over all matrices M with positive-definite completions and
with the diagonal entries equal to 1 such that supp(M) = G and || M||max < a. As will be
shown later, this function will be used as a certificate to verify the optimality conditions
for the GL.
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Since ¥, is non-singular and we have a finite number of samples, the elements of the
upper triangular part of ¥ (excluding its diagonal elements) are all nonzero and distinct with
probability one. Let 01,09, ...,04(4-1)/2 denote the absolute values of those upper-triangular
entries such that

01> 02 > ... > 04(d—1)/2 > 0.

Definition 10 Consider an arbitrary positive reqularization parameter X\ that does not be-
long to the discrete set {01,032, ...,Ud(d_l)/Q}. Define the index k associated with A as an
integer number satisfying the relation X € (og41,0%). If X is greater than oy, then k is set
to 0.

Throughout this paper, the index k refers to the number introduced in Definition 10, which
depends on A.

Definition 11 Define the residue of ¥ relative to A\ as a matriz () € S? such that
the (i,j) entry of X'(\) is equal to ¥;5 — X x sign(X;;) if ¢ # j and |S5] > X, and it is
equal to 0 otherwise. Furthermore, define normalized residue of X relative to A as

ireS(A) _ D—1/2 > Eres<)\) > D—1/27
where D is diagonal matriz with Dy = Xy for every i € {1,...,d}.
Notice that ¥™(A) is in fact the soft-thresholded sample covariance matrix with the
threshold A. For notational simplicity, we will use 3 or 3'* instead of 3'(\) or X'*(\)

whenever the equivalence is implied by the context. One of the main theorems of this paper
is presented below.

Theorem 12 The sparsity structures of the thresholding and GL methods are equivalent if
the following conditions are satisfied:

e Condition 1-i: Iy + %™ has a positive-definite completion.

e Condition 1-ii: I; + X' is sign-consistent.

e Condition 1-iii: The relation

\ (1res A= |2y

supp(Xr®), || X X) < min ———L

B (PP (7™, |5 s e
ij

holds.

A number of observations can be made based on Theorem 12. First note that, due to
Lemma 6, Condition (1-i) guarantees that I; + Y g inverse-consistent; in fact it holds
when I; + 3" itself is positive-definite. Note that the positive-definiteness of I; + %
is guaranteed to hold if the eigenvalues of the normalized residue of the matrix > relative
to A\ are greater than —1. Recall that A € (opi1,0%) for some integer k and the off-
diagonal entries of I; + X' are in the range [~1,1]. In the case where the number k
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is significantly smaller than d?, the residue matrix has many zero entries. Hence, the
satisfaction of Condition (1-i) is expected for a large class of residue matrices; this will be
verified extensively in our case studies on the real-world and synthetically generated data
sets. Specifically, this condition is automatically satisfied if I+ X is diagonally dominant.
Conditions (1-ii) and (1-iii) of Theorem 12 are harder to check. These conditions depend on
the support graph of the residue matrix yres and/or how small the nonzero entries of yres
are. The next two lemmas further analyze these conditions to show that they are expected
to be satisfied for large .

Lemma 13 Given an arbitrary graph G, there is a strictly positive constant number ((G)
such that

B(G,a) < ((G)a?, Vac(0,1) (7)
and therefore, Condition (1-iii) is reduced to
res |Ei<:l|—>\>2 A= [Zy
supp(X X max | ——=— | < min ——=.
C(supp(X™)) [y <\/m SRRV pm
ki[> |sz‘§>\

Lemma 14 Consider a matrix M with a positive-definite completion and with unit diag-
onal entries. Define o = || M ||max and G = supp(M ). There exist strictly positive constant
numbers ag(G) and v(G) such that M is sign-consistent if « < ap(G) and the absolute value
of the off-diagonal nonzero entries of M is lower bounded by v(G)a?. This implies that
Condition (i-ii) is satisfied if |57 max < ao(supp(X)) and
2
|Zki| — )\> < min |Ei5] — A
(2

A(supp(S)) x max ( (®)

EAL \ VXgpe2 i#i /D%
[Zri|>A 15> e
For simplicity of notation, define r = %Zg“ and Y. = max; Y. Assuming that
J <33

be satisfied if

1275 max < ao(supp(X*®)), Conditions (1-ii) and (1-iii) of Theorem 12 are guaranteed to

1 A=0pi1 1 Op—A
Ymax Ymax
Csupp(S7™) < - T (upp()) < - e ©

) )
o1—\ 2 o1—)\ 2
Emax Emax

9 O'kz_a'k+1
max {7(supp(X")), ((supp(X"))} < — - max

7“2 201—0p—0k+t1 2°
Emax

which is equivalent to

for the choice A = % Consider the set
T={Zl|i=12..,d-1, j=i+1,..,d}.

This set has d(d2— D clements. The cardinality of {o1,...,04-1}, as a subset of 7, is smaller
than the cardinality of 7 by a factor of 4. Combined with the fact that |o;| < Sax for
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every i =1, ..., d(dgl), this implies that the term 201_2‘”7‘1_% is expected to be small and its

square is likely to be much smaller than 1, provided that the elements of 7 are sufficiently
spread. If the number (207 — 04_1 — 04) is relatively smaller than the gap 041 — 04 and
k = O(d), then (7) and as a result Conditions (1-ii) and (1-iii) would be satisfied. The
satisfaction of this condition will be studied for acyclic graphs in the next section.

3.2. Closed-form Solution: Acyclic Sparsity Graphs

In the previous subsection, we provided a set of sufficient conditions for the equivalence
of the GL and thresholding methods. Although these conditions are merely based on the
known parameters of the problem, i.e., the regularization coefficient and sample covariance
matrix, their verification is contingent upon knowing the value of B(supp(X®), |5 ||max)
and whether I; + ' is sign-consistent and has a positive-definite completion. The ob-
jective of this part is to greatly simplify the conditions in the case where the thresholded
sample covariance matrix has an acyclic support graph. First, notice that if I; + $res g
positive-definite, it has a trivial positive-definite completion. Furthermore, we will prove
that ((supp(X')) in Lemma 13 is equal to 1 when supp(X") is acyclic. This reduces
Condition (1-iii) to the simple inequality

- A= |3
S e < min 2l
i#] ZiiEjj
[Zi5]<A
which can be verified efficiently and is expected to hold in practice (see Section 4). Then,
we will show that the sign-consistency of I;+ ¥ is automatically implied by the fact that
it has a positive-definite completion if supp(3*®) is acyclic.

Lemma 15 Given an arbitrary acyclic graph G, the relation
B(G, @) < o (10)

holds for every 0 < a < 1. Furthermore, strict equality holds for (10) if G includes a path
of length at least 2.

Sketch of the Proof: In what follows, we will provide a sketch of the main idea behind
the proof of Lemma 15. The detailed analysis can be found in the Appendix. Without loss
of generality, one can assume that G is connected. Otherwise, the subsequent argument
can be made for every connected component of G. Consider a matrix M that satisfies the
conditions delineated in Definition 9, i.e. 1) it has a positive-definite completion and hence,
is inverse-consistent (see Lemma 6), 2) it has unit diagonal entries, 3) the absolute value
of its off-diagonal elements is upper bounded by «, and 4) supp(M) = G. The key idea
behind the proof of Lemma 15 lies in the fact that, due to the acyclic structure of G, one
can explicitly characterize the inverse-consistent complement of M. In particular, it can
be shown that the inverse-consistent complement of M has the following explicit formula:
for every (i,5) € G, Mi(jc) is equal to the multiplication of the off-diagonal elements of M
corresponding to the edges in the unique path between the nodes i and j in G. This key
insight immediately results in the statement of Lemma 15: the length of the path between

10
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nodes ¢ and j is lower bounded by 2 and therefore, Mi(jc) < o?. Furthermore, it is easy
to see that if G includes a path of length at least 2, M can be chosen such that for some
(i,7) € G, we have MZ-(;) =a? [

Lemma 15 is at the core of our subsequent arguments. It shows that the function (G, «)
has a simple and explicit formula since its inverse-consistent complement can be easily
obtained. Furthermore, it will be used to derive approzimate inverse-consistent complement
of the matrices with sparse, but not necessarily acyclic support graphs.

Lemma 16 Condition (1-ii) of Theorem 12 is implied by its Condition (1-i) if the graph
supp(X'%) is acyclic.

Proof: Consider an arbitrary matrix M € S¢ with a positive-definite completion. It
suffices to show that if supp(M) is acyclic, then M is sign-consistent. To this end, consider
the matrix II°P' introduced in the proof of Lemma 6, which is indeed the unique inverse-
consistent complement of M. For an arbitrary pair (i,7) € supp(M), define a diagonal
matrix ¢ € S™ as follows:

e Consider the graph supp(M)\{ (¢, 7)}, which is obtained from the acyclic graph supp(M )
by removing its edge (i,7). The resulting graph is disconnected because there is no
path between nodes ¢ and j.

e Divide the disconnected graph supp(M)\{(4,7)} into two groups 1 and 2 such that
group 1 contains node ¢ and group 2 includes node 2.

e For every | € {1,...,n}, define ®; as 1 if [ is in group 1, and as -1 otherwise.

In light of Lemma 6, (M + II)~! is the unique solution of (4). Similarly, ®(M + II)~1® is
a feasible point for (4). As a result, the following inequality must hold

{trace(M (M +T1°P")~) — logdet((M + Hoptrl)}
_ {trace(Mq)(M + Hopt)flq)) - logdet(q)(M + Hopt)lq))} <0.

It is easy to verify that the left side of the above inequality is equal to twice the product
of the (i, ) entries of M and (M + ITI)~!. This implies that the (i, ;) entries of M and
(M +1I)~! have opposite signs. As a result, M is sign-consistent. [

Definition 17 Define T()\) as a d x d symmetric matriz whose (i,7)" entry is equal to
Yij +AX sign(SZpt) for every (i,7) € supp(S°P), and it is equal to zero otherwise.

The next result of this paper is a consequence of Lemmas 15 and 16 and Theorem 12.

Theorem 18 Assume that the graph supp(S°P!) is acyclic and the matriz D + T()\) is
positive-definite. Then, the relation E°Pt C £ holds and the optimal solution S°P! of the

11
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GL can be computed via the explicit formula

1 (sres)2 L
— [ 1+ S ey if =7
s ( (3 m)zai'ozotE“Emmi(zim)2 '
Sopt f— Eres ’
= -3 . .. opt
Eiizjj_(zzr';S)z Zf (Z7 ]) E g 9

0 otherwise,
where EP and E* denote the edge sets of supp(S°PY) and supp(X®), respectively.

When the regularization parameter X is large, the graph supp(S°P') is expected to be
sparse and possibly acyclic. In this case, the matrix T'()\) is sparse with small nonzero
entries. If D + T()\) is positive-definite and supp(S°P') is acyclic, Theorem 18 reveals
two important properties of the solution of the GL: 1) its support graph is contained in
the sparsity graph of the thresholded sample covariance matrix, and 2) the entries of this
matrix can be found using the explicit formula (11). However, this formula requires to
know the locations of the nonzero elements of S°P'. In what follows, we will replace the
assumptions of the above theorem with easily verifiable rules that are independent from the
optimal solution S°P' or the locations of its nonzero entries. Furthermore, it will be shown
that these conditions are expected to hold when X is large enough, i.e., if a sparse matrix
SOPt is sought.

Theorem 19 Assume that the following conditions are satisfied:
e Condition 2-i. The graph supp(¥'®) is acyclic.
e Condition 2-ii. I+ %™ is positive-definite.

e Condition 2-iii. |Sr|2,,, < min \A/‘ELTJJ'J

[Ziz1<A

Then, the sparsity pattern of the optimal solution S°P! corresponds to the sparsity pattern
of X' and, in addition, S°Pt can be obtained via the explicit formula (11).

The above theorem states that if a sparse graph is sought, then as long as some easy-
to-verify conditions are met, there is an explicit formula for the optimal solution. It will
later be shown that Condition (2-i) is exactly or approximately satisfied if the regularization
coefficient is sufficiently large. Condition (2-ii) implies that the eigenvalues of the normalized
residue of ¥ with respect to A should be greater than -1. This condition is expected to be
automatically satisfied since most of the elements of 3™ are equal to zero and the nonzero
elements have small magnitude. In particular, this condition is satisfied if 15 + yres g
diagonally dominant. Finally, using (8), it can be verified that Condition (2-iii) is satisfied
if

(20'1—0'k_<7k+1 2

ZIII&IX ) 2
Tk —Okt1 = 2’ (12)

max

Similar to the arguments made in the previous subsection, (12) shows that Condition (2-iii)
is satisfied if 222-2-=%k+1 i small. This is expected to hold in practice since the choice of A

Z1rna,x
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entails that 201 — o — 041 is much smaller than .. Under such circumstances, one can

use Theorem 19 to obtain the solution of the GL without having to solve (2) numerically.
Having computed the sample covariance matrix, we will next show that checking the

conditions in Theorem 19 and finding S°P' using (11) can all be carried out efficiently.

Corollary 20 Given X and X, the total time complexity of checking the conditions in The-
orem 19 and finding S°P* using (11) is O(d?).

Another line of work has been devoted to studying the connectivity structure of the
optimal solution of the GL. In particular, Mazumder and Hastie (2012) and Witten et al.
(2011) have shown that the connected components induced by thresholding the covariance
matrix and those in the support graph of the optimal solution of the GL lead to the same
vertex partitioning. Although this result does not require any particular condition, it cannot
provide any information about the edge structure of the support graph and one needs to
solve (2) for each connected component using an iterative algorithm, which may take up
to O(d?) per iteration (Friedman et al. 2008; Banerjee et al. 2008; Mazumder and Hastie
2012). Corollary 20 states that this complexity could be reduced significantly for sparse
graphs.

Remark 21 The results introduced in Theorem 12 can indeed be categorized as a set of
“safe rules” that correctly determine sparsity pattern of the optimal solution of the GL.
These rules are subsequently reduced to a set of easily verifiable conditions in Theorem 19
to safely obtain the correct sparsity pattern of the acyclic components in the optimal solution.
On the other hand, there is a large body of literature on simple and cheap safe rules to pre-
screen and simplify the sparse learning and estimation problems, including Lasso, logistic
regression, support vector machine, group Lasso, etc( Ghaoui et al. (2010); Tibshirani et al.
(2012); Fercoq et al. (2015); Ndiaye et al. (2015)). Roughly speaking, these methods are
based on constructing a sequence of safe regions that encompass the optimal solution for the
dual of the problem at hand. These safe regions, together with the Karush—Kuhn— Tucker
(KKT) conditions, give rise to a set of rules that facilitate inferring the sparsity pattern
of the optimal solution. Our results are similar to these methods since we also analyze the
special structure of the KKT conditions and resort to the dual of the GL to obtain the correct
sparsity structure of the optimal solution. However, according to the seminal work Ndiaye
et al. (2015), most of the developed results on safe screening rules rely on strong Lipschitz
assumptions on the objective function; an assumption that is violated in the GL. This calls
for a new machinery to derive theoretically correct rules for this problem; a goal that is at
the core of Theorems 12 and 19.

3.3. Approximate Closed-form Solution: Sparse Graphs

In the preceding subsection, it was shown that, under some mild assumptions, the GL has
an explicit closed-form solution if the support graph of the thresholded sample covariance
matrix is acyclic. In this part, a similar approach will be taken to find approximate solutions
of the GL with an arbitrary underlying sparsity graph. In particular, by closely examining
the hard-to-check conditions of Theorem 12, a set of simple and easy-to-verify surrogates
will be introduced which give rise to an approximate closed-form solution for the general
sparse GL. Furthermore, we will derive a strong upper bound on the approximation error

13
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and show that it decreases exponentially fast with respect to the length of the minimum-
length cycle in the support graph of the thresholded sample covariance matrix. Indeed,
the formula obtained earlier for acyclic graphs could be regarded as a by-product of this
generalization since the length of the minimum-length cycle can be considered as infinity
for such graphs. The significance of this result is twofold:

e Recall that the support graph corresponding to the optimal solution of the GL is
sparse (but not necessarily acyclic) for a large regularization coefficient. In this case,
the approximate error is provably small and the derived closed-form solution can
serve as a good approximation for the exact solution of the GL. This will later be
demonstrated in different simulations.

e The performance and runtime of numerical (iterative) algorithms for solving the GL
heavily depend on their initializations. It is known that if the initial point is chosen
close enough to the optimal solution, these algorithms converge to the optimal solution
in just a few iterations (Friedman et al. 2008; Hsieh et al. 2014; Zhang and Lavaei
2017). The approximate closed-form solution designed in this paper can be used as
an initial point for the existing numerical algorithms to significantly improve their
runtime.

The proposed approximate solution for the GL with an arbitrary support graph has the
following form:

. (z5e)? P
o |1t X smateep | 0=
(i,m)e&opt

Aij: —Eg;s

e ares (13)
ST (P it (0,g) € &,

0 otherwise.

The definition of this matrix does not make any assumption on the structure of the graph
&, Recall that ¥ in the above formula is the shorthand notation for ¥***(\). As a
result, the matrix A is a function of A\. To prove that the above matrix is an approximate
solution of the GL, a few steps need to be taken. First, recall that—according to the proof
of Lemma 15—it is possible to explicitly build the inverse-consistent complement of the
thresholded sample covariance matrix if its sparsity graph is acyclic. This matrix serves as
a certificate to confirm that the explicit solution (13) indeed satisfies the KKT conditions
for the GL. By adopting a similar approach, it will then be proved that if the support graph
of the thresholded sample covariance matrix is sparse, but not necessarily acyclic, one can
find an approximate inverse-consistent complement of the proposed closed-form solution to
approximately satisfy the KKT conditions.

Definition 22 Given a number € > 0, a d X d matriz B is called an e-relaxed inverse of
matriz A if A x B =1I,+ E such that |E;;| < € for every (i,j) € {1,2,...,d}>.

The next lemma offers optimality (KKT) conditions for the unique solution of the GL.

14
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Lemma 23 (Sojoudi (2016)) A matriz S°P is the optimal solution of the GL if and only
if it satisfies the following conditions for everyi,j € {1,2,...,d}

(975" = if Q=7 (14a)
(Sopf);jl =% +AX sign(SZ.‘;Pt) if ggﬂ £ 0, (14b)
Bij — A< (S < D+ A if S =0, (14c)

where (S"pt);j1 denotes the (i, j)™ entry of (S°P*)~1.

The following definition introduces a relaxed version of the first-order optimality condi-
tions given in (14).

Definition 24 Given a number ¢ > 0, it is said that the d x d matriz A satisfies the
e-relaxed KKT conditions for the GL problem if there exists a d x d matriz B such that

e B is an e-relaxed inverse of the matrix A.

e The pair (A, B) satisfies the conditions

Bij = Eij Zf 1= j, (15&)
| Bij — (Xij + A x sign(Aj;)) | < e if Ay #£0, (15b)
|Bij — Sij| < A+e if Aiy=0. (15¢)

By leveraging the above definition, the objective is to prove that the explicit solution in-
troduced in (13) satisfies the e-relaxed KKT conditions for some number € to be defined
later.

Definition 25 Given a graph G, define the function ¢(G) as the length of the minimum-
length cycle of G (the number ¢(G) is set to +oo if G is acyclic). Let deg(G) refer to the
mazimum degree of G. Furthermore, define P;;(G) as the set of all simple paths between
nodes i and j in G, and denote the mazimum of |P;;(G)|o over all pairs (i,j) as Pmax(G).

Define Y. and ¥, as the maximum and minimum diagonal elements of 3, respec-
tively.

Theorem 26 Under the assumption A < o1, the explicit solution (13) satisfies the e-relaxed
KKT conditions for the GL with € chosen as

Ymax > I
€ = Inax Emaxv Mo -0 - (Pmax(supp(zres)) B 1) ' (“Eres“ma){) ’ <16)
where = 2
yres) . [|3res yres)y)y — 1
51 4 domlupp(r™) S|, (des(supp(="™)) — 1) (17)

1 — [|2res)2 1 — |82,
if the following conditions are satisfied:
e Condition 3-i. I+ %™ is positive-definite.
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e Condition 3-ii. |[Xr|]2, < min
1

J
(i,5) &supp(X7°)

The number € given in Theorem 26 is comprised of different parts:

o ||Z%||max: Notice that ||3res || max is strictly less than 1 and A is large when a sparse
graph is sought. Therefore, || X" || hax is expected to be small for sparse graphs. Under
this assumption, we have 0 < || X pax < 1.

o c(supp(X')): It is straightforward to verify that c¢(supp(X™)) is a non-decreasing
function of A. This is due to the fact that as A increases, X'*(\) becomes sparser
and this results in a support graph with fewer edges. In particular, if d > 3, then
c(supp(X'®)) = 3 for A = 0 and ¢(supp(X'®)) = +oo for A = o7 almost surely.

o Prax(supp(X®)) and deg(supp(2'®)): These two parameters are also non-decreasing
functions of A and likely to be small for large A. For a small A, the numbers
Prax(supp(X7®®)) and deg(supp(2**)) could be on the order of O(d!) and O(d), respec-
tively. However, these values are expected to be small for sparse graphs. In particular,
it is easy to verify that for nonempty and acyclic graphs, Ppax(supp(X'®)) = 1.

The above observations imply that if A is large enough and the support graph of X'
is sparse, (13) serves as a good approximation of the optimal solution of the GL. In other
words, it results from (16) that if supp(X') has a structure that is close to an acyclic
graph, i.e., it has only a few cycles with moderate lengths, we have ¢ ~ 0. In Section 4,
we will present illustrative examples to show the accuracy of the closed-form approximate
solution with respect to the size of the cycles in the sparsity graph.

Consider the matrix A given in (13), and let pmin(A) and pmax(A) denote its minimum
and maximum eigenvalues, respectively. If A = oy, then A = D! (recall that D collects the
diagonal entries of ¥) and subsequently pimin(A) > 0. Since pmin(+) is a continuous function
of A, there exists a number )¢ in the interval (0, 1) such that the matrix A (implicitly defined
based on \) is positive-definite for every A > Ag. The following theorem further elaborates
on the connection between the closed-form formula and the optimal solution of the GL.

Theorem 27 There exists an strictly positive number \g such that, for every A > )Xo, the
matriz A given in (13) is the optimal solution of the GL problem after replacing ¥ with
some perturbed matriz X that satisfies the inequality

12 = Sl2 < dimax(4) (/hmi(A) + 1) €, (18)

where dpax(A) is the mazimum vertex cardinality of the connected components in the graph
supp(A) and € is given in (16). Furthermore, 18 implies that

F(A) = £ < (pmax(A) + Lmax(SY)) dimax(A) (umi(A) + 1) €, (19)

where f(A) and f* are the objective functions of the GL evaluated at A and the optimal
solution, respectively.
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As mentioned before, if a sparse solution is sought for the GL, the regularization coeffi-
cient would be large and this helps with the satisfaction of the inequality A > Ag. In fact,
it will be shown through different simulations that Ag is small in practice and hence, this
condition is not restrictive. Under this circumstance, Theorem 27 states that the easy-to-
construct matrix A is 1) the exact optimal solution of the GL problem with a perturbed
sample covariance matrix, and 2) it is the approximate solution of the GL with the original
sample covariance matrix. The magnitudes of this perturbation and approximation error
are a function of dyax(A), fmin(A), tmax(A), tmax(SPY), and e. Furthermore, it should be
clear that A and e are functions of A and ¥ (we dropped this dependency for simplicity of
notation). Recall that the disjoint components (or the vertex partitions) of supp(A) satisfy
a nested property: given 1 > A\; > Ay > 0, the components of supp(A) for A = A\; are
nested within the components of supp(A) for A\ = Ay (see Mazumder and Hastie (2012)
for a simple proof of this statement). This implies that dpax(A) is a decreasing function
of A. In particular, it can be observed that dpax(A) = d if A = 0 and dpax(A) = 1 if
A = 1. Now, consider jimin(A), tmax(A), and pimax(S°PY). First, note that if A\ = o1, then
A = 8°Pt = D=1 Furthermore, it is easy to verify that both A and S°P' are continuous
functions of X. Therefore, for large values of A, fimin(A), fimax(4), and fimax(S°P) are ex-
pected to be close to 1/3max, 1/Xmin, and 1/, respectively. In addition, as discussed
earlier, € is a decreasing function of A and vanishes when X is large enough. Based on these
observations, it can be concluded that the upper bound presented in (18) is small if A is
chosen to be large.

Notice that although the aforementioned value of € in (16) and the upper bound in (18)
were essential in the study of the effect of the sparsity of the support graph on the accuracy
of the presented closed-form solution, they are conservative in practice. These numbers may
be tightened significantly for specific sample covariance matrices. We will further discuss
the approximation error of the closed-form solution in Section 4.

Warm-start algorithm As delineated before, one of the main strengths of the proposed
closed-form solution is that it can be used as an initial point (warm-start) for the numerical
algorithms specialized for solving the GL. To this goal, the following warm-start procedure
is proposed.

Algorithm 1: Warm-start algorithm

Data: data samples (x), and regularization coefficient (\)
Result: Solution of the GL (S°PY)

1 Obtain the residue matrix ¥'*® based on Definition 11 and the closed-form solution
A from (13);

2 for each component i in supp(X') do

3 if Conditions 2-i, 2-ii, 2-iii are satisfied then

4 | SOPH[i] « Ali);

5 else

6 Find S°P'[{] by numerically solving the GL for component i with initial

point A[i];
7 end
8 end
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In the above algorithm, S°P*[i] and A[i] are the submatrices of S°P* and A corresponding to
the ith component of supp(Zres). The warm-start algorithm is based on the key fact that
the GL decomposes over the disjoint components of supp(Xes) (Mazumder and Hastie 2012;
Witten et al. 2011). In particular, in the first step, the warm-start algorithm obtains the
residue matrix according to Definition 11. Next, for every disjoint component of the residue
matrix, if its support graph is acyclic and the conditions of Theorem 19 are satisfied, then the
corresponding component in S°P! is found using the closed-form solution (11). Otherwise,
this closed-form solution is provided as an initial point to a numerical algorithm, such as
GLASSO and QUIC Friedman et al. (2008); Hsieh et al. (2014), in order to boost the
runtime of solving the GL for the considered component. The results of the warm-start
algorithm will be evaluated in the next section.

Remark 28 The statistical analysis of the GL entails that A\ should converge to zero as
the number of samples grows to infinity. It is worthwhile to mention that our results may
not be applicable in the high sampling regime, where X is close to zero and consequently the
thresholded sample covariance matrix is dense. However, notice that the main strength of
the GL lies in the high dimensional-low sampling regime where n is much smaller than d
and is in the order of logd. Under such circumstances, the proposed explicit formula results
in highly accurate solutions for the GL. In fact, it will be shown through massive-scale
simulations that in practice, the required conditions on A—such as the positive-definiteness
of I+ X' —for the validity of the presented results are much more relazed than the known
conditions on A to guarantee the statistical consistency of the GL.

4. Numerical Results

In this section, we will demonstrate the effectiveness of the proposed methods on syn-
thetically generated data, as well as on real data collected from the brain networks and
transportation systems.

4.1. Case Study on Synthetic Data

Given a nonnegative number w, consider an arbitrary sample covariance matrix 3 with the
following properties:

e Its diagonal elements are normalized to 1.

e The entries corresponding to an arbitrary spanning tree of supp(X) belong to the
union of the intervals [—0.85, —0.95] and [0.85, 0.95].

e The off-diagonal entries that do not belong to the spanning tree are in the interval
[—0.85 + w, 0.85 — w].

The goal is to find conditions on A, w and the size of the covariance matrix such that
Theorem 19 can be used to obtain a closed-form solution for the GL problem. One can
choose the value of A to be greater than o, to ensure that the graph supp(X"®) is acyclic. In
particular, if we pick A in the interval (o4,04_1), the graph supp(X™®) becomes a spanning
tree.

Select A as 0.85 — ¢ for a sufficiently small number e and consider Condition (2-ii)
in Theorem 19. One can easily verify that I; + X" is positive-definite if the inequality
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Figure 1: The optimality gap between the closed-form and optimal solutions for the GL

@ > (01— \)? holds for every node v in supp(¥X*®®), where deg(v) is the degree of node v.
This condition is guaranteed to be satisfied for all possible acyclic graphs if (deg(v))(0.95 —
0.85)2 < 1 or equivalently deg(v) < 100 for every node v. Regarding Condition (2-iii), it can
be observed that the relation (o7 —\)? < A — o441 holds if (0.95—0.85)? < 0.85— (0.85 —w).
This implies that the inequality w > 0.01 guarantees the satisfaction of Condition (2-iii)
for every acyclic graph supp(X'®). In other words, one can find the optimal solution of
the GL problem using the explicit formula in Theorem 19 as long as: 1) a spanning tree
structure for the optimal solution of the GL problem is sought, 2) the degree of each node
in the spanning tree is not greater than 100, and (3) the difference between o4_1 and oy is
greater than 0.01. Note that Condition (2) is conservative and can be dropped for certain
types of graphs (e.g., path graphs). In practice, the positive-definiteness of Iy + X" is
not restrictive; we have verified that this matrix is positive-definite for randomly generated
instances with the sizes up to d = 200,000 even when deg(v) > 100.

Now, consider the following modifications in the experiment:

e The elements of X corresponding to a cycle of length d are randomly set to —0.8 or
0.8 with equal probability.

e The off-diagonal entries that do not correspond to the above cycle are in the interval
[—0.7,0.7].

If A is chosen as 0.75, then the graph supp(X'*) coincides with a cycle of length d. Fur-
thermore, I;+ X' is diagonally dominant and hence positive-definite for every d. Figure 1
shows the optimality gap of the proposed closed-form solution and its derived theoretical
upper bound (i.e. the left and right hand sides of (19), respectively) with respect to the
length of the cycle d in log-linear scale. (note that deg(supp(X"®)) and Ppax(supp(2*®))
in (19) are both equal to 2). Two important observations can be made based on this figure.

e In practice, the performance of the derived closed-form solution is significantly better
than its theoretical upper bounds. In fact, this error is less than 10~ when the
length of the minimum-length cycle is at least 6. The high accuracy of the closed-
form solution will become more evident in the subsequent case studies on large-scale
problems.
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e It can be seen that the logarithm of the optimality gap is approximately a linear
function of the cycle length. This matches the behavior of the theoretical bounds in-
troduced in Theorems 26 and 27: the approximation error is exponentially decreasing
with respect to the length of the minimum-length cycle.

4.2. Case Study on Brain Networks

Consider the problem of estimating the brain functional connectivity network based on a set
of resting state functional MRI (fMRI) data collected from 20 individual subjects (Vértes
et al., 2012). The data for each subject correspond to disjoint brain activities and are
correlated due to the underlying functional connectivity structure of the brain. In order to
represent these dependencies, each disjoint region of the brain can be considered as a node
and the correlation between two different regions can be resembled by an edge between the
nodes. The data set for each subject consists of 134 samples of low frequency oscillations
taken from 140 different cortical brain regions. We construct a normalized sample covariance
matrix by combining the data sets of all 20 subjects (note that the data for each individual
is limited and not informative enough, but the combined data provides rich information
about the brain network). The goal is to use the GL to estimate the underlying functional
connectivity network of different regions of the brain based on the obtained 140 x 140
sample covariance matrix. We study the thresholded sample covariance matrix and the
derived closed-form solution for different values of the regularization coefficient in order to
analyze their accuracy.

Figure 2a shows the number of edges in the sparsity graph of the thresholded sample
covariance matrix that belong to those connected components satisfying the conditions in
Theorem 19. The formula derived in this paper is able to find the optimal values of the
entries of the solution corresponding to these edges. It can be observed that if A is greater
than 0.51, then almost half of the edges in the sparsity graph of the optimal solution can be
found using the proposed explicit formula. This is due to the fact that the corresponding
entries in the residue matrix belong to the acyclic components of its sparsity graph and
satisfy the conditions of Theorem 19. Figure 2b depicts the number of nodes that belong to
the components (with sizes greater than 1) for which the corresponding submatrices of the
solution of the GL have an explicit formula. Note that those entries in the optimal solution
that correspond to isolated nodes are trivially equal to 0. Therefore, in order to better
reflect the significance of the derived solution, we have only considered the components
with at least two nodes. It can be observed that if A is greater than 0.5, then the number
of nodes belonging to the components with explicit formula is greater than the number
of those nodes associated with inexact closed-form solutions. Figure 2c demonstrates the
number of edges in the sparsity graph of the optimal solution, together with the number of
mismatches in the edge sets of the sparsity graphs of the optimal and thresholded solutions.
Notice that the number of mismatches is less than 10% when \ is greater than 0.35 and is
almost 0 when A is greater than 0.5.

Figure 2d shows the minimum eigenvalues of the optimal and closed-form approximate
solutions for different values of \. The approximate solution is positive-definite when X is
greater than 0.37. This implies that A\g in Corollary 27 is equal to 0.37. Figures 2e and 2f
depict the 2-norm of the approximation error (the difference between the optimal and closed-
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Figure 2: a) Number of edges in the sparsity graph of the closed-form approximate solution whose corre-
sponding entries are guaranteed to be equal to those in the sparsity graph of the optimal solution due to
Theorem 19. b) Number of nodes that belong to the components for which the corresponding submatrices
of the optimal solution have explicit formulas. c¢) Number of edges in the sparsity graph of the optimal
solution, compared to the number of mismatches. d) Minimum eigenvalues of the optimal and closed-form
approximate solutions. e) The 2-norm of the difference between the optimal and approximate solutions. f)
The similarity degree between the optimal and approximate solutions.
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form approximate solutions) and the similarity degree between these two solutions, which
is defined as _ ~

trace(S°Pt x A)

IS9Pt p % [|All P

where S°Pt = §°Pt _ [, and A = A — I;. Subtracting the identity matrix from A and S°Pt is
due to the observation that both matrices have diagonal entries close to 1 when the support
graph is sparse. This leads to an artificially inflated similarity degree between A and S°Pt.
Therefore, in order to have a better assessment of the similarity between the closed-form
and optimal solutions, we measure the similarity between A and S°P' after softening the
effect of their diagonal entries. The similarity degree of 1 means that the optimal and
approximate solutions are exactly equal.

It can be observed that the approximation error is small and the similarity degree is
high for a wide range of values of A. For instance, if A is greater than 0.4, then the 2-norm
of the approximation error is less than 0.37 and the similarity degree is greater than 0.98.
For these values of A\, the number of edges in the sparsity graph of the optimal solution
ranges from 200 to 0. In all of these cases, the structure and values of the optimal solution
can be estimated efficiently, without solving the optimization problem numerically.

similarity degree =

4.3. Case Study on Transportation Networks

In recent years, the problem of short- and long-term traffic flow prediction and control has
attracted much attention in Intelligent Transportation Systems (ITSs) (Figueiredo et al.
2001). Estimating the correlation between the traffic flows on different links of a transporta-
tion network is one of the crucial steps toward the traffic congestion control in the network;
it can also serve as an initial block in different traffic forecasting methods. Substantial re-
search has been devoted to extracting these dependencies and performing predictions based
on the measured data (see Yin et al. (2017); Nassiri and Aghamohammadi (2017); Sun et al.
(2012) and the references therein). In this case study, the objective is to construct a sparse
matrix representing the conditional covariance between the traffic flows of different links in
the network. The data is collected from the Caltrans Performance Measurement System
(PeMS) database, which consists of traffic information of freeways on the a statewide scale
across California (PeM 2017). We consider the data measured by the stations deployed
in District 3 of California, which is collected and aggregated every 5 minutes from 1277
stations during March 6" to March 12" of the year 2017 (one-week interval). Due to the
malfunctioning of some of the detectors, a non-negligible portion of the traffic flows was
missing from the raw data set. Therefore, the following steps were taken before solving the
GL problem in order to obtain a useful representation of the raw data:

e Since 228 stations did not have sufficient number of measurements during the one-week
period, they were removed from the sampled data.

e In a few stations, the detectors did not measure the traffic flow for some periods of
time. For these data samples, we used a linear interpolation method to estimate the
missing values.

After performing the aforementioned data-cleaning steps, a 1049 x 1049 normalized sample
covariance matrix was constructed from the combined 2016 data samples (288 samples for
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Figure 3: a) Number of edges in the sparsity graph of the optimal solution, compared to the number of
mismatches. b) Minimum eigenvalues of the optimal and closed-form approximate solutions. ¢) The 2-norm
of the difference between the optimal and approximate solutions. d) The similarity degree between the
optimal and approximate solutions.

each day of the week). In Figure 3, the accuracy of the thresholding technique and its
corresponding closed-form approximate solution is compared to the optimal solution of the
GL problem for different values of the regularization coefficient.

Since the number of entries in the upper triangular part of the sample covariance matrix
is large (roughly 550,000 entries), we have only considered large values of A in order to obtain
a sparse solution for the GL. Figure 3a shows the number of edges in the sparsity graph
of the optimal solution, compared to the number of mismatches between the edge sets of
the sparsity graphs of the optimal and closed-form solutions. It can be observed that as
A increases, the support graph of the optimal solution becomes sparser and the number of
mismatches decreases. In particular, the number of mismatches is almost zero if A is chosen
to be greater than 0.97. Figure 3b depicts the minimum eigenvalues of the optimal and
closed-form approximate solutions of the GL with respect to A\. The approximate solution
becomes positive-definite if A is greater than 0.991. Furthermore, Figures 3¢ and 3d show
that, for those values of A between 0.991 and 0.999, the 2-norm of the approximation error
is between 0.5 and 0.01, and that the similarity degree is greater than 0.99. For this range
of A, the number of edges in the sparsity graph of the optimal solution is 7.82 to 7.40 times
higher the number of nodes.
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4.4. Case Study on Large-Scale Data

In this case study, we evaluate the performance of the proposed closed-form solution on
massive randomly generated data sets. Given d (the dimension of each sample) and similar
to Hsieh et al. (2014) and Yun and Toh (2011), a sparse inverse covariance matrix is gener-
ated for each test case according to the following procedure: first, a sparse matrix U € R4*¢
is generated whose nonzero elements are randomly set to +1 or —1, with equal probability.
Then, the inverse covariance matrix is set to UU " + 2I. Depending on the test case, the
number of nonzero elements in U is controlled so that the resulted inverse covariance matrix
has approximately 5d or 10d nonzero elements. n = d/2 number of i.i.d. samples are drawn
from the corresponding multivariate Gaussian distribution in all experiments, except for
the largest test case with d = 80000. This instance has more than 3.2 billion variables
and only n = 20000 samples are collected to solve the GL due to the memory limitations.
Furthermore, the regularization coeflicient is chosen such that the estimated solution has
approximately the same number of nonzero elements as the ground truth.

Table 1 reports the runtime of the closed-form solution, compared to two state-of-the-art
methods for solving the GL, namely QUIC (Hsieh et al. 2014) and GLASSO (Friedman et al.
2008) algorithms, as well as elementary estimator (Yang et al. 2014). The GLASSO is the
most widely-used algorithm for the GL, while the QUIC algorithm is commonly regarded as
the fastest available solver for this problem. The elementary estimator is recently proposed
in lieu of the GL to remove its computational burden, while preserving its desired high-
dimensional properties. We use the source codes for latest versions of QUIC and GLASSO in
our simulations. In particular, we use the QUIC 1.1 (available in http://bigdata.ices.
utexas.edu/software/1035/) which is implemented in C'++ with MATLAB interface.
The GLASSO is downloaded from http://statweb.stanford.edu/~tibs/glasso/ and
is implemented in FORTRAN with MATLAB interface. We implemented the elementary
estimator and the proposed closed-form solution in MATLAB using its sparse package. A
time limit of 4 hours is considered in all experiments. Table 1 has the following columns:

e d: The dimension of the samples.

e m: The number of nonzero elements in the true inverse covariance matrix.

Closed-form: The runtime of the proposed method.

QUIC-C and GLASSO-C: The runtime of the QUIC and GLASSO without initializa-

tion.

QUIC-W and GLASSO-W: The runtime of the QUIC and GLASSO using the warm-
start Algorithm 1.

e Elem.: The runtime of the elementary estimator.

In all of the test cases, the resulted closed-form solution is positive-definite and hence,
feasible. It can be seen that the proposed method significantly outperforms QUIC, GLASSO
and elementary estimator in terms of its runtime. In particular, the presented method is
on average 6, 36, and 951 times faster than elementary, QUIC, and GLASSO methods,
respectively, provided that they can obtain the solution within the predefined time limit.
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d m Closed-Form || QUIC-C | QUIC-W || GLASSO-C | GLASSO-W | Elem.
2000 9894 0.1 2.0 1.4 42.8 13.5 0.2
2000 20022 0.1 3.0 2.1 43.8 15.3 0.2
4000 | 20094 0.5 13.9 7.5 460.8 135.1 2.1
4000 | 40382 0.5 21.5 12.0 467.6 156.2 2.9
8000 | 40218 2.5 78.7 49.3 3675.1 1011.2 11.3
8000 | 79890 2.5 111.7 88.4 3784.3 1278.8 22.2
12000 | 60192 7.8 243.8 153.1 * 3233.0 31.8
12000 | 119676 7.4 333.6 251.0 * 3437.2 70.2
16000 | 80064 17.1 570.0 322.8 * 6545.0 67.2
16000 | 160094 18.5 787.4 616.4 * 9960.8 174.8
20000 | 99954 39.4 1266.5 539.4 * * 107.8
20000 | 200018 374 1683.8 1392.5 * * 211.5
40000 | 200290 495.4 * * * * *
80000 | 401798 1450.4 * * * * *

Furthermore, for the cases where the GL can be solved to optimality using QUIC, the

Table 1: The runtime of different methods.

relative optimality gap of the closed-form solution, i.e., (f(A4) — f*)/f*, is 2.1 x 1072 on

average. For the cases with d = 40000 and d = 80000, none of these methods converge to
a meaningful solution, while the proposed method can obtain an accurate solution in less
than 30 minutes. On the other hand, the warm-start Algorithm 1 accompanied by QUIC
and GLASSO yields up to 2.35 and 4.45 times speedups in their runtime, respectively.
Moreover, the warm-start algorithm doubles the size of the instances that are solvable

using the GLASSO.

Table 2 compares the accuracy of the estimated inverse covariance matrix using different

methods. This table includes the following columns:

e /r: The Frobenius norm of the difference between the true and estimated inverse

covariance matrices, normalized by the Frobenius norm of the true inverse covariance

matrix.

TPR and FPR: The true positive rate (TPR) and false positive rate (FPR) defined
as

|(6,) =i # 5, Si5 # 0,(571)i; # 0],
(i, 4) =i # 4, (B2 )i # 0,
() =i # 4,515 # 0, (571 = 0]
|Gi,g) =i # 4, (55 = 0],
where S corresponds to the explicit formula, the optimal solution of the GL, or the

elementary estimator.

TPR =

il

FPR =

)

It can be seen that, while the elementary estimator has slightly better estimation error,

its TPR is significantly outperformed by the those of the GL and closed-form solutions.
Furthermore, it can be seen that the closed-form estimator has almost the same accuracy
as the optimal solution of the GL. The superiority of the proposed closed-form solution
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Figure 4: a) Values of Ao, used )\, and theoretical A, b) The density of the true inverse and thresholded
sample covariance matrices.

over the other methods becomes more evident in the larger instances, where it (almost)
exactly recovers the true sparsity pattern of the inverse covariance matrix and results in
small estimation error, while becoming the only viable method for estimating the inverse
covariance matrix.

Finally, we show that the requirement A > )¢ in Theorem 27 does not impose any re-
striction on the practicality of this theorem under the finite-sampling regime. In particular,
we show that in practice, the lower bound Ay on A is significantly smaller than the theoret-
ical value of A that is derived for the high-dimensional consistency of the GL. To this goal,
we compare A9 with the theoretical value of A introduced in the seminal paper Ravikumar
et al. (2011). In particular, Ravikumar et al. (2011) shows that the following value for A is
sufficient to guarantee consistency

8 logd + log4
A= —41/128(1 + 402)2 Y )2 = 2
= J128(1 + 4022 max(3,)3, 2282, (20)

where « is the mutual incoherence parameter, o is the sub-Gaussian parameter of normalized
random variables, and (X.);; is the i*" diagonal element of the true covariance matrix.
Figure 4a shows the values for \g, theoretical A defined as (20), and A used in our simulations
with respect to the dimension of the problem. On average, Ay is 640 and 6 times smaller
than the theoretical and used A, respectively. Furthermore, Figure 4b shows the density (the
number of nonzero elements, normalized by the total number of entries) of the thresholded
sample covariance matrix when X is set to A9, compared to the density of the true inverse
covariance matrix. Note that when A = \g, the density of the thresholded sample covariance
matrix is close to 0.3 on average while the average density of the true inverse covariance
matrix is less than 0.0009. Based on these simulations, one can infer that A¢ is an under-
estimator for the values of the regularization coefficient that correctly promote sparsity
in the estimated solution, and the requirement A > )g is extremely mild for large-scale
instances of the GL.
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Closed-Form Graphical Lasso Elementary

d m lp | TPR | FPR || ¢ | TPR | FPR | ¢ | TPR | FPR
2000 | 9894 | 0.41 | 0.71 | 0.00 || 0.41 | 0.71 | 0.00 || 0.40 | 0.63 | 0.00
2000 | 20022 | 0.50 | 0.59 | 0.00 || 0.65 | 0.59 | 0.00 || 0.49 | 0.34 | 0.01
4000 | 20094 | 0.39 | 0.83 | 0.00 || 0.38 | 0.84 | 0.00 || 0.37 | 0.76 | 0.00
4000 | 40382 | 0.48 | 0.74 | 0.00 || 0.48 | 0.75 | 0.00 || 0.48 | 0.54 | 0.00
8000 | 40218 | 0.36 | 0.92 | 0.00 || 0.35 | 0.93 | 0.00 || 0.33 | 0.87 | 0.00
8000 | 79890 | 0.45 | 0.87 | 0.00 || 0.44 | 0.88 | 0.00 || 0.44 | 0.71 | 0.00
12000 | 60192 | 0.33 | 0.96 | 0.00 || 0.32 | 0.97 | 0.00 || 0.30 | 0.93 | 0.00
12000 | 119676 || 0.43 | 0.93 | 0.00 || 0.41 | 0.94 | 0.00 || 0.42 | 0.81 | 0.00
16000 | 80064 | 0.32 | 0.97 | 0.00 || 0.30 | 0.98 | 0.00 || 0.28 | 0.96 | 0.00
16000 | 160094 || 0.42 | 0.95 | 0.00 || 0.40 | 0.96 | 0.00 || 0.40 | 0.86 | 0.00
20000 | 99954 | 0.31 | 0.99 | 0.00 || 0.30 | 0.99 | 0.00 || 0.28 | 0.96 | 0.00
20000 | 200018 || 0.41 | 0.96 | 0.00 (| 0.39 | 0.97 | 0.00 || 0.39 | 0.89 | 0.00
40000 | 200290 || 0.28 | 1.00 | 0.00 * * * * * *
80000 | 401798 || 0.27 | 1.00 | 0.00 * * * * * *

Table 2: The accuracy of different methods.

5. Conclusions

Graphical Lasso (GL) is a popular method for finding the conditional independence between
the entries of a random vector. This technique aims at learning the sparsity pattern of the
inverse covariance matrix from a limited number of samples, based on the regularization of
a positive-definite matrix. Motivated by the computational complexity of solving the GL
for large-scale problems, this paper provides conditions under which the GL behaves the
same as the simple method of thresholding the sample covariance matrix. The conditions
make direct use of the sample covariance matrix and are not based on the solution of the
GL. More precisely, it is shown that the GL and thresholding techniques are equivalent if:
(i) a certain matrix formed based on the sample covariance matrix is both sign-consistent
and inverse-consistent, and (ii) the gap between the largest thresholded and the smallest
un-thresholded entries of the sample covariance matrix is not too small. Although the GL is
believed to be a difficult conic optimization problem, it is proved that it indeed has a closed-
form solution in the case where the sparsity pattern of the solution is known to be acyclic.
This result is then extended to general sparse graphs and an explicit formula is derived as an
approximate solution of the GL, where the approximation error is also quantified in terms
of the structure of the sparsity graph. The significant speedup and graceful scalability of
the proposed explicit formula compared to other state-of-the-art methods is showcased on
different real-world and randomly generated data sets.
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Appendix

In what follows, the omitted technical proofs will be presented. A number of lemmas are
required for this purpose.

Before presenting the proof of Theorem 12, consider the normalized GL, defined as

min —log det(S) + trace(XS) + Z Aij|Siil, (21)
sesd oy
7]
where ¥ is the normalized sample covariance, i.e., f]ij = \/SUT for every (i,7) € {1,2,...,d}?
192455

(also known as sample correlation matrix). Similarly, :\ij is defined as \/E;\@T“ Upon de-

noting the optimal solution of the normalized GL as S, we consider the relationship between
S and S°Pt. Recall that D is defined as a matrix collecting the diagonal elements of .

Lemma 29 We have S°Pt = D—1/28D~1/2,

Proof Notice that the GL (2) can be re-written as follows

min — log det(S) + trace(SD'/2SDY?) + Z AlSi51, (22)
sesd —
i#£]

where we have used the equality
trace(L5) = trace(D/?SDY2S) = trace(SDY/25DV/?).
Upon defining
S = D'25p'/? (23)
and following some algebra, one can verify that (22) is equivalent to

min — log det(S) + trace(£S) + Z Xij|Si;] + log det(D). (24)
Sesd oy

Dropping the constant term in (24) gives rise to the normalized GL (21). Therefore,
Sopt — D=1/28 D=1/2 holds in light of 23. This completes the proof. |

Proof of Theorem 12 Note that, due to the Definition 11 and Lemma 29, X' and S
have the same sparsity pattern as 3'* and S°P!, respectively. Therefore, it suffices to show
that the sparsity structures of X' and S are the same.

To verify this, we focus on the optimality conditions for optimization (21). Define M as
I; + ¥, Due to Condition (1-i) and Lemma 6, M is inverse-consistent and has a unique
inverse-consistent complement, which is denoted by N. First, will show that (M + N)~! is
the optimal solution of (21). For an arbitrary pair (4, 4) € {1,...,d}?, the KKT conditions,
introduced in Lemma 23, imply that one of the following cases holds:

1) i =j: We have (M + N);; = My; = Xy
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2) (i,7) € supp(X*®): In this case, we have

(M + N)ij = Mij = iz‘j — 5\@' X sign(iij).

Note that since |X;;| > A, we have that sign(M;;) = sign(3;;). On the other hand,

due to the sign-consistency of M, we have sign(M;;) = —sign (((M + N)_l)ij). This
implies that 3 B
(M + N)ij = Mz‘j = Eij + )‘ij X sign((M + N)il).

3) (i,5) ¢ supp(X"*): One can verify that (M + N);; = N;;. Therefore, due to Condition
(1-iii), we have

(M 4+ N)l < B (5upp(Er), 57 1max

< min 7)\ — Zul
B k£l V2 ke (25)

(k,l)gsupp(XTe®)
- i Ay — |31
min ko~ | Sl
(k,l)gsupp(Xe®)
This leads to
[(MA4N)i;—55] < [(M+N)g5]+|555] < min (;\kl - \ikll)ﬂizj\ < Aij. (26)

k£l
(k,l)Zsupp(X7®)

Therefore, it can be concluded that (M + N)~1 satisfies the KKT conditions for (21)'. On
the other hand, note that supp((M + N)~!) = supp(>*®). This concludes the proof. [

To proceed with the proof of Lemma 13, we need the following lemma.

Lemma 30 Consider a matriz M € S% with positive-definite completion. Assume that
|M©||y < nl|M — Iy and |M — I4||; < ﬁ, for some number n. The relation

1M — Ia|I?

MO, < (1+n)?
Il < )" = S ar — 1l

holds.

Proof Note that M € S% has a positive-definite completion and hence, is inverse-consistent
due to Lemma 6. One can write

(M = Iq) + MOy < |M = Il + M|}y < (n+ 1) M = |y < 1.
Therefore,

(M + M)y = (Ig+ (M — Iy + MO 4 Iy — (M — I+ M)
(M= I+ MDY x> (=M + Ig— MY
=0

7

1. The KKT conditions for the normalized GL are equivalent to (14) after replacing A with :\ij
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Since supp((M 4+ M(©)~1) C supp(M), it can be concluded that the (i,5) entries of M(®)

and
oo

(M = Ig+ M2 x> (=M + I; — MY
=0

are equal for every (i,j) € supp(M (). Since the (i,j) entry of M(® is zero if (i,j) ¢
supp(M(©)), we have

1My <

oo
(M —I;+ M ZZM I+ M@y
=0

1

Since 1-norm is sub-multiplicative, the above inequality can be simplified as

Ml < (| M = Lafls + [ MO)]1)? x Z IM — Iglly + | M)

=0

~ (M = Tafly + (M )1)?

L= [IM = Lgfh — MO
(IIM = Iglly + 0| M — I4]l]1)?
T 1= ||M = Ig|ly = nl|M — L4l|[lx

M — 147
L—(+DIM— Il

= (1+n)”

This completes the proof. |

Proof of Lemma 13 Given an arbitrary graph G, consider a matrix variable M with 1’s
on the diagonal such that supp(M) C G. The first objective is to find a matrix in terms of
M, denoted by the matrix function N (M), satisfying the following properties

supp (M +N(M))™) € G,
supp(N (M) € G
To this end, define the matrix function A(M) as
A(M) = (M + N(M))™*,
Observe that

e As long as A(M) exists and supp(A(M)) C G, there is a continuously differentiable
mapping from A(M) to M because M can be found by setting those entries of A(M)~*
corresponding to the edges of G(©) to zero. Moreover, the Jacobian of this mapping
has full rank at M = I;. Due to the inverse function theorem, the mapping from M
to A(M) exists and is continuously differentiable.

e Similarly, as long as A(M) exists and supp(A(M)) C G, there is a continuously
differentiable mapping from A(M) to N(M).
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o If M = I, then N(M) = 0.

It follows from the above properties that if M is sufficiently small, the function N (M)
exists and satisfies the following properties: (i) 0 = N(Iy), and (ii) N(-) is differentiable at
M = I;. This implies that there are sufficiently small nonzero numbers 1 and g such that
|IN(M)|1 < n||M — I]|; whenever || M||max < ap. Now, it follows from Lemma 30 that

1M — 14|}
1= (n+ DIIM — Ially’

IN(M)1 < (1+n)

or
(1+n)? x (deg(9))*
— (n+ Dag x deg(G)
if ||M||max < ao. The inequality (7) is satisfied for the number ¢ defined as the maximum
of

1]

max’

IV (M) < =

(1+1n)* x (deg(G))?
1—(n+1)ag x deg(9)

max { ﬁ(z,za) ‘a € (ap, 1)} .

This completes the proof. |

and the finite number

Proof of Lemma 14 It can be easily verified that
(M+MNT=T—(M+MO —1)+(M+ MM+ M —1)>2

This implies that, for a given pair (i, ) € G, one can write

v

1

(A + M) = M+ (M + M) ) | (+M@—12) . (28)

g

where ((M +M(©)~1) and (M + M© — I)2):j are the i row and j* column of (M +

M@Y= and (M + M(©) — I)2, respectively. Based on (28), the (4,;) entries of M and
(M + M)~ have opposite signs if

(29)

2

|M;j| > ‘((MJrM(C))l) ((M+M(C> — 1)2):]. .

To streamline the presentation, || M ||max is redefined as max; j |M;;| in the rest of the proof.
One can write

|@arar@—n2| - <fl(=12|,,+ ’(M(C))Q TN EVCIGY S N [EYR Y
< deg(G)a’ + (d — deg(9))¢(9)*a” + 2deg(G)¢(G)a”
< 3deg(G) max{a®,((G)a’} + (d — deg(G))¢(G) %o
< Ko?, (30)
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for some K that only depends on deg(G),((G), and d. Furthermore, assume that

1

a < m = ao(g). (31)

Note that
(M+MOY™ =T —(M+ M9 —1)(M+ M)~

which implies that

| + 2y~

= 1+ deg(6) max{a, ((G)o} [| (M + M)

max max

where we have used the fact that supp((M + M(©)~1) C G and hence, its maximum degree
is upper bounded by deg(G). (32), together with the assumption (31) implies that

1
max < 1 — deg(G) max{«, ((G)a?} < 2. (33)

H(M+M<c))*1|

Combining (30) and (33) with (29) completes the proof. |

Proof of Lemma 15 Without loss of generality, assume that G is a tree. Note that if there
are disjoint components, the argument made in the sequel can be applied to each connected
component of G separately. Let d;; denote the unique path between every two disparate
nodes i and j in G. Furthermore, define N/ (i) as the set of all neighbors of node i in G.
Consider a matrix M with positive-definite completion and with diagonal elements equal to
1 such that || M||max < a and supp(M) = G. Let N be a matrix with the following entries

" 0 otherwise.
Moreover, define
M2 . . . .
L+ Y mene =, i 1=,
Aij =4 % if (i,5) € supp(M), (35)
ij
0 otherwise.

The goal is to show that the matrix N is the unique inverse-consistent complement of M.
First, note that supp(N) = (supp(M))(© and supp(M) = supp(A). Next, it is desirable to
prove that (M + N)~! = A or equivalently (M + N)A = I. Upon defining 7' = (M + N)A,
one can write

d M2, M2,
I — me me _
m=1 meN (i) mieN () mi
Moreover, for every pair of nodes 7 and j, define D;; as H(m)edij My if ¢ # 5 and as 1 if

i=j.
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Consider a pair of distinct nodes 7 and j. Let ¢ denote the node adjacent to j in d;;
(note that we may have ¢ = 7). It can be verified that

d 2
M My
— Z (Mim 4 Nim)Amj = Dy | 1+ Z — M2 — Dy <1 - ]&3)
) meNG) | !
- > DZm : (36)
meN (5
m;ét
Furthermore,
D;j = D;;My;,
Dip = Dy Myj My, VmeN(j), m#t. (37)

Plugging (37) into (36) yields that

1 M2, My, M2
T] = D’LtMtj 1_ M2 + Z W —Dyj; 1— M2 _DitMtj Z 1— M2, = 0.
meN(j) & meN ()
m#t m#t

Hence, T' = I. Finally, we need to show that M 4+ N > 0. To this end, it suffices to prove
that A > 0. Note that A can be written as I + Z(z’,j)eg L(3) where L) is defined as

M2,
Tz i r=l=uoryj,
(64) _ M. .
Lt =\ o i () =),
0 otherwise.

Consider the term x” Az for an arbitrary vector 2 € R%. One can verify that

d
T Az = Z x?—i—z 2T L0

=l (i,5)€g
Mj 2 M 2? 2M;;
g ) aoa )\ T ) e B9)
1) 3

d
_ 2
Yy (1
i=1 (i,7)€G
Without loss of generality, assume that the graph is a rooted tree with the root at node d.
Assume that each edge (i,7) defines a direction that is toward the root. Then, it follows
from (38) that

M? M?2 I
' Ar o+ > @i+ (1—JZ\J4Q>$Q+ (1—;(42.)%2_ <1—]\Z/][2, i

(i,5)€G & K
M2 IM
2 7 2 7,
:md—i-”z <1_ )x +<1_J\j42.>xj—<1_M2>x,a:J
(i,5)€g Y t

M;
=3+ Z xz ”%) > 0.
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Therefore, M + N = 0 and subsequently M + N > 0 (because it is invertible). Hence,
according to Definition 5 and Lemma 6, the matrix N is the unique inverse-consistent
compliment of M. On the other hand, it follows from the definition of N that || N||max < o
and consequently 3(G,a) < a?. Now, suppose that G includes a path of length at least
2, e.g., the edges (1,2) and (2,3) belong to G. By setting M1, = Mas = « and choosing
sufficiently small values for those entries of M corresponding to the remaining edges in G,
the matrix M becomes positive-definite with a trivial positive-definite completion and we
obtain ||N||max = @?. This completes the proof. [ ]

Proof of Theorem 18 To prove this theorem, first consider the following matrix
Sres )2
1+ Z (Eiimre)sz if = ja
(i,m)e&opt =350

S = —Xres . . o 39
J W if (Z,]) € & pt’ ( )

0 otherwise.
In what follows, we will show that S=5 , where S is the optimal solution for the normalized

GL. This, together with Lemma 29 implies that (11) is indeed optimal for the GL.
First, note that there exists a matrix N such that S™' = M + N, where M is defined

as
Zij + )‘Z] X Slgn(slj) if (Zvj) € Supp(S),
M;; = 1 if i=4j, (40)
0 otherwise.

Clearly, supp(S) = supp(M). Furthermore, M = I; + T(\), where (i,7)" entry of T()\) is
equal to X;; + :\ijsign(SfJPt) for every (i,j) € supp(S°P') and it is equal to zero otherwise.
Subsequently, M = D~Y2(D + T()\))D~'/? and hence, D + T(\) >~ 0 implies M >~ 0. By
combining N = (S)~' — M with (40) and exploiting the optimality conditions in (14), one
can verify that supp(N) C (supp(M))© and supp(S) = supp (M + N)™') C supp(M).
Therefore, according to Lemma 6, the matrix N is the unique inverse-complement of M.

Moreover, since M is sign-consistent, the equation sign(M;;) = —sign(S;;) holds for every

(4,7) € supp(S). This leads to the relations sign(¥;;) = —sign(S;;) and
M;; = S5, (41a)
12551 > Xij, (41b)
for every (i,7) € supp(S). Part 1 of the theorem is an immediate consequence of (41b). On
the other hand, based on the argument made in the proof of Lemma 15, the matrix N can
be obtained as

Nl] = H(m,t)edij Mmt if dU 7é @ and (27]) € (Supp(M)) ) (42)
0 otherwise,

where d;; denotes the unique path between nodes ¢ and j in supp(S) if they belong to the

same connected component in supp(S), and d;; is empty if there is no path between nodes
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i and j. Similar to the proof of Lemma 15, one can show that (11) is equal to (M + N)~L.
This completes the proof of the second part of the theorem. |

Proof of Theorem 19 Based on Lemmas 15 and 16, the conditions introduced in Theo-
rem 12 can be reduced to conditions (2-ii) and (2-iii) in Theorem 19 if supp(3**) is acyclic
and therefore, £Pt = £ Moreover, suppose that M is set to I; + X', and that the
matrices N and A are defined as (34) and (35), respectively. Similar to the proof of The-
orem 12, it can be verified that (39) satisfies all the KKT conditions for the normalized
GL (21). Therefore, due to Lemma 29, (11) is the unique solution of the GL. The details
are omitted for brevity. |

Proof of Corollary 20 Given X and ), the matrix ™ can be computed in O(d?).
Moreover, Condition (2-i) in Theorem 19 can be checked using the Depth-First-Search
algorithm, which has the time complexity of O(d?) in the worst case (Ahuja et al., 1993).
If the graph is cyclic, Theorem 19 cannot be used. Otherwise, we consider Condition (2-ii).
For matrices with acyclic support graphs, the Cholesky Decomposition can be computed
in O(d), from which the positive-definiteness of the matrix can be checked (Vandenberghe
and Andersen 2015). The complexity of checking Condition (2-iii) is equivalent to that of
finding its left and right hand sides, which can be done in O(d) and O(d?), respectively.
Finally, since (11) can be used only if the support graph of 3 is acyclic, one can easily
verify that the complexity of obtaining S°P* using (11) is at most O(d). This completes the
proof of Corollary 20. |

The remainder of this section is devoted to proving approximation bounds for the de-
rived closed-form solution when the acyclic assumption on the support graph of the thresh-
olded sample covariance matrix is not necessarily acyclic. The shorthand notations ¢, deg,
Pij and Ppax will be used instead of c(supp(X®)), deg(supp(X**)), Pi;(supp(X'®)) and
Prax(supp(2'®)), respectively. First, the approximation error of the closed-form solution
for the normalized GL will be analyzed. Then, the result will be generalized to the GL
via the key equality in Lemma 29. To prove Theorem 26, the first step is to generalize
the definition of the matrix N in (42) and show that this generalized matrix is an approx-
imate inverse-consistent complement of I; + 2. Without loss of generality, assume that
supp(X") is connected. If there are disjoint components in supp(X"), the argument made
in the sequel can be used for every connected component due to the decomposition rule
for the GL (see Mazumder and Hastie (2012)). Let M be equal to Iy + %', Consider the
matrix N as

ZdijEPij H(m,t)Edij Momt it (1,75) € (supp(M))(c) ’
Nij = Zdijepi]‘\{(i,j)} H(m,t)edij Mt if (i,7) € (supp(M)), (43)
0 otherwise.

It can be verified that M + N = R, where

Yoa.ep 11 My i i #
RT, . — 1] 67)7.] (m,t)ed” 44
’ {1 if §=j. (44)

For each simple path between the pair of nodes ¢ and j, define its length as the multiplication
of the entries of M corresponding to the edges of the path. Based on this definition, R;; is
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equal to the sum of the lengths of all nonidentical simple paths between nodes ¢ and j in
supp(M). Denote d;; as any shortest path between nodes i and j in supp(M) (recall that
supp(M) is unweighted), and let R® be given by

RS = H(m,t)edfj My it 7 # 3,
! 1 if =73

Note that R® collects the length of the shortest path between every two nodes in supp(M).
The following lemmas are crucial to prove Theorem 26.

Lemma 31 Given two nodes i and j in supp(X'®), suppose that Pij\dfj 1§ non-empty.
Then, the length of every path d;; in Pij\d;; is at least [c/2].

Proof Consider a path d;; in Pij\dfj. The subgraph d;; Udj; has a cycle. Since the length
of this cycle is at least ¢, the segment of this cycle that resides in d;; should have the length
of at least [c/2]; otherwise d7; is not the shortest path between the nodes ¢ and j. This
implies that the length of d;; is at least [c/2]. [ ]

Lemma 32 Let M be equal to I+ X', The inequalities

(5]

[Rij = By Mie| < (1Pilo = 1) (I hmax ) * (45)

B re—1
[ Ry = iy M Mit| < ([Pailo—1) (15" hma) (45b)
hold if i # j, where k' is the node adjacent to i in dj; and k € N (i)\K'.

Proof First, we show the validity of (45a). Due to (44), one can write

Rij = Rfj + Z H Mmt- (46)

dij Gpij\dfj (m,t)ed;;

If Pij\dfj is empty, then the equation R;; = Rj, jMZ-k/ and therefore (45a) hold. Now, assume
that Pij\dfj is not empty. Due to Lemma 31, we have

— (HireSHmaX> @ < H My < (”ires”maxyﬁv
(m,t)ed;;

for every d;; € Pij\dfj. The above inequalities, together with (46) and the equation
R, = Ry, ;M , result in (45a). To prove (45b), define dkj as dj; U{(i,k)} (note that cikj is
not necessarily equal to dj, j). It yields that

Rij = RGMi+ ) I Mu (47)
dkj Epkj\(ikj (m7t)6dkj

36



GRAPHICAL LASSO AND THRESHOLDING

In light of Lemma 31, the length of every path dj; € ij\cfkj is lower bounded by [¢/2] — 1.
This implies that

(1 ) P TT M < (15 ) * (18)
(m,t)ed;;

for every dj; € ij\cfkj. Combining Rj; M, = Rz/jMik’Mik with (47) and (48) leads to
the inequality (45b). |

Lemma 33 The following inequality holds

deg
1- ”Eres”%nax B

)

where § defined as (17).

Proof The proof is straightforward and is omitted for brevity. |

Proof of Theorem 26 Consider the normalized GL and define the following explicit

formula for A )
(Eres)Z

im

1 + Sres lf Z = j7
. (i,m)ze.é‘opt —(Z5)?
Ajj = —Ses o (s res (49)
sres lf 2, € g eb’
17(2” )2 ( j)
0 otherwise.

Let M be equal to Iy + ¥, Furthermore, define

c(supp(Er%)W
2

= 6 PraBp () ~ 1) (15 )|

In order to prove the theorem, we use the matrix N defined in (43), and first show that
M + N is an érelaxed inverse of A and that the pair (A, M + N) satisfies the érelaxed
KKT conditions.

Consider the matrix T defined as T = A(M + N) and recall that M + N = R. One can

write

d ~ 9 4

Rmi = Mmz + Z H Mrt-

dmi Epmz\{(mvl)} (T7t)edmi
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If Pri\{(m,i)} is empty, then R,,; = M,,; and T;; = 1. Otherwise, since the length of the
minimum-length cycle is ¢, the length of every path d,,; € Pp;i\{(m,4)} is at least ¢ — 1.
This yields that

~ c—1 ~ c
Myi = (Pl = 1) (15 lImax) < Bi < Mo + (Pilo = 1) (15" hmax) - (51)

Combining (51) and (50) leads to

<é€

)

- c—1 4 res
T 11 <(Prilo ~ (15 mae) | 3 Ty | <deg(Pras 1>%
meN (i) 1= Mim ”E ”max
(52)
where the last inequality is due to Lemma 33 and the fact that [$] < ¢ for ¢ > 3. Now,

consider Tj; for a pair (i,j) such that i # j. We have

(4
2

d
~ M,
Ty=3 AmBmj= |14 3, s | By— > 7 Bmi (53)
m=1 mE./\/'(l zm meN (i) vm

According to Lemma 31, one can write

R Mt = (Piglo = 1) (15 ) * < iy < Ry Mo + (Piglo — 1) (15 )
(54a)
5 re)-1
RS zm’Mzm (’ij|0_]—)<||zres||max) Sij
~ £1-1
< By Mt M (Prnslo 1) (15 mas)
(54b)

where m/ is the node adjacent to i in df; and m € N (i)\m'. Note that if N'(i)\m' is empty,

then R;; = R, Mzm/ and R,; = R, Mzm/ZreS In this case, an argument similar to the
proof of Lemma 15 can be made to show that Tj; = 0. Now, assume that N (i)\m' is not
empty. One can write

) ®) _
Ty — Fiyl < |Ty] < &, (55)
where
1 Mim2 M
U v
1- Mim mEN(i)\m 1- M’Lm 1- Mzm
Mim
B Z TRS My My, .
meN (i)\m’ vm

Note that the relation (a) can be verified by the fact that Fj; = 0 and the inequality (b)
is obtained by combining (53) with (54a) and (54b). The inequalities (52) and (55) imply
that M + N is an é-relaxed inverse of A.
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Now, it will be shown that the pair (fl, M + N) satisfies the é-relaxed KKT conditions.
Note that M;; + Ny = M;; = ¥ and, hence, (15a) is satisfied. To prove (15b), since

sign(A;j) = —sign(M;;) = —sign(3;;), it can be concluded that
M;j + Nij = (S5 — Nij x sign(Zi;)) + Nij = (S + Aij x sign(Ay;)) + Ny,

for every (i, j) such that i # j and fL-j # 0. Due to the definition of N and the fact that
~ c—
(i, ) € supp(M), we have |Nij| < (Pax = 1) (| |lnax) - Hence,
| Mij + Nij — (85 + hij x sign(Ay;))| < e,

for every (i,7) such that i # j and flij # 0. Therefore, the pair (A, M + N) satisfies (15b).
Finally, consider a pair (4, j) such that ¢ # j and A;; = 0. One can write

M;; + Nij = Rj; + Z H it
dl'j E’Pij\dfj (m,t)edij

If Pij\d;; is empty, a set of inequalities similar to (25) and (26) can be obtained to prove
(15¢). Now, assume that Pij\dfj is not empty. The length of d;; is at least 2 since there

is no direct edge between nodes i and j. Hence, |Rj;| < |2res)|2 ... Furthermore, due to

Lemma (31), the length of every path d;; € P;;\dj; is at least [¢/2]. This leads to

~ ~ 51
|Mij + Nij‘ < HEmSH?nax + (Pmax - 1) (HEresHmaX) ’

. S . H
< min G D+ B = D) (15 )
(k1) gsupp(37°°)

S - = (5]
< Xij = Z51+ (P = 1) (12 )

where the last inequality follows from Condition (2-ii) in the theorem. Therefore,

) e e SN
| Mij+ Nij— 35| < [Mij+Nij| +12545] < A — 15557 + [255°] + (Prmax — 1) (IIE esIImax) ’
< S\Z‘j + €.
This shows that (4, M+N) indeed satisfies the é&-relaxed KKT conditions for the normalized
GL. Finally, we consider the explicit solution A defined as (13). The following statements
hold:

1. the matrix DV2(M + N)DY? is e-relaxed inverse of A. To see this, note that
A (Dl/z(M + N)D1/2) = D~\2AD~Y2DY* () + N)D'/?
— D—1/2TD1/2
- Id + E7

where [|E||max < y/52eE < €.

min
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2. The pair (A, D'/2(M + {V)D1/2) satisfies the e-relaxed KKT conditions. Note that it
is already shown that (A, M + N) satisfies the following inequalities

(M + N)ij = iij if i=j, (56a)
‘(M + V)i = (Zig + Aig x sign(fiij))‘ <¢ it A #£0, (56b)
‘(M F )y =S| < Ayt e if A =0 (56¢)

Replacing M + N with DY/2(M + N)D'/? and modifying (56) accordingly, one can
verify that (A, DY/2(M + N)D'/?) satisfies e-relaxed KKT conditions for the GL,

where
Zmax ~
€ = mMax < Lmax, €.
Emin

This completes the proof. |

Proof of Theorem 27 Due to Theorem 26, the equation
DY2(M 4+ N)DY? = A1+ A7'E (57)

holds for every A greater than or equal to \g, where || E||max < €. Since the pair (A, DY/2(M+
N)D'/?) satisfies the e-relaxed KKT conditions, it follows from (57) that

(A);' =Zij — (AT'E)y; = & if i=j, (58a)

Sij + sije— (AT E)j A < (A); < By + sye—(AT'E)y+A if Ay =0,  (58¢)

v

~~

for some numbers t;; and s;; in the interval [—1,1]. To complete the proof, it suffices to
show that the matrix F' defined as

) —(AT'E)y if i=j,
Zij — Ei]‘ = Fij = tije—(A_lE)ij if Aij 75 0, (59)
Sije—(A_lE)ij if Ai_j =0

satisfies the inequality [|F|l2 < dmax (1/pmin(A) + 1) e. To this end, it is enough to prove
that [|A7'E||2 < (dmax/pmin(A))e, since |[F — A7 E||s < dpax(A)e. One can write

) . ) e (A)
. - 1 < 1 — ( Zmax\tJ
1A Ellz < [ A7 I2]1 Ell2 < dmax(A)I A 2| Bl max <umm<A>>6’

which shows the validity of (18).
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Next, we prove the inequality (19). The following chain of inequalities hold
—log det(A) + trace(XA) + || Al|1 .o = — log det(A) + trace(SA) + A|| Al 1.0
f(4)
+ trace((X — X)A)

(a)

< —log det(S°PY) + trace(2S°P) + A[SPY |1 ofe

= —log det(S°P") + trace(LSP") + N[ SP |1 ofr
f*

+ trace((2 — X)S5°PY),

where (a) is due to the fact that A is optimal for the GL with the perturbed sample
covariances. This implies that
f(A) — f* < trace((X — X)(S°Pt — A4))
<1E = Sl2(15[l2 + [|All2)

< () s (5°7)) ) (2 1)
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