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Abstract

Singular values of a data in a matrix form provide insights on the structure of the
data, the effective dimensionality, and the choice of hyper-parameters on higher-level data
analysis tools. However, in many practical applications such as collaborative filtering and
network analysis, we only get a partial observation. Under such scenarios, we consider
the fundamental problem of recovering spectral properties of the underlying matrix from
a sampling of its entries. In this paper, we address the problem of directly recovering the
spectrum, which is the set of singular values, and also in sample-efficient approaches for
recovering a spectral sum function, which is an aggregate sum of a fixed function applied to
each of the singular values. Our approach is to first estimate the Schatten k-norms of a ma-
trix for a small set of values of k, and then apply Chebyshev approximation when estimating
a spectral sum function or apply moment matching in Wasserstein distance when estimat-
ing the singular values directly. The main technical challenge is in accurately estimating
the Schatten norms from a sampling of a matrix. We introduce a novel unbiased estimator
based on counting small structures called network motifs in a graph and provide guarantees
that match its empirical performance. Our theoretical analysis shows that Schatten norms
can be recovered accurately from strictly smaller number of samples compared to what is
needed to recover the underlying low-rank matrix. Numerical experiments suggest that
we significantly improve upon a competing approach of using matrix completion methods,
below the matrix completion threshold, above which matrix completion algorithms recover
the underlying low-rank matrix exactly.

Keywords: spectrum estimation, matrix completion, counting subgraphs.

1. Introduction

Computing and analyzing the set of singular values of a data in a matrix form, which is
called the spectrum, provide insights into the geometry and topology of the data. Such a
spectral analysis is routinely a first step in general data analysis with the goal of checking
if there exists a lower dimensional subspace explaining the important aspects of the data,
which itself might be high dimensional. Concretely, it is a first step in dimensionality
reduction methods such as principal component analysis or canonical correlation analysis.

However, spectral analysis becomes challenging in practical scenarios where the data is
only partially observed. We commonly observe pairwise relations of randomly chosen pairs:
each user only rates a few movies in recommendation systems, each player/team only plays
against a few opponents in sports leagues, each word appears in the same sentence with
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a small number of other words in word count matrices, and each worker answers a few
questions in crowdsourcing. In other applications, we have more structured samples. For
example, in a network analysis we might be interested in the spectrum of a large network,
but only get to see the connections within a small subset of nodes corresponding to sampling
a sub-matrix of the adjacency matrix. Whatever the sampling pattern is, typical number of
paired relations we observe is significantly smaller than the dimension of the data matrix.

We study all such variations in sampling patterns for partially observed data matrices,
and ask the following fundamental question: can we estimate spectral properties of a data
matriz from partial observations? We propose a novel approach that allows us to estimate
the spectrum, i.e. the singular values. A crucial building block in our approach is that spec-
tral properties can be accurately approximated from the first few moments of the spectrum
known as the Schatten k-norms defined as

1/k

1M1l = (ioxw) 7
i=1

where o1(M) > o2(M) > --- > 04(M) > 0 are the singular values of the data matrix
M € R¥™4  Once we obtain accurate estimates of Schatten k-norms, these estimates,
as well as corresponding performance guarantees, can readily be translated into accurate
estimates of the spectrum of the matrix. Further, if we are interested in estimating a class
of functions known as spectral sum functions of the form (4), our estimates of the Schatten
norms can be used to estimate any spectral sum function using Chebyshev expansions.

1.1. Setup

We want to estimate the Schatten k-norm of a positive semidefinite matrix M € R*¢
from a subset of its entries. The restriction to positive semidefinite matrices is primarily
for notational convenience, and our analyses, the estimator, and the efficient algorithms
naturally generalize to any non-square matrices. Namely, we can extend our framework to
bipartite graphs and estimate Schatten k-norm of any matrix for any even k. Let 2 denote
the set of indices of samples we are given and let Po(M) = {(i,, M;j)} i j)eq denote the
samples. With a slight abuse of notation, we used Pq(M) to also denote the d x d sampled
matrix:

My if (4,5) € Q,
Pa(M)i; = { 0 otherwise ,

and it should be clear from the context which one we refer to. Although we propose a
framework that generally applies to any probabilistic sampling, it is necessary to propose
specific sampling scenarios to provide tight analyses on the performance. Hence, we focus
on Erdos-Rényi sampling.

There is an extensive line of research in low-rank matrix completion problems (Candés
and Recht, 2009; Keshavan et al., 2010a), which addresses a fundamental question of how
many samples are required to complete a matrix (i.e. estimate all the missing entries) from
a small subset of sampled entries. It is typically assumed that each entry of the matrix is
sampled independently with a probability p € (0,1]. We refer to this scenario as Erdds-
Rényi sampling, as the resulting pattern of the samples encoded as a graph is distributed



SPECTRUM ESTIMATION FROM A FEwW ENTRIES

as an Erdos-Rényi random graph. The spectral properties of such an sampled matrix have
been well studied in the literature (Friedman et al., 1989; Achlioptas and McSherry, 2001;
Feige and Ofek, 2005; Keshavan et al., 2010a; Le et al., 2015). In particular, it is known
that the original matrix is close in spectral norm to the sampled one where the missing
entries are filled in with zeros and properly rescaled under certain incoherence assumptions.
This suggests using the singular values of the sampled and rescaled matrix (d2/|Q|)P(M)
directly for estimating the Schatten norms. However, in the sub-linear regime in which
the number of samples |Q| = d?p is comparable to or significantly smaller than the degrees
of freedom in representing a symmetric rank-r matrix, which is dr — r2, the spectrum of
the sampled matrix is significantly different from the spectrum of the original matrix as
shown in Figure 1. We need to design novel estimators that are more sample efficient in
the sub-linear regime where d?p < dr.
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Figure 1: In yellow, we show the histogram of the singular values of a positive semi-definite
matrix M € R¥? of size d = 1000 with rank » = 100, with oy = --- = g5 = 10,
o051 = -+ = o190 = 5, and the rest at zero (we omit zero singular values in the plot
for illustration). In comparison, we show in black the histogram of the singular values of
the sampled matrix where each entry of M is sampled with probability p = (1/d)r'=2/7
(properly rescaled by 1/p to best match the original spectrum).

1.2. Summary of the approach and preview of results

We propose first estimating one or a few Scahtten norms, which can be accurately estimated
from samples, and using these estimated Schatten norms to approximate the spectral prop-
erties of interest: spectral sum functions and the spectrum. We use an alternative expression
of the Schatten k-norm for positive semidefinite matrices as the trace of the k-th power of
M, ie. (||M|[x)* = Tr(M*). This sum of the entries along the diagonal of M* is the sum
of total weights of all the closed walks of length k. Consider the entries of M as weights on
a complete graph K, over d nodes (with self-loops). A closed walk of length k is defined
as a sequence of nodes w = (wy,we, ..., wk+1) with w1 = wy41, where we allow repeated
nodes and repeated edges. The weight of a closed walk w = (w1, ..., wg, wy) is defined as
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wyr(w) = Hle My, , which is the product of the weights along the walk. It follows that

1Ml = > wir(w) - (1)

w: all length k closed walks

Following the notations from enumeration of small simple cycles in a graph by Alon et al.
(1997), we partition this summation into those with the same pattern H that we call a
k-cyclic pseudograph. Let Cy = (Vi, E) denote the undirected simple cycle graph with k
nodes, e.g. Az in Figure 2 is C'3. We expand the standard notion of simple k-cyclic graphs
to include multi-edges and loops, hence the name pseudograph.

Definition 1 We define an unlabelled and undirected pseudograph H = (V, Efr) to be a
k-cyclic pseudograph for k > 3 if there exists an onto node-mapping from Cj = (Vi, Ey), i.e.
f Vi — Vg, and a one-to-one edge-mapping g : Ex, — Ep such that g(e) = (f(ue), f(ve))
for all e = (ue,ve) € E. We use Hy, to denote the set of all k-cyclic pseudographs. We use
¢(H) to the number of different node mappings f from Cj to a k-cyclic pseudograph H.

¥ o L\
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Figure 2: The 3-cyclic pseudographs Hz = {41, Ag, A3}.

In the above example, each member of Hg is a distinct pattern that can be mapped
from C3. For Aj, it is clear that there is only one mapping from C5 to A; (i.e. ¢(A1) = 1).
For Ag, one can map any of the three nodes to the left-node of Ay, hence ¢(A2) = 3. For
As, any of the three nodes can be mapped to the bottom-left-node of A3 and also one can
map the rest of the nodes clockwise or counter-clockwise, resulting in ¢(As) = 6. For k < 7,
all the k-cyclic pseudo graphs are given in the Section 9 (See Figures 10-15).

Each closed walk w of length k is associated with one of the graphs in Hj, as there
is a unique H that the walk is an Eulerian cycle of (under a one-to-one mapping of the
nodes). We denote this graph by H(w) € Hj. Considering the weight of a walk wps(w),
there are multiple distinct walks with the same weight. For example, a length-3 walk
w = (v1,v2,vs,v1) has H(w) = Az and there are 3 walks with the same weight w(w) =
(My,p,)? Myyoy, ice. (vi,v2,v2,v1), (v2,va,v1,v2), and (v2, v, ve, v2). This multiplicity of the
weight depends only on the structure H(w) of a walk, and it is exactly ¢(H (w)) the number
of mappings from C to H(w) in Definition 1. The total sum of the weights of closed walks
of length k can be partitioned into their respective pattern, which will make computation of
such terms more efficient (see Section 2) and also de-biasing straight forward (see Equation

(3)):
1M = > wu(H)e(H), (2)

HeH,
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where with a slight abuse of a notation, we let wy/(H) for H € Hj be the sum of all
distinct weights of walks w with H(w) = H, and ¢(H) is the multiplicity of each of those
distinct weights. This gives an alternative tool for computing the Schatten k-norm without
explicitly computing the singular values.

Given only the access to a subset of sampled entries, one might be tempted to apply
the above formula to the sampled matrix with an appropriate scaling, i.e.

Lo = LS w1 el
€ k €2 HeH,

to estimate ||M Hi However, this is significantly biased. To eliminate the bias, we propose
rescaling each term in (1) by the inverse of the probability of sampling that particular walk
w (i.e. the probability that all edges in w are sampled). A crucial observation is that,
for any sampling model that is invariant under a relabelling of the nodes, this probability
only depends on the pattern H(w). In particular, this is true for the Erdos-Rényi sam-
pling. Based on this observation, we introduce a novel estimator that de-biases each group
separately:

Ou(Pa(M)) = 3 p(lmpr<M><H>c<H>, (3)
HeH,

where p(H) is the probability a pattern H is sampled, i.e. all edges traversed in a walk
w with H(w) = H is sampled. It immediately follows that this estimator is unbiased, i.e.
Eq[Ok(Po(M))] = | M |%, where the randomness is in . However, computing this estimate
can be challenging. Naive enumeration over all closed walks of length k takes time scaling
as O(d AF=1), where A is the maximum degree of the graph. Except for extremely sparse
graphs, this is impractical. Inspired by the work of Alon et al. (1997) in counting short
cycles in a graph, we introduce a novel and efficient method for computing the proposed
estimate for small values of k.

Proposition 2 For a positive semidefinite matriz M and any sampling pattern §, the
proposed estimate ©(Po(M)) in (3) can be computed in time O(d®) for k € {3,4,5,6,7},
where a < 2.373 is the exponent of matriz multiplication. For k =1 or 2, O(Pq(M)) can
be computed in time O(d) and O(d?), respectively.

This bound holds regardless of the degree, and the complexity can be even smaller for
sparse graphs as matrix multiplications are more efficient. We give a constructive proof
by introducing a novel algorithm achieving this complexity in Section 2. For k > 8, our
approach can potentially be extended, but the complexity of the problem fundamentally
changes as it is at least as hard as counting K, in a graph, for which the best known run
time is O(d**!) for general graphs (Kloks et al., 2000).

We make the following contributions in this paper:

e We give in (3) an unbiased estimator of the Schatten k-norm of a positive semidefinite
matrix M, from a random sampling of its entries. In general, the complexity of
computing the estimate scales as O(dA*~1) where A is the maximum degree (number
of sampled entries in a column) in the sampled matrix. We propose a novel efficient
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algorithm for computing the estimate in (3) exactly for small k£ < 7, which involves
only matrix operations. This algorithm is significantly more efficient and has run-time
scaling as O(d®) independent of the degree and for all k£ < 7 (see Proposition 2) .

e Under the typical Erdos-Rényi sampling, we show that the Schatten k-norm of an in-
coherent rank-r matrix can be approximated within any constant multiplicative error,
with number of samples scaling as O(dr'=2/¥) (see Theorem 3). In particular, this is
strictly smaller than the number of samples necessary to complete the matrix, which
scales as O(drlogd). Below this matrix completion threshold, numerical experiments
confirm that the proposed estimator significantly outperforms simple heuristics of us-
ing singular values of the sampled matrices directly or applying state-of-the-art matrix
completion methods (see Figure 4).

e Given the estimation of first K Schatten norms, it is straight forward to approximate
spectral sum functions of the form (4) using Chebyshev’s expansion, and also estimate
the spectrum itself using moment matching in Wasserstein distance. We apply our
Schatten norm estimates to the applications of estimating the generalized rank studied
in Zhang et al. (2015) and estimating the spectrum studied in Kong and Valiant (2016).
We provide performance guarantees for both applications and provide experimental
results suggesting we improve upon other competing methods.

e We propose a new sampling model, which we call graph sampling, that preserves
the structural properties of the pattern of the samples. We identify a fundamental
property of the structure of the pattern (A, in Eq.(14)) that captures the difficulty of
estimating the Schatten k-norm from such7graph sampling (see Theorem 11). Under
this graph sampling, we show that there are sampling patterns that are significantly
more efficient, for estimating the spectral properties, than Erdos-Rényi sampling.

In the remainder of this section, we review existing works in Schatten norm approxi-
mation, and provide an efficient implementation of the estimator (3) for small k in Section
2. In Section 3, we provide a theoretical analysis of our estimator under the Erdos-Rényi
sampling scenario. In Section 4, we provide a theoretical analysis under the graph sam-
pling scenario. We conclude with a discussion on interesting observations and remaining
challenges in Section 5.

1.3. Related work

We review the existing methods in approximating the Schatten norms, counting small struc-
tures in graphs, and various applications of Schatten norms.

Estimating k-Schatten norms of a data matrix. The proposed Schatten norm estima-
tor can be used as a black box in various applications where we want to test the property of
a data matrix or a network but limited to observe only a small portion of the data. These
include, for example, network forensics, matrix spectral property testing, and testing for
graph isospectral properties. Relatively little is known under the matrix completion setting
studied in this paper. However, Schatten norm estimation under different resource con-
strained scenarios have been studied. Hutchinson (1990) propose a randomized algorithm
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for approximating the trace of any large matrix, where the constraint is on the compu-
tational complexity. The goal is to design a random rank-one linear mapping such that
the trace is preserved in expectation and the variance is small (Avron and Toledo, 2011;
Roosta-Khorasani and Ascher, 2015). Li et al. (2014) propose an optimal bilinear sketching
of a data matrix, where the constraint is on the memory, i.e. the size of the resulting sketch.
The goal is to design a sketch of a data matrix M using minimal storage and a corresponding
approximate reconstruction method for || M||¥. Li and Woodruff (2016) propose an optimal
streaming algorithm where only one-pass on the data is allowed in a data stream model
and the constraint is on the space complexity of the algorithm. The goal is to design a
streaming algorithm using minimal space to estimate ||M Hﬁ Zhang et al. (2015) propose
an estimator under a distributed setting where columns of the data are store in distributed
storage and the constraint is on the communication complexity. The goal is to design a
distributed protocol minimizing the communication to estimate |[M||¥. Given a random
vector X, Kong and Valiant (2016) propose an optimal estimator for the Schatten k-norm
of the covariance matrix, where the constraint is on the number of samples n. The goal is
to design an estimator using minimum number of samples to estimate ||[E[X XT]||%.

One of our contributions is that we propose an efficient algorithm for computing the
weighted counts of small structures in Section 2, which can significantly improve upon
less sample-efficient counterpart in, for example, (Kong and Valiant, 2016). Under the
setting of (Kong and Valiant, 2016) (and also (Li et al., 2014)), the main idea of the
estimator is that the weight of each length-k cycle in the observed empirical covariance
matrix (1/n) Y%, X; XI provides an unbiased estimator of |[E[XXT]||¥. One prefers to
sum over the weights of as many cycles as computationally allowed in order to reduce the
variance. As counting all cycles is in general computationally hard, they propose counting
only increasing cycles (which only accounts for only 1/k! fraction of all the cycles), which can
be computed in time O(d®). If one has an efficient method to count all the (weighted) cycles,
then the variance of the estimator could potentially decrease by an order of k!. For k < 7,
our proposed algorithm in Section 2 provides exactly such an estimator. We replace (Kong
and Valiant, 2016, Algorithm 1) with ours, and run the same experiment to showcase the
improvement in Figure 3, for dimension d = 2048 and various values of number of samples
n comparing the multiplicative error in estimating ||E[X X T]||’,§, for k = 7. With the same
run-time, significant gain is achieved by simply substituting our proposed algorithm for
counting small structures, in the sub-routine. In general, the efficient algorithm we propose
might be of independent interest to various applications, and can directly replace (and
significantly improve upon) other popular but less efficient counterparts.

One of the main challenges under the sampling scenario considered in this paper is that
existing counting methods like that of (Kong and Valiant, 2016) cannot be applied, regard-
less of how much computational power we have. Under the matrix completion scenario, we
need to (a) sum over all small structures H € Hy, and not just Cj as in (Kong and Valiant,
2016); and (b) for each structure we need to sum over all subgraphs with the same structure
and not just those walks whose labels form a monotonically increasing sequence as in (Kong
and Valiant, 2016).

Algorithms for counting structures. An important problem in graph theory is to count
the number of small structures, also called network motifs, in a given graph. This has many
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Figure 3: By replacing Algorithm 1 in (Kong and Valiant, 2016) that only counts increasing
cycles with our proposed algorithm that counts all cycles, significant gain is acheived in
estimating |E[X XT]||¥, for k = 7.

practical applications in designing good LDPC codes (Tian et al., 2004), understanding the
properties of social networks (Ugander et al., 2013), and explaining gene regulation networks
(Shen-Orr et al., 2002). Exact and approximate algorithms have been proposed in (Alon
et al., 1997; Kloks et al., 2000; Liu and Wang, 2006; Halford and Chugg, 2006; Karimi and
Banihashemi, 2013; Wang et al., 2014). The most relevant one is the work of Alon et al.
(1997) on counting the number of cycles C, where counts of various small structures called
k-cyclic graphs are used as sub-routines and efficient approaches are proposed for £ < 7.
These are similar to k-cyclic pseudographs, but with multi-edges condensed to a single edge.
When counting cycles in a simple (unweighted) graph, k-cyclic graphs are sufficient as all
the edges have weight one. Hence, one does not need to track how many times an edge has
been traversed; the weight of that walk is always one. In our setting, the weight of a walk
depends on how many times an edge has been traversed, which we track using multiedges.
It is therefore crucial to introduce the class of k-cyclic pseudographs in our estimator.

In a distributed environment, fast algorithms for counting small structures have been
proposed by Elenberg et al. (2015) and Elenberg et al. (2016) for small values of k € {3,4}.
However, the main strength of their approach is in distributed computing, and under the
typical centralized setting we study, this approach can be slower by a factor exponential in
k for, say k < 7.

From Schatten norms to spectral sum functions. A dominant application of Schatten
norms is in approximating a family of functions of a matrix, which are called spectral sum
functions (Han et al., 2016) of the form

d

K d
FOM:f) = Y fan) = Y a{ Y oy}, (4)
=1

i=1 k=0

A typical approach is to compute the coefficients of a Chebyshev approximation of f,
which immediately leads to an approximation of the spectral sum function of interest as
the weighted sum of Schatten k-norms. This follows from the approximation of f(x) ~
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2520 apx®. This approach has been widely used in fast methods for approximating the log-
determinant (Pace and LeSage, 2004; Zhang and Leithead, 2007; Boutsidis et al., 2015;
Aune et al., 2014; Han et al., 2015), corresponding to f(x) = logz. Practically, log-
determinant computations are routinely (approximately) required in applications including
Gaussian graphical models (Rue and Held, 2005), minimum-volume ellipsoids (Van Aelst
and Rousseeuw, 2009), and metric learning (Davis et al., 2007). Fast methods for ap-
proximating trace of matrix inverse has been studied in (Wu et al., 2016; Chen, 2016),
corresponding to f(z) = ™!, motivated by applications in lattice quantum chromodynam-
ics (Stathopoulos et al., 2013). Fast methods for approximating the Estarada index has
been studied in (Han et al., 2016), corresponding to f(z) = exp(x). Practically, it is used
in characterizing 3-dimensional molecular structure (Estrada, 2000) and measuring graph
centrality (Estrada and Hatano, 2007), the entropy of a graph (Carbé-Dorca, 2008), and
the bipartivity of a graph (Estrada and Rodriguez-Veldzquez, 2005). Approximating the
generalized rank under communication constraints has been studied in (Zhang et al., 2015),
corresponding to f(z;¢1) = I(z < ¢1). The generalized rank approximates a necessary tun-
ing parameter in a number of problems where low-rank solutions are sought including robust
PCA (Candes et al., 2011; Netrapalli et al., 2014) and matrix completion (Keshavan et al.,
2010b,a; Jain et al., 2013), and also is required in sampling based methods in numerical
analysis (Mahoney et al., 2011; Halko et al., 2011). Similarly, (Saade et al., 2015) studied
the number of singular values in an interval, corresponding to f(x;c1,c2) =I(c1 < z < ¢9).
In practice, a number of eigensolvers (Polizzi, 2009; Sakurai and Sugiura, 2003; Schofield
et al., 2012) require the number of eigenvalues in a given interval. For more comprehensive
list of references and applications of this framework, we refer to the related work section in
(Han et al., 2016).

In a recent work, Kong and Valiant (2016) provide a novel approach to tackle the
challenging problem of estimating the singular values themselves. Considering the histogram
of the singular values as a one-dimensional distribution and the Schatten k-norm as the k-th
moment of this distribution, the authors provide an innovative algorithm to estimate the
histogram that best matches the moments in Wasserstein distance.

Matrix completion. Low-rank matrix completion addresses the problem of recovering a
low-rank matrix from its sampled entries. Tight lower and upper bounds on the sample
complexity is well studied in both cases where you want exact recovery when samples are
noiseless (Candes and Recht, 2009; Keshavan et al., 2010a; Bhojanapalli and Jain, 2014),
and also when samples are noisy and where you want approximate recovery (Keshavan
et al., 2010b; Negahban and Wainwright, 2012). In practical applications, one might not
have enough samples to estimate all the missing entries with sufficient accuracy. However,
one might still be able to infer important spectral properties of the data, such as the singular
values or the rank. Such spectral properties can also assist in making decisions on how many
more samples to collect in order to make accurate inference on the quantity of interest. In
this paper, one of the fundamental question we ask and answer affirmatively is: Can we
accurately recover the spectral properties of a low-rank matrix from sampling of its entries,
below the matrix completion threshold?
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2. Efficient Algorithm

In this section we give a constructive proof of Proposition 2, inspired by the seminal work
of Alon et al. (1997) and generalize their counting algorithm for k-cyclic graphs to counting
(weighted) k-cyclic pseudographs. In computing the estimate in (3), ¢(H) can be computed
in time O(k!). Suppose p(H) has been computed. We will explain how to compute p(H)
for Eros-Rényi sampling and graph sampling in Sections 3 and 4. The bottleneck then
is computing the weights wp,ar)(H) for each H € Hy. Let yy(H) = wy(H)c(H). We
give matrix-multiplication-based equations to compute vps(H) for every H € Hy, for k €
{3,4,5,6,7}. This establishes that vy;(H), and hence wy;(H), can be computed in time
O(d®), proving Proposition 2.

For any matrix A € R4 let diag(A) to be a diagonal matrix such that (diag(4));; =
Ayi, for all i € [d] and (diag(A));; = 0, for all i # j € [d]. For a given matrix M € R,
define Ojps to be matrix of off-diagonal entries of M that is Oy = M — diag(M) and
Dy = diag(M). Let tr(A) denote the trace of A, that is, tr(A) = > ;c(q Aii- Let AxB
denote the standard matrix multiplication of two matrices A and B. Consider computing
ym(H) for H € H3 as labeled in Figure 2:

'}’M(Al) = tl"(DM*DM*DM) (5)
yv(Az) = 3tr(DyxOpxOpy) (6)
’yM(Ag) = tI‘(OM*OM*OM) (7)

The first weighted sum ~57(A;1) is the sum of all weights of walks of length 3 that consist
of three self-loops. One can show that va (A1) = X ey M3, which is (5) in our matrix
operation notations. Similarly, v5;(As) is the sum of weights of length 3 walks with no
self-loop, which leads to (7) and, vps(A2) is the sum of weights of length 3 walks with a
single self-loop, which leads to (6). The factor 3 accounts for the fact that the self loop

could have been placed at the first, second or the third in the walk.

Similarly, for each k-cyclic pseudographs in Hj, for k < 7, computing vy, (H) involves
a few matrix operations with run-time O(d®). We provide the complete set of explicit
expressions in Section 10. A MATLAB implementation of the estimator (3), that includes
as its sub-routines the computation of the weights of all k-cyclic pseudographs, is available
for download at https://github.com/khetan2/Schatten_norm_estimation. The explicit
formulae in Section 10 together with the implementation in the above url might be of interest
to other problems involving counting small structures in graphs.

For k = 1, the estimator simplifies to ©4(Po(M)) = (1/p) > Pa(M);, which can
be computed in time O(d). For k = 2, the estimator simplifies to  Oy(Po(M)) =
(1/p) > PQ(M)ZZJ-, which can be computed in time O(|Q2]). However, for k > 8, there
exist walks over K4, a clique over 4 nodes, that cannot be decomposed into simple com-
putations involving matrix operations. The best known algorithm for a simpler task of
counting K, has run-time scaling as O(d®*!), which is fundamentally different. We refer

to Section 5 for further discussions on the computational complexity beyond k = 7.
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Algorithm 1 Schatten k-norm estimator

Require: Po(M), k, Hi, p(H) for all H € H;,
Ensure: O(Po(M))
1: if £ <7 then
2:  For each H € Hy, compute vp,(a)(H) using the formula from Eq. (5)—(7) for k = 3
and Eq. (60) -~ (203) for k € {4,5,6,7}
3 Op(Pa(M)) < X pep, pom YPa(in)(H)
4: else

5. Op(Pa(M)) < Algorithm 4[Po (M), k, Hy, p(H) for all H € Hy) [Section 6]
6: end if

3. Erdos-Rényi sampling

Under the stylized but canonical Erdés-Rényi sampling, notice that the probability p(H)
that we observe all edges in a walk with pattern H is

p(H) = pmH)

where p is the probability an edge is sampled and m(H) is the number of distinct edges in
a k-cyclic pseudograph H. Plugging in this value of p(H), which can be computed in time
linear in k, into the estimator (3), we get an estimate customized for Erdos-Rényi sampling.

Given a rank-r matrix M, the difficulty of estimating properties of M from sampled
entries is captured by the incoherence of the original matrix M, which we denote by u(M) €
R (Candes and Recht, 2009). Formally, let M = UXU " be the singular value decomposition
of a positive definite matrix where U is a d x r orthonormal matrix and ¥ = diag(o1,- - ,0,)
with singular values 01 > 09 > --- > 0, > 0. Let U;, denote the i-th row and j-th column
entry of matrix U. The incoherence p(M) is defined as the smallest positive value p such
that the following holds:

Al. For all i € [d], we have >_»_ U2 (04/01) < pr/d.
A2. For all i # j € [d], we have | Y. UiaUja(0a/01)] < py/r/d.

The incoherence measures how well the matrix is spread out and is a common measure of
difficulty in completing a matrix from random samples (Candeés and Recht, 2009; Keshavan
et al., 2010a). We note that our incoherence condition depends upon singular values unlike
the one given in (Candeés and Recht, 2009) which only depends upon row and column spaces.
The lower the incoherence, the more spread out the entries are, and estimation is easier.
On the other hand, if there are a few entries that are much larger than the rest, estimating
a property of the matrix (such as the Schatten k-norm) from uniformly sampled entries can
be extremely challenging.

3.1. Performance guarantee

For any d x d positive semidefinite matrix M of rank r with incoherence (M) = p and the
effective condition number k = oymax(M)/omin(M), we define

dp k—1 rkpk—l
P = (w)%g(k)maX{l,( ; T (0

11
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such that the variance of our estimator is bounded by Var((:)(PQ(M N/IM|E) <
p*(r'=2/k Jdp)k as we show in the proof of Theorem 3 in Section 8.1. Here, g(k) =
O(K!) is a function depending only on k. Note that for k > 3, p? simplifies to p? =

(dp)*~ !
(1) g () max {1, 25— 1.

Theorem 3 (Upper bound under the Erdos-Rényi sampling) For any integer k €
[3,00), any 6 > 0, any rank-r positive semidefinite matriz M € R4 and given i.i.d. sam-
ples of the entries of M with probability p, the proposed estimate of (3) achieves normalized
error & with probability bounded by

|Ok(Pa(M)) — || M]1}] 2 pl=2/k\ k
P( o 2 0) < w0

R

(8)

[\

Consider a typical scenario where p, k, and k are finite with respect to d and r, and rank
is sufficiently small, 7 = O(d®/(*=1D)(=2))) " Then the Chebyshev’s bound in (8) implies that
the sample complexity of d?p = O(dr'~%/*) is sufficient to recover |M||F up to arbitrarily
small multiplicative error and arbitrarily small (but strictly positive) error probability. This
is strictly less than the known minimax sample complexity for recovering the entire low-rank
matrix, which scales is O(rdlogd). As we seek to estimate only a property of the matrix (i.e.
the Schatten k-norm) and not the whole matrix itself, we can be more efficient on the sample
complexity by a factor of 72/% in rank and a factor of log d in the dimension. We emphasize
here that such a gain can only be established using the proposed estimator based on the
structure of the k-cyclic pseudographs. We will show empirically that the standard matrix
completion approaches fail in the critical regime of samples below the recovery threshold of
O(rdlogd).

Figure /4£ a scatter plot of the absolute relative error in estimated Schatten k-norm,
{||M||’,§ — |[M|IF| /1M ||}, for k = 5, for three approaches: the proposed estimator, Schatten
norm of the scaled sampled matrix (after rank-r projection), and Schatten norm of the
completed matrix, using state-of-the-art alternating minimization algorithm (Jain et al.,
2013). All the three estimators are evaluated 20 times for each value of p. M is a symmetric
positive semi-definite matrix of size d = 500, and rank r = 100 (left panel) and r = 500
(right panel). Singular vectors U of M = UXU ", are generated by QR decomposition of
N(0,I4xq) and X;; is uniformly distributed over [1,2]. For a low rank matrix on the left,
there is a clear critical value of p ~ 0.45, above which matrix completion is exact with
high probability. However, this algorithm knows the underlying rank and crucially exploits
the fact that the underlying matrix is exactly low-rank. In comparison, our approach is
agnostic to the low-rank assumption but finds the accurate estimate that is adaptive to
the actual rank in a data-driven manner. Using the first r singular values of the (rescaled)
sampled matrix fails miserably for all regimes (we truncate the error at one for illustration
purposes). In this paper, we are interested in the regime where exact matrix completion
is impossible as we do not have enough samples to exactly recover the underlying matrix:
p < 0.45 in the left panel and all regimes in the right panel.

The sufficient condition of d?p = O(dr'=?/%) in Theorem 3 holds for a broad range
of parameters where the rank is sufficiently small » = O(dF/((5=D(=2)) (to ensure that

12
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Figure 4: The proposed estimator outperforms both baseline approaches below the matrix
completion threshold. For k = 5, comparison of the absolute relative error in estimated

Schatten norm that is H|M||£ - ||MH§}/HMH',§ for the three algorithms: (1) the proposed

o —

estimator, ||M||F = Ok (Pa(M)), (2) Schatten norm of the scaled sampled matrix, | M|k =
1(1/p)Pr(Pa(M))||%, (3) Schatten norm of the completed matrix, M = AltMin(Pgq(M))

from (Jain et al., 2013), || M|} = H]\A/ng, where P,(-) is the standard best rank-r projection
of a matrix. € is generated by Erdos-Rényi sampling of matrix M with probability p.

the first term in p? dominates). However, the following results in Figure 5 on numerical
experiments suggest that our analysis holds more generally for all regimes of the rank r,
even those close to d. M is generated using settings similar to that of Figure 4. Empirical
probabilities are computed by averaging over 100 instances.

One might hope to tighten the Chebyshev bound by exploiting the fact that the correla-
tion among the summands in our estimator (3) is weak. This can be made precise using the
recent result from Schudy and Sviridenko (2011), where a Bernstein-type bound was proved
for the sum of polynomials of independent random variables that are weakly correlated.
The first term in the bound (9) is the natural Bernstein-type bound corresponding to the
Chebyshev’s bound in (8). However, under the regime where k is large or p is large, the
correlation among the summands becomes stronger, and the second and third term in the
bound (9) start to dominate. In the typical regime of interest where u, k, k are finite, rank
is sufficiently small r = O(dF/(*=1D(#=2))) " and sample complexity d’p = O(dr'=2/¥), the
error probability is dominated by the first term on the right-hand side of (9). Neither one
of the two bounds in (8) and (9) dominates the other, and depending on the values of the
problem parameters, we might want to apply the one that is tighter. We provide a proof in
Section 8.2.

13
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Figure 5: Each colormap in each block for k € {2,3,4,5,6, 7} show empirical probability of
the event {||M]|F — O (Pa(M))|/|M||E < &}, for § = 0.5 (left panel) and § = 0.2 (right
panel). Q is generated by Erdés-Rényi sampling of matrix M with probability p (vertical
axis). M is a symmetric positive semi-definite matrix of size d = 1000. The solid lines
correspond to our theoretical prediction p = (1/ d)rlfQ/ k.

Theorem 4 Under the hypotheses of Theorem 3, the error probability is upper bounded by

1M1 B

k 1/k
7&( dp ) —(d < 5d ) _ < 5d )
= p) = (dp) = _8dp
eQmax{e PA\AE) e pri=t e ) e e 9)

P(\ékmgz(M)) —IM1iE] 5) .

These two results show that the sample size of d?p = O(dr'~%/¥) is sufficient to estimate
a Schatten k-norm accurately when pu, k, k are finite and rank is sufficiently small r =
O(dk/((k_l)(k_2))). In general, we do not expect to get a universal upper bound that is
significantly tighter for all r, because for a special case of r = d, the following corollary of
(Li et al., 2014, Theorem 3.2) provides a lower bound; it is necessary to have sample size
d’p = O(d2*4/k) when r = d. Hence, the gap is at most a factor of 72/% in the sample

complexity.

Corollary 5 Consider any linear observation X € R™ of a matriz M € R¥™ ¢ and any
estimate 0(X) satisfying (1 — &) ||M||¥ < 0(X) < (1+ 0x)||M||F for any M with probability
at least 3/4, where 6, = (1.2F —1)/(1.28 + 1). Then, n = Q(d>=/*).

For k € {1,2}, precise bounds can be obtained with simpler analyses. In particular,
we have the following remarks, whose proof follows immediately by applying Chebyshev’s

inequality and Bernstien’s inequality along with the incoherence assumptions.

14



SPECTRUM ESTIMATION FROM A FEwW ENTRIES

Remark 6 Fork =1, the probability of error in (8) is upper bounded by min{vy,vo}, where

1 2
by = L)
62 dp

—62 /(rew)? 1) —
() )

, and V9 = 2exp (

Remark 7 For k = 2, the probability of error in (8) is upper bounded by min{vy, o}, where

1 (’W)4 7’2 _ 52
? d2p (2“‘*) ,and I/2:2exp<_5(

k)t 2 k)2 —1
; (rp) (u)))'

,
o (2+3)+5 5

vV =

When k = 2, for rank small » < Cv/d, only we only need d’p = O(1) samples for
recovery up to any arbitrary small multiplicative error. When rank r is large, our estimator
requires d’p = O(d) for both k € {1,2}.

3.2. From Schatten norms to spectrum and spectral sum functions

Schatten norms by themselves are rarely of practical interest in real applications, but they
provide a popular means to approximate functions of singular values, which are often of great
practical interest (Di Napoli et al., 2016; Zhang et al., 2015; Kong and Valiant, 2016). In
this section, we consider two such applications using the first few Schatten norms explicitly:
estimating the generalized rank in Section 3.2.1 and estimating the singular values in Section
3.2.2.

3.2.1. ESTIMATING THE GENERALIZED RANK

For a matrix M € R4 and a given constant ¢ > 0, its generalized rank of order ¢ is given
by

d
rank(M, c) = Z]I[O’i(M) > c].
i=1

This recovers the standard rank as a special case when ¢ = 0. Without loss of generality,
we assume that opmax(M) < 1. For any given 0 < ¢3 < ¢; < 1, and 0 € [0,1), our goal is to
get an estimate 7(Pq(M)) from sampled entries Py (M) such that

(1 =9¢)rank(M,c1) < 7T(Pa(M)) < (146)rank(M,c2).

The reason we take two different constants ¢y, ¢s is to handle the ambiguous case when the
matrix M has many eigenvalues smaller than but very close to ¢;. If we were to set co = ¢,
then any estimator 7(M) would be strictly prohibited from counting these eigenvalues.
However, since these eigenvalues are so close to the threshold, distinguishing them from
other eigenvalues just above the threshold is difficult. Setting co < ¢; allows us to avoid
this difficulty and focus on the more fundamental challenges of the problem.

Consider the function H, ¢, : R — [0, 1] given by

1 ifx>c
He e,(x) =20 if r < e

r—c 4

oo Otherwise.
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It is a piecewise linear approximation of a step function and satisfies the following:
rank(M,c1) < % Hg o(0i(M)) < rank(M,cs). (10)

We exploit this sandwich relation and estimate the generalized rank. Given a polynomial
function f : R — R of finite degree m such that f(z) ~ H, ., (z) for all z, such that
flx) =ap+ a1z + -+ + anpx™, we immediately have the following relation, which extends
to a function on the cone of PSD matrices in the standard way:

Y fleiM)) = apd+ Y al| M| (11)

i=1 k=1

Using this equality, we propose the estimator:

?(PQ(M);Cl,CQ) = aod—l—Zak(:)k(PQ(M)), (12)
k=1

where we use the first several O (Pq(M))’s obtained by the estimator (3). Note that
function f depends upon ci, ca. The remaining task is to obtain the coefficients of the poly-
nomials in f that is a suitable approximation of the function H, .,. In a similar context
of estimating the generalized rank from approximate Schatten norms, Zhang et al. (2015)
propose to use a composite function f = g5 o ¢ where ¢ is a finite-degree Chebyshev poly-
nomial of the first kind such that sup,cp 1 19(¥) — He, e, (%) < 0.1, and g5 is a polynomial
of degree 2s + 1 given by

1 x
gs(x) = B(8—|-1,8+1)/0 t5(1 —t)°dt, where B(-,-) is the Beta function.

Note that, since H, ., is a continuous function with bounded variation, classical theory
in (Mason and Handscomb, 2002, Theorem 5.7), guarantees existence of the Chebyshev
polynomial g of a finite constant degree, say C}, that depends upon c¢; and co. Specifically,
for a given choice of thresholds 0 < ¢; < ¢ < 1 and the degree of the beta approximation
s, the estimator 7(Pq(M); c1,c2) in (12) can be computed as follows.

The approximation of H,, ., with f = gso0q and our upper bound on estimated Schatten

norms O (Po(M)) translate into the following guarantee on generalized rank estimator
7(Pa(M);c1, c) given in (12).

Corollary 8 Suppose ||M|2 < 1. Under the hypotheses of Theorem 3, for any given 1 >
c1 > cg > 0, there exists a constant Cy, such that for any s > 0 and any v > 0, the estimate
in (12) with the choice of f = qs o q satisfies

(1 =96)(rank(M,c1) —27°d) < T(Pa(M);c1,c2) < (1+9)(rank(M,c2) +27°d),

with probability at least 1 —yCy(25+1), where § = maxy<p<cy, (25+1) {\/gi(%;_zﬂ“})k}
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Algorithm 2 Generalized rank estimator (a variation of Zhang et al. (2015))

Require: Pq(M), c1, c2, s
Ensure: 7(Pq(M);ci,c2)
1. For given ¢; and cg, find a Chebyshev polynomial of the first kind ¢(x) satisfying

sup |q(x) — Hey ep(z)] < 0.1
z€[0,1]

[Algorithm 7]
2: Let Cj, denote the degree of ¢(z)
3: Find the degree (2s + 1)C}, polynomial expansion of ¢ o ¢(z) = 222831)01’ apzk

1 F(Pa(M);er, ) < apd+ 3TV 040, (Po(M)) [Algorithm 1]

The proof follows immediately from Theorem 3 and the following lemma which gives a
uniform bound on the approximation error between H. ., and f = ¢g; 0 ¢. Lemma 9,
together with Equations (10) and (11), provides a (deterministic) functional approximation
guarantee of

d
rank(M,c1) —d27° < Zf(aZ(M)) < rank(M,c1) +d27°,
i=1

for any ¢; < ¢o and any choice of s, as long as C}, is large enough to guarantee a 0.1 uniform
error bound on the Chebyshev polynomial approximation. Since we can achieve 1 4+ §
approximation on each polynomial in f(o;(x)), Theorem 3 implies the desired Corollary 8.
Note that using Remarks 6 and 7, the bounds in (9) hold for k € [1, c0) with r1=2/k peplaced
by max{1,r1~2/*}.

Lemma 9 (Zhang et al. (2015), Lemma 1) Consider the composite polynomial f(z) =
qs(q(z)). Then f(z) € [0,1] for all x € [0,1], and moreover

|f(z) — Heyop(x)] <27°, for all z € [0, co] U e, 1].

In Figure 6, we evaluate the performance of estimator (12) numerically. We construct a
symmetric matrix M of size d = 1000 and rank r = 200, o; ~ Uni(0,0.4) for 1 <i < r/2,
and o; ~ Uni(0.6,1) for /2 4+ 1 < i < r. We estimate 7(Pq(M);c1,c2) for Erdés-Rényi
sampling €2, and a choice of co = 0.5 and ¢; = 0.6, which is motivated by the distribution
of g;. We use Chebyshev polynomial of degree C, = 2, and s = 1 for ¢;. That is function f
is of degree 6. Accuracy of the estimator can be improved by increasing Cj, and s, however
that would require estimating higher Schatten norms.

3.2.2. ESTIMATING THE SPECTRUM

Given accurate estimates of first K Schatten norms of a matrix M, we can estimate singular
values of M using a linear programming based algorithm given in (Kong and Valiant, 2016).
In particular, we get the following guarantees on the estimated singular values, whose proof
follows directly using the analysis techniques in the proof of (Kong and Valiant, 2016,
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Figure 6: The left panel shows a histogram of singular values of M chosen for the experiment.
The right panel compares absolute error in estimation 7(Pq(M);c; = 0.5, ca = 0.6) for two

choices of the Schatten norm estimates || M||¥: first the proposed estimator Ok(Pa(M)) in

(3), and second the Schatten norm of the completed matrix, M = AltMin(Pq(M)) from
(Jain et al., 2013).

Theorem 2). The main idea is that given the rank, the maximum support size of the true
spectrum, and an estimate of its first K’ moments, one can find r singular values whose K
first moments are close to the estimated Schatten norms.

Algorithm 3 Spectrum estimator (a variation of Kong and Valiant (2016))

Require: Pq(M), K, €, target rank r, lower bound a and upper bound b on the positive
singular values

Ensure: estimated singular values (61,02, ...,0;)
1. LeRE : L = Or(Po(M)) for k € [K] [Algorithm 1]
2t=[(b—a)le]l+1,x €eR: z; =a+e(i — 1), for i € [t],
3 VeRFX Vi =ab fori e [K],j € [t]
4: p* = {minyep: |[Vp — Ll : ]l;"—p =1,p >0}
5: 0y = min{z; : 3 ,;p; = 77} ith (r + 1)st-quantile of distribution corresponding to

*

p

Further, our upper bound on the first X moments can be translated into an upper
bound on the Wasserstein distance between those two distributions, which in turn gives the
following bound on the singular values. With small enough € and large enough K and r,
we need sample size d?p > Cr, K@ﬁdrl_z/ ¥ to achieve arbitrary small error.

Corollary 10 Under the hypotheses of Theorem 3§, given rank r, constants 0 < a <

bAsuch that Omin > @, Omax < b, and estimates of the first K Schatten norms of M,
{Ok(Pa(M))}re(k) obtained by the estimator (3), for any 0 < € < (b—a), and v > 0, Algo-
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rithm & runs in time poly(r, K, (b — a)/€) and returns {G;};c|y) an estimate of {o;(M)}icpy
such that

1 T
*Z@—Uz‘\ <
[t

K k
Clb—a) b-—a K1 & p? (max{1,r1-2/k}
Tt g(K)(b—a) (eKb + ; O s Pl e P )

with probability at least 1 —yK, where C' is an absolute constant and g(K) only depends on
K.

In Figure 7, we evaluate the performance of the proposed estimator (3), in recovering
the true spectrum using Algorithm 3. We compare the results with the case when Schatten
norms are estimated using matrix completion. We consider two distributions on singular
values, one peak and two peaks. More general distributions of spectrum can be recovered
accurately, however that would require estimating higher Schatten norms. For both cases,
the proposed estimator outperforms matrix completion approaches, and achieves better
accuracy as sample size increases with a. In each graph, the black solid line depicts the
empirical Cumulative Distribution Function (CDF) of the ground truths {o; };c|; for those
r strictly positive singular values. In the first experiment (the top panel), there are r
singular values at one peak o; = 1, and in the second experiment (the bottom pannel) there
are r/2 singular values at each of the two peaks at 0; = 1 and o; = 2. Each cell shows
the result of a choice of rank r € {50,200,500} and a parameter o € {3,5,8,10}, where
Q) is generated using Erdés-Rényi sampling with probability p = (a/ d)rl_Q/ 7. Matrix M
is a symmetric matrix of size d = 1000 and rank r with singular values {o;};c/g. In
each cell, there are one black line, three blue lines, and three orange lines. Each blue
line corresponds to the empirical CDF of {G;};c|q for each trial, over three independent
trials. Each orange line corresponds to the empirical CDF of {G;};ciq. Here, 0;’s are

estimated using {@k(PQ(M))}kE[K] obtained by the estimator (3), and 7;’s are estimated

using {HMHﬁ}kE[K] where M = AltMin(Pq(M)), along with Algorithm 2 in (Kong and
Valiant, 2016), for K = 7.

4. Graph sampling

Our framework for estimating the Schatten k-norms can be applied more generally to any
random sampling, as long as the distribution is permutation invariant. In practice, we
typically observe one instance of a sampled matrix and do not know how the samples
were generated. Under a mild assumption that the probability of sampling an entry is
independent of the value of that entry, the only information about the sampling model that
we have is the pattern, i.e. an unlabelled graph G = (V, E) capturing the pattern of sampled
indices by the edges. This naturally suggests a novel sampling scenario that we call graph
sampling.

The Erdos-Rényi sampling has been criticized as being too strict for explaining how
real-world datasets are sampled. When working with natural data, we typically only get
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Figure 7: The proposed estimator (in blue solid lines) outperforms matrix completion ap-
proaches (in orange solid lines) in estimating the ground truths empirical cumulative dis-
tribution function of the r strictly positive singular values (in black solid line) for two
examples: one peak at o; = 1 on the top and two peaks at o; = 1 or g; = 2 on the bottom.

one instance of a sampled matrix without the knowledge of how those entries are sampled.
In this section, we propose a new sampling model that we call graph sampling that makes
minimal assumptions about how the data was sampled. We assume that the pattern has
been determined a priori, which is represented by a deterministic graph G = (V, E) with d
nodes denoted by V' and undirected edges denoted by E. The random sampling €2 is chosen
uniformly at random over all relabeling of the nodes in G. Formally, for a given G = (V, E),
a permutation 7 : [d] — V is drawn uniformly at random and samples are drawn according
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to

Pa(M) = {(i,7, Mij) } (x(i)(j))eE -

As the sampling pattern G is completely known to the statistician who only has one instance
of a random sampling, we are only imposing that the samples are drawn uniformly at
random from all instances that share the same pattern. Further, understanding this graph
sampling model has a potential to reveal the subtle dependence of the estimation problem
on the underlying pattern, which is known to be hard even for an established area of matrix
completion.

In this section, we provide an estimator under graph sampling, and characterize the
fundamental limit on the achievable error. This crucially depends on the original pattern
G via a fundamental property )‘Z‘,r’ which is generally challenging to compute. However,
we provide a bound on )‘*G,r for two extreme cases of varying difficulty: a clique sampling
that requires only O(r2*4/ k) samples and a clique-star sampling that requires as many as
O(dr'=*/*) samples. This is made formal by showing a lower bound on the minimax sample
complexity. Comparing the two necessary conditions on sample complexity, 0(7'2*4/ k) for
clique sampling and O(dr'=%/%) for clique-star sampling, it follows that depending on the
pattern of the samples, the sample complexity can vary drastically, especially for low-rank
matrices where r < d.

Under the graph sampling, the probability p(H) that we observe all edges in a walk with
pattern H is

p(H) = WPQ(ndng)(H)
Wndng(H )

where ]ld]lg is the all ones matrix, and by permutation invariance, the probability is the ratio
between total (unweighted) number of walks with H(w) = H in the original pattern © and
that of the complete graph Ky. Note that although  is a random quantity, pr(MT)(H )
only depends on the structure and not the labelling of the nodes and hence is a deterministic
quantity. Plugging in this value of p(H ), which can be computed in time O(d*) for k <7
as shown in Proposition 2 (and in general only increases the computational complexity of
the estimate by a factor of two), into the estimator (3), we get an estimate customized for
graph sampling.

4.1. Performance Guarantees

Recall the graph sampling defined in Section 1.1, where we relabel the nodes of a pattern
graph G(V, E) according to a random uniform permutation, and sample the entries of the
matrix M on the edges. We prove a fundamental lower bound on the sample complexity
that crucially depends on the following property of the pattern G. Let G.(V,Q) denote
the graph after relabeling the nodes of G = (V, E) with permutation 7 : [d] — [d]. For
independent Rademacher variables u; for i € [r]

Jor ) zmgx{Eu[exp (a2 ¥ uu)]} (13)

(1,)EP()(Gr)
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where P(")(G) C [r] x [] is a projection of the edges 2 over d nodes to a set of edges over r
nodes by mapping a node i € [d] to a node 14(i—1 mod 7) € [r]. Precisely, (i,5) € P")(Gx)
if there exists an edge (i, j') € Q such that i = 1+ (¢ —1 mod r) and j = 1+ (5’ —1 mod r).
Observe that fg ,(A) is a non-decreasing function of A. It follows from the fact that for any
positive A and random variable  and any € > 0, we have E[e*119?] > E[e ] (E[e}*])c >
E[e**]e El) > E[e?]. The first and the second inequalities use Jensen’s inequality and the
third one holds when E[z] > 0. Note that Eu[; »epe(q,) uity] = 0, since u;’s are i.i.d.
Rademacher variables.

This function measures the distance between a particular low-rank matrix with Gaussian
entries and its rank one perturbation, which is used in our constructive lower bound (see
Eq. (35)). Intuitively, smaller fg,(\) implies that two rank-r matrices with separated
Schatten norms look similar after graph sampling w.r.t. G. Hence, when this function is
small, say less than 26/25, then it is hard to distinguish which of the two (distributions of)
matrices we are observing. This is captured by the largest value of A that still maintains
far(X) sufficiently small:

* —

Aor = e sy (14)
One can choose any number not necessarily 26/25 as long as it is strictly larger than one
and strictly smaller than two, and this will only change the probability upper bound in (15).
If we sample from a graph G with large Af; ., then we cannot distinguish two distributions
even if they have a large Schatten norm sepération. We do not have enough samples and /or
our pattern is not sample efficient. The dependence of the fundamental lower bound on the
graph G is captured by this quantity A7 ., which is made precise in the following theorem.
We provide a lower bound that captureé how sample complexity depends on the pattern
G and also on the underlying matrix, by providing analysis customized for each family of
matrices M, , parametrized by its rank and incoherence:

M, = {M e R4 . M:MT,rank(M) <r,uM)< ,u}.

Theorem 11 (General lower bound under graph sampling) For anyk € [3,00) sup-
pose we observe samples under the graph sampling defined in Section 1.1 with respect to a
pattern graph G = (V, E). Then there exist universal constants C > 0, C' > 0 and C" > 0
such that for any r > e©"* and w > C'/logr, if )‘Z‘,r > Cdri/k=1/2 then

: 1 ~
g swp P( 1001k < 8Pag) <20Mlk ) < 3, (15)
©

MEM’V‘HU,

> w

where the supremum is over any measurable function of Pqcyry and the probability is with
respect to the random sampling 2.

A proof of Theorem 11 is given in Section 8.3. It is in general challenging to evaluate )‘Z,r
for a given graph. For a special case of clique sampling, where the pattern G(V, E) is a
clique over a subset of £ nodes among d, we provide a sharp upper bound on A7 .

Lemma 12 (Lower bound for clique sampling) If the pattern graph G(V, E) is a clique
over a subset of £ nodes, then Af; . > 2_4d(min{€,r})71/2.
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Therefore, if £ < 273C~2p1=2/k then MGy 2 Cdrl/k=1/2 which together with Theorem
11 implies that with probability at least 1 /4 any estimator makes a multiplicative error
larger than two. Hence, sample size of £({ 4 1)/2 = O(r>~*/*) is necessary to achieve
multiplicative error less than two with high probability. We show that our estimator is
optimal for k& = 3, by providing a matching upper bound on the sample complexity. For
any positive semidefinite matrix M € R?*? of rank r with incoherence u(M) = u, x =
Omax(M)/omin (M), and some function g(k) = O(k!), we define

pk=1 T1/2£k
~2 2k
p = (HM) g(k) max {1 C k=27 ; ) d } )

such that the variance of our estimator is bounded by Var(©(Pg(M))/ [M||F) < p?(ri=2/k /p)k
as we show for k£ = 3 in the proof of Theorem 13 in Section 8.6. Here, g(k) = O(k!) is a
function of k£ only.

Theorem 13 (Upper bound for clique sampling) For k = 3, any 6 > 0, and any
rank-r matrix M > 0, the proposed estimator (3) achieves a multiplicative error 6 with
probability of error bounded by

|6k(Pa(M)) — || M| e
P > 5] < (T
( TR = = 52( ] )

under the graph sampling with the pattern graph G that is a cliqgue over £ nodes.

For a typical scenario with finite p and &, this upper bound shows that sample size of
(€4 1)/2 = O(r>=*/*) is sufficient to achieve any arbitrarily small multiplicative error for
k = 3 and sufficiently small rank r < d?k/(3k=2) and ¢ < r(k_z)/(k_l), to ensure that the first
term dominates in 5?. However, the numerical experiments suggest that our analysis holds
more generally for all regimes of the rank . This matches the previous lower bound, proving
optimality of the proposed estimator for k¥ = 3. Although the current analysis holds only
for k = 3, we are intentionally writing the guarantee in general form as we expect the bound
to hold more generally. In particular, we believe that Lemma 19 holds for all £ > 3, and
thereby Theorem 13 holds for any fixed integer k € [3,00). In the numerical experiments in
Figure 8, M is generated using settings similar to that of Figure 4. Empirical probabilities
are computed by averaging over 100 instances.

Although our analysis does not give a tight lower bound for Erdés-Rényi sampling,
there exists graph patterns such that the sample complexity is large, i.e. scales linearly
in d. Consider a clique-star sampling where the pattern graph G(V,E) has a clique on
a small subset of nodes Vi, |V1| = ¢, and the remaining nodes V \ V; are disconnected
among themselves and are fully connected with the clique in V. Precisely, G = (V, E) with
(Z,]) eFifieViorjeV.

Lemma 14 (Lower bound for clique-star sampling) Under the clique-star sampling
over a clique of size {, there exists an absolute constant ¢ such that X . > cd(r(min{¢,r})) /4.
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Figure 8: Each colormap in each block for k € {3,4,5,6} show empirical probability of the
event {’||M||£—ék(’PQ(M))’/HMH’,j < 6}, for 6 = 0.5 (left panel) and § = 0.2 (right panel).
Q is generated by clique sampling of matrix M with a clique of size ¢ (vertical axis). M is a
positive semi-definite matrix of size d = 1000. The solid lines correspond to our theoretical
prediction ¢ = Vkrl=2/k.

Together with Theorem 11, this implies that if £ < ¢*C~41=%* then with probability at
least 1/4, any estimator makes an multiplicative error larger than two. This implies that the
total number of edges in the pattern graph should be O(dr1_4/ k) for accurate estimation.
Together with the upper bound on clique sampling in Theorem 13, this shows that the
sample complexity can drastically change based on the pattern of your sampling model.
Clique sampling requires only O(r>~*/*) samples (for k = 3) whereas clique-star sampling
requires at least O(dr'=*%). A proof of Lemma 12 and Lemma 14 is given in Section 8.4
and 8.5 respectively.

5. Discussion

We list some observations and future research directions.

Complexity of the estimator beyond k = 7. For k > 8, our approach of using matrix
operations to count (the weights of) walks for each pattern H € Hj can potentially be
extended. However, the complexity of the problem fundamentally changes for k > 8. As
our estimator is at least as hard as counting small structures in a simple (unweighted) graph,
we can borrow known complexity results to get a lower bound. For instance, for k > 8, we
need to count K, in a graph. There is no known simple matrix computation to count Ky
in a general graph. The best known run time for counting all K4 is O(d**!) for general
graphs (Kloks et al., 2000). For general k, under standard hardness assumptions, Flum and
Grohe (2004) show that there is no algorithm with run time O(f(k)d¢) for counting cycles of
length k, for any function f(k) and a constant ¢ that does not depend on k. In comparison,
finding one cycle of length k can be done in time 2°*)d® (Alon et al., 1997). This implies
that the complexity should scale as O(d/*)), and we believe f(k) should be larger than
(av/2k/3). The reason is that for k > (5) for an odd ¢, our estimator needs to count the
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number of cliques K, of size £ and, for k > (1/2)¢? for an even £, we require counting K.
The best known algorithm for counting K, takes time O(min{d'+e/(¢-=1)/3] g2+el(t=2)/3]1})
for general graphs (Alon et al., 1997, Theorem 6.4). Putting these bounds together, we
believe that the estimator take time at least d*V2*/3.

Sufficiency of £ < 7 for practical applications. There are many practical applications
where k < 7 is sufficient for estimating spectral sum function of a matrix from its partial
observations. In the two applications we discuss in this paper, generalized rank estimation
and spectrum estimation, we show by numerical experiments that k& < 7 is sufficient. In
Figure 6, we show that the generalized rank of a matrix can be estimated within 0.05 mul-
tiplicative error, for the case when the eigenvalues of the matrix are uniformly distributed
in an interval. In Figure 7, we show that & = 7 is sufficient for estimating the spectrum
for one peak and two peak distributions of eigenvalues. Further, for uniform distribution
of eigenvalues, Kong and Valiant (2016) use only first & = 7 Schatten norms for estimating
the spectrum. They note that considering higher Schatten norms beyond £ = 7 did not
significantly improve the results.

Graph sampling. Typical guarantees known for matrix completion assumes the Erdos-
Rényi sampling. One exception is the deterministic sampling studied by Bhojanapalli and
Jain (2014), but such generalization in sampling comes at a price of requiring more strict
assumptions on the matrix M. We propose graph sampling, which can potentially capture
how estimation guarantees depend explicitly on the pattern GG, and still remain analytically
tractable. We give such examples for special graphs in Section 4, and graph sampling model
can potentially be used to bridge the gap in sampling models between theory and practice.

(Standard) rank estimation. As several popular matrix completion approaches require
the knowledge of the rank of the original matrix, it is of great practical interest to estimate
the standard rank of a matrix from sampled entries. Our framework in Section 3.2.1 provides
a way to estimate the standard rank from samples. However, there are a few parameters
that need to be tuned, such as the thresholds ¢; and cg, and the degree of the polynomial
approximation and the order of the Schatten norm. For rank estimation, Keshavan and Oh
(2009) give an estimator that is provably correct in the regime where matrix completion
works, justifying the requirement that popular matrix completion algorithms (Keshavan
et al., 2010a; Jain et al., 2013) need to know the underlying rank. However, in the regime of
our interest, which is below the standard matrix completion threshold, the algorithm fails
miserably and there are no guarantees. In a more recent work, Saade et al. (2015) propose a
novel rank estimator of counting the negative eigenvalues of Bethe Hessian matrix. It is an
interesting future direction to build upon our framework to provide a guideline for choosing
the parameters for the standard rank estimation, and compare its performance to existing
methods.

The effect of the effective rank. One property of the Schatten norm is that as k gets
large and as the singular values have small effective rank (meaning that they decay fast),
the summation is dominated by the largest few singular values. In such scenarios, in the
estimation problem, any algorithm that tracks the first few singular values correctly would
achieve small error. Hence, the gap get smaller as the effective rank gets smaller, between
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Figure 9: For a matrix with a very small effective rank, the gap between the proposed
estimator and the simple scaled sampled matrix approach is smaller.

the proposed estimator and the simple Schatten k-norm of the rescaled sampled matrix, as
depicted in Figure 9. We are using the same setting as those in Figure 4 with a full rank
matrix M with r = d = 500, but the effective rank is relatively small as the singular values
are decaying as o; = 1/i?. For the current choice of k = 5, notice that the contribution in
|M||¥ of the second singular value is a factor of 21 smaller than the top singular value,
making it effectively a rank one matrix.

Technical challenges. The technical challenge in proving bounds on the necessary num-
ber of samples needed to estimate Schatten k-norms lies in getting tight bounds on the
variance of the estimator. Variance is a function of weighted counts of each pseudograph of
2k-closed walks, in the complete matrix. As the weight of each walk can be positive or neg-
ative, significant cancellation occurs when we sum all the weights. However, this stochastic
cancellation is hard to capture in the analysis and we assume the worst case where all the
weights are positive, which cannot occur for incoherent and well-conditioned matrices. This
weakness of the analysis leads to the requirement of the rank being sufficiently small in
the case of Erdos-Rényi sampling and k small in the case of clique sampling. We believe
these bounds can be tightened and the same is reflected in the numerical simulations which
show the same scaling holds for all small values of k£ and rank close to the dimension of the
matrix.

6. Algorithm for estimating Schatten k-norm for £ > 8

The collection of pseudographs Hj is partitioned into sets {7—[}52}19-9«, for some r < k!
The partitions }f‘z are defined such that the pseudographs in one partition are isomorphic
to each other when multi-edges are condensed into one. This is useful since all the pseudo-
graphs in one partition are observed together in G([d], ) for any fixed subgraph in G. The

underlying simple graph (including self loops) for each partition H}j‘; is denoted by F} ;.
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The main idea is to enumerate a list £, of all connected ¢-vertex induced subgraphs
(possibly with loops) of the graph G([d],2), for each 1 < ¢ < k. The unbiased weighted
count of all pseudographs H}, for each of these vertex-induced subgraphs g € L, is computed.
This is achieved by further enumerating a list S, 4 of all /-vertex subgraphs for each g. Then
the unbiased weight of all pseudographs H € H; that exist in the subgraph A is computed
and is summed over to get the estimate of the k-th Schatten norm. Recall the notation
Pa (M) which is used to denote the partially observed matrix corresponding to the index set
2 with the unobserved entries being replaced by zero. We abuse this notation and use h(M)
to represent the matrix M restricted to the subgraph h of the observed graph G([d], ).

Each connected induced subgraphs of size k in a graph can be enumerated in time
polynomial in d and k (Elbassioni, 2015). The number of connected induced subgraphs
of size k in a graph is upper bounded by (eA)*/((A — 1)k), where A is the maximum
degree of the graph (Uehara et al., 1999). Therefore, Algorithm 4 runs in time that is super
exponential in k, polynomial in d and the number of k-connected induced subgraphs in the
observed graph G([d], ).

Algorithm 4 Schatten k-norm estimator

Require: Pq(M), k, Hi, p(H) for all H € H;,
Ensure: Ok(Pa(M))
1: @k(PQ(M)) ~0
2: for1 </ <kdo
3:  Enumerate a list, £, of all connected f¢-vertex induced subgraphs (possibly with
loops) of the graph G([d], )
for all g € £, do
Enumerate a list S, ¢ of all connected /-vertex subgraphs of the graph g by removing
one or more edges
for all h € S, do
for1 <i<rdo
if h is isomorphic to F},; then
@k(PQ(M)) — @k(PQ(M)) + ZHEH};‘; ﬁwh(M) (H)C(H)
10: end if ’

11: end for
12: end for
13:  end for

14: end for

7. Algorithm for computing the Chebyshev polynomial

8. Proofs

We provide proofs for the main results and the technical lemmas.
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Algorithm 5 Chebyshev polynomial of the first kind approximating He, ¢, (z)

Require: H,, .,, c1, c2, and target accuracy d = 0.1
Ensure: Chebyshev polynomial g(x) of first kind

— x—cC2

g(z) = =2

To(x) =1, Ti(r) ==

q(z) & L[S - 2?) V(@) To(a)de + L [} (1 - 2?) 7 Ty(x)da

i=1

while sup,¢ g(x) — Heyep(7)| > 6 do
a(w)  g(@) + 2 [2(1 = 22) 7V 2g(@)Ti@)de + 22 [ (1 - 2?) V2T (o) da
1 1+1
Ti(x) = 22T; 1 (z) — Ti—2()

end while

8.1. Proof of Theorem 3

Consider W to be the collection of all length k closed walks on a complete graph of d
vertices. Here we slightly overload the notion of complete graph to refer to an undirected
graph with not only all the d(d — 1)/2 simple edges but also with d self loops as well.

Construct the largest possible collection W from W wherein each walk has distinct weights
that is w(w) # w(w’) for all w,w’ € W. We partition W according to the pattern among
k-cyclic pseudographs, which are further partitioned into four groups. The estimator (3)
can be re-written as

BuPalM) = 3 S e (w)

= Z > {;Eff; wM(w)I[(wQQ)},

w:H(w)=H

where we write w C 2 to denote the event that all the edges in the walk w are sampled,
and we define

o Hi1 = {Cy} is just a (set of a) simple cycle of length k and there are total [{w €
W : Hw) € Hpa1}| = (z)(k:'/2k) < (d¥/2k) corresponding walks to this set, and
C(Ck) = 2k.

e Hio = {H(Vu,Ex) € Hy : |Vu| < k — 1 and no self loops}, and there are total
[{w e W : H(w) € Hyz| < d*~! corresponding walks to this set.

o Hiz = Ul;;ll Hp3.s where Hy 3, = {H € Hj with s self loops}, and there are total
{w e W : H(w) € His}| < d** corresponding walks in this set.

o Hia={H(Vu,En) € Hi : |Vu| =1} is a (set of a) graph with k self loops and there
are total [{w € W : H(w) € Hy4}| = d corresponding walks to this set.
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Given this unbiased estimator, we provide an upper bound on the variance of each of the
partitions to prove concentration with Chebyshev’s inequality. For any walk w € W, let
|w| denote the number of unique edges (including self loops) that the walk w traverses. Let
|w N w'| denote the number of unique overlapping edges (including self loops) of walks w
and w’. We have,

Var(@k(PQ(M)))
N I(w € Qwar(w)e(H (w)) I(w’ € Qwnr(w)e(H (w')
P> ( p(H(w)) | p(H (W)
A
4 c(H)?
FX Y S T euwva(ieco))
=1 HEHy, 4 w:H(w)=H
k—1
Ol Jwons () was (w')|e(H (w))e(H (w'))
< 4@21#;%“3[” < K gm}( p(H (@) p(H ()
|lwNw’|=¢
4 C 20.] w 2
D> Wm[n(wgm}. (16)

Recall from the definition of incoherence that |M;;| < o1 (M)pr/d and |M;;| = o1 (M)ur'/?/d,
and let a = oy(M)ur'/?/d denote the maximum off-diagonal entry, such that |M;;| < «
and |My;| < a/r for all 4,7 € [d]. Let Ay gaq = d*a® /p* denote the target scaling of the

variance, then
Z Z WWE[H@U C Q)} <

HeHy ; wiH (w)=H p(H)?
;iZ(Zkl);azk =2kApkads fori=1, (17)
i1 1); o _ f<§)2Ap7k,a,d, for i =2, (18)
\ drk;‘% = TZfZiIAp,k,a,d, for i=4, (19)

and for i = 3 and for 1 < s <k — 1, we have

> > C(HWWE[H(w co) < at (W _ TR e (20)

2 k S
HEHk35wH(w p(H) p d

where ¢(H) is defined as the multiplicity of walks with the same weight satisfying ¢(H) <
f(k). For w # w" and |[wNw'| = £, where the range of ¢ varies across equations depending
upon the set to which w,w’ belongs, we have the following:

|was (H (w))war (H (w')| e(H (w))e(H(w'))
p(H (w))p(H (w'))

<

> E[I(w € Q)I(w' € Q)]
w#w' eW
|wmwl|:£7H(w)€Hk,i,s:H(w/)er,i’,s’
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dkdk;;m a2k](jk)2 _ (dpc)ik—z SV for i=14i=1 (21)
f(k)gdk_1d;—1—(e+1)a2k . f(k)Qc(gp)k_eAp,k,a,d fori=14 =2 (22)
f(/-c)zd’“Sd“’f;?’“”’(aﬁ)”s' - f((;/)ﬁg)?s)ff Appad, for i=i' =3 (23)
f(k)gdkd:;—(eﬂ)a% . f(k)QC(l;jp)k_eAp,k,a,d for i = 1,7 = 2(24)
f(k)Qdkdk—s—(;—zl)a%_S(CM\/;)8 - f(dk(i/(ii/p%ks_z o for i = 1,4 = 3(25)
f(k)zdk—ld’f—s—;f:l)a?’f—s(a\/?)s < fc(lf;é(/fi%’;e bod for i = 2,7 = 3(26)
f(k)gddk_s_zpik—S(a\/?)kJrs S dﬁ]fé(/cil/);];js o for i = 3,i' = 4(27)

where (27) is valid only for ¢ = 1. Note that for any w with H(w) € Hy 1 |J H 2, it has no
overlap with w’ such that H(w') € Hy, 4.

Observe that Var((:)k(PQ(M ))) as bounded in (16) is upper bounded by the sum of
quantities in (17)-(27), summating over all possible values of 1 </ <k —1,and 1 < s,s" <
k—1. Let h(k) = f(k)?>Apr.aa. Observe that quantities in (17),(18), and (20) are upper
bounded by h(k). Quantities in (21)-(27) are upper bounded by hi(k) = h(k)(dp)*~1/d.
Quantity in (19) is upper bounded by ha (k) = h(k)rFp*=t/d*1,

Given || M||¥ > 7(0umin)", recall a bound on off diagonals of matrix M by |M;;| < a =
fOmaxy/T/d and Ap g 0.q = d*a* /pk. This gives

2k, 2k, . k—2
Apkod _ K pr

IpjEE = dkpt
Using Chebyshev’s inequality and collecting all terms in the upper bound on the variance,
we have for sufficiently large d the following bound:

P(\@k(PQ(M))—HMHi\ . 5) _ (Hu)zkf(k)2rk_2max{1 (dp)h~1 Tkpk_l}
- — b d )

1] 6% (dp)* B

where the second and the third term in the max expression follow from evaluating hy(k)
and hy(k). If sampling probability p is small enough such that dp < Cd"®* =1 for some
constant C, then the second and the third terms are smaller than the first term. Hence,
the desired result in Theorem 3 follows.

8.2. Proof of Theorem 4

We can prove a Bernstein-type bound on accuracy of the estimator. The estimator (3) can
be rewritten as a multi-linear polynomial function of d(d + 1)/2 i.i.d. Bernoulli(p) random
variables.

6uPadr)) = 3 {mwmm (m@rm[que(w)mu,j) c m},
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where I((4,7) C ) is a random variable that takes value 1 if the (i, j)¢, entry of the matrix
M is sampled, and unique(w) denotes the set of the unique edges (and self loops) that the
walk w traverses. Let ¢ denote the power of the polynomial function that is the maximum
number of unique edges in the walk w, that is ¢ = k.

We use the following Bernstien-type concentration results of Schudy and Sviridenko
(2011) for the polynomials of independent random variables.

Lemma 15 (Schudy and Sviridenko (2011),Theorem 1.3) We are given d(d + 1)/2
independent central moment bounded random variables {1((i, j) € Q)}i<i<j<a with the same

parameter L. We are given a multilinear polynomial @k(PQ(M)) of power q, then

~ ~ A——>\2 7 A /t
P[|8k(Pa(M)) ~ E[Bx(Pa(M))])| 2 A] < eQmax{eVar[@k<%<M>>]Rq,%>]<e Gaztm)! }

where R is some absolute constant and us is defined as follows:

e W) y
pe = sg{(z“gife[d]} (w@%;@s p(H(w)) s (w)] (i,j)eunl;[ue(w)\sE[H(( ,J) € Q)]) (28)

where w O S denotes that the walk w comprises edges(and self loops) contained in the set
S. The parameter L is defined as follows: A random variable Z is called central moment
bounded with real parameter L > 0, if for any integer i > 1 we have

E[|lZ-ElZ)[] < iLE(Z-E[Z]].

For each of the Bernoulli random variables {I((, j) € 2)}i<i<j<d, L is contained in [1/4, 1].
In the following, we show that p; < (fomax)*g(k)r*/(d(dp)?), for t € [k]. Using Lemma 15,
along with || M||¥ > r(omm)¥, the bound in (9) follows immediately.

To compute py, define a set of walks W ;3 such that w € Wy ;s has 0 < £ < k unique
edges and 0 < s < k unique self loops, and § total self loops with £+ 3§ < k. For the set S as
required in (28), let S; . be a set of £ unique edges and 5 unique self loops, with |S; .| = £+35
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where 1 < (+3 < k. Therefore, we have

H
05\ o<s<ick weWp,. PV (b.7) Cumiaue(w)\Sz 5
5=t pe[k]:0+3<k w2S; ,S
.Zizlg—t 0<s<8<k weWp,; b

Ce[k]:+3<k w2S;

( § 2D (o e+s—(z7+§)>

< max b
< € 0+ k

Sis 0<s<8<k P !

LH3=t  gelk] i+ 5<k,5<s
— max Z f(k)(ﬂam?X)kr(kff)p

St 0<s<s<k ddk~=%) (dp)(=+9)

5=t pelk]0+5<k,5<s

3 k. (k+3)/2 k k
max k f(k)(ﬂgljlax) 7'~ ~ < (Omax)"g(k)r
S5 dd(k—t=5) (dp)(t+3) d(dp)t

IN

l45=t

8.3. Proof of Theorem 11

The proof technique is a generalization to a rank-r symmetric matrix of the proof given by
Li et al. (2014) for deriving lower bound on the size of a random bi-linear sketch needed
for approximating Schatten norm of any matrix. It also draws on the techniques used in
Andoni et al. (2013) for proving a lower bound on the size of the linear sketches of moments.

We prove Theorem 11 for an arbitrary fixed relabeling permutation 7 of the graph nodes.
Indeed, by Yao’s minimax principle, it suffices to give two distributions on matrix M € M,
for which the ||M]|, values differ by a constant factor with high probability, but for any
relabeling permutation 7 of the nodes of the pattern graph G, the induced distributions on
the sampled entries Pq (M) corresponding to the relabeled graph G, (V,Q), have low total
variation distance.

For positive C' > 0 to be specified later, define A = Cdrl/*=1/2. We construct distri-

butions D; and D for M € M,.,, with p = C’y/logr, for some absolute constant C’, such
that the following holds:

L. ||M||x < X on the entire support of Dy, and || M|, > 4\ on the entire support of Ds.

2. Let & and & denote the distribution of the sampled matrix Po(M) when M is drawn
from D; and D; respectively. Recall that €2 is the set of edges of the relabeled graph
Gr(V,Q) as defined in Section 4.1. If A\f . > A then, the total variation distance
between & and & is bounded by TV (&, &) < 1/2.
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The desired result (15) follows from the above claims and the following relationship between
statistical tests and estimators:

1 ~
P (101 < (o) < 2011l

M~1(D14Ds)
1 ~ 1 ~

< §MLPD2 (9(739(1\4)) > 2)\> + §ME)D1 <@(PQ(M)) < 2>\>
1 3

< — < -

>~ 2(1+TV(51752)) = 47

where the last inequality follows from the following characterization of the total variation
distance TV (&1,&2) = supy |E1(A) — E2(4)|.

To prove the two claims, we construct one of the desired rank-r random matrix via
tiling, i.e. covering the matrix with copies of a single r X r sub-matrix from the Gaussian
Wigner Ensemble, where diagonals and off-diagonals(upper triangle) are both distributed
as i.i.d. standard Gaussians. Another one is constructed by adding a rank one perturbation.
Precisely, we define a random matrix drawn from D; as follows.

A random r X7 matrix Z chosen from Gaussian Wigner Ensemble, G(r, ), is a symmetric
matrix whose entries Z;; and Z;; for i < j are independent with N(0,1) distribution.
Define B = ]l(d/r]]l?d/ﬂ to be an all-ones matrix of size [d/r] x [d/r]. Let D; denote the
distribution of M; = Y ® B where Y ~ G(r,r), and ® denotes the standard Kronecker
product of two matrices. Note that the matrix norm of M; and Y are related by || Mi]|x =
[d/r]]|Y]|x. Since the Schatten norm of Y ~ G(r,r) takes value on the entire Ry, we
need to truncate it. We set D; to be D; conditioned on the event S; = {M; : | Mi|x <
A (M) < C'Vlogr}, ice. Di(A) = Di(AN S1)/Di(S1).

We define Dy by adding a rank one perturbation. Precisely, let My = My + (5/d)\U,
where M; ~ Dy and U = wu' ® B. Here a random vector u € {+1}" is a vector of
iid. Rademacher random variables. Note that U is a rank one matrix and ||U||x =
[d/r||luuT |, = d. We set Dy to be Dy conditioned on the event Sy = {My : || Mzl >
4\, u(My) < C'\/logr}. Observe that My ~ Dy and My ~ Dy belong to R4*¢, are symmetric
and both are rank at most r + 1.

Let £ and & denote the distribution of Pq(M) when M is drawn from D; and Do
respectively. We first show that their total variation distance is not too large. Using the
triangle inequality, we have

TV(E, &) < TV(E,E)+TV(ELE) +TV(E, &)
< TV(&1,&) + TV(Dy, Dy) + TV(Dy, Dy) (29)
= TVEL&)+ P ((IMille =) U (p(dh) 2 C'v/logr))
+M£D2((”M2Hk < 4N U (u(My) > C'\/logr)) (30)

where (29) follows from the data processing inequality and (30) follows from TV (&1, &) =
sup 4 |E1(A) — E2(A)|. We next show that the three terms in (30) are sufficiently small.
We first provide an upper bound on TV (&1, ). As per our construction, only the upper
triangular (including diagonals) of the upper-left submatrix of size r x r of M; ~ D; and
Ms ~ Dy has unique entries and the rest are copies of these. Observe that the set of unique
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entries of Mj(or My) corresponding to any pattern graph G(V, E) are precisely the following
entries of the projection graph P(T)(G) that is defined in Section 4.1:

E(PO(G) = {G.5):i<jelli.h) e PGV, E)}. 31

For the purpose of computing the total variation distance TV (&1, ), it is sufficient to
consider only E(P")(G)) entries of M; distributed asi.i.d. standard Gaussians N (0, Iy, xy, ),
and the entries of My distributed as N(W, Iy, xs,)), where £; = |[E(P")(G,))|. The random
vector W represents the rank one perturbation and is distributed as

Wij = (5/d Ay, (i,§) € B(PT)(Gr)).

To bound total variation distance between & and &£, we use the following lemma and
the fact that for any two distributions p and v, TV (u,v) < /x2(u||v). Let p x v denote
the convolution of the density (or equivalently addition of the two random variables).

Lemma 16 (Ingster and Suslina (2012), p97) It holds that x*(N (0, I,)*u || N(0, I,,)) <
Eexp((z,2z')) — 1, where z,2' ~ p are independent.

It follows that
TV(E1,E) < VEeWW) 1 < 1/5,

for \f; > A where the expectation is taken over independent W and W’ which are identically
distributed. We show that if A7, > A the last inequality holds, as following:

Ey,w exp ((W, W'))
= E,wexp ((5/d)2)\2 Z uzu;u3u3>

(1.5)EE(P™)(Gx))

= Eyexp <(5/d)2>\2 > uu]) (32)

(1.5)€E(P™)(Gx))

Z uzu]>] exp ((5/d)2)\2 Z uiuj>
(i.5)€E(P") (Gx)) (i,5)€BE(P") (Gx))
iy =)

(/a7
(Y ) ew(6 X )
(/a7
CLE

= E,|exp

IN
=
S

(1)) EE(PT) (Gr) (1) EE(PT) (Gr)
(i ti=j

uiuj):exp <(5/d)2)\2 > uu]) (34)

(7‘9.] GP(T) (Gﬂ') (7'7.7)67)(T) (Gﬂ')
g =y

uiuj>
(w)ePW(G ) i

1+1/25, (35)

= [E,|exp

= E,|exp

IN
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where (32) follows from the fact that u,u’ are i.i.d. Rademacher variables, (33) follows from
the fact that fg,()) defined in (13) is non-decreasing in A, (34) follows from the definition
of E(P")(Gy)) in (31),and (35) follows from the definition of A% in (14).

To bound the other two terms in (30), we use Wigner’s semicircular law and its rate of
convergence for Gaussian Wigner Ensemble, G(r, r) as defined above. Consider the empirical
spectral distribution of Z € R™™" as

Fa(e) = I{i - M(Z) < o).

Lemma 17 (Wigner (1955)) Define Z = (1/\/1)Y for Y ~ G(r,r). Then as r — oo the
empirical distribution Fz(x) of Z converges weakly to the distribution G(x) with density
V4 —t?

9(t) = 5 — te[-22].

Lemma 18 (Go6tze and Tikhomirov (2003)) For any positive constant o > 0, let £y o =
log r(loglogr)®. There exists an absolute positive constant C and ¢ such that for r large
enough,

IP{ sup ’Fz(x) - G(x)} >t logrfgya} < Cexp{—clra}.

To bound the schatten norm of a matrix Y ~ G(r,r), along with Lemma 17 and Lemma
18 we use the following. If F'(z) and G(z) are cumulative distribution functions of densities
u, v then for any continuous and bounded function f, we have

’/fdu—/fdv

Choosing f(x) = z* for z € [~2,2], we can see that for k = O(logr) there exists a constant
C > 2 such that with probability 1 — 1/80 it holds that

< fllosup|F@) - Gl)].

I(L/VrY R = (/_2 ‘ dl‘+0( )>T < (2" +o())r < CFr. (36)

Hence ||Y||x < Cr(1/k+1/2) " By construction of distribution Dy, for M; ~ D, | Myl =
(d/m)|Y ||k < Cdr(M/k=1/2) = X, Also, by construction My ~ Do is My = My + (5/d)A\U
where ||U||x = d. Using triangle inequality, we have

[Mallx > [[(5/d)AU |k — || M1][x
> BA—Cdr'/FT12 = 4)

Recall that, incoherence parameter p(M) is defined as u(M) = max;,jc(qg Mi ;/(|omax(M)|/7/d).
From (36), there exists a constant 0 < C’ < 1 such that with probability 1 —1/160 it holds

that ||Y]|2 > C’r. The integral evaluates to 1 for k = 2. Therefore, the largest singular
value of M is lower bounded: |omax(Mi)| > C'd/+/r. Using the fact that there exists a
constant C” such that max; jc;,1{Yi;} < C”v/logr with probability at least 1 —1/160, we
have, u(M;) < (C”/C")y/logr. The same p(My) satisfies the upper bound on diagonals

as well. Therefore, using union bound, the second and the third term in (30) are upper
bounded by 1/40.
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8.4. Proof of Lemma 12

Observe that for any given permutation , P)(G,) as defined in Section 4.1 is a clique
over a subset of nodes V;, where |V;| < min{¢,r}. From the definition of fg,()), (13), we
have the following:

fG,r()‘)
~ max {Eu exp <(5/d>2/\2 Z(:) uzuj)} = max {Eu exp <(5/d)2,\2( Z ui)2>}
(,3)€P)(Gx) i€V,
- {2 (5/d)2A\2E, EE Sier, )] } - m;lX{(l +2§ ((5/d)2)\2ﬂ~/7r\)t) }

where the inequality follows from the bound in (37). Therefore, from the definition of G
we have that Ay . is lower bounded by 2~4d(min{¢,r}) V2.
To bound E(Zief/ﬁ u;)?, for t € [1,00), using Hoeffding bound we have that

Ve |2 U/t -
>z>dz < 2/ exp< = )dz < 202V,

Iw\

(5!

where the integral is evaluated by variable substitution.

8.5. Proof of Lemma 14

For the given pattern graph G and any given permutation 7, let A, € {0,1}"*" be the
adjacency matrix of the graph P(T)(GW) that is defined in Section 4.1. Observe that for
a permutation 7, £; rows of Zﬂ are all-ones and the remaining are all-zeros, where £, <
min{¢,r}. Let A; be a copy of A, where all the diagonal entries are replaced with zero.
Note that E,(u' Ayu)?t! = 0 for all ¢ > 0, where u;’s are ii.d. Rademacher random
variables. Define C; = exp((5/d)?\2(,).

From the definition of fg ,(\), (13), we have the following:

fG,r(A)

= max {Eu exp <(5/d)2>\2 > uuj> } = max {CWEU exp ((5/d)2)\2(uTA,ru)> }

(1,)€P() (Gx)
5/d 4t>\4tE [( TA U)Zt}

— maX{C Z ) T } < max{ <1+4Z 2¢(5/d)? N2/ L) >}

where the inequality follows from the bound in (38), and ¢ is some absolute constant. There-
fore, from the definition of AY; ., we have that Af; , is lower bounded by cd((min{¢,r})r)~"/*.
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To bound E, [(u" Azu)?], for t € [1,00), we use Hanson-Wright Inequality. Observe
that || Az|l2 < Vlxr, and || Az |2 = (r — 1)lx < Lyr.

/W@Qt (€xr)?*

IP((uTAWu)Qt > z)dz + / ]P’((uTA7r’u)275 > z)dz
(2vrlr)?t

(2vrlr)? et (6% c21/(20)
<
= /0 eXp( Alpr )d”/@ o ztexp< 2F)

2(4lyr /)t + 2(24/Crr )P (26)! < A(24/Lrr /)P (20)!, (38)

where the integral is evaluated by variable substitution.

E. [(uTATru)Qt] = ;

IN

8.6. Proof of Theorem 13

For a clique of size m selected uniformly at random, we derive an upper bound on the
variance of our estimator. Following the notations defined in the proof of Theorem 3, we
have the following bound on the variance.

Var((:)k(PQ(M)))
k ' / :
o=
+ li;Her Z {;EZ; w:H%H war(w)?Var (H(w C Q))}
k ' ,
< 1, %, sl col (2 Re)
wNw'|=¢
k ' /
23 3 e o (2Lt )

4 C 20.} w 2
+ Yy % (H)I;\;;)E[H(wQQ)] (39)

i=1 HEH ; w:H(w)=H

where we abuse the earlier defined notation |w N w’| to denote the number of overlapping
nodes in the two walks w,w’ € W instead of number of overlapping edges. Note that in
pattern sampling, covariance term for two walks that do not have any overlapping node is
not zero. As earlier, we provide bound on each of the terms in (39).

Probability of any walk w being sampled is Plw € Q] = (7)) / (Zl) < f(O)ym*/d’, where ¢
is the number of unique nodes that the walk traverses and f(¢) is an exponential function
in £. Recall that off diagonals of matrix M are bounded by |M;;| < a = pomaxy/r/d and
the diagonals are bounded by |M;;| < pomaxr/d. We have,

c(H)? war(w)?
> % WE[H(’LUQQ)} <

HeHy ; w:H(w)=H
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d¥ f(k)2a2kdk f(k>2(uo—max)2krk .

DY AR— < - , fori=1, (40)
d2 k-1 5 ok m f(k?)Q(,UUmax)zkrk .

<m> f(k)*a™ = ) - , for 1 =2, (41)

Py o P FR) () .

o ka?k = 2D e , for 1=4, (42)

and for i = 3 and for 1 < s <k — 1, we have

3 Z C(H)2“M(w)2E[H(ng)}

2
HeHy 3,5 w:H(w) p<H)
d2 s msrs f k 2 O X)2k’f‘k
S <m> f(k)zazkr = d25 ( ) ( mka ) (43)

For any two walks w,w" with ¢ > 0 overlapping nodes, Plw,w" € Q]/(Plw € QP[w’
Q) < f(k)d*/m*. For w # w' and |wNw'| = £, where the range of £ varies across equations
depending upon the set to which w,w’ belongs, we have the following:

X, (e o) sfecofc o)) ()
oot
H(w)eHy i o

2 0 2%,.2 2 2k 2t
f(k)[d (UOmax) "7 _ f (k)" (pomax) ™ max{r=, r }, for i=¢=1,0>1 (44)
m d@ mt
2h=1 G2k £(1V2 (1o )22 )2 (110 ) 272
mdzk f()gg; )2y :f()(u; ) " for i=i'=1,0=0 (45)
F(k)2d 42202k F(B)2(pomax ) 2k L
) . < ) . ) 7 fori=14 =2 (46)
k 2d£d2k—5—8'—€ 2k s+’ k)2 max 2kyk
f(k) i (V) S (R) (ﬁ:fd T fer =i =3 (47)
k 2 Umax rik . .
f(k)2d2a2k(\/7:)2k < S )d(252/rk) ’ for i=1i =4 (48)
2 30 12k—1—0 2k 2 2k .k
fk)2d C;nz o f(F) (/;:Zlax) " fori—=1,i =2 (49)
12 gl g2k —s—L o 2k s E)2 (U0 max ) 2FrF
f(k) - (/1) < f()(/zg/\[) r , fori=1,/=3 (50)
m T
2 30 gk+1—0 2k k 2 2k .k
fRPd TP (V)R f(R) (/ﬁamaX) " fori=1,4=4,  (51)
it ()
k 2d€d2k—1—s—Z 2k s k 2 max 2k .k
(k) S (Vr) )m(fli;/\/; " fori=2,i=3 (52
f(k)2dfdk—fa2k(\/;)k f(k)2(uo'm X)rik . .
mt < médk(\;;)k ) for i =2,4/ =4, (53)
F(R)2ALFHI 520 (JF)HF F(R)2 (10ma) 2 : y
- < OPGmmal s
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Where (44) and (45) both use (56), and (45) also uses (55). Note that ¢ is zero in (48).
Collecting all the terms, and using Chebyshev’s inequality, along with || M ||£ > r(omin)”,
we get the desired result.

For any two disjoint simple cycles w # w' € Hy 1 with [wNw’| = 0, we have the following

m m—k
Plwe Q] -Plwe|uw e = (f’;)— (dfk)
() (%)
k _ k k—1
< m _(m—2k+1) < f(k)m - (55)
(d—k+1)k (d— k) dk
where the last inequality assumes that k < d/2.
Lemma 19 For k=3, and any 0 <L <k
k) (0 max ) 2F max TQ,TZ

wF#w' €Hyp 1:|lwNw’|=¢

Although we give a proof for k£ = 3 only, we are intentionally writing the lemma for general
k as we expect the lemma holds for all k£ > 3. The joint walk w # w’' € Hyq : JlwNw'| =4
corresponds to H(w) = Doy, for £ = 1; and H(w) = Dag, for £ = 2 in Figure 12. Define
M = M — diag(M), and let ® denote the Hadamard product of two matrices. We have,

> emen) = (1/4) Y (0 82— (T © M) © (W © 3) |57)

w#wW €Hy 1 :lwNw’|=2 i,7€(d] e
Let’s denote the quantity in (57) by C1, we have,
> wir (w)wpr (w')

w#w €My, 1:|lwNw’|=1
= (1/8) Z (diag(M3) ® diag(M?) — 2diag((M © M)3)> —2C.
ield] !

(58)

It is easy to verify Equation (56) for £ = 3 and ¢ € {1,2} using the fact that M is a u

incoherent symmetric matrix with its off-diagonals bounded by pomax(y/r/d). For £ = 0,

quantity in (56) is the sum of each pair of disjoint triangles. For sum of all triangles, we
have,

> warw) = (1/6) Y (diag(31%)) < (Homan)’r- (59)

wEH 1 iE[d] !

Using Equations (57), (58) and (59), bound for £ = 0 follows immediately. Bound for ¢ = k,
follows by using the fact that M; ; < pomax(v/7/d) for i # j € [d].

9. k-cyclic pseudographs

We provide an enumeration of all k-cyclic psuedographs for k € {4,5,6,7} in Figures (10-
15).
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By B, B; B, Bs

B B

Figure 10: The 4-cyclic pseudographs H.

B = e A

5 8

C] 0 Cl 1 Cl 2

Figure 11: The 5-cyclic pseudographs Hs.

Cy
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T L

.@Dgg.;.goog@go
g’bﬂg@@@o@@

D3 D1y D15 Dy
D7 Dag

Doy Dys Dos Doy
Dos Do Dy Dog
Dag

Figure 12: The 6—cy%f’1c pseudographs Hg.
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@@% @%8@@3@@
=1 @oggo@e-oogo

E;

RS

E12
E15 E]G
E17 E18

E19 EZO

A 2\

Figure 13: The 7-cyclic pseudographs Hy
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DA

E33 E34 E35 E36

E37 E38 E39 E40
NTA TN

Ex Ey Ey Ey
D I S

FEys om Eyr FEug

Eig Eso E5 Esy

E53 E54 E5r) E55

Es; Esg Es9 Ego

Figure 14: The 7-cydic pseudographs H~;
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Arar
s 7

Figure 15: The 7-cyclic pseudographs H7.

10. Efficient computation of wy,(H) for k € {4,5,6,7}

In this section we provide the complete matrix oeprations for copmuting vy/(H)’s. Equa-
tions (60) - (66) give expressions to compute vy (H) for H € H,4 as labeled in Figure 10.
Equations (67) - (78) give expressions to compute vy (H) for H € Hj as labeled in Figure
11. Equations (79) - (110) give expressions to compute vy (H) for H € Hg as labeled in
Figure 12. Equations (111) - (203) give expressions to compute vy (H) for H € H7 as
labeled in Figure 15.

For brevity of notations and readability, we define the following additional notations. Let
A®B denote the Hadamard product. For A € R%*?, let sum(A) denote a vector v € R? such
that v; =Y jeld) Aij- With a slight abuse of notation, for v € RY, let sum(v) denote sum of
all elements of v that is sum(v) = Zle[d] v;. Let sum(ya(H;) : vy (Hj)) = Zz,:i v (Hyr).
Define R = 14xq — diag(14xq), that is R is an all-ones matrix except on diagonals which

are zeros. Further, for brevity, we omit the subscript M from the notations vy (H), O
and D M-

v(B1) = sum(sum(DoODODGD)) (60)
v(B2) = sum(sum(O©06060)) (61)
v(Bs) = 4tr(OxOxDxD) (62)
v(By) = 2sum(sum((O00)*x(O00)OR)) (63)
v(Bs) = 2tr(OxD+O%D) (64)
v(Bg) = tr(Ox0x0%0) — sum(~y(Bs) : v(By)) (65)
v(B7) = tr(MxMxMxM) —sum(y(B1) : v(Bs)) (66)
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= tr(DEDODODED)

2

DD
N e e e e e e e e S N N

)

5 sum(sum(D+x0©0®00))

5 sum(sum((DODED)*(0©0)))

5 tr((0O©0®0)*0*0)

5 sum(sum(D*(0O®0)x(D®D)))

5 sum(sum(((O®0)*Dx(0©0))®R))

5 sum(sum((D*(O©0)x(0®0))OR))

5 tr(Ox0O+Ox(D®D))

5 sum(diag(O©0®0)Esum(0©0)) — 10 tr((O©060)x0x0))
tr(O*Ox0x0x0) — v(Cy) — v(Cy)

5 tr(OxD*OxDx*0)

= tr(MsxM*MxMxM) —sum(y(C1) : 7(C11))
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= sum(sum(DODODODODOD)) (79)
sum(sum(0E0E0E0E060)) (80)
6 sum(sum(((0®0)x(0®0®0G0))®R)) (81)
6 sum(sum(((O®0)*(DOD®D®D))®R)) (82)
9 sum(sum(((DOD)*(0©00®0))®R)) (83)
3 sum(sum(((DOD)*(0®0)*(D®D))OR)) (84)
6 sum(sum(((DOD)*(0O®0)x(0®0))OR)) (85)
9 sum(sum(((O®0)*(DED)*x(00))®R)) (86)
6 sum(sum(((DODOD)*(0©0)+*D)OR)) (87)
6 sum(sum((D*(0O©0®00)*D)®R)) (88)

N——

3 sum ( (sum(((0©0)+ (O@O))@R))@(sum(O@O))—sum(((O@O@O@O)*(O@O))@R
(

—diag((0©0)*(0OG0)x* (OQO)>>

—
oo
=)

~— ~—

4 tr((0©0)*(000)*(0G0)) (90
2 sum((sum(O@O))@(sum(O@O))@(sum(O@O)) — sum((0©0E0E06060))

=3 ((sum(0®0®0®0))®(sum(0©0)) — (sum(O®O®O®O®O®O)))) (91)
3 sum(sum((D*(0O©0)*(0©0)*D)OR)) (92)
12 sum(sum((D*(0O®0)*Dx(O®0))®OR)) (93)
6 sum (sum(((0©0©0)+0)0 Ro(0+0)) — sum((0500000)+(000)OR))  (94)
6 tr((DODOD)*0x0*0) (95)
24 tr(Dx(O©060)*0x0) (96)
6 tr(DxOx(0O©060)*0) (97)
6 (sum(sum((O*O) ((0%(D@®D)*0)®R))) — sum(sum(((0©0)*(DED)*(0®0))@R))

(98)

12 tr(O*(DOD)*O*D*0) (99)
6 (sum(sum(((O*O)@R@(O*O) — ((O@O)*(O@O))@R))@Sum(O@O))
~2 sum (sum((((09000)+0)0 RO (0+0) — (0002000)+(060))oR)))
—sum(sum(((O*O)@R@(O*O) - ((0@0)*(()@0))@3)@(0@0))))) (100)
9 sum(sum(((0Ox0)®RE(0*0) — ((0©0)x(0®0))®R)®((0©0)))) (101)
12 sum(diag(O*D+O0*0)osum((0©0)) — diag((0©0®0)xDx0x0)
—diag((O©0®0)x0xDx0)) (102)
6 sum(diag(O*O*0)@sum((O©0)*D) — 2 diag((O©0®0)*Dx0%0)) (103)

12 sum(diag(O*0x0)®diag(D)©sum((0©0)) — diag((O©0®0)x0x0)odiag(D)) (104)
3 sum (diag(O*O*O)@diag(O*O*O) -2 diag((O@O)*(O@O)*(O@O)))
—(4/3)v(Da3) (105)
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tr(Ox0x0x0x0x0) — v(D2) — v(D3) — v(D11) — v(D12) — v(D13)

—¥(D16) — v(D22) — v(D23) — v(D2r) (106)

= 2 tr(D*OxD*O+D*0) (107)
= 3 sum(sum((O*D+x0O)OR®(0O*D+0)) — sum(((O©0)x(DoD)*x(0©0))oOR))

(108)

= 6 sum(sum((OxDxO+xD)OR®(0%0)) — sum(((O©0)xDx(0O©0)«D)®R)) (109)

= tr(Ms«MxMxMxM=+M) — tr(OxOxOxOx0+0) — sum(y(D1) : v(Dag)) + v(D2) + v(D3) +

v(D11) +v(Di2) +v(D13) + v(Dis) + v(Da22) + v(D23) — v(Da2g) — v(D3o) — v(D31) (110)
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= sum(diag((DOGDODEOD®D®DGD)))

= 7sum(sum((0O®0)*(D&DEDE®DED)))

= 7 sum(sum(((DOD)*(O®0)x(DO®D®D))®R))
= 14 sum(sum((O©O0G0E0)*(DOD®D)))

IS

= 21 sum(sum(((O©O0G0E0)«Dx(0©0))OR))

= Ttr((0O00606060)x0*0)
= 14 tr((0000)*x0*(0©060))
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— =
"
[N

(OCO0GO0EO060®0)*D))
(D*+(000)x(DODODOD))®R))

(

(

(

(

7 sum(sum( (

7 sum(sum( (

21 sum(sum((D*(0O©0000)x(D®D))OR)) (
7 sum(sum(((O©0)*(0O®0)*x(DEOD®D))®R)) (11

14 sum(sum(((0O©0)x(DODED)*(0O®0))®R)) (

= 7sum(sum(((O©00060)*(000)*D)OR)) (

( (

(

(

(

)

—_
—_
N

14 sum(sum((D*(O©00000)x(0©0))OR))

—_
[\
[\ 0]

M N N o T T N e N N N e

_diag(((000)+D+(00)+(0®0)))) (125
14 sum((sum(((0O©0)*(0®0))oOR)Esum((0®0)) — sum(((O0000)x(0©0))OR)
—diag(((0©0)x(0®0)*(00))))ediag(D)) (126)

7 sum(((sum(O®0)Esum(0E0)osum(0O©0)) — sum((O0000E0))

=3 (sum((0OCO0G0E0))Esum((00)) — sum((0CO0E0E0600))))odiag(D))  (127)
0.5 ((sum(O®0)Esum(0©0)) — sum((0O00G0)))
14 sum(sum((O®0)*D)®Z; — sum((O©0060)*D)osum((0©0))

+ sum((0O0000C0G060)*D)) (128)
28 sum(diag((O®0)*(0©0)*(0©0))odiag(D)) (129)
= 21 sum(sum((D*(0O®0)*(DOD)*(00))®R)) (130)
14 sum(sum(((DOD)*(0O®0)xD*(0®0))OR)) (131)
7 sum(sum((D*(0O00)*(000)*(DOD))OR)) (132)
7 sum(diag(O+0*0)odiag((DGDODED))) (133)

= 28 sum(diag((0O©0®0)*0*0)@sum((0©0)) — diag((O©000®0®0)x0x0)
—diag((0©00)x0x(0©00))) (134)
= 7 sum(diag(O*(O©0®0)*0)@sum((0©0)) — 2 diag((O©000)* (000 0)*0)) (135)
7 sum(diag(O*(0©0®0)*0)odiag((DOD))) (136)
42 sum(diag((O©0®0)x0x0)@diag((DED))) (137)
= 7 sum(diag(O+*0+0)osum((0©00060)) — 2 diag((0©0000060)*0*0)) (138)
= 7 sum(sum((D*(O®0)*D*(0©0)*D)OR)) (139)
= 28 sum(diag(O*Dx(O©0®0)*0)odiag(D)) (140)
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v(E36)

v(E37)

v(Ea0)
Y(Ex1)
v(Ea2)

SPECTRUM ESTIMATION FROM A FEwW ENTRIES

= 28 tr(OxDx(0©0G0)xDx0) (141)

14 sum(diag(O*(D®D)*0x0)osum((0O©0)) — diag((O©0®0)*O%(DoD)*0)

—diag((O©060)*(D®D)*00)) (142)
14 sum(diag(O*DxO*0)diag((DODED))) (143)
7tr(O*(DOD)*O*(DOD)*0) (144)
7(sum(sum((((O*O)®OR)®((Ox(D®D®D)*O)®R))))

—sum(sum(((O©0)*(DODOD)*(0©0))OR))) (145)
14 sum(sum(((O©0®0)*0)®R®(0xDx0))

—sum(((O©00G0)xD*(0©0))®R)) (146)
28 sum(sum(((O©O0®0)*D*x0O)®RG(0*0))

—sum(((O©0®0G0)*D*x(0©0))®R)) (147)
(((0%0)OR)*0 = OO (1 gx1x(sum((0©0) ")) T = (0©0)))OR (148)
(OO((0+0)OR))OR (149)
00((0006000)*0)OR))®R (150)
(060®0)O((0x0)OR))OR (151)
00 (((000G0)*x(00G0))OR))OR (152)
7 sum(sum((((O©00)x0)OR®Zy — (000G 0)*xZ3)OR — Zy4)

(
(
(

—((Zs*(0©0))OR — Z7)))) (153)
0.5 sum(sum(O®(((0©0)*(0®0))®R)O((0OxO)®R)
—060(((0EO0E0)*x(0O0G0))®R))) (154)

7 (sum(sum((OO((0O*x0O)OR)®(sum((0O©0))*11 x4
~(000))o(Lax1*(sum((0©0) ")) = (00)))))
—sum(sum((OO(((000®0)x0)OR)®(1 4x1*(sum((000) 1)) T — (000)))))
—sum(sum((OG((0Ox(O00))OR)O(sum((0O©0))x11xqs — (0©0)))))
+sum(sum((OO(((0©00)x(0©0G0))®R))))) — 14 Z; (155
21 sum(diag((D®D)*0+0+0)@sum((0©0)) — 2 diag((DOD)*(O©00)+x0x0))(156
7 sum(diag(O+0+0)@sum((0©0)*(D®D)) — 2 diag((O©0®0)x(D®D)x0x0)) (157
7 (sum(diag(O*0*0)osum(((O©0)*(0®0))OR) — 2 diag((O©0®0)*(0©0G0)*0)
—2 sum(diag((O©0®0)+x0x0)@sum((0©0)) — diag((O©0000)*x0*0)
—diag((O®00)*0x(060G0)))) — 28 Z; (158)
14 sum(diag(O*x0x0)®Z; — 2 (diag((0O©00)*x0+0)@sum((0©0))
—diag((O©000E0)+x0*0) — 0.5 diag((O©00)x0x(0©060)))) (159)
56 Z7 (160)
(00(((00000)*0)OR))OR (161)
(OG((Ox0O)®R))OR (162)
(163)
(164)
X165)

~— ~— — —

(OO((O*+(00G0))OR))OR

((O*O)@R@ZQ — (((O@O)*Zg)@R - Zg) - ((Zg*(O@O))@R — ZIO))

14 (sum(0.5 sum(Z11)©sum((0®0))) — (1/7) v(Es8) — sum(sum(((O©0))®Z11))
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Z12
Zi3
A
AL
v(Ess5)
v(Es6)
v(Es7)
V(Ess)
v(Es9)
v(E60)

Z5
Z2%

= 21 sum(sum(((0O®0))®Z11)) (166
(
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)
7 sum(sum(Z11)odiag((DoD))) 167)
7 tr((DOD)*OxDxOxD*0) (168)
14 sum(diag(D*O*O*0)osum((0O©0)xD) — 2 diag(Dx (0000 )*DxO(BY)
14 sum(diag(O+O*D+O)osum((0©0)*D) — diag((O©0®0)*D+xO*xD*0)

—diag((O©0®0)x(D®D)*x0x0)) (170)
28 sum(diag(D*OxDxOx0)osum((0O©0)) — diag(Dx(O©00)*Dx0x0)
—diag(D*(O©0®0)*0+Dx*0)) (171)

7 sum(diag(O*DxOxD*0O)osum((0©0)) — 2 diag((O©00)*DxOxDxQJ2)
14 sum((sum(((((O*O)OR)®((O*D*O)OR))

—((0O©0)xDx(0®0))oR)))odiag((DED))) (173)
7 sum(sum(((((OxD*O)OR)®((O*(DO®D)*xO)OR))
—((000)*(DEDOD)*(00))OR))) (174)
sum (0.5 sum(((((O*xO)OR)®((0OxO)®R))
—(((0©0)*(0®0))OR))O((0©0)+D))) (175)
sum(sum((((((0©0®0)*D*xO)OR)O((0xO)OR))
—((0©000®0)*D+(00))OR))) (176)
0.5 sum(sum(((((Ox*D+O0)®R)®((0O*O)®R))
—(((0®0)xD*(0O®0))®R))o((00)))) (177)
sum(sum((((((0©0®0)*0)OR)®((OxD*O)®OR))
—((0G0G0E0)*D*(0G0))®R))) (178)
14 (sum(0.5 (sum(((((O*O)®R)®(((O*0))®R))
—((0® ) (0O®0))®R)))@sum((O®0)*D)) — Z13 — Z12) (179)
28 (sum(0.5 (sum(((((0O*0)OR)®(((0x0))OR))
—((0® ) (0©0))oOR)))0sum(D+(0©0))) — Zi3 — Z12) (180)
14 (sum((sum(((((O*D*O)®R)(((0O*0))®OR))
—((0©0)xD+(00))oR)))osum((0©0))) = Zi3 — Z15 — 2 Z1a) (181)
14 (sum(0.5 sum((((((O*O)OR)®((0O*O)®OR))
—(((0©0)*(0©0))OR))*D))osum((000))) — Z15 — Z12) (182)
84 Zi9 (183)
12 Z1s (184)
tr(MxMxMxMxMxMxM) — sum(y(E1) : v(Ego)) (185)

tr(O*OxO0x0x0*0%0) — v(E13) — v(E14) — v(E24)

—Y(Ea5) — v(Eas) — v(Ess) — v(E39) — sum(y(Eaz) : v(Eas)) (186)
(1/6) ((O*OG®R)®(0OxOGR)®(0*OGR) — ((0©0E0)*(0000)®R)

-3 (((0®0)*x(0O®0)®R)®(0xOGR) — ((0©O®0)x(OO00)®R))) (187)
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v(Fe1) = 42 sum(sum(Z1600)) (188)
Z17 = sum(sum(0.5 ((OxOGOR)®(0xOGR)
—((0OG0)*(0G0)OR)))®(0.5 diag(Ox0*0))) (189)
Y(Eo2) = 28 (Zi7 — (6/84) v(Ee1) — (2/42) v(Es6) — (3/56) v(Eua) (190)
Y(Ee3) = Zoe —v(Ee1) — v(Ee2) (191)
v(Egs) = Tsum(sum((D+xOxDxOxDOR)®(0O*O®R)))
—7 sum(sum(D*(O00)*Dx(0©0)xDOR)) (192)
v(Es5) 7 sum(sum(DxZ11%D)) (193)
Z1s = sum(((0x0)©ORO(0+0) — ((0©0)*(0®0))OR)O((00))) (194)
v(Es6) 7 sum(((diag(O+0x0)>diag(Ox0O*0))
—2 diag((O©0)*(0©0)*(060)) — 4 Z1g)diag(D)) (195)
Zy = 0.5 sum(sum(((O+xOGR)®(0xD*O®R) — ((0©0)*Dx(00)))®(0>0)))(196)
v(FEe7) 14 (sum(diag(O*Ox0)@diag(OxO*Dx0) — 2 diag((0®0)*(O®0)xDx(0©0)))
—2 sum(Z13@diag(D)) — 4 Zy) (197)
Zor = (((OxDxOxD)®R)*0O — O (1 4x1*sum(D*(0©0)xD, 1)
—Dx(0O®0)*D))OR (198)
Zyy = (00((OxD*xO)®R))OR (199)
Zos = (06((D+(0O00)xDxO)®R))®R (200)
Zy = (06((0xDx(060®0)*D)®R))®R (201)
v(Egs) 7 sum(sum(((OxO)OR®Z21 — (((O©0)*DxZ32)©OR — Zs3)
—(Z2+D(000))OR — Zay) (202)
V(Ee9) = Zos — Zz6 — sum(7(Ees) : 7(Ees)) (203)
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