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Abstract

Gaussian belief propagation (BP) is a low-complexity and distributed method for comput-
ing the marginal distributions of a high-dimensional joint Gaussian distribution. However,
Gaussian BP is only guaranteed to converge in singly connected graphs and may fail to
converge in loopy graphs. Therefore, convergence analysis is a core topic in Gaussian BP.
Existing conditions for verifying the convergence of Gaussian BP are all tailored for one par-
ticular pairwise factorization of the distribution in Gaussian Markov random field (MRF)
and may not be valid for another pairwise factorization. On the other hand, convergence
conditions of Gaussian BP in pairwise linear Gaussian model are developed independently
from those in Gaussian MRF, making the convergence results highly scattered with diverse
settings. In this paper, the convergence condition of Gaussian BP is investigated under
a general pairwise factorization, which includes Gaussian MRF and pairwise linear Gaus-
sian model as special cases. Upon this, existing convergence conditions in Gaussian MRF
are extended to any pairwise factorization. Moreover, the newly established link between
Gaussian MRF and pairwise linear Gaussian model reveals an easily verifiable sufficient
convergence condition in pairwise linear Gaussian model, which provides a unified criterion
for assessing the convergence of Gaussian BP in multiple applications. Numerical examples
are presented to corroborate the theoretical results of this paper.

Keywords: Gaussian belief propagation, convergence analysis, Gaussian Markov random
field, pairwise linear Gaussian model, pairwise factorization

1. Introduction

Due to the distributed and parallel computation mechanisms, Gaussian belief propagation
(BP) (Weiss and Freeman, 2000) is a low-complexity method for computing the marginal
distributions of a high-dimensional joint Gaussian distribution, especially for those with a
sparse information matrix. It is known that Gaussian BP is guaranteed to obtain the exact
marginal distributions in singly connected or acyclic graphs. For loopy graphs (Kschischang
et al., 2001), if Gaussian BP converges, the exact means of the marginal distributions can
be obtained (Weiss and Freeman, 2000). These properties make Gaussian BP popular in
many applications, ranging from consensus propagation (Moallemi and Roy, 2006), peer-ro-
peer rating (Bickson et al., 2007), multi-user data detection (Bickson et al., 2008), solving
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systems of linear equations (Shental et al., 2008), quadratic minimization (Moallemi and
Roy, 2009; Ruozzi and Tatikonda, 2013), to network synchronization (Leng and Wu, 2011;
Du and Wu, 2013).

Despite the apparent advantages and popularity, a major hurdle in applying Gaussian
BP is that it may not converge in loopy graphs. Consequently, deriving Gaussian BP con-
vergence conditions is one of the major themes in Gaussian BP research. For Gaussian BP
running in Gaussian Markov random field (MRF) (Rue and Held, 2005), diagonal dom-
inance (Weiss and Freeman, 2000), walk-summability (Malioutov et al., 2006), pairwise-
normalizability (Malioutov et al., 2006) and convex decomposition (Moallemi and Roy,
2009) are well-known sufficient convergence conditions under both synchronous and totally
asynchronous schedulings (Bertsekas and Tsitsiklis, 1989). For these sufficient conditions,
belief means and variances converge upon the same condition, which has been proved to be
unnecessary recently (Su and Wu, 2014, 2015a,b). In particular, the convergence condition
of belief variances was proved to be looser than that of belief means (Su and Wu, 2015a).
Due to the separate treatment of belief means and variances, the necessary and sufficient
convergence condition of Gaussian BP under synchronous scheduling was proposed in Su
and Wu (2015a).

On the other hand, under pairwise linear Gaussian model, the convergence of Gaussian
BP has been investigated in a case-by-case basis (Moallemi and Roy, 2006; Bickson et al.,
2007, 2008; Leng and Wu, 2011; Du and Wu, 2013). In Moallemi and Roy (2006), consensus
propagation for distributed averaging was viewed as an asynchronous implementation of
Gaussian BP, where the convergence was shown to be guaranteed. In Bickson et al. (2007),
Gaussian BP is used to solve the minimization of a quadratic cost function in peer-to-peer
rating, where the convergence of Gaussian BP is shown by numerical results. In Bickson
et al. (2008), multiuser detection problem is solved by Gaussian BP, where the convergence
is checked by the diagonal dominance in the equivalent information matrix. Furthermore, in
distributed synchronization applications (Leng and Wu, 2011; Du and Wu, 2013), Gaussian
BP is guaranteed to converge under a reference node with perfect prior information.

Obviously, the understanding on the convergence conditions of Gaussian BP is far from
complete, as the current results are scattered and derived under different assumptions. For
example, existing convergence conditions for Gaussian MRF are derived under different
pairwise factorizations of the joint Gaussian distribution. Since different factorizations lead
to different Gaussian BP messages, it is not clear if the convergence condition obtained
under one pairwise factorization is valid under another pairwise factorization. Another
missing link is between the convergence results in Gaussian MRF and that of pairwise
linear Gaussian model. On one hand, Bickson et al. (2008) advocate transforming the
linear Gaussian model into Gaussian MRF, and then leveraging on the existing convergence
condition for determining the convergence of Gaussian BP. On the other hand, in Moallemi
and Roy (2006), Leng and Wu (2011), and Du and Wu (2013), Gaussian BP was proved to
be convergent without using existing sufficient convergence conditions from Gaussian MRF.
One may wonder if there is any special characteristic of pairwise linear Gaussian model that
facilitates the Gaussian BP convergence.

To provide a more complete picture, the convergence of Gaussian BP is revisited but
starting from a general pairwise factorization of the joint Gaussian distribution. This gen-
eral pairwise factorization covers all possible pairwise factorizations with the exponents of
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factors being quadratic polynomial, and it includes all the existing pairwise factorizations
used in Gaussian MRF and pairwise linear Gaussian model as special cases. By establishing
the convergence conditions under this general pairwise factorization, existing convergence
conditions can be compared and contrasted in a unified way. It is found that existing
sufficient convergence conditions derived for Gaussian MRF (including walk-summability,
pairwise-normalizability, convex decomposition, and diagonal dominance) are valid under
any factorization within the general pairwise factorization model, and the converged be-
liefs are independent of the choice of pairwise factorization. Moreover, due to the newly
established bridge between Gaussian MRF and pairwise linear Gaussian model under the
generalized setting, the pairwise-normalizability from Gaussian MRF is further applied to
pairwise linear Gaussian model, revealing an easily verifiable sufficient convergence condi-
tion in pairwise linear Gaussian model. This sufficient convergence condition is more general
than the convergence conditions in Moallemi and Roy (2006), Leng and Wu (2011), and
Du and Wu (2013), and further explains the empirical convergence behavior of peer-to-peer
rating application (Bickson et al., 2007). Numerical results and applications are presented
to corroborate the theoretical convergence results.

Notations: Scalars, vectors, matrices and sets are denoted by lower-case letters, bold
lower-case letters, bold upper-case letters and calligraphic upper-case letters, respectively.
Notations a > b, a > b, a < b, and a < b indicate a; > b;, a; > b;, a; < b;, and a; < b;
for all 7, respectively, where a; and b; are the i-th element of a and b. For a matrix, A > 0
indicates that A is positive definite, AT denotes the transpose of A, and A~! denotes the
inverse of A. The notation |A| is a matrix with element-wise absolute value of A, and
p(A) is the spectral radius of A. Moreover, diag(D1, Do, - ,D,,) denotes a block diagonal
matrix with the diagonal blocks being D1, Do, - - , D, starting from the upper left corner.
For the notation B, it denotes a set, and |B| denotes the number of elements in B. The
notation B\ ¢ denotes all the elements in set B except i, and the notation B\ C denotes all
the elements in set B but not in C. The notation a o b denotes that a is proportional to b.
For a Gaussian distributed random variable x with mean m and variance v, we denote it as
N (x;m,v). Similarly, for a multivariate Gaussian distributed random vector x with mean
vector m and covariance matrix V, we denote it as N'(x;m, V).

2. Gaussian Model and Belief Propagation

In this section, we first discuss the pairwise factorizations of Gaussian model (Section 2.1).
Then, BP algorithm under a general pairwise factorization of Gaussian model is presented
(Section 2.2).

2.1. Gaussian Model and Its Pairwise Factorizations

Consider the joint Gaussian probability density function (pdf) p(x) of a random vector

A . . . . . .
x = [x1, T, ,xn]T written in a pairwise factorization form

PFF: p(x) x Hfi () H fij (s, 25) (1)

1,7>1
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where f;(z;) is a local function of z; while f;;(z;,z;) is a local function modeling the inter-
action between z; and x;. In general, given a joint Gaussian distribution® N (x;J~1h,J~1)
in Gaussian MRF, the PFF is not unique. For example, one of the earliest pairwise factor-
izations in Gaussian MRF is given in Weiss and Freeman (2000) with

1 h;
Fy: fi(x;) < exp {—Qpi(a:i — p-)2} , (2a)
1 Qg4 Ji'
fij (@i, zj) oc exp {—2[901- ;] { JZ.]. ajji ] [ %‘]T}, (2b)
s.t. J >—0, pi + Z aik:Jii, Bl é{k | Jzk 750,]{3: 1,2,--' ,n}, (2C)

keB;

where Jyi is the (i, k)-th element of J and h; is the i-th element of h. On the other hand,
the convex decomposition in Moallemi and Roy (2009) requires

1
Fay: fi(w) ocexp ¢ =5 (i — > Gwdiat+ (hi = > sin)wi g (3a)
keBi k‘EBi

1 1
fij(a:i, SU]') X exp {_2§U<]z2]xz2 — Jijxixj — ifﬂJE]Iz + 9’in + gjil"j} y (3b)

st. I =0, &;,&i >0, Ji — Z i 5 > 0, fz’jsz‘Jin > 1. (3c)

keB;
However, given an information matrix J, the conditions in Iy might not be satisfied, thus
this decomposition may not exist. Consequently, a more popular factorization is given by

1
F3: fi(x;) < exp {—2Jii$? + hiaf;i} , (4a)
fij(wi, x;) o< exp {—Jijaiz;}, (4b)
s.t. J > 0. (4c)

This factorization directly connects the joint distribution without any constraints and is
used in Malioutov et al. (2006), and Su and Wu (2014, 2015a,b).

On the other hand, the PFF also covers the pairwise linear Gaussian model that fre-
quently appears in distributed inference. In particular, assume there exists a local rela-
tionship z;; = ¢;jx; + ¢jixj + ny; with known coefficients ¢;j, ¢ji. If ni; ~ N (n4;;0,1/m:5)
and the prior distribution of x; is p(x;) = N (24;yi, 1/(;), then we have the joint posterior
distribution given by the PFF with

1
Fy: fi(x;) o< exp {—2@' (@i — yi)Q} : (5a)
1
fij (i, x5) o< exp {—2%‘ [2ij — (cijzi + Cji%‘)]z} , (5b)
s.t. diag(CluCQv T aCn) +C >~ 07 C’L > 05 Nij > 07 Ce R™*™
with Cj; = Zke& nikC?k and Cij = 1i;Ci;Cji, (50)

1. The Gaussian distribution is expressed in an information form, where J is the information matrix and
h is the potential vector.
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where diag(¢y, (2, - ,(n) + C = 0 is a condition guaranteeing the PFF with factors in Fy
represents a valid Gaussian pdf (in fact, diag({i, (2, -+ , (,) 4+ C is the information matrix of
such Gaussian pdf). This model handles a broad class of distributed estimation applications.
In particular, 4 is exactly the model in distributed clock synchronization (Leng and Wu,
2011) and distributed carrier frequency estimation (Du and Wu, 2013). On the other hand,
if z;; = 0, ¢;j = —cj; = 1, and y; is obtained from local observation, IF4 reduces to the model
used in consensus propagation (Moallemi and Roy, 2006) and peer-to-peer rating (Bickson
et al., 2007).

Currently, different convergence conditions of Gaussian BP are developed under different
factorizations. For example, diagonal dominance (Weiss and Freeman, 2000) is developed
from IFy, convex decomposition (Moallemi and Roy, 2009) is developed from IFo, walk-
summability (Malioutov et al., 2006) and the recent necessary and sufficient condition (Su
and Wu, 2014, 2015a) are developed from IF3. One may wonder if the convergence condition
of Gaussian BP developed from one factorization is applicable to another factorization.
More importantly, for different pairwise factorizations, can we develop a unified treatment

in the convergence analysis? In order to answer these questions, we write the general forms
of factors fi(x;) and fi;(x;,x;) in the PFF as

1
Fs i filo) xoxp { -G + vz} (62)
L o 1 5
fij (@i, x5) oc exp § = 57 — 5756 — Ty + KijTi + KT o, (6b)
D1+ D pen, Vi 12 e Tin

s.t. Tij = Tji and - 0,

To1 2+ D pep, Y2k Ton
Tnl Tn2 R ZkEBn Tnk
(6c)

where the constraints in (6¢) guarantee that the PFF with factors in I is a valid Gaussian
pdf. Notice that IF5 covers I, IFo, IF3 and IF4 as special cases. For example, when ¢; = J;;,
Vi = hiy, vij = v = Kij = kji = 0, 75 = Jij, 5 reduces to 3. Furthermore, when
Gi = Cis Yi = Gilis Vig = MigCps Vi = MigChis Tij = MijCijCiis Kij = MigZijCij and Kji = Nij2i5¢ji,
F5 reduces to IF4. In fact, IF5 covers pairwise factorizations beyond that in IFq, o, IF3
and Iy, as long as the exponents of fij(x;) and fi;(z;, z;) are quadratic polynomials. For

example, when fij(z;) oc 1 and fi;(z;, x;) exp{—%x? — %xiwj — %x? —|—:ci+xj} for all

i #j € {1,2,---,n} in Fs, it leads to a valid Gaussian pdf, but f;(z;) and f;;(zs, ;)
cannot be represented by IF;—IF4. The relationships among IF1—IF5 are shown in Figure 1
at top of next page (relationships among IFy—IF, are proved in Appendix A).

2.2. Gaussian Belief Propagation Under F5

In Gaussian BP, messages are updated and passed among variables. In particular, under
synchronous scheduling?, the message m;_,;(z;) to be passed from variable z; to variable

2. Synchronous scheduling requires that all messages at each iteration are updated before starting a new
one.
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Figure 1: Relationships among different factorization sets.

F3

x; at the [-th iteration is computed as (Malioutov et al., 2006)

]HZ (x;) / fij(zi,z5) fi(x5) H mk_n (xj)dz;, (7)
keBj\i
where m,(cl;;) (xj) denotes the message my_,;(x;) passed from variable xj to variable x; at

the (I — 1)-th iteration.
Based on the expressions of factors in IF5 and message update rule in (7), we can derive a

! . o .
general formula of messages mgll(xz) for all (i, j) € £, where £ 2 {(i,j) | i=1,2,--- ,n,j €

B;} denotes the set of index pair (4, j) with 7;; # 0. Without loss of generality, it is assumed
that the message mgl_jzl)(a:z) with (i,7) € € at the (I — 1)-th iteration takes the expression

0D (o 1 -1 o -1y
j*}’L (1’2) ocexp{—Qa]HZ Z+/3]%1 xz}’ (8)

where the parameters ag and ﬁ ) are the precision and linear coefficient, respectively.

Substituting (8) into (7) and if ¢; + v;; + Zkij\i a;{_}j) > 0, the message m;_,;(x;) at the
@

[-th iteration is well-defined and is shown in Appendix B to be in the form m;”;(z;)
exp{ 2 ]~>7, z +/8j~>zx"} Wlth

2

a® =i - Tij (9)
—7 1, 1 b
! bj +vi+ X a/(g—;‘)
keBj\i

-1
Ty Tk X Bl
l keB;\i
’Bj(ln = Kij — : (1=1) ' (10)
i+t X o,
kEBJ‘\i

0

After updating the messages m ; . ;(x;) by that of the parameters o;
(i,7) € £, we can compute the belief of x; at the [-th iteration as

b0 () o< fi (i) T mi(ws)- (11)

JEB;

()

;, and ,6’]_)2 for all
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1(l

By substituting the expression of f;(x;) in F5 and mg-l) [(z:) o< exp{—3a;’,,;7; 2 4+ 53_” zi}

into (11), it becomes

1
b(l)(mi)ocexp —3 ¢Z+ZO‘J% a: + wz—i—z jﬂ T ¢, (12)

JEB; JEB;

where the precision I/;E;li) and linear coefficient @Ecli) of belief b (z;) can be denoted as

v =g+ 3 ol (13)
JEB;

ol =vi+ Yy B, (14)
JEB;

For the belief b()(z;), it represents a valid Gaussian pdf if and only if V;Eli) > 0. Under
uﬁ) > 0, we can explicitly write b()(z;) = N (z;; 4,0332 /Vxl , l/umz ), where gpgi)/yg(c? and l/ug(cli)
are the belief mean and belief variance of x;, respectively. It has been proved (Pearl,
1988) that beliefs b(l)(xi) are guaranteed to converge to the exact marginal distributions
in singly connected graphs, such as tree-structured and chain-structured graphs. But for
loopy graphs, it is known that beliefs may not converge. Fortunately, if beliefs do converge
in Gaussian BP, belief means converge to the exact means of the marginal distributions
and belief variances are approximate variances of the marginal distributions (Weiss and

Freeman, 2000). This makes convergence analysis in loopy graphs a core research topic of
Gaussian BP.

3. Convergence Analysis Under General Pairwise Factorization I

In this section, we analyze the convergence of Gaussian BP under the PFF with general

@

J—1
into vectors a(®, ,6( ), ~ and K, respectively, where the order of (i,j) € £ is ascending first
on i and then on j. For the order of (i, j) € £ ascending first on ¢ and then on j, there exists
a one-to-one mapping function order(,-) from all (i,j) € £ to 1,2,---,|€|. That is, for any
ke {1,2,---,|&]}, there exists only one (i, j) € &£ satisfying k = order(i, j). Moreover, we
define a set

factors in 5. For notational convenience, we stack « BJ Zois vij and kg for all (4,75) € €

—72

Q2{qeRFI ¢+ > yin+ Qi > 0, . — gij >0,
kezsi Z ke%\j Z Gi+ Less, ik  Likesi\g Ui

V(i,j) €€, and ¢+ Y Yk + D quosi > 0 for i =1}, (15)
keB; keB;

where q € Rl is a vector obtained by stacking ¢j—i for all (,7) € € ordered in the same
way as that in a®. For the set Q, it is non-empty if and only if there exists at least one
vector q € Rl satisfying the inequalities in (15). As shown later, the set Q would be used
to verify the convergence of a!).

First, we consider the convergence of BP beliefs under synchronous scheduling. For
synchronous scheduling, if a") converge to a* with elements aj_,; for all (i,7) € € ordered
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in the same way as that in a¥), the update of BJ(ZZ in (10) for all (i,j) € £ can be written
in a vector form as

B =Ap"Y 14, (16)

where A is a |€| x |€| matrix with the element

Ti1’i2 . . . .

— - if j1 € B;, \ i3 and jo =i

Agjr = Piy Hirio 2 ken; iy Hirig 1 i\ %2 J2 =%, (17)
0 otherwise,

for i’ = order(i1,iz) and j' = order(j1,j2), and d is a column vector containing elements
_ Tij Vit TijKji

¢j+7ﬁ+zk€8j\i Qs
tioned on the convergence of a¥), the convergence of 5(1) can be easily analyzed with the
linear update equation in (16). In the following, we present the convergence conditions of
Gaussian BP under general pairwise factorization and synchornous scheduling.

Kij for all (i,7) € £ ordered in the same way as that in o). Condi-

Theorem 1 (Convergence conditions under synchronous scheduling) Under syn-
chronous scheduling and any initialization a®) > ~, belief variances converge to the same
positive values if and only if the set Q is non-empty. Furthermore, if Q is non-empty, belief
means converge to unique values if and only if p(A) < 1 under synchronous scheduling.

Proof See Appendix C. u

Theorem 1 states that after we fix the factorization parameters in IF5, Gaussian BP
converges if and only if the set Q is non-empty and p(A) < 1. Furthermore, the converged
values of BP beliefs are independent of the choice of initialization as long as a(®) > ~.
Notice that the spectral radius p(A) depends on the converged value of a®, which can be
obtained by running the update of & until convergence. On the other hand, the condition
p(A) < 1 will be useful in analyzing the invariant convergence properties of Gaussian BP
in Section 4 without the need to know the converged value a*.

Synchronous scheduling requires each variable receiving updated messages from all
neighbors before computing the next round messages. In contrast, asynchronous scheduling
allows distributed processors to operate more efficiently and flexibly without waiting for
all its neighbors’ messages. For totally asynchronous scheduling (Bertsekas and Tsitsiklis,
1989), the convergence condition is given by the following Theorem.

Theorem 2 (Convergence conditions under totally asynchronous scheduling) Un-
der totally asynchronous scheduling and any initialization a®) > ~, belief variances con-
verge to the same positive values if and only if the set Q is non-empty. Moreover, if Q
is non-empty and p(|A|) < 1, belief means converge to unique values under totally asyn-
chronous scheduling.

Proof See Appendix D. [ ]
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From Theorems 1 and 2, it is noticed that the convergence condition of belief variances
under synchronous and totally asynchronous schedulings stays the same, i.e., @ # (). Fur-
thermore, since totally asynchronous scheduling includes synchronous scheduling as a special
case, the converged value of BP message precision a* stays the same for both synchronous
and totally asynchronous schedulings. Consequently, the matrix A in both Theorems 1 and
2 are the same. On the other hand, for the convergence condition of belief means, the condi-
tion in Theorem 2 is stricter than that in Theorem 1 since p(A) < p(]A[). This implies that
if the convergence condition in Theorem 2 for totally asynchronous scheduling is satisfied,
the convergence condition in Theorem 1 for synchronous scheduling would automatically be
satisfied. But Theorem 1 has its own value since it is the necessary and sufficient condition,
while Theorem 2 is only a sufficient condition. Notice that the initialization a(?) also plays
a role in the convergence of BP beliefs, but a® is a parameter controllable by the user,
therefore the requirement a(?) > ~ can easily be satisfied.

For the verification of the non-emptiness of the set O, one may directly solve the following
semidefinite programming (SDP) (Vandenberghe and Boyd, 1996) problem:

min a, (18a)
q€RI€l g
st. [ Ot Lkes ikt lpem s Bt T | gy eg,  (1sh)
Tij iy
at ¢+ Y e+ Y Q1 >0, (18¢)
keBy keBy

where the constraints in (18b) are equivalent to the first two constraints in Q, and the
constraint in (18c) corresponds to the third constraint in Q after introducing a slack variable
a. If the SDP problem in (18a)—(18c) is feasible with the solution (qf,a’) and at < 0, then
q' satisfies the constraints in (18b) and (18c) with ¢ + > ken, Ykt res, q,i_ﬂ > —af >0,
which implies Q is non-empty. Otherwise, Q@ would be empty. For solving the SDP problem
in (18a)—(18c), interior point methods, with available solvers such as SeDuMi, SDPT3,
and MOSEK, can be used.

On the other hand, the optimization problem in (18a)—(18c) can be reformulated in
the form:

min a, (19a)
SeS2I€I+1 geRI€l a
s.t. S >0, (19b)
aM, + Z ¢j—iMj; +S = B, (19¢)
(3,9)€E

where 8™ denotes the set of m x m symmetric matrix, M, £ diag(—1,0) € S2E+L B &
d1ag(<;51 —+ Zk‘EBl Vik, Dgi)l’ - ’Dl(fif’ . ’D(B ) c S2|5|+1 with

n,kn,

DB _ | %t %ke&- T T ] forall i = 1,2, ,n and k; € B;,
vy Zkz
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and Mj_,; 2 diag(d®, D), ... DGV ... D)) e s2€+1 with

d(M)_ —1 ifi=1and j € By,
N 0 otherwise,

[_1 0} if i1 =i and j; € B; \ 7,

(M) 0y
Di1,j1 = [ 8 (1) ] else if i1 = j and j; =1,
0 otherwise.

The form of the SDP problem in (19a)—(19c) is exactly the same as that of the SDP
problem in equation (3) of Wen et al. (2010). Therefore, the alternating direction augmented
Lagrangian methods in Wen et al. (2010) can also be used to solve the SDP problem in
(19a)—(19c¢).

Furthermore, we can interpret the physical meaning of the convergence condition in
Theorems 1 and 2 as follows. Under initialization a(®) > ~, the first two constraints
in the set Q correspond to the condition for guaranteeing the validity of integration in
(32). Together with the third constraint in the set Q, they correspond to the condition for
guaranteeing the BP beliefs in (12) remain as valid Gaussian pdfs at each iteration. This
is summarized and formally proved in the following Corollary.

Corollary 3 (Physical meaning of non-emptiness of Q) Under any initialization
a9 > ~, BP beliefs at each iteration are valid Gaussian pdfs if and only if the set Q is
non-empty.

Proof See Appendix E. |

Note that being a valid Gaussian pdf in 5 does not necessarily imply that the BP
beliefs are valid Gaussian pdfs at all iterations. Rather, being a valid Gaussian pdf in IF5
is a prerequisite for Theorems 1, 2, and Corollary 3.

4. Invariant Properties of Convergence Conditions Under 5

For the PFF with factors in F5, it can be equivalently written as a Gaussian pdf A/ (x; J~th, J 1)
with the information matrix

D1+ D pen, Vi 12 E Tin
T21 G2+ Yo v T
h . hebs . " , (20)
Tnl Tn2 o Opt ZkEBn Tnk

and the potential vector

he g+ > Kite+ D ok Pt D Kkl - (21)

keBy keBa keBn

10
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Conversely, for a given Gaussian pdf A (x;J 'h,J~1), there are many possible pairwise
factorizations with each obtained by choosing different ¢;, ¥, 7i;, 7i; and k;; while satisfying
the constraints in F5. Since the convergence conditions in Theorems 1 and 2 seem to
depend on the factorization parameters. One may wonder would different factorizations
demonstrate different convergence behaviors? We will give the answer by the following
discussions.

From (20) and (21), it is obvious that for a Gaussian pdf with information matrix J and
potential vector h, the factorization parameters of any pairwise factorization with factors
in the form of F5 should satisfy ¢; + ZkEBi Yik = Jiss Tij = Jij and ; + ZkeBi Kik = h;.
Using these relationships, the definition of the set @ can be rewritten as

2
—JZ

Jii + ZkeBi\j Qk—i

Q2{qeRF | T+ > grui >0,
keBi\j
and Jii + Y qroi > 0 for i =1}, (22)
keB;

From (22), one can obtain that the emptiness or non-emptiness of the set Q only depends
on the information matrix J and is independent of ¢;, 1;, 7i;, 7i; and k;; as long as they
obey IF5. The above discussion is summarized in the following Lemma.

Lemma 4 For a Gaussian pdf with information matriz J, the emptiness or non-emptiness
of the set Q 1is independent of factorization parameters in IFs.

Furthermore, when belief variances converge, it can be proved that the matrix A is
independent of the choice of factorization parameters ¢;, ¥, 7ij, 7i; and k;;. This is
formalized in the following Lemma.

Lemma 5 For a Gaussian pdf with information matriz J, if the set Q is non-empty, matrix
A is independent of factorization parameters in Fs for any initialization a(®) > ~.

Proof See Appendix F. [ ]

Since Q and A are independent of the specific pairwise factorization, and the convergence
conditions in Theorems 1 and 2 only depend on Q and A, we obtain the invariant properties
of Gaussian BP convergence in the following two Corollaries.

Corollary 6 (Convergence or divergence being independent of factorization) For
a Gaussian pdf with information matriz J, under synchronous scheduling and any initializa-
tion a0 > ~, the convergence or divergence of Gaussian BP is independent of factorization
parameters in IFs.

Proof See Appendix G. [ ]

Corollary 6 is a very strong result as convergence (or divergence) in one factorization
automatically implies convergence (or divergence) in all other factorizations. On the other
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(a) Previous results. (b) New relationships revealed by Corollary 7.

Figure 2: Relationships of classical convergence conditions and factorization sets.

hand, for totally asynchronous scheduling, due to the fact that Theorem 2 is only a sufficient
condition under 5, we cannot have a similar conclusion to that of Corollary 6.
Previously, walk-summability was proved to be equivalent to pairwise-normalizability
(Malioutov et al., 2006) and convex decomposition (Moallemi and Roy, 2009), thus they
are all valid within factorizations Fo and F3. On the other hand, diagonal dominance is
valid within IF; (Weiss and Freeman, 2000), and was proved to be a special case of walk-
summability (Malioutov et al., 2006). These relationships are illustrated in Figure 2(a). But
whether these classical conditions are valid for other pairwise factorizations is still unknown.
To this end, we obtain a result that is practically very useful in the following Corollary.

Corollary 7 (Validity of existing sufficient conditions under any pairwise fac-
torization) For a Gaussian pdf with information matriz J, if J is diagonally dominant,
walk-summable, pairwise-normalizable or conver decomposable, Gaussian BP converges un-
der any pairwise factorization within W5 in both synchronous and totally asynchronous
schedulings as long as initialization a(®) > ~.

Proof See Appendix H. |

With Corollary 7, it gives a more complete picture: diagonal dominance, walk-summability,
pairwise-normalizability, and convex decompositions are all valid sufficient conditions under
F5, which includes Iy, 2 and I3 as special cases. This extension is illustrated in Figure
2(b). Moreover, the initialization set of a(?) in Corollary 7 is larger than that in previous
conditions (Weiss and Freeman, 2000; Malioutov et al., 2006; Moallemi and Roy, 2009).
Notice that from Corollary 7, the initialization set is related to the parameter ~, which
means that typical initialization a(®) = 0 will not always work. This point will be further
illustrated in Section 6.1. For comparison with the results in Su and Wu (2015a), it is no-
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ticed that Theorems 1 and 2 can be considered as extensions of the convergence conditions
in Su and Wu (2015a) from a single factorization Fs to a much larger set Fs.

Corollaries 6 and 7 only give us the information about the convergence or divergence of
Gaussian BP under different pairwise factorizations. Another important question is if BP
beliefs converge, would the converged values of beliefs be the same under different pairwise
factorizations? The answer is given in the following Theorem.

Theorem 8 (Invariant converged beliefs) For a Gaussian pdf with information matriz
J and potential vector h, under any initialization a© > ~, if Gaussian BP converges in
synchronous or totally asynchronous scheduling, the converged beliefs are independent of
factorization parameters in Fs.

Proof See Appendix 1. |

5. A Simple Convergence Condition in Pairwise Linear Gaussian Model

In the pairwise linear Gaussian model IF4, we have the parameters of 5 as ¢; = (, ¥; = G,
Yij = 771']'612]-, Yii = 771']'6?1-, Tij = MNijCijCji, Kij = MijZijCij and Rji = MijZijCjs- Further setting
different values of (;, yi, 7ij, 2ij, ¢ij and cj;, the model covers various applications (Leng
and Wu, 2011; Du and Wu, 2013; Moallemi and Roy, 2006; Bickson et al., 2007), where the
convergence of Gaussian BP is studied separately. While we can use the general results in
Theorems 1 and 2 to verify whether Gaussian BP converges in a particular pairwise linear
Gaussian model, this approach requires us to verify the non-emptiness of the set Q and
find the spectral radius of matrix A. In the following, by further making use of the special
structure of Iy, we will provide an easily verifiable sufficient convergence condition for the
pairwise linear Gaussian model. Before we state the result, we need the following Lemma.

Lemma 9 A Gaussian model obeying F5 is pairwise-normalizable if there exist w;; for all
(i,7) € € such that

wi; > 0 for all (4,7) € &, (23a)
wijwsi — 75 > 0 for all (4,5 > i) € €, (23b)
qﬁi—l-Z%j—Zwij>0forall7j:1,2,---,n. (23c)
JEB; JEB;
Proof See Appendix J. |

Making use of Lemma 9, we can prove that the pairwise linear Gaussian model IFy
with at least one (; > 0 is pairwise-normalizable, therefore by Theorem 8, Gaussian BP is
convergent under synchronous and totally asynchronous schedulings. The detail is given in
the following Theorem.

Theorem 10 (At least one (; > 0 guarantees convergence) For pairwise linear Gaus-
sian model Ty, under any initialization a© > ~, if ; > 0 for at least one i, Gaussian BP
converges in both synchronous and totally asynchronous schedulings.

13
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Proof See Appendix K. |

From Theorem 10, the convergence of Gaussian BP in pairwise linear Gaussian model
can be guaranteed if there exists one (; > 0, which is much easier to check than directly
verifying the conditions in Theorems 1 and 2. For example, in clock synchronization, (;
has the physical interpretation of precision of prior distribution of unknown clock offset.
Theorem 10 implies that as long as there is at least one node having an informative prior on
the clock parameter, the distributed clock synchronization algorithm (Leng and Wu, 2011)
would converge. This is a much stronger result than that in Leng and Wu (2011) since
Leng and Wu (2011) proves the convergence under one reference node with perfect prior
information (i.e., p(x;) = §(z;)). In contrast, Theorem 10 allows the reference node to have
imperfect prior, and more importantly, Theorem 10 allows more than one node having prior
information, possibly with different precisions.

On the other hand, for peer-to-peer rating applications, (; represents the confidence of
node i’s initial rating y;. Theorem 10 shows that Gaussian BP converges with a minimum
of one initial rating with corresponding confidence {; > 0. This is obviously true for a
practical peer-to-peer rating system. Notice that while Bickson et al. (2007) requires all (;
to be the same for different nodes, our model IF4 can accommodate different confidences at
different nodes and Gaussian BP still converges due to Theorem 10. This is the first time
that the convergence of Gaussian BP is proved in such an application. Furthermore, if all
the observations {y;} exist with the same confidence (; = 1, the model 4 becomes the
consensus propagation model in Moallemi and Roy (2006). Due to (; > 0 for all ¢, Theorem
10 guarantees the convergence of Gaussian BP in consensus propagation.

6. Numerical Results and Applications

In this section, numerical results are presented to corroborate the newly established the-
oretical results. In the following simulations, we consider two message passing schedules:
synchronous scheduling, and an asynchronous schedule with each variable updating its mes-
sage with probability 0.7 at each iteration.

6.1. Impact of Different Pairwise Factorizations

Consider a joint Gaussian distribution of 6 random variables, where the information matrix
J and potential vector h are

1 1 0 00 0 1
1 6 -1 20 0 1
0 -1 5 —60 0 1
T=10 2 =6 363 10| 27 |1
0O 0 0 39 0 1
0 0 0 -10 0 4] 1]

We consider two pairwise factorizations with different parameters in F5. In pairwise fac-
torization I, we set ¢1 = 1, ¢po = 6, b3 = 5, ¢4 = 36, ¢5 = 9, ¢ = 4, YY; = 1 for all
1=1,2,---,6, 12 =1, 793 = —1, 704 = 2, T34 = —6, 745 = 3, Tug = —10, and y;; = K;; = 0
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Figure 3: Convergence of beliefs under different pairwise factorizations and message schedul-
ings.

for all (i,7) € £. The factors in this factorization are used in Malioutov et al. (2006), and
Su and Wu (2014, 2015a). In pairwise factorization II, we set ¢; = 0 and v¢; = 0 for all
=12 ,6,72=y21=r3=T2="2=Y15 =1, Y24 =4 =4 =4, 13 =54 =9,
Va6 =25, T2 = 1, To3 = —1, T4 = 2, 734 = —6, Ta5 = 3, Tag = —10, K12 = Kpa = Kea = 1,
K921 = K23 — R4 = 1/3, K39 — K34 = 1/2, and K49 — K43 = K45 — K46 — 1/4.

It can be verified that the set O is non-empty for the considered Gaussian distribution
by solving the SDP problem in (18a)—(18c) (as discussed in Lemma 4, the set Q is inde-
pendent of the chosen factorization). Furthermore, under initialization a(?) > ~, numerical
computation shows that p(A) = 0.6934 < 1 and p(|A]) = 0.6934 < 1 for both pairwise
factorizations. This corroborates Lemma 5 that A is independent of factorizations. By
Theorems 1 and 2, under initialization a(?) > ~, Gaussian BP beliefs converge in both syn-
chronous and totally asynchronous schedulings. Figure 3 shows belief means and variances
of variable z1 during the iterations, where a(©) is set to 4 and 6(0) is set to 0 in both pair-
wise factorizations (i.e., a(®) = 0 for factorization I and a(® =[1114141912594]” for
factorization II). It can be seen that belief means (variances) converge to the same values
for both factorizations under synchronous scheduling and asynchronous scheduling, which
corroborates Theorem 8.

Nevertheless, if we set the initialization a(®) = 0 in factorization II, by the update
equation in (9), a¥) can be easily shown to maintain at 0 for all [ > 0. Then belief variance
1/(¢i + X jen aglln.) = 1/0 is not defined. But for factorization I, BP beliefs do converge
when a(® = 0. Therefore, the initialization a(®) = 0 will not always work for different
pairwise factorizations. To guarantee the convergence of Gaussian BP, we need to choose
the initialization a(®) according to the factorization parameter ~.

6.2. Distributed Clock Synchronization

In clock synchronization of wireless sensor networks (Leng and Wu, 2011), z; represents the
unknown clock offset at node ¢, and the likelihood function can be regarded as fi;(x;, x;)
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Figure 4: Network topology in clock synchro- Figure 5: Estimated offsets.
nization.

with the expression
N 17t
fij(xi, zj) o exp {—%'2 [2 (i —xj) + NU] } , (24)

where 1 is the all-ones vector of length IV, t;; is a column vector collecting N observa-
tions, and the observation errors are Gaussian distributed with zero mean and variance o2.
Moreover, the prior of x; is Gaussian distributed, and it can be regarded as f;(z;) with the
expression
1 _ 2
fi(w;) oc exp {—2 (zi — fi3) } ; (25)
207

where fi; and 52-2 are the mean and variance, respectively. In case there is no prior information
for x;, we can set 52 = co and fi(x;) oc 1. On the other hand, if the prior of ; is perfect,
then 62 = 0 and f;(x;) o< §(z; — fii).

We consider a network with topology shown in Figure 4, where there are 50 nodes.
Among these nodes, the clock offsets of nodes with no prior information are drawn uniformly
from [—30,30]. Moreover, we set N = 4, 02 = 1 and two reference nodes s; and s4 with
their offsets drawn from N (z1;0,107!) and N (24;0,1072), respectively. By Theorem 10,
if there exists at least one node with prior information in the network, BP beliefs always
converge under both synchronous and totally asynchronous schedulings. Figure 5 shows
the estimated offsets of nodes s14, s29, s44 under synchronous scheduling and asynchronous
scheduling. It can be seen that the estimated offsets of each node converge to the same
values under both synchronous and asynchronous schedulings, corroborating the results in
Theorem 8.

6.3. Peer-to-Peer Rating

The ratings of items, such as movies, doctors and vendors, play an important role in the
social networks and can affect the decisions of people in some degree. Define z; as the rating
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Figure 6: Network topology of peer-to-peer Figure 7: Histograms of consensus values.
rating.

at node i, and the peer-to-peer rating problem can be formulated as

. 1 1
21 Z @il = 2)" + ; 5 @i (@i = )%, (26)
i i#£]

where z; is the initial rating of node i, ¢;; and ¢;; denote the self confidence of node ¢ and
mutual trust between node ¢ and node j, respectively. The term in the first summation of
(26) denotes the rating difference between the final result and its initialization, and the term
in the second summation of (26) denotes the rating difference between a pair of neighboring
nodes. In particular, if we set

fi(w;) o< exp {—;%i(% - Zi)2} , (27)
fij (i, z5) “exp{—;%(l’i —%’)Q}a (28)

then Gaussian BP can be performed to estimate {x;}.

We consider a network with topology in Figure 6, where there are 200 nodes. Out
of the 200 nodes, 100 randomly selected nodes (denoted as solid nodes in Figure 6) have
observations z; on a common object or variable with true value 10. The observations are
disturbed by zero-mean Gaussian noise with variance ¢;; uniformly sampled from [10, 10?],
and we set ;; to 10°. Comparing fi(z;) in (27) with that in Iy, it is noticed that
& = i > 0 for the nodes with observations. By Theorem 10, Gaussian BP beliefs converge
under both synchronous and totally asynchronous schedulings. This can be seen from
Figure 7 that the final values at all nodes concentrate much more closely to the true common
value compared to the initial observed values. Furthermore, the final consensus values are
consistent under synchronous scheduling and asynchronous scheduling.
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(a) (b) (¢) (d)

Figure 8: (a) Original image, (b) Corrupted image, (c) Recovered image by Gaussian BP,
(d) Recovered image by median filter (5 x 5) for all pixels, (e) Recovered image by median
filter (5 x 5) only for pixels with values 0 or 255.

6.4. Image Denoising

Consider a M x N gray level image (with level [0, 255]) corrupted by salt-and-pepper noise.
With the true gray level of pixel at location (7, j) in the original image denoted by z; j, we
can formulate the image restoration problem as

. 1
min > Wi (i — 2i5)
i} emi<yen
1 1 1 1
> 5 @i = @ig)? 4 (@i = wigin)® + 5@y — @ic1y)” + 5 (@i = wi ),
(i.4)€D
(29)
where w; j is the confidence of the observed pixel value z;; at the location (i,7), and D

denotes the set of the locations of pixels with values 0 or 255. From (29), if we set the
factors

f(:Ei’j) X exp {—%’wi’j(l‘i’j - Ziyj)2} 5 (30)
F(@15,7) o< exp {—%(mm - 5)2} 7 (31)

where = denotes the neighboring pixel of x; ; (i.e., ;1 or x; {1 or x;—1; Or Xit1;), by
treating all x; ; as continuous variables, we can perform Gaussian BP to recover the image.

As a demonstration, we choose a 256 x 256 gray-scale Lena image. The original image
(shown in Figure 8(a)) is corrupted by 50% salt-and-pepper noise on the face and 5% salt-
and-pepper noise on other parts, as shown in Figure 8(b). Figure 8(c) shows the recovered
image by Gaussian BP under synchronous scheduling, where we set w; ; = 1076 for (i, j) € D
and w; ; = 1 for (i,5) ¢ D. Since w;; > 0, by Theorem 10, we know that Gaussian BP
converges in solving the problem in (29) under both synchronous and totally asynchronous
schedulings. Moreover, for comparison, Figure 8(d) and (e) show the images recovered by
the median filter (5 x 5) for all pixels and only for pixels with values 0 or 255, respectively.
It can be seen that the image recovered by Gaussian BP has a much better visual quality
than those by the median filters.
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7. Conclusions

In this paper, a unified convergence analysis of Gaussian BP in Gaussian MRF and pair-
wise linear Gaussian model was presented. By using a general pairwise factorization of
the joint Gaussian distribution, general convergence conditions of the Gaussian BP beliefs
were derived for both synchronous and totally asynchronous schedulings. With the general
convergence conditions, existing convergence conditions such as walk-summability, pairwise-
normalizability, convex decomposition, and diagonal dominance, were extended from their
original considered pairwise factorizations to the proposed general pairwise factorization.
Moreover, by further linking the pairwise-normalizability in Gaussian MRF to pairwise
linear Gaussian model, an easily verifiable sufficient convergence condition was proposed.
Numerical examples and applications were presented to corroborate the newly established
convergence results.

Appendix A. Relationships Among Factorizations F',—IF,

In Iy, if we set a;; = aj; = 0, p; = Jy, then Iy is reduced to I3, which implies that I3 is
a specific setting of IFy. On the other hand, from the constraint of IFo, &;;, £j; > 0, so the
coeflicients of the terms :c? and x? in fi;j(x;, ;) cannot be zero. Therefore, I cannot reduce
to IF3, and vice versa. Furthermore, in the constraint of 4, due to n;; > 0, the coefficients
of the terms xf and x? in f;j(x;,z;) cannot be zero. Therefore, IF4 cannot reduce to I3,
and vice versa.

In Iy, if ;; = 53 = 0, by comparing f;(x;) and f;;(zs, ;) in Fo with those in Iy, we
have fijJin = Qjj, §jiJz’2j = aji, Jis — ZkeBi gisz?k = p;, therefore IFo becomes the form as IF;.
However, if we set ¢;; # 0 or ¢j; # 0, fij(24,2;) in Fo will never become the form as that in
Iy since fij(xi, x;) in Iy does not contain the first-order terms of variable z; and x;. On
the other hand, in IFy, if a;ja;; — ij < 0, IF; will not satisfy the convex decomposition in
5, which implies IF; cannot be included in Fy for these cases. Therefore, Iy and IFo are
overlapping, but one cannot include the other.

In Iy, if p;,ai5,a5; > 0 and a;ja;; = ij, F; can be converted into I, with (; = p;,
Yi = hi/pi, nij = 1, zij = 0, ¢ij = \/a;; and ¢j; = /aj;. But if p; < 0in Fy, due to §; > 0
in Fy, fi(z;) in Iy cannot be converted into that in Fy, which implies IF; is not included
in IF4. On the other hand, if z;; # 0 in Iy, fij(x;,x;) in 4 contains the first-order terms
of variable x; and z; while f;;(z;,2;) in IF; does not contain the first-order terms of x; and
x;, which implies IF4 cannot be included in IF;. Therefore, 'y and IF4 are overlapping, but
one cannot include the other.

In Fy, if ; =0, fi(x;) in 4 does not satisfy the condition J;; — Zk’EBi fikJiQk > 0 of
fi(x;) in Iy, which implies Iy is not included in Iy for this case. But if {; > 0, then Fy can
be converted into IFy with J;; _ZkeBi k=G >0, h; _ZkeBi ik = Gvi, &'ngj = mjc?j >0,
§jmi2j = 771']'0?1- > 0, Jij = nijcijcjiy Qj = nijzijcij and §ji = nijzijcji. On the other hand,
comparing o with Fy, if fi(z;) and f;;j(z;, ;) in Fo can be expressed by those in Fy, we
must have &ijj = nijc?j, Qﬂfj = m-jc?i, and Jj; = m;jcijcj. From these conditions, we
obtain that fijfjiij = 771'2]'012]'0?1' = ij Due to 7;j,¢ij, cji # 0, Jij # 0 and the above result
reduces to fijfﬁij = 1 if IF can be expressed by 4. Hence, when fijgﬁjfj > 11in Fy, it
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implies that IFo cannot be expressed by IF4y. Therefore, IFy and IF, are overlapping, but one
cannot include the other.

Finally, in Fy, if ; > 0 for all ¢+ = 1,2,--- ,n and z; = 0 for all (i,j) € &, then
fij(zi, x;) reduces to fij(x;, xj) o exp {—%m-j (cijxy + cjixj)2}. Then, comparing IF4 with
Fy, if we put G = pi, yi = hi/pi, nijci; = aij, Mi¢5; = aji and mijeijeji = Jij, then fi(x;) and
fij(xi, ;) in Iy become those in IF;. On the other hand, comparing Fy With IFo, if we put
G = Jii = Yopep, Sk CiVi = hi — Yopep, Siks MijChy = Eig i MigChi = Ejidiys Mijcijcii = Jij
and ¢;; = ¢;; = 0, then f;(x;) and fi;(zs, z;) in Fy reduce to those in Iy and satisfy the
convex decomposition. Hence, we found a model that is a special case of 4, but at the

same time can be expressed in the form of IF; and IFo. Therefore, there exists an intersection
of ]Fl, ]FQ and ]F4.

Appendix B. Derivation of Gaussian BP Messages

By substituting the factors of IF5 and (8) into (7), we obtain the expression

I 1
mgin (z;) o exp {—2%]-3022 + Iiijl‘i} X

o0
1 1-1)
/ eXp _5 ¢] _i_ ’ij + Z ak’—)j l‘ —i_ w] —i_ K’]’L 7—7,]-/1:1 —i— Z ,B]E;_>] :,U] dﬂf]
- keB;\i keB;\i
(32)

For the integration in (32), it remains finite if and only if ¢; + v;; + Zkij\z a,(cl —>;) > 0.

If the condition ¢; + v;; + ZkGB]-\i oz,(f;;)

(32), we have

> () is satisfied, by performing the integration in

!

1-1)
2 Tijj+ Tkt Do ngﬁ;(c_m

1 Tij 2 keBj;\i

X exp 5 Yij — =) T+ | Kij— = 1) Tip,
¢j+7ji+ Z\ ak—)j ¢j+7]z Z\ a
keB;\i keBj\i
o2, Ce
(33)

O]
j—1

pair of parameters ag )

is not defined.

(x;) is maintained the same form as in (8) and parameterized by a

- and B i i + Zkeg \é a,(glﬁy < 0, the message m(l) i (x5)

where the message m
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Appendix C. Proof of Theorem 1

From (9) and (10), the message parameters update can be rewritten as

2

N Tij (34)
j—)z z (1-1 ’
bt X vkt X (o) — )
keB; keBj\i
-1
Tijj + Tij kZB Kjk + . %:\ Tij(/gl(g—m‘) — Kjk)
1 eb; eBi\1
ﬂ](ll — Hij = — (=) . (35)
G+ 2 vkt 2 (g5 — Vik)
kEB, kEB;\i

Furthermore, from (13) and (14), the behef parameters update can be rewritten as 1/()

¢i+zj€3i %J'"FZjeBi(O‘yin 7ij) and Sf’xz sz“‘zjeg HszZ]eB (B J(lln kij). By taking
O‘;‘gz‘ — 7i; and B;lln — K;j as two new sequences in the updates of messages and beliefs, it
is observed that the updates of messages and beliefs are in the same form as those in Su
and Wu (2014) if we set ¢; + Zkegi Vit = Jii, Tij = Jij for i # j and ; + ZkeBi Kik = h;.
By using Su and Wu (2014, Theorem 4), under any initialization satisfying a® —~ >0,
we obtain that belief variances {1/ Vg(;li)} converge to the same p2ositive values if and only
if the set O = {q € Rl | J; + > okesnj h—i > 0, m > sy, V(i J) €
&, and J;; + ZkeBi Qk—; > 0 for i = 1,2,--- 'n} is non-empty. Furthermore, by Su and
Wu (2014, Lemma 3), the constraint J;; + > cp5. qk—i > 0 will be either satisfied for all
i =1,2,---,n or dissatisfied for all i = 1,2,--- ,n. Without loss of generality, checking

i = 1 is sufficient. By putting ¢; + Ekegi Vit = Jii, Tij = Jij for i # j into Q, it leads to
T2
v

the set @ £ {q € RIEI [ ¢y + 33y, vir + Mpeppy thsi > 0, S ETTES T
Gi—j, V(i,7) € €, and ¢; + Y yep. Vik + D _pep, ki > 0 for i = 1}, Furthermore, if the set
Q is non-empty, oY) converges, and the update of B(l) becomes the linear update equation
n (16). With Bertsekas and Tsitsiklis (1989, Proposition 2.6.1), B(l) converges to a unique
value if and only if p(A) < 1 under synchronous scheduling. With a similar proof to Su and
Wu (2015a, Theorem 3), belief means converge to unique values if and only if BWY converges
to a unique value. Therefore, belief means converge to unique values if and only if p(A) < 1
under synchronous scheduling.

Appendix D. Proof of Theorem 2

By the proof in Theorem 1, it is shown that the update of beliefs is in the same form as that
in Su and Wu (2014) if we set fi(z;) o exp{—3(¢; + Yok, Yik)TE + (Vi + Y pep, Fik) i}
and fij(z;, z;) < exp{—Tjjxz;x;}. By Su and Wu (2014, Theorem 4), under any initial-
ization a® — ~ > 0, belief variances converge to the same positive values under totally
asynchronous scheduling if and only if Q is non-empty. Moreover, if Q is non-empty, a¥)
converges and thus the update of ,B(l) becomes a linear equation as shown in (16). Accord-
ing to the asynchronous convergence theorem in Bertsekas and Tsitsiklis (1989, Proposition
6.2.1), BY converge to a unique value if p(|A|) < 1 under totally asynchronous scheduling.
Furthermore, with the converged value of z;’s belief variance being 1/v} , the z;’s belief
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mean at the [-th iteration is computed as 4,05;12-)/1/; = (¥i + Xjen ,BJ(QM)/V;Z It B89 con-
verges, belief means would also converge. Therefore, belief means converge to unique values
if p(JA|) < 1 under totally asynchronous scheduling.

Appendix E. Proof of Corollary 3

Since synchronous scheduling is a special case of totally asynchronous scheduling, we only

need to prove the result under totally asynchronous scheduling. We define a positive integer
O]

7

(x;) is updated under totally
0

set 7;; denoting the iteration indices when the message m

asynchronous scheduling. If I € 7;_,;, we have the update of o i @s
2
O Tij
aj%i = Yij (Tjﬁi(lil))v (36)

T D DI
kGB]'\i

(T{2;1-1))

where 0 < T,ﬁj}(l —1)<i-Tand oy ;
aj—; for the update of aj_; at the [-th iteration. Otherwise, o
the previous value at the (I — 1)-th iteration.

Necessary condition:

denotes the most recently received value of

@

s will be maintained as

We need to prove that if the set Q is non-empty, l/g(cli) > (0 for all [ > 0. Firstly, we
can rewrite the update of Vg(c? in (25) as Vg(cli) = ¢i + D pes, Vik T Dkes, (a,(j)_)i — i) 1If
we can prove that affli
Vg(cli) > ¢; + Zkegi Yik + Zkelgi qr—i > 0, where the last inequality is due to the third
O]

constraint of Q. Hence, our task is to prove «a;’,, — vyir > qr—; for all [ > 0. This is
done by induction. First, consider { = 0. By putting the first constraint of Q into its
2

_ Tij
FTES DNINETED S < 0. On the other
(0)

i—J

— Yik > Qk—si, Where qr_; is the component of any q € Q, then

second constraint, we must have ¢;; <

hand, under any initialization a(®) > ~, we have «

we obtain a£0_)>j — i > Qi—j. Therefore, the statement is true for [ = 0. Now, suppose

0
i—J
O]

i—J

—ji > 0. Combining with ¢; ,; <0,

that ozl(l_:jl) — 7Vji > qi—; is true. On one hand, if [ ¢ 7;_,;, then « is not updated at the

O _ 0D
i—j — Xisj -
other hand, if [ € 7;_,;, then ozl(gj is updated at the [-th iteration. Due to the assumption
(1-1) (T 220-1))
i—]

[-th iteration and « Hence, we can directly obtain a;” . — vj; > gi—;. On the

— Vi > @i—j and T,i::z(l —1) <1—-1, we have «
(-1 .
¢i+7ij+2kesi\j a](C_k)i—n( ) S Gi+Yij+ 2 ken;\j (@k—itik). Furthermore, due to the third

. . (T;27(1-1))

constraint of Q, we can obtain ¢; + ;; + Zke&_\j ag b7 > ¢i+vij + ZkeBi\j(Qk—n’ +
T __ > — m
(T (1-1)) it ke ViktD ke \j Te—i

vik) > 0, which implies — i
SitYiit ke \; Ui

« — Vit > Qr_; and then

k—i

. Since we

T2

B 3 o . .
have Gt ke, Vikt2keB;\; i > @i—j due to the second constraint of Q, we can obtain
2
— i 0 > ¢;—;. Noticing that the left hand side of this equation is
k—iv

¢i+"/z‘j+zkegi\j a, B
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@

isj — Vi (see (36)) under totally asynchronous scheduling, we obtain a(l) — i >

(@)

k—i

simply a;

¢i—;j. Therefore, we have proved « Yik > Qr_i for all { > 0.
Sufficient condition:

We need to prove that if BP beliefs stay as valid Gaussian pdfs at all iterations, the
set Q will be non-empty. When BP beliefs stay as valid Gaussian pdfs at all iterations
o T550)
k—j
oi + ZkeB ozg)_n > 0 forall l > 0. When [ =1, if 1 € T;;, then a§Ll is updated. Due

]*}’L
to ¢j + vji + Zkesj\z a;_k)]_”(o)) > 0, further by the update equation (36), we can obtain

D _ i) 3 ) (1) )
=i = Vig . =0 < 7ij.- Due to Q5 i < 0
S5+t Cren\i Yy

under totally asynchronous scheduling, we can obtain ¢; + ;i +> ¢, A\ QO > 0 and

(07

> 7ij, we have «

If 1 ¢ T;_;, we have agl_)n ago_)n Therefore, aEl” < ag il) is true for [ = 1. Suppose

that ol” . < o""V is true. If1+1 ¢ Tjsi, @ WD ig not updated and a§l+1) N 1

j= — T j— J—1
(+1) .

I+ 1€ Tj;, then a;_,; s updated. We divide the discussion into two cases:

1) If ozg-l) is updated for the first time at the (I 4+ 1)-th iteration, we have ol =al¥

j*)’L ]4)1
(+1) _ ) N (0)
From (36), we can obtain o, ;" = 735 — T <7ij. Due to o;; >
o l P55+ LkeBj\i Yy
7ij, We can obtain a](.:i) < agii.

2) If oY has been updated before the (14 1)-th iteration, we suppose that [/; is the most

]%Z

recent iteration for the update of oz(L , where [; < [. Since Tg:li(l) > Tg:;’(ll -1
_ I )71 —1
,(f)_m < a,(f_;.), we can obtain a,i 'H]( ) a,(c_k;]( ' )).
(T3250) (T]f)’(l -1)
Further due to ¢; +7ji+2kel3j\z ak_’i] 7777 > 0and ¢ +7ji+2kel§j\z k_k)] i > 0,

and due to the assumption «

. Tij Tij .
we can obtain 7;; — o S Yij = , i.e.,
T30 () Zia-)’
¢j+7ji+2kes-\zakﬁj ¢J’+'in+zkeB]-\z Ayl

0

l
o L Sa(l) Moreover, since o,

. is not updated after the [1-th iteration and before

the (I + 1)-th iteration, we have aglli = 0‘5@1' Hence, we can obtain ag-l:il) < yLZ
@

Therefore, o, isa monotonically decreasing sequence under totally asynchronous schedul-
ing.

@

Furthermore, if o;-,; is not bounded below, then it goes to —oo when the iterations

goes to infinity, which leads to ¢; + ZkeB a,(cl)_n < 0 when [ goes to infinity. This leads

to a contradiction with the condition ¢; + » ;cp. agLZ > 0 for all [ > 0. Therefore, aggi

O]

must be bounded below. Together with the monotonically decreasing property of o

@

o, converges. Here, we suppose that a* is the converged value of a¥). Defining o, =
¢j—i + 7ij, and putting it into the condition guaranteeing the validity of integration in (32)

l .
and 1Y > 0, we can obtain Git+Yij+ 2 penj (@h—i+yie) > 0 and ¢+ 4 cp, (Gr—i+yik) > 0
for [ > 0. Moreover, putting a; _,i = Qj—i + 7ij into the update equation (36), we have

*
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2
L= Tij . .
Bj—i = G551+ 2iken;\i(dk—i k)| But these are in fact the three constraints of the set Q.
Therefore, we have found a q € Q with the element ¢;_,; = &;_,; — 7ij, and the set Q is

non-empty.

Appendix F. Proof of Lemma 5

For synchronous scheduling, by Corollary 3, under any initialization a(®) > ~, if the set
Q is non-empty, BP beliefs stay being valid Gaussian pdfs. Furthermore, from the proof
of sufficient condition in Corollary 3, it is proved that BP beliefs stay in valid Gaussian

form leads to a® converges. Then, the matrix A consists of elements ———— -
¢’J+'Yﬂ+2k66j\i Qf g

for all (i,j) € £, where a* is the converged value of a®. Since 7i; = Jij and ¢ + v +
2okeB\i Yk = D5 T 2onen; Vik + 2kenni( @y = vik) = Jij + 2resi(@ry — Yik) for a
Jjit2nen i@y =ik
for all (i, 7) € £. On the other hand, from (34), if we treat ag-ll)i —ij & &’g-ll)i as a whole and
putting ¢; + ZkEBi Yik = Ji and T;; = Jij, the resultant equation becomes (12) in Su and
Wu (2014). Furthermore, putting ¢; + Zkelgi vit = Jii and 7; = J;j, the set Q reduces to
O defined in the proof of Theorem 1. Therefore, non-empty Q implies that Qs non-empty.
By Su and Wu (2014, Theorem 2), under any initialization a® >0 and non-empty Q, a®
converges to the same value &*. Recognizing that a* = a* — ~ is the same for any v, we
can conclude that under synchronous scheduling, the elements of matrix A are independent
of factorization parameters for any initialization a(®) > ~. Since the matrix A in totally
asynchronous scheduling is the same as that in synchronous scheduling, Lemma 5 also holds
for totally asynchronous scheduling.

Gaussian pdf with information matrix J, the elements of A become

Appendix G. Proof of Corollary 6

For a Gaussian pdf with information matrix J, under any initialization a(®) > ~, by Lemmas
4 and 5, @ and A are independent of factorization parameters in IF5. Furthermore, by
Theorem 1, belief variances converge if and only if the set Q is non-empty and belief means
converge if and only if p(A) < 1. Therefore, the convergence or divergence of Gaussian BP
under synchronous scheduling is independent of factorization parameters in 5.

Appendix H. Proof of Corollary 7

Since synchronous scheduling is a special case of totally asynchronous scheduling, proving
the result under totally asynchronous scheduling is sufficient.

Under totally asynchronous scheduling, walk-summability guarantees that the set O
is non-empty and p(|A|) < 1 under pairwise factorization I3 and initialization a(®) > 0
(Su and Wu, 2015a, Theorem 6). Using Lemma 4, Q is non-empty under any pairwise
factorization within 5. Further by Lemma 5, we have p(|A|) < 1 under any pairwise
factorization within F5 and any initialization a(®) > ~. Then applying Theorem 2, we ob-
tain walk-summability leads to Gaussian BP convergence under any pairwise factorization
within IF5 and any initialization a(® > ~. Since walk-summability is equivalent to con-
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vex decomposition (Moallemi and Roy, 2009) or pairwise-normalizability (Malioutov et al.,
2006), and includes diagonal dominance as a special case (Malioutov et al., 2006), Gaussian
BP converges under any one of these conditions, and the convergence result is valid under
any pairwise factorization within F5 and any initialization a(®) > ~.

Appendix I. Proof of Theorem 8

As given in the proof of Lemma 5, for a Gaussian pdf with information matrix J, under
any initialization a(®) > ~, if Gaussian beliefs converge, then &* = a* — 4 is the same for
any v. On the other hand, when belief variances converge under synchronous scheduling,
we have B(l) = AB(Z_l) + d. By taking ﬁj(ll” — Kij = ﬂ](ll”, we have the update equation
~( ~(1-1

3" = ag" Y for all (i,j) € €

m(zﬂﬁzkegj Kjk)
ordered in the same way as that in o). Since Jij = ¢; + Ekij Yik, Jij = Tij and

d, where d contains the elements — =
T4 ¢j+7ji+2keb’j\i O yj

Vi + Zkij kjr = hj for a Gaussian pdf with information matrix J and potential vector

h (see (20) and (21)), the elements of d become T BJi\j}&* — . for all (i,7) € &.
i eB\i\Ok—; ~Vik

Due to Jjj, Jij, h; are fixed and a® — ~ being the same under initialization a0 > ~

the elements of d are independent of factorization parameters in IF5. Furthermore, from
Theorem 1, when Gaussian BP beliefs converge under synchronous scheduling, we have

~(1 ~x% ~
p(A) < 1. This leads to ﬁ() converge to 3 = (I — A)~'d (Bertsekas and Tsitsiklis,
1989, Proposition 6.1). Since A and d are independent of factorization parameters, we
can obtain ﬁ* = B* — K is unique for any k. Moreover, Su and Wu (2015a, Theorem 5)

has proved that the converged a* = a* — + and B* = B — k under totally asynchronous
scheduling and any initialization a(Y) —~ > 0 are the same values as those under synchronous
scheduling. Therefore, under any initialization a'®) > ~, the converged &* = a* — ~ and
B* = (3* — k are the same for different pairwise factorizations under both synchronous
and totally asynchronous schedulings. Since ¢; + ZjeBi vij = Jii and ; + EjeBi Kij =
h; are fixed for a Gaussian pdf with information matrix J and potential vector h, and
a* =a* -, B* = (3% — k are unique when Gaussian BP converges, x;’s converged belief
Vitd e, Bjoi  Yitdljes; kgt e, (Bi ki)  hitdliep, Ej*ﬂz
¢i+2j68i i, ¢i+2j68i 'Yij"_ZjEBi(a;A)i_’Yij) - Jii+2]’eBi aj_y,
% +Zj€18i =% S Sy +§:j681(a;%_%) = 7 +2jiBi T are unique and independent
of factorization parameters under both synchronous and totally asynchronous schedulings.

and belief variance

mean

Appendix J. Proof of Lemma 9
For any valid Gaussian pdf, x” Jx with J defined in (20) can be written as
xTJx = zn:(J - Z wij )z + Z [z; ;] wij i Yi | for all w; (37)
‘ 2 . 1] 7 (2 J JZ i OJ]Z x] 17
=1 JEB; (i,7>1)€E

While there are many possible ways to write (37) for an information matrix J, the Gaussian
model is pairwise-normalizable if there exists at least one decomposition (37) with w;; > 0
for all (i,j) € &, wijwji — ij > 0 for all (i,j > 4) € € and J;; — 3 ;cp, wij > 0 for all
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Figure 9: Clustering variables into multiple layers.

i =1,2,--- ,n (Koller and Friedman, 2009). Putting J;; = ¢; + ZjeBi vij and Ji; = Ty
into the above conditions, we have the constraints as in (23a)—(23c) if a Gaussian model
is pairwise-normalizable.

Appendix K. Proof of Theorem 10

We put ¢; = G, vij = m-jc?j, Tij = 1i;jCijcji into (23a)—(23c) to reduce the conditions for
the special case of pairwise linear Gaussian model Fy4:

wi; > 0 for all (i,7) € &, (38a)

wijwyi — MChicy = 0 for all (4,5 > i) € €, (38b)

G+ Z mjc?j - Z wij >0, foralli=1,2,--- n. (38¢)
JEB; JEB;

Below we will find w;; such that (38a)—(38c) are satisfied.

To find the w;;, we cluster all the variables into multiple layers as shown in Figure 9.
Without loss of generality, we assume (; > 0 and put x; into the first layer. Then we define
a variable index set £; = {1} for variable z; in the first layer and the collection of variables
indices in the second layer as a set Lo = {i | i € B1}. In general, the set of variables’ indices
in the k-th layer is defined as £y = {i|i € B;\{Lr_1ULy 2}, for allt € L 1} with2 < k <
m, where m is the number of total layers and £,ULoU- - -UL,;, = {1,2,--- ,n}. Furthermore,

m
based on the network in Figure 9, we can decompose the set £ = |J (&1 U E;_Lk ng_—l,k:)7
k=2
where Exx = {(,7) € € | 4,5 € L}, & 1 = {(6,5) € €1 i € Ly1,§ € Ly}, and
&g = {(i,4) e £ | i € Li,j € Lx—1}. For the preparation of finding w;j, we first define
e;j for all (i, ) € £ as follows.
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For (i,j) € &, with k > 2, we define

2
_ 77i10“C1/(|31|+1) . .. _

na ot G /(B ) if (1,7) € Era,
€ij = MG X ey ,, , 9/ (1B \er-2l+D) (39)

otherwise.
nijC?i_Z(j,t)eE; S e]'t/(‘Bj\ﬁka'_"l)

We can prove that €;; < 0 for all (4,j) € &1, with k > 2 by induction. When k = 2,
nincd G/ (1Bil+1)
ni1¢3,+C1/(1B1]+1)
Therefore, €;; < 0 is true for k = 2. Suppose €;; < 0 is true for all (i, ) € 51;—1,k: for some
MG Geey , , 9t/ 1B\ Er-1l+1)

nijc?iiz(jvt)egk_,l’k 6jt/(‘8j\£k71 |+1)

< 0.

we have j = 1. Due to ;3 > 0 and (3 > 0, we can obtain ¢; = —

. Since on

k > 2. Then, for (i,j) € &, we have ¢;; =

the right hand side of this equation, (j,t) € £,_, , by assumption, €¢j; < 0. Furthermore,

since 7;; > 0, we can obtain €;; < 0. Therefore, we have proved ¢;; < 0 for all (,7) € £,
with k£ > 2.
Based on €;; with (i,7) € £, ,, we can define ¢; for (4, 7) € 5,:_1 p With k> 2 as

0 if (i,5) € &,
€ij = Z(i,t)eik_72 b1 Cit . (40)
—BN\Lr a1 otherwise.
. — €it
D)EEL_ 1 & o .
Furthermore, we define ¢;; = BT for (i,7) € &k with k > 2.

Based on €;; for all (4, j) € £, we define w;; = mjc?j + ‘B_Cﬁ +¢;; for all (¢,7) € €. Then
we will prove such defined w;; satisfies the conditions in (38a)—(38c).
Condition in (38a):

For (i,j) € 8,:_1k with & = 2, we have ¢ = 1. Due 71;,(1 > 0 and €;; = 0, we can

obtain wy; = nle%j + Wfﬁ + €15 = nle%j + \Bfﬁ > 0. For (Z,j) € 52__1& with k& > 2,

. — €it
2 G 2 G TODEE sk ,
we haVe wlj — n’LJC’L'j + |Bz|+1 + el] — ’rhjcij + ‘le"l‘l |Bz\£k—2|+1 . Due tO E’Lt < 0 fOl“

(i,t) € & _5 41, and n;; > 0, ¢; > 0, we have w;; > 0.

For (i,7) € &1 With k =2, we have j = 1. We can obtain w;; = 77@'10121 + w;ﬁ +€1 =
2 G niach /(B4 ¢ nhch el
MG T B T padra /(BT B T @G (B
have w;; > 0. For (i,j) € &, , with & > 2, we have

Due to ¢; > 0 and n;; > 0, we

Gi
|B;| + 1

G M gaeer , ., Gt/ (1Bi\ Li—a| +1)

+
Bil + 1 mijcfi = Xgneer,,, €t/ (1Bi \ Lr-a| + 1)

2 2 2
Gi M;i5Ci5C5i

= +
Bil + 1 mijcl — Yinee-, . €t/ (1B \ Ly—2| +1)

k—2,k—1

2
Wij = MijCi; + + €5

— .2
= 772]Cij +

>0, (41)
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due to ¢; >0, 735 > 0, and €;; < 0 with (j,t) € 51;27,671.

Furthermore, for (i,5) € &, with £ > 2, we have w;; = 77@']'0,2]' + \Bfﬁ + € = nijc?j +
Gi 2, DEEL 1k o D . . — .
B~ BAL T Pue toni; >0, (; > 0 and € < 0 with (¢,¢) € 8k_17k, we can obtain
Wij >

Condition in (38b):

m m
First notice that (4,5 > i) € £ is equivalent to (i,5) € | &, or (3,5 > i) € U Exp-
k=2 ’ k=2

Therefore, we only need to examine (38b) for the sets (i,5) € & |, and (3,5 > i) € Ey
for k > 2. For (i,7) € Elj—lk with & = 2, since 11j,{1 > 0 and ¢; > 0, we can obtain

2 .2 .2
o 2.2 02— 2 G G 515115
Wijwjt mjcljcﬂ = (mje1; + 1) (g + njlcfj+¢1/(|zs’1|+1))

> 0. For(zj)ef,';lkw1thk>2 we have

2 2 2 _ (2
—nijeiicin = (mgey; +

G )
Bil+1/1B;1+1 |+1

. _ €;
2.2 _ Gi Z(Z’t)egk—zk—l u
WijWsi — 771]013 ji "7ijc

Bl B\ Ly 1

2 2 .2
% Gi + "ij€i5%5i 22
Bjl+ 1 mijely = e, €t/ (1Bi\ Lzl +1) R

k—2,k—1

— (77‘ " Gi Z(z’,t)es,;mfl 6it> G
= ( ns;

’B‘—i—l |Bi\/:,k,2‘—|-l |Bj|+1
2 2 2
4 Gi "3 €i55i >0, (42)
1Bil + 1mijcly = Xinesr, ,, €t/ (Bi\ Lr-o| +1) —

due to n;; >0, ¢;, ¢ > 0, and €; < 0 with (i,t) € &, k1"
Furthermore, for (7,5 > i) € &, we have

3 22 [, 2 Gi 2ines, , i G Z(a‘,wefkil,k it
WijWii — nz]cz] 5 = | MijCi; + - 77@]0314‘

Bil+1  |Bi\ Ly—1| +1 Bj|+1  [B;j\ Lp_1]+1

2 2 2
—Mi5Ci;Ci

B G Z(zt)egk Lk €it 2
"B+l B\ Lp| +1) G

+ 7]4.02. + Gi — Z(z‘,t)egk—_l’k it Cj E(Jt Er—1,k it
VUTIBI+ 1 B\ Lot +1 ) \IBj[+1  [Bj\ Ll +1)°
(43)

Due to 0y > 0, (;,¢; > 0 and €, €5y < 0 with (i,t), (j,t) € £, ,, we can obtain w;jwj; —
2

nmcwcjZ > 0.

Condition in (38c):
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. 2 _ 2 2
For i =1, we have 1+ ;cp, M€l — 2 jen, W1j = G142 jep, Miclj — 2ojen, (M;CT; +
> 0. For ¢ € L, we have

S ) = G
|B1]+1 [B1]+1

G+ Z mjcfj - Z wij =G + Z nijczzj - Z Wij — Z Wij

JEB; JEB; JEB; JEBNLK 1 jEBi\ﬁk_l
2 2 Gi
=Gi + Z Mg~ > (el + ‘Bi’; 1 +ei)
JEB; JEBiNL 1
— 3 g+ G 2iines, ,
g |Bi|+1 |Bi\£k:—1‘+1

JEB\Lk 1
_ Gi Z("vt)egl;l,k €it
|Bi| + 1 ‘Bi\ﬁk,ﬂ—i-l'

(44)

Due to ¢; > 0, € < 0 with (i,t) € gk_—l,ka and ZjeBmEk,l €ij = Z(i,t)eé’,;l  €ity We obtain

Gi + D e, MiChi — > jes, wij > 0.

Hence, we have found w;; satisfying (38a)—(38c). Therefore, pairwise factorization IF4
with at least one (; > 0 is pairwise-normalizable. By Corollary 7, Gaussian BP converges
in both synchronous and totally asynchronous schedulings.
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