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Abstract

Modern biomedical studies often collect multi-view data, that is, multiple types of data
measured on the same set of objects. A popular model in high-dimensional multi-view
data analysis is to decompose each view’s data matrix into a low-rank common-source
matrix generated by latent factors common across all data views, a low-rank distinctive-
source matrix corresponding to each view, and an additive noise matrix. We propose a
novel decomposition method for this model, called decomposition-based generalized canon-
ical correlation analysis (D-GCCA). The D-GCCA rigorously defines the decomposition on
the £2 space of random variables in contrast to the Euclidean dot product space used by
most existing methods, thereby being able to provide the estimation consistency for the
low-rank matrix recovery. Moreover, to well calibrate common latent factors, we impose
a desirable orthogonality constraint on distinctive latent factors. Existing methods, how-
ever, inadequately consider such orthogonality and may thus suffer from substantial loss
of undetected common-source variation. Our D-GCCA takes one step further than gen-
eralized canonical correlation analysis by separating common and distinctive components
among canonical variables, while enjoying an appealing interpretation from the perspective
of principal component analysis. Furthermore, we propose to use the variable-level propor-
tion of signal variance explained by common or distinctive latent factors for selecting the
variables most influenced. Consistent estimators of our D-GCCA method are established
with good finite-sample numerical performance, and have closed-form expressions leading
to efficient computation especially for large-scale data. The superiority of D-GCCA over
state-of-the-art methods is also corroborated in simulations and real-world data examples.

Keywords: Canonical variable, common and distinctive variation structures, data inte-
gration, high-dimensional data, multi-view data.
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1. Introduction

Data integration is widely used in biomedical studies to combine multi-view data, which are
multiple types (i.e., views) of data obtained from the same set of objects, into meaningful
and valuable information. Such studies include The Cancer Genome Atlas (TCGA; Hoadley
et al., 2018) with multi-platform genomic data for tumor samples, and Human Connectome
Project (HCP; Van Essen et al., 2013) with multi-modal brain images of healthy adults,
among many others (Crawford et al., 2016; Jensen et al., 2017). The use of multi-view data
can allow us to enhance understanding the etiology of many complex diseases, such as can-
cers (Ciriello et al., 2015; Campbell et al., 2018) and neurodegenerative diseases (Weiner
et al., 2013; Saeed et al., 2017). Researchers hence have become highly interested in study-
ing the shared and individual information across multi-view data through separating their
common and distinctive variation structures (van der Kloet et al., 2016; Smilde et al., 2017).

Let Yj, € RP+*™ (b =1,..., K) be the row-mean centered data matrix of the kth view
of K-view data obtained on a common set of n objects, where py, is the number of variables.
One popular approach for disentangling their common and distinctive variation structures
is to decompose each data matrix into

Y., =X, +E.=C.+D, +E; for k=1,...,K, (1)

where X}, is a low-rank signal matrix with an additive noise matrix Ej, Cj is a low-rank
common-source matriz that represents the part of Xy coming from the underlying source of
variation (a.k.a. latent factors) common across all views, and Dy, is a low-rank distinctive-
source matrixz from distinctive latent factors of the corresponding view. In other words, the
common-source and distinctive-source matrices contain the variation information in each
view, respectively, explained by the common and distinctive latent factors of the K views.

There is a growing literature on developing decomposition methods for model (1).
Throughout this paper, we will consider six state-of-the-art methods, including orthogonal
n-block partial least squares (OnPLS; Lofstedt and Trygg, 2011), distinctive and common
components with simultaneous component analysis (DISCO-SCA; Schouteden et al., 2013),
common orthogonal basis extraction (COBE; Zhou et al., 2016), joint and individual vari-
ation explained (JIVE; Lock et al., 2013) and its variant R.JIVE (O’Connell and Lock,
2016), and the angle-based JIVE (AJIVE; Feng et al., 2018). The decomposition differs
per method. OnPLS is developed from a multi-block partial least squares (PLS) method
that is equivalent to the generalized canonical correlation analysis (GCCA) using the sum
of covariances criterion (Tenenhaus and Tenenhaus, 2011). Both DISCO-SCA and JIVE
are based on the simultaneous component analysis (SCA; Smilde et al., 2003) that applies
the principal component analysis (PCA) to the concatenation of all observed data matri-
ces, but DISCO-SCA imposes more orthogonality constraints. R.JIVE is a JIVE variant
with an additional orthogonality constraint. Both AJIVE and COBE can be regarded as
extensions of the maximum-variance based GCCA (Kettenring, 1971), but with different
denoising strategies. Although PLS, SCA, and GCCA are widely-used data integration
methods, they solve problems different from (1) and are only used as one step of the above
methods. Problem (1) belongs to the scope of multi-block or multi-view data analysis that
covers a wide spectrum of topics, on which we refer readers to Zhao et al. (2017), Li et al.
(2018) and Mishra et al. (2021) for reviews.
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The six state-of-the-art methods for model (1) can be applied to data with K > 2 views,
but suffer from two major issues. (i) They are built on the inappropriate Euclidean dot prod-
uct space (R",-), which simply approximates the £? space of random variables. (ii) They
inadequately consider orthogonality (i.e., uncorrelatedness) constraints among distinctive-
source matrices {D;}X | so there is no guarantee against the risk that {Dy}X | are all
pairwise correlated and thus retain some undiscovered common latent factors and their ex-
plained variation. To address these issues, a nice decomposition, called decomposition-based
canonical correlation analysis (D-CCA), is recently proposed in Shu et al. (2020) based on
the canonical correlation analysis (CCA; Hotelling, 1936), but unfortunately, it is limited
to two data views, K = 2.

The aim of this paper is to address issues (i) and (ii) for data with K > 2 views. We
assume that the columns of each matrix in (1) are n independent copies of the corresponding
random vector in

Y = Tk + ep = ¢ + di, + e, € RPF, (2)

with entries of ¢, di and e belonging to E(Q), where ¢; and dj are called the common-
source random vector and the distinctive-source random vector, respectively, generated by
common and distinctive latent factors. Here, [,(2) is the vector space composed of all real-
valued random variables with zero mean and finite variance. We denote (L3, cov) as the
inner product space of E% that is endowed with the covariance operator as the inner product.

A major drawback of the six existing methods is that their decompositions are defined
with respect to the orthogonality of (R™,-) rather than the more precise orthogonality of
(L3, cov). Obviously, the orthogonality of (R",-) (i.e., zero sample covariance) is not equiv-
alent to that of (£3,cov) (i.e., zero covariance), and on the contrary, the former excludes
any jointly continuous, uncorrelated random variables. Specifically, if v, vo € E% are jointly
continuous with cov(vy,v2) = 0, then their n independent paired observations v, vy € R"
have P(v1 - vy = v{ va # 0) = 1 (Rohatgi and Saleh, 2015, p. 134). Hence, (R™,-) is not a
correct space to define a decomposition for model (1). Moreover, our decomposition defined
from (L2, cov) enables us to investigate the asymptotic consistency of estimating unobserv-
able {Ck,Dk}f:1 and their explained proportions of signal variance. In contrast, the six
existing methods are unable to establish the estimation consistency.

Furthermore, based on (ﬁ%,cov), we can naturally use the variable-level proportion
of signal variance explained by either common or distinctive latent factors in order to
quantify their influence on each variable for the purpose of variable selection. In con-
trast, the existing decomposition methods based on (R",-) only consider the proportion
of explained variation at the view level and barely discuss it at the variable level (Smilde
et al., 2017). At the view level, they measure the variation of data by the sum of squares
of data points; thus, their proportion of signal variation explained, for example, by com-
mon latent factors is ||Cg||% /|| Xk||%, which essentially approximates the statistical quantity
tr{cov(cg)}/ tr{cov(z)} in (L3, cov). More clearly seen at the variable level, variance is
superior over the Euclidean sum of squares to measure the variation of a random variable,
but with the inevitable, challenging question on the uniform consistency in estimation under
high-dimensional settings (Fan et al., 2018). This might be a reason that hinders the use of
the variable-level proportion of explained variation in the existing decomposition methods.

Even translated into (£3,cov), the six competing methods focus on the orthogonality
(i.e., uncorrelatedness) between ¢ and dj, but they inadequately consider orthogonality
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constraints among {dk}le. Specifically, OnPLS, COBE, JIVE, and AJIVE do not impose
any orthogonality on {dk}szl. R.JIVE enforces such orthogonality at the price of relegating
its unexplained portion of signal xj into noise e;. DISCO-SCA often only approximates,
but not exactly achieves its target orthogonality for {dk}szl (van der Kloet et al., 2016).
When K = 2, the orthogonality between d; and ds desirably assures no common latent
factors retained between them. For K > 2, with the same aim to well capture the common
latent factors, a similar desirable orthogonality constraint on {dk}szl is that at least one
pair among them are uncorrelated. However, it is unclear how to build a decomposition for
all K > 2 that can ensure both the above desirable orthogonality among {dj}}_; and the
interpretability of associated {cj}5 ;.

We propose a novel method, called decomposition-based generalized canonical correla-
tion analysis (D-GCCA), to handle model (1)-(2) with K > 2 views. Our method is equiva-
lent to D-CCA when K = 2. The key idea of D-GCCA is to divide the decomposition prob-
lem (2) into multiple sub-problems via Carroll’'s GCCA (Carroll, 1968). We slightly relax
the aforementioned desirable orthogonality of {dk}f:1 by enforcing it for each sub-problem.
This in turn leads to a geometrically interpretable definition of {cj} , on space (£3,cov)
by connecting Carroll’s GCCA with PCA. In particular, our defined common latent factors
of {:ck}f:l represent the same contribution made by the principal basis of the entire signal
space Y1 span(x] ) in generating each of the K signal subspaces {span(z, )} . Here,
for any random vectors v1 and v with entries in (£2, cov), span(v{ ) denotes the subspace
of (£3,cov) that is spanned by entries of vy, and span(v{ ) + span(vg ) = span((v{,vJ )).

Estimating matrices {Ck,Dk}le and their proportions of explained signal variance
poses theoretical and computational difficulties for high-dimensional data. The observed
high-dimensional matrices {Yk}le are often high-rank in practice. If the high-rank Yy, is
directly treated as the signal, its associated high-rank covariance matrix can be inconsis-
tently estimated by the traditional sample covariance matrix due to the curse of “intrinsic”
high dimensionality (Yin et al., 1988; Vershynin, 2012). Low-rank signal X}, or equivalently
low-rank cov(xy) is thus often assumed to facilitate the construction of consistent estimates
(Shu et al., 2020). Fortunately, big data matrices are often approximately low-rank in many
real-world applications (Udell and Townsend, 2019), and their low-rank approximations ren-
der feasible or more efficient computation, while retaining the major portion of information
(Kishore Kumar and Schneider, 2017). We consider the low-rank plus noise structure given
in (1)-(2) under the widely used high-dimensional spiked covariance model (Fan et al., 2013;
Wang and Fan, 2017; Shu et al., 2020). Subsequently, we propose soft-thresholding based
estimators for {Cy, Dk}f:1 and therefrom derive estimators for the proportions of signal
variance explained by either common or distinctive latent factors. Convergence properties
of our estimators are established with reasonably good finite-sample performance shown
by simulations. The proposed estimators have closed-form expressions and thus are more
computationally efficient than most existing methods that use time-expensive iterative op-
timization algorithms. For example, to decompose three 91,282x1080 data matrices in our
HCP application, our approach can complete in 18 seconds on a single computing node,
whereas some state-of-the-art methods cannot converge within 5 hours.

The contributions of this paper are summarized below:
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e We propose a novel decomposition method, called D-GCCA, for tackling K > 2 data
views under model (1), based on (£, cov) instead of (R",-). Our distinctive-source
matrices are especially imposed with an orthogonality constraint to avoid substantial
loss of undetected common-source variation. The proposed common-source matrices
exhibit a geometric interpretation from the perspective of PCA. Our D-GCCA reduces
to D-CCA when K = 2.

e We establish consistent estimators for our defined common-source and distinctive-
source matrices under high-dimensional settings with convergence rates in both the
Frobenius norm and the spectral norm. The proposed estimators have closed-form
expressions and thus are computationally efficient. To the best of our knowledge, this
is the first work that establishes the high-dimensional estimation consistency under
model (1) with K > 2.

e We propose to use the variable-level proportion of signal variance explained by ei-
ther common or distinctive latent factors for selecting the most influenced variables.
Consistent estimators are theoretically established and numerically verified.

e We compare our D-GCCA with the six competing methods on both simulated and real-
world data to show the superiority of proposed method for separating the common-
source and distinctive-source variations across multi-view data.

e As a byproduct, we reformulate Carroll’s GCCA from the traditional (R",-) to the
more precise (E%,cov) and provide some useful properties, which may facilitate the
use of GCCA in statistical data integration.

The rest of this paper is organized as follows. We introduce our random-variable ver-
sion of Carroll’s GCCA and propose our D-GCCA method in Section 2. We propose our
estimation approach of high-dimensional D-GCCA and establish its asymptotic properties
in Section 3. Section 4 evaluates the finite-sample performance of proposed estimators via
simulations. We also compare D-GCCA with the six competing methods through simu-
lated data in Section 4 and through two real-world data examples from TCGA and HCP
in Section 5. Concluding remarks are made in Section 6. All theoretical proofs and addi-
tional simulation results are presented in Appendices. A Python package for the proposed
D-GCCA method is available at https://github.com/shu-hai/D-GCCA.

We now introduce some notation. For a real matrix M = (M;;)1<i<pi<j<n, the fth
largest singular value is denoted by oy(M), the ¢th largest eigenvalue when p = n is Ap(M),
the spectral norm is | M|z = o1(M), the Frobenius norm is [[M||r = (3°7_; 37, ij)l/Q,
the matrix £ norm is [Mlle = maxi<i<p ) i_y [M;;], the max norm is [[Ml|max =
maxi<;<p,1<j<n | Mij|, and the Moore-Penrose pseudoinverse is M. Denote M[Szt’“:”], M[S:t’:],
and MF"*] as the submatrices (Mij)s<i<tu<j<os (Mij)s<i<ti<j<n, and (Mij)1<i<pusj<v Of

M, respectively. Let [My;...;My] = (M],...,M})" be the row-wise concatenation of
matrices My,..., My that have the same number of columns. We write the jth entry of a
vector v by vV, and vl = (vl ¥l wl)T For any random vectors v, and vy, de-

note cov(vy,v2) as the covariance matrix of v1 and ve whose (i, j)th entry is cov('u[f], v[Qj]),
and write cov(vi) = cov(vy,v1). Define (v3)iez by (viy,...,v;,) with Z = {i1,... 04}
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and i; < ... < ig. The angle between any z,y € (£, cov) is denoted by 6(z,y), and
the norm of z is ||z|| = /var(z). We use cos{f(z,y)} and corr(z,y) exchangeably, and
define corr(z,0) = 0. The symbol L used between two subspaces, sets, and/or random

variables in (E%,cov) means their orthogonality, i.e., uncorrelatedness. Define rg = 0,
7 = rank{cov(zy)}, and 7y = rank{cov([z1;...;zk])}. Note that r; = dim{span(z])}
and 77 = dim{span([z1;...;zk]")}. For two sequences, write a, < b, iff a, = O(by)

and b, = O(ay), and a,, <p by iff a,, = Op(b,). Throughout the paper, the asymptotic
arguments are by default under n — oo.

2. Methodology

We first develop the random-variable version of Carroll’s GCCA in (£2,cov) and then use
it to derive our D-GCCA decomposition.

2.1 Generalized canonical correlation analysis

In the literature, many GCCA methods extend CCA to more than two data views based
on different optimization criteria, such as the sum of correlations, the maximum variance
(MAXVAR), and the minimum variance (MINVAR) (Horst, 1961; Carroll, 1968; Kettenring,
1971). We derive our D-GCCA for model (1)-(2) by using Carroll’s GCCA (Carroll, 1968).

We first translate Carroll’s GCCA into the space (£3,cov). Carroll's GCCA was origi-
nally proposed and is often studied in (R", ) using data samples (e.g., Carroll, 1968; van de
Velden, 2011; Draper et al., 2014). Kettenring (1971) briefly mentioned that the random-
variable version of Carroll’s GCCA is a mixture of the MAXVAR and MINVAR methods.
We provide the solution to the optimization problem of Carroll’s GCCA in (L2, cov) as well
as some important properties.

For subspaces {span(z])}X |, the Carroll’s GCCA in (L2, cov) sequentially finds the
closest elements among the K subspaces. The method has r; stages. The /th stage finds
the closest elements, denoted as 254)7 el z%), among the K subspaces, which are called the
(th-stage canonical variables, along with an auxiliary variable w(® as follows:

K
{zg),...,z%),w“)} = argmax Zcosz{ﬁ(zk,w)}
1y sZKHWS o q
2 € span(ay), |zl =1,

w L {fwDYZh we L3, |Jw]| =1,0w® =0.

subject to {
In (L2, cov), the cosine similarity cos{6(-,-)} is equal to corr(-,-). The auxiliary variable w®)
is the variable closest to all {z,(f)}le, and the sum of its squared cosine similarities with
{z,(f)}le is used to measure the closeness of {z,(f)}szl. The variable w® is also called the

consensus variable of {z,(f)}le in the literature (Kiers et al., 1994; Dahl and Naes, 2006).
Figure 2 (a) illustrates the Carroll’'s GCCA.

Let f, be an arbitrary orthonormal basis of span(z; ), f = [f1;...; fx], and {n(é)}lgggf

be any ry orthonormal eigenvectors of cov(f), where n®) = [ngg); celd n%)] corresponds to



DECOMPOSITION-BASED (GENERALIZED CANONICAL CORRELATION ANALYSIS

eigenvalue Ay(cov(f)) with ng) € R™. We have r; = rank{cov(f)}. The following theorem
presents the solution to (3) as well as some useful properties for our decomposition method.

Theorem 1 The following results hold.

(i) For £ <7y and k < K, the solution of (3) is given by

0 any standardized variable in span(z]),  if ngf) =0,
2= e ® O T @ Lo (4)
(/g ll7) " Fres ifny,” #0,
W = Pe(cov(£) 72T £ (5)

Moreover, we have

cos{8(=, w®)} = £\ (cov(F)V2 0O,

K
> cos*{0(z,w )} = A(cov(£)), (6)
k;;{l
> span(a)) = span({w}jL,). (7)
k=1

(i) For £ <ry, re-define z,(f) in (4) to be

@ )0, if ng) =0,ie,w® L span(wg),
@O Ty otherui )
v N E) e otherwise.

Then, we have 0(2,(5),10(4)) € [0,7/2] and span({z,(f)}zil) = span(z] ).

(iii) For z,(f) in either (4) or (8), if A¢(cov(f)) <1 and span({z(m) t1) # span(zx] ) for
some £ and k, then there exists aw®) € span(x] ) such that wl&) LY i<k span(a:;r).

In the following text, if without further clarification, we refer z,(f) to the one defined in (8)
so that 9(z,(f),w(e)) falls into [0, 7/2].

Unlike our D-GCCA for disentangling the common and distinctive latent factors and
their explained variations among multiple data views, the existing GCCA methods (e.g.,
Horst, 1961; Carroll, 1968; Kettenring, 1971; Tenenhaus and Tenenhaus, 2011, 2014; Cai
and Huo, 2020) often focus on finding the canonical variables {z,(f)}le, which are merely the
most correlated components among the multiple views, and studying the coefficients in their
linear expressions formed by corresponding signal variables {:cgj} Pk, . The auxiliary variables
w®s of Carroll’s GCCA or its variant MAXVAR GCCA are also called as a consensus or
common latent representation of multi-view data in the literature (Kiers et al., 1994; Dahl
and Nees, 2006; Fu et al., 2017; Benton et al., 2019), but they do not solve our problem in (1)-
(2), which also involves distinctive latent factors. As extensions of MAXVAR GCCA for
(1)-(2), AJIVE and COBE treat the consensus variables w(®s as the common latent factors
and define ¢, as the projection of @ onto the space spanned by w®s. This simple approach
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is undesirable even for K = 2 views, where both Carroll’s GCCA and MAXVAR GCCA

reduce to CCA. For example, if x; = z,(gl) for k < K = 2, then one only needs to consider
(1)

the first- stage consensus variable w(!). Let ¢ be the projection of z), = 2,

cr, = (% (1) +z )/2 andd; = —dy = (251)—251))/2, but the distinctive-source random vectors
d; and d now share the same latent factor (251) — zél)) /2, contradicting their definition
that they are generated from distinctive latent factors. In contrast, our D-GCCA, detailed
in the next subsection, yields di L dy with ¢, = [1 — tan{@(z%l),zél))/Z}] (z%l) + zél))/Q.
See Guo and Wu (2019) and Wong et al. (2021) for an overview and recent progress in
GCCA-based multi-view data analysis.

onto wV), then

2.2 Decomposition-based generalized canonical correlation analysis
2.2.1 COMMON-SOURCE AND DISTINCTIVE-SOURCE MATRICES AND RANDOM VECTORS

In the model given by (1)-(2), the columns of each common-source matrix Cy, or distinctive-
source matrix Dy, are assumed to be n independent copies of its corresponding random vector
cj, or di. We thus consider the following decomposition with noise excluded:

xp,=cp+d, for k=1,... K. (9)

The estimation of {Cy, Dy }X | from noisy data {Y;}X | will be given in Section 3.
Like the divide-and-conquer strategy of D-CCA, our D-GCCA first breaks down decom-
position problem (9) into multiple sub-problems. Each ¢th sub-problem is solved by finding

a common variable ¢® and K distinctive variables {d,(f)}kK:l for the fth-stage canonical

variables {z,(f)}szl such that
A= d" for k=1,... K. (10)

The ideal orthogonality among {dy }/_, and its reduced version on {d,(f)}szl are given below.

0.1) At least one pair among {span(d; )}, is orthogonal.
k)Sk=1

(0.2) At least one pair among {dgf)}szl is orthogonal.

The auxiliary Variable w® in (3) naturally serves as the direction variable of our common
variable ¢() of {z . We define ¢ by

O®), (11)
where ol satisfies
(C.1) |al9] is the smallest value such that (O.2) holds;

(C.2) o < 0if (C.1) has two solutions with respect to al?),

The rationale of setting constraints (C.1) and (C.2) is given as follows. Let ozg ) and a(é)

be two candldate values of a(¥), each of Whlch leads to the required orthogonality (O.2).

)2 ‘ ) (€

If |a | < \a \ then the extra variance (]oz2 ]2 |y for the variable ¢(®) of oy’ can
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be alternatively explained by the variables {d,(f)}le of agg). Figure 1 shows a motivating

example with K = 3 and equal angles among {z,(cl)}zzl; o) = agl) is more sensible, because

as corr(zgl), zél)) = cos{G(zgl), zél))} increases from 0 to 1, the variance of ¢! = agl)w(l)
also increases from 0 to 1, reflecting the strength of the correlation, whereas the variance

of M) = ozgl)w(l) is not monotonic. If agé) <0< ag@) and |a§€)| = ‘ag@)" then the dgf)
corresponding to age)’ for k=1,..., K, has a larger variance than that to ozg).

We provide the existence and explicit formula of a® in the theorem below.

Theorem 2 For (¢ <ry, w® in (5), and {z,(f)}szl in (8), we have that o9 in (11) exists
and satisfies

o9 € arg min{]a§?| : a%) = % cos{f(w®, zj(»e))} + cos{O(w'?, z,(f))} - (A%c))l/ﬂ
(&)
oy

for A;QZO and 1§j<k§K}

with AL = [eos{B(w®, 2{7)} + cos{(w®, )} — 4 cos{B(=", )}

Remark 1 We interpret the decomposition given in (10)-(11) wvia analyzing the relation-
ship between the entire signal space Y1 span(z; ) and its subspaces {span(z; )} |. First,
from the perspective of PCA, we consider how the K signal subspaces {Span(m;—)}szl con-
tribute to forming the whole signal space Zle span(ac;)

basis f; of span(z; ) to represent its contribution to Zszl span(z; ), because fr fully

. We use an arbitrary orthonormal

corr(zy,2p)
1 097 087 0.71 05 0.26 0
. . . . . . .

/h\i

€ SIxe

Z
3 1
d:]

licll

00 02 04 06 08 10 1.2
. | | | |
var(c)

1)

1 —

(1) (1,1

Z(” J Z( |
| / :
= A ,
5 31\\‘5 > o
T W5 S & e e

6(z1,22)

T T T T T
0 004 0.16 036 064 1 144

(a) ¢ = afYuw® (b) ¢V = af!w® (o) ]| vs. 0(=", 28

Figure 1: The geometry of D-GCCA for K = 3 data views with 9(251), zél)) = G(zg), zél)) =
9(251), z:gl)) € (0°,90°). There are only two possible choices of a!) for the common variable
M = oWy guch that at least one pair among {all(fl)}%:1 is orthogonal: ¢ = agl)w(l)

in panel (a) and V) = agl)w(l) in panel (b), where agl) < agl), and dgl),dgl) and dgl)

are mutually orthogonal. Panel (c) shows that as 9(251), zél)) increases or equivalently as

corr(zil), zél)) = cos{&(z%l), zél))} decreases, ||cV| = /var(c(D)) decreases if ¢(t) = agl)w(l),

but is not monotonic if ¢(t) = agl)w(l). D-GCCA chooses ¢(t) = agl)w(l).
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characterizes span(z; ) due to span(zx; ) = {fgb : Vb € R™}, and its entries, all of which
are standardized variables, provide a fair comparison among subspaces {span(m;—)}szl. By
(5) and (7), {w(é)\/)\g(cov(f))};;il are the r¢ principal components of Fr=0f, . Ffi),
which fully capture the variance of f, that is, the accumulated contribution to Zle span(:z:;—)
from all subspaces {span(x] )}i_ . They also constitute an orthogonal basis of s, span(a,) )
that is the closest to these subspaces in the sense of (3). We thus call standardized variables
{w(é)}Zil as the principal basis of Zszl span(z, ) with respect to {span(zx, )} . Neat,
from the perspective of the principal basis {w(e)}Zil, we conversely deduce how the entire

signal space Zle span(:rg) generates its subspaces {span(x; )}X_ . With 0/0 := 0, z,(f) 18

the normalized projection of w®) onto span(z] ). Theorem 1 (ii) shows that the normalized

projections {z,(f)}zf:l of {wD},” | span the subspace span(z]) for each k < K. Hence, the
decomposition in (10)-(11) essentially measures the same contribution of the principal-basis
component w9 in generating each of the K signal subspaces {span(w;)}szl.

Remark 2 Let L = max{f € {1,...,rs} : A(cov(f)) > 1}. We only need to consider
the first L principal-basis components {w(g)}f:1 due to the following reasons. For £ > L,
by Theorem 1 (iii), either there exists a w9 € span(a:;) for some k that is orthogonal

to all the other signal subspaces {span(a};r)}j#k, or otherwise, {zlgm) 1 has spanned the
subspace span(a:l) forall k = 1,...,K. The first scenario results in c® =0, and the

second one indicates that the contribution of w9 to each signal subspace has already been

accomplished by the preceding components {w(m)}f;:ll. Our stopping rule £ < L for Carroll’s

GCCA when K > 2 is an extension from the stopping rule £ < rio of the CCA with K = 2,
0

where rio = max{f € {1,...,rs} : corr(zy ', 2y ') > 0} is the number of positive canonical

correlations. The number L = ri19 when K = 2, because Ag(cov(f)) = 1+c0rr(z§£), zy)) > 1

if £ < ria, and otherwise Ag(cov(f)) < 1 (Kettenring, 1971, Lemma 2).

We now combine the decompositions for all £ = 1,..., L in (10) to form the original
decomposition (9). Define the index set of nonzero ¢¥s by Zop = {£ € {1,...,L} : (¥ #
0, ie., al® £ 0}. We set ¢ = 0y, x1 and Cj, = 0, xp, for all k& when Zy = 0, so we only
consider Zy # 0 as follows. Let z%o = (z,(f))zezo. The portion of xj, generated from latent

factors z%o is equivalent to the projection of xj, onto span{(zgo)T} given by
cov (g, z%o){cov(zfo)}Tz%O = cov(xy, z%“){cov(z%o)}*(c(z) + dl(f));elo- (12)

Here, cov(xy, z%o){cov(zio)}f is a deterministic coefficient matrix. We define the common-
source vector ¢ of xy, as

ci = cov(xg, zfo){cov(zfo)}TcIO, (13)
which is the portion of (12) comes from the common latent factors (¢%°)T := (¢\9)yez, .

Definition 3 For D-GCCA, we define the common-source random vector ¢ of €y as (13)
and the distinctive-source random vector dj, = xj, — c,. The common-source matriz C; and
distinctive-source matriz Dy are the corresponding sample matrices of ¢, and dy, respec-
tively. The {cD} ez, in (11) are called the common latent factors of {xx}K_,, and {dg) W
in (10) are called the distinctive latent factors of xy,.

10
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Figure 2 illustrates the steps of the proposed D-GCCA. When K = 2, the following
theorem shows that our D-GCCA is equivalent to D-CCA.

Theorem 3 When K = 2, {cx}X_ | in (13) are the same as those of D-CCA in (16) of

Shu et al. (2020).

We further investigate the uniqueness of {c ;.

Theorem 4 For L > 1, if A\y(cov(f)), ..., Ar(cov(f)) are distinct, then {c,}H | are uniquely
defined by (13) regardless of the non-unique choice of f and {n(e)}1§£§L~

15t stage:

2nd gtage:

™ stage:

(a) Step 1: Eqn. (3) (i.e., Carroll’s GCCA)

[

(10)

(10)

al
(10)
®
A (10)
)
(10)_y{ #2
29
(10)
e

(b) Step 2: Eqgns. (10) and (11)

LeTy

To _ (,(ONT Decomposed by o
z° = (Zk )EEIO 20— 0 1 g® cto — (C( ))
U2 TR multiplied by Je— O
(12) cov(as, 2i) {eov(zi")! (13)
A 4
Proj x Projected onto

span {Z,(f) }eezy)

/,'

4
span({z }eez,)

T

=

Decomposed by
xp = ¢ + dy,

(c) Step 3: Eqns. (12) and (13)

Ck

Figure 2: Ilustration of D-GCCA steps.
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The largest L eigenvalues of cov(f) are invariant to the choice of f. For a given f,
the distinctness of these L eigenvalues ensures the identifiability of {n(e)}lgg L up to a
sign change and thus simplifies the analysis. Analogous assumptions are often made in the
literature (Zhou and He, 2008; Birnbaum et al., 2013; Wang and Fan, 2017). If the joint
distribution of the n (> L) samples of f is absolutely continuous or elliptically contoured,
then the largest L eigenvalues of its sample covariance matrix are distinct with probability
one (Okamoto, 1973; Gupta and Varga, 1991). Hence, our distinct eigenvalues assumption
is plausible in practice.

2.2.2 PROPORTION OF SIGNAL VARIANCE EXPLAINED

The contribution of common latent factors {c(é) }eez, in generating the signal vector xy of
the kth data view, or the influence of {c(e)}gezo on xg, can be measured by

_ tr{cov(ey)}

PVE.(x}) = trlcov(z)] (14)

which is the proportion of x;’s variance explained by their generated common-source vector
ck. The influence of distinctive latent factors {d,(f)};;i 1 on xj can be quantified by

PVEy(z;) = 1 — PVE.(xy), (15)

which is interpreted as the extra proportion of x;’s variance that is explained by adding
their generated distinctive-source vector dy, (Smilde et al., 2017). The above two quantities
are the view-level proportions of signal variance explained in the kth data view.

Similarly, the influences of {c()}4ez, and {d](f)}Zi , on the signal variable wg] can be
assessed by the explained proportions

, [i] . .
PVE,(z})) = varle ) ond PVEy(z)) = 1 - PVE.(z), (16)

V&I‘(.’L‘Ej])

respectively. The variable-level proportions of explained signal variance are useful in select-
ing variables within each data view that are highly influenced by {c¢!©}ez, and {d,(f)}Zi 1
respectively. With more easily interpretable feature definitions (e.g., name or location) from
original data views, these selected variables are concrete representatives of the common and
distinctive latent factors. In contrast, the variables selected by the sparse GCCA (Tenen-
haus et al., 2014; Cai and Huo, 2020) are only linked to the canonical variables, which are
merely the most correlated components between the multiple data views, not linked to their
common or distinctive latent factors.

2.2.3 ADDITIONAL REMARKS

Unlike the K = 2 case, for K > 3 data views, it is highly difficult to build a decompo-
sition in the form of (2) that simultaneously enjoys both the ideal orthogonality (O.1) of
distinctive-source vectors {dy}X | and a sensible interpretation of the associated common-
source vectors {cg} ;. We thus relax (0.1) to (0.2). That is, we impose (O.1) on distinc-

tive latent factors {d,(f)}szl for each ¢th stage of GCCA. This leads to a nice interpretation

12
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of common latent factor ¢© given in Remark 1 as the contribution of the principal-basis
component w® made uniformly to generating all signal subspaces {span(a:;r)}f:l. Our ¢y,
defined in (13) is the part of &), that is generated by {c()}sez, .

Due to the relaxation from (O.1) to (O.2), it is possible that our dy, ..., dk are all pair-
wise correlated and thus retain some common underlying source of variation. In other words,
one may continue to apply D-GCCA to {d;}X_, to obtain their common latent factors. One
solution to fix this issue is to uncover these remaining common latent factors sequentially and
treat them hierarchically. Specifically, denote { (d,ﬁ ), cg), 21))}521 = {(xk, ¢, di) } | and
{cEDYerl) = {O}ez,. One may iteratively apply D-GCCA to {d,(ft) = d,gtil) — c,(f)}szl
to obtain their common latent factors {c(“**1)}rez{*" and common-source random vec-
tors {c,gt+1)}kK:1 from t = 1 up to a given number 7 > 1, or until {c&+D)}eez(th = ¢
or PVEC(d](f)) Hﬁ;é PVEd(dS)) < ¢ for a given tolerance € > 0. This iterative procedure

yields a hierarchical decomposition structure for each xj, where c,(f) and d,(:) can be called
the tth-level common-source and distinctive-source random vectors of xj, and the common
and distinctive latent factors of {d,(f_l)}le can be called the tth-level common and dis-
tinctive latent factors of {xj}X . The importance of the tth-level common latent factors
{c®DYoezl? to {xx}1 | decreases as t increases, because the more important common la-
tent factors are supposed to be uncovered earlier due to Remark 1. We thus focus on the
first-level decomposition in this paper. More details about the hierarchical structure are
given in Appendix A. Note that when K = 2 or each x;, follows a single-factor model (i.e.,
e = 1), the first-level distinctive-source vectors {dy }_ | satisfy (O.1).

The difficulties of imposing (O.1) on GCCA for K > 3 views are as follows. First, the
inter-stage orthogonality of canonical variables, the key to realizing (O.1) in CCA by D-CCA
for K = 2, may not exist in GCCA for K > 3. Specifically, let r| < --- < rg, and augment
canonical variables {z,g) byt of CCA/GCCA with standardized variables {Zj(f)}r1<€§rk and
Z€eros {Z](f)}rk<€§r1< so that span(z)) = span({z,(f) v%). When K = 2, CCA satisfies
the inter-stage orthogonality that span({z,(;)}le) 1 span({z,(f)}le) for 1 <i+#j <rg.
This enables D-CCA to divide the problem @) = ¢ + di, (k < K) into the rx mutually
uncorrelated sub-problems z](f) =) 4 d,(f) (k<K),¢=1,...,rg, and conquer (O.1) by
imposing (0O.2). Nevertheless, when K > 3, the inter-stage orthogonality is not guaranteed
for GCCA. For example, it does not hold for K = 3 when span(z; ) = span(z;) with k = 1,2
and span(x; ) = span({z1,2z2}) with 21,20 € £2 and (21, 20) € (0,7/2), even if {z,(f) )
are not canonical variables. Second, even under the inter-stage orthogonality, (O.2) for all ¢
does not ensure (O.1). For instance, (O.1) fails for K = 3 When span(d} ) = span({d,(f)}%zl)
for k< 3, {33, L {dPy3_,, dV L d g d g dV, and d® g dP 1 dP. Third,
to satisfy (O.1), one may alternatlvely attempt to de51gn an inner product space with the
subspaces of Zszl span(mIT{) as elements and then apply the Carroll’s GCCA (3) and our
decomposition (10) directly to it for £ = 1. However, the existence of such an inner product
space, particularly with a meaningful geometric interpretation, is unknown. A close example
is the Grassmann algebra of Z k=1 span(x K) which is spanned by the blades algebraically
representing the subspaces of Zk span(z ) (Hestenes and Sobczyk, 1984; Dorst et al.,
2010), but a sum of blades may be a multivector not equivalent to a vector space and thus
the resulting {d,(cl)}ff:1 may not represent {span(d; )}_;.

13
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3. Estimation
3.1 Estimators

We derive the estimators of common-source and distinctive-source matrices {Cy, Dy} | by
starting with the estimation of signal matrices {X;}X | from the observed data {Yj}£ ;.
Suppose that the low-rank plus noise structure in (1)-(2) follows the factor model:

Y, =Xy, + E; = BF, + Ey, Y = T +ep = Bif + ey, (17)

where B € RP:*"* is a real deterministic matrix, the columns of Fj, and Ej, are, respectively,
the n independent copies of f, and ey, f,I is an orthonormal basis of span(:nk) with
cov(fy,er) = Opoxpp» span(z]) is a fixed space that is independent of {py}£ | and n,
and F := [Fy;...;Fg] has independent columns. We assume that cov(y,) is a spiked
covariance matrix, for which the largest r; eigenvalues are significantly larger than the
rest, namely, signals are distinguishably stronger than noises. The r spiked eigenvalues
are majorly contributed by signal xj, whereas the rest small eigenvalues are induced by
noise eg. The spiked covariance model has been widely used in various fields, such as
signal processing (Nadakuditi and Silverstein, 2010), machine learning (Huang, 2017), and
economics (Chamberlain and Rothschild, 1983).

For simplicity, we define the estimators of {Xy, Cy, Dk}ﬁil using the true {rk}le, 7o,
ri = rank{cov(zf")}, I8 = {(.k) 1 AR > 0,1 <j < k < K}, IY) = {(j,k) - AYY) =
0,1 <j<k<K}, and &gn(aw) for all ¢ € Zy. The practical selection of these nuisance
parameters is discussed in Section 3.3.

We use the following soft-thresholding estimator of Xj proposed in Shu et al. (2020).
This estimator is originally inspired by the method of Wang and Fan (2017) for spiked
covariance matrix estimation:

X, = Up diag{57(Y3), ..., 35 (Y1) YU, (18)

where 57 (Y},) = [max{oZ(Y) — 7pr, 0}]/2, 7, = S 0% rot1 O 2(Yr)/(npg —nry — prr), and
Uy diag{o1(Yg), -, 0, (Yi)} U/, is the top-ry singular value decomposition (SVD) of Y.

We next use )A(k to develop estimators for C; and Dy = X — Cg. Recall from (13) that
we have the random variable ¢ = cov(xy, z%o){cov( ZO)}T Lo,

We begin with the estimation of cov(:ck,zf) Define an estimator of cov(:ck) by
cov(zy) = XkXT/n whose SVD is denoted as cov(xy) = kaAka ok> Where Amk =
diag{A1(cov(zg)), ..., A\r, (Cov(zk))} and Vi, has rj, orthonormal columns. We can ob-
tain A\g(cov(zxy)) = [AS( ]2 /n and V,; = Uy, Define the estimators of F; and F
by Fp = (Al/z)iV—r X and F = [Fy;...;Fg], respectively. We estimate cov(f) by
cov(f) = FFT/n. Let 79 = [n(é), ...,ngg] with n() € R™, be a normalized eigen-
vector of cov(f) corresponding to Ay(@ov(f)). We also let different 7)s be orthogonal.
Our estimated sample vector of the variable w® in (5) is defined by

@O = {[Az(ﬁ(f))i‘l/Q(ﬁ“))Tf, if Ar(cov(f)) # 0, (19)

01xn, otherwise,

14
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and that of the variable zg) in (8) is (sz))T = (ﬁ;(f)/Hﬁ;g)HF)Tf‘k if Hﬁg)HF # 0 and

otherwise ’z\](f) = 0,,x1. Then, cov(xy, zfo) is estimated by
_— 15 At ~1/2
cov(a:k,zgo) =n 1Xk(z§€))gezo = mGA / HT (20)

where Hy, = (@ /|7 || r) ez, With 0/0 := 0.
R TA‘he ‘matrix cov(z%) is initially estln/l\ated by c’o\\7(z%°) = HH]. Let c’o\\7(z%°) =
VzkAszsz be its compact SVD, where A, has nonincreasing diagonal elements. With
7, := min(rf, rank{cov(z1°)}), our estimator of cov(zf°) is defined by the top-7 SVD of
cov(zy°) as
ﬁ(zio) _ nglzrk]xgll;rk,lzrk] ({‘f[z;clrk})‘r (21)
To approximate the sample matrix CZ0 of latent factors ¢ = (c(e))zez0 = (a(g)w(e))gelo,

the key is the estimation of the value a!?) given in Theorem 2. Replacing cos{f(w®, z,(f))}
and cos{@(z](-e), z,gg))} by cos{f(w®, z](f))} = (ﬁ]w))TA@)/n and c/o\s{@(z](-e), zg))} = (2§K))T2,(€€)/n

in A;? yields its initial estimator 55? For (j,k) € I(e) UI(eg , define
~0 1 ¢ ¢ NG
al) = 5 [as{0(w®, =)} + asfo(w®, z)) - B (22)

where 35? = max(&&?, 0)[(j, k) € I(Aéi] with [-] being the Iverson bracket. For ¢ € 7y, we
define
~ . ~(¢ ~(0) . . l 4
ao — arg min {\agk)\ :al sign(a) > 0, (j,k) € IV U I(A())} .
i
Then, C% is estimated with @' in (19) by
~ ~(O)
Ch = @90/, (23)
Combining (20), (21) and (23) yields our estimator of the common-source matrix Cy:
Cy, = cov(ay, z2°) {cov(220)} CTo. (24)
Our estimator of the distinctive-source matrix Dy, is defined by

D) = X, — Cs. (25)

The major time cost of proposed matrix estimators comes from the SVD of each Yy
with complexity O(min{np?,n?py}).
We define the estimators for the view-level and the variable-level proportions of explained

signal variance PVE,(wy) = 1 — PVEq(x),) and PVE,(2l)) = 1 — PVE4(2l) by

PVE.(z)) = 1 — PVEq(zs) = [|Call3/I1Xx%, (26)
PVE(z) = 1 - PVEy(2!) = | Cl)2 /X112, (27)
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3.2 Asymptotic properties
We introduce an assumption used in Wang and Fan (2017) and Shu et al. (2020).

Assumption 1 We assume the following conditions for model (17).

(i) Let Ag1 > -+ > Moy > Mol = o0 = App,, > 0 be the eigenvalues of cov(yy).
There exist positive constants k1, k2 and dg such that k1 < Ay < ko for £ > 1, and
ming<,, (Ak,e — A1)/ Aie > o-

(i) Assume that py, > kon with a constant kg > 0. When n — oo, assume A, — 00,
P/ (NAke) is upper bounded for £ < vy, Ap1/Akr, is bounded from above and below,

and p,lq/z(log n) /w2 = o(Ap.) with Y given in (v).

(iii) The columns of Z,, = A;klmVJkYk are independent copies of z,, = A;klmV;kyk,
where VykAka;/rk is the full SVD of cov(yy) with Ay, = diag(Ar1,..., Akp,). Vector
zy, s entries {z?[]]l}fil are independent with E(zg[f,l) =0, Var(z?[j]l) =1, and the sub-

Gaussian norm sup,q q_l/Q[E(|zq£,i]1]q)]1/q < ks with a constant ks > 0 for all i < py.

(iv) Matriz B] By, is a diagonal matriz. For alli < pj, and £ < 1y, \Bg’éu < kp(Mee/pi)'/?
with a constant kg > 0.

(v) Denote ex = (ex1,---,ekp.) and fr = (fe1s---s fror,) - Let || covier)|loo < so with
a constant so > 0. For alli < pp and £ < 1y, there exist positive constants i1, Vi2, bkl
and byy such that for t > 0, P(lex;| > t) < exp{—(t/bx1)"*'} and P(|frel > t) <
exp{—(t/br2)7*2}.

Assumption 1 follows Assumptions 2.1-2.3 and 4.1-4.2 of Wang and Fan (2017) which
guarantee the consistency of each signal estimator )A(k given in (18). The diverging lead-
ing eigenvalues and bounded nonspiked eigenvalues of cov(y;) in conditions (i) and (ii),
together with the approximate sparsity constraint || cov(eg)||oc < So in condition (v), en-
sure sufficiently strong signals for thresholding. These conditions are common in the lit-
erature of high-dimensional factor models (Bai, 2003; Bai et al., 2008; Fan et al., 2013).
The sub-Gaussian constraint in (iii) and the exponential-type tails in (v) generalize Gaus-
sian distributions, while allowing the use of the large deviation theory to establish con-
centration bounds. For condition (iv), letting f, = A;kI / 2V;rka:k with the compact SVD
cov(xy) = kaAmkV;—k, we have By = cov(xg, f1) = kaAi{f. Hence, B;—Bk = A, is
a diagonal matrix. Then, it follows from Weyl’s inequality that max,<,, ||BE;’E]H%7 [Ake <
1+ || cov(er)||2/Ake =1+ 0(1). It is thus reasonable to assume \BE’ZH = O(\/ Mk e/PK). See
Wang and Fan (2017) and Shu et al. (2020) for more discussions on Assumption 1.

We have the following asymptotic properties for estimators defined in (18) and (24)-(27).

Theorem 5 Suppose that Assumption 1 holds and true {rk}iil are given. Then for each
k < K, we have

X — X2 (1 log pr,
i = Op(min{ 1),
X2 PAMIGE T ISNR,
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where || - || denotes either the Frobenius norm or the spectral norm and SNRy, = m’,%

is the signal-to-noise ratio of y,. Additionally assume that K is a constant, Ty # 0,
{Ne(cov(f)) -, are distinct, and true {Zy, {rz}gzl,{lgl,fg) sign(al?) }sez, } are given.

07
K 1
If 6y =z + 2o o/ nsdiy = o(1), then

ICi — Ci|? Dy — Dy)? 9
max , =O0p(9;) (28)
{ 1 X%112 X512 g

and

’P\//\Ec(wk) - PVEC(a:k)’ = 0p(8,). (29)

Furthermore, if 0 := (1 + SNle)\/ log% = 0(1) and min;<y,, VaI‘(iBLﬂ) > My, (cov(xk))/pr
with a constant M > 0, then we have

max
1<i<pg

PVE,(zl) - PVEC(xE)] = Op (6, + 0p). (30)

Under Assumption 1, the signal-to-noise ratio SNRy =< A, 1/pi. For pervasive factor
models that have leading eigenvalues Ay s < py for £ < 7, (Fan et al., 2013; Wang and Fan,
2017), we have SNRy < 1, and thus 9, =< Zszl /(logpg)/n and 6, < +/(logpg)/n. It is
commonly assumed that /(logpg)/n = o(1) in the literature of high-dimensional statistics
(Bickel and Levina, 2008; Rothman et al., 2009). Hence, 6, = o(1) = 05, holds at least
[i]

)

for pervasive factor models. Note that Y 2%, var(a;') = tr(cov(zy)) = Y5, Ae(cov(zy)).

Thus, it is reasonable to assume min;<,, var(ac,[z]) > My, (cov(zy))/pk-

When K = 2, the convergence rates of (AJ;C and ]Sk in (28) are faster than those in
Theorem 3 of the D-CCA paper (Shu et al., 2020). This benefits from the predetermination

of the nuisance parameters {I(Agl,l'gg }eez, (e.g., by the approach in the next subsection).
The same convergence rates can be obtained in the proof of Shu et al. (2020) if max{¢ :
Me(cov(xy, xa)) = 1} = r1 + ro — rank{cov([x1;x2])} is predetermined (e.g., by the two-
step test of Chen and Fang (2019)). To the best of our knowledge, the results in (29)-(30)
are the first work to show the high-dimensional estimation consistency of the view-level
and variable-level proportions of explained signal variance for the decomposition model in
(1)-(2) for K > 2, which are not seen in Shu et al. (2020) even when K = 2.

The convergence rates of our estimators in (28)—(30) depend on the information of all the
K data views and decrease when K increases. The estimation involves denoising all signals
{X} }H< | and accumulates the estimation errors of {X }H< |, since the common latent factors
generally change as K increases and thus cannot be determined by fewer data views. For
example, consider the case where xj = z,(:) (k=1,...,K) with corr(zz-(l), z](»l)) =pe(0,1)
for 1 <i# j < K. As used in AJIVE, COBE and our D-GCCA, the desirable direction
variable of the common latent factor is the consensus variable w(!) of GCCA, which is
wl) =7 z,il)/\/m when K = 2, and w") = (33_, zlgl))/m when K = 3,
thereby resulting in different common latent factors for K = 2 and K = 3.
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3.3 Selection of nuisance parameters

We discuss how to practically select the parameters {Tk}ﬁ(:p Ty, {rZ}szl, {I(Agl,l'gg Yoezos
and {sign(a“))}gezo. Denote 7, E, fo, 7, f(ﬁr, f(Ae()), and s/ig\n(oz(@) to be estimators of their
true counterparts.

We select {7}, by using the edge distribution method of Onatski (2010) that consis-
tently estimates the rank for the factor model in (17) under mild conditions. To determine
the other parameters, we use hypothesis tests based on the denoised data {Xk}szl- Testing
procedures have been widely used in the literature of CCA (Bartlett, 1941; Lawley, 1959;
Calinski and Krzysko, 2005; Song et al., 2016) to select similar parameters.

Consider the selection of L = max{f € {1,...,7r} : Ag(cov(f)) > 1}. Left—multiplying
the both sides of [cov(f)n (Z)][Zf_ﬂl il = Ae(cov(f))n (¢ )][25_01 ri i il by 77(@
obtain cov ((nﬁf))Tfk,Z#k(nf)) f;) = Pelcov(f)) —1] Hn H% for all k < K. Let L be
the largest £ € [0, rank{cov(f)}] such that for at least one k, both corr(w®, z/,(C )) =0 and

corr ((n,(f))T T2 jzk (775())1- f j) = 0 are rejected by a right-tailed test for zero correlation.

The two tests indicate ||17,(f)HF # 0 and cov ((n,(f))Tfk, Z#k(nge))Tfj) > 0, respectively,
thereby implying As(cov(f)) — 1 = cov ((n,(gé))Tfk,Z#k 777 ng)/H?] ||2 > 0. We use
the normal approximation test of DiCiccio and Romano (2017) for testing zero correlation.
To determine Zo = {¢ € {1,...,L} : ol® # 0}, we retain index ¢ < L in I, if
corr(w®, z,g)) =0 and corr(z:J(-Z)7 z,(f)) = 0 are rejected respectively by the right-tailed and
the two-tailed zero-correlation tests for all £ < K and all j # k.
The rank estimate 7} of rj = rank{cov(zio)} is obtained by the two-step test of Chen

and Fang (2019) for the rank of matrix cov(zf“).

We next select IA ={({,k) : %) >0,1<j<k<K} and I(AZ()) ={(j, k) : AY —
0,1 <j<k<K}. Notethat Ag.k) =—4 cov(zj(f,z, z,g;) with z](.’g,z = z]@ 1 [cos{&( © z(
cos{A(w®, z,(f))}]w(g). For ¢ € T, we include (j, k) into fgi if corr(zj( ,3, z,(fg) = 0 is rejected

by the left-tailed zero-correlation test, and then include the remaining (7, k) into fg()) if

corr(zj( 127 z,(f;) = 0 is not rejected by the right-tailed zero-correlation test.

Finally, consider to determine the sign of (). Define ag) = min{aﬁ? : ( ) >0, (), k) €
fg)} and o' = max{a%) : ozg-i) <0,(j,k) € f@)} and define &\Ef) and & in the same way
by using @EQ instead. Let s:g\n( ) be the 81gn of the existing one of a(+) and @ if the

other does not exist. Otherwise, first test \04 > \ |a ] =0 by applylng the bias-corrected
and accelerated bootstrap interval (Efron and Tibshirani, 1993). Let sign(a(9) = 1 if zero
is outside the bootstrap interval and |a§f)| < |6Z(_Z)|, and otherwise let sign(a®) = —1.

4. Simulation studies

In this section, we evaluate the finite-sample performance of proposed D-GCCA estimation
via simulations, comparing with the six competing methods mentioned in Section 1.
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4.1 Simulation setups

We consider K = 3 data views with signals {zj}3_, following the four simulation setups

below, and generate signal-independent Gaussian noises {ej;} %, YN (0,02,) that are

independent across data views. Simulations are conducted with sample size n = 300,
variable dimension p; ranging from 100 to 1500, noise variance ng from 0.25 to 9, and 1000
independent replications under each setting.

e Setup 1.1: Let 4 o 4 x3 and r; = r9 = r3 = 1. Set standardized canonical variables
z§ ) zél), D to be jointly Gaussian with 6, 9( (1) U )) for all j # k. Let Ax = 500
for K = 1,2,3. Randomly generate three unit Vectors {ka}k:1 that are equal if with
the same size and are fixed for all simulation replications of the same (p1,p2,ps). Let

T = kaAifz,g ). We vary 6, from 10° to 70°, resulting in D-GCCA’s {PVE.(zx)}3_,
2

all from 0.853 to 0.079 invariant to {pj};_,; see Appendix C. Let 02, = 02, = 02,
e Setup 1.2: Fix variable dimensions (p2, p3) = (300,900) and noise variances 02, = o2, = 1.
The other settings are the same as in Setup 1.1.

e Setup 2.1: Let py = po = p3 and 11 = ro = r3 = 5. Design cov(f) with eigenvalues
(3,2.8,2.25,1.5,1,1,1,1,0.635,0.415,0.4, 0,0, 0,0) such that, respectively for £ = 1,...,4,
{O(w(@,zg))}kgg are all approximately 0°, 15°, 30°, and 45°, and {0(2](-4),2',26))}%%3
are all close to 0°,25° 50° and 75°. Matrix cov(f) is given in Appendix C. Set f to
be multivariate Gaussian with mean zero and covariance matrix cov(f). Let Aj =
diag(500, 400, 300,200, 100) for all k < 3. Randomly generate three matrices {V ,}i_,,
each with orthonormal columns, which are equal if with the same size and are fixed
for all simulation replications of the same (p1,pe,ps3). Let oy = IkAl/ka D-GCCA
has (PVE.(x1),PVE.(x2),PVE.(x3)) = (0.387,0.324,0.427) invariant to {py}3_,. Let

2

_ 2 _ 2
O;, =0z, = 0gy.

e Setup 2.2: Fix (p2,ps3) = (300,900) and 0 = 0' = 1. The other settings are the same
as in Setup 2.1.

4.2 Finite-sample performance of D-GCCA estimators

We first evaluate the performance of the D-GCCA estimation that uses true nuisance param-
eters {{ry, ;i H< |, Zo, {I " A),81gn(oz(€ )}eez, }- The practical selection of these nuisance
parameters has been dlscussed in Section 3.3 and its performance is investigated later in this
subsection. It is easily seen that SNRy = tr(Ay)/(pro?,) in the above simulation setups.
For simplicity, we hence examine the trend of estimation errors in Theorem 5 with respect
o (pk,o2,) instead of (py, SNRy).

Figure 3 shows the estimation errors of D-GCCA under Setups 1.1 and 1.2 with 8, = 50°.
Similar results are observed and provided in Appendix C for the other values of 6,. For
Setup 1.1 in Figure 3 (a), the average estimation errors are almost the same for the three
identically distributed data views, indicating the fair treatment of proposed estimation to
each view. As expected in Theorem 5, the errors generally increase as either dimension p; or
noise variance agl grows, and the relatively slower error trend of PVE.(x) reflects its slower
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convergence rate as compared with those of {)A(k, (A?k, ﬁk} The errors are acceptable even
for some cases when p; or azl is large along with very low SNRy. For example, the errors are
smaller than 0.05 at (p1,02,) = (1500,4) with SNR;, = 0.083. In Figure 3 (b) for Setup 1.2,
the estimation result of the first data view is similar to that in Figure 3 (a). As for the second
and third data views with fixed variable dimensions and noise variances, when (p1, agl) the
parameters of the first data view grow, the signal matrix estimation is not affected, while
the estimation errors of the other three quantities are observed with slight increasing trends.
These results are consistent with those shown in Theorem 5. Because Setups 1.1 and 1.2
are single-factor models, we have PVEC(wLﬂ) = PVE.(xx) and ﬁc(wz]) = ﬁc(a:k) for
all i < pg. The max absolute error of {P/VT'EC(LII%]) Pk hence coincides with the absolute
error of ﬁ)c(wk) shown in the seventh row of Figure 3.

Now we consider Setups 2.1 and 2.2 that are multi-factor models. Figure 4 presents
similar results as in Figure 3 for the estimation of {Xy, Cy, Dy, PVEc(mk)}%zl. Figure 5
shows the performance of {P/V\Ec(wl[j]) Pk .. The first three rows of Figure 5 summarize the
maximum, the third quartile, and the median of their absolute errors. As in Theorem 5,
those errors increase as either dimension p; or noise variance crg1 grows. For large p; or 021,
although the estimated PVE values have large maximum absolute errors, the fourth row of
Figure 5 shows strong average correlations (> 0.75) between the true and estimated PVEs.
In terms of variable selection, the consequent ranking of variables may be more informative.
We evaluate the ranking quality by the Spearman’s p coefficient (Spearman, 1904) and the
normalized discounted cumulative gain (nDCG; Wang et al., 2013). Spearman’s p € [—1, 1]
computes the correlation between the rank values of the true and estimated PVEs. The
considered nDCG ranges on [0, 1] and uses the true PVE as the degree of relevancy with
the logarithmic discount. For both metrics, a higher value indicates better concordance
between the rankings of variables from the true and estimated PVEs. The fifth row of
Figure 5 shows high average Spearman’s p values mostly above 0.95 for low noise ng <1,
above 0.85 for modest to moderate dimension p; < 600, and nearly all above 0.75 for strong

2 € {4,9} or large dimension p; € [900,1500]. For the ranking of variables based

€1
on either {PVEC(mgj])}fil or {PVEd(mLﬂ) Pk, strong agreement with that based on their
estimands is observed in the last two rows of Figure 5 with the average nDCG above 0.97
for considering all ranks and above 0.86 for only the top px/10 ranks.

noise o

We also numerically evaluate the selection approach of nuisance parameters that is
proposed in Section 3.3. Figures 6, 13 and 14 show the accuracy of the selection approach
for the four simulation setups. For simplicity, we apply the same significance level «,
ranging from 0.5 down to 0.0001, to all hypothesis tests involved in the selection approach.
For Setups 1.1 and 1.2, o € [0.0001,0.5] and « € [0.005,0.5] perform the same well for
0, € [10°,60°] and 6, = 70°, respectively, with accuracy values all above 90% and most
around or above 95%. As for Setups 2.1 and 2.2, as shown in Figure 6 (e) and (f), when the
significance level is 0.1, the accuracy achieves nearly 90% for most considered cases. There
is no dramatic change when the significance level is down from 0.2 to 0.05. In practice, it is
worth trying several significance levels to monitor the change of nuisance parameters, and
also suggested to report the used significance level along with the obtained decomposition.
One may also expect to potentially improve the accuracy by additionally using the Bagging
technique (Hastie et al., 2009), that is, for each nuisance parameter applying the selection
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approach to a large number of resampled data sets and then combining the results by
majority voting. We leave this to interested readers.

4.3 Comparison with related methods

We now compare the performance of D-GCCA and the six competing methods (JIVE,
R.JIVE, AJIVE, COBE, OnPLS, and DISCO-SCA) under the four simulation setups.

Since the decompositions defined by the seven methods are different, it is unfair to
compare the errors of their matrix estimates to D-GCCA’s true matrices. Alternatively,
under the general model given in (1) and (2), for each method we consider whether at
least one orthogonal pair among {dk}f:1 exists, and otherwise how severe the common
underlying source of variation is retained among {dk}lé{:l.

The orthogonality between d; and dj, is equivalent to Zrn;ijzl Z;i’“l [corr(dg-m),d,g)) #

0] = 0, where {d,(f)};;i’“l denote the latent factors of d. We detect each corr(dg»m), d,(f)) # 0
using the normal approximation test (DiCiccio and Romano, 2017), with false discovery

rate controlled at 0.05 (Benjamini and Hochberg, 1995) and the ¢th right-singular vector of

f)k used as the n samples of d,(f).

Let po({x} ) be the maximum of the objective function in (3). If no pairs in
{di}£ | are orthogonal, we use p;({dx}5_,) € [1, K] to measure the severity of common
underlying source retained by {dy}X ;. From equation (6), we estimate pi({dj}5_;) by
p({di} ) = Al(f‘f‘T/n) with the matrix F defined in Section 3.1 but uses {ﬁk}szl here
instead of {)A(k}é(:l

Table 1 reports the comparison results for Setups 1.1 and 1.2 with (p1,0,, ‘721) =
(600,50°,1) and Setups 2.1 and 2.2 with (pi,02) = (600,1). We first observe that all
simulation replications of R.JIVE for the four setups have at least one orthogonal pair
among {dk}izl, but its scaled squared errors of signal matrix estimates are much larger
than those of JIVE (its original version with no orthogonality constraint on {dk}le) and
our D-GCCA. This agrees with the design of R.JIVE, which can discard some signal as noise
to ensure the orthogonality of {d;}X_,. For Setups 1.1 and 1.2 with three one-dimensional
signal subspaces {span(z; )}3_,, our D-GCCA also has all its simulation replications satis-
fying the desirable orthogonality among {dj}3_,, which is consistent with its decomposition
in (10) for canonical variables. In contrast, the other five methods do not show the desirable
orthogonality for nearly all replications under the four setups. For Setups 2.1 and 2.2 with
higher-dimensional signal subspaces, neither does D-GCCA own the desirable orthogonality,
as explained in Section 2.2.3 due to its relaxation into each sub-problem (10), but D-GCCA
still has significantly smaller mean py({dy}X_,) values than those available for the other
five methods.

5. Real-world Data Examples

5.1 Application to TCGA breast cancer genomic data

We compare our D-GCCA with the six state-of-the-art methods in analyzing the TCGA
breast cancer genomic data (Koboldt et al., 2012). We consider three types of genomic data
on a common set of 664 tumor samples that contain mRNA expression data for the top
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Figure 3: Average errors of D-GCCA estimates over 1000 replications for Setups 1.1 and 1.2.
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Figure 6: The proportion of 1000 simulation replications where all nuisance parameters of
D-GCCA are correctly selected. The nuisance parameters are selected using the approach
described in Section 3.3 with a significance level a uniformly applied to all tests.
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X 2 X 2 X 2
Setup Method > 1 orth. pair  p1({dx}3_,) HXHI);T%HF, Hxlf)ZjQ;”F, fo)zjfnp

D-GCCAL 100% 1.10 (0.05) _ 0.006 (6.0¢-4), 0.006 (5.9¢-4), 0.006 (5.6e-4)

D-GCCA2 100% 110 (0.05)  0.006 (1.0¢-3), 0.006 (1.1e-3), 0.006 (1.6¢-3)

Setup 1.1 JIVE 0% 2.22 (0.06) 0.014 (1.4e-3), 0.014 (1.4e-3), 0.014 (1.3e-3)
(p1 = 600,  R.JIVE 100% 1.00 (0.00)  0.032(1.0e-2),0.021(3.1e-3), 0.023(7.1e-3)

9.=50°,  AJIVE 0% (zero Cgs) 2.28 (0.05)  0.006 (6.0e-4), 0.006 (6.0e-4), 0.006 (5.60-4)

2 1) COBE 0% (zero Cgs)  2.28 (0.05)  0.006 (6.0e-4), 0.006 (6.0e-4), 0.006 (5.60-4)

OnPLS 1.1% 1.87 (0.05)  0.026 (2.3¢-3), 0.026 (2.3¢-3), 0.026 (2.2¢-3)

DISCO-SCA 0% (zero Cys)  3.00 (0.00)  0.014 (1.3¢-3), 0.014 (1.3¢-3), 0.014 (1.3¢-3)

D-GOCAL 100% 1.10 (0.05) _ 0.006 (6.0c-4), 0.004 (4.1e-4), 0.008 (7-3e-4)

D-GOCA?2 100% 110 (0.05)  0.006 (1.0¢-3), 0.004 (7.9¢-4), 0.008 (1.7e-3)

Setup 1.2 JIVE 0% 2.20 (0.06)  0.014 (1.4e-3), 0.009 (1.0e-3), 0.018 (1.6e-3)
(p1 = 600,  R.JIVE 100% 1.00 (0.00)  0.033(1.0e-2),0.014(2.3e-3), 0.029(6.7e-3)

0.=50°  AJIVE 0% (zero Cys) 228 (0.05)  0.006 (6.0e-4), 0.004 (4.1e-4), 0.008 (7.3e-4)

02 =1) COBE 0% (zero Cys)  2.28 (0.05)  0.006 (6.0e-4), 0.004 (4.1e-4), 0.008 (7.3¢-4)

OnPLS 0.9% 1.83 (0.05)  0.026 (2.4¢-3), 0.018 (1.6¢-3), 0.026 (2.2¢-3)

DISCO-SCA 0% (zero Cys)  3.00 (0.00)  0.014 (1.3¢-3), 0.008 (7.6e-4), 0.020 (1.8¢-3)

D-GCCA1 0% 2.13 (0.05)  0.010 (4.5e-4), 0.010 (4.50-4), 0.010 (4.8¢-4)

D-GCCA2 0% 2.14 (0.06)  0.010 (4.5¢-4), 0.010 (4.5¢-4), 0.010 (4.8¢-4)

Setup 2.1 JIVE 0% 2.52 (0.21)  0.016 (2.0¢-3), 0.016 (2.2¢-3), 0.016 (2.1e-3)
(p1 =600,  R.JIVE 100% 1.00 (0.00)  0.076(4.3e-2), 0.080(4.9¢-2), 0.065(3.4e-2)

02 =1) AJIVE 0% 2.80 (0.02)  0.010 (4.4e-4), 0.010 (4.3¢-4), 0.010 (4.7e-4)

COBE 0% 2.80 (0.02)  0.010 (4.6e-4), 0.010 (4.6e-4), 0.010 (4.8¢-4)

OnPLS 0.1% 2.65 (0.18)  0.014 (1.7e-3), 0.014 (3.1e-3), 0.015 (1.8¢-3)

DISCO-SCA NA NA NA

D-GCCAL 0% 2.13 (0.05)  0.010 (4.5¢-4), 0.007 (3.2¢-4), 0.013 (6.1c-4)

D-GCCA2 0% 2.14 (0.06)  0.010 (4.5e-4), 0.007 (3.2e-4), 0.013 (6.1e-4)

Setup 2.2 JIVE 0% 2.41 (0.26)  0.016 (2.3¢-3), 0.010 (1.4e-3), 0.021 (3.1e-3)
(p1 =600, R.JIVE 100% 1.00 (0.00)  0.064(4.0e-2), 0.063(5.0e-2), 0.079(4.3¢-2)

02 =1) AJIVE 0% 2.80 (0.02)  0.010 (4.4e-4), 0.006 (3.0e-4), 0.013 (6.1e-4)

COBE 0% 2.80 (0.02) 0.010 (4.6e-4), 0.007 (3.2e-4), 0.013 (6.2¢-4)

OnPLS 0.5% 251 (0.18)  0.015 (6.5¢-3), 0.009 (1.3¢-3), 0.020 (2.6¢-3)

DISCO-SCA NA NA NA

Table 1: The proportions of replications with at least one orthogonal pair among {dk}zzp
averages (standard deviations) of p1({dx}3_,), and averages (standard deviations) of scaled

squared errors of signal matrix estimates over 1000 simulation replications.
D-GCCA2: the D-GCCA using nuisance

the D-GCCA using true nuisance parameters.
parameters selected by the approach in Section 3.3. NA: not available due to out of the
24-hour time limit on a CPU core (up to 3.0GHz) per simulation replication. By the paired
t-test, both D-GCCA1 and D-GCCAZ2 have significantly different mean py ({dx}3_,) values
from those of all the other methods with p-values<le-10.

26

D-GCCA1:



DECOMPOSITION-BASED (GENERALIZED CANONICAL CORRELATION ANALYSIS

2642 variably expressed genes, miRNA expression data for 437 highly variant miRNAs, and
DNA methylation data for 3298 most variable probes. The data have been preprocessed
following the procedure of Lock and Dunson (2013). The tumor samples are categorized by
the classic PAM50 model (Parker et al., 2009) into four intrinsic subtypes that are relevant
with clinical outcomes, including 111 Basal-like, 56 HER2-enriched, 346 Luminal A, and 151
Luminal B tumors. The PAMS50 intrinsic subtypes are defined by mRNA expression only.
We investigate whether these intrinsic subtypes are also characterized by other genomic data
types such as DNA methylation and miRNA expression that represent different biological
components. In particular, we study the relationship between the PAMS50 intrinsic subtypes
and the common and distinctive underlying mechanisms of the three genomic data types
by evaluating the ability of their corresponding matrices in model (1) to separate the four
intrinsic subtypes.

Each observed data matrix is row-centered by subtracting the average within each row.
The nuisance parameters of our D-GCCA method are selected by using the approach
described in Section 3.3. The selection approach yields the same decomposition by the
choices 0.2 and 0.0001 for the significance level uniformly applied to all involved hypothesis
tests. The values (rank(Xy),rank(Cy),rank(Dy), PVE,(xy)) from the D-GCCA method
are (4,2,4,0.239), (3,2,3,0.184) and (3,2, 3,0.147) for the mRNA, miRNA, and DNA data
types, respectively. To quantify the subtype separation in a matrix, we adopt the SWISS

Method Xk ék ﬁk ]/"jk
D-GCCA 48.0, 62.7, 73.6 21.5i,21.2, 26.87 74.2, 84.9, 93.2 99.0, 98.4, 98.3
JIVE 74.0, 80.0, 82.5 65.6, 65.3, 58.9 86.1, 87.9, 92.1 99.8, 99.6, 99.7
R.JIVE 74.5, 74.7, 80.8 41.7, 38.1, 64.6 93.3, 99.7, 99.6 99.8, 97.0, 97.6
AJIVE 48.2, 62.7, 73.6 NA, NA, NA 48.2, 62.7, 73.6  99.0, 98.4, 98.3
COBE 48.2, 62.7, 73.6 NA, NA, NA 48.2, 62.7, 73.6  99.0, 98.4, 98.3
OnPLS 60.0, 70.8, 78.1 36.4, 34.1, 36.4 89.6, 95.8, 98.6  99.5, 98.9, 99.6
DISCO-SCA  56.7, 67.4, 75.0 52.6, 53.0, 48.5 99.0, 97.7, 99.3 99.4, 99.5, 99.6
JIVE* 48.0, 62.7, 73.6 35.0, 33.0, 50.8 89.0, 93.8, 97.3 NA, NA, NA
R.JIVE* 47.6, 60.2, 72.2 34.0, 28.5, 61.4 84.7,98.7,99.4 99.3, 84.7, 83.5
AJIVE* 48.0, 62.7, 73.6 NA, NA, NA 48.0, 62.7, 73.6 NA, NA, NA
COBE* 48.0, 62.7, 73.6 NA, NA, NA 48.0, 62.7, 73.6 NA, NA, NA
OnPLS* 48.0, 62.7, 73.6 22.63:, 26.4, 30.5 75.1,87.8,94.0 NA, NA, NA
DISCO-SCA* 48.0, 62.7, 73.6 28.0, 28.0, 28.0¢ 779, 82.7,94.9 NA, NA, NA

Y, 84.8, 87.8, 90.0

Table 2: SWISS scores (in %) for TCGA breast cancer genomic data types (k = mRNA,
miRNA, DNA). Lower SWISS scores indicate better subtype separation. Methods suffixed
with * use D-GCCA’s st instead of Yjs as the input data. NA: not available due to a
zero matrix estimate. All methods have SWISS(}/ik) < SWISS(Yy) for each k. Except
AJIVE and COBE with C; = 0, all the other methods have SWISS(Cj) < SWISS(X;) <
SWISS(Dy,) for each k. Our D-GCCA has the lowest SWISS(Cy,) for all k. By the test of
Cabanski et al. (2010), all above comparisons of SWISS scores are significantly different with
p-values<0.001, except for the two annotated respectively by I and #f with p-values>0.05.
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score of Cabanski et al. (2010) that calculates the standardized within-subtype sum of
squares: For a matrix M = (M;;)pxn,

1 2 (Mij — M )

SWISS(M) = = = )
f:1 Zj:1(Mij - Mz)2

where Mi,s(j) is the average of the jth sample’s subtype on the ¢th row, and Ml is the
average of the ith row’s elements. The lower score indicates better subtype separation.

Table 2 shows the SWISS scores computed for the D-GCCA method and also the six
competing methods mentioned in Section 1. The denoised signal matrix }A(k from all meth-
ods gains an improved ability on subtype separation with a smaller score, comparing to the
noisy data matrix Y. All methods, except AJIVE and COBE, discover nonzero common-
source matrices, and show a clear pattern of decreasing SWISS scores from ﬁk to )A(k and
then to ék This pattern indicates that the four PAM50 intrinsic subtypes are more likely
to be an inherent feature of the common mechanism underlying the three different genomic
data types. Moreover, our D-GCCA method has the lowest scores for estimated common-
source matrices when compared with the other methods. The result analysis remains the
same even when our D-GCCA’s st, which have the smallest SWISS scores among all signal
estimates, are used as the input data for the other six methods.

The better SWISS scores of D-GCCA for common-source matrix estimates indicate
its enhanced ability to capture the common latent factors than the other methods, which

Method durNa & dpirna dmrNa & dpna dnirna & dpna
D-GCCA 58.3% 58.3% 0%
JIVE 15.9% 21.0% 17.9%
R.JIVE 0% 0% 0%
AJIVE 75.0% 75.0% 77.8%
COBE 75.0% 75.0% 77.8%
OnPLS 41.3% 60.0% 36.1%
DISCO-SCA 62.5% 68.8% 56.3%
JIVE* 83.3% 75.0% 66.7%
R.JIVE* 0% 0% 0%
AJIVE* 75.0% 75.0% 77.8%
COBE* 75.0% 75.0% T77.8%
OnPLS* 83.3% 50.0% 25.0%
DISCO-SCA* 66.7% 83.3% 55.6%

Table 3: The proportions of significant nonzero correlations between distinctive latent fac-
tors across TCGA breast cancer genomic data types. The proportion is computed by
de Tdy,

?ldk Yo ezl[corr(dg-m), d,(f)) # 0] for j # k, where {d,(f)}Zi“l are latent factors of dy, and

corr(dg.m), d,(f)) # 0 is detected by the normal approximation test (DiCiccio and Romano,
2017) with false discovery rate controlled at 0.05 (Benjamini and Hochberg, 1995) and the
lth right-singular vector of D, used as the n samples of d,(f). Methods suffixed with * use
D-GCCA’s )A(ks instead of Yis as the input data.

28



DECOMPOSITION-BASED (GENERALIZED CANONICAL CORRELATION ANALYSIS

benefits from our well designed orthogonality constraint on distinctive latent factors. Table 3
further verifies this conclusion, and shows that significant nonzero correlations do not exist
between D-GCCA’s diirna and dpna but account for over 15% among all pairs of djs from
the other methods except R.JIVE. However, R.JIVE enforces the orthogonality of dis by
sacrificing its unexplained signal to be noise. This can be seen in Table 2, where R.JIVE has
slightly lower SWISS scores for Eks than JIVE, its original version with no orthogonality
constraint on dgs, and moreover has nonzero Eks when using low-rank D-GCCA’s signal
estimates as the input data.

For each genomic data type, Table 4 lists the top 10 variables most influenced by common
latent factors and those by distinctive latent factors according to their explained variable-

SWISS score SWISS score
Name ﬁb(mk]) Xg,q é}j” ]A)g’:] Name P%d(a:%]) }A(}CZ“J éz‘:J ]5,%’:J
Top 10 genes for k = mRNA
AKRTA3 0.449 0.156 0.182 0.318 FGG 0.9999 0.750 0.253 0.750
RHCG 0.449 0.153 0.183 0.309 NEU4 0.9995 0.718 0.210 0.716
AADAT 0.448 0.136  0.179 0.281 TAS1IR3 0.9995 0.738 0.745 0.732
GAL 0.448 0.145 0.180 0.300 PCSK1 0.9993 0.832 0.289 0.833
SLC26A9 0.448 0.175 0.185 0.363 HMGCLL1 0.9993 0.708 0.315 0.710
PLAC1 0.447 0.162 0.186 0.324 HNF4G 0.9993 0.774 0.248 0.776
KIAA1257 0.447 0.177 0.187 0.362 CRISP3 0.9991 0.725 0.469 0.723
FMOG6P 0.447 0.133 0.176 0.281 TYRP1 0.9988 0.783 0.515 0.787
GDF15 0.447 0.166 0.184 0.345 LHFPL4 0.9987 0.775 0.335 0.778
TNNT2 0.445 0.131 0.178 0.287 NTS 0.9985 0.761 0.679 0.766
Top 10 miRNAs for £ = miRNA
hsa-mir-584 0.448 0.322 0.190 0.732 hsa-mir-34b 0.99995  0.924 0.233 0.923
hsa-mir-1468 0.444 0.276 0.174 0.657 hsa-mir-26a-2 0.9999 0.927 0.388 0.926
hsa-mir-203 0.443 0.346 0.196 0.763 | hsa-mir-196a-1 0.9998 0.928 0.403 0.927
hsa-mir-135b 0.433 0.270 0.169 0.642 hsa-mir-874 0.9973 0.893 0.511 0.906
hsa-mir-519a-1 0.428 0.265 0.167 0.632 hsa-mir-193a 0.9953 0.881 0.539 0.899
hsa-mir-190b 0.420 0.384 0.210 0.782 hsa-mir-615 0.9947 0.872 0.667 0.892
hsa-mir-29c 0.415 0.341 0.193 0.747 hsa-mir-326 0.9944 0.882 0.444 0.901
hsa-mir-526b 0.413 0.371 0.182 0.797 hsa-mir-296 0.9934 0.943 0.291 0.936
hsa-mir-28 0.411 0.424 0.200 0.859 hsa-mir-26b 0.9912 0.856 0.663 0.882
hsa-mir-30e 0.409 0.299 0.166 0.681 hsa-let-7e 0.9877 0.854 0.537 0.884
Top 10 probes for kK = DNA
cg04220579 0.438 0.314 0.178 0.726 ¢g24030449 0.9999 0.981 0.424 0.980
cg02085507 0.437 0.309 0.190 0.700 cgl17296078 0.9998 0.984 0.665 0.982
cg18055007 0.432 0.314 0.195 0.701 ¢g14009688 0.9997 0.984 0.684 0.983
cg26668713 0.432 0.319 0.182 0.732 ¢g00121904 0.9997 0.972 0.722 0.975
cg23178308 0.430 0.337 0.186 0.748 cg02789485 0.9997 0.982 0.281 0.981
cg12406559 0.428 0.329 0.176 0.756 ¢g07482936 0.9996 0.977 0.200 0.977
cg25167447 0.427 0.351 0.168 0.776 cg01817393 0.9996 0.977 0.197 0.978
cg14385738 0.422 0.337 0.176 0.770 cg10484958 0.9993 0.986 0.497 0.984
cg02433671 0.420 0.333 0.207 0.718 cgl17532978 0.9986 0.969 0.383 0.974
¢g00916635 0.420 0.346 0.171 0.786 ¢g08291098 0.9985 0.971 0.268 0.974

Table 4: Variables with top 10 largest P/\ﬁﬂc(mgj}) (the left half table) or P/\/T':)d(:cg]) (the
right half table) for each of the three TCGA breast cancer genomic data types. The SWISS
score shows the separation of PAM50 subtypes; a lower score indicates a better separation.
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level proportions of signal variance, {P/VTEC(:IJLZ])}f *, or {ﬁ)d(x@) Pk .. Table 4 also re-
ports the SWISS scores for the data )A(E:’:], (Ajg’:] and f)g’:] of each selected variable to
corroborate the influences of those underlying mechanisms, because the PAMb50 subtype
separation has been shown above as a good indicator of the common underlying mecha-
nism. Indeed, SWISS(@%’:]) is significantly smaller than SWISS(]/jE:’:}) (p-value < 0.05) for
all selected variables except for the gene TASIR3 that has comparable scores 0.745 and
0.732. For the top 10 variables with largest P/V\EC(:UECZ]) values > 40%, their signal data

)/i,[:’:]s well inherit from their ag’:]s the ability to separate the PAM50 subtypes with small
SWISS scores < 0.424, confirming the considerable influence of the common underlying

mechanism on these variables. The top 10 variables with largest P/V\Ed(wg]) values all have

much less informative SWISS(}EE;’:}) > (0.708 nearly the same as SWISS(IA)E?:}) and there-
fore are almost immune to the influence from the common underlying mechanism, which is

consistent with their negligible ﬁc(wg]) values < 1.5%.

5.2 Application to HCP motor-task functional MRI

We consider the motor-task functional MRI data obtained from the HCP (Barch et al.,
2013). During the image scanning, each of 1080 participants was asked by visual cues to
either tap left or right fingers, or squeeze left or right toes, or move their tongue. From
the acquired brain images, the HCP generated for every participant the z-statistic maps of
the individual contrasts of the five tasks and also their average contrast against the fixation
baseline. The average contrast represents the impact of the overall motor task. All the
maps were computed at 91,282 grayordinates including 59,412 cortical surface vertices and
31,870 subcortical gray matter voxels. For each task, its z-statistic maps of all participants
constitute a 91,282x1080 data matrix. We focus on the left-hand, right-hand, and overall
motor tasks, and aim to discover the brain regions that are most affected by their common
underlying mechanism.

The D-GCCA method is applied to the three data matrices of interest that are row-
centered beforehand, with nuisance parameters selected by the approach discussed in Sec-
tion 3.3. The selection approach yields the same decomposition by the choices 0.2 and
0.0001 for the significance level uniformly applied to all involved tests. All signal and
common-source matrix estimates are rank-2. The distinctive-source random vectors of the
left-hand and right-hand tasks are tested to be uncorrelated by the approach in Section 4.3,
and thus the common-source variation of the three tasks is fully captured by their common-
source random vectors. T/he\ estimated view-level proportion of signal variance explained by
common latent factors, PVE. (&), has values 0.122, 0.120 and 0.128, respectively, for the
left-hand, right-hand and overall motor tasks. This quantity reflects the overall influence
of the common underlying mechanism on the kth considered motor task.

To assess the local influence of the common underlying mechanism on the ith brain
grayordinate of the kth task, we use P/V\Ec(wg]) the estimated variable-level proportion
of signal variance explained by common latent factors. Figure 7 illustrates the map of

{P/V\Ec(a:%}) 91282 for each task. In Figure 7 (a) for the left-hand task, we see that the com-
mon underlying mechanism has stronger impacts on the right cortical surface, particularly,
the somatomotor cortex in the right green circle, whereas it affects more on the left sub-
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Figure 7: Maps of {P/VTEC(CB%]) 91282 from D-GCCA for the three HCP motor tasks. In each
subfigure, the left part displays the cortical surface with the outer side shown in the first
row and the inner side in the second row; the right part shows the subcortical area on 20
zy slides at the z axis. The somatomotor cortex is annotated by green circles.
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cortical regions such as the cerebellum shown in the first and last rows of the right part of
the figure. The influence pattern is almost opposite for the right-hand task, and is nearly
symmetric on the two sides of the brain for the overall motor task. The contralateral change
in the somatomotor cortex and the cerebellum is consistent with their intrinsic functional
connectivity shown in Buckner et al. (2011).

On this large-scale data, we also compare the computational performance of our D-
GCCA and the six competing methods mentioned in Section 1. All methods were imple-
mented separately on a computing node with two 10-core Intel Xeon E5-2690v2 3.0GHz
CPUs, total 62GB memory, and 24-hour time limit. The three methods, JIVE (with 5.47
hours), R.JIVE (with 17.4 hours) and DISCO-SCA (out of 24 hours), all involving time-
expensive iterative optimization, cannot converge within 5 hours. The OnPLS method ran
out of memory due to computing the SVD of each large matrix YjY,j; for j # k. Both
D-GCCA and AJIVE have closed-form expressions, and COBE uses a fast alternating op-
timization strategy. The computational time costs of the D-GCCA, AJIVE and COBE
methods are 18.0, 180.5 and 25.3 seconds, respectively. However, the AJIVE and COBE
methods were unable to identify nonzero common-source matrices.

6. Conclusion

In this paper, we propose a novel decomposition method, called D-GCCA, to separate
the common and distinctive variation structures of two or more data views on the same
objects. In contrast with existing methods, we build the decomposition on (5(2], cov) rather
than the traditional (R™,-), and particularly impose a certain orthogonality constraint on
the distinctive latent factors to better capture the common-source variation, along with a
geometric interpretation from PCA for the associated common latent factors. Asymptotic
result of proposed estimation under high-dimensional settings is established and supported
by simulations. Moreover, the D-GCCA decomposition has a closed-form expression and
thus is more computationally efficient, especially for large-scale data, than most existing
methods with time-expensive iterative optimization. Simulated and real-world data show
the advantages of D-GCCA over state-of-the-art methods in capturing the common-source
variation and also in the computational time cost.
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Appendix A. A Hierarchical Extension

The hierarchical decomposition structure in Section 2.2.3 is illustrated in Figure 8.
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) (2) — c,(f) : PVE4(xk)PVE.(d})
=2 4 v (m,vrs(dy)
B K G K et : PVEa(y ) PVE,(dy)PVE(d])
£=3 d®  pvEg (k) PVEa(di)PVEa(dy)

Figure 8: A hierarchical extension of D-GCCA.

For the (t+1)th-level decomposition (¢t > 1), recall that the view- level explained propor-
tion of d,(:)’s variance PVEC(d,(f)) =1- PVEd(dS)) tr{cov(ck )}/tr{cov( Ef))}, and
the variable-level explained proportion of variance PVEC([d,(f)][Z]) =1- PVEd([d(t)]M) =
var([cgﬂ) 16/ Var([d,(f)][i]). Denote the sample matrices and their estimators of (Cg), dg))
by (C,(:), D,(f)) and (6(“ A,(f)) and the estimators of (PVEc(d,(f)) PVEd(d( )) PVEC([d,(f )][i]),

PVEy([d"]))) by (PVE(d\"), PVE4(d\"), PVE,([d\"]11), PVE4([d"]l])). We define esti-

mators ((AJI(:H), D,(fﬂ)) in the same way as (Cj, Dy,) given in Section 3.1 by replacing )A(k
with D\ where f)“) ﬁk, and deﬁne PVE o(d dy=1- PVEd( Dy = &z D)2

and BVE,(d0H) = 1~ PVE(a]) = J[C B2,/ IBPIE2. The comesponding
nuisance parameters are selected in the same fashion as in Sectlon 3.3.
We have the following asymptotic properties for the above estimators.

Corollary 1 Suppose that Assumption 1 holds and the other conditions on {.’Ek}szl for

(28)-(29) in Theorem 5 are also satisfied on {d]({/,t)}kK:1 for all 0 <t < T with a fized number
T>1. Foralll <k < K and1 <t <T, further assume that the distinct eigenvalues

of cov(d( )) denoted by )\g) S > )\I(ct)m,(f>+1 = 0, satisfy /\S)1 > kN, (cov(zy)), )\S)l =
t t (t D

/\lijnff” and ()\,(vy)g - )‘k,)éJrl)/)‘k,é > 60 for1 << m,(C) with constants k0, 8 > 0. If

oy = o(1), then

. HC(T—H) C](€T+1)||Z Hf)’(CT—i-l) _DI(QT+1)H3 o (52) (31)
()2 ’ (T))2 P
D12 1Dy I3

and
)P/ﬁ:c(df)) - PVEC(d,gT))‘ = Op(6,). (32)
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Additionally, if the nonzero eigenvalues of cov(d,gT)) are distinct, a basis of span([d,(CT)}T)

has all elements with the sub-Gaussian norm bounded from above, min;<y, Var([d,(cT)}m) >

MIE:T))‘I(C?%T) /pr. with a constant MIET) >0, and o = o(1), then we have
max [PVE.([d\")) — PVE.([d"]?)| = Op (6, + 6). (33)

1<i<py,

In Corollary 1, the condition )\,(:)1 > KM\, (cov(zy)) implies that the variance ratio

tr{cov(dg))}/ tr{cov(xy)} is bounded away from zero and hence is worth the (¢4 1)th-level

decomposition. The other conditions on {d,(:)}le are similar to those in Assumption 1 and
Theorem 5.

Appendix B. Theoretical Proofs
Proof of Theorem 1. Consider stage £ < 7. Ifw L span(f '), then Zszl cos?{0(w, zx)} =

0, and thus this w is not optimal because there always exists another w € span(f') and
2z € span(zx) ), k = 1,..., K, such that Zle cos?{0(w, z)} > 0 for stage £ < ry. When
w £ span(f '), since cos{f(w, z)} = cos{f(w,wp)} cos{A(wo, zx)}, where wy denotes the
projection of w onto span(f '), we only need to consider w € span(f'). Then there exists
a vector b= (by,...,bg)" such that w =b' f and cov(w) = b' cov(f)b = 1. Let z} be the
projection of w onto span(:c;). We only need to consider zj such that

= any standardized variable in span(z; ), if z; =0,
Zk: * : *
X 2j, if z; #0.

Define ‘I)k = (O"'kXZ?;ll rj’ITkXTk’OTkXZ]K:k+1 rj). Then fk = (I)kf and IEK TkXEkK:1 - =

k=1
S ®] ®;. Note that the inner product (w,f,) = cov(w, f;) = cov(b' f, ®.f) =
b' cov(f)®], which is zero if 2z} = 0. We have
2= (w, Fi)fi = b cov(f) @y rf, (34)
var(z;;) = (w, fi) cov(fi)(w, 1) = b cov(f)®; @y cov(f)b,
cov(w, z5) = b' cov(f)®] @, cov(f)b,

corr?(w, z) = b' cov(f)®, By cov(f)b, (35)
and then
K K
Zcosz{ﬁ(w, zK)} = Zcoer(w, Z5) =b' cov?(f)b. (36)
k=1 k=1

Let w(®) = (b(g))Tf. To maximize (36) with respect to b under the constraints b cov(f)b =
1 and b' cov( f)b(J) =0 for j < £ — 1, the associated Lagrange function from the method
of Lagrange multipliers is

/—1
L(bly,...,1)) =b cov’(f)b—Lo(b" cov(£)b—1) — > ;b7 cov(f)bY).
j=1
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There exist I\, ..., 18" such that V£®®, 19, ... 1I{") = 0, which yields

2 cov?(f b = 2l( cov(f£)b¥) + Zl cov(f)bY), (37a)
BN T cov(£)bY =1, (37b)
BN T cov(f)bY) =0, for j=1,...,0—1. (37¢)

When £ = 1, (37a) becomes cov?(f)b™) = lgl) cov(f)b). Then by (37b), we have lgl) =
(bNT cov?(£)b¥). Thus, the maximum of (36) when ¢ = 1, i.e., the maximum of lgl) is
lf1 = M(cov(f)). We have lﬁﬂ cov(£)bM) = (M. Hence, b = l}/f [cov(£)]Tn™) 4 ¢ for
any vector ¢ satisfying VTC = 0, where cov(f) = VfAfV]T is a compact SVD of cov(f),
and [cov(f)]T = ViAy 1VT is the pseudo-inverse of cov(f). Let u = A;l/QV}rf. Then
f=cov(f,u)u = VfAf/ u. We have

w® = ®W)Tf=( 1/2( O Teov(£)]F + CT)VfA}/zu
l1/2( 1 ))T[Cov(f)]TVfA}/Zu
= lf71/2(77( ))T COV(f)[COV(f)]TVfA}/Qu
_1/2(?7 )TV A1/2
=2y

ence, we can simply let =1,/"n\". en ¢ = 2, left-multiplying (37a) by yields
H imply let b1 = 1,171, When ¢ = 2, left-multiplying (37a) by b yield
l§2) = 0. Then (37) becomes

covz(f)b( ) = l2 2) cov(f)b(Q),
(6P) T cov(£)b*) =
(b T cov(f)b = 0

Thus, we have [Ag(cov(f))] Y2 cov(f)b® = n®. Then using the same skill for obtaining
bV we can simply let b = [Ay(cov(f))]"/?n® and have S cosz{e(w(z),z,(f))} =
X2(cov(f)). Similarly, for 2 < £ < ry, we can simply let b = [No(cov(£))]/2n® and
have S5 cos?{f(w®, z,(f))} = Me(cov(f)).

For ¢ < ry, by (34), the projection of w(®) onto space span(z; ) is z,’;w) [)\@(COV(f))]l/Q(T]](f))Tfk
with var(z;©) = Ag(cov(£))|[n”||2.. Thus,

(¢ ) any standardized variable in span(z '), if n(z)

k _{ ( /an)HF)T.fk, if n(@) 750_

From equation (35), we have cov(w(®, z};([)) = A¢(cov(f)) ||77,(f) |%.. Then, cos{f(w®), z,(f))} =
e (cov (D)2
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To prove S.p_ span(z]) = span({w®},7 ), since w®) € span(f'), we only need to
show dim(span({w® W) = dim(span(f ")) = s, which is true because the r; nonzero
variables {w(®},’ are orthogonal.

Now consider the revised z,(f) in (8) for result (ii). By cos{f(w®, z,(f))} = [Ne(cov(f))]/? ||n,(f) IFa
> 0, we have §(w(®), z,(f)) € [0,7/2]. Since span({z,(f)}Zil) is the projection of span({w(®},’ )
onto span(z; ) C span({w®},’ ) = Zle span(z; ), we have span({z,(f)};il) = span(x;] ).

Next, consider result (iii). For some k and ¢, since span({z](gm) C1)# span(z; ), there

exists a unit-variance variable v € span(z; ) such that v L span({z,(ﬂm)}f;:ll). Moreover,

v L w™ for all m < ¢ — 1, because v is orthogonal to both the projection of w(™
onto span(z; ) and the rejection of w(™ from span(z;). Thus, we just let w(®) = v.

Then, COSZ{H(w(Z),z,(f))} = 1. By Y, COSQ{H(w(e),z,(f))} = M(cov(f)) < 1, we have
{4 . . .
> itk cos?{f(w®, z]( ))} = 0, which implies w(® L D 1< th<K span(:ch). [ |

Proof of Theorem 2. If z,(f) = 0 for some k, it is easy to see al® = 0. We only
consider that for all k¥ < K, z,(f) # 0, ie., G(w(e),z,(f)) € [0,7/2). If dgg) 1 dl(f), then

HCZE-Z)H2 + Hdgf) I? = sz(.z) — zl(f)HQ, and consequently by the law of cosines we have

(sz(ﬁ)uz + Hc(@”? o QHZJ(K)HHC(@H sign(a(é)) COS{Q(zJ(.K)’w(K))})
+ (”Z’(f)w + 11O = 21219 sign(a®) cos{H(ZI(f),w(f))})
l ¢ ‘ y , .
= ||Z]( )HQ + ||z’(€)”2 _ QHZJ(‘ )||||Z](§)” cos{g(z( ) [ ))}

i %k

which gives a(¥) =1 [cos{e(z](.e),w(@)} + cos{@(z,(f),w(g))} + (Agg)l/g} . Hence, the desired

value of a® is the one given in Theorem 2.

To prove the existence of o!®, we only need to show that there exists a A;Q > 0 with

j # k. Denote \p = A\g(cov(f)), and vy = (vp1,...,vp k) With vy = ||"7;(€€)||F- We have

(@)T ( (@)T (0 ()

. n n . n n
cov(z(f)) = diag ( ( %e) ey {E) ) cov(f)diag ( (t}) s (g ),
[yl e I |7 il r I [

v] cov(zNwy =Xy, cos{O(w?, z,(f))} = )\é/2Vz,k,
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and for all 5,k < K, A;i:) = )\gl/gvj + )\gl/gk + 2 v vk — élcov(z'J(-E)7 z,(f)). Then, we have

K
S5 cos{f(w®, 201 AY) cos{o(w®, 217)}

7j=1

?Mx

1

cov(w®, (Z))A()cov( (Z),z,(f))

1
11
> 11

,] Y

Il
AMN

<

ol
—
Bl

1/2 ¢ 1/2
)\/ Vi <Agl/2j + )\gyg,k + 2\ jrg g — 4 cov(z @ z,(C )) )\/ Vi ke

Aém’/&j()\él/zj + )‘ﬂ/tg,k: + QAKVE,jV&k))\;/QW,k — 4/\51/;r COV(Z(E))I/Z

I
M= 10

1/2 1/2
)‘E/ I/M()\gyzj + )‘éyl?,k + QAKVg’ng’k))\g/ V| — 4)\%V}(Vﬂ/2)l/¢

I

<
I
N
=
Il
-

1/2 2 2 1/2
)\g 7%} ()\gl/&j + )\gV&k + 2)\gljg7jljg7k — 4)\gljg7jl/g,k) )\f Ve k

I
I
> 11

cos{@(w( 2 ))}()\;/21/ 0 — )\;/21/“)2 cos{@(w(e), zl(f))}

v I
® 1M
i

(38)

For all k¥ < K, cos{G(w(Z),z,(f))} > 0 for O(w®, ,E:E)) € [0,7/2), and moreover, we have
Agfk) = 4(:052{9(111(@,2,(5))} — 4 < 0. Hence, by (38), we have at least one A;Q > 0 with
Jj#k. |

Proof of Theorem 3. When K = 2, by Lemma 2 in Kettenring (1971), L is equal to the
number of positive canonical correlations between @1 and x2. Then following the construc-
tions of these two decomposition methods, the proof is easy to complete. The details are
omitted. |

Proof of Theorem 4. Let fk be another orthonormal basis of span(m;) Then, there

exists an orthogonal matrix Oy such that fr = Okfy. Define f =[fy;...: frl We have
f = Of and cov(f) = Ocov(f)OT with O = diag(Oy,...,Ox). Hence, A(cov(f)) =
Ae(cov(f)) for £ < ST | ri. Denote 7 = [7~7§£); ce ﬁ%)], with ﬁ,(f) € R", to be a normal-
ized eigenvector of cov(}) corresponding to )\((COV(})) for £ < L. Now, from the assumption
that A1(cov(f)),..., Az(cov(f)) are distinct, we have ) = +0On® and ﬁ,(f) = iOkn,(f).
Denote @w®, Eﬁ), a® and ¢® to be the counterparts of w(®, z,(f), a® and ¢® that are de-
fined in (5), (8) and (11) by using }' and 7~7(e) instead of f and n¥. We have @¥ = +w®,
E:ff) = j:z(g) a® = a® due to the formula in Theorem 2, and then ¢ = +c®. Let
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E%O = (Eﬁ));elo and ¢ = (E(Z))Zezo. There exists a diagonal matrix D with diagonal
entries being either 1 or —1 such that 'zvfo = szo and ¢ = Dc%. Then,
cov(xg, E%O)[COV(E%O)]TEIO = cov(xy, Z%O)D[D cov(sz)D]TDcIO
= cov(zy, 2,°)D[DV ;A V], D]’ D
= cov(zy, 22°)D[DV A V] DD
= cov(xy, zf’)[cov(zio)]TcIO = ¢y
The proof is complete. u

Proof of Theorem 5. First of all, it is worth mentioning that }A(k is rank-r; with proba-
bility tending to 1. This is because we have

Ary,(€0V(zk)) = (1 = op(1)) Ar (cov())

from (S.17) in the supplement of Shu et al. (2020). Due to their Lemma S.1, in the rest of
the proof we simply assume that X}, is rank-ry,.

For the convergence results of {)A(k, ék, f)k}, we will follow the similar proof techniques
of Theorem 3 in Shu et al. (2020). The key difference is that our Cy and Cj, are defined from
Carroll’s GCCA for K > 2 which are more complex than those in Shu et al. (2020) from
CCA for K = 2. Hence, our proof needs extra effort to establish the error bounds of each
component in ék defined in (24) and then combine them together to yield the final error
bound for Cj. Moreover, to the best of our knowledge, the results in (29)-(30) are the first
work to show the high-dimensional estimation consistency of the view-level and variable-
level proportions of explained signal variance for the decomposition model in (1)-(2) for
K > 2, which are not seen in Shu et al. (2020) even when K = 2. In particular, the uniform
consistency of the variable-level proportions of explained signal variance given in (30) will
be derived from the £, eigenvector perturbation bound recently given in Fan et al. (2018).

1. We first consider the error bounds of )A(k
By (S.13) and (S.14) in Shu et al. (2020), there exists a constant x, > 0 such that

Xk l2 1 Xkl P 1/2
. 1) < < < 1). 39
fator(l) S o o @2 = T (cov(@an 2 =% o) (39)
From their (S.15), we have
X5 = Xll2 < [[Xi — Xl
. A1 (cov(x 1/2
<p mm{ {1(71(16))} + (prlog pr) /2, [n Al(cov(mk))]l/Q} . (40)

From (S.7) of Shu et al. (2020), we have A\ (cov(xx)) < Ar, (cov(xg)). By Weyl’s inequality
(see Theorem 3.3.16(a) in Horn and Johnson (1994)) as well as Assumption 1 (i) and (v),

£1 S Mep = Mot ) tpr—ri)—1 — Ampr1(cov(@p)) < Ap—py(cov(er)) < Ai(cov(ex)) =
|| cov(e)|l2 < || cov(ek)|loo < so. Thus,

A1 (cov(xy)) _ tr(cov(xy))
Dk tr(cov(eg))

— SNRy,. (41)
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By (39), (40) and (41), we obtain

Xy — Xpl3 1X5 — Xall% . [ 1 logpy
N — 1p. 42
max{ b I b A el PRSI (42)

2. We next consider the error bounds of ék and ﬁk

Simply choose f, = AxklmVIkmk, where cov(xy) = ka;Aka;k is a compact SVD.
Then, we have zfo =H,f, = HkA;;/QV;kazk with Hy, = (n,ge)/\\nlié)||p)zezo. From (13), it
follows that we can write the common-source matrix C;, as

Cy = cov(xy, zgo){cov(zgo)}TCIO, (43)

where the three components are formulated by cov(:ck,zfo) = mGAi,fH;, cov(zio) =
H;H/, and C% = ANF with A = diag{(a'9 [\ {cov(f)}]7"/?)sez,}, N = (77(3));610, and

F = [Fy;...;Fg] in which Fj, = A_°V] X,
Since K is a constant and each Span(:cg) is a fixed space independent of n and {pk}le,

we have that r1,...,rx are constants and there exist positive constants k., k;, ka and k.,

NGBS

) T . ¢ .
such that ming<g Arr(cov(2;?)) > K2, , ming<k ret, ||TI](§)||F > Ky, mm(j,k)eI(ﬁr,éeIo i

kA, and min COS{Q(ZJ(»E),Z](CK))} > Kz

; @ 7
(],k)eIA+ UZx,-4€T0

From Shu et al. (2020), using their (S.8), (S.30) and the first inequality on page 10 of
their supplement, we have that for all 5,k < K,

A1 (cov(zg)) Sp Ai(cov(xg)), (44)
IVar A2 = Vo Ay <p AV (cov(a))n 2, (45)

and

1oV (£, f1) — cov(f, Fi)lp < [max(rj, ri,)]V 2|0V (£, £r) — cov(F;, Fi)ll2
< 172 pjlogp; \'? n prlogp,  \'? )
min{ n ——=) —
~F nAi(cov(z;)) n A1 (cov(xy)) Y
where cov(f;, fr) = n_lfjf; is a submatrix of cov(f). Then,

o) —cor(Plle = (3 15, £) —eovtdy 0lE)

1<j,k<K
K
< . —-1/2 M v 1
Sp min {n " ; <n )\1(COV(wk))> ,
Sp oy. "
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By the uniqueness given in Theorem 4, we let n©) satisfy (T/(@))Tﬁ“) > 0 for all £ € Zy.
By Corollary 1 in Yu et al. (2015), &, = o(1), and the condition that {\,(cov(f))}L, are
distinct, we have

max |7 — n® n
8 = e S R oo )~ Maleov () Moo () — e (eov ()]

SP Oy (47)

Since 6, = o(1) and ming<x ¢ez, ”77;(f)||F > Ky, then by (47) we have

. SO s,
k&l}g&gl!nk lF > Ky —op(1), (48)

and thus

- -~ ~(¢ ~(¢ {4 L
B~ Hille < B~ Hill Sp L2 max 2 /15 e = 0/l |,

¢ ~(¢ NP =(0)
<p Lm0 (i e~ 18 1) + @ = ol 12 ]|/ el 1)

(&) 14
< 22 max [ = 0w/ In |

Sp 6y (49)
We will frequently use the following matrix inequality:

M1 |2 M2 — M|z + [|Ma|j2| M1 — M 2,

M2V b (50)
[Ma||2][My — My ||z + [|[Mi||2]|M2 — Ma||2.

”ﬁ1ﬁ2 — M;M;|j < {

Then together with maxy<x {[|Hl|r, |Hy|r} < L2, we have
[leov(25*) — cov(2*) |2 = [HH — HHY o < (|[Hg]|2 + | ELk]|2) [[Fx — Hi[|> Sp 6y (51)

Recall that ming<g A (cov(z%o)) > kK. Let cov(z%o) = V.. A,; V], be its compact
SVD, where A,; has nonincreasing diagonal elements. Let ng]} =0 for j > 7 =
rank(EBV(z%O)), and A[Zj,;ﬂ = 0 for j > r;. By Weyl’s inequality (see Theorem 3.3.16(c)
in Horn and Johnson (1994)), for all j,

AT AT <1659 (220) — cov(220) |2 Sp 6y

Hence,
Al > APRTE _0p(5,) > k. — op(1) (52)

and

maxA[ i <p 6.
j>r
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Then,

~ *

'I‘

Tk P R ~ .
o5 (E) — con(=E) = | S AIVTH)T = 3 ALV (V)T

j=1 j=1 5
< ZA[M]V[:J] ZA[M]V[:J] zﬂ + Z ||A V[zé]) B
2 ] T'k"rl
= [[eav(z) - cov(zP)[l+ Y ALY
J=rr+1

Sp (577 + max('rvk - T;:, 0)577
<p Oy (53)

By Theorem 2.1 in Meng and Zheng (2010), (52), and ming<x A (cov(zio)) > Ky,

v (=) — feov(=)t |, < |0 (=)t — leov(=f)]1]|

2 T

’[cov(zk H }HCOV zi ) — cov(z,°) .

< o { (.

2

< max{”[c/cﬁ(zio)]TH , }[cov(zfo)mt} L'/? Hc/(ﬁ(zf ) — COV(Z%O) ,

2
<p by (54)

By (50), (49), and (45), we have

IVar Ry B = Ve AYPH] 2 < [ Vi Ay ol B — Hlla + [ ELello [ ViR = ViAo
N2 >\1/ (cov(xk))dy + )\1/ (cov(ay))n /2
<p )\}/2(cov($k))6,7.

Using (50) again together with the above inequality, (54), and (52) yields

|V AP [ (2] — Vi AH] o (2]

Vwk.Ai{fHkHQ H[@(z% )T — [cov zk H

s, Rl v,

<p A2 (cov(zp))6,. (55)

By Weyl’s inequality (see Theorem 3.3.16(c) in Horn and Johnson (1994)) and (46), for
all £ € Zy we have

[Ae(€ov(f)) = Ae(cov(f))] < [[lcov(f) — cov(F)lly Sp by
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Then by §, = o(1) and Ar(cov(f)) > 1, for all £ € T we have

N @) = NP eov(9)] = [N@EF() + AP eov ()] (@) = Aeleov( )]

< A, (cov () G0V (F) — cov(F)ll,
<p 8, =o(1). (56)

Thus, for all ¢ € Ty,
NP @() 2 N (eov(£)) = M2 @@R() — A2 (cov(£))] 2 1= on(1),
and then
AR @ () = A eov(9)] = MA@ = AP (eov(£))] A ? @V(H)) A, * (cov(F)
Sp oy (57)

For all £ < K and ¢ € Zy, by (50), A\ (cov(f)) < tr(cov(f)) < Zk 1Tk (47) ||’\([ |F <
||ﬁ(€)HF =1, and (56), we obtain

—~ 4 14 — ~(£
a0, 27)} = cos{0(w, )} | = [N @@E NG e = A cov () Il
1/2 ~(€ 4 ~ (¢ 1/2 ) — 1/2
<IN cort|IA0 e~ I e+ 17817 |2 2@(£) ~ A eov(£))]
Sp by, (58)
For all ¢ € Zy and j,k < K,

(77] ) COV(fj,fk)
HTI]‘ HFHle |F

cos{@(z](-g), z,(f))} =

By (50), (48), (46), and (49),
@) T||ﬁ§-f>u;1c/év<fj,fk> — ) T 7 cov(£, £,
< H HTIJZ)HF H HCOV (f; fi) —cov(Fy, Fr) H2

+[leov(# . £l | @D TR I — () I
NP 677’

and then,
c@s{(=4", 21} - cos{e AN
ST H 7) HA“HFcowfj,fk)— ) I 15 cov(£5. £0)|
| T covies, g0 [0 1A 1E = a1

SP 577- (59)
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Consider ¢ € Zy and (j, k) € I(Agl. By (58) and (59),
ik 7k

< } [C/O\S{G(w(@ z(z))} + C/\OS{G(QU(Z) z,(f))}]Q — [cos{@(w(g), z](-e))} + Cos{@(uz(e), z,(f))}}g‘
+4‘cos{0 ,(f))} cos{0 (g) }‘

<4‘ o {0(w®, 2" )}+55s{9(w z,(f))}] — [eos{O(w®, 27} + cos{O(w ,(f))}}‘

-

+4‘cos{9 ,(f))} cos{& (g) }‘
<8 max | {0(w® z@)}—cos{e(w(") g ’)}‘ —1—4‘0/0\8{9(2@ =)} = cos{o (2! }‘
1<k<K k Pk J Tk
<p o, (60)

By (60), Ag.? > kA and 9, = o(1), we have ﬁ%g > kA — op(1). Then by the mean value
theorem, we have

~(¢ J4 1 ] NS £ - Al ¥
(RGN = (AG)"2| < S min(AF, AR [AF) - AT

2
1 _ ~ ¢
< 5lka —op(V] 2 AS) - AF)
<p & (61)

Now consider ¢ € Zy and (j,k) € I(Ag) = I(Agl UI(A@. From (58) and (61),
~(¢ {4
ayl — o}l <p 6. (62)

Recall that min cos{@(zj(-g),z,(f))}’ > Kzz. By (59) and §, = o(1), with proba-

(k)T ey
bility tending to 1 we have that cﬁs{a(%@% z,ié))} cos{@(z§£), z,(f))} > 0 and thus 62;.? a%) > 0.
Without loss of generality, we assume o) > 0. Let If) = {(j, k) € IX]) : oz;[;? > 0},
then al®) = min{oz;? : ozg.? > 0,(j,k) € If)}. With probability tending to 1, al¥) =
min{&ﬁ) : &ﬁ) >0,(j,k) € IJ(f)}. Due to Lemma S.1 in Shu et al. (2020), we simply assume
al®) = min{a;? : 625-? >0,(j,k) € I(f)} in the rest of the proof. Without loss of generality,
denote agg) = o, If a(f) a® then |a® — a9 <p §,. Otherwise, without loss of
generality we asume a9 = &g? < aﬁ? and o) = agz) < aé? Then by (62) and §, = o(1),

&é? - &g? > ozgg) — ozgg) —op(1), which contradicts agz) > ozég) = a®. Hence,

@ — a9 <p g, (63)
By (50), (57) and (63), for all ¢ € Ty,
O @@w(£) — a9 2 (cov(£)
<@ |\, @) = A A cov()| + A, eov(£) a0 — o)

SP 577-
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Then together with (50) and (47) gives
[AN — AN}z < [[A[]2|N = N|[z + [[N[|p[|A = All2 Sp by, (64)

where A := diag{(@® [\¢(cov(F))]"/2)sez,} with 0/0 := 0, and N := (ﬁ(g))zezo. From the
inequalities respectively below (S.12) and (S.22) in the supplement of Shu et al. (2020), we
obtain

nH|Fg|} = rp + Op(n/?)

and

Hf‘k —Fillr < r,i/zuf‘k — Fill2 <p min {1 + [pk Al_l(cov(a:k)) logpk.]l/Q,nl/z} =:0p,.

Hence,
K 1/2
IF)r = (O IF3)? = Op(n'/?) (65)
k=1
and
~ Ko S\ 1/2 K
IF=Fllr = (3 1B FulF) "~ sp > on (66)
k=1 k=1

By (50), (65), (64) and (66), we obtain

IC* — €%l < ||[F||p|| AN — AN|> + [|A[|2[N]| p[|[F — F|

K
Sp 26,4+ " op, Spn'l?s,. (67)
k=1

Using (50), (65), (55), (44), (52) and (67) yields

ICk — Cill2

< [ ANF ||y | VoA B [60v(=f)] — Vi A PH feov ()]
|| Var R PR o () | 1€% — ™,

Sp !N (cov (@) 0y + Ay (cov (@) n 2] + A2 (cov (@) )n' /25,

<p A% (cov(ay))n'/26,. (68)

By rank(M;My) < min(rank(M; ), rank(My)) and rank(M; —Mz) < rank(M;)+rank(Ms)
for any real matrices M; and My with compatible sizes, we have rank(Cy—Cy) < 2L. Thus,

ICk — Cillr < |Gk — Cillolrank(Cy, — CHIY2 Sp A (cov(ay))n'/?6,.  (69)
By (68), (69) and (39), we obtain
ICx — Cill2 ICx — Cillr
max , <Sp 0. 70
{ Xele  Xele [0 (70)
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By ||Dj — Dy|| < [|Xx — X +[|Cx — Ck|| for both the Frobenius norm and the spectral
norm, (42) and (70), we obtain

D, —-D D, -D
- {H ¢ —Dyll2 |Dy k\F}gp 5, )

Xellz 7 [ Xkllr

3. Now we consider the estimated view-level proportion of explained signal variance.

Note that | Xz|%/n = tr(XpX] /n) = tr(cov(x;)). By inequality (S.16) of Shu et al.
(2020),

HXkHF/n — tr(cov(xyk) ‘ = ‘tr cov(xy)) — tr(cov(ey)) Z ’ Ae(cov(xyg)) )\g(cov(mk))’

<p M (cov(zy))n™2, (72)
and by their (S.17),

Tk

X5l /n = tr(@ov(zy) = > Ae(@v(z)) > (1 — 0p(1) A (cov(zy)).  (73)
/=1

Since (69) and
Ik < L2[[Cil, = L2 || Var Ay H [eov (27)] ANE|, Sp Ay (cov(@i))n'/?,

we obtain

H(A?kHF < H(Ajk — Cyillr + HCkHF <p )\i/g(cov(a:k))nl/z. (74)
Then,

1CI%/n — 1CkIE /0| = n* [I€4le = k]| (1Cxllr + ICklr)

< n YCy, — Crllp(ICskllr + ICxllF)
<Sp Ai(cov(xy))oy. (75)

From the central limit theorem,

K
HFFT/n - cov(f)H2 < Zrk HFFT/n - cov(f)” <pn /2
k max

Let Qi = xkAl/ HT[cov(zk )]TAN;, then || Qgll2 <p A, 1/2 (cov(zxy)). By Weyl’s inequality
(see Theorem 3.3.16(c) in Horn and Johnson (1994)),

max ’)\g(CkC;/n) — Ae(cov(eg) ‘ HCka /n — cov(cg H
= |Qn T FFTQ[ - Queov(HQ] || < I1Qull: [FET/n — cov(£) | 1QL 2

<p M (cov(zy))n /2.
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Then applying the same skill used for (72) yields
L
IICsII%/n — tr(cov(er))]| < S ’)\g CrCJ /n) — M(cov(en)| <p M(cov(ar))n V2. (76)
=1

Combining (75) and (76) with the triangle inequality gives
€4 I3/n — tr(cov(er)| Sp Mi(cov())dy. (77)

From (50), (72), (73), (74), (77) and (41), we have

‘P/ﬁ)c(:ck) _ PVEC(mk)‘

LICKIE  tr(cov(cr))
1 kau2 ~ tr(cov(zmy))

1 1 ~ 1 ~ 1
— — = ICLI% + | =||Crl% -t -
+ X7 tr(cov(zy)) n” i+ ‘TLH el = tricover)) tr(cov(xy))
‘tr (cov(xk)) — lH)A(kH%‘ 1 ~ 1 - .
-Ck2+‘Ck2—trcovck —
1|]XkHFtr(cov(xk)) n” I n” IF (cov(ex)) tr(cov(zy))

SP 577-

4. Next, we consider the estimated variable-level proportion of explained signal variance.

First consider the error of ka in the max norm. We will use Theorem 3 of Fan
et al. (2018). Before applying the theorem, we need to check the conditions therein. By
Assumption 1 (iv) and (v), we have ||cov(yy)|max < ||cov(@k)|lmax + || cov(ex)|max <
T]di%)\k’l/pk + so. Then from the proof of Lemma A2 (i) in Shu et al. (2019) and Assump-
tion 1 (iv), we obtain

1 lo Ak lo
2™~ covtun], o llcor(un) et/ 52 5 (21 4 ag) [ E2E
n max n pk "

Thus, in our context, their notation e = 0, (V) = L& maxi<i<p, > 1(V£Z,’gj])2 = O(f—:rk%)
= O(1) (by Assumption 1 (iv) and (ii)), and HEHOO = |lcov(er) + 1YY T — cov(yy) oo <
,s(ﬁ—pkH%YYT—cov(y,,g)HmaX Sp 14+ (Ag1+pk)+/(log pi) /n. Hence, by Assumption 1 (i) and
letting their notation § = dp\,, (cov(xy))/2, if Ar, (cov(zy)) > Mk()\k,rk + pr)+/(log pr) /n
with a sufficiently large constant Mk > 0, which is satisfied due to d; = o(1) and (79), then
from Theorem 3 of Fan et al. (2018), we have

S 1B oo ) 1 /Pe [logpk
Vx - Vac max — O =0 + = 0p(d . 78
V.= Vil = 0 (55 ) = O ( (= + 5225 B2 | i 0pta). (19

From (S.6), (S.16) and (S.18) in Shu et al. (2020), we have

Ao/ Ae(cov(zy)) — 1 for 1 <0<y, (79)
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”Krk - Amk”max SP )\k,l/\/?la (80)

1AL — AL lnax Sp /A /1. (81)

Then by (78), (80), (81), and Assumption 1 (iv), we obtain

”vzkxzk - kaAmkaaX S H(vxk - ka)KIkaaX + Hvxk(xxk - Axk)HmaX
SP OV A1 + V 1/ DeAk1 /v Sp Ovi Ak,

and

leov (k) — cov(@e) lmax = | VarAek Vi — VarAak Vi [ max
<N (VerAgk — VarAgr)V A;;rkaax I VarAak(Vak = Var) | [lmax
< VarAuk = Vs Aukmax | Vil + 1 Var = Vik | lmascl Aek Vil
SP OV Ak1// Pk (82)
and

HVzkAl/2 - zkAl/QHmax < H( zk — V ) 1/2||max + ||Vwk( 1/2 Al/Q)Hmax

Sp 5Vk)\k/1 +V1/pry[ Ak /0 SP v A, 1/2

By the last inequality, Assumption 1 (iv), and (49),
[cov(2r, 22°) — cov (@, 22°) lmax = [[Ver ALH] — Ve ALVZH] || o
< Vo AYZE] — B lmax + [ (Var AL = Vi ALY HY [linax
<V A e Tl HE = H |2 + [ Vok AL = Ve A /P HY |2
<p (Me1/pr)Y?, +5Vk)\l/2

Then by (54), ming<s Az (cov(z%‘))) > K, and 6, = o(1), we similarly have

Op, = ||c/&<wk, z0) {cov (z) 1 —cov(xk,z§°>{cov<zi’0>}*umax
< || cov(zk, 2°) max v/ [Zo [ {Eov (2°) } — {cov (2 IO)}%
+ |[cov (@, 21°) — cov(zy, 2°) Hmaxm ||{cov P2
< [ Var AL maxy/Te B |2/ TZol [ {200 (210)} — {cov( )12
+ |[eov (@, 21°) — cov(wy, 270 >Hmaxm<mcov P2 + l[eov (2]t = [eov(2)]]l2)
<P (e /pi) V%6, + duN/f (83)

From (50) and (67), || 1C%(C%)T — 1C%(C%)T ||y <p 8, Besides, by the central limit
theorem, [|2C%0(C%)T — cov(c®)|2 < |Zo|l|2CT(CT)T — cov(c®)|max SP n~Y2. Thus,
by the triangle inequality,

HGIO(GIO)T /n — cov(eD)

9 SP 677- (84)
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By (83) and (84),

0B,3. = H&ﬁ(azk, 250 (Gov (2N TCP(CT0) T /n — cov(ms, 220) {cov(220)} T cov(cP0)
< llcov(@r, 2{°){eov(2)} lmax Vo] | €7 (C7)T /n = cov(e™) |

¥, #EHGTE)) — cov(a =) oov ()M /Tl [ G (G5)T
Sp ()\k 1/pk)1/ Op + O‘k 1/pk)1/ op + 5Vk)\1/2
<P (A1 /o) 20, + oy Y

max

and thus,

”@(ck) - COV(ck)Hmax
= ||cov(ay, z1°) {cov(22) } i 1 CTo (CT0) T (cov (@, 2°) {cov(zE°)} 1) T
— cov(mk,zk ){cov(z %O)F cov(cIO)(cov(a:k,zk ){cov(z z )}‘L)THmaLX
< || cov(@y, 21°) {cov(2E°)} cov () |max|Zold 5, + 05, 5.1 Zo| |0V (@, 22 ) {Eov (22°)} limax
<P Ot /o) Y2 [kt /o) V28, + Sy 0 )
+ [N/ Y28, + Su A DOk /91) 2 + (Mot /i) 28y + Sy A )
~P k,1/DPk n Ve g1 k,1/ Pk .
<P [t /0628y + Sy N T it /o) V2 (85)

From Assumption 1 (iv),

| covle)lmnx < max [var(e)]

_ JAl/2¢7T T [i,] A 1/2¢yT T T
= max IVIEIAY2H] [cov(220)]T AN cov(#) (VI ALZH] [cov(220)) T AN) |

< max {|[V BN [cov(220)]T AN cov(f) (H [cov(22)]FAN) T2

[i:] A 1/2)2 IAL/2)2
,Sp lrgnié%);k Vo AL < | nax HVzk A,

o

SpP A1 /P (86)

Denote va (
(85), (86), 6, =
Assumption ( i)

D) >

1y = 1€E12 /n and e’y = | X2 /0. By the triangle inequality,
o(1), nd o(1) = 6 < dy,/pr (from (41), (79), and A\p1 X Mg, in
) we have maxi<y, var(cl)) < |[cov(c)|max Sp Ae1/Pr- By (82) and

min;<p, var( Ar, (cov(xr))/pr, we obtain min;<,,, @(wg]) > My, (cov(xy))/pr—
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op(Ak,1/pk). Then together with (82) and (85), we have that, uniformly for alli =1,..., ps,

i]) - — [i])

BVE.(2l!) - PVE.(2l)| = | (% ]
var(zy))  var(z))
\var(a:[i]) - Var(az )\ T T i 1
< — k[i] Mk ar(cg) + ‘var(cg) - var(cg) o
var(zx, ') var(z, ) var(zx;’')

1

var(x; var(all) )

+ ‘@(CE]) — var(c, )’

1
<p {5Vk/\k,l/\/27k+ (et /pr) /26, + 5Vk)‘i,/12]()\k,1/1?k)1/2} o
var(x),
NP (5 + 5Vk 1/2
Np (577 + 0.
The proof is complete. |

Proof of Corollary 1. Let cov(d,(f)) =V, A, t)V e be its compact SVD, where Ad(t

at

a diagonal matrix with nonincreasing diagonal elements. Then, f = A_é)/ ZVT(t>d(t) is an

orthonormal basis of span((d,(f))T), and d](f) = Vd(t)A(lj(/tQ) _f](:). Denote Fé) and Dg) to be
k K

the sample matrices of f,(f) and dl(f), respectively. By the central limit theorem, we have

[n B @) = cov (£, £ = Op(n1/?), (87)
Consequently,
I~ D D) = cov(dy)z < o -1D<”<D<”>T—cov(d“))uF
= IV oA on™ FLED ALV o = Vo Al cov(F AUV e
<p Al(cov(d,(cl)))n_l/z. (88)

Moreover,

DM = DY DM T < 22(In ' DD T = cov(dM)]|2 + || cov(di)[|2) />
<p [ (cov(dM))]? (89)

On the other hand, it follows from (39) and (71) that
1B — DV lla Sp 8yna (cov (@) /2. (90)
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Then by (71) and (89),

YOI - DM DM) Tk
<p {[nAi(cov(d >>>]1/2 + 8y [ni (cov(@))]/ 218, [n i (cov ()] /2.

Using the above inequality, (88) and the triangle inequality yields

]]n_lf)(l)(A(l))T — cov(d (1))HF
< V3ren DM D) T — cov(dM)
<p {[nAa(cov(d)]V2 4 6, [nda (cov (g )] /2 6y [ (cov ()] V2 /n + A (cov(dY)n /2
Sp oy (cov(xy)), (91)
where we used
A1(cov(dy)) < tr(cov(dy)) = tr(cov(er — ck))
< tr(cov(xy)) + tr(cov(er)) + 2| tr(cov(zg, ck))|
SP )\1(COV(£L']€)) (92)

following from
tr(cov(c)) < |Zoll| cov(er)|2

— |To|[| Ve ALPH] [cov(220)] AN cov(£)(Var ALZH] [cov(220)]TAN) T2
Sp Ai(cov(zy))

and
Pk |
| tr(cov(zy, cr))| = Z]cov \ < Z var(x [Z])]l/Q[var(( I[j])]l/Q
i=1 i=1

Zvar UQZV&I‘ Z] 1/2 [tr(cov(ack))tr(cov(ck))]1/2
Sp Al(cov(wk)).

Denote r,(f) = rank(cov(d,(f))) By Theorem 2 in Yu et al. (2015), (91), and the condition
that )\,(Cli > kM, (cov(zy)), )\,(Clg = )\( ) , and ()\,(Cz )\](C 2“)/)\(1) >6Wfor1 << m,gl),
k
we have that there exists V FONS ]Rp’f”i(c ), whose columns are the left-singular vectors of
k

n_lf),(:)(f),(:))T corresponding to its r,(cl) largest singular values, such that

||Vd<1 ~Volr <p oy (93)
From Weyl’s inequality and (91),
1800 = Aol < [0 DRV DL)T — cov(di)]l2 Sp by cov(@e)).  (94)
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~ 1,1, . . . . . . .
where A M € R™ *"k  is a diagonal matrix with nonincreasing diagonal elements being

the r,g ) largest singular values of n~ 1D( )( g))T. Then by 6, = o(1) and A «) (cov(dg))) =
T
)\1(cov(d,(C ))) > kW, (cov(zy)) < A (cov(zy)), for 1 < £ < 7",(61) we have

— AL A > 51— 0p(1) A, (cov(mp)) (95)

NN,
AnzA aH A

(1> (1)

(1)

with a constant k;’ > 0, and consequently from the mean value theorem,

1 I
IAGE = A s < 515871 = op (1) fcov(@i)] ™2 A o) = A o s

- 2
<p 5,02 (cov(ay)). (96)
and
T1/2 —-1/2 1 1 _ ~
AL = A3 max < S 1687 (1 = 0p (1)) A, (cov(@n))] (1A o) — A 1| imax
dy; dy, 2 k k
Sp oAy P (cov (). (97)
By (50), (93), (96) and (97),
IV A =V ALl Sp 8yAy? (cov(a)) (98)
k
and ~1/2 1/2 1/2
H(Ad{n) Vi = Al Vinlle Sp oA (cov(an)) (99)

Define F{") = (K;{i)fff})ﬁ;). By (50), (89), (90) and (99),

(1 1 12 1 1/2
IED —FM ) = (A {n)*v >D” Au{ anDk 2 Sp 6yn'/2. (100)

Then by (50) again, ||n_1]?‘§1)(F,(§1))—r —n_ng-l)(F,(C )"l2 $p 6. Using the above inequality,
(87) and the triangle inequality yields

I EED)T —cov(£Y, £ 2 Sp d (101)

From the central limit theorem, HF](:)(F,(CI))T/R I, ,mlmax = Op(n~'/?) and thus
k k

IFM)Z = RV (FS)T) = Op(va). (102)

Following parts 2 and 3 in the proof of Theorem 5 with (90), (91), (92), (94), (95), (98),
(100), (101) and (102), we can obtain the error bounds given in (31) and (32) for 7' = 1.

Now we consider to prove (33) for T = 1. By | cov(xg)|lmax < rkkBAe1/pe (from
Assumption 1 (iv)) and (86), we have

[l cov(di)llmax = [l cov(@r = €x)llmax < || cov(®)[lmax + [ cov(er)[[max + 2[| cov(@p, k) |lmax

< || cov(@)lmax + || cov(er)lmax + 2 max [var(zi)) var(cl))]'/?
1<4,5<pg,

SP A1/ Pk (103)
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Then by (79), A1 =< A, and /ﬁ(l))\rk(cov(xk))HV (1)Hmax < Al(cov(dk))HV (1)||

-
max

A0 V(Y 0 [ < mmax SV Q{})?Aj(cov(dk)) = max var(dy) p A1 /b,
we have -

”Vdg)HmaX SP 1/\/ZTk (104)

Then following part 4 in the proof of Theorem 5 with (103), (104), (94), (96) and (92), we
can obtain the error bound in (33) for 7' = 1.
The proof of (31)—(33) for any fixed T' > 1 follows the same way as that for T =1. H

Appendix C. Additional Simulation Results

In Setup 1.1, the angle 6, = 10°,20°,30°,40°,50°,60°,70° corresponds to PVE.(xz)) =
0.853,0.702,0.552, 0.409, 0.279,0.167,0.079 for all k£ € {1,2,3}. In Setup 2.1, the covariance
matrix cov(f) € R¥*15 has blocks

cov(fy, fa)

0.02498103503160578  —0.3734791596502449 —0.1482674122573037 —0.3913807076061239 —0.05845072081373771
0.1298912403724416  —0.2915966482089937 —0.703223066831662 —0.286977394728156 —0.07037562289439672
—0.4691315902716665 —0.02216628581934877 —0.05789731182102772 —0.1224434530178697 0.7359965879693088
—0.005270967060252731 —0.1916047000827934  0.1572469950904809 —0.1862928969932901 0.0648022978041196
0.3309749556233325 0.2910731038141944  —0.2222302484678626 0.4183644600274041 —0.09116219316544609

COV(fla f3
—0.1652455953442644 0.07288409202801582 0.4797927991048995 —0.1974810941368655 0.2123320697504773
—0.3889488816571995 0.05377416249857463 0.5653871787847853 0.03845218160536631 —0.2069628634535125
0.4125592431747815 —0.7372033575312142 0.2721804829221633 —0.0862772040030661 —0.2227478031028198
—0.02345535210198419 —0.1075518721538277 0.1394751370539585 —0.1625882523272944 0.3301641568167817
—0.3328426143159536 —0.09361178321406048 —0.4483940610130605 0.3455811570541347 —0.09767404221183135
COV(fQ, .fS)

—0.1234093117538375  0.2223022967058531  —0.3593383789512091 0.04344070064196999 0.2617381817815529
—0.09993460814692552 —0.008819786526375878 —0.4039397802979183  0.2933537865045707 —0.2650032054127345

= 0.5075563895372593  —0.1098865559264541 —0.4771360952896037 —0.1119099874049149 0.2079731636733454
—0.08232391689469482 —0.01395485249078317 —0.5724368834706903 0.3121430368957581 —0.1821568224740747
0.3937761144502051  —0.6998227270213208 0.1161733947993463 —0.04568041770157075 —0.1795827017135321

and cov(f;) = Isxs for £k = 1,2,3. Figures 9-14 show the additional simulation results for
Setups 1.1-2.2. The result analysis described in Section 4.2 also holds here.
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Figure 13: The proportion of 1000 simulation replications of Setup 1.1 where all nuisance
parameters of D-GCCA are correctly selected. The nuisance parameters are selected using
the approach in Section 3.3 with a significance level « uniformly applied to all tests.
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Figure 14: The proportion of 1000 simulation replications of Setup 1.2 where all nuisance
parameters of D-GCCA are correctly selected. The nuisance parameters are selected using
the approach in Section 3.3 with a significance level « uniformly applied to all tests.
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