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Abstract

Stochastic gradient descent (SGD) and its variants have established themselves as the go-to
algorithms for large-scale machine learning problems with independent samples due to their
generalization performance and intrinsic computational advantage. However, the fact that
the stochastic gradient is a biased estimator of the full gradient with correlated samples
has led to the lack of theoretical understanding of how SGD behaves under correlated
settings and hindered its use in such cases. In this paper, we focus on hyperparmeter
estimation for the Gaussian process (GP) and take a step forward towards breaking the
barrier by proving minibatch SGD converges to a critical point of the full log-likelihood
loss function, and recovers model hyperparameters with rate O(+) for K iterations, up to
a statistical error term depending on the minibatch size. Our theoretical guarantees hold
provided that the kernel functions exhibit exponential or polynomial eigendecay which is
satisfied by a wide range of kernels commonly used in GPs. Numerical studies on both
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simulated and real datasets demonstrate that minibatch SGD has better generalization over
state-of-the-art GP methods while reducing the computational burden and opening a new,
previously unexplored, data size regime for GPs.

Keywords: Stochastic Optimization, Gaussian Processes, Convergence Rate, Computa-
tional Speed-up

1. Introduction

The Gaussian process (GP) has seen many success stories in various domains, be it in
optimization (Yue and Al Kontar, 2020; Snoek et al., 2012), reinforcement learning (Srinivas
et al., 2009; Krause and Ong, 2011), time series analysis (Kontar et al., 2020; Alvarez
and Lawrence, 2011), control theory (Kocijan et al., 2004; Mesbah, 2016) and simulation
meta-modeling (Zhou et al., 2011; Qian and Wu, 2008). One can attribute such success to
its natural Bayesian interpretation, uncertainty quantification capability and highly flexible
model priors. Yet its main limitation is the O(n?®) computation and O(n?) storage for
n training points (Rasmussen, 2003). Indeed, as mentioned in Hensman et al. (2013), a
traditional large dataset for a GP is one with a few thousand data points and even those
often require approximation techniques.

As a result, in the past two decades, a large body of work on GPs tackled approximate
inference procedures to reduce the computational demands and numerical instabilities (mainly
due to the need for matrix inversions). This push towards scalability dates back more than
two decades ago. More recently, Quinonero-Candela and Rasmussen (2005) unified previous
approximation methods into a single probabilistic framework based on inducing points. Since
then, many new methods have also been introduced. Most notable are: variational inference
procedures that laid the theoretical foundation for the class of inducing point methods
(Damianou et al., 2016; Nguyen et al., 2014; Zhao and Sun, 2016; Alvarez et al., 2010; Wilson
et al., 2016), mixture of experts models (Deisenroth and Ng, 2015; Tresp, 2000), covariance
tapering (Furrer et al., 2006; Kaufman et al., 2008) and kernel expansions (Le et al., 2013;
Rahimi and Recht, 2008; Yang et al., 2015). On the other hand, there has been a recent
push to utilize increasing computational power and GPU acceleration to solve exact GPs.
This recent literature includes distributed Cholesky factorizations (Nguyen et al., 2019),
preconditioned conjugate gradients (PCG) to solve linear systems (Gardner et al., 2018) and
kernel matrix partitioning to perform all matrix-vector multiplications (Wang et al., 2019).
Interestingly, Wang et al. (2019) was able to fit a bit more than 1 million data points using 8
GPUs in a few days.

One possible solution to extend GPs far beyond what is currently possible is through
stochastic gradient decent (SGD) and its variants: drawing m << n samples at each iteration
and updating model parameters following the gradient of the log-likelihood loss function on the
m subsamples. Indeed, SGD, or more generally the capability of inference via minibatches
(possibly also with second order information), has been a key propeller behind the success of
deep learning (LeCun et al., 2015) in its various forms and other objectives. The caveat in
GPs, however, is that, unlike empirical loss minimization, there exists correlation across all
samples where any finite collection of the samples have a joint Gaussian distribution with
covariance characterized by an empirical kernel matriz. Hence the log-likelihood loss function
is no longer the sum of losses evaluated at each sample, translating to the stochastic gradient
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being a biased estimator of the full gradient when taking expectation with respect to the
random sampling. The lack of theoretical backing and understanding of how SGD behaves
has long stood in the way of using SGD to conduct inference in GPs (Hensman et al., 2013)
and in most settings where correlation amongst samples is high.

In this paper, we establish convergence guarantees of SGD for GPs for both the full
gradient and the model parameters. Interestingly, without convexity or even Liptchitz
conditions on the loss function, the structure of GP leads to an optimization error term
of O(%) after K iterations for converging to a critical point and recovering the true noise
variance up to a statistical error that vanishes as the minibatch size m tends to 400, for
both RBF kernels and Matérn kernels. Our proof involves two key steps: first we concentrate
the stochastic gradient to its conditional expectation using a covering argument and then we
show that the latter satisfies a property similar to strong convexity by exploiting eigenvalues
of the empirical kernel matrix. The proof and key findings offer standalone value beyond
GPs and we hope they encourage researchers to further investigate SGD in other correlated
settings such as Lévy, It6 and Markov processes.

Most importantly, our results open up a new data size regime to explore GPs. We are
able to train n &~ 1.2 x 10° data points using a single CPU core in around 30 minutes. Recall,
it took the most recent advancements in exact GPs a couple of days using 8 GPUs to train
when n = 10%, and n is limited to approximately 10* without GPU. We find that GPs
inferred using SGD offer remarkably better performance in various case studies with different
dataset sizes, noise levels and input dimensions.

1.1 Main Contributions

We establish convergence guarantees for the minibatch SGD algorithm when training a GP
under sampling with or without replacement and conduct numerical experiments to validate
and supplement our theoretical results. Our main contributions are summarized as follows:

e Convergence guarantees: For a large enough minibatch size m, minibatch SGD con-
verges to a critical point of the full log-likelihood loss function, and recovers the true
noise variance up to a statistical error depending on m, when the kernel function exhibits
exponential (RBF kernels) or polynomial eigendecay (Matérn kernels). To be specific, the
full gradient and the estimation error of the noise variance evaluated at the Kth iterate
are bounded by an optimization error term O(%) and a statistical error term O(m_%),
see Theorems 3.1 to 3.4.

— Proof techniques for statistical error: Since the stochastic gradient is biased
for estimating full gradients, we instead bound the difference from its conditional
expectation given the covariates in the corresponding minibatch, uniformly over all
possible parameter iterates. We use novel truncation and covering arguments to prove
the uniform error bound, in order to avoid the dependence between past parameter
iterates and the minibatch in the current iteration. This contributes to the statistical
error term O(mfé) in the convergence error bound.

— Proof techniques for optimization error: To guarantee the O(%) optimization
error bound, no convexity or even Liptchitz condition on the loss function are assumed.
Instead, we prove that the conditional expectation of the loss function given covariates
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X, satisfies a relaxed property of strong convexity (see e.g., Lemma 3), where the
“curvature” parameter is lower bounded by a constant regardless of minibatch size m.
This proof relies on careful analysis for bounding the eigenvalues of empirical kernel
matrices.

e Numerical findings: Through benchmarking with state-of-the-art methods on various
datasets we show that SGD offers great value from both computational and statistical
perspectives. Computationally, we scale to dataset sizes previously unexplored in GPs in a
fraction of time needed for competing methods. Meanwhile statistically, we find that SGD
improves generalization in GPs, specifically in large data settings.

1.2 Related Work

As mentioned earlier, there are several methods trying to tackle the computational complezity
of GPs. Those can be roughly split into the following three categories, though it is by no
means an exhaustive list (see the survey in [1]).

e Exact inference via conjugate gradient based methods: This recent class of
literature has had the most success in scaling GPs. Initially such approaches depended
on a structured kernel matrix where data lies in a regularly spaced grid (Saatgi, 2012;
Wilson and Nickisch, 2015). Then with the help of GPU acceleration, conjugate gradient
and distributed Cholesky factorization were applied to more general settings (Wang
et al., 2019; Gardner et al., 2018; Ubaru et al., 2017). Such approaches have training
complexity of O(n?) (O(nlogn) possible on spaced grids), yet amenable to distributed
computation and GPU acceleration.

e Sparse approximate inference: This class of methods is based on low rank approx-
imation of the empirical kernel matrix where K,, ~ KmKZ_lem and z denotes a set
of inducing points with cardinality(z) = n, << n (Kontar et al., 2018; Alvarez and
Lawrence, 2009; Damianou et al., 2016; Zhao and Sun, 2016; Snelson and Ghahramani,
2006). Their time complexity is mainly O(n?n) which can be reduced to O(n + cn)
for structured and regularly spaced grids. Indeed, low rank GPs have gained increased
attention. Also, variational inference (VI) provided a theoretical foundation for this
class of inducing points/kernel approximations (starting from the early work of Titsias

(2009)).

e Stochastic variational inference (SVI): Following the work of Hoffman et al.
(2013), SVI was introduced to GPs in Hensman et al. (2013). The key idea is to
introduce a variational distribution over the inducing points so that the VI framework
is amenable to stochastic optimization. This leads to a complexity of O(n3) at each
iteration (Hoang et al., 2015; Blei et al., 2017). Unfortunately, recent results in Burt
et al. (2019) show the need for at least O(log”n) inducing points for Gaussian kernels,
which implies a superlinear growth with the input dimension D. Although many of the
aforementioned methods are proposed in the context of model inference (prediction),
the idea can often carry over to the parameter estimation, and the complexity is
multiplied by the number of iterations.
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The theoretical analysis for SGD has also been extensively studied under various assump-
tions (Nemirovski et al., 2009; Rakhlin et al., 2011; Frostig et al., 2015; Bottou et al., 2018).
In particular, in the context of empirical risk minimization where the objective loss function
is summed over n data points and stochastic gradients are calculated for i.i.d. sampled data
at all iterations, it is known that the expected squared error of SGD iterates at iteration K
compared to the true minimizer is O(1/K), with diminishing step size for strongly convex
objectives. Furthermore, some recent literature (Hardt et al., 2016; Keskar et al., 2016)
suggests that SGD has good generalization power, which has encouraged more practitioners
to apply SGD to various application scenarios.

However, there are much fewer results when the stochastic gradients are biased estimators
for the full gradients, despite the fact that unbiased estimates for the full gradient can be
expensive or unavailable in certain cases. Some examples include: learning graph neural
networks (Chen et al., 2018), distributed parallel optimization where sparsified stochastic
gradient is applied (Stich and Karimireddy, 2019) and performing model selection for GPs.
Homem-de Mello (2008); Chen and Luss (2018); Ajalloeian and Stich (2020) study the
stochastic gradient algorithms under non-i.i.d. sampling or when the stochastic gradients are
biased, and provide error bounds involving the bias term, or convergence guarantees built
on consistency assumptions. Our paper does not make assumptions on the consistency of
stochastic gradients or convexity of the full loss function, but exploits the nature of GP loss
function and kernel matrices instead.

1.3 Organization

The paper is organized as follows: The problem setup is described in Section 2, and theoretical
guarantees are provided in Section 3; Section 4 is devoted to a proof outline, key lemmas
and the proof of some main steps; Section 5 presents practical considerations for applying
minibatch SGD on GPs, while Section 6 includes our numerical results. We point out some
open problems in Section 7 and conclude in Section 8.

2. Problem Setup

Notation Vectors and matrices are denoted by boldface letters, e.g., K, 8, except for the
full gradient V(@) and stochastic gradient g(@). For any vector u € RP, u; denotes its ith
1

entry, and [Jullz = (3-7_, u?)?2 denotes its £, norm. For any square matrix A, A;(A) denotes

its ith largest eigenvalue. Also see a table of important notations in Appendix A.
We consider the Gaussian process model

ngP(M()ak(v))? X1y--+yXn li\gi P?

i . (1)

yi:f(xi)+€i, € N(an-?)v 1<2<n,
where x; € X C R is the input, u(-) : X — R is the prior mean function, k(-,-) : X x X — R
is the prior covariance function, and ¢; is the observational noise with variance 2. Without
loss of generality, we consider constant 0 mean function. In addition, the prior covariance
function k(-,-) = O'Jch()(', -) involves a known kernel function kq(-,-) and a signal variance

parameter 0]2@. We observe data points {(x;, y;) }I_; generated from (1) and organize them into
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(X, yn) = ((x1,-.»%0) ", (y1,- -+, yn) "), from which we aim to learn the hyperparameters
in order to predict outputs from new inputs based on the posterior process.

Denote by 6% = (U]%, 02)" € R? the underlying hyperparameters to be determined, and
for notational convenience, we may also use 67 to denote 012[ and 0 to denote o2 in the
following. One direct approach to estimate 8* is by applying gradient descent to minimize
the scaled negative log marginal likelihood function

1
€(0> Xy, Yn) = _ﬁ logp(Yn|Xm 9)

1 -
= - ¥ Ky (0)yn + log [Kn ()| + nlog(2m)

(2)

over 6 € (0,00)2, where K, (0) = 61Ky, + 621, € R"*" is the marginal covariance matrix
for noisy observations y,, given X, and Ky, € R"*" is the kernel matrix of ko evaluated at
Xy, ie. (Kfn)ij = ko(xi,%;). For notational convenience we will omit K, (6) to K,, when
0 is clear from the context and denote K,,(6*) by K. In this case, the derivative of ¢() is
of particular interest to us where each of its entries takes the form

1 oK 0K
Xn . I TK—l nK—l . K—l n
(V106 X,.3,)), = 5 |30 G+ (16,0 50

(3)

1 _ _
—uﬁ&ﬂu—mﬁ&ﬁ

K,
o ’

00,

where 6 is the [th element of 8 and (0K,,/06;) 1, = 0(K,,);x/00;. For notational convenience
we will suppress X,,,y,, and use V/(0) instead. Notice that the computation in (3) is
dominated by the calculation of K ! which requires O(n3) time. In order to reduce the
computational cost of training, we consider the minibatch stochastic gradient descent approach
to optimize (2).

2.1 Minibatch SGD algorithm

Here we formally define the minibatch SGD algorithm considered in this paper. For any
k > 1, consider the kth iteration which starts from H(kfl), the parameter estimate after
the k — 1th iteration (0(0) is the initialization). We randomly sample & as a subset of
{i}1~, of size m, then {(x;,y;)}ice, is the corresponding subset of data points which we
organize into (X, ,y¢, ), where X, is the submatrix formed by the rows of X,, and y¢, is
the subvector of y,, both indexed by &. Define g(H(k_l); Xe,ye) € R? as an approximation
to Vﬁ(e(kfl); X, ¥n) that can be calculated from this subset, i.e.

OK¢,

, 1<i1<2, (4
99D

(k—1). _ -1 _ T pe—1
(9(0 7X5k,ygk))l = 231(m)tr [(ng (Im — ye,7¢, K, )
where K¢, is the covariance matrix for y,, while also the principle submatrix formed by the
rows and columns of K,, indexed by &;. In the following we will also let K¢, denote the
m x m block of K¢,, indexed by §;. A natural choice for s;(m) is m, but we will see in Section

3 that if kernels ko have exponential eigendecay, setting si(m) < logm and s2(m) = m
would lead to the convergence of both QYC), Gék) to the true hyperparameters. Algorithm 1
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Algorithm 1: Minibatch SGD with uniform sampling

1 Input: 0 ¢ R?, initial step size a; > 0.
2 for k=1,2,...,K do

3 Randomly sample a subset of indices & of size m;

4 Compute the stochastic gradient g(e(k_l); X, Ve )
5 ag <~ G5

6 | 0P 0"V — 000"V X, ye,);

7 end for

summarizes the steps of minibatch SGD, where we do not specify whether minibatches are
sampled with or without replacement since our convergence guarantees will hold true under
both cases, if minibatch size m is large enough (details provided in Section 3). We consider
diminishing step sizes: the step size at the k th iteration is ay = 9*. It is noteworthy that
the time complexity of Algorithm 1 is O(Km?) , compared to O(Kn?) for running gradient
descent with K iterations.

2.2 Sampling Methods

In Algorithm 1 we conduct uniform sampling for each minibatch, that is, any subset of
indices & C [n] of size m has the same probability of being selected. An alternative to uniform
sampling is to sample data points that are close to each other, which we call nearby sampling.
One particular nearby sampling strategy is nearest neighbor search, where a minibatch
consists of a uniformly sampled data point and its m — 1 nearest neighbors within the data
pool. We may construct a k-d tree to conduct nearest neighbor search, which finds the
m — 1 nearest neighbors for every data point in a given dataset of size n in O(nlogn) time
and O(n) space. That is to say, the time complexity for minibatch SGD with this nearby
sampling method (only line 3 in Algorithm 1 changes) is O(Km3 + nlogn) for K iterations.
Our main theoretical contribution is establishing convergence guarantees for uniform
sampling SGD in Algorithm 1, but in addition to that, we will also provide some theoretical
insights and numerical experiments for understanding the effect of nearby sampling.

3. Theoretical Guarantees

In this section, we present convergence guarantees for Algorithm 1, including error bounds for

HZ(k) —67,1=1,2 and Vﬁ(e(k)). Two types of kernels are considered: those with exponential

eigendecay (Section 3.1) and those with polynomial eigendecay (Section 3.2). For both types
(

of kernels, the convergence of HQk) to the true noise variance o and the full gradient V€(0(k))
to 0 is guaranteed. In particular, for the former type of kernel, 6@ is also guaranteed to
converge to the truth 0]% under appropriate choice of s1(m). First we state the assumptions

needed for our convergence guarantees.

Assumption 3.1 (Bounded iterates) Both 8" and ok) for 0 < k < K lie in [Omin, Omax),
where 0 < Omin < Omax-
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Remark 1 (Justification for Assumption 3.1) The boundedness of parameter iterates
is usually assumed in the literature of theoretical analysis for SGD (e.g., Nemirovski et al.,
2009). As will be revealed by Theorem 3.1 and Theorem 3.4, 0%) s guaranteed to be bounded
within a region around 0" that gets smaller as k increases w.h.p., whenever the previous
0(0), ... ,0(]“71) are bounded within some [Omin, Omax]. Hence, we only need to be careful
about the initial steps of Algorithm 1, ensuring that the parameters 0](-k),j = 1,2 are always

positive and bounded. Moreover, our numerical experiments suggest that the iterate o) of
Algorithm 1 is always bounded as long as the initial step size is chosen appropriately (see
Figure 3 in Section 6).

Assumption 3.2 (Bounded stochastic gradient) For all0 <k < K,

lg(0™): Xep1.¥e,, )2 < G

for some G > 0.

Remark 2 (Justification for Assumption 3.2) The boundedness assumption for stochas-
tic gradients is also commonly seen in the literature (e.g., Hazan and Kale, 2011). Furthermore,
Assumption 3.1 can imply Assumption 3.2 with high probability, under similar con-
ditions to those in Theorem 3.1 or Theorem 8.5. The key idea is the stochastic gradients will
be shown to be close to their conditional expectation E(g(0™); Xepi1) Yep 1| Xeyr ), and the
latter is bounded with high probability given Assumption 3.1 and the eigendecay assumptions
for kernels in Theorem 3.1 or Theorem 3.5. We include the detailed explanation on this in
Appendiz F.

3.1 Kernels with Exponential Eigendecay

The exponential eigendecay assumption is stated in detail as follows:

Assumption 3.3 (Exponential eigendecay) Consider the kernel operator K : L*(P) —
L%(P) that satisfies Ko(-) = [ ¢(x)ko(-,x)dP(x), where P is the probability measure of the
input as defined in (1). The eigenvalues of K are {Ce_bj};’io, where b > 0 and C < 1 are
regarded as constants.

The exponential eigendecay assumption is satisfied by the Radial Basis Function (RBF)
kernels k(x, x’) = exp{—||x — x’||3/(2(?)} when the probability distribution P of the input is
Gaussian (see Section 4.3.1 of Rasmussen (2003)), which is widely seen in the GP literature.
The specific decay rate b depends on the lengthscale parameter [ of the corresponding kernel
ko. The requirement C' < 1 is only for theoretical convenience, and it suffices to have bounded
C. The following theorem guarantees the convergence of the parameter iterates under the
aforementioned assumptions.

Theorem 3.1 (Convergence of parameter iterates, exponential eigendecay) Consider
the output 6% of Algorithm 1, the minibatch SGD algorithm with diminishing step sizes.
Under Assumptions 3.1 to 3.3, when m > C for some constant C > 0, we have the following
results under two corresponding conditions on s;(m):

8
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1. If sao(m) = m, initial step size oy satisfies % <o < % where v = @, then for any
0<e< Cloglogm with probability at least 1 — CK exp{—cm?**},

logm 7

(K) _ 8G? e
(05 — 05" < gy + O3+ (5)

2. If in addition to so(m) = m, sl(m) is set as Tlogm where 7> C, 5= < < = where
depends on T, then for any 0 < e < 5, with probability at least 1 — C'K exp{— (10g m)%},

8G2

< T + C(logm)~27e, (6)

K * K *
(O —07)2 + (057 — 03)?

Here ¢,C > 0 depend only on Oyin, Omax, 0-

Remark 3.1 Theorem 3.1 suggests that the noise variance parameter GgK) is guaranteed to
converge to the truth 05, with the optimization error term O(%) and the statistical error term
O(mféﬁ) with high probability if €logm is large, when the initial stepsize is appropriately
chosen and so(m) = m. Furthermore, if we let s1(m) = 7logm, then Algorithm 1 achieves
K) f%+€)

convergence for both GEK) and 05 with statistical error O((logm)

Remark 3.2 The different rates of statistical errors for estimating 07 and 05 come from
the different eigenvalue structures between K¢ (the m x m block of K¢,, indexed by &) and
L,,. One may also note that the statistical errors depend on m instead of n: this is due to
the correlation among y¢ from different minibatches £, conditioning on X, which is different
from the problems with independent samples.

Remark 3.3 The choice s1(m) < logm is because

s1(m)n(®) = tr K (1~ ey K €| = 1o, 7)

and thus this choice of s1(m) ensures that g1(0) has the same scale as g2(0) (constant scale).

4
b;jﬂ“x and

min

Remark 3.4 For the second case where s1(m) = 7logm, we need T >

2
7:mln{32 12 ; 29Hiax}'
T2, 402,  TboL.
Remark 3.5 The optimization error O(%) 1s credited to the structure of the GP loss function,
which satisfies a relazation of strong convexity (see Lemma 3 in Section 4). v can be viewed
a lower bound of an approrimate “curvature” of the loss function, in the sense of a relared
convexity. We will revisit this curvature term in Section 5.1 and illustrate the potential
improvement nearby sampling brings to the curvature.

Based on Theorem 3.1, we also derive the following convergence guarantee for the full
gradient.
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Theorem 3 2 (Convergence of full gradient, exponential eigendecay) Consider the
output oK of Algorithm 1, the mzmbatch SGD algorithm with diminishing step sizes. Under
Assumptions 3.1 to 3.3, if = 3 S <2 > for v = 40%, m > C, so(m) = m, then for any

0 <e<Cloeloem in probability at least 1 — CK exp{—cm?*},

logm

2

IVeOUN2 < ¢ [ ; m—%ﬂ , ®)

holds, where ¢, C > 0 depend only on Omin, Omax, -

Theorem 3.2 implies that running SGD for sufficiently many iterations with large minibatch

size leads to the convergence to a critical point of £(8). As we will show in the proof sketch,
K)

(6

the error bound for the full gradient is dominated by — 0%)?, the estimation error of

the noise variance, thus it scales the same as (5).

3.2 Kernels with Polynomial Eigendecay

Now we consider the kernels with polynomial eigendecay, which captures much stronger
correlation than the kernels with exponential eigendecay, and thus broadens the applications
of GP to a wider class of data sets. Due to this reason, it is of both practical and theoretical
interest to investigate how SGD performs for this type of kernels. The polynomial eigendecay
assumption is stated in detail as follows:

Assumption 3.4 (Polynomial eigendecay) Consider the kernel operator K : L*(P) —
L%(P) that satisfies Ko(-) = [ ¢p(x dP(x), where P is the probability measure of the

input as defined in (1). The ezgenvalues oflC are {Cj~2 720, where b > @, and C' <1
are regarded as constants.

This assumption is satisfied by the Matérn kernels (see section 2.3 in Bach (2017), Kanagawa
et al. (2018)), another important kernel function class widely used in GP:

1 ( 204HXX||%>QBQ (2‘)‘”’("‘3) 7 (9)

20-1T(a) h h

kah(x X)

where B, (-) is the modified Bessel function of the second kind of order «, and larger « leads
to faster decay rate b > 0.

Theorem 3. 3 (Convergence of parameter iterates, polynomial eigendecay ) Consider
the output 0F of Algorithm 1, the minibatch SGD algorithm with diminishing step sizes.
Under Assumptions 3.1 to 3.2 and Assumption 3.4, when m > C for some constant C > 0,
so(m) = m, 21 <o < 3 where v = %’, then for any ¢ € (max{0, f1(b)}, 3), with
probability at least 1 — CKm~OE-10] _ OK exp{—cm*},

8G>

_1

Here ¢,C > 0 depend only on Owin, Omax, b, and f1(b) = 22bb gl?b R fa(b) = %ﬁ_gl)

10
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Remark 3.6 (Comparison with Theorem 3.1: error bounds) Compared with Theo-
rem 3.1, Theorem 3.3 reflects the influence of stronger correlations (slower eigendecay of
kernels) on the convergence of SGD. More specifically, € > f1(b) is required in addition to

0 < e < i. Thatis to say, when 0 < f1(b) < 3 (@ < b < 3), the statistical error scales at

least as m~(G=1®) > ;=3 which decreases as b increases on (@, 3); while if f1(b) <0
(b > 3) which means the correlation is not too strong, the statistical error still scales roughly

as mfé, the same as the exponential eigendecay case. Therefore, the slower eigendecay of
kernels (stronger correlation structure) may lead to a slower convergence of SGD; while the
good news 1is that, for moderately fast polynomial eigendecay (b > 3) we still have the same
rate as the exponential eigendecay case.

Remark 3.7 (Comparison with Theorem 3.1: probability terms) Another difference
between Theorem 3.1 and Theorem 8.8 lies in the probability term. When b < 3 and thus

f1(b) > 0, CKm~ W10 glways dominates CK exp{—cm?®} for ¢ > fi(b), which is a

lower probability for the error bound in (10) compared to (5). This is also the price we need

to pay when considering kernels with slower eigendecay.

To extend the theoretical results for kernels with exponential eigendecay to polynomial
eigendecay, we develop novel upper and lower bounds for Z?Zl Aé(@gk))\j + ng))_2,l =0,1,2
where ); is the jth largest eigenvalue of K¢, see Lemma 12. The proof for Lemma 12 requires
careful analysis and different arguments from the proof for Lemma 11 that is established
for kernels with exponential eigendecay, although they are both based on error bounds for
eigenvalues of empirical kernel matrices in Braun (2006).

We briefly explain the reason behind the different scalings of statistical errors between
Theorem 3.3 and the first part of Theorem 3.1 in the following. In fact, the statistical error
term for (QgK) — 03)? is composed of two parts: one is m~3+¢ for both types of kernels,

another is caused by the fact that GgK) may not be estimated well, and the error induced

by this fact depends on the eigendecay of the kernel, which scales as m~G=h®) for kernels
with polynomial eigendecay. While for kernels with exponential eigendecay, this error term

logm 14

scales as and is dominated by the first error term m ™2

Remark 3.8 For kernels with polynomial eigendecay, we don’t have convergence guarantee

for GgK) (signal variance of the kernel with the slowest eigendecay). This is due to that it is
very hard to derive matched upper and lower bounds for the stochastic gradient s1(m)g1(0) =

tr [(Kgl(Im — ynyKgl)%—Igf (which scales as logm for exponential eigendecay), and thus

we cannot specify the choice for si(m) in order to make g1(0) scales similarly from g2(0).

Theorem 3.4 (Convergence of full gradient, polynomial eigendecay) Consider the
output ) of Algorithm 1, the minibatch SGD algorithm with diminishing step sizes. Under
the same conditions as Theorem 3.4, for any € € (max{0, f1(b)}, %), with probability at least
1 — CK (m=ROE-HO] 4 exp{—em*}),

2

vi(0FE) 2 < ¢ +moate| 11
2

holds, where ¢,C > 0 depend only on Omin, Omax, b, f1(b) and fa(b) are defined as in Theorem

11
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As mentioned after Theorem 3.2, the bound (11) for the full gradient scales the same as the
bound (10) for (05%) — 62)2.

3.3 Extension to Summation of Multiple Kernels

So far we have assumed the kernel function kg(-,-) to be known. However, sometimes there
might be several choices of potential kernels and it is desired to learn which kernel is the most
appropriate from the data instead of manually picking one kernel. One possible approach is
to let the covariance function k(-,-) in (1) be a linear combination of all potential M kernels:

M
) = Zai,lkl<'v')v (12>
=1

and then learn the signal variances Jfl associated with the M > 1 kernels (Rasmussen, 2003).
The kernel selection problem then translates to how well we can learn the signal variance
parameters GN, l=1,...M.
Under this extension of the classical GP model, let the hyperparameter
0* = (0}2”,17 e ,O']%’M,O'S)T e RM+1,
We can still write out the log-likelihood loss £(8) as in (2), while the only difference lies in
the formulation of K, (0):

M
K, (0) = Z 9lK§cl7)n + Orr11n,
=1

where K() is the kernel matrix of k;(-,-) evaluated at X,,, i.e. (Kgcl)n)” = ki(x;,%;). Then
it is stralghtforward to extend Algorithm 1 to this setting for learmng 6*.

In this more general setting, we can still derive convergence guarantees for some parameters
and the full gradient, but under an additional technical assumption on the kernel matrices.
In particular, we require that for any sample set {x;}!" ;, all kernel matrices K() I =
1,..., M share the same eigenvectors. This assumption ensures that K, (0) and K* are
simultaneously diagonizable and helps us focus on the eigenvalues of these matrices. This
is a very strong assumption that would not hold in practice, but it remains an extremely
challenging problem to prove the convergence results in such settings without this technical
assumption Specifically, under this additional assumption, we have convergence guarantees
for o2 10 02, and the full gradient when k;(-,-),1 <1 < M have exponential eigendecay; for
o2 and the full gradient when k;(+,-),1 <1 < M have polynomial eigendecay. The detailed
assumptions and theoretical results for this setting are included in Appendix B.

4. Proof Sketch

In this section, we present the proof sketch for the first part of Theorem 3.1 and Theorem 3.2
(kernels with exponential eigendecay). The proof of the second part in Theorem 3.1, Theorem
3.3 and Theorem 3.4 follows similar ideas although requiring more careful analysis. With a

12
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bit abuse of notation, we will omit g(8®); Xepi1rYep,,) to g(0™)) and denote its conditional
expectation E(g(e(k)ﬂngH) by ¢*(8%). Similarly we define V*(0%F)) = E(V/(0W)|X,,).

Due to the bias in the stochastic gradient, we take the followings steps instead of directly
drawing the connection between g(8%%)) and V£(0*)):

e For proving the first part of Theorem 3.1:
— We first show that the conditional expectation g*(O(k)) of the stochastic gradient has
a property similar to strong convexity, see Lemma 3.

— We then prove that g() is close to its conditional expectation g*(€) uniformly over all
possible 6, and thus g(H(k)) is close to g*(e(k)). Applying Lemma 4 to each minibatch
leads to the desired result.

These two steps lead to the O() optimization error rate for (GSC) —03)?, and a statistical
error rate depending on m, as shown in Theorem 3.1.

e For proving Theorem 3.2:

— Lemma 4 suggests that V£(0®)) is close to V£*(8*))

— The eigendecay of kernel matrices (see Lemma 5) ensures that [|[V*(8%))]|5 is con-
trolled by (Gék) — 6%)%, which is upper bounded in Theorem 3.1.

These steps above provide us with the same error bound of ||[V£*(8%))||y from that of
(Hék) — 0%)% in Theorem 3.1.

4.1 Key Lemmas

The following two lemmas are the key building blocks of the proof: one shows that g*(H(k))
enjoys a property similar to strong convexity, the other establishes a uniform bound for the
statistical error V() — V£*(8) over 0 € [fmin, Omax)?, and thus also bounds for g(8*)) —
g (0™).

Lemma 3 (Strongly convex-like property of g*(O(k))) Under Assumptions 3.1 to 3.3,
if sa(m) = m, m > C, then with probability at least 1 — 3Km™¢, the following claim holds
true for 0 <k < K:

1

k) _ ey ok p(k) (k) ez Clogm
O e e (13)

Here C' > 0 depends only on Omin, Omax, .

Lemma 3 is a relaxation of strong convexity, but leads to similar convergence guarantees from
running SGD on strongly convex objectives. To gain a further understanding for Lemma 3,
define the “approximate” curvature term w.r.t. the noise variance at the (k + 1)th iteration
as

OB(g2(0W: Xe, 1 ye,, ) XKey) 1 i

(") = =—

0. o AW 1 af)-2, (14)

13
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(k)
J
can be viewed as a lower bound for v(8®)) for all k with high probability, and it remains a
constant regardless of how large m is, which is a key to our proof of convergence.

To guarantee the constant “curvature”, we establish novel upper and lower bounds on

Z;nzl Aé(QEk))\j + 9§k))_2,l = 0,1,2 with high probability when m is large, where \; is the
Jjth largest eigenvalue of K¢ (see Lemma 5). The proof of Lemma 5 is based on established

error bounds for the empirical eigenvalues in Braun (2006) and the eigendecay of the kernel
kO('7 )

is the jth largest eigenvalue of Kyg, ... The term 86% on the R.H.S of (13)

max

where \

Lemma 4 (Uniform statistical error) Under Assumptions 3.1 to 3.2, Assumption 3.3
07’3.4,f07’(my0<6<%, 1 <4 <2, we have

]P’( sup  |(VU(B)); — (VE*(0))] > cn—%+€> < Cexp{—cn®}. (15)
Oe[eminyomax]2

Here ¢,C > 0 only depend on Onin, Omax, b-

The major difficulty in the proof of Lemma 4 is to control the error term uniformly
over @ ¢ [Qmin,HmaXP. We need a uniform error bound, since g*(O(k)) is no longer the
conditional expectation of g(O(k)) if conditioning on the past iterate k) Although the set
[Ornin, Omax]? has constant dimension, the kernel matrix K, (8) € R**" is of high dimension
and is determined by @ in a non-linear way. Our solution is to explore the Taylor’s expansion
of V{(0) — V£*(0), then use truncation and covering arguments.

4.2 Proof of the First Part of Theorem 3.1
Let &, = (9(0™))y — (¢*(8"))s. Due to Lemma 3 and Assumption 3.2, we have

2 _ 2 _
(687 —65)" = (68" — 5) " — 20006 — B5)(a(6% ),
+al(g(6% D))}

2
< (60 —05) (1 - any) +apG

C1 - ~
2o (B 00 e ).

(16)

where v = 49%. Recall that % <o < %, and aj = % for all £k > 1. Now we prove the

following statement for k£ > 1 by induction:

A2 203G? gt C'logm - oy~
<9§’“) - 92> <y T ( e 92)€k—1) , (17)
i=0

k+1 m

where 1y, ; = 20441 H§:i+2(1 — j7y). When k =1, by (16) and the fact that 1 — a7y <0,

Clogm

2
(687~ 03)" < a?G® + i ( (65 - e;>a)> . (18)

14
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Assuming (17) holds for £ =1 > 1, then due to (16) and the fact that 1 — a;11y > 0 for
[ > 1, we have

0+ _ g
(¢ l)

1G? C'logm i o
(2 B (6 e

Clogm 0 N
+ 20541 ( e (05" — 92)@) (19)

202G%(1+1 -« a?G? l Clogm i o
<27 ( 17) 1 + M1 < Tj _ (eg) _ 92)61')
0

= (I +1)2 (+1)2
l

202G? Clogm i oy~
< Zm+u< - (eg)—%)ei).

Here the last two lines are due to range of o1 and the definitions of 7, ;. The next step is to
bound S5k (010% - (ng) - 0;)?3}). First we have

K-1
Clogm (i) N
A 5" — 05 %
ZUK< m — (63 2)6>|

1=0
207 A (i) Cajlogm 20
1 | ~ 1
< |67 o] + =L (20)
=0
1
<C< max |é;] ogm)
0<i<K-1

Note that the distribution of each minibatch {X€k+1vy5k+1};11 is the same as sampling m
independent x; from P, and then sampling y¢, ,, ~ N(O’K2k+1)7 thus we can apply the

Lemma 4 on each ¢; = g(H(i))g — g*(G(i))g and take a union bound over 0 <7 < K — 1:
-~ B < _ 2e
P (0%1%2}%{_1 lei] > Cm™2 ) < CK exp{—cm**}, (21)

for any € > 0. Therefore,

k * 2 2a2G2 _1
(9§)—92) < T tom 3+, (22)
with probability at least
1 — CK exp{—cmin{logm,m*} > 1 — CK exp{—em*}, (23)

for any 0 < ¢ < Cclogloem whon m > C for some C > 0 depending on Opyin, Omax, b.

logm

15



CHEN, ZHENG, KONTAR, RASKUTTI

4.3 Proof of Theorem 3.2

We start from bounding V¢*(8%)), the conditional expectation of V£(0*)) given x1,..., Xy,
then control the statistical error V£(0*)) — v¢*(0*)). By the definition of V¢*(8%)), for
1<i<?2,

(*)
(w*( —tr [Kn I, — KEK, (0%) 1)‘W(‘Z))]
0
7i n _0*)/\1"'1{1 1} 4 (9( ) 9*))\]1{1 1} (24>
2n (68 + 64" ))

where ); is the jth largest eigenvalue of K¢ ,. The following lemma provides bounds for

n >\ —_
Zi Wforaﬂl—o,l,l

Lemma 5 Under Assumption 3.3, for any o > 0, if n > C for C' > 0 depending on b, then

«

with probability at least 1 — 3n~%,

2(2 +a)
l=1or2 1
Zf or Z 01>\ _|_ 92 - bh2. ogn,

min

“ 1 n (25)

< )
1 (01)\] + 92)2 91211111

holds for any 6 € [Oumin, Omax)?-

We prove Lemma 5 by exploiting the error bounds for eigenvalues of empirical kernel matrices

from the population eigenvalues of the kernel operator. A detailed version of Lemma 5
l

A% . . . . .
m is presented in the Appendix, which is a key result
J

including also lower bounds for

for proving Lemma 3.

For any constant ¢ > 0, apply Lemma 5 with a = ¢, then (25) holds with probability
at least 1 — 3n7¢, if n > C for C' depending on b. Combining this result and (24) together
implies that

(vriam) < 8

where C' > 0 depends on Oyin, Omax, b. Meanwhile,

‘(w* ) ‘<c<\9’“> 05| + 105“). (27)

Thus we have

|vere®)|3 <

2
(22" + o - e;>2] . (28)
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For bounding V/(8)) — v¢*(0™*)), we can apply Lemma 4.
By (15) and Theorem 3.1, for any 0 < & < C’loﬁ)g’ﬁlm, if m > C, then with probability at
least 1 — CK exp{—cm?*}, we have

G? _1
VU6 < € |5y +mhe] (20)

where ¢, C' > 0 depend only on Oyin, Omax, b.

5. Practical Considerations for Applying SGD on GP
5.1 Sampling Scheme

As discussed in Section 2, one may consider both uniform and nearby sampling. Although our
theoretical guarantees are all derived for uniform sampling, some empirical evidence suggests
that sampling nearby points for each minibatch can lead to lower errors for learning the noise
variance 65 = 02 and sometimes improved prediction performance (some comparisons are
provided in Section 6.2). Below we highlight the Algorithm for nearby sampling which is a
simple extension of Algorithm 1.

Algorithm 2: Minibatch SGD with nearby sampling

[uny

Input: 0 ¢ R?, initial step size o > 0.

for k=1,2,...,K do

3 Sample a data point uniformly from the data pool, and then select its m — 1
nearest neighbors, which forms (X, ,ye,) of size m;

N

4 Compute the stochastic gradient g(H(k_l); X§(2),y£(2));
k k

5 ag <~ 55

6 | 00 « 0% —ayg(0% D X, ye,);

7 end for

In the following, we present some theoretical insights and numerical evidence to understand
why and how nearby sampling helps, in terms of learning 65. Note that we focus on 65
instead of 07, since ch) — 6% dominates the convergence of the upper bound for |[V£(8%)]|
at the kth iteration.

In the following, we investigate the following hypothesis: the approrimate “curvature”
for ng) is improved when the points within each minibatch are closer to each other, so that
nearby sampling leads to larger curvature and hence faster convergence. Recall that we have
defined the “approximate” curvature term w.r.t. the noise variance at the (k + 1)th iteration
n (14). As discussed in Section 4, our convergence rate results critically depends on a lower
bound for (14).

Numerical evidence: Figure 1 demonstrates an example of the “approximate” curvature
term (14) with various minibatch sizes m under the uniform sampling and nearby sampling
schemes, where nearby sampling leads to larger curvatures.

The detailed numerical experiments for generating Figure 1 is as follows. We randomly
generate a full data pool including n = 2048 data points: x1,...,x, g (0,10%). For each
minibatch size m, we perform uniform sampling and nearby sampling for 50 replicates; for
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—I—uniform sampling
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minibatch size m

Figure 1: Curvature v(0), defined in (14) under different minibatch sizes m and sampling schemes.
For each minibatch size m and sampling scheme, the mean value of v(8) over 50 replicates is taken
and the standard deviation is marked as the error bar.

uniform sampling the minibatch & of size m is sampled from 1,...,n uniformly at random;
for nearby sampling, the first index &; in the minibatch £ is sampled uniformly at random
from 1,...,n, and the rest m — 1 indices correspond to the nearest neighbors of x¢,. Then
for each rephcate we calculate ¥(6) = 5 (01 + 02)72, where 8 = (4,1)7 and ), is
the jth eigenvalue of Ky ¢, the kernel matrix formed by x;,7 € {&. The kernel function ko(-)
is set as the RBF kernel with lengthscale [ = 0.5. We then take the mean of v(0) over the 50

replicates.

Theoretical insights: Now we provide more theoretical insights into the influence of nearby

sampling upon 7(8). For simplicity of analysis, we fix our focus on the D =1 case, and let

the kernel ko be the RBF kernel: ko(x,z') = exp{—(z —2')?/(21®)}, x1,...,2n B (0,02).
A<1e>

First note that =/ converges to A} (the jth largest eigenvalue of kernel ko(-, -)) under uniform

sampling, when mlnlbatch size m tends to co. Define 7 by substituting )\g- ) with mA; ()\;‘ is
the jth eigenvalue of kernel k) in the definition (14) of v(*):

1 m
== (OuXm+62) 2, (30)
m

then 7(0(1’“)) is a reasonable approximation for v*) when m is large enough under uniform
sampling. If we increase the length scale | under uniform sampling, then it is equivalent to
decreasing the distance between points, and thus can serve as an approrimation to nearby
sampling.

The following lemma illustrates how the length scale [ influences 7(8):

Lemma 6 For any lg > 0, there exists mg > 0 depending on 01,02, 0,1y such that as long as
m > mg, ¥(0) is an increasing function of I > ly.
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0.7

—-m=16 e
0.6 |=+m= 32 .'

eemm, = 64 L
0.5+ .~""

0.5 1 1.5 2 2.5
lengthscale [

Figure 2: Curvature 5(8), defined in (30) under different lengthscale parameters [ and minibatch
sizes m. The other parameters are chosen as 1 = 4, §; = 1, and o0 = 10. As an illustration for
Lemma 6, we can see that 7(0) is an increasing function of [ when m and [ are large enough.

Lemma 6 suggests that, for large enough minibatches, larger length scale leads to faster
convergence for Gék) to 03 = 02. An example is plotted in Figure 2 as a simple illustration
for Lemma 6. Therefore, our hypothesis that “nearby sampling may improve the curvature’
is plausible. More numerical support will be provided in Section 6.

Y

5.2 Optimizing other hyperparameters

In practice, we may also need to determine other hyperparameters of the kernel function
besides signal variance and noise variance. For example, when considering the RBF kernel

)2
k(x,x) = exp{— E?:l %}, we need to estimate the lengthscale parameters [;,1 <
j

j < d; when considering the Matérn kernel (9), the hyperparameters a and h are also
unknown and require estimation. Similar to Algorithm 1 and Algorithm 2, we can update
these parameters alongside the variance parameters using minibatch SGD. Our numerical
experiments in Section 6 suggest that nearby sampling method may also be a good option
for the lengthscale parameters.

5.3 Prediction

Although our main focus in this paper is estimating the hyperparameters the last step when
applying GP in real applications is always prediction. Following the parameter estimation
process from which we obtain optimal hyperparameters, various strategies can be applied to
calculate the predictive mean for x, and the predictive covariance between x, and x/, using
the well known predictive equation below

Npred(x*) = k)T(nx* K;Llyna kpred(x*a X;) = k(x4, X;) - k)T(nx*Krjlanx; ) (31)

where kx x, = (k(X1,X4)...,k(Xp, %)) . The main computational cost of the predictive
mean and the predictive covariance come from K, !. In general, for n < 10%, they can be

19



CHEN, ZHENG, KONTAR, RASKUTTI

89 =(5.0,3.0) 8© = (2.5,3.5) 89 =(2.5,0.7)
5071y 5.0 5.0
7& ——————— o = = = — = -t mw mw A = == =
4O 4.0'—/-‘ ——————— 40 = = = = = = = =
Tz W R RS ams g s et ity
_ 30 3.0 r;ﬂ"““'i"i - 3of TS E
é |
[} 4 ’
2.0 2.07 7 2.01 %,
1.0*® .;v( B ) 1.0= = ":l‘x'h".'ii”ll’*h&l’krﬂ.-ﬁrﬁmi.m\-ﬂ.-ﬂ,; 1.0+ ‘;"i:n,'u..‘-nl.'mﬁn.ﬁn.'k-ﬁ-,‘»."w.‘ﬁ-a-.ﬁ-a-;m
0.0] | | | 007 | | | 007 | | | |
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

Iteration (k)

2 2 . -3 =05 =
Parameter = oy * O Repetition _ % - 2 - g g 20

Figure 3: Illustration of the convergence of parameters under uniform sampling. We consider
m = 128, and demonstrate three cases with varying initial points where initial stepsizes are

a1 = 9,9 and 6, respectively. Lines in black denote the true parameters.

computed via Cholesky decomposition; for n < 10, preconditioned conjugate gradient (PCG)
(Gardner et al., 2018) can be applied for acceleration; for n < 10%, PCG with partitioned
kernel (Wang et al., 2019) could provide further speed up, if distributed computational
resources are available. Another practical but less ideal strategy when predicting with
extremely large n is to follow the same approach as nearby sampling and utilize only n
nearest neighbors of x, within the observed data to solve (31), where . < n is determined by
the available computational resource. Fortunately, prediction is a one-shot process compared
to the iterative training process.

6. Numerical Results
6.1 Numerical Illustration of Theory

In this section, we conduct simulation studies to verify our theoretical results.

We consider n = 1,024, x; i (0,5%) and y,, ~ N(0, 0']2ch,n + 021,,), where Ky, is
an RBF kernel matrix with known lengthscale [ = 0.5. The underlying true parameters
are outputscale JJ% = 4 and noise variance 02 = 1. In each experiment, we perform 25
epochs of minibatch SGD with diminishing step sizes ax = a1/k. We set scaling factors
to si(m) = 3logm for (7]2( and s3(m) = m for 2. Recall m is the mini-batch size. Each

experiment is repeated 10 times with independent data pools for different repetitions.

Fig. 3 shows the convergence of parameters under uniform sampling, varying initializations
and step sizes. All, the curves display O(%) convergence rates which are consistent with our
results in Theorem 3.1. Moreover, the locations where the updates of o2 converges to, are
significantly more concentrated around the truth compared to that of Uj%, which is consistent

with the O((log m)_%) statistical error for JJ% and O(m_%) statistical error for o2, also stated
in Theorem 3.1.
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Figure 4: Comparison of the convergence of the full gradient under uniform sampling with
varying minibatch sizes. The mean of |[V£(8%)|]2 is shown in blue and the region within its
one standard error over 10 repetitions is shown in light blue, both under log scale. The three
experiments share initial point 00 = (5.0,3.0) and inital step size a; = 9.
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Figure 5: Comparison of the convergence of parameters with varying minibatch sizes. Lines in

black denote the true parameters. The three experiments share initial point 00 = (5.0, 3.0)

and inital step size a; = 9.

Fig. 4 displays the effect of minibatch size on the convergence of the full gradient. To
start with, the curves flatten slower and converge to larger values as minibatch size decreases,
suggesting that a larger minibatch leads to faster convergence of the full gradient, as well
as a full gradient with smaller statistical error. In addition, the convergence points of
log([|V£(8%))||2) scale linearly with minibatch size m, indicating a O(m_%) statistical error
for |[V£(0™))||3. The above observations confirm our statements in Theorem 3.2.

We also investigate how minibatch size m influences the convergence of parameters, which
is illustrated in Fig. 5. As highlighted in our theory, we find that a larger mini-batch size
results in faster convergence and smaller statistical error (more concentrated curves) for the
parameters. Here we note that similar results hold for the Matérn kernel and hence we omit
the figures.
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6.2 Case Studies

In this section, we test our model’s performance on publicly available real and simulated
datasets. Our benchmarked models are: (i) Exact inference using matrix vector multiplication
denoted as EGP (Gardner et al., 2018; Wang et al., 2019), (ii) Vecchia’s GP approximation
denoted as Vecchia (Guinness, 2018; Katzfuss et al., 2020), (iii) sparse GP regression denoted
as SGPR (Titsias, 2009) and (iv) stochastic variational GP denoted as SVGP (Hensman
et al., 2013). Our stochastic gradient-based GP approach is denoted as sgGP.

All models are tested on real datasets from the UCI repository (Dua and Graff, 2017)
and simulated datasets from the Virtual Library of Simulation Experiments (Surjanovic and
Bingham).The real datasets are: Bike, Energy, PM2.5, Protein and Query. The simulated
dataset are Levy, Greiwank and Borehole. We also use two other simulated datasets from the
Virtual Library Simulation Experiments that represent real-life systems. The OTL circuit
models an output transformerless push-pull circuit while the Wing Weight models a light
aircraft wing.

Throughout all experiments, we consider constant zero prior mean function and the
scaled RBF covariance function with a separate lengthscale for each input dimension. We
run Adam to learn the signal variance, noise variance, and also lengthscales, as an extension
from our problem set-up stated in Section 2. We conduct 10 independent trials on each
dataset. In each trial, we randomly split the dataset into 60% training set and 40% test set.
In addition, the training set is normalized to 0 mean and 1 standard deviation, and the test
set is scaled accordingly.

During parameter estimation, the hyperparameters and variational parameters are learned
through minimizing the negative log marginal likelihood or its surrogate. (i) For sgGP, we
consider both uniform and nearest neighbor sampling schemes, where we perform 100 epochs
of Adam with minibatch size m = 16 and a learning rate of 0.01. (ii) For Vecchia, we order
the observed data following the maximum minimum distance (MMD) ordering (Guinness,
2018). MMD ordering works by first selecting a center point, and then sequentially selecting
the next point to have maximum minimum distance to all previously selected points. We let
each observed response condition on its m = 16 nearest neighbors within its predecessors
from the ordered set. We also carry out 100 iterations of the Fisher scoring (Guinness, 2021)
algorithm. (iii) For other methods, we follow the theoretical recommendations in Burt et al.
(2019) and the practical recommendations in Wang et al. (2019). Further, for EGP, we
perform 100 iterations of Adam with a learning rate of 0.1. For SGPR, we use m = 512
inducing points and carry out 100 iterations of Adam with a learning rate of 0.1. For SVGP,
we use m = 1,024 inducing points and perform 100 epochs of Adam with a minibatch size
of 1,024 and a learning rate of 0.01. To ensure fairness of comparison, we do not perform
any pretraining or fine-tuning, and we let different methods share a common but randomly
selected starting point in each trial.

Regarding the prediction of sgGP, we adopt the PCG algorithm in EGP to approximate
(31). While for prediction in Vecchia, we order the inputs to be predicted using MMD
ordering and append them to the ordered observed inputs. We set the conditioning-set size
to m = 64.

Parameter estimation of sgGP is coded with R, where RANN package (Arya et al., 2019)
is used for finding nearest neighbors. Vecchia is coded using R, where we utilize GpGp
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package (Guinness, 2018) to find ordered nearest neighbors and implement Fisher’s scoring
algorithm. The prediction of sgGP, together with EGP, SGPR and SVGP are implemented
through GPyTorch (Gardner et al., 2018). Each experiment is performed on a single core
from a 2.50GHz CPU workstation released in 2014. For simulated datasets, we manually
inject noise to the response. For query dataset, we constrain the learned noise to be at least
0.1 to regularize the ill-conditioned kernel matrix. Due to memory limit, for Borehole, OTL
Circuit and Wing Weight datasets, we use PCG algorithm for prediction in sgGP yet using
only 60,000 nearest neighbors of each test point.

The results of our experiments are shown in Tables 1 - 5. We start first by analyzing
Tables 1 - 3. Table 1 summarizes the root mean squared error of all benchmarked methods,
Table 2 shows the negative log-likelihood while Table 3 highlights the accuracy of the learned
noise variance 62 on simulated datasets where we know the underlying truth o2. Based on
the results, one can derive many insights.

First, we find that sgGP equipped with nearest-neighbor sampling (sgGP (nn)) exhibits the
best predictive performance among the various methods on datasets with varying sizes, input
dimensions, and noise levels. In addition, its learned noise variance is accurate and superior
to all other GP models expect Vecchia which achieves relatively similar performance in
noise variance accuracy. Second, while sgGP (uni) can sometimes achieve good performance,
it performs poorly in comparison to sgGP (nn), Vecchia, and EGP. This supports our
numerical and theoretical evidence of the advantages of nearby sampling in Section 5. Third,
Vecchia does perform well overall in terms of prediction performance and accuracy of learned
parameters, which is contrary to the finding in Jankowiak and Pleiss (2021). Most likely, the
heuristic MMD ordering we adopted offers significant improvement in model approximation
over the default coordinate-based ordering (Guinness, 2018). Here, it should be noted that the
ordering of observations is crucial for the quality of Vecchia’s approximation, and therefore,
extensive effort towards dataset-specific tuning may be required, yet there lacks heuristic
guidance and theoretical support for datasets of higher dimensions. Fourth, EGP exhibits
inferior prediction accuracy compared to sgGP (nn). This highlights the ability of sgGP (nn)
to learn parameters that generalize better as both sgGP and EGP aim at exact inference. Yet,
it should be noted that while EGP tackles exact inference, it features many approximations
within. Finally, we find that SGPR and SVGP both do poorly overall and yield twice the
prediction errors of sgGP (nn) on datasets like Levy, PM 2.5 and Query. Also, SGPR and
SVGP (especially) tend to exaggerate the noise level (Bauer et al., 2016; Jankowiak et al.,
2020), as seen in Table 3. Similar to Wang et al. (2019), this finding sheds light on the ability
of exact GPs to significantly benefit from the increase in the number of training points. It is
important to note here that the NLL measure is not necessarily convex and hence a smaller
NLL may not imply a better estimate of the hyperparameters. This is indeed shown in the
comparison between Tables 2 and 3.

Table 4 summarizes the training time of all competing methods. The results exhibit the
overwhelming time advantage of sgGP in training, which significantly scales with dataset
size. Not only does sgGP achieve better generalization, but it also does that in a fraction
of the training time needed for competing methods. This result is again confirmed by our
test of the application-driven simulated datasets of size 2 x 10° in Table 5. Remarkably, it
takes around 30 minutes to perform parameter estimation for OTL Circuit dataset using
a single core with R functions that are not designed for fast execution. In addition, sgGP
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enjoys superior memory efficiency due to the use of minibatches. These experiments justify
that SGD does open up a new data size regime for exploring GPs. Here we note that we are
aware that EGP is designed to leverage multiple GPU parallelization; however, much like
regular SGD, sgGP can be readily extended to a batch version where the gradient estimate
in each update is the average of M gradient estimates from M mini-batches. This allows
sgGP to take advantage of parallel computing when the hardware is available.

RMSE

Dataset Size D  sgGP (uni) sgGP (nn) Vecchia EGP SGPR SVGP
Levy 10,000 4 0.594+0.002 0.264+0.002 0.309£0.003 0.313+£0.004 0.564+0.010 0.582 £ 0.013
Griewank 10,000 6 0.149+0.003  0.070 £0.000  0.081 £0.007 0.063 +0.000 0.132£0.003 0.093 £ 0.005
Bike 17,379 17 0.2264+0.002 0.221 £0.002 0.223 £0.002  0.228+£0.002  0.276 & 0.004 0.249 £ 0.009
Energy 19,735 27 0.711£0.005 0.78640.008  0.741 £0.004  0.802£0.007 0.843+0.006 0.795 % 0.005
PM2.5 41,757 15 0.570+0.003 0.286 £0.002 0.385+0.004 0.287+0.003 0.63840.005 0.540 & 0.010
Protein 45,730 9 0.829+£0.002 0.659+£0.004 0.597+0.001 0.696+0.004 0.715+0.003 0.676 £ 0.004
Query 100,000 4  0.1284+0.000  0.054 £0.004 0.024 £ 0.000 — 0.058 £0.002  0.049 £ 0.001
Borehole 1,000,000 8  0.173+£0.000 0.172+0.000 0.174 4 0.000 — 0.178 £0.002 0.173 £ 0.000

Table 1: We summarize the RMSE of sgGP and other GPs on benchmark datasets. Here
and elsewhere, we report the averages + standard errors over 10 dataset splits. Best results
are in bold (lower is better). sgGP (unif) utilizes uniform minibatches for training and sgGP
(nn) utilizes nearest neighbor minibatches for training. For query and borehole datasets, we
are unable to train with EGP due to memory limit.

NLL
Dataset Size D  sgGP (uni) sgGP (nn) Vecchia EGP SGPR SVGP
Levy 10,000 4 0.891 £ 0.004 0.034 +0.009 0.205 £ 0.005 0.576 £ 0.018 0.688 £0.027 0.868 + 0.022
Griewank 10,000 6  0.317£0.009 —1.251 £0.006  —1.054 £0.092 —1.292+£0.005 —0.350£0.019  —0.430 £0.161
Bike 17,379 17 0.238 +0.048 —0.038 £0.013  —0.103£0.006  —0.107+0.012 —0.150£0.018 0.063 £ 0.047
Energy 19,735 27 1.165 % 0.046 0.876 +0.010 0.958 £ 0.030 0.884 + 0.008 0.920 £ 0.013 1.182 £ 0.006
PM2.5 41,757 15 0.864 £ 0.005 0.144 +0.008 0.244 + 0.009 0.382 %+ 0.005 0.748 £ 0.009 0.819 + 0.016
Protein 45,730 9 1.241 £0.001 0.884 £ 0.009 0.693 & 0.003 0.902 = 0.006 0.948 £ 0.005 1.026 £ 0.006
Query 100,000 4 —0.493+0.024 —1.436+0.087 —2.377 4 0.002 — —0.920 £0.006  —1.575 £ 0.010
Borehole 1,000,000 8 —0.323+0.004 —-0.335+0.001 —0.227 £ 0.001 — —0.299 £0.011  —0.335 +0.002

and other GPs on benchmark datasets. Results

Table 2: We summarize the NLL of sgGP

follow the experiments in Table 1.

Learned Parameters

Dataset Parameter sgGP (uni) sgGP (nn) Vecchia EGP SGPR SVGP
Lev oy 0.886 £0.005 0.968 £0.006 1.706 4+0.025 2.113+£0.123 1.773£0.049 1.615%0.128
Y oe=0.174 0.549+0.005 0.200 £0.004 0.1764+0.002 0.064 £ 0.002 0.265 £ 0.007 0.577 4 0.012
Griewank of 0.993 £0.003 1.533 +£0.007 2.473+0.192 2.228 £0.065 2.096 &+ 0.065 1.657 +0.094
o =0.061 0.010 £0.000 0.071£0.001 0.05440.001 0.042+£0.001 0.183 £0.005 0.256 & 0.044
Borehole or 2.159 £0.006 1.091 £0.011 5.733 4 0.093 — 0.684 £0.069 0.479 £+ 0.017
7 0.=0.172 0.168£0.001 0.171+£0.001 0.172+0.000 — 0.157 £0.009 0.241 £0.020

Table 3: We summarize the learned signal variance and noise variance of sgGP and other
GPs on simulated datasets. Results follow the experiments in Table 1.
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Training Time (min)

Dataset Size D sgGP (uni) sgGP (nn) Vecchia EGP SGPR SVGP
Levy 10,000 4 0.41 +0.02 0.35£0.03 3.15+£0.12 11.12+0.71 3.55 +0.22 14.74 £ 0.69
Griewank 10,000 6 0.54 +0.02 0.48 £0.03 4.24 +£0.09 13.37+£1.18 1.76 £0.12 14.60 £ 0.65
Bike 17,379 17 1.5040.12 1.55£0.10 6.70 £0.47 29.48 + 3.96 5.31+2.05 25.26 £ 3.97
Energy 19,735 27 3.03+0.02 2.58 £0.17 10.44 +£1.29 53.25 +£2.47 5.41+0.73 25.09 £ 5.50
PM2.5 41,757 15 4.90+£0.33 4.24+£0.29 13.69 £0.70  372.88+£16.78  13.59 +2.30 52.46 + 10.08
Protein 45,730 9 3.124+0.01 2.63 £0.17 13.06 £0.12  453.40 + 21.31 19.55 £+ 1.66 55.27 +13.09
Query 100,000 4 4.73 £ 0.36 5.03 £ 0.36 30.86 £ 1.69 20.73 £ 1.63 124.73 £ 22.25
Borehole 1,000,000 8 54.82+2.69 65.19+2.98 235.74 £ 18.00 — 857.60 £ 76.02 1380.86 £ 11.32

Table 4: We summarize the training time of sgGP and other GPs on benchmark dataset.

Results follow the experiments in Table 1.

Dataset Size D RMSE Training Time (min) Memory Usage (GB)
OTL Circuit 2,000,000 6 0.401 +0.000 33.43 £4.40 0.99 £0.00
2,000,000 10 0.072+0.004 78.78 £9.26 1.22+0.00

Wing Weight

Table 5: We summarize the results of sgGP (nn) on simulated application-driven datasets.

We follow similar setups of the experiments in Table 1.

7. Open Problems

There still exist some open problems that are worth future investigations.

1. The extension to convergence guarantees for learning the lengthscale parameter in RBF

kernel is an interesting but extremely challenging problem: our case studies suggest
that SGD may still be used for estimating the lengthscale in practice, but the proof for
both Lemma 3 and Lemma 4 presents additional challenges if looking at the lengthscale.
This is due to it being wrapped within the exponential term as a denominator, which
translates to different eigenvectors for %, K¢ and K. To see the difficulty for proving
Lemma 3, note that the curvature term for estimating [ involves

tr (a0 (o) x0T ko)) (32)

and cannot be expressed as a function of the eigenvalues of kernel matrices due to
their different eigenvectors. It is also very hard to upper bound the statistical error in
Lemma 4 due to similar reasons.

. It would also be interesting to extend theoretical guarantees from M =1to M > 1
without Assumption B.2. The technical challenge for this part is similar to the previous
point: without Assumption B.2, K, and K, can not be simultaneously diagonalized,
which hinders the proofs of Lemma 3 and Lemma 4.

. Another open problem is to establish convergence guarantees for running SGD with
nearby sampling and to explore different techniques for nearby sampling upon the
choice of the kernel.
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8. Conclusion

In this paper, we provide theoretical guarantees for minibatch SGD used to estimate Gaussian
process paremeters. In particular, we prove that the iterates of SGD converge to the true
hyperparameters and the critical point of the full loss function, with rate O(%) up to a
statistical error term depending on minibatch size. Given the correlation structure of GPs,
the challenge lies in the bias of stochastic gradient when taking expectation w.r.t. random
sampling. Numerical studies support our theoretical results and show that minibatch SGD
has better performance than state-of-the-art methods on various datasets while enjoying
huge computational benefits.
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Appendix A. Table of Notations

Notations Description
n number of data points in the full data set
m number of data points in a minibatch
K number of iterations of minibatch SGD
G An upper bound for |[g(6®)||,, specified in Assumption 3.2
0/21 =07 true signal variance parameter
o2 =03 true noise variance parameter
o) output of minibatch SGD at the kth iteration, as an estimate of 8*
K, (0) = 1Ky, + 021, covariance of y,, given X,,, if the hyperparameter is 0
K¢(0) submatrix of K, (6) with rows and columns both indexed by &
Ky, kernel matrix evaluated at X,
Ve(0;X,,,y,) or VI(0) full gradient evaluated at @ and full data X,,, y,,
9(0; X, yg) stochastic gradient evaluated at @ and minibatch X, y,
ap = G step size at the kth iteration
. . conditional expectation of g(e(k); Xer s Yer )
g (6" 1 Xewa) o1 g G at the kth iteration given X::;l e
/\g-k) the jth largest eigenvalue of Ky, .,
¥ the jth largest eigenvalue of Ky,

Table 6: Important notations used throughout the paper

Appendix B. Theoretical Guarantees for Section 3.3

Before presenting the theoretical guarantees under this setting, we first provide a formal
definition for the considered minibatch SGD algorithm. With sampled indices £ C [n], let
the stochastic gradient g(8; X¢,y¢) € RM+1 be defined as follows:

(9(6; Xe,ye)), =

1
2s;(m

1 0K,

—1
tr |(K; (I ygng )891

1<I<M+1,  (33)

where K¢ is the principle submatrix formed by the rows and columns of K, indexed by . In
the following we will also let K;)g denote the m x m block of K( ) indexed by £. Algorithm
3 summarizes the steps of minibatch SGD.

In the following, we present convergence guarantees for Algorithm 3 when kernels exhibit
exponential or polynomial eigendecay. The assumptions are similar to the ones presented in

Section 3.

Assumption B.1 (Bounded iterates) Both 6* and @ forO < k < K lie in [Omin, Omax) M1,

where 0 < Omin < Omax-

Assumption B.2 For any n > 0 and sample {x;}?_,, the kernel matrices Kgcl)
share the same eigenvectors.

(M)
LKy
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Algorithm 3: Minibatch SGD with uniform sampling when the covariance function
is the sum of multiple kernels

1 Input: 0 € RM+L initial step size oy > 0.
2 for k=1,2,...,K do

3 Randomly sample a subset of indices & of size m;

4 Compute the stochastic gradient g(H(k_l); Xes¥e,) € RMA+L.
5 ap < %;

6 ") — 9+ _ o) g(0F; Xe s Ye);

7 end for

Remark 7 (Explanation for Assumption B.2) When extending the theoretical guaran-
tees from M =1 to M > 1, we find it extremely challenging without Assumption B.2, which
ensures that matriz K,,(0) and K, are simultaneously diagonalizable, and thus facilitates the
analysis for the gradient. It remains an open question to establish theoretical results without
this assumption. We believe that if the eigenvectors of the kernel matrices are “close” our
results should still hold.

Assumption B.3 (Bounded stochastic gradient) For all0 <k < K,

lg(0™): Xep1 ¥e,, )2 < G

for some G > 0.

B.1 Kernels with Exponential Eigendecay

Assumption B.4 (Exponential eigendecay) For 1 <i < M, the eigenvalues of kernel
function k; w.r.t. probability measure P are {C’ie_b’ij ;’io, where 0 < by < by < -+ < by,
and C; <1 are regarded as constants.

Theorem B.1 (Convergence of parameter iterates, exponential eigendecay) Under
Assumptions B.1 to B.4, when m > C for some constant C > 0, we have the following results
under two corresponding conditions on s;(m):

1. If sprv1(m) = m, initial step size oy satisfies % <a; < % where v = @, then for any

0<e< Cloig)gm with probability at least 1 — CK exp{—cm?**},

m 7

5 8G?2 1

(0\5) +Cm™ate, (34)

— o < -
M+1 M+1) — 72(K+1)

2. If in addition to spr41(m) =m, s;(m) is set as Tlogm for 1 <1 < M where 7 > C, the
etgendecay rates bg > 2by when M > 2, % <ap < % where v depends on T, then for any

0<e< %, with probability at least 1 — CK exp{—c(logm)*},

8G?

ERTD + C(logm)~27=, (35)

K * K *k
O —07)% + (O3], — 037,1)% <
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Here ¢,C > 0 depend only on M, Omin, Omax, b1, ..., bar.

Remark B.1 Here we do not provide estimation error bounds for 0 or O'j%l, for2 <l <M,
since they are associated with kernels with faster eigendecay than ki and thus are not
identifiable. The technical condition on decay rates by > 2by is to ensure the convergence of

9§K) although \QZ(K) — 0f| does not converge to 0 for 2 <1< M.
Remark B.2 For the second case where s;(m) = 7logm, 7 and vy need to satisfy

8b2(b2 — bl)(M + 1)294

max 36
302 (by — 2b1)04. (36)
by — 2b 1 2bo(by — by ) (M + 1)262
y = min 3( 2 1) 2( 2 1)( + 2 max { (37)
87by (bg — bl)(M + 1)2012mmx 4912](13)( 37h2 (bg — 2b1)9mm

Theorem B.2 (Convergence of full gradient, exponential eigendecay) Under Assump-
tions B.1 to B.4, if % <a < % for v = 49%, m > C, sy+1(m) = m, then for any

max

0<e< Clogologm with probability at least 1 — CK exp{—cm?®*},

m ’

2

K+1

Ive@® )2 < ¢ [ ; m—%ﬂ , (38)

holds, where c¢,C' > 0 depend only on M, 0min, Omax, b1, --.,001.

B.2 Kernels with Polynomial Eigendecay

Assumption B.5 (Polynomial eigendecay) For 1 <1 < M, the eigenvalues of kernel
function ky w.r.t. probability measure P are {Cyj =212, where @ <b <by<--- < by,

and Cy <1 are regarded as constants.

Jj=0’

Theorem B.3 (Convergence of parameter iterates, polynomial eigendecay ) Under
Assumptions B. 1 to B.S and Assumption B 5, when m > C for some constant C’ > 0,
spu+1(m) =m, 55 < on < ; where v = 802 , then for any e € (max{0, f1(b1)}, 1), with

probability at least 1 — CKm~f200)E=f0)] CK exp{—cm*},

(K) w92 8G? _1
(Opria = Ohrga)” < erCm 2 (39)

Here ¢,C > 0 depend only on M, Omin, Omax, b1, ..., bar, and fi(+), fa() are defined as in
Theorem 8.5.

Theorem B.4 (Convergence of full gradient, polynomial eigendecay) Under the same
conditions as Theorem B.S5, for any € € (max{0, f1(b1)}, 3), with probability at least 1 —
CK (m~RO)E=A0GI] 4 exp{—cm?}),
GQ
vierH 3 <
V@3 < | 2

holds, where ¢,C > 0 depend only on M, i, Omax, b1, - -, bar, f1(5) and fo(-) are defined as
wn Theorem 3.5.

+ m_;%} , (40)
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Appendix C. Detailed Versions of Key Lemmas

First we present the detailed versions of the key lemmas (Lemma 3, 4 and 5) discussed in
Section 4, which are useful for proving the second part of Theorem 3.1, Theorem 3.3 to
Theorem B.4, and other supporting lemmas. We will focus on the general case where the
covariance function is a linear combination of multiple kernels, introduced in Section 3.3. The
model introduced in Section 2 can be viewed a special case of this general model, with M = 1.
Since we are considering the general setting in our proofs, the notations are consistent with
the ones introduced in Section 3.3: when M = 1, the only kernel function is referred to as
k1(-,-) instead of ko(-,-), we use b; to denote its eigendecay rate instead of b.

Lemma 8 (Strongly convex-like property of g*(G(k)), exponential eigendecay) Under
Assumptions B.1 to B./,

1. if spr41(m) = m, m > C for some C > 0, then with probability at least 1 — 3M Km™¢,
the following claim holds true for 0 < k < K:

(k)

P P R
(07 —0.50) > llo7 -0 3¢, (41)

~(k ~%
where 8" = 6. 8" = 03,1, 5 = (0" (0W)arsr, 7 = i, = = Coem,

2. if M > 2, in addition to syry1(m) = m, we also have s;(m) = Tlogm for 1 <i< M,

and T satisfies (36), by > 2by, then for any 0 < a < min{2b§;b2, ?Zi;ﬁé’;}, with
probability at least 1 —3M Km™, (41) holds for 5(k) = (95@, 0§\Ij1)+1)r 6 = (07, 0%041),

gt = ((g°(6™))1, (97 (6"))ars1) T

, 3(by — 2b) 1 2b2(by — by) (M + 1)%02 .
~ = min ) - 2 1 ; (42)
87’[)2(62 - bl)(M + 1)20rQnax 40r2nax 37by (bg - le)gmin

and € = C(a+ (logm)™1);

3. if M =1, in addition to spr+1(m) = m, we also have s1(m) = 7log m where T > (Z?Z%gff“‘,

then with probability at least 1—2Km™¢, (41) holds for 6(k) =9, 0 = 0, g; = g%(0),

1 1 262
= mi — “max 1 43
v o T o

1
and e = C=E2,
Here C > 0 depends only on M, Omin, Omax, b1, ---,bar-

Lemma 9 (Strongly convex-like property of g*(G(k')), polynomial eigendecay) If

2 q10p,
sp+1(m) =m, m > C for some C > 0, then for any 0 < a < %, with probability at

least 1 — M Km™%, the following claim holds true for 0 < k < K:

(9" (0™ )araa (0371 = Oira1) = (0471 — Ori0)” — €, (44)

862 —12b1 —6—a(4by +3)
where v = 89%, e=Cm 4b1 (201 -1) . Here C' > 0 depends only on M, Omin, Omax, b1, - - -, bas.
max
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Lemma 8 and Lemma 9 are detailed versions of Lemma 3.
Lemma 10 (Uniform statistical error) For any x >0, 1 <i < M + 1, we have

n
P sup
<9e[9min,9mx}M+1 si(n)
If Assumption B.4 holds, s;(n) = Tlogn for T satisfying (36), n > C for some C > 0, then
§(z) < Cn ¢+ C(log z)?M*2 exp{—clogn min{z?, z}}.
If Assumption B.4 or B.5 hold, s;(n) =n,

5(z) < C(log z)*M*2 exp{—cnmin{z?, z}}.

[(V£(8)); — (V£7(8))i] > Cm) < 6(x). (45)

Here ¢,C > 0 only depend on M, Oy, Omax, b1, ---,0pr-

Lemma 10 is a detailed version of Lemma 4, including results for kernels with exponential
or polynomial eigendecay.

Lemma 11 (Detailed version of Lemma 5, exponential eigendecay) Under Assump-
tion B.4, for any a > 0, if n > C for C > 0 depending on M, by, ..., by, then with probability
at least 1 —3Mn~%,

- Al 2(2 +a)
. M+1 2 S - 1
j=1 (thl 9h>\hj) min

n—C(a)logn = M1 n
—r <D o 7 Sgr (46)
max j=1 <Zh:1 eh)\hj> min

"~ >\1j)\M+1,j 5 + 2
> S

2 _—
= (Zﬁ/fztl Oh)\hj) 7b19min

holds for any 0 € [Omin, Omax] M+, where C(a) > 0 depends only on a,by. Furthermore,

fFIAD < M,

log n,

o if M =1, then for any 0 < a, e < 1, with probability at least 1 — 2n~%, in addition to
(46) we have
- )\%j elogn

j=1 (Zi:l HhAhj)2 B0

(47)

o if by > 2by holds, then for any % <e<1,0< a<min {e, 26615)12;;11){;1 }, with probability
at least 1 —3Mn™, in addition to (46) we have

- A e(ba — 2b1)
’ = 2 ! logn
2 =9b(by — by ) (M + 1)202 )
j=1 (E:;\Li-iil eh)\hj) 1(b2 1)(M +1) nax
forl<i<M,leS;, LA < (6b1 fby)alogn G}

2 720y (4b; — by — 6b1)02 . 62
j=1 (ZhM:JEI eh)‘h]) 1( l 2 1) min min
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as long as n > C(e), where C(e) > 0 depends on M,by,...,by and €. Here S; = {1,i,1 +
1,...,M+1}.

Lemma 12 (Detailed version of Lemma 5, polynomial eigendecay) Under Assump-

2— —
tion B.5, for any 0 < a < SN0 with probability at least 1 — Mn™®, for any 8 €
[emina emax]M:
ifl < ' < M,Z )\lj)\lj 5 <n 4bl(2bli1) 21 +— al(ibl +3) ’
’ M+1 0% . 0z . (4b; — 6b; — 3)
7=1(2h=1 OnAnj min min\*Y]
(2+a) (4b1 +3) n 9 (49)
n — M max; ayn 4101-1) - )‘M+1,j _ n
2 = 2 = g2 >
49max j=1 ( 2\4:4]-1 eh)\hj> Hmin

where a; = 2+/2C] + lecjl + 721;(;11'

Appendix D. Proofs of Theorem B.1, B.3 and B.4

Proof |Proof of Theorem B.1| First we apply Lemma 8 under both cases of s;(m): for the
first case (sp741(m) = m) discussed in Lemma 8, define §(8®)) = (¢(0%))) 3741, and for the
second case (s;(m) = 7 logm and spr11(m) = m), define g(6™)) = ((9(6™))1, (9(6*))ar1) T

Then let &, = §(0®)) — gy~ Due to Lemma 8 and Assumption 3.2, we have

~(k-1)

~(k) ~% ~(k—1) ~% ~% _ " _
16" — 6|3 =lle —0 |3 — 20(0 —6,5(0% 1)) + oz lg(6" )3

~(k—1 ~%
: -0 7ek—1>> :

~(k—1 ~x (50)
§||0( '_9 15(1 — ary) + a2G* + 20y, (6 — (6

Recall that % <o < %, and oy, = % for all £ > 1. Now we prove the following statement
for k£ > 1 by induction:

k—1

~(k) 207G? () =%

107~ 813 < T+ D ma (e - (07 —080). (51)
=0

where 7 ; = 2041 H?ZHQ(l — a;7y). When k =1, by (50) and the fact that 1 — a3y <0,

~(1 ~x ~(0 —%
18"~ 813 < 036 4 mo (e - 07 ~8".@0)). (52)
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Assuming (51) holds for £ = [ > 1, then due to (50) and the fact that 1 — a;11y > 0 for
[ > 1, we have

~(+1) ==
[ H%
+Z77M (5— — e,)) (1 — 1) + a7 G
l+ 1 +
=(0) ~

+ 20[[-‘,—1 (5 - <0 - 0 7el>) (53)

202G2(1+1— ozl'y) 0" _5' s
< K - -6 » €4

9 2 )
<2a1G + an-‘rl,i (8 - <9( '8 ’6i>> .
0

Here the last two lines are due to range of o1 and the definitions of 7, ;. The next step is to
bound "5 Lk (z-: — <§(Z) - 5*,82'}). First we have

K—1 ,
> i (= @07 - 6*@)‘
1=0

K—1
2a S(0)
Sfl Z Hel — 0 |2]l€ill2 + 2a1e (54)
1=0
<C < max ||€;[]2 + 5> )
0<i<K -1

Note that the distribution of each minibatch {X€k+17y§k+1}§11 is the same as sampling m
independent x; from P, and then sampling y, ,, ~ N(0, KZHI), thus we can apply Lemma

10 on §(8%) and g;- Combining Lemma 8, Lemma 10 and (51) leads to the following
conclusion.

1. If spr41(m) = m, m > C, then for any 0 < € < %, with probability at least 1 —
CKm™¢ — CK exp{—cm*},
8G>

(K) * 2 _1
(Orri1 — Ohg1)” < 2K L1 + Cm™27%°, (55)

r—- Let e < C’lofgo{;gm then K exp{—cm?*} > CKm™¢, thus the

probability term is 1 — CK exp{—cm?*}.

where v =

2. If M =1, s1(m) = tlogm, so(m) = m, m > C, then for any 0 < ¢ < %, with
probability at least
1 — CK exp{—c(logm)*},
we have
8G?

1
< —5te

K * K *k
(0 — 07)2 + (657 — 03)?
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h — : 1 291?nax
WHere 7y = min 327bagﬂax 102, Thet [
3. If s;(m) = tlogm for 1 < i < M, spry1(m) = m, m > C, by > 2by, then for any

0 < a < min{ 213; bz %Zi::g; 1o<e< %, with probability at least

1 - CKm™® — CK exp{—c(logm)*},

we have

8G?

1l
772(K+1)+C(logm) 27+ Ca, (57)

01 = 07 + (0571 = O3rs)” <
where 7 is defined in (43). Let c¢(logm)~ 2o < C(log m)féﬁ, then Km™ >
exp{—c(logm)?*} and thus the probability term can be written as 1-CK exp{—c(logm)?*}

and the error bound is + C(log m)_%J“E.

8G2
Y2(K+1)

Here ¢, C' > 0 depend only on M, Omin, Omax, b1, - - -, bas- [ ]

Proof [Proof of Theorem B.3| Define €, = (9(8%))) 741 — (9*(0%))) pr11. Following similar
arguments from the proof of Theorem B.1 and applying Lemma 9, one can show that

k-1

2
k . 7 G o\~
(65,1~ O3r0)* < +Zw4 01— Oir)E) (58)
k 862 —12b) —6—a(4b1 +3)
where ng; = 2041 [ [ 0(1 —ayv), v = 80% and ¢ = Cm 4b1 (201 -1) . Also note

that

Z MK, ( M+1 QX/IH)a')

SQal(emax - 0min) max /e\z‘ + 2a1e€.
0<i<K

(59)

Similarly from the proof of Theorem B.2, we can apply Lemma 10 on (g(8%))as41 and
(9*(8™))ar41. Therefore, combining (58) and Lemma 10 leads to the following result: If

2 —
8112016  _ _ _ %’ with probability at

$M+1(m) =m, m > C, then for any 0<ac< T a5 43

least 1 — MKm~® — CK exp{—cm?},

G2 862 —12b) —6—a(4b1 +3)
(05\2{-1)—1 Orri1)® < V2K +1) +Cm~ D +Cm~3te, (60)
Y
where v = 0 . Here ¢,C' > 0 depend only on M, Opnin, Omax, b1, - .., bas. Let
8b2 — 12b; — 6 — a(4by + 3) :1—5
4b1(2b; — 1) 2 ’
we arrive at the final conclusion. [ |
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Proof [Proof of Theorem B.4| Similarly from the proof of Theorem B.2, we utilize (24) and

let \;; be the jth largest eigenvalue of KS}L, AM+1,; = 1. By (24) and Lemma 12, for any

O<a< Sbf&lﬂ, with probability at least 1 — Mn™¢,
1+3
862 —12b7 —6—or(4bq +3)
(vere®)) | <on e (61)
i
for 1 <i < M, where C > 0 depends on M, 0in, Omax, b1, - - ., bas. Meanwhile,
) 8b3 —12b] —6—a(dby +3)
VIt (0 ) N T . 62
(7e60) .| <0 (188 = Ol 40 i (62)

Thus we have

862 —12b) —6—a(4b1 +3)

251 (261 1) (QE\Z)Jrl 9}“\/[+1)2] . (63)

IVe (@™ <C |n

By (45), Theorem B.3 and Lemma 10, for any € € (max{0, fi(b1)}, 3), if m > C, then with
probability at least 1 — CK (m_f2(b1)[5_f1(b1)] + exp{—cm%}), we have

G2

K+1

nww“w@sc[ +m%ﬁ] (64)

where ¢, C' > 0 depend only on M, 0in, Omax, 01, - - -, bas. |

Appendix E. Proofs of Supporting Lemmas

Proof [proof of Lemma 8| Let )\( ) be the jth eigenvalue of K}”&CH for 1 <1< M, and

)\E\Z)HJ. = 1, then by the definition of ¢*(8%)), we have
* - * a g
(g (g(k)))l :231(m) tr [ngﬂ(e(k)) ! (Im - K£k+1(0 )K£k+l(9(k)) 1) K;’§k+1]
1 M l k
281( )tr [kaﬂ(e k (Z N el )K;)ik+ + (95\41_1 B eh—i_l)lm)
=1
(65)
E)\—13(1)
ka+1(9( )) Kf7£k+1]
M+1 m (k) (k)
1 Alj A
= - 0 ’
251(m) ; ! ng( M+19 ))\l(]))2
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and

* ]‘ — * —_
(g (O(k)))M+1 =—tr [K§k+1 (o(k)) ! (Im - K£k+1 (0 )K5k+1 (o(k)) 1)
M+1

2m
m (k) (66)
1 (k) )\
S 0 — (9 .
2m ; : jz; <Zf\/[+1 e(k))\( )>

We prove Lemma 8 under two cases separately.

1. si(m) =7logm for 1 <i < M, spr41(m) = m, 5( )

and g; = ((¢"(0"))1, (9" (6™)ar41) .

~%
*

~(k
Under this case, we can write <9( -6 ,9g;) as

k * * *
(9( ) 91(\/[)+1) ,0 = (91a9M+1)T

~(k) =% ~(k)  =x ~(k)  =x
0" — 6 5= 0" -6)7a@" -6+,
where each entry A;; of A € R?*? is defined as follows:
m (k)2
1 Al
A J
" “aregm X5 (o)
J
m (k)
1 A1
Ao = J
12 2Tlogm Z (ZMHG )\(1'?))27
Ly
m k
A2 - L )\gj)
- 2m 4 k) \ (k)2
" (o)
1 & 1
Agg =—
2 =9om g (ZMH H(k kz))
and
1 M " m (k))\(l?)
e = Z(Gl - el - 91 Z 2
271 logm P = (ZIMH 0 lj))
1 i (k) (k) Zm: Ny o
+ 5D (0,7 =)0y — i) ’ 5
2m P = (ZMH 0 k))\ ))

for M > 2 and € = 0 for M = 1. Note that the distribution of each minibatch ngﬂ
can be seen as m independent samples from P, thus we can still apply Lemma 11, but
substituting n by m.
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e When M = 1, apply (47) in Lemma 11 with € = 3, then for any 0 < o < 1, with

probability at least 1 — 2m ™%, we have
1 1 Clogm
A1 > ——————, Ay > 1-—
M= 370,02, 22_8%%X< m )’ (68)
Ao < 1 logm
=02 0 TP T 2p62 m
Also note that for any w > 0,
@" —897a@"™ — 9
A A A A
> (i = PR (60 g2y (agy - 2T A2 o0 g
w
(69)
Let w = 1225“ , then by (68) and (69), one can show that
(F) _ giy2 L 4030\ (p0) _ gey2_ Alogm
>_ - _ _ _ _
= Garpaz 01— 01) +<8%m( gt )02 =027 = O (70)
vz =g logm
>0 -0 |5 —
>7) 13- cE™,
where 52
1 1 2
— : _ max 71
o { B2 s A0 rwﬁm} | ™

and C > 0 depends on Oy, Omax, b1. It is guaranteed that v > 0 Since we have

assumed
646

max

bod

min

T >

Therefore, if m > C, for any 0 < a < 1, with probability 1 — 2m ™%, the following
claims holds true:

(k)

nF o~ Y ~(k) *
0" -0 ,g9.) > §||9 —-0 3¢, (72)

where ¢ = C lm% for some constant C' > 0 depending on Opin, Omax, b1-

e When M > 2 and bg > 2by, apply (48) in Lemma 11 with € = 2%;;’2, then for any

0 < a < min{ Qbélj;bQ, %Z%l__ﬁgé }, with probability at least 1 — 3Mm ™%, we have

a+1/logm logm
|5’ < CM(emax - emin)Q < 7_9/2 + m > y (73)
(2b1 4 b2)(by — 2b1) 1 C'logm
Ay > Agg > ——— [ 1 —
= 8Tb1b2(b2 - bl)(M + 1)29rQnaX’ 2= 8912nax m 7

1 logm (74)

Ap < , A s

27’[)19?11”1 - 2b1012mnm
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Also note that for any w > 0,

@ —8°7a@" -9

A+ A . A+ A «
Z <A1]_ - (12221)(JJ> (ng) - 91)2 + (AQQ - (122u)21)> (95\2)—0—1 - 0M+1)2
(75)

Let
o — (2b1 + bz)(bg — le)gﬁlin
N 452(62 — bl)(M + I)ZGIQnaxj
then by (73), (74) and (75), one can show that

(k)

> (2b1 + b2)(b2 — 2b1)
B 167’b1b2(b2 — bl)(M + 1)292

max

o (L el )M G Y e
802, Tb1(2b1 + ba)(by — 2b1)62

min

6

k *
0" — 67)?

B CM(emax - emin)Q
7—9r2nin

C(M +1)20% . (Omax — Omin)? logm

04

min

) ¥ -
~ 0 |3~ C(a+ (logm)™"),

(o + (logm)™")

m

>J)6"
2

where

, 3(by — 2b) 1 2ba(bg — by) (M + 1)%02 .
7 = mun 202 102 2 1 ;
87by (bg — bl)(M + 1) emax 49max 3Tb1 (bg — 2b1)9min
(77)
and C' > 0 depends on M, Oin, Omax, b1, ..., by. C does not depend on 7 since

we have assumed
8ba(by — by)(M + 1)%6;

max

302 (by — 2by)0% ’

min

which implies v > 0.

Therefore, if m > C, for any 0 < a < min{ 21%;; by ?Zil_j‘z;}, with probability

1 —3Mm™, the following claims holds true:

(k) nF ~x Y1 5(k) ¥
—6.5) > 507 -6 |5 -« (78)

C .

where ¢ = C(a+(logm)~!) for some constant C' > 0 depending on M, Opmin, Omax, b1, - - -

(k) o ~
2. saraa(m)=m, 0 =038 =0}, and G = (4" (6™))rrn1
Under this case, we can apply (46) in Lemma 11. Following similar arguments from
(&

the first case, one can show that with probability at least 1 — 3Mm™¢,

~(k) 0 ~x Y k *
@7 —07,51) = S (037y — i1’ — <. (79)

43



CHEN, ZHENG, KONTAR, RASKUTTI

1 Clogm
462 76_ g

max

where v =

Proof [proof of Lemma 10| Without loss of generality, we start from bounding (V/()), —
(V£5()), for an arbitrary 1 <i < M + 1. By the definition of V/(8) and V£*(8), we have

(Ve(0)); — (VE7(8)),

1 _ i - i - *
= o [T OK K @)y, - (Ka(0) 'K K (0) KL (s

~(Hy,) A0) (K Hy,) + x(AO)).

7

*3 i . .
where A(6) = £K, 2Kil(O)KSc)nK (0)K, : . Since we have assumed that the eigenvectors

of K;T)L, ce KE“]Z) are all the same in Assumption B.2, we can write Kgcj) PTA P for all
J, where P is an orthogonal matrix and A; is a diagonal matrix consisting of the elgenvalues

of KE;QL Also let Apr41 =1, then we have

| (M M+1 -2
A6 PT (Z 0; Al> (Z QZA,> A;P. (81)
=1

-2
Let z, = P(K*) 3y, , and A(8) = (2{”{1 oA ) (ZM“ QZA,) A;, where 6 is the [th
entry of @, then our goal is to derive a bound for

1
sup

n
0 [Bmin s MH1 210

2] A(0)z, — tr(A(e))( .

We claim that there exists an e-net {0(1) A 9§N)} of [Omin, Omax] 1 under | - ||o0, with size
N=(1+ M)MH. That is to say, for any 8 € [Omin, Omax] M+, 30 € {09), e §N>}

€ ~
such that A = 6 — 0 satisfies||Al|o < €. The following proof of this claim is very similar to
the proof of Lemma 5.2 in Vershynin (2010).

Define 6, = (%, e W) RM +1 then an alternative way to represent

[Omnin, Omax] M+ is 0. + BOO(M) Let {0 (N)} be a maximal e-separated subset
of 6. + Bm(%) (not the iterates of the SGD algorithm), which means that it is
an e-net of 6, + By (%emm), and V1 < i # j < N, HO(Z) - 00)”00 > ¢. Consider the
/~ balls with centers {0E N, and radius £, then these balls are disjoint and are subsets
of 6. + BM(W). Thus the sum of volumes of these balls is bounded by that of
0.+ BOO(W), which finishes the proof of
A\ M+1
N S <1 + emax 9m1n> , (82)
€
In the following we linearize A(8) = A(8 4+ A) based on the Taylor series expression of each
of its diagonal entries, so that the upper bound for |z, A(8)z,, — tr(A(6))| can be implied

44

,if m > C. Here C > 0 depends only on Oin, Omax, M, b1, ...
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by some bounds related to 6. For any 1 < j < m, denote the jth diagonal entry of A; by A;;
which is independent of 8, then the jth diagonal entry of A(0) can be written as follows:

M *
>t At
-
(2 a0)

Meanwhile, let A; and 9~l be the [th entry of A and 6, then one can show that

A;;(0) =

(83)

(Zf‘“l Aij 91) i Nﬂl + Zz Y Al)

—2
M+1 M+1 A
- Z Nij0; 1+ S
Zz:1 )‘ljel
M+1 —2pg_ M+1 h
h+1
(ZW) > (2]

-0 (— SOMH Aljﬁl) =1

M+1

H
H+1
s (z mz)

(1+&)H+2 < ZiMH )\1391> =1

M+1 -2 M+1
, X .
(Z A1]91> > o s 1T AF +REST(0) |,

hi+-+hp41<H-1 =1

(84)

where the third equality holds if ‘le\gﬂ )\lel‘ < Zl]\ifl )\ljgl, which is implied by [|Al|c <

Omin, and we will choose € small enough to satisfy this. Here £ lies between 0 and %ﬁ‘\“?ﬂ
M+1 M+1 yh
NG B ot b+ DILET A
hl,...,hM+1 - M+1 ]\4+1h
hil- hargq! Al 91 L
+il(= 20 Aygr) = (85)

. H+1)! M+1 )\hlAhl
RESY)(0)= Y W+ DL

bt 1 R (14 OFF2(= 00 N0

The quantities above satisfy

M+1 ZA£+1 hy "
M+ 1\== : e(M +1
o) hara | < (Z hu + 1) ( ) ,IRESY ()] <(H +1) <H> :

Omin Omin
(86)
since ), | . tharsr=h ﬁ (M + 1)". Define the following diagonal matrices:
Aharia) (9) A (@) € R™*™ are with diagonal entries
hi,....,h ~ H . ~
At @) = o)) AG(0), A5 (0) = RES (0)A5(8). (87)
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Then we can write
M+l
A(9) = > Alhrehace) ) TT A7+ AW (0),
hittharp1 <H-1 =1

M+41
< max E gai=1 M
hit++hpy1<H-1

+ ‘z,j AD(9)z, — tr(A<H>(a))( .

ZZA(hl,...,hM_H)(ogk))zn - tr(A(hl,...,hM_,_l)(egk)))

(88)

In order to provide an upper bound for the first term above, we first bound

2 A0 0) (007, — (AP (610))|
for an arbitrary k. First note that for any 1 < k < N,

S A sty < Omax
(Zf\ilﬂ Aljez(k)) nin

1A(6)]l2 = max (89)

While for HA( )|| 7, one can show that

n M+1 )2
IO 13 <62, > (Zf;il Wéﬁf
(Zz )\le )4

> =1
<CZ M+1 )\zﬂz)

7=1

Let
M+1 >\l]

-3 R
;0 )
then a deterministic bound for ¢;(n) is
ti(n) < Cn. (91)
If Assumption B.4 holds, applying Lemma 11 without the condition by > 2b; leads to
ti(n) < Clogn for 1 <i< M, and tp;11(n) < Chn, (92)

with probability at least 1 — 3Mn~¢ for any constant ¢ > 0, if n > C. Here C' > 0 depends
only on M, b1, ..., bas, Omin, Omax. Therefore, by the definition of A1 hM“)(OE(_;k)), for any

(k)
M+1 S M+,
M+ 1)\ %=1
||A(h17-..,hM+1)(9é’f))H2 <C ( E h; + 1) < + > ,

g

emm
=1
e 2 2T (93)
HA(hl,...,hMH)(9§k))”% <C (Z hy + 1) ( 0 ) ti(n).
l:l min
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Let € = o ]\Z’iﬁfl‘) 77> then by applying Hanson-wright’s inequality, one can show that with

probability at least 1 — 2 exp{—cmin{t, %}},
2y Al (90, — gr(A-arn) (900))| < (e~ S Iy, (oa)

where ¢ > 0 depends on M, O, Omax, b1, - - ., byr. Meanwhile, the following lemma provides
an upper bound for the residual term:

Lemma 13 3 ¢,C > 0 depending only on M, Ownin, Omax, b1, - .., bar such that,

P sup 1z A (0)z,, — tr(AH)(0))] > e (t + Cti(n))
06[0min,9max]lw+1 (95)
42
<2exp {cmin {tl(n)’t}} .
Now we take a union bound for each term in (88), then with probability at least
2
1-2 <<H+M+ 1>N—|— 1) exp{—cmin{t,t}}
M+1 tz(n) (96)
t2
>1 — CH*"*+2exp {—cmin {,t}} ,
ti(n)
we have
sup 2 A(0)z, — tr(A(O))‘
96[9m1n70max}M+1
(97)

H-1
h+M+1\ ) _u —H
St[}%( M1 )e +e | 4 Ce7tty(n)
<C(t+ e Hti(n)).

If Assumption B.4 holds, s;(n) = 7logn for some 7 satisfying (36), we apply the probabilistic
bound (92) on ¢;(n). For any x > 0, let H = log% and t = zlogn, then with probability at
least

1-Cn ¢ —C(log x)Q(MH) exp {—clogn min {x2, x}} ,

we have
sup z, A(6)z, — tr(A(G))‘ < Cxlogn, (98)
He[eminyemax]]\/{+l

which implies
n

[(VE(9)); — (VE7(8)),] < Cu. (99)

sup
S [amin 70max]]\/l+1 S (n)

Otherwise, if s;(n) = n, we apply the deterministic bound (91) on ¢;(n). For any = > 0, let
H =log % and t = zn, then with probability at least

1—C(log x)z(MH) exp {—cn min {mQ, x}} ,
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we have

sup z, A(0)z, — tr(A())| < Can, (100)

oc [emin 79max] M+1

which implies
n

si(n)

((VE()); — (VE7(8)),] < C. (101)

Proof |proof of Lemma 11| In order to prove Lemma 11, we need to derive upper and lower
bounds for A;;,1 <1 < M w.h.p. First we restate Theorem 1 and Theorem 4 in Braun (2006)
on the bounds for A\;; in the following:

Lemma 14 Let k be a Mercer kernel on a probability space X with probability measure
P, satisfying k(x,x) < 1 for all x € X, with eigenvalues {\}}:2,. Let K¢, € R™" be
the empirical kernel matriz evaluated on data {x1,...,%x,} i.i.d. sampled from P, then the
eigenvalues N\i(Ky ) satisfies the following bound for 1 < j,r < n:

Ai(Kyn)
n

— X\

< AjC(r,n) + E(r,n),

and for any 1 < r <mn, there are two bounds for C(r,n), E(r,n):

(i) With probability at least 1 — 6,

2 2 1 4 2 1
C(r,n) <T\/ log rir+1) r log rir+1)

nAx 5 * 3nAx 5
(102)
> 23 2 AN 2 2 2
* * =T i 4 log =-
E(r,n) <A; —&-i;l Ap + \/n log 5 + 3, 108 5
(ii) With probability at least 1 — 4,
r(r+1) R N LD e
C(r,n) <r pSe E(rn) < A4+ > A+ R (103)

i=r+1

We consider two different upper bounds for A;; that could be useful in later arguments. First

we apply Lemma 14 on K(fl)n In particular, plug r = j for each 1 < j < n into (103) and let

6 =n~ %% for some o > 0. Then with probability at least 1 —n~®, for all 1 < j < n,

_1 a bpj ] 1 a byJ
14+ C(j,n) <C, 2j2n5€l7J L+1<Cj2nfel7j,
J
Cle_blj 20 e~ _bi o
E(r,n) < on T m¢ N
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Thus we have

1—e b 1—et (104)

where the last line holds for any n > 1, and C(n) > 0 depends on b;,n. We will specify n
later to suit our needs.

The second upper bound for A;; requires applying (103) with r = %—la logn, and 6 = n~.
Then with probability at least 1 — n™,

1

1+ C(r,n) < C; 2y/r3(r + 1)n2> + 1 < C(logn)*n

E n~(+a) 2e"bip~Ute) _C
(T7 n) < 1—e b + (]_ — efbl)n(l_a) - E

where C' depends on b;. Thus \j; < C(logn)?n'*t@e=%i 4 C. Thus for any a > 0, with
probability at least 1 — 2Mn ™,

byj .
Azj < min {C’(n) 453 C(log n)?nlteebi 4 C} ; (105)

holds for n > 1,1 <1< M, 1< j <n, where C > 0 depends on by,...,by, C(n) depends
on by,...,by, 1.

While for lower bounding A;;, we apply (102) in Lemma 14 with r = ITE, logn for some
0<e<l1l and § = n=® for some 0 < o < 1. Then when n > C(e€) for some constant
C(€) > 0 depending on by, €, with probability at least 1 — n=,

1
<3,
Cint-—e 3C e 2

C 2Ce~ by log 2n«
E(T’n)<(1_esz) i T +—log2n <Cn™°,

thus A\;; > —ne —bii — Cn'=€ for C' > 0 depending on b;.
Therefore for any 0 < e, < 1, if n > C(e) for C(e) > 0 depending on by, ..., by, €, then
with probability at least 1 — Mn™%,

C(r’ n) <7“\/2 log [27"(7“ -+ 1)n0‘] n 4rlog [27"(7“ 4 1)TLO‘]

C )
Nij > ?lne_b” —Cn'™, (106)

holds for 1 <1< M, 1< j <n, where C > 0 depends on by,...,by;. Now we are ready to

prove the bounds for 377, W for 1 <I,I' < M + 1.
h=1 J
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1.il=0I'=1
First we derive an upper bound. Let n = % in (105), then we have
L. R s Co 2 N
: M+1 2= 62 . 62,
- 107
{nl*Se=H > 1) On2te ey
= 62 . 62 . Z e 3
min min 2615
e” 3 <n2-«
Since
a _b 3
TR > 1= < 2 a logn, (108)
1
one can show that
& A% 6+ 3a C 4420
Z J < logn + < logn
= 2,02, 02 = b62, (109)
j=1 (Zthﬁl ‘9h>\h]> 1Y%min min min

when n > C for C depending on b1. In terms of the lower bound, we discuss the proof
for two cases separately:

e When M = 1, first note that

J
Z; <22 Y > _240%axmaxh)\2
J= h=1Yh\hj J (110)
|{J A1j = maxp )‘hj}|
- 402

max

Due to (106), we have

C .
A1j = m}ELiX Ahj <:71n67b1j >Cnl=c+C
=e P > Cn ¢ (111)

=7 < ilogn —-C,
b1

when n > C for some C' > 0 depending on b, which implies

‘{j P = m}?XAhj} > b—ilogn— C> ilogn,

1

if n > C. Thus we have

- elogn

~ 8b162

max

=1 (Zh ! 9Mhy)
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e When M > 2 and by > 2bq, first note that

n A n Ny
j j
Z M+1 z 2 Z (M +1)262,, maxy, \2 .
7=1 (Zh:l ‘9h>\hj) i=1 nax hg (112)

S 1 Ay = maxy A}
T (M +1)2602,,

Due to (106), we have

C . .
A = max Ahj <:71ne’b” > Cn'~¢ + C(logn)?nttee b2 4 C

e I > COn~¢ + C(logn)?n®e I (113)
o 3 €
1 log1 <j< =1 -
<:b2—b1 ogn + — oglogn < j < b ogn — C,
when n > C for some C' > 0 depending on by, ..., bys, which implies
, eby — (e + a)by 3loglogn
P A = it > ———1 -—— -C.
Thus we have
2
=1 (Zﬁiﬁl eh)\hj)
eby — (e + )by 3loglogn
> 1 - -C
Thilbs = b)(M + 10 o (2= 1) (M + D22

€(by — 2b1) logn
_2()1(52 — bl)(M + 1)292 ’

max

ifn>Cand a <e.

2.1l=0I'=M+1
)\2

The upper bound for 7%, ﬁ in Lemma 11 is straightforward, since
h=1 J

ZhM:JEI OnAn; = OminAn41,5. While for the lower bound, note that Ay4q1; = 1, and
thus

- )‘%\/l+1,j S AE ZhM:Jil OnAnj < 20max }|

2 492
=N

Meanwhile, let n = % in (105), then one can show that

(114)

M+1 )

Z 0h>\hj < 20max <:CM0maxn1+%€_T < Omax

h=1

(115)

6+ 3
=5 > + alogn+C
261

<:],26—1-305
1

logn

51



CHEN, ZHENG, KONTAR, RASKUTTI

when n > C for C' > 0 depending on M, by, ...,bys. Therefore,

6+3
- )\?\44‘17]‘ n-— nga logn (116)
; M+1 2= 4602 .
7=1 (thl 9h>\hj)

Ll<i<l <M
First note that by similar arguments from the first case where [ =1’ = 1, one can show
that

n
)\l')‘l" 4 4+ 2«
I < —5—logn. (117)

2= po?.
j=1 ( 2\4:'51 0h>\hj) 1Y min

Furthermore, if M > 2 and by > 2b; hold, then we can utilize the following upper

ALy
bound for each term ———2"H -
(ZhE onns)”
by .
PNIONT 1 C ZragTwd
U <min q o3 2(77)” <, (118)
( hM:—iil 9h)\hj> min emin ()\U + 1)
where \;; > Sne=tJ — Cpl=¢. When j < £logn — C for some C' depending on
J 2 ) b1
bi,...,byr, we have Cnl=¢ < %ne‘blj, and thus
AL < C(Z)naegblf%l)j;

<Z;Az4:+11 ehAhj) i

while for j > i logn — C, we have the bound

_b,
A1 A C(mn*toe ’
2> 2
(Zthﬁl 9h>\hj) Oinin
Let % <e<ln= 61’182‘161’2, a < ngf;j‘bb;, then one can show that
= logn—C| b .
& A alogn " Cpnoe G20
M+1 QSGQ (Q—Qb)+ Z 0z
i=1 (Zh:l 9hAhj) minky S =y logn] -
. i
C(n)n?te ™ (119)
LD e
J=[ £ logn—C] min
6b1 + b2« C(e
< (6b1 + b2) —logn + 2()’
2b1(4by — by — 6b1)0: . 02 i

for C(€) > 0 depending on €, by, ..., by. Here the last line is due to that when n > C(e),

eba  Cbo 2b1 +ebo
we have b Tog > Tt and thus

4b1 —2eb
n?*t®exp {—bl <b6 logn — C> } <n Sy Teby T < 1
n \01
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4. 1=1l<l'<M
Similarly from the previous case, we first have the bound

- NN 442
Z AL 5 < b;Q alogn, (120)
j=1 (Eﬁfll@hAm) Hmin

which holds with as long as 0 < by < by < --- < bys. If M > 2 and bs > 2b; hold, then
we bound each term in the summation as follows

a bl/ :
Alj)\l" . 1 0(77) +5e7 207
< min ) 121
(Z}]y ah)\h]>2 Hrzmn 9r2mn ()‘U + 1) ( )
Let % <e<l,np= 6”18?;15”2, a < 25;’12 +fbb21 then one can show that
| = logn—C]| .
= AN alogn " Cln)nze” ( —bu)
M+1 2 <92 (bl’ 2b ) + Z 02
=1 (Eh:l 9h>\hj) min j:[mlogn] min
n a
C(n)n1+2 e 2n (122)
+ Z 92 .
j=[# logn—C] min
6b1 + b C
(6b1 + b2)ax —logn + 2(6)7
T 2b1(4by — by — 6b1)0; 02 in
for C'(¢) > 0 depending on €,by,...,by.
5. 1<i<l!l=M+1
Note that
o b
)\l >\M j . 1 C 1+56_ anJ
JAMA1,j 5 <min e 9(277) N : 7 (123)
(ZhM Qh)\hg) min mln( 1+ 1)
thus based on the same argument as the previous case, we have
n
ALiA ; 4 2
UML) 5 ;2 “ logn, (124)
-1 (ZhM:Jil Hh)\h ) 1Y%min
and when M > 2, by > 2bq,
n
ALiA ; 6b1 + b C
IGAMA1,j < (6b1 + b2)cx log . + 2(6). (125)
—1 (ZhM:Jil eh)\h ) 2()1 (4()[ — bg — 6b1)0mm 9m1n
6. l=11I'=M+1
Since \
A1a\ . 1 nlts —5L7
1AM +1,5 > < min " ’C(n) - 2e 21 ’ (126)
(Z/]l/[:tl eh)\hj) min min
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one can show that

n , . 1+ n .
ALjAM 11, - < (2 Zbag;? log n " C(Z);? 2 Z o ahd
: M+1 . .
= (Zh:—‘; eh/\hj> 1Y%min min j:(@tfém log ] (127)
< (2+a)n n C(n)\ logn
- 4 logn ) 0162,
Let n = %, then when n > C for some C' > 0 depending on by, ..., by,

n

/\1]')\]\/[]' < (5 + 201) logn
27 Th6?, '
(i ) i

Therefore, for any o > 0, if n > C for C' > 0 depending on M,by,...,by, then with
probability at least 1 — 3Mn~%, (46) holds.
If M =1, then for any 0 < «a, € < 1, with probability at least 1 — 2n~%, (47) holds in ad-

dition to (46); If M > 2 and by > 2b; hold, then any 2 < ¢ < 1,0 < a < min{2g£f+_$f’21 : 1}7

if n > C(e) for C(€) > 0 depending on M, by, ..., bas, €, with probability at least 1 —3Mn~?,
(48) holds in addition to (46). [ |

Proof |[Proof of Lemma 13| First note that

2TAH)(9)z, — tr(A(H)(H))‘ = f:A@”(e)(z? —1)
(128)

By the definition of AU (8), ¢, t;(n), (89) and (90),

<Ce

— )

H
|AUD(0) 2 <[ A@)]2(H + 1) ((M“))

emin

A (9|12 <e 21| A 9)|2 < Ce?,(n).
F F

Also note that following similar arguments for bounding \|A(0§k))||%, we have
> ‘Ajj(a)‘ < Cti(n), (129)
j=1
and thus
3 ‘Ag?’) (9)‘ <e MY ‘Ajj(b’)) < CeHi(n). (130)
j=1 j=1
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Therefore,
P ( 2TAED @)z, — tr(AB(0))| > e H (¢ + C’ti(n))>
S (H) 2 2 H (131)
<P (> AL O)(2n; =1 =Bz — 1) > e i),
i=1
where C' > 0 depends on M, Omin, Omax, b1, - - ., bar. Since \zfm — 1] is sub-exponential with

constant parameter,

- ]t
ZA” n -1 - E\z —1]) > et §26xp{—cm1n{t' ,t}}. (132)

Proof |proof of Lemma 9| Following the calculations in the proof of Lemma 8, one can show
that

* k *
(g* (0" ars1 (65, — Ors0)

RS (k) >3 Ay

=5 (9 - 91 )(9M+1 9M+1 :

2m =1 j=1 (Zl]\i—i_l 0 )\(k )

1 *) m 1 1 M m )\(k)
Zgm Oarin — Oirst) D M+ ()2 g Omax i) 2D M+1 5 (k)

7=1 <Zl 91)\ ) =1 j=1 (Zl 01)\ )
Yy <2za<)(;1b1 +)3> _
k N — M max; aym 4012611

2(91(\4)+1 - 9M+1)2 362

max

- (emax - IIllIl 2M < maXl al(4b1 + 3) ) W 17

4by (2671 -1)
207 20 (4 —ob-3)) "

(133)

2 19p,
with probability at least 1 — Mm ™ for any 0 < a < %14;&, where the last line is due to
1+3

the following Lemma 12.

Therefore,
k * v k
(6" (O)are1 (037 — Or41) = S (041 — 03ra) — e, (134)
(2+a)(4b;+3)
where v = 892 , € = Cm ™Cn-D " if m > C. Here C > 0 depends only on
HminﬁmamM bh- . '7bM~ u

Proof [proof of Lemma 12| Similarly from the proof of Lemma 11, we apply Lemma 14 on
4b;

K;l) to derive upper bounds for \j;,1 <1 < M — 1 w.h.p. In particular, plug r = ]4bl+3 for
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2_q19p,
each 1 < j < n into (103) and let 6 = n~ (@D for 0 < o < %, then with probability

at least 1 — p—(@t1)
4bl(bl+2)
T‘ n bl+2n2 < 4b,+3

—(2b;—1) 2Cl -3,

n:2
e =
—\ 2 — 1 21)[ — 1
Thus we have

9 4by(b+2) N C 20, 2b)(2b—1) N
A <Oy 2 2 iTa 3 g T ab+3 1t
b =M <n+\/cﬂ " Na—1 Vo —1)’ "

2C C L 2i(2h 1) 14 (135)
< | 2./2C 4b;+3 +
_< tt 2bl—1+2bl—1>j l e

_2b)(26;—1) 14
=ay T,

for 1 <j<n,1 <1< M, with probability at least 1 — Mn~%. Now we are ready to prove
Ay
the bounds for — T for 1<, < M+ 1.
2= (0 0ndns)” I
1.1<I<lI'<M
For any 0 < L < n, one can show that

n o0 —
A A L I Zj—%n%ra
, M+1 2 =02 2. 4
j=1 he1 Hh)\hj min min j_p,
by (2b;—1) (136)
< L wapL M 514
2 2 (4b(2b-1)
emm emln(w B 1)
(2+a)(4b;+3)
Let L =n *uC%-1) | then we have
n
Alj)\l/j < n% < 1 aiay (41)[ + 3) > (137>
— 2 2 2
Hmln gmln(8bl —8b — 3)

2
j=1 ( ! GhAhj)

2.1l=0I'=M+1

)\2
The upper bound for 70, W in Lemma 12 is straightforward, since

ZhM OnAnj = OminArr41,5. While for the lower bound, note that Apys41; = 1, and
- Mt LA Sohih OnAnj < 20max}|

138)
2 102 (
=1 (Zﬁiﬁl 9h)\hj)

max
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Meanwhile, by (135) one can show that

M+l BEOTCTES VIR
Z Hh)\hj < 20max <=M mlax a10maxj s plts < Omax
hel (139)

(24a)(4b1+3)
<j > M maxan *1(2h1-1) |
!

Therefore,

\2 (2+4a)(4by +3)
M1 n — M max; qyn 4v1(201-1)
1) Ll . (140)

j=1 (th: 1 ehAhj)Q B 402

n

3.1<I<M,lI!'=M+1
First note that by similar arguments from the first case where 1 <1 <1’ < M, one can

show that for any L > 0,

n o0 —
Mg L Zj—%nvr%
M+1 2 =92, 2
j=1 (Zh:l eh)\hj) min min j—j,
_ 2by(2b;—1) (141)
L arL 4by+3 14a
< —+ n +3
—p2 2b;(2b;—1 ’
Ornin 0 i l(blfr:«z L - 1)
(2+4a)(4b;+3)
Let L =n *%-1  then we have
n Ny (2+0) (4b;+3)
AV < nima < 21 i az(ibz +3) ) (142
Hmin gmin(4bl — 6b; — 3)

i=1 (ZhMQl 9hAhj)

2_qop, _
Therefore, for any 0 < a < %, with probability at least 1 — Mn~%, (49) holds. M

Proof [proof for Lemma 6| Consider the case where x; ~ N(0,0?), k(z,2') = exp{—(x —
2')2/21%}, then \; takes the following analytical form (Zhu et al., 1997, see):

N=(1-8), (143)
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o 202 . . . e e~ .
where 8 = YcErREwr-R LK decreasing function of positive . We want to see if 7. is a
decreasing function of 5. First note that

AL Bm) _ N~ G- DB e

- . 3
op = (95’%(1 st + )
m . ‘7_1 m— . ‘]_1

j:1<0¥°nw1 B)BJ 14 68 ) j=1 ( 7n(1_.5)314_0¥”)3
—2ZW 1[(9(’“ (1 - et +00) "

mﬁm 1

1

— (089m(1 - p)57 + 95’“))_3}

2 .
T m 4 g0
(91 m(l—B)8" + 05 )
(144)
Leta="24 ((i) A) , and we provide an upper bound for glo o 8%87(5’3’) in the following;:
683 m o7 (8, m) i P 3
d = 1 T+ 1
2logm op logm Z]B [ amp’ + ) (amﬁ + ) ]
2l3m 1
m 3
(amp™ + 1) li)ngm | (145)
B 3(1(1 _ ﬁ)mQ jBQJ_Q N m2ﬁm—1
logm = (ampi=t + D (amBm 4+ 1)*logm
B 3a(l —p) N m2pm1
log(5~1)% (a/B+1)" ~ logm
where we let j = Og’(gﬂm 1y on the last line. Since
2 om—1
im T, (146)

m—oo  logm

(145) implies that for any Iy > 0, there exists a mg > 0 depending on ng), ng), o, lp such
that as long as m > my, 7. is a increasing function of [ > [g. That is to say, for large enough
minibatch, larger length scale leads to faster convergence for o2, which suggests the potential

benefit of nearby sampling. |

Appendix F. Explanation on the connection between Assumption 3.1 and
Assumption 3.2

We explain the how Assumption 3.2 can be proved with Assumption 3.1 under the exponential
eigendecay and polynomial eigendecay cases separately.
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Exponential eigendecay (Assumption 3.3): Consider Lemma 10 with M = 1,
s1(m) = 7logm and so(m) = m, then we have

* _1
196" Xy, 1, ve,.,) — 97 (0M)]2 < Clogm) 2,

with probability at least 1 — Cexp{—c(logm)?*}. Hence it suffices to show that
llg* (8%))]|3 is bounded with high probability. Meanwhile, some calculation suggests

k) 1,0 m ()=
E[gl(e ;X£k+17y'§k+1)|x§k+1] - 281(m) ;(el - 0[ ) Zl (H(k))\(k) n Q(k))Q’
= I A (147)
E[QQ(H ;ka 1 Ye )|ka 1] = (el - 91*) AN o
+17 9 €p + 259(m) £ s (9% ))‘5' ) _1_95 ))2
Under the exponential eigendecay assumption, Lemma 11 suggests that
m (Agk))1+ﬂ{l_l}
O (148)
1
Z <Cm
k k k -
= (95 ))\g )+9( ))2

By the boundedness of 8%) (Assumption 3.1), (148) and (147), we have

Hg(e(k); X§k+1’y€k+1)”2 <C

when s1(m) > clogm and sy(m) = m and m is large enough.

Polynomial eigendecay (Assumption 3.4): Consider Lemma 10 with M = 1 and
Assumption 3.4, then when s1(m) = sa(m) = m,

* _1
190%™ Xe, . ve,,,) — ¢ (OW)]2 < Cm~ 2,

with probability at least 1 — C exp{—cm?®}. Meanwhile, note that Lemma 11 suggests

that for i = 0,1,

> < Cm, (149)
k) (k k

2 o g

J
and since (147) still holds, we have [|g*(0%))||y < C when s1(m) = sa(m) = m.
Therefore, by the boundedness of 8(*) (Assumption 3.1), Hg(G(k); ngﬂ,y&k“)ﬂg <C
when s1(m) = s2(m) = m and m is large enough.
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