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Abstract

We consider the problem of estimating the difference between two undirected functional
graphical models with shared structures. In many applications, data are naturally regarded
as a vector of random functions rather than as a vector of scalars. For example, electroen-
cephalography (EEG) data are treated more appropriately as functions of time. In such
a problem, not only can the number of functions measured per sample be large, but each
function is itself an infinite-dimensional object, making estimation of model parameters
challenging. This is further complicated by the fact that curves are usually observed only
at discrete time points. We first define a functional differential graph that captures the
differences between two functional graphical models and formally characterize when the
functional differential graph is well defined. We then propose a method, FuDGE, that
directly estimates the functional differential graph without first estimating each individual
graph. This is particularly beneficial in settings where the individual graphs are dense but
the differential graph is sparse. We show that FuDGE consistently estimates the functional
differential graph even in a high-dimensional setting for both fully observed and discretely
observed function paths. We illustrate the finite sample properties of our method through
simulation studies. We also propose a competing method, the Joint Functional Graphi-
cal Lasso, which generalizes the Joint Graphical Lasso to the functional setting. Finally,
we apply our method to EEG data to uncover differences in functional brain connectivity
between a group of individuals with alcohol use disorder and a control group.
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1. Introduction

We consider a setting where we observe two samples of multivariate functional data, X;(t)
fori=1,...,nx and Y;(¢) for i = 1,...,ny. The primary goal is to determine if and how
the underlying populations—specifically their conditional dependency structures—differ.
As a motivating example, consider electroencephalography (EEG) data, where the electri-
cal activity of multiple regions of the brain can be measured simultaneously over a period of
time. Given samples from the general population, fitting a graphical model to the observed
measurements would allow a researcher to determine which regions of the brain are depen-
dent after conditioning on all other regions. The EEG data analyzed in Section 6.2 consists
of two samples: one from a control group and the other from a group of individuals with
alcohol use disorder (AUD). Using these data, researchers may be interested in explicitly
comparing the two groups and investigating the complex question of how brain functional
connectivity patterns in the AUD group differ from those in the control group.

The conditional independence structure within multivariate data is commonly repre-
sented by a graphical model (Lauritzen, 1996). Let G = {V,E} denote an undirected
graph where V is the set of vertices with |V| = p and E C V? is the set of edges. At
times, we also denote V' as [p] = {1,2,...,p}. When the data consist of random vectors
X = (X1,...,X,) ", we say that X satisfies the pairwise Markov property with respect to G
if Xy U Xo [ {Xu}uev\fo,w} holds if and only if {v,w} € E. When X follows a multivariate
Gaussian distribution with covariance ¥ = ©~!, then ©,,, # 0 if and only if {v,w} € E.
Thus, recovering the structure of an undirected graph from multivariate Gaussian data is
equivalent to estimating the support of the precision matrix, ©.

When the primary interest is in characterizing the difference between the conditional
independence structure of two populations, the object of interest may be the differential
graph, Gao = {V,Ea}. When X and Y follow multivariate normal distributions with co-
variance matrices X and XV, let A = ©X — O, where 6% = (£X)~! and 6Y = (2¥)~!
are the precision matrices of X and Y, respectively. The differential graph is then defined
by letting EA = {{v,w} : A, # 0}. This type of differential model for vector-valued data
has been adopted in Zhao et al. (2014a), Xu and Gu (2016), and Cai (2017).

In the motivating example of EEG data, electrical activity is observed over a period
of time. When the measurements smoothly vary over time, it may be more natural to
consider the observations as arising from an underlying function. This is particularly true
when data from different subjects are observed at different time points. Furthermore, when
characterizing conditional independence, it is likely that the activity of each region depends
not only on what is occurring simultaneously in the other regions but also on what has
previously occurred in other regions; this suggests that a functional graphical model might
be appropriate.

In this paper, we define a differential graph for functional data that we refer to as a
functional differential graphical model. Similar to differential graphs for vector-valued data,
functional differential graphical models characterize the differences in the conditional de-
pendence structures of two distributions of multivariate curves. We build on the functional
graphical model developed in Qiao et al. (2019). However, while Qiao et al. (2019) required
that the observed functions lie in a finite-dimensional space in order for the functional
graphical model to be well defined, the functional differential graphical models may be well
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defined even in certain cases where the observed functions live in an infinite-dimensional
space.

We propose an algorithm called FuDGE to estimate the differential graph and show
that this procedure enjoys many benefits, similar to differential graph estimation in the
vector-valued setting. Most notably, we show that under suitable conditions, the proposed
method can consistently recover the differential graph even in the high-dimensional setting
where p, the number of observed variables, may be larger than n, the number of observed
samples.

A conference version of this paper was presented at the Conference on Neural Infor-
mation Processing Systems (Zhao et al., 2019). Compared to the conference version, this
paper includes the following new results.

e We give a new definition for a differential graph for functional data, which allows us
to circumvent the unnatural assumption made in the previous version and take a truly
functional approach. Specifically, instead of defining the differential graph based on
the difference between conditional covariance functions, we use the limit of the norm
of the difference between finite-dimensional precision matrices.

e We include new theoretical guarantees for discretely observed curves. In practice, we
can only observe the functions at discrete time points, so this extends the theoretical
guarantees to a practical estimation procedure. Discrete observations bring an addi-
tional source of error when the estimated curves are used in the functional PCA. In
Theorem 13, we give an error bound for estimating the covariance matrix of the PCA
score vectors under mild conditions.

e We introduce the Joint Functional Graphical Lasso, which is a generalization of the
Joint Graphical Lasso (Danaher et al., 2014) to the functional data setting. Empir-
ically, we show that the procedure performs competitively in some settings but is
generally outperformed by the FuDGE procedure.

The software implementation can be found at https://github.com/boxinz17/FuDGE.
The repository also contains the code to reproduce the simulation results.

1.1 Related Work

The work we develop lies at the intersection of two different lines of literature: graphical
models for functional data and direct estimation of differential graphs.

Many previous works have studied the structure estimation of a static undirected graph-
ical model (Chow and Liu, 1968; Yuan and Lin, 2007; Cai et al., 2011; Meinshausen and
Bithlmann, 2006; Kolar and Xing, 2012a; Wang and Kolar, 2016; Vogel and Fried, 2011; Sun
et al., 2015; Suggala et al., 2017). Previous methods have also been proposed to characterize
conditional independence for multivariate observations recorded over time. For example,
Talih and Hengartner (2005), Xuan and Murphy (2007), Ahmed and Xing (2009), Song
et al. (2009a), Song et al. (2009b), Kolar et al. (2010b), Kolar et al. (2009), Kolar and Xing
(2009), Zhou et al. (2010), Yin et al. (2010), Kolar et al. (2010a), Kolar and Xing (2011),
Kolar and Xing (2012b), Wang and Kolar (2014), Lu et al. (2018), Geng et al. (2019a),
Geng et al. (2019b), Tsai et al. (2020) studied methods for dynamic graphical models that
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assume that data are sampled independently at different time points but generated by re-
lated distributions. In these works, the authors proposed procedures to estimate a series of
graphs that represent the conditional independence structure at each time point; however,
they assumed that the observed data do not encode “longitudinal” dependence. In contrast,
Wang et al. (2020) focused on graphical models for time series data, while Qiao et al. (2019),
Zhu et al. (2016), Li and Solea (2018), Zhang et al. (2021), Zhao et al. (2021) considered
the setting where the data are multivariate random functions. Most similar to the setting
we consider, Qiao et al. (2019) assumed that the data are distributed as a multivariate
Gaussian process (MGP) and use a graphical lasso type procedure on the estimated func-
tional principal component scores. Zhu et al. (2016) also assumed an MGP but proposed a
Bayesian procedure. Crucially, however, both required that the covariance kernel can essen-
tially be represented by a finite-dimensional object. Zapata et al. (2021) showed that under
various notions of separability—roughly when the covariance kernel can be decomposed
into covariance across time and covariance across nodes—the conditional independence of
the MGP is well defined even when the functional data are truly infinite-dimensional and
that the conditional independence graph can be recovered by the union of a (potentially
infinitely) countable number of graphs over finite-dimensional objects. Zhao et al. (2021)
adopted a neighborhood selection approach to learn the conditional independence structure
of an MGP, which does not need to assume that functional data are finite-dimensional or
that the MGP is separable to ensure consistency. In a different approach, Li and Solea
(2018) did not assume that random functions are Gaussian and instead used the notion of
additive conditional independence to define a graphical model for random functions. Qiao
et al. (2020) also assumed that the data are random functions, but allowed the dependency
structure to change smoothly over time—similar to a dynamic graphical model.

We also draw on recent literature that has shown that when the object of interest
is the difference between two distributions, directly estimating the difference can provide
improvements over first estimating each distribution and then taking the difference. Most
notably, when estimating the difference in graphs in a high-dimensional setting, even if each
individual graph does not satisfy the appropriate sparsity conditions, the differential graph
may still be recovered consistently. Zhao et al. (2014a) considered data drawn from two
Gaussian graphical models and showed that even if both underlying graphs are dense, if
the difference between the precision matrices of each distribution is sparse, the differential
graph can still be recovered in the high-dimensional setting. Liu et al. (2014) proposed
procedure based on KLIEP (Sugiyama et al., 2007) that estimates the differential graph
by directly modeling the ratio of two densities. They did not assume Gaussianity but
required that both distributions lie in some exponential family. Fazayeli and Banerjee
(2016) extended this idea to estimate the differences in Ising models. Wang et al. (2018)
also proposed direct difference estimators for directed graphs when data are generated by
linear structural equation models that share a common topological ordering.

1.2 Notation

Let | - |, denote the vector p-norm and | - ||, denote the matrix/operator p-norm. For
example, for a p x 1 vector a = (a1, az,...,a,) ", we have |a|; = >ilajl, lala = (325 |a?|)1/2
and |aloo = max; |a;[. For a p x ¢ matrix A with entries aji, [Al1 = 3, ¢ lajil, A1 =
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maxg 32, [ajel, [Aloo = maxjx al, and Al = max; ¥ agal- Let [Allp = (5, a2,)"2
be the Frobenius norm of A. When A is symmetric, let tr(A) = >_; a;; denote the trace of
A. Let Apin(A) and Apax(A) denote the minimum and maximum eigenvalues, respectively.
Let a, < b, denote 0 < Cy < inf, |a,/b,| < sup, |a,/by| < Cy < oo for some positive
constants C7 and Cs.

We assume that all random functions belong to a separable Hilbert space ]HI For any
two functions fi, fo € H, we define their inner product as (f1, fo) = [ fi(t)f2(t)dt. The
induced norm is || f1|| = || f1llc2 = {[ f2(t)dt}'/2.

For a function vector f(£) = (f1(6), fa(t),. - fo(£))T, we let | fllg2n = (SF_, Lf;1%)1/2
denote its £2,2-norm. For a bivariate function g(s,t), we define the Hilbert-Schmidt norm
of g(s,t) as ||gllus = [ [{g(s,t)}*dsdt. Typically, we will use f(-) (and similarly g(-, %)) to
denote the entire function f, while we use f(¢) (and similarly g(s,t)) to mean the value of
f evaluated at t.

For a vector space V, we use V1 to denote its orthogonal complement. For vy, ...,vx €
V and v = (v1,...,vk)", we use Span{vi,vs,...,vx} = Span(v) to denote the vector
subspace spanned by vy, ...,vk.

2. Functional Differential Graphical Models

In this section, we review functional graphical models and introduce the notion of a func-
tional differential graphical model.

2.1 Functional Graphical Model

Suppose X;(-) = (Xi1(+), Xia (), .. -, X,‘p(-))T is a p-dimensional multivariate Gaussian pro-
cess (MGP) with mean zero and common domain 7, where T is a closed interval of the real
line with length | 7|.! Each observation, for i = 1,2,...,n, is i.i.d. In addition, assume that
for j € V, X;;(-) is a random element of a separable Hilbert space H. Qiao et al. (2019),
define the conditional cross-covariance function for X;(-) as

Cii (s,t) = Cov (Xij(s), Xa(t) | {Xan()bepsa) - (1)

If Cj‘.)l((s, t) =0 for all s, € T, then the random functions X;(-) and X;(-) are conditionally
independent given the other random functions, and the graph Gx = {V, Ex} represents
the pairwise Markov property of X;(-) if

Ex ={(j,1) : j <land |Cj|lus # 0} . (2)

In general, we cannot directly estimate (2), since X;(-) may be an infinite-dimensional
object. Thus, before applying a statistical estimation procedure, dimension reduction is
typically required. Qiao et al. (2019) used functional principal component analysis (FPCA)
to project each observed function onto an orthonormal function basis defined by a finite
number of eigenfunctions. Their procedure then estimates the conditional independence
structure from the “projection scores” of this basis. We outline their approach in the fol-
lowing. However, in contrast to Qiao et al. (2019), we do not restrict ourselves to dimension

1. We assume mean zero and a common domain 7 to simplify the notation, but the methodology and
theory generalize to non-zero means and different time domains.
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reduction by projecting onto the FPCA basis, and in our discussion we instead consider a
general function subspace.

Let V;V[j C H be a subspace of a separable Hilbert space H with dimension M; € N* for
all 7 =1,2,...,p. Our theory easily generalizes to the setting where M; may differ, but to
simplify the notation, we assume M; = M for all j and simply write V;-W instead of Vj-\/[j .
Let Vil =V} @V} - -0V}

For any function g(-) € H and a subspace F C H, let w(g(-); F) € F denote the projection
of the function g(-) onto the subspace F, and let

T(Xi(-): Vi) = (m(Xaa (V) m(Xia () VAD), .. (X (2 VAD)

When the choice of subspace is clear from the context, we will use the following shorthand
notation: X75(-) = m(Xy5(-); Vi), j=1,2,...,p, and XT(-) = W(XZ-(-);V[%).
Similarly to the definitions in (1) and (2), we define the conditional independence graph
of X™(-) as
B = {{j.1} + j <land |C} " lus # 0}, (3)
where

C ™ (s,t) = Cov (X7 (s), X7(6) | {XF() rst) -

Note that E% depends on the choice of VM through the projection operator 7, and, as we
discuss below, E% may be recovered from the observed samples.

When data arise from an MGP, we can estimate the projected graphical structure by
studying the precision matrix of projection score vectors (defined below) with any orthonor-

mal function basis of the subspace V]U\f]. Let eé\/f = (ej1(+),ej2(-),-.-,ejm ()" be any or-
thonormal function basis of V;VI and let eM(-) = {eé\/[ 5-’:1 be an orthonormal function basis
of Vﬁ. Let

0, = /T X (Beju(t)dt
denote the projection score of X;;(-) onto e;i(-) and let

and a

X,M X X X T
a- - = ( )

X,M X,M\T
ij Q15 Qjj2s - - -5 Qijg = ((a )

: — 2 ’(a‘X’M)T)T ERPM,

goes ip

Since X;(-) is a p-dimensional MGP, aZ-X’M follows a multivariate Gaussian distribution and
we denote the covariance matrix of that distribution as XXM = (@%M)~1 ¢ RpMxpM,
Each function X;;(-) is associated with M rows and columns of Y% corresponding to
a;(-’M. We use @%’M to refer to the M x M submatrix of @M that corresponds to the
functions X;;(-) and Xj(-). Lemma 1, from Qiao et al. (2019), shows that the conditional
independence structure of the projected functional data can be obtained from the block

sparsity of @XM,

Lemma 1 [Qiao et al. (2019)] Let ©%M be the inverse covariance of the projection scores.
Then, XT;(s) 1L X7 (t) | { X7 (1) brju for al? s,t € T if and only if @ﬁ’M = 0. This implies

2. More precisely, we only need the conditional independence to hold for all s,¢ € T except for a subset of
T2 with zero measure.
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that E% —as defined in (3)—can be equivalently defined as

By = {0}« j<tand @} |p £ 0},

Although Qiao et al. (2019) only considered projections onto the span of the FPCA
basis (that is, the eigenfunctions of X;;(-) corresponding to M largest eigenvalues), the
result trivially extends to the more general case of any subspace and any orthonormal
function basis of that subspace.

Although ©X™ depends on the specific basis onto which X;(-) is projected, the edge
set E% only depends on the subspace V][gf] , that is, the span of the basis onto which Xj(-)
is projected. Thus, Lemma 1 implies that although the entries of ©%™ can change when
using different orthonormal function bases to represent Vf\;[], the block sparsity pattern of
©%M only depends on the span of the selected basis.

When X;(-) # X[ (:), E% may not be the same as Ex; furthermore, it may not be the
case that EY, C Ex or Ex C E%. Thus, Condition 2 of Qiao et al. (2019) requires a finite
M™* < oo such that X;; lies in Vf\;[]* almost surely. When M = M*, then X;(-) = X7(-) and
E% = Ex. Under this assumption, to estimate E% = Ex, Qiao et al. (2019) proposed the
functional graphical lasso estimator (fglasso), which solves the following objective:

@X,M

SXM _ arg max { log det (@X,M) Ctr (SX,M®X,M) — Y Z H@ﬁMHF ) (4)
il

In (4), ©%M is a symmetric positive definite matrix, @ﬁ’M € RM*M corresponds to the

7,1) submatrix o M, 18 a non-negative tuning parameter, an M is an estimator o
i, 1) submatrix of @XM, i tive tuni t d SX%M timator of
Y XM The matrix S%M is obtained by using FPCA on the empirical covariance functions
see Section 2.3 for details). The resulting estimated edge set for the functional graph is
Section 2.3 for details). Th Iti timated ed t for the functional h i

By = {51} j<land H@ﬁMHF >0}

We also note that the objective in (4) was previously used in Kolar et al. (2013) and Kolar
et al. (2014) for the estimation of graphical models from multi-attribute data.

However, the requirement that X;(-) lies in a subspace with finite-dimension may be
violated in many practical applications and negates one of the primary benefits of consid-
ering the observations as functions. Unfortunately, the extension to infinite-dimensional
data is nontrivial, and indeed Condition 2 in Qiao et al. (2019) requires that the observed
functional data lie within a finite-dimensional span. To see why, we first note that 3*M" is
always a compact operator on RPM”. Thus, as M* — oo, the smallest eigenvalue of XX-M"
will go to zero. As a consequence, XM" becomes increasingly ill-conditioned, and ©%M"
the inverse of 2XM" will become ill-defined when M* = co. This behavior makes the es-
timation of a functional graphical model—at least through the basis expansion approach
proposed by Qiao et al. (2019)—generally infeasible for truly infinite-dimensional functional
data. When the data are truly infinite-dimensional, the best we can do is to estimate a
finite-dimensional approximation and hope that it captures the relevant information.
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2.2 Functional Differential Graphical Models: Finite-Dimensional Setting

In this paper, rather than estimating the conditional independence structure of a single
MGP, we are interested in characterizing the difference between two MGPs, X and Y. For
brevity, we will typically only explicitly define the notation for X; however, the reader should
infer that all the notation for Y is defined analogously. As described in the introduction, Li
et al. (2007) and Zhao et al. (2014a) consider the setting where X and Y are multivariate
Gaussian vectors, and define the differential graph Ga = {V, Ea} by letting

Ea = {(v,w) : v <w and Ay, # 0}

where A = (X%)~1 — ()~ and X, ¥ are the covariance matrices of X and Y.

We extend this definition to the functional data setting and define functional differential
graphical models. To develop intuition, we first start by defining the differential graph with
respect to the finite-dimensional projections of functional data, that is, with respect to X7 (¢)
and Y;"(t) for some choice of V]\If . As implied by Lemma 1, in the functional graphical model
setting, the M x M blocks of the precision matrix of the projection scores play a similar role
to the individual entries of a precision matrix in the vector-valued Gaussian graphical model
setting. Thus, we also define a functional differential graphical model by the difference of
the precision matrices of the projection scores. Note that for each 7 € V', we require that
both afg and a,z.; be calculated using the same function basis of Vé-‘/[ . Let XM = (EX’M )_1

and @M = (ZY’M )_1 be the precision matrices for the projection scores for X and Y,
respectively, where the inverse should be understood as the pseudo-inverse when X or
YYM are not invertible.

We now define the functional differential graphical model. Let AM = @XM —@Y"M and
A% be the (j,1)-th M x M block of AM. We define the edges of the functional differential
graph of the projected data as:

EX = {(j,0) : j <land ||A§‘{\|F >0} . (5)

While the entries of AM depend on the choice of orthonormal function basis, the defini-
tion of K} is invariant to the particular basis and only depends on the span. The following
lemma formally states this result.

Lemma 2 Suppose that span(e (-)) = span(éM(.)) for two orthonormal bases e™(-) and
eM(.). Let EX and E} be defined by (5) when projecting X and Y onto eM(-) and eM(.),
respectively. Then, E} = EZ.

Proof See Appendix B.1. [ |

We have several comments about E7 defined in (5).
Projecting X and Y onto different subspaces: While we project both X and Y
onto the same subspace Vﬂf], our definition can be easily generalized to a setting where we

project X onto Vg]’M and Y onto VE;’]M, with V[);}’M #* VE;’]M. For example, naively follow-

ing the procedure of Qiao et al. (2019), we could perform FPCA on X and Y separately,
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and subsequently we could use the difference between the precision matrices of the pro-
jection scores to define the functional differential graph. Although defining the functional
differential graph using this alternative approach may be suitable for some applications, it

may result in the undesirable case where (j,l) € EX even though C’ﬁ’“(-, %) = Cﬁ’w(-, %),

C’jj(-’ﬁ(‘, *) = Cll (-, %), and C’\J Xﬂ( *) = C\J Yﬂ( x). Therefore, we restrict our discussion

to the setting where X and Y are prOJected onto the same subspace.

Connection to Multi-Attribute Graphical Models: The selection of a specific
functional subspace is connected to multi-attribute graphical models (Kolar et al., 2014). If
we treat the random function Xj;(-) as representing an infinite number of attributes, then
XZ;() will be an approximation using M attributes. The chosen attributes are given by
the subspace Vé\/f . While we allow different nodes to choose different attributes by allowing
Véw to vary across j, we require that the same attributes are used to represent both X and
Y by restricting VM to be the same for X and Y. The specific choice of VM can extract
different attributes f]rom the data. For instance, using the subspace spanned by the Fourier
basis can be viewed as extracting frequency information, while using the subspace spanned
by the eigenfunctions—as introduced in the next section—can be viewed as extracting the
dominant modes of variation.

Given the definition (5) and the Lemma 2, there are two main questions to answer: First,
how do we choose VM? Second, what happens when X and Y are infinite-dimensional? We
answer the first question in Section 2.3 and the second question in Section 2.4.

2.3 Choosing Functional Subspace via FPCA

As discussed in Section 2.2, the choice of Vf\;f] in Definition 5 decides—roughly speaking—
the attributes or dimensions in which we compare the conditional independence structures
of X and Y. In some applications, we may have very good prior knowledge about this
choice. However, in many cases, we may not have a strong prior knowledge. In this section,
we describe our recommended “default choice” that uses FPCA on the combined X and Y
observations. In particular, suppose that there exist subspaces {Vﬁw ) }jev such that V;-V[ )
has dimension M* < oo and Xj;(t), Y;;(t) € Vé\/[* for all j € V. Then, FPCA—when given
population values—recovers this subspace.

Similarly to the way principal component analysis provides the Lo optimal lower di-
mensional representation of vector-valued data, FPCA provides the Lo optimal finite-
dimensional representation of functional data. Let K ])]( (t,s) = Cov(Xy;(t), Xi;(s)) de-
note the covariance function for X” for j € V. Then, there exist orthonormal eigen-
functions and eigenvalues {(bﬁ,( ) 7,€}k€N such that [ KX (s,t)¢; X (t)dt = /\ﬁ%)-i(s) for
all & € N (Hsing and Eubank, 2015). Since K ])J{ (s,t) is symmetrlc and non-negative
definite, we assume, without loss of generality, that {)\i} seN+ 1S non-negative and non-
increasing. By the Karhunen-Loeve expansion (Hsing and Eubank, 2015, Theorem?7.3.5),
X;j(t) can be expressed as X;j(t) = > pe = a;; kgb] X (t), where the principal component scores
satisfy aijk = [ Xij )qu (t)dt and amk ~ N(0, )\JX) with E(a ”kawl) =0if k # 1. Be-
cause the eigenfunctions are orthonormal, the Ly projection of X;; onto the span of the
first M eigenfunctions is XZ-]}/[ (t) = ,16‘4:1 af](.k¢ﬁ,(t). Similarly, we can define K};(t, s),
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{Qﬁﬁ(t),)\}/k}keN and Yzéw(t) Let Kjj(s,t) = Kg(s,t) + K;;(s,t) and let {¢x(t), Ajk tren
be the eigenfunction-eigenvalue pairs of Kj;(s,t).

Lemma 3 implies that X;;(-) and Yj;(-) lie within the span of the eigenfunctions cor-
responding to the non-zero eigenvalues of Kj;. Furthermore, this subspace is minimal in
the sense that no subspace of a smaller dimension contains X;;(-) and Yj;(-) almost surely.
Thus, the FPCA basis of K; provides a good default choice for dimension reduction.

Lemma 3 Let |V| denote the dimension of a subspace V and suppose that
M; = inf{|V] : V C H, X;;(-), Yi;(-) € Valmost surely}.
Let {¢jr(t), N\jr }ken be the eigenfunction-eigenvalue pairs of Kj;(s,t) and
M} = sup{M € N* : \jp; > 0}
Then MJ’ = M7 and X;;,Yi; € Span{¢;1(-), #j2(-), ..., ¢j,Mj*(')} almost surely.

Proof See Appendix B.2. |

2.4 Infinite-Dimensional Functional Data

In Section 2.2, we defined a functional differential graph for functional data that have finite-
dimensional representation. In this section, we present a more general definition that also
allows for infinite-dimensional functional data.

As discussed in Section 2.1, when the data are infinite-dimensional, estimating a func-
tional graphical model is not straightforward because the precision matrix of the scores
does not have a well-defined limit as M, the dimension of the projected data, increases
to co. When estimating the differential graph, however, although |@%M ||z — oo and
10V M||p — 0o as M — oo, it is still possible for ||©%M — @Y'"M || to be bounded as
M — oo. For instance, x,,y, € R may both tend to infinity, but lim,, z,, — y, may still
exist and be bounded. Furthermore, even when ||©@XM — @Y-M||p — oo, it is still possible
for the difference ©XM — ©Y'M to be informative. This observation leads to Definition 4
below. To simplify notation, in the rest of the paper, we assume that X;;(-) and Y;;(-) live in
an M* dimensional space where M* < co. Recall that {(ﬁﬁ(), )\ﬁ:}keN and {(ﬁ;/k(), )\}/k}keN

denote the eigenpairs of K j)j( and K;; respectively.

Definition 4 (Differential Graph Matrix and Comparability) The MGPs X andY
are comparable if the following two conditions hold:

1. For all j € [p], KJ)]( and K;; have M* non-zero eigenvalues and
span <{¢ﬁ}24:*1> = span ({¢5}/1€}1]<§4:*1) .

2. For every (j,1) € V2 where j # 1 and a projection subspace sequence {V%}MN

satisfying limps_s pr+ V;-W = span ({qﬁﬁj}ﬂfl), we have either:

. M N . . M
Mlgljlw 1A lF=0 or lim Mglgd* 1A lF>0.

10
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We say that X and Y are incomparable, if for some j, KJ)]( and K}; have a different
number of non-zero eigenvalues, or if span <{¢5§€}£/[:*1) # span <{¢3/k}]k\/[:*1), or if there exists

some (j,1) such that given {V][;[]}MN satisfying imps_ pr+ Vé.w = span ({%)i}ﬁ/i*l) , we have
lim inf |AY|F=0 but i Al > 0.
it (A =0, bt i sw |AYr

When X and Y are comparable, we define the differential graph matriz (DGM)
D = (Dj1)(jeve € RP*P, where

D =1lim inf ||AY] g
Jl lliilM*H gl HF

In Definition 4 we say limps_,pz+ Vé-\/[ = span ({g{)ﬁ},i\/[:* 1), to mean the following: For any

e > 0 and all g € span ({gbﬁ},]yz*ﬁ, there exists M’ = M'(€) < oo such that ||g — gM|| < €

for all M > M’, where gy denotes the projection of g onto the subspace of Vé\/[ .

When M™* < oo, the conditional independence structure in X; and Y; can be fully cap-
tured by a finite-dimensional representation. When M* = 0o, as M — oo, A% approaches
the difference of two matrices with unbounded eigenvalues. However, when X and Y are
comparable, the limits are still informative. This would suggest that by using a sufficiently
large subspace, we can capture such a difference arbitrarily well. However, if the MGPs are
not comparable, then using a larger subspace may not improve the approximation regard-
less of the sample size. For this reason, in the remainder of the article, we focus only on
the setting where X and Y are comparable.

To our knowledge, there is no existing procedure to estimate a graphical model for
functional data when the functions are infinite-dimensional. Thus, it is not straightforward
to determine whether the comparability condition is stronger or weaker than what might
be required for estimating the graphs separately and then comparing post hoc. However,
we hope to provide some intuition to the reader.

Suppose that X and Y are of the same dimension, M™*. If M* < oo and the functional
graphical model for each sample could be estimated separately (that is, |©X||r < oo and
|©0Y'M|| < o), then X and Y are comparable when the minimal basis that spans X and
Y is the same. Thus, the functional differential graph is also well defined. On the other
hand, the conditions required by Qiao et al. (2019, Condition 2) for consistent estimation
are not satisfied when M* = oo, since limys o [|©% M| = oo due to the compactness
of the covariance operator. However, X and Y may still be comparable depending on the
limiting behavior of @M and ©Y*™. Thus, there are settings where the differential graph
may exist and can be consistently recovered even when each individual graph cannot be
recovered (even when p is fixed).

However, when one MGP is finite-dimensional and the other is infinite-dimensional, then
the MGPs are incomparable. To see this, without loss of generality, we assume that MGP
X has infinite-dimension M jX = M% = oo for all j € V and MGP Y has finite-dimension
M ]Y = Mj < oo for all j € V. Then ©YM js ill-defined when M > My and recovering the
differential graph is not straightforward.

We now define the notion of a functional differential graph.

11
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Definition 5 When two MGPs X and Y are comparable, we define their functional dif-
ferential graph as an undirected graph Ga = {V, Ea}, where Ea is defined as

En ={{j,l} : j <l and Dy > 0}.

Remark 6 The functional graphical model defined by Qiao et al. (2019) uses the condi-
tional covariance function C’;l((-, ) given in (1). Thus, it would be quite natural to use the
conditional covariance functions directly to define a differential graph, where

Exn={{j.l} : j<land Cj‘?l((-,*) + C’%(,*)} (6)

Unfortunately, this definition does not always coincide with the one we propose in Defi-
nition 5. However, the functional differential graph given in Definition 5 has many nice
statistical properties and retains important features of the graph defined in (6).

The primary statistical benefit of the graph defined in Definition 5 is that it can be
directly estimated without estimating each conditional independence function: le((-, -) and
C’};(-, -). Similarly to the vector-valued case considered by (Zhao et al., 2014a), this allows
for a much lower sample complexity when each individual graph is dense but the difference
1s sparse. In some settings, there may not be enough samples to accurately estimate each
individual graph, but the difference may still be recovered. This result is demonstrated in
Theorem 10.

The statistical advantages of our estimand unfortunately come at the cost of a slightly
less precise characterization of the difference in the conditional covariance functions. How-
ever, many of the key characteristics are still preserved. Suppose X; and Y; are both M™*-
dimensional with M* < oo and further suppose that {@jm(-)Pums (%) }mmie[p]x[m*] 5 @
linearly independent set of functions. Suppose that the conditional covariance functions for
j,1 € V are unchanged so that C]?](-(-, %) = C’;;(-, %) and Cl\lJ7X(-, %) = C’l\l]’y(-, %), where

CY N (%) = Cov(Xi (), Xu() | Xi() b # ,1)

and C’l\lj’y(-, *) is defined similarly; then, Aj; = 0 if and only if C’jl((-, %) = C’;/l’ﬂ(-, x). When
this holds for all pairs j,1 € V', then the definitions of a differential graph in Definition 5 and
(6) are equivalent. When the conditional covariance functions change so that C])J((,*) #
C’};(-,*), then we still have Aj # 0 if C’;l(’ﬂ(-,*) =0 and C’;;’ﬂ(-,*) # 0 (or vice versa).
Thus, even in this more general setting, the functional differential graph given in Definition 5
captures all qualitative differences between conditional covariance functions Cﬁ(-,*) and

Our objective is to directly estimate Ea without first estimating Ex or Ey. Since the
functions we consider may be infinite-dimensional objects, in practice, what we can directly
estimate is actually E% defined in (5). We will use a sieve estimator to estimate A, where
M increases with the sample size n. When M™* = M, then E}, = Ea. When M < M* < oo,
then this is generally not true; however, we would expect the graphs to be similar when M
is large enough compared to M*. Thus, by constructing a suitable estimator of AM, we
can still recover Ea.

12
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2.5 Illustration of Comparability

We provide a few examples that illustrate the notion of comparability. In the first two
examples, the graphs are comparable, whereas in the third example, the graphs are in-
comparable. First, we state a lemma that will be helpful in the following discussion. The
lemma follows directly from the properties of the multivariate normal and the inverse of
block matrices.

Lemma 7 Let Hjl{’M Cov(a XM,afl{M | ai’M,k # j,1) and H\IXM = Var(a;; XM

M k£ j,1). For any j € V, we have Gﬁ’M = (Hj](-’M)_l. For any (],l) eV? tmd] #1,

we have @ﬁ’M - _(H;J{vM)—lHjlf,M(Hl\lj,X,M)_l
Proof See Appendix B.3. =

The following proposition follows directly from Lemma 7.
Proposition 8 Assume that for any (j,1) € V? and j # I, we have
X,M . X,M .
”m 1 awm ] a,”k#j and ij A a”m | a;”  k#7,1,

for any M and 1 < m # m' < M. We then have

QXM _ g 1 1
o = diag v M ) " X
ar | a;j; | a7 k# g Var a5 | a; ™ k#j

and

XM
jlymm/ —

Cov ( ijm s zlm’ ’ a ’k 7 J, l) A X GlLM
Var(2]m|a ,k#j)Var(llm]a ,k;«éj)
for any M and 1 <m #m/ < M. In addition, if

Y,M , .
zJmJ_LaUm la; ;" k#3j and ame_Lawm \a M k41,

for any M and 1 <m #m' < M, then

Var(”m|a ,k#j)—Var(Um\a ,k#j)

@fj’M - @EM = diag
Var(z]m|a’ ,k#])V&I‘(”m|a ,k#])
2 diag (@l b, ... o)
and
X,M YoM COV( s W | ay Mk # j, l)
jlomm! — Milmm/ T

Var(wm|a 7k7éj)var<1lm|a ’k#j>

13
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Cov< QY ady ) | al ,k#j,l)

_Var(aggm‘aik’ ,k7éj>Var<llm ]a ,k#J)

~Y,jl,M 7X,]lM A _jI.M
Umm “Un me”

for any M and 1 <m #m' < M.

With the notation defined in Proposition 8, we have that

M
AN = 3 @) wd iR = 3030 (1),
m=1 m/=1m=1

As a result, we have the following condition for comparability.

Proposition 9 Under the assumptions in Proposition 8, assume that MGPs X and Y are
M*-dimensional, with 1 < M* < oo, and lie in the same space. Then they are comparable
if and only if for every (j,1) € V x V, we have either

lim inf Z Z (‘JIM) or lim Z Z (_JZM> 0,
M— M~* M— M*
m/=1m=1 m/=1m=1
gl

where Em% are defined in Proposition §.

We now give an infinite-dimensional comparable example.

Example 1 Assume that {€X; }i>1, {€X) te>1, and {€X; k=1 are all independent mean zero
Gaussian variables with Var(ef](-k) = ag(jk, i=1,2,3,k>1 foralli. For any k > 1, let

X _ X X X _ X X _ X X
i = Qo) T €y Qi = €k U3k = Qjgp T+ €3

Let aXM = (afgl,--- ,af]{M)T, Jj =1,2,3. We then define X;;(t) = > 1oy af](-kbk(t), j=

1,2,3, where {by(t)}72, is some orthonormal function basis of H. We define {e%k}kzl,

{a?;k}kzl, QZ’M, and Y;;(t), j =1,2,3, similarly.

The graph structure of X and Y is shown in Figure 1. Since afj(»’M

Gaussian distribution, for any M > 2,1 < m,m' < M and m # m/':

follows a multivariate

V XM XM\ 2
ar zlm ‘ Qo 7az3 - 0X,1m7

V XM XM\ _ 2
ar z3m ‘ a;1 7a7,2 - UX,3mv

2 2 2
V. XM XM Ox1m9Xx,2m%X,3m
ar sz |a;y™ azy

)

2 2 2 2 2 2
UX,lmUX,2m + UX,lmUX,3m + UX,2mUX,3m
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O—@—G

Figure 1: The conditional independence graph for both X and Y in Example 1. The dif-
ferential graph between X and Y has the same structure.

and

2
UX,lmv

2 2 2 2 2 2
UX,lmUX,2m + UX,lmUX,3m + UX,2mUX,3m
2 2
Tam + O3m

)

2 2 2 2 2 2
UX,lmJX,Qm + JX,lmgX,?)m + UX,QmUX,3m
2 2
Tm + Oim

)

2 2
UX,lmUX,Qm
)

) 2
X im T X 2m

2 2
UX,3mUX,2m

( )
( )
Var (a,ggm | afg’M> = 0% 3m>
( )
( )
( )

) 7 -
X 3m T X 2m

In addition, we also have

COV( zlm?a’3m | CL ) = 07

2 2
UX,3mJX,2m

Cov ay aXM 1(m=m')-
( Ai1m> @iom/ | ) ( ) U§(73m + Gg(gm’
2 2
X,M Ox1mPXx,2
COV( Aiom» az3m | Qi3 ) = ]]-(m = ,) ) = =

-
Ox,1m T Ox 2m

Stmilar results hold for' Y. Suppose that
Ug(vjk’ 0-}2/7]79 =k~ and |U§(,jk - O-%/,jk| = kiﬁv j = 1) 2737

where a, 8 >0 and 8 > «. Then

8T — 0,
o2 — o2
M I(m = m')—)g’lm 2Y’1m = 1(m =m') ~m*(ﬁfa),
UX,lm ’ UY,lm
o2 — o2
723M I(m = m')—)g’?’m 2Y’3m = 1(m =m') o~ (B0,
UX,3m ’ UY,3m
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This implies that

M M 9
|a%IE= 33" () =0,
m/=1m=1
M M M
ISHEED SN CHIED DF
12llF = Fmm! ) mB—a’
m/=1m=1 m=1

When > a+1, we have 0 < limys_yo0 [|AM || p = limps o0 |AM || F < 00. When B < a+1,
we have limp_soo [|AM|F = limpyoo |AY || = co. In both cases, the two graphs are
comparable.

Comparability describes population quantities and does not immediately imply that the
differential graph is easy to estimate. The following example describes a sequence of MGPs
that are comparable; however, the differential graph can be arbitrarily hard to estimate.

Example 2 We define {ng{k}kzl; {afg’k}kzl’ {e};k}kzl, and {a};k}kzl as in Example 1.
Let X;;(t) = QJZ*I afj{kbk(t) and Y;j(t) = Z,i\/i*l a%kbk(t), j=1,2,3, where M™ is a positive
integer. Suppose that

OX gk Oy gk < kT and 0% — oyl < Lk =MNETP, j=1,2,3,

where a, B > 0 and S > «. Following the argument in Example 1, for any 1 < M < M*,
we have

St =0
_12,M / " U%(lm_o—%/lm ' N —(B1—2a1)
Bt = 10m = m)Lm = M) - B < U = ) m = M) -~ P20,

= 1(m =m')1(m = M*) - m~Fs—203)
This implies that
M M )
_13,M
JAdIE= >3 (z) =0,
m=

M M
2
[a%1F= 3" 3 (22) = M2 1 (0 = ar%),
m=

On the basis of the calculation above, we observe that estimation of the differential
graph here is intrinsically hard. For any M < M*, we have |AM|r = ||AYX||r = 0.
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Figure 2: Signal Strength D1 = (M*)~=2(8-2¢) in Example 2.

Thus, when M < M™ is used for estimation, the resulting target graph E} would be empty.
However, by Definition 4 and Definition 5, we have Dis = Dog =< (M*)_2(5_20‘) > 0 and
Exn={(1,2),(2,3)}.

In practice, if M™* is very large and we do not have enough samples to accurately estimate
AM for q large M, then it is impossible for us to estimate the differential graph correctly.
Furthermore, the situation is worse if B > 2a, since Dio and Dos—the signal strength—
vanishes as M* increases. Figure 2 shows how the signal strength (defined as D13) changes
as M™* increases for three cases: 5 < 2a, 8 = 2a, and B > 2.

This problem is intrinsically hard because the difference between two graphs occurs only
between components with the smallest positive eigenvalue. To capture this difference, we
have to use a large number of bases M to approximate the functional data, which is sta-
tistically expensive. As we increase M, no useful information is captured until M = M™.
Furthermore, if the difference between the eigenvalues decreases quickly relative to the de-
crease of the eigenvalues, the signal strength will be very weak when the intrinsic dimension
1s large.

In Example 1, we characterized a pair of infinite-dimensional MGPs that are comparable,
and in Example 2 we discussed a sequence of models that are all comparable, but increasingly
difficult to recover. The following example demonstrates that there are infinite-dimensional
MGPs that may share the same eigenspace but are still not comparable.

Example 3 We construct two MGPs that are both infinite-dimensional and have the same
eigenspace but are incomparable. As in the previous two examples, let V. = {1,2,3}. We
assume that X and Y share a common set of eigenfunctions: {¢m}oc_, for j =1,2,3.

We construct the distribution of the scores of X and Y as follows. For any m € NT,
let af{m denote the vector of scores (aﬁm, afgm, afgm) and define %Y-m analogously. For any
natural number z, we first assume that

X X X X
. (32—2)1 X (32—1)1 %4 (32) AL {a;" i bezsz,32-1,35—2-

Thus, the conditional independence graph for individual scores is a set of disconnected sub-
graphs corresponding to {af(gzd),af (3z71)’a%¥(3z)} for z € NT. We make an analogous
assumption for the scores of Y.
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<a£(3z—2)> (ag(3z—2)> (aﬁ(gz_zo (“&&—2)) <a1Y3(32—2)>
(ai)g(iizfl)) (a‘g(&zfl)) (a‘%(&zfl)) (aé(:ﬁzfl)) (azz/s(zszfl))
CHRC™ G ) @&

(a) CI graph for X scores (b) CI graph for Y scores

Figure 3: CI graph for the individual scores for two incomparable MGPs.

Within sets {af(&z_m,af(3z_1),af(3z)} and {az./.(3z_2),az(gz_l),af(gz)}, we assume
that the conditional independence graph has the structure shown in Figure 3. By con-
struction, when projecting onto the span of the first M functions, the edge set of individual
functional graphical models for X™ and Y™ is not stable as M — oo. In particular, for
both X andY, the edges (1,2) and (2,3) will persist; however, the edge (1,3) will appear or
disappear depending on M.

If M = 3z — 2 for some z € NT, which corresponds to the first row in Figure 3, then

{aXiteens L {aSitoan | {aip e and  {aliteenr AL {alsetoanr | {aiorbrent-

b's X b's ' ” X -
However, aij,; A aisy | {aisg k< since we do not condition on Gioarg)- Stmilarly,
Y Y Y . oy Y .
aiin A ajsnr | {aio k< since we do not condition on Ujo(viya)- LThus, the edge (1,3) is

in the functional graphical model for both X™ and Y™ ; however, the specific values of @XM

and OYM may differ.

In contrast to the previous case, when M = 3z — 1 for some z € NT, which corresponds
to the second row of Figure 5, the functional graphical models for X™ and Y™ now differ.
Note that {aX; be<nr L {a; bonr | {a, Yo<ns. Thus, the edge (1,3) is absent from the
functional graphical model for X™ and @féM = 0. Considering Y™, we have {a%k}kM,l il
L {al theni—1 | {akyp t<nr. However, because we do not condition on az.;(MH) (the node
in the third row of Figure 3), the (1,3) edge exists in the functional graphical model for Y™
since az}E(M—l) A az‘g(M—l) | {ajor br<nt-

Suppose that the covariance of the scores is

Y Y Y Y Y Y Y Y Y
Ai132—2)  %132—1) %13z)  %i23z—2) Fi2(3z-1) %i2(3z) %3(3z-2) %i332-1) %i3(3z)

Mg | 3/2 0 0 0 0 -1 1/2 0 0
0¥ oty 0 1 0 0 0 0 0 0 0
%) 0 0 1 0 0 0 0 0 0
0% 302 0 0 0 8 0 0 0 0 0
X a¥ 0 0 0 0 4 0 0 0 0
%) ~1 0 1 0 0 2 ~1 0 0
0% a2 1/2 0 0 0 0 -1 3/2 0 0
%001 0 0 0 0 0 0 0 1 0
ey L0 0 0 0 0 0 0 1

—
oo
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where 3 > 0 is a parameter that determines the decay rate of the eigenvalues (see Assump-
tion 3). We then set all other elements of the covariance as 0. The support of the inverse of
this matrix corresponds to the edges of the graph in Figure 5. However, when we consider
the marginal distribution of the first M scores and invert the corresponding covariance,
@}/éw 1s 0 everywhere except for the element corresponding to azl,M—l and aZ&M_l, that
is, the nodes in the top row of Figure 3, which is equal to —1/4 x (M + 1)/3)?. Thus,
||A{‘743 lp=1/4 x (M +1)/3)? and limsup,,_, A}l F = oo.

Finally, when M = 3z for some z € N, the (1,3) edge is absent in both functional
graphical models for X™ and Y™ because

{aNx oenr AL {ase o | {abptan and {adipte<nr AL {adsy tuenr | {adop o<

Thus, @iféM = @I’é‘/‘, = A% = 0. This implies that liminf s, HA%HF =0.
Because iminf ps_, o0 HA%HF =0, but imsup,,_, o, HA%HF =00, X andY are incom-
parable.

The notion of comparability illustrates the intrinsic difficulty of dealing with functional
data. However, it also illustrates when we can still hope to estimate the differential network
consistently. We have formally stated when two infinite-dimensional functional graphi-
cal models will be comparable and have given conditions and examples of comparability.
Unfortunately, these conditions cannot be checked using the observed data. For this rea-
son, we mainly discuss the methodology and theoretical properties for estimation of E7X.
Prior knowledge about the problem at hand should be used to decide whether two infinite-
dimensional functional graphs are comparable. This is similar to other assumptions common
in the graphical modeling literature, such as “faithfulness” (Spirtes et al., 2000), that are
critical to graph recovery, but can not be verified.

3. Functional Differential Graph Estimation: FuDGE

In this section, we detail our methodology for estimating a functional differential graph.
Unfortunately, in most situations, there may not be prior knowledge on which subspace
to use to define the functional differential graph. In such situations, we suggest using the
principle component scores of Kj;(s,t) = K;]{(s,t) + K};(s,t), j € V as a default choice.
In addition, each observed function is only recorded (potentially with measurement error)
at discrete time points. In Section 3.1 we consider this practical setting. Of course, if an
appropriate basis for dimension reduction is known in advance or if the functions are fully
observed at all time points, then the estimated objects can always be replaced with their
known /observed counterparts.

3.1 Estimating the Covariance of the Scores

For each Xj;;, suppose we have measurements at time points t;;,, k = 1,... ,T.3 and the
recorded data, h;ji, are the function values with random noise. That is,

hijk. = i (tiji) + €iji, (7)

3. For simplicity, we assume that all functions have the same number of observations, however, our method
and theory can be trivially extended to allow a different number of observations for each function.

19



ZHAO, WANG, AND KOLAR

where g;; can denote either X;; or Y;; and the unobserved noise €;;;, is i.i.d. Gaussian with
mean 0 and variance 0(2]. Without loss of generality, we assume that t;;; < ... < t;;7 for
any 1 <i¢<nand1<j<p We donot assume that t;;, = tyj; for i # 7', so that each
observation may be observed on a different grid.

We first use a basis expansion to estimate a least squares approximation of the whole
curve X;;(t) (see Section 4.2 in Ramsay and Silverman (2005)). Specifically, given an initial
basis function vector b(t) = (b1(t),...,br(t))—for example, the B-spline or Fourier basis—
our estimated approximation for X;;(t) is given by:

Xij(t) = Bb(t),
R —1
Bij = (BZBU) Bl hyj,

where hij = (hz'jl, hijg, ce hijT)T and Bij is the design matrix for Gij'
bi(tiji) -+ br(tiji)
Bij=| D | eRTHE (8)
bi(tiyyr) -+ br(tir)

The computational complexity of the basis expansion procedure is O(npT3L3), and in
practice, there are many efficient package implementations of this step; for example, fda
(Ramsay et al., 2020).

We repeat this process for the observed Y functions. After obtaining {XW () }ievi=t,..nx
and {fﬂj (t)}jevii=1,...ny,» We use them as inputs for the FPCA procedure. Specifically, we
first estimate the sum of the covariance functions by

Kjj(s,t) = K75 (s,t) + K}j(s,) = an > Xii()Xi5(t) + nlY D Yii(s)Yiy(t).  (9)
=1 =1

Using K jj(s,t) as input to FPCA, we can estimate the corresponding eigenfunctions q;jk (1),
k=1,...,M,j=1,...,p. Given the estimated eigenfunctions, we compute the estimated
projection scores

z]k_/XlJ d and zjk_/ Yl] ¢Jk

and collect them into vectors

~ X, M ~ X ax M ~ XM ~X,M\T AX MA\TN\T M
a;; = (G351, UM) eR and a; = (@) .. (a5, ) ) € RPY
Y, M _ n ~Y,M Y,M\T AY,MATAT

a;; " = (a%l, cee ZM) e RM and a; =((a;;") 5@ ) ) € RPM

Finally, we estimate the covariance matrices of the score vectors, XM and £Y'"M | as

1 & XM XM 1 Xy, v M
XM A X Y.MoY,
SXM — N M g MY T and SYM — — N gt MgrMT,
nX (A (A nY (A (A

=1 =1
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3.2 FuDGE: Functional Differential Graph Estimation

Now we describe the FuDGE algorithm for Functional Differential Graph Estimation. To
estimate AM, we solve the following optimization program:

AM e argmin L(A)+ A, Z 1Al F (10)
Ae]RprpM L
{i,j}eV?2
where .
£(A) = tr | g SMATSMA - AT (57 SX’M)} (11)

and SXM and SY*M are obtained as described in Section 3.1.

We construct the loss function, £(A), so that the true parameter value, that is, AM =
(XM )_1 — (z¥M )_1, minimizes the population loss E [£(A)], which for a differentiable
and convex loss function is equivalent to selecting £ so that E [VL(AM)] = 0. Since AM

satisfies
X MAMYY,M _ (ZY,M _ EX,M) —0

a choice for VL(A) is
VL(AM) = GEMAMGUA _ (VM _ XA (12)

so that
E [VL(AM)] = SXCMAMeYM (VM _ 5 XMy — g,

Given this choice of VL(A), L(A) in (10) directly follows from properties of the differential
of the trace function. The chosen loss is quadratic (see (B.6) in appendix) and leads to an
efficient algorithm. Similar loss functions are used in Xu and Gu (2016), Yuan et al. (2017),
Na et al. (2021), and Zhao et al. (2014a).

We also include the additional group lasso penalty (Yuan and Lin, 2006) to promote
blockwise sparsity in AM_ The objective in (10) can be solved by a proximal gradient
method detailed in Algorithm 1. Finally, we form Ea by thresholding AM so that:

Ba= {0} : 1A > en or AN |F > en}. (13)

The thresholding step in (13) is used for theoretical purposes. Specifically, it helps correct for
bias induced by finite-dimensional truncation and relaxes commonly used assumptions for
the recovery of the graph structure, such as the irrepresentability or incoherence condition
(van de Geer and Biihlmann, 2009). In practice, one can simply set €, = 0, as we do in the
simulations.

3.3 Optimization Algorithm for FuDGE

The optimization program (10) can be solved using a proximal gradient method (Parikh
and Boyd, 2014) summarized in Algorithm 1. Specifically, at each iteration, we update the
current value of A, denoted as A°9, by solving the following problem:

ARV = argAmin % HA — (AOld —nVL (A°1d>> Hi +n-An i 1AullF ], (14)

,l=1
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Algorithm 1 Functional differential graph estimation
Input: SXM GYV:M N n.

Output: AM.
Initialize A©) = Opnr-
repeat

A=A—-nVL(A)=A—1n (SX’MASY’M — (SKM — SX7M))
for 1 <4,5<pdo
, IA4jllr=Ann) 4.
Ap e (M >+ Aju
end for
until Converge

where VL(A) is defined in (12) and 7 is a step size specified by the user. Note that VL(A) is
Lipschitz continuous with Lipschitz constant A5, = [|SY"M@S5%M |3 = Apax (SY™M) Amax (SXM).
Thus, for any step size 1 such that 0 <n <1/ )\;?lax, the proximal gradient method is guar-
anteed to converge (Beck and Teboulle, 2009).

The update in (14) has a closed-form solution:
i = (1450 = dam) 145K P| a5t 1<gii<p, (15)

where A°d = A% _ Vv L(A°M) and 2, = max{0,z},x € R, represents the positive part
of z. Detailed derivations are given in the appendix. Note that although true AM is
symmetric, we do not explicitly enforce symmetry in AM in Algorithm 1.

After performing FPCA, the proximal gradient descent method converges in O (A2,,/tol)
iterations, where tol is a user specified optimization error tolerance, and each iteration takes
O((pM)3?) operations; see Tibshirani (2010) for a convergence analysis of the general prox-
imal gradient descent algorithm.

3.4 Selection of Tuning Parameters

There are four tuning parameters that must be chosen for the implementation of FuDGE:
L (basis dimension used to estimate the curves from the discretely observed data), M
(subspace dimension to estimate projection scores), A, (regularization parameter to tune
the block sparsity of AM), and ¢, (thresholding parameter for EA). While we need the
thresholding parameter €, in (13) to establish theoretical results, in practice, we simply set
€n, = 0. To select M, we follow the procedure in Qiao et al. (2019). More specifically, for
each discretely-observed curve, we first estimate the underlying functions by fitting an L-
dimensional B-spline basis. Both M and L are chosen by 5-fold cross-validation as discussed
in Qiao et al. (2019).

Finally, to choose \,,, we recommend using selective cross-validation (SCV) (She, 2012).
Given a value of \,, we use the entire data set to estimate a sparsity pattern. Then, fixing
the sparsity pattern, we use a typical cross-validation procedure to calculate the CV error,
where the CV error is measured by an unpenalized version of the loss function in (11) on
the held-out data set. Ultimately, we choose the value of A,, that results in the sparsity
pattern that minimizes CV error. In addition to SCV, if we have prior knowledge about
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the number of edges in the differential graph, we can also choose A,, which results in the
desired level of sparsity of the differential graph.

4. Theoretical Properties

In this section, we provide theoretical guarantees for FuDGE. We first give a deterministic
result for Ea defined in (13) when the max-norm of the difference between the estimates
SXM GY:M and their corresponding parameters, M ¥Y-M s bounded by 6,,. We then
show that when projecting the data onto either a fixed basis or an estimated basis—under
some mild conditions—d,, can be controlled and the bias of the finite-dimensional projection
decreases fast enough that A can be consistently recovered.

4.1 Deterministic Guarantees for E‘A

X,M QY,M XM vY,M
SHM g by , 2

In this section, we assume that are good estimates of and give a

deterministic result in Theorem 10. Let n = min{nx,ny}. We assume that the following
holds.

Assumption 1 The matrices SXM SYM qre estimates of XXM SYM that satisfy
max{|SX’M — M) s M EY’M|OO} < On. (16)

We also require that E'a be sparse. This does not preclude the case where Ex and Fy
are dense, as long as there are not too many differences in the precision matrices. This
assumption is also required when estimating a differential graph from vector-valued data;
for example, see Condition 1 in Zhao et al. (2014a).

Assumption 2 There are s edges in the differential graph; that is, |Ea| = s and s < p.

We introduce the following three quantities that characterize the problem instance and
will be used in Theorem 10 below:
vi =i (M) = min |[|[AY||r, v =va(M)= max [|[AY|F,
1= v1(M) (min 1A 7, v2 =1a(M) G 1A || F
and
T=7(M)=1v1(M)—vo(M).

Roughly speaking, v1(M) indicates the “signal strength” present when we use the M-
dimensional representation and vo(M) measures the bias. By Definition 4, when X and Y
are comparable, we have liminfy;_, p+ v1 (M) > 0 and limpy;_, a7+ vo(M) = 0. Therefore, for
a sufficiently large M, we have 7 > 0. However, a smaller 7 implies that the differential
graph is harder to recover.

Before we give the deterministic result in Theorem 10, we first define additional quan-
tities that will be used in subsequent results. Let

Omax = maX{’EX’M|ooa |EY’M|OO}7

min = Amin (ZX’M) X Amin (ZKM) , and
9INZs  2)
2 — 2 "2 4+ 92
n /ﬁ% + Kr (wﬁ+ P V2)a
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where

An = 2M [(87 + 20n0max) |AM ], +26,]
ke = (1/2)Noi — 8M2s (02 + 26, 0max) »

min
we = 4Mp27/2 V 5% + 25namaxa

and J,, is defined in Assumption 1. Note that I',,—which measures the estimation error
of ||AM — AM||p—implicitly depends on &, through \,, sz, and wz. We observe that T',,
decreases to zero as d, goes to zero. The quantity . is the maximum restricted eigenvalue
from the analysis framework of Negahban et al. (2012). Finally, w, is the tolerance param-
eter that comes from the fact that vo could be larger than zero, and will decrease to zero
as v9 goes to zero.

Theorem 10 Given Assumptions 1 and 2, when vy (M), vo(M), 6ny Any Omax, M and s sat-
1sfy

min

0<Tu<r/2  and  8u < (14 (Ao + 16M25(0max)?) / (M25) — Tuna

then setting €, € [vo + 'y, v1 —I'y,) ensures that Ex = EA.

As shown in Section 4.2, under some additional conditions, Assumption 1 holds for a
sequence of J,, that decreases to 0 as n goes to infinity. Thus, as M and n both increase
to infinity, we have 15 + ', = 0 and 1 — I'), = min; nep, D, and we only require
0<e, < min(jJ)eEA Djl~

gl

4.2 Theoretical Guarantees for S~ and SY'"M

In this section, we prove that under some mild conditions, (16) will hold with a high
probability for specific values of §,,. We discuss the results in two cases: the case where the
curves are fully observed and the case where the curves are only observed at discrete time
points.

4.2.1 FuLrLy OBSERVED CURVES

In this section, we discuss the case where each curve is fully observed. We first consider the
case where the basis defining the differential graph is known in advance; that is, the exact
form of {ejk}kzl for all j € V is known. In this case, the projection score vectors a;X’M
and a}/’M can be recovered exactly for all i = 1,2,...,n. By the assumption that X;(t)
and Y;(t) are p-dimensional multivariate Gaussian processes with mean zero, we then have

aXM™ ~ N(0,2XM) and af’M ~ N(0,2Y"M). The following result follows directly from the

i
standard results on the sample covariance of multivariate Gaussian variables.

Theorem 11 Assume that S*M and SY"M are computed as in Section 3.1, except that the
basis functions {e;i}r>1, j € V, are fired and known in advance. Recall that

n=min{nx,ny} and Omax = max{|EX’M\oo, ]ZY’M|OO}.

Fiz 1 € (0,1]. Suppose that n is large enough so that

272
5n:UmaX\/qlog <8p > SC%
n L
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for some universal constants C1,Co > 0. Then (16) holds with probability at least 1 — .

Proof The proof follows directly from Lemma 1 of Ravikumar et al. (2011) and a union
bound. |

With fully observed curves and known basis functions, it follows from Theorem 11 that
(1) is satisfied for 8, =< +/log(p?M?)/n with high probability. As assumed in Section 2.2
(and also in Qiao et al. (2019)), when )\JXm, = )\}/m, = 0 for all j and m’ > M (where M
is allowed to grow with n), then vo(M) = 0, 7(M) = v1(M) = minep, Dj > 0, and
Ex = E}. We can recover Ea with high probability even in the high-dimensional setting,
as long as

M21 2M2 AMZ AX. 2,2 M21 2M2 PN
L el G e e T T Y

Even with an infinite number of positive eigenvalues, high-dimensional consistency is still
possible for quickly increasing v and quickly decaying vs.

We then consider the case where the curves are fully observed, but we do not have
any prior knowledge on which orthonormal function basis should be used. In this case, as
discussed in Section 2.3, we recommend using the eigenfunctions of Kj;(-,*) = K ])5 (%) +
K;;(,*) as basis functions. We use FPCA to estimate the eigenfuctions of Kj;(-,*) and
make the following assumption.

Assumption 3 Let {\ji, ¢;i(-)} be the eigenpairs of Kj;(-, %) = Kjg(, >|<)+K;;(, x),j €V,
and suppose that \ji are non-increasing in k.

(i) Suppose maxjcy Y poq Ajr < 0o and assume that there exists a constant f > 1 such
that, for each k € N, \j;, < k=8 and djpAjr, = O(k) uniformly in j € V, where djj, =
2ﬂmax{()\j(k_1) — )\jk)fl, (/\jk — )\j(kﬁ-l))il}; k>2, and djl = 2\/5(/\3'1 — /\jg)fl.

(it) For all k, ¢;i(-)’s are continuous on the compact set T and satisfy

maxsup sup ¢4 (s) o = O(1).
JEV seT k>1

This assumption was used in Qiao et al. (2019, Condition 1). We have the following result.

Theorem 12 Suppose Assumption 3 holds and the basis functions are estimated using the
FPCA of Kj;(-,*) with fully observed curves. Fiz 1 € (0,1]. Suppose that n is large enough
so that

5 = A8 \/1og (2C2p* M2 /1)

n

< (Ch,

for some universal constants C1,Co > 0. Then (16) holds with probability at least 1 — &.
Note that Cy,Co may be different constants from those of Theorem 11.

Proof The proof follows directly from Theorem 1 of Qiao et al. (2019) and the fact that
1555 %) = K (0 lms < NBG5 (%) — K35 (o) llms + K5 (%) — K50 %) [lms. u
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It follows from Theorem 12 that (1) holds for 6, =< M'*8,/log(p?M?2/)/n with high
probability. Compared to Theorem 11, there is an additional M'*# term that arises from
FPCA estimation error. Similarly, when )\fm, = /\}/m/ = 0 for all j and m’ > M, we can
recover EA with high probability as long as

min min

(44+2p3) 2072\ AM |2 * )22 (442p3) 2A72) / \*
maX{sM g MOIAM [/ (X)) 5D 08021%)) }%O.

4.2.2 DISCRETELY-OBSERVED CURVES

Finally, we discuss the case where the curves are only observed at discrete time points—
possibly with measurement error. Following Chapter 1 of Kokoszka and Reimherr (2017),
we first estimate each curve from the available observations by basis expansion; then, we
use the estimated curves to form empirical covariance functions from which we estimate the
eigenfunctions using FPCA. The estimated eigenfunctions are then used to calculate the
scores.

Recall the model for discretely observed functions given in (7):

hiji = 9ij(tij) + €ijhs

where g;; denotes either X;; or Yj;, €3 are i.i.d. Gaussian noise with mean 0 and variance
08. Assume that ¢;;; < --- < t;r forany 1 <i <nand 1 <j <p. Note that we do not
need X and Y to be observed at the same time points and we use ¢;;; to represent either
tz-)]{k or t};k Furthermore, recall that we first compute a least squares estimator of Xj;(-)
and Yj;(-) by projecting it onto the basis b(-) = (b1(-),...,br(")).

First, we assume that as we increase the number of basis functions, we can approximate
any function in H arbitrarily well.

Assumption 4 We assume that {b;}7°, is a complete orthonormal system (CONS) (See
Definition 2.4.11 of Hsing and Eubank, 2015) of H, that is, Span ({bl}fil) = H.

Assumption 4 requires that the basis functions are orthonormal. When this assumption is
violated—for example, when using the B-splines basis—we can always first use an orthonor-
malization process, such as Gram-Schmidt, to convert the basis to an orthonormal one. For
B-splines, there are many algorithms that can efficiently provide orthonormalization (Liu
et al., 2022).

To establish theoretical guarantees for the least squares estimator, we require smoothness
in both the curves we are trying to estimate as well as the basis functions we use.

Assumption 5 We assume that the basis functions {b;(-)}72, satisfy the following condi-
tions:

Dy, = supsupl|b(t)| < oo, Dy (1) = sup|b;(t)] < oo, D1y 1, = max Dq(1).
I>1 teT teT 1<I<L

We also require that the curves g;; satisfy the following smoothness condition:

xS E ({933, bm))?| D3y (m) < . (17)
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To better understand Assumption 5, we use the Fourier basis as an example. Let
T = [0,1] and b, (t) = V2cos(2mmt), 0 < ¢t < 1 and m € N. Thus, {b;,(t)}°_, then
constitutes an orthonormal basis of H = £2[0, 1]. We then have ¥/ (t) = —2v/27wm sin(27mt),
Dy = V2, Dy p(m) = 2v27m and Diy1 = 2v/27L. In this case, (17) is equivalent to

N 2] . 2
g@wfﬁm@w]m<w.
On the other hand, g;;(t) = >>°_1(ij, bm)bm (t) and gj;(t) = > 77_1 (gij, bm) by, (t). Suppose
that E {Hg;JHQ} < 00. Then

E [llg;1°] ZE[QU, ] el = zm[gw, HER

Therefore, max;<;<,E [H 9i; ”2] < 00, which is a commonly used assumption in nonparam-

eteric statistics (e.g., Section 7.2 of Wasserman (2006)), implies (17).
Finally, we require that each function be observed at time points that are “evenly
spaced.” Formally, we require the following assumption.

Assumption 6 The observation time points {t;jp : 1 < i <n,1 <j <p1 <k <Th
satisfy

bigk — tije-1) 1| _ Go

T T T

where t;jo and t;;p41) are endpoints of T for any 1 <i <mn, 1< j <p, and (o is a positive
constant that does not depend on i or j.

max max max
1<i<n 1<j<p 1<k<T+1

Any g;; can be decomposed into g;; = g;; —i—gw, where g;; € Span(b) and gi# € Span(b)*.
We denote the eigenvalues of the covariance operator of g;; as {\jx }e>1 and Xjo = > 7o | Ajks
and we denote the eigenvalues of the covariance operator of gé as {)\j};}kzl and )‘jb =
22021 )\ij. Note that under Assumption 3, we have maxj<j<p Ajo < 00. Let 1 < Agmax < 00
be a constant such that maxi<;j<, Ajo < Aomax. Let B;; be the design matrix of g;; as defined

(8) and let \B. = min1§i§n71§j§p {Amin(B;;Bij)}‘ We define

min

- L - L2 - -
bu(T. L) = ”A"B. - L) = 5 (Yo (@Dhys + @) (L) + (D))
Ga(L) = max (Xo/Ao) . Ga(L) = max 37 E [((gis.bu))?| DFy(om).

ISJSpm>L
wﬂmzmﬁu%EMJ/%@@y

where ¢ = 18D§ ,(¢o + 1)*|T|* and & = 36Dg (20 + 1)*.

We now use superscripts or subscripts to indicate the specific quantities for X and Y.
In this way, we define Lx, Ly, Tx, Ty, 1/11 ¢4 , 1/}1 ¢4 ,and ®X, &Y. Furthermore, let T =
min{Tx, Ty}, L = min{Lx, Ly}, ¢), = max{s, )}, k= 1,--- 4, & = mm{cbX oY}
and let n, 8 be defined as in Section 4.1.
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Theorem 13 Assume the observation model given in (7). Suppose Assumption § holds and
Assumptions 4-6 hold for both X and Y. Suppose T and L are large enough so that

- On - 52
Pi(T,L) < ’YlWa P3(L) < V3M2+25

where

M log (4Cinp/1) 1 - CsnpL
b = - M8, [ —ahy(T, L)1 >
max{ Cod(T,L) G ) Og( L)

M1+B\/10g (4C§p2M2/L) as)
Cyn
C:‘l = max{C{%,C}}, _C’g = min{Cs,CY}, C3 = max{Cy,CY}, Cy = min{CF, O},
Cs = max{CX,CY}, Cs = min{C{,CY}. ’y,f, ’y};, k=13, and C’,f, C,?;, k=1---.,6
are constants that do not depend on n, p, and M. Then
max{|SX’M _ EX,M|OO’ ’SY’M _ EY,M‘OO} < 5n

holds with probability at least 1 — ¢.

Proof See Appendix B.5. u

The rate J,, in Theorem 13 is composed of three terms. The first two terms correspond
to the error incurred by measuring the curves at discrete locations and are approximation
errors. The third term, which also appears in Theorem 12, is the sampling error.

We provide some insight into how 1, 12, 13, and 14 depend on T and L. Note that we
choose an orthonormal basis. Then, as T' — oo, we have

. LT b3 (tijk) bi(tiji)ba(tijr) -+ bi(tije)br(tijk)
Th . . , ,

TBijBij—fZ : : - :

R=10br (tije)bi (tijr)  br(tije)ba(tije) - b7 (tijk)

[ 16112 (b1,bo) - (b1,br)

(b, b1)  (br,b2) -+ [|br]?

10 - 0

00 - 1

Thus, as T grows, we expect )\min(B;;Bij) ~T forany 1 < j <pand 1l <i<n. This
implies that ¢y (T, L) ~ L/v/T and 9o (T, L) ~ <D%’b’ L0s(L) + u( L)> L?/T2. Furthermore,
D% oL = L? when we use the Fourier basis.

To understand ¢3(L) and ¢4(L), note that Ajy = E[[lg5[%] = Eg,[E [ngll2 | 9ijl-
Under Assumption 4, >‘go — 0 as L — o0; however, the speed at which )\ o goes to zero
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will depend on H and the choice of the basis functions. For example, for a fixed g;;, by
well-known approximation results (see, for example, Barron and Sheu (1991)), if g;; has
r-th continuous and square integrable derivatives, [|g;; L2 ~ 1/L" for frequently used bases
such as the Legendre polynomials, B-splines, and Fourier basis. Thus, roughly speaking, we
should have ¢3(L) ~ 1/L" when H is a Sobolev space of order 7. When g;; is an infinitely
differentiable function and all derivatives can be uniformly bounded, then ng |? ~ exp(—L)

and thus 93(L) ~ exp(—L). Similarly, we have 14(L) ~ 1/L"~" if g;; has r-th continuous
and square integrable derivatives; and @54([,) ~ exp(—L) if g;; is an infinitely differentiable
function and all derivatives can be uniformly bounded.

To roughly show how M, T, L and n may co-vary, we assume that p and s are fixed
and all elements of H have r-th continuous and square integrable derivatives. Then FuDGE
will recover the differential graph with high probability if M < n'/(?+28) /T /L > M*+#,
T > L>7"/2 and L > MO+A)/T,

As a reviewer pointed out, the noise term in (7) will create a nugget effect in the
covariance, meaning that Var(hjx) = Var(gij(tijx)) + o3. This nugget effect leads to bias
in the estimated eigenvalues (variances of the scores). In our theorem, the nugget effect
is reflected by og in 77221- When oq is large, adding a regularization term when estimating
eigenvalues can improve the estimation of FPCA scores and their covariance matrices (see
Chapter 6 of Hsing and Eubank (2015)). However, adding a regularization term increases
the number of tuning parameters that need to be chosen. An alternative approach to
estimating the covariance matrix is through local polynomial regression (Zhang and Wang,
2016). Since the focus of the paper is on the estimation of differential functional graphical
models, we do not explore ways to improve the estimation of FPCA scores. However, we
recognize that there are alternative approaches that can perform better in some cases.

5. Joint Functional Graphical Lasso

In this section, we introduce two variants of a Joint Functional Graphical Lasso (JFGL)
estimator, which we compare empirically with our proposed FuDGE procedure in Sec-
tion 6.1. Danaher et al. (2014) proposed the Joint Graphical Lasso (JGL) to estimate mul-
tiple related Gaussian graphical models from different classes simultaneously. Given @) > 2
data sets, where the ¢-th data set consists of n, independent random vectors drawn from
N(pg, %), JGL simultancously estimates {0} = {61, 02) ... 0@} where ) = E;l
is the precision matrix of the ¢-th data set. Specifically, JGL constructs an estimator
{6} = {61, 60 .. 6@} by solving the penalized log-likelihood:

Q
{6} = argmin { — an (log det®@ — trace (S(Q)G(Q)>) +P{6}) s, (19)
{e}

g=1

where S(@) is the sample covariance of the ¢-th data set and P({©}) is a penalty function.
The fused graphical lasso (FGL) is obtained by setting

P({0}) MZZ!@MHQZZ\GW CHAl

q=1 i#j q<q’ i#j
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while the group graphical lasso (GGL) is obtained by setting

P{O}) —/\122]@ IESY Z(e(q))

q=1 i#j ]
The terms A\; and Ay are non-negative tuning parameters, while @gj) denotes the (i, 7)-

th entry of ©@. For both penalties, the first term is the lasso penalty, which encourages
sparsity for the off-diagonal entries of all precision matrices; however, FGL and GGL differ in
the second term. For FGL, the second term encourages the off-diagonal entries of precision
matrices among all classes to be similar, which means that it encourages not only a similar
network structure but also similar edge values. For GGL, the second term is a group lasso
penalty, which encourages the support of the precision matrices to be similar but allows
the specific values to differ. See Tsai et al. (2021) for a recent survey of joint estimation
procedures for joint Gaussian graphical models.

A similar approach can be used to estimate the precision matrix of the score vectors.

Unlike the direct estimation procedure proposed in Section 3, we could first estimate XM
and ©Y'M ysing a joint graphical lasso objective, and then take the difference to estimate
A.

In the functional graphical model setting, we are interested in the block sparsity, so we
modify the entry-wise penalties to a block-wise penalty. Specifically, we propose to solve
the objective function in (19), where S and ©(% denote the sample covariance and the
estimated precision of the projection scores for the g-th group. Note that now S@, ©@ and
0@, g =1,...,Q are all pM x pM matrices. Similarly to the GGL and FGL procedures,
we define the Grouped Functional Graphical Lasso (GFGL) and Fused Functional Graphical
Lasso (FFGL) penalties for functional graphs. Specifically, letting @g.(ll) denote the (j,1)-th
M x M block matrix, the GFGL penalty is

Q
ICHEPY S PICHIEEPIS Y Z 10412, (20)

q=1 j#l J#EL N g=1

where A\; and Ay are non-negative tuning parameters. The FFGL penalty can be defined in
two ways. The first way is to use the Frobenius norm for the second term:

P({e}) = Alzzjue Mo+ 22 Y S0 —0)||p. (21)

q=1 j#l q<q’ j,l

The second way is to keep the element-wise L1 norm as in FGL:

Q
Pe =2 Y Y 10Wr +2 Y S0l — el (22)

q=1 j#l q<q’ jl
where A1 and A9 are non-negative tuning parameters.

The Joint Functional Graphical Lasso accommodates an arbitrary ). However, when
estimating the functional differential graph, we set @ = 2. We will refer to (21) as FFGL
and to (22) as FFGL2. The algorithms to solve GFGL, FFGL, and FFGL2 are given in the
Appendix A.
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6. Experiments

We examine the performance of FuDGE using both simulations and a real data set.?

6.1 Simulations

Given a graph Gx, we generate samples of X such that X;;(t) =0 (t)T(Si)J{ . The coefficients
& = (0HT,..., (6Z~)1§)T)T € R™ are drawn from N (0, (2%)~!) where Qy is described

K3
below. In all cases, V/(t) is an m-dimensional basis with disjoint support over [0, 1] such

that for k=1,...m

(23)

, cos (107w (x — (2k — 1)/10)) + 1 if (k—1)/m <z < k/m;
() = 0 otherwise.

To generate noisy observations at discrete time points, we sample data
hisk = Xij(tk) + eiji, eiji ~ N(0,0.5),

for 200 evenly spaced time points 0 =1 < ... <tg90 = 1. Y} (t) and h};k are sampled in an
analogous procedure. We use m = 5 for the experiments below, except for the simulation,
where we explore the effect of m on empirical performance.

We consider three different simulation settings for the construction of Gx and Gy. In
each setting, we let nx = ny = 100 and p = 30, 60, 90, 120, and replicate the procedure 30
times for each p and the model setting.

Model 1: This model is similar to the setting considered in Zhao et al. (2014a), but
modified for the functional case. We generate the support of QX according to a graph with
p(p — 1)/10 edges and a power law degree distribution with an expected power parameter
of 2. Although the graph is sparse with only 20% of all possible edges present, the power-
law structure mimics certain real-world graphs by creating hub nodes with a large degree
(Newman, 2003). For each non-zero block, we set Qﬁ = §'I5, where ¢’ is sampled uniformly
from +£[0.2,0.5|. To ensure positive definiteness, we further scale each off-diagonal block by
1/2,1/3,1/4,1/5 for p = 30,60, 90, 120 respectively. Each diagonal element of QX is set to
1 and the matrix is symmetrized by averaging it with its transpose. To get QY we first
select the top 2 hub nodes in Gx (i.e., the nodes with top 2 largest degree), and for each
hub node we select the top (by magnitude) 20% of edges. For each selected edge, we set
QY QX +W where Wy, = 0 for |k—k'| < 2, and Wy = ¢ otherwise, where ¢ is generated
the same way as ¢'. For all other blocks, Q}; = Qﬁ .

Model 2: We first generate a tridiagonal block matrix Q% with Q% .. = I, QX] 1 =
Q}]H] = 0.615, and Qg(,j,jﬁ = Q},jm,j = 0415 for j = 1 .oy D All other blocks are
set to 0. We form Gy by adding four edges to Gx. Specifically, we first let Qyﬂ = Qle
for all blocks, then for j = 1,2,3,4, we set QY]]+3 Q’{,]%J W, where Wy = 0.1
for all 1 < k,k' < M. Finally, we set Q% = Q% + 61, Q¥ = Q% + 61, where § =
max {| min(Amin (2% ), 0)[, | min(Amin (€23),0)|} + 0.05.

Model 3: We generate Q% according to an Erdos-Rényi graph. We first set {2y i = Is.
With probability .8, we set QXJZ = Q% = = 0.115, and set it to 0 otherwise. Thus, we

4. Code to replicate the simulations is available at https://github.com/boxinz17/FuDGE.
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Figure 4: Average ROC curves across 30 simulations. Different columns correspond to
different models, different rows correspond to different dimensions.

expect 80% of all possible edges to be present. Then we form Gy by randomly adding s
new edges to Gx, where s = 3 for p = 30, s = 4 for p =60, s =5 for p = 90, and s = 6 for
p = 120. We set each corresponding block as Q3. ;; = W, where Wy = 0 when |k —K|<1
and Wy = c otherwise. We let ¢ = 2/5 for p = 30, ¢ = 4/15 for p = 60, ¢ = 1/5 for
p =90, and ¢ = 4/25 for p = 120. Finally, we set Q% = 0% + 61, 0 = Oy + I, where
d = max {| min(Amin (2% ), 0)|, | min(Amin (€23-), 0)|} + 0.05.

We compare FuDGE with four competing methods. The first competing method (de-
noted multiple in Figure 4) ignores the functional nature of the data. We select 15 equally
spaced time points and at each time point implement a direct difference estimation proce-
dure (Zhao et al., 2014a) to estimate the graph at that time point. Specifically, for each ¢,
X;(t) and Y;(t) are simply p-dimensional random vectors, and we use their sample covari-
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ances in (10) to obtain a p x p matrix A. This produces 15 differential graphs, and we use
a majority vote to form a single differential graph. The ROC curve is obtained by changing
the Ly penalty, A,, used for all time points.

The other three competing methods all estimate two functional graphical models using
either the Joint Graphical Lasso or the Functional Joint Graphical Lasso introduced in
Section 5. For each method, we first estimate the sample covariances of the FPCA scores
for X and Y. The second competing method (denoted FGL) ignores the block structure
in precision matrices and applies the fused graphical lasso method directly. The third
and fourth competing methods take into account the block structure and apply FFGL and
FFGL2 defined in Section 5. To draw an ROC curve, we follow the same approach as
in Zhao et al. (2014a). We first fix A\; = 0.1, which controls the overall sparsity in each
graph; then we form an ROC curve by varying Ao, which controls the similarity between
two graphs.

For each setting and method, the ROC curve averaged across the 30 replications is shown
in Figure 4. We see that FuDGE clearly has the best overall performance in recovering the
support of the differential graph for all cases. We also note that explicit consideration of
block structure in the joint graphical methods does not seem to make a substantial difference
as the performance of FGL is comparable to FFGL and FFGL2.

The effect of the number of basis functions: To examine how the accuracy of the
estimation is associated with the dimension of the functional data, we repeat the experiment
under Model 1 with p = 30 and vary the number of basis functions used to generate the
data in (23). In each case, the number of principal components selected by cross-validation
is M = 4. In Figure 5, we see that as the gap between the true dimension m and the number
of dimensions used M increases, the performance of FuDGE degrades slightly, but remains
relatively robust. This is because the FPCA procedure is data adaptive and produces an
eigenfunction basis that approximates the true functions well with a relatively small number
of basis functions.

6.2 Neuroscience Application

We apply our method to electroencephalogram (EEG) data obtained from a study (Zhang
et al., 1995; Ingber, 1997), which included 122 total subjects; 77 individuals with alcohol use
disorder (AUD) and 45 in the control group. Specifically, the EEG data was measured by
placing p = 64 electrodes at various locations on the subject’s scalp and measuring voltage
values over time. We follow the preprocessing procedure in Knyazev (2007) and Zhu et al.
(2016), which filters the EEG signals at « frequency bands between 8 and 12.5 Hz.

Qiao et al. (2019) estimate separate functional graphs for each group, but we directly
estimate the differential graph using FuDGE. We choose A, so that the estimated differential
graph has approximately 1% of possible edges. The estimated edges of the differential graph
are shown in Figure 6.

In this setting, an edge in the differential graph suggests that the communication pat-
tern between two different regions of the brain may be affected by alcohol use disorder.
However, the differential graph does not exactly indicate how the communication pattern
has changed. For example, the edge between P4 and P6 suggests that AUD affects the com-
munication pattern between those two regions; however, it could be that these two regions
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Figure 5: ROC curves for Model 1 with p = 30 and changing number of basis functions m.
Each curve is drawn by averaging across 30 simulations. The number of eigen-
functions, M, selected by cross-validation is 4 in each replication.

are (conditionally) associated with the control group, but not with the AUD group or vice
versa. It could also be that the two regions are (conditionally) associated in both groups,
but the conditional covariance is different. However, many interesting observations can be
gleaned from the results and may generate interesting hypotheses that could be investigated
more thoroughly in an experimental setting.

We give two specific observations. First, edges are generally between nodes located in
the same region—either the anterior region or the posterior region—and there is no edge
that crosses between regions. This observation is consistent with the result in Qiao et al.
(2019) where there are no connections between the anterior and posterior regions for both
groups. We also note that electrode X, lying in the middle left region, has a high degree in
the estimated differential graph. Although there is no direct connection between the anterior
and posterior regions, this region may play a role in helping the two parts communicate
and may be greatly affected by AUD. Similarly, P08 in the anterior region also has a high
degree and is connected to other nodes in the anterior region, which may indicate that this
region can be an information exchange center for the anterior regions, which, at the same
time, may be heavily affected by AUD.

7. Discussion

We proposed a method to directly estimate the differential graph for functional graphical
models. In certain settings, direct estimation allows the differential graph to be recovered
consistently, even if each underlying graph cannot be consistently recovered. Experiments
with simulated data also show that preserving the functional nature of the data rather
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Figure 6: Estimated differential graph for EEG data. The anterior region is the top of the
figure and the posterior region is the bottom of the figure.

than treating the data as multivariate scalars can also result in better estimation of the
differential graph.

A key step in the procedure is to first represent the functions with an M-dimensional
basis using FPCA. Definition 4 ensures that there exists some M large enough so that
the signal, 11 (M), is larger than the bias, v9(M), due to the use of a finite-dimensional
representation. Intuitively, 7 = v (M) —wvo(M) is tied to the eigenvalue decay rate; however,
we defer the derivation of the explicit connection for future work.

We have provided a method for direct estimation of the differential graph, but the devel-
opment of methods that allow for inference and hypothesis testing in functional differential
graphs is a fruitful avenue for future work. In recent years, a number of studies have fo-
cused on inference in high-dimensional linear models (Zhang and Zhang, 2014; van de Geer
et al., 2014; Javanmard and Montanari, 2014; Zhao et al., 2014b; Bradic and Kolar, 2017;
Wang et al., 2021). Subsequently, these approaches were extended for statistical inference of
low-dimensional parameters in graphical models (Ren et al., 2015; Wasserman et al., 2014;
Jankova and van de Geer, 2015, 2017; Barber and Kolar, 2018; Yu et al., 2016, 2020) and
differential graphical models (Xia et al., 2015; Liu, 2017; Kim et al., 2021). Future work
may extend these results to the functional graph setting. A promising approach would be to
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extend the inference procedures developed for semi- and non-parametric models (see, e.g.,
Lu et al., 2020; Dai and Kolar, 2021).
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A. Derivation of Optimization Algorithm

In this section, we derive the key steps for optimization algorithms.

A.1 Optimization Algorithm for FuDGE

We derive closed-form updates for the proximal method stated in (15). In particular, recall
that for all 1 < j,1 < p, we have

s = [ (1Ae = Xam) 1A R| o AS
+

where A°d = A% — 7 L(A°M) and z; = max{0, x} represents the positive part of z € R.
Proof [Proof of (15)] Let A°d = A°ld — v L(A°!M) and let f;; denote the loss decomposed
over each j,[ block so that

fi(Aj) = ||Aﬂ — A% + 1Al e

and
new __ : . .
5l = argmin f]l(Aﬂ)'
AjleRA{xIM

The loss f1(Aj1) is convex, so the first-order optimality condition implies that:

0€dfu ( new) , (A.1)
where 0fj; (Aj;) is the subdifferential of f;; at Aj:
1 0
Ofu(Aj) = e (Aﬂ - j}d) + Zji,
where A
. .
TauTr if Aj 70
0= (A.2)
{Zj e RMM |1 Z||p < 1} if Ay =0.

Claim 1 If [|A99] 7 > Ayn > 0, then ATPY 2 0.
We verify thls claim by proving the contraposfmve Suppose Anew = 0. Then by (A.1)

and (A.2), there exists a Z;; € RM*M guch that ||Z;]|r <1 and

0= —A—Aold + Zj1.
Thus, HA;?}dHF = || A1 - Zji|F < Ann, so that Claim 1 holds.
Combining Claim 1 with (A.1) and (A.2), for any 7, such that HAOldHF > A1, we have

new

0= i < new Aold) Anjelw
Ani) A%’

which is solved by
1A% — Xan

new __ old
b _—”AoldH Acl, (A.3)
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Claim 2 If | A9%]| p < Aun, then A = 0.
Again, we verify the claim by proving the contrapositive. Suppose A?f‘” # 0. Then
the first-order optimality implies the updates in (A.3). However, taking the Frobenius

norm on both sides of the equation gives [[AJ™|[p = HAOldH F — An7, which implies that
IAZ [ = A > 0.
Updates in (15) follow immediately by combining Claim 2 and (A.3). |

A.2 Solving the Joint Functional Graphical Lasso

As in Danaher et al. (2014), we use the alternating directions method of multipliers (ADMM)
algorithm to solve (19); see Boyd et al. (2011) for a detailed exposition of ADMM.
To solve (19), we first rewrite the problem as:

max { — Z ng (log det®@ — trace (S(q)G(q))) +P({Z}) ;,

©nz ] o

subject to ©@ = 0 and Z(9 = 0@, where {Z} = {21, 2 ... 2@}, The scaled
augmented Lagrangian (Boyd et al., 2011) is given by

O

L, ({0} {2} (U}) = - n, <logdet@ 9 _ trace (s@@(q))) + PU{Z))

q=1

Q
4P (@) 4 7(@)2
22_: —ZW 4 UDE (A4)

where p > 0 is a tuning parameter and {U} = {UD U . . U@} are dual variables.
The ADMM algorithm will then solve (A.4) by iterating the following three steps. At the
i-th iteration, they are as follows:

L {6} < argmingey Ly (e} {Zui—n} {Uu-1)})-
2. {Z4)} < argmingzy L, {0w {2} {Uu-1})-
3. {U e AU} + ({06} —{Zu 1)
We now give more details on the above three steps.
ADMM algorithm for solving the joint functional graphical lasso problem
Input: {S(‘I)} g1 {nq}le, and the penalty term P(-).
Output: {6 }qu1
(a) Initialize the variables: @gg; = Iy, U((g)) = Opnr, and Z((g)) =0, q=1,...,Q.
(b) Select a scalar p > 0.
(c) For i =1,2,3,... until convergence
(i) For ¢ = 1,...,Q, update 921)) as the minimizer (with respect to G)(q)) of

—ng (log det®@ — trace (S(Q)G(q))) H®(q ((l 9 T U((le) H%
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Let VDV denote the eigendecomposition of S(@ — pZ /nq + pU / Ng-
The solution is given by VDV, where D is the diagonal matrlx with the J-th

diagonal element being
n
?; (—Djj +4/D2% + 4p/nq) ,

where Dj; is the (j, j)-th entry of D.
(ii) Update {Z(;)} as minimizer (with respect to {Z}) of

min g ZHZq)— AD|E + P({2}), (A.5)

where A = @Eg)) + U((zgzl), g=1,...,Q.

(i) U((g) — Uffjl) +©OW -29),0=1,....Q.

(d) Output 0@ as @E?)), g=1,...,Q, from the final round.

There are three things that are worth noting. 1. The key step is to solve (A.5), which
depends on the form of penalty term P(-); 2. This algorithm is guaranteed to converge to
the global optimum when P(-) is convex (Boyd et al., 2011); 3. The positive-definiteness
constraint on {©} is naturally enforced by step (c) (i).

A.3 Solving (A.5) for different penalty functions

We provide solutions to (A.5) for three problems (GFGL, FFGL, FFGL2) defined by (20),
(21), and (22).

A.3.1 SoLuTiON TO (A.5) FOrR GFGL

Let the solution for

Q Q
min 2 ZHZ —ADR SIS 2P e 420 S [ S 12912

q=1 j#l J#L \g=1

1/2

be denoted as {2} = {Z1), 23, ... 2@}, Let Z{), Z\? be the (j,1)-th M x M block of
Z@ and Z(@, g=1,...,Q. Then, for j =1,...,p, we have

7 =A%, a=1...Q (A.6)
and, for j # [, we have
w (14 1e =N /p ()
20 = R
it ¥ \/E ||A§(ZI)HF—>\1/P>
+

where ¢ = 1,...,Q. Details of the proof of (A.6) and (A.7) are given in Appendix A.4.
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A.3.2 SoLuTiON TO (A.5) FOR FFGL
For FFGL, there is no simple closed-form solution. When @ = 2, (A.5) becomes

2
1 2
?;?*anw —ADR A DS UZP e | + 20 D12 - 2 e
Jil

q=1 g=1 j#l

For each 1 < 5,1 < p, we compute Z](.ll), Z(?) by solving

2
1 A2 (1 2
min, 52 1127~ 4 up+fﬂj¢l2n e+ 220700 = 230, ()
{Zjl ’Z q:1

where 1,4 =1 when j # [ and 0 otherwise.
When j =1, by Lemma 16, we have the following closed-form updates for {Z jjl), Z (2 )},
j=1..,p. If HAjj - jj HF < 2X2/p, then

m_sa_Llo,m, 4@
ZJJ ij §<AJJ +A )

If | ALY — AP |l > 2)9/p, then

- JJ JJ

(1) _ (1) A2/p 1) 42
Zij =45 A0 _ A7 (A5 - a5),

5(2) _ 4(2) A2/p 1) 42
23 _ 4 +2”(Ajj Ajj).

Jji i 1 -
”A()

For j # 1, we get {Z(l) Z } using the ADMM algorithm again. We construct the
scaled augmented Lagranglan as

L (W (R, V] = Z|rw<q <q>||F+A;ZHW<q>uF

2
A
+ 2R = RO+ CS WD — RO 4 VO,
q=1
where p/ > 0 is a tuning parameter, B(@ = Ag?), g=1,2, and W@ R@ V(@) ¢ RMxM
g=1,2 (W} ={wWO w (R} = {RD R}, and {V} = {VI), V) The detailed
ADMM algorithm is described as below:
ADMM algorithm for solving (A.8) for j # 1
Input: A(Q) qg=1,2; A\, A9 > 0.
Output: {Z](ll, (2)}
(a) Initialize the variables: W((g)) = I, Rggg = Oy, V((Oq))
(b) Select a scalar p’ > 0.
(c) For i =1,2,3,... until convergence

(i) {W(i)} < arg min{W} L/p’ ({W}, {R(iq)}v {V(ifl)})'

=0y, BO = AW g =1.2.
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This is equivalent to

2 2
1 A1
Wi} < argmin = w@ _c@)2 4 L WD,
(Wi} argmin 3 | I+ s Sl

where
1

o =
1+ o

[B<q>+p (R&)l) V(Eq—)l))}'

Similar to (14), we have

_ /
i)%<uc I —2u/(p <1+p>>> 00, g—12
+

1%
|C@]p

(

(ii) {R@} < argmingpy Iy ({Wiiy}, { R}, {Vii—1)})-
This is equivalent to

2
.1 A2
Ry} < argmin — R — D@z + Z2|RMW — RO)||p,
{Ra} 2 Iin 5 q; | Iz pp,H |

where D@ = W((S) + V((i(i)n'

(1) _ p@ 1) 4 @)
RY) = RY) (D +D )

By Lemma 16, if |[DM) — D@)||p < 2X9/(pp’), then

and if | DM — D@ ||p > 2)\y/(pp’), then

A2/ (pp')

W po . 22/eP) (o) pe)
=D DO — D@ (D b ) ’
Ao/ (pp')

@ p& /) (pay_ pe
RO < DO+ o (p® - D).

AN 74 (9) (a) (@  _
(iii) V(Z()Z +— V(iq—l) + W(i% R(q), qg=1,2.

(d) Output {ZAJ(II), Z](lQ)} as {Wl (2)} from the final round.
A.3.3 SoLUTION TO (A.5) FOR FFGL2

For FFGL2, there is also no closed-form solution. Similarly to Section A.3.2, we compute a
closed-form solution for {Z(l) Z( )}, j=1,...,p, and use an ADMM algorithm to compute

i
1) 5(2) :
(29,20 1<j#1<p.
For any 1 < 5,1 < p, we solve:
2
min,, 3 Z 1280 - AP + *%ﬁzz 1200+ 22 S 120, - 20 (A9)
12,2} 1<a,b<M

where 1,4 =1 when j # [ and 0 otherwise.
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By Lemma 16, when j = [ we have

(250 2550)

A= Xa/p, ﬁ’ab +X2/p if A, > A® L ong/p
= A(l)ab + X2/p, A ]l ab —X2/p if Aﬁ)ab < Aﬁl) b 2X\2/p )

(Agz)ab + Ajl ab) /2, < l)ab + Ajl ab) /2) if ‘A]l ab Agl)ab <2X2/p

where the subscript denotes the (a,b)-th entry, 1 < a,b < M and j = 1,.

For j # 1, we get {Z](l (2)} 1 <j #1 < pusing an ADMM algorithm. Let B(Q) = A(q)
q = 1,2. We first construct the scaled augmented Lagrangian:

2
"y (W ARYAVY) = Z (W@ — By + A; Z W@l

2

A

+ IR - R+ G DI - RO+ VO,
a,b q=1

~

where p/ > 0 is a tuning parameter, W, R(@ V(@) ¢ RMXM ¢ — 1 2 (W} = {WD W@},
{R} = {RW,R®} and {V} = {VD V(@} The detailed ADMM algorithm is described
below.
ADMM algorithm for solving (A.9) for j # 1

Input: A(Q) q=1,2; \;, A2 > 0.

Output: {Zjll),ZAj(.lQ)}.

(a) Initialize the variables: W((g)) = Iy, Rggg =0, V((Oq))

(b) Select a scalar p' > 0.

(c) For i =1,2,3,... until convergence

(i) {Wiy} < argmingyn . L'y ({W}{Ri-n)} {Vii-1)})
This is equivalent to

=0y, BO = AW g=1.2.

2
A1
Wiy} ¢ argmin o 3 WD — COYf 4+ =53 |IW@]g,
w} qzl p(1+p’)q§_:1

where

@

@ — ,[B@er’ (REQ) (i~ 1))}

Similarly to (14), we have

o /
W (100 GO+ oy
@ [CW]s .

(ii) {R)} « argmingpy Iy ({Wiiy b, {R}, {Vii—1)})
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This is equivalent to

2
1 A2 1 2
{R@;)} < argmin 3 Z IR — D@2 4 — Z ‘R((lb) - R((lb) ;
{R} q=1 PP a,b
where D@ = W@ ¢ V(.q_)l). Then, by Lemma 16, we have

(%) (i

(R o B0 )

D(l — X2/(pp'), D ab "+ X/ (o) if D) > D) + 220/ (o)
={ (DY 4 ny/(pp), D —>\2/(pp) it D\ < DG —2x2/(pp)
(Déb) + D ) /2, ( Dg?) /2) if ’Dab — DY| < 220/ (0p")
where the subscript denotes the (a,b)-th entry, 1 < a,b < M and 1 < j,1 < p.
(iit) VY V((Q) y + W - jo)), g=1,2.

(d) Output {Z(I) Z } as {W W((f))} from the final round.

A.4 Derivation of (A.6) and (A.7)

Note that for any 1 < j,1 < p, we can obtain Z§;), Z](ZQ), e Z](f?) by solving
Q Q Q 12
P
argmin 2320 - AP RN L4 Y12 et Lia | DOIZPIR ) (A10)
z0.2D,...20 7 ¢=1 =1 =1

where 1, = 1 when j # [ and 0 otherwise. By (A.10), we have Z](?) = Agz) for any
j=1,...,pand ¢ =1,...,Q, which is (A.6). We then prove (A.7). Denote the objective
function in (A.10) by IN/jl. Then, for j # I, the subdifferential of f/jl with respect to Z](f) is

0 Lji = p(ZJ(-,q) - Ag.‘l’)) + AlG(q) + \DW

Z Jto

where
Z(‘])
G = ||z(‘”||p when Zj) # 0 ,
{Gj € RM*M . HGE‘ZJ)HF <1} otherwise

and

Z(Q) Q (@))2

DY = (ZQ 1||Z“”|| ) when > [|Z37|[% > 0
Vi q

(DY e RM*M . 522 IDD|2 <1} otherwise

To obtain the optimum, we need

0€ aZ](lq)Eﬂ(Z;f))
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forallg=1,... ,Q Now we split our discussion into two cases.
(a) Suppose Z - HZ q)HF = 0 or equivalently Z(q) Oforallg=1,...,Q.

In this case, there exist G('(l])7 where ||Gj(ll)||F <1,¢g=1,...,Q; and also D]('?)a where
Z =1 HD]l HF < 1, such that

0=—p- AP + \GY + 2D,
This implies that
p A
D@—@@—pqw.

Thus, we have

(a) P 4@ _ Al P ALyl
105 lle = | — o, Yl )\<HA Ip — HG]‘Z \F)+
p A1
> £ (141 -21)
2 +
which implies that
p* < () A1 <
i Sl (FIES N S
2 ¢=1 +  g=1
Therefore,
- (@) 2
Z <||Aﬂ e — /\1/p> < Xa2/p. (A.11)
q=1 +
(b) Suppose Z = H H% > 0.

For those ¢’s such that ZJ(?) = 0, there exists Gg.?), where HGg.(l]) |lr = 1, such that

0=—pAY + MG

Thus, we have

A1 A1
1A |15 = HG§§”HF <7

which implies that
(1457 s = Aa/p)  =0. (A.12)

On the other hand, for those ¢’s such that ZAJ(.?) = 0, we have
Z(q) Zla)

gl

)\ + )\2
q) - 1/2’
1Ze (29,120 12)

44




FUNCTIONAL DIFFERENTIAL GRAPH ESTIMATION

which implies that

A1 Ao
AP =2 |
AZEe (S 125 13)

and :
Zq F
A =12l + Ao/ + Oafp) - AL
(22, 1218)"
y (A.14), we have
)
Ao HZ q ||F
(1452w = X1/p) > =2 > 0.
S IZP 1R
By (A.12) and (A.15), we have
4@ 2
S (1491 = x/0). = S (1Al —Ni/p)
- a2 |le 70

A(q) 2
)\2 || ||F
>2 ). s

q”Z(Q)” #OZ 1|| gl H%
2/P .

Now we make the following claims.

2
Claim 1. X2, 1213 =0 = /52 (1490 - 21/p) < 2.
This claim is easily shown by (A.11) and (A.16).

Claim 2. When Y% | Z{]2 > 0, we have [| 2|l = 0 <= | A% |r < A1 /p.
This claim is easily shown by (A.12) and (A. 15)

Claim 3. When HZ HF # 0, then we have

20— |45 le = M /p A0
J (9) 2 gt
1A v \/E HA e — >\1/p>
To prove this claim, note that by Claim 2 and (A.14), we have
(a) () A2 _
(1451w = M /o) =125 | 1+ vl
p (S 1Z013)

45
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which implies that
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Q Q
S (141 = /), =\ SSIZPIE + 2o/
+
q:

[}
—

Q Q ,
SoIZPIE = || 3 (1480 = Ni/p) | = delp.
q=1

g=1

Thus, by (A.14), we have

1ZP e =

1A p — X /p

A2/p
\/z (15 e=2/p) T 22/

= | (14571 = M /).
¢z H%lw—xu@

Claim 3 follows by combining the above display with (A.13).
Finally, combining Claims 1-3, we obtain (A.7).
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B. Main Technical Proofs

We give proofs of the results given in the main text.

B.1 Proof of Lemma 2

We only need to prove that when we use two sets of orthonormal function basis eM (t) =
{e (t ) _, and eM(t) = {é;-”(t) 5-’:1 to expand the same subspace V][]\;[}, the definition
of EX Wlll not change. Since both eé-\/[(t) = (eé\/{(t),e%(t),...,eé‘@(t))T and éé-\/[(t) =
(é%(t), %(t) ,é%(t))T are orthonormal function basis of V;-W, there must exist an or-
thonormal matrix U; € RM*M gatisfying UjTUj = UjUjT = I, such that NM(t) = Ujeé-\/[(t).

Let afj-’M be the projection score vectors of X;;(t) onto ej-\/[( ) and &X M

score vectors of X;;(t) onto é;-w(t). Then dfj(.’M = Ujafj-’M. Denote

be the projection

U = diag{Uy,Us, ..., U,} € RPM*PM
We then have

a M = (@) @™’ @M’
= (™) 0! (a0 (0 M) T T = UM
and
SXM = Cov (M) = UCov (a*M)UT = Uus* My,
Thus

XM _ (SX,M>’1 —U (EX,M)*l UT — ypeXMyT.

Therefore, (:)ng = Uj(%ﬁ’MUlT for all j,1 € V2 and, therefore, H(:)ﬁMHF = ||@j§M||F for
all j,1 € V2. This implies the final result.

B.2 Proof of Lemma 3
We first show that X;;,Y;; € Span {(bjl, e ,<Z>ij*} almost surely. Let

X + .
M;* =sup{M € N )\ > 0}.

MX
By Karhunen-Loeve theorem, we have X;; = >, 7, (Xj;, ﬁﬂbﬁ almost surely. Thus, we

have X;; € Span {gbﬂ, cee gb] MX} almost surely. For any 1 < k < MJ‘X, we have that

| st o asar = [ 15 a6 (0 (asar = X5 >0

which implies that ¢§ € Span {¢j1, .. .,¢ij*}. Thus, we have Span {¢g1> s 05 MX} C
Span {gbjl, ey gbjM;} and X;; € Span {qbﬂ, . ,quM]*f} almost surely. Similarly, we have
that Y;; € Span {qSﬂ, e ’(bij*} almost surely.
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Next, we show that M = M7 by contradiction By the definition of M, we have that
MJ' < My If MJ’ # M, then we have V, M; C H such that M’ < M7 and XU,Y €V, M
almost surely. This implies that there exists ¢ € Span {qul, Ny M;} \Vj : such that

E | (@(t), Xis(0))*] =0 and B [((@(t), Y ()] =0
= / KX (s,t)¢jk(8)pjn(t)dsdt =0 and /T K (s,8)0ji(s)dj(t)dsdt = 0
/ (5, )by() by (1) dsdt = 0,
=Ajr =0,
which contradicts the definition of M ]* . Thus, we must have M j’ =M J* .

B.3 Proof of Lemma 7

.
Let U = V\{j,1}, and ai]{’M = ((af’M)T,j € U) . Without loss of generality, assume that

YXM and @XM take the following block structure:

H o o o oy o
X,M X,M X,M X,M X,M X,M

M = 2)]{ s syt e =lep et ey
M «X,M XM M AXM AXM

Yuip Xui v Ou; v Ouu

Let P denote the submatrix:

QXM gX.M
S ATEIK 37

e, Oy

P =

By standard results for the multivariate Gaussian (Johnson and Wichern, 2014), we have

Var( | ap ™k # ) HXM _ (@XM)-1

JJ JJ
Var (

X,M _ _
a; XM = prt o [(P Y (P 1)12}
alX’M v (P21 (P 1)a
Thus, the first statement directly follows from the first equation. To prove the second
statement, we only need to note that

H])l(M—Cov< XM XM | aXM)
= (P "1

X,M\—1 X, M/ p—
_(ij )1@]'[ (P 1)22
X, M ~AX,M 7\5,X,M
—H 7 @]l Hy; ,

where the second to last equation follows from the 2 x 2 block matrix inverse and the last
equation follows from the property of multivariate Gaussian. This completes the proof.
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B.4 Proof of Theorem 10

We provide the proof of Theorem 10, following the framework introduced in Negahban et al.
(2012). We start by introducing some notation.

We use ® to denote the Kronecker product. For A € RPMXPM et § = vec(A) € RP*M
and 0* = vec(AM), where AM is defined in Section 2.2. Let G = {Gi}i=1.... Ng be a set of
indices, where Ng = p? and Gy C {1,2,---,p?M?} is the set of indices for § that correspond
to the t-th M x M submatrix of AM. Thus, if t = (j — 1)p+1, then g, = vec (Aj;) € RM?,
where Aj; is the (j,1)-th M x M submatrix of A. Denote the group indices of §* that
belong to blocks corresponding to Ea as Sg C {1,2,---, Ng}. Note that we define Sg using
Ea and not Eanm. Therefore, as stated in Assumption 2, |Sg| = s. We further define the
subspace M as

M= {0 e RF"M* | g5, =0 for all t ¢ Sg}. (B.1)

Its orthogonal complement with respect to the Euclidean inner product is
ML= {0 e RF"M* | g5, = 0 for all t € Sg}.

For a vector 6, let O and 6,,. be the projection of § on the subspaces M and Mt
respectively. Let (-, ) represent the Euclidean inner product. Let

Ng
R(O) = 10c,]2 2 10]12. (B.2)
t=1

For any v € RP*M 2, the dual norm of R is given by

R*(v) =  sup (u, v) = sup (u,v). (B.3)
ueRP?M2\ {0} R(u) R(u)<1

The subspace compatibility constant of M with respect to R is defined as

V(M) := sup R(u) (B.4)
weM\{0} [ul2
Proof By Lemma 15 and Assumption 1, we have
|(SYM @ §XMy _ (2V:M @ XMy < 52 + 26, 0max (B.5)
and
|vec (SYM — XMy _ yec (2¥M — XMy < 26,
The problem (10) can be written in the following form:
0y, € argmin £(0) + A\, R(0),
gcRP*M?
where )
L) = 5aT(SYM ® SEMYg — 0T vec(SVM — §XM), (B.6)
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Here, we slightly abuse the notation and use £(-) to denote the function of 8 rather than
A. The loss £(#) is convex and differentiable with respect to 6, and it can easily be verified
that R(-) defines a vector norm. For h € RP*M 2, the error of the first-order Taylor series
expansion of L is:

SL(h,0%) = L(6" +h) — L(0") — (VL(H*), h) = %hT(szM ® SXM)p, (B.7)

From (B.6), we see that VL(#) = (SY"M @ §%M)) — vec(SY'M — §5M) By Lemma 19, we
have

R*(VL(O*)) = max

t:1727“' 7Ng

Now we establish an upper bound for R*(VL(0*)). First, note that

[(S¥M @ 8o — vee(SVM — M)

Gilo”

(VM @ B8N0 — vee(BVM — £OM) = vee(SOMAMSYM — (m1M _ g XMy = 0.

Letting (-);; denote the (j,1)-th submatrix, we have

[(SYM @ SXM)G* — vee(STM — §¥M)]

Gt g

_ “(SY,M © §XM _ SV g XMy o (§VM _ m¥iMy (XM _ ZX’M))]
|
|

Gt g

_ (SX’MAMSY’M . EX’MAMEY’M)]‘Z . (SY’M o EY,M)jl o (SX’M . EX’M)leF

(SEMAMGHM _ S XMAMSYA) o+ [[(SYM — £V 5] g+ (S5 = S5M) 5|

For any M x M matrix A, ||Al|r < M|A|s, so

<

(87 @ §¥M)g" — veo(s¥M — §XM)]
< M [|(SMAMGHM — S HMAMEYAM 5]

G TN A
<M HSX’MAMSY’M o EX,MAMZY,M‘OO + ’SY’M B ZY,M’OO + |SX’M . EX,M’OO] '

2

For any A € R¥**¥ and v € R¥, we have |Av|o < |A|oo|v|1. Thus, we also have
’SX’MAMSY’M _ EX’MAMEY’M‘OO — H(SY,M ® SX’M) _ (EX’M ® EY’M)] vee (AM)|oo
< (ST @ §OM) — (55M @ BV ] vee (AM)]y
— |(SY’M ® SX’M) _ (EX’M ® EY’M)|OO|AM|1

Combining the inequalities gives an upper bound uniform over G (i.e., for all Gy):

[($7 & SXM)p* — vee(sVM — g¥M)] |

< MH(SY’M ® SX’M) . (EX’M ® ZY’M)|OO|AM|1

+ ’SY’M . EY,M’OO + |SX’M . EX,M’OOL
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which implies
R* (VL") < M[|(S"Y @ 8% — (55M @ 5P oo |AM]y
FSYM g YoM | gXM XMy
Assuming |SXM — »XM| <5, and |SYM — VM| <5, implies

R* (VL)) < M[(02 + 20,,0max)|AM |1 + 25,,].

Setting
An = 2M [(67 + 26n0max) |AM |, + 26,] , (B.8)

then implies that A, > 2R* (VL(0*)). Thus, invoking Lemma 1 in Negahban et al. (2012),
h =0, — 0" must satisfy

R(hMJ_) < 3R(hM) + 47?,(0?\41_),

where M is defined in (B.1). Equivalently,
(hageli2 < 3lhmliz + 40312 (B.9)
By the definition of o, we have
Oz =D 105,12 < (p(p+1)/2 = s)va < p’wa.
t¢Sg

Next, we show that L(h,0"), as defined in (B.7), satisfies the Restricted Strong Con-
vexity property: 6L(h,0*) > rc|h|3 — w? (6*) whenever h satisfies (B.9). We have

0T (SVM g §XM)g — T(SVM @ XMy 4 T(§¥M @ gXM _ s¥M g 52XM g
> gT(SVM g £ XM)g _ 19T (VM g gXM _ 5VM g XM )
> Aninl0l3 — M?|STM @ SXM — 5VM @ XM o[,
where the last inequality follows from Lemma 17 and A* . = Apin(55M) x Apin(ZVM) =

)‘min(ZY’M & EX’M) > 0. 'TllllS7

SL(h,0%) %hT(Sy’M ® SXMyp,

1
> Nainlhff = SMESTH @ SXM — 5V g 5 XM Jhf2

1
2
By Lemma 18 and (B.9), we have

AT = (hatliz + [hage 12)* < 16( a1z + 1030
< 16(V/s|h|2 + p*0)? < 32s|h|3 + 32p*13.

Combining with the above equation, we get

12)?

1
OL(R,0%) = |5 Nim — 160M25|SYM @ XM _ g VM g 53 XM 1 ip)2

—16M2%p*2|SYM @ §OM _ VM @ XM

M1
Ao — 8M?s (62 + 202 0max) | |13

9 min

v

—16M?p*v3 (62 4 26,,0max) -
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Thus, appealing to (B.5), the Restricted Strong Convexity property holds with

Kr 2)\fmn 8M2s (52 + 25namax) ,

we = 4Mp*von/62 + 26,0 max.

+16M 3(0'111'1)()2

When 4, < 4\/ i — Omax as we assumed in the theorem, then x, > 0. By
Theorem 1 of Negahban et al. (2012) and Lemma 18, letting

An = 2M [(62 + 20,,0max) |AM |1 + 25,]
as in (B.8), ensures that

IAM — AM = 165, — 6%

A2 An «
<9LUAHM) + 22 (2wf + AR(0} L))
K ke
IN2s 2N\, , o 9
= K/% + E(wﬁ + 2]9 1/2)
=T?

We then prove that EA = Ea. Recall that we have assumed that 0 <T',, < 7/2 = (11 —
v9)/2 and v + Ty, <€, < v; —I',. Note that we have HA% — A%HF < AM —AM||p <T,
for any (j,1) € V2. Recall that

En = {(j,l)€V2: j#l7Djl>0}.

First, we prove that Ex C Ea. For any (j,1) € Ea, by the definition of v in Section 4.1,
we have

1A 17 > IAY | — |AY — A} |r
> —Iy,
> €p.

The last inequality holds because we have assumed that €, < v1—I',,. Thus, by the definition
of Ea in (13), we have (j,1) € Ea, which further implies that Ex C Fa.

We then show En C Ea. Let EA and F{ denote the complement of Ea and Ea. For
any (j,l) € EX, which also means that ([, j) € E, by the definition of v, we have that

M
1A IF < AN 1F + 1A — AN llr
g S
< é€n.
Again, the last inequality is true because we have assumed €, > vo +I';,;,. Thus, by the defi-

nition of Ea, we have (j,1) ¢ Ea or (j,1) € ES. This implies that E C E%, or Ea C Ea.
Combining with the previous conclusion that Ea C EA, the proof is complete. |
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B.5 Proof of Theorem 13
We only need to prove that

P (|SM —sM| > §) < Cinpexp{—Co®(T, L)M~1+F5}
—2(14+8) 52
+ C3(pM)? exp{—CynM 209 §2} 1 CsnpL exp —W—é , (B.10)
¢2(T7 L)

where SM can be understood as S*¥M or SY'M and ©M can be understood as XM or
Y M with C), = C,f or Cf = C}?;/ for kK =1,2,3,4. To see that (B.10) implies (18), we first
note that (B.10) implies that
P (|§M — XM < gand [STM — VM < 6)

>1—P(|SYM —2XM| o> 6) — P (IS — £V M| > 6)

> 1 —2C1pM exp{—Cy®(T, L)M~+P)5} — 2C5(pM)? exp{ —CynM ~20+5) 521
where O}, for k = 1,2,3,4 are defined in Theorem 13. Thus, letting the last two terms in
the last line of the above equation be ¢/2, we then have (18). In this way, the rest of the

proof will focus on proving (B.10).

Denote the (j,1)-th submatrix of SM as S%, and the (k, m)-th entry of S]]-\l/[ as Gjl fom-

We have SY = (Gjikm)1<ji<p.<hmenm and BY = (0jikm)1<ji<p <hm<rr. Then, by the
definition of S™ and M, we have

) 1~. .
Tjtem = — E ik Ailm and it km = E[aijr@iim)] -
=1

Note that
aijk = (Gij> D)
= (gij + Gij — 9ij» Dk + Dk — D)
= (gij, ik) + (9ijs Dj — Djn) + (Gij — Gig» Sj) + (Gi — Gij» Dk — D)
= aijr + (9ij» Sjk — bik) + (Gij — 9ij» Sjn) + (Gij — Gij» Pk — Bin)-

Thus, we have

1 n 16
Gjlkm — Ojlkm = - E (GijkGitm — Ojikm) = E Iy,
i=1 u=1
where
n
1
I = - E (aijraitm — E(aijraim)) »
i—1

1 .
Iy=-— > aiilGi — git, Sim),
i=1
1 n
Iy=— > il git, Sim — dim),
i=1
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1< . .
Iy= > il Git = Git, bum — bim),
i=1
1 n
Is =~ > it (G5 — 9ij» D),
i=1
1 n
Is=— > {Gij = 9ig> G31) (it — Gits Dim)
i=1
1 n
Ir=— > (G5 = 9ij» k) Gits bim — Sum),
i=1
1 n
Iy = — > {Gij = 9ig» Gir) (it — Gits Gim — Pim),
i=1
1 n
Iy =~ > {gijs Dik — Gjk) Gitm
i=1
1 n
ho = > {9ig> Djk — D) (G — Gits Pim)
i=1
1 n
In=— > {gij: bk — i) (Git, bum — Sum)
i=1
1 - .
Iy = - z<gij7 ik — Djx)(Git — its Pim — Pim),
i=1
1 n
hg=— Z<gij = 9ij» Pjk — Djk) Wit
i=1
1 n
Iy = — > {Gij = 9ig» Gir — k) Git — Gits Dim)
i=1
1 . .
Iis = - Z(fh’j — Gij> Ojk — i) (Gits Pim — Dim),
i=1
1 n
he = > {Gij — 9ig> Gir — k) Git — Gits P — Pim)-
i=1

Note that I,,, v = 1,...,16 depend on j,1,k,m. To simplify the notation, we do not
explicitly denote this fact. Thus, for any 0 < § < 1, when for any 1 < j,I < p and
1<km<M,if|I,| <6/16,u=1,...,16, we have |SM — =M | < §. We now calculate
the probability of |I,,| < 6/16, u=1,...,16, 1 < jl<pand 1 <k,m < M.

By Assumption 3 (i), we have constants dy, dy > 0, such that Aj, < dik=B, dj, < dok!tP
for any j = 1,...,p and k > 1. Let dy = max{1l,/dy,ds} and &;; = )\;kl/Qaijk so that
&k ~ N(0,1) are iid. fori =1,...,n. Let

0 1)
0 = and 92 = 9\ maxd1 = ,
P 1AM /3N s 27 A0maxOl = 6B ATHB /300 e
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where A\omax = maxjey Y poq Ajr. Recall that ij, j=1,...,p, are defined in (9). We
define five events A;-As as follows:

Av: 19i — gill <61, Vi=1,...,nVji=1,...,p,
Apt ||Kj; — Kjjllns <62 Vji=1,...,p,

1 < 3.
As gzﬁjkﬁg Vi=1,...,pVk=1,..., M,
=1

1 — .
A4: EZ”QMHQSZAO,max V]Zl,---,p,
=1
1 & )
As ’n;aijkailm_gjl,km|<16 V1<jl< 1<km<M.

Without loss of generality, we assume that <(£j17 ¢j1) > 0forany 1 < j<pandl <k <M (if
this is not true, we only need to use —¢;; to substitute ¢;;). Then, by Lemma 20-Lemma, 35,
when A;-As hold simultaneously, we have || < 6/16 for all u =1,...,16, 1 < 5,1 < p and
1 <k,m < M. Therefore,

P (15" - 2M| <6)
> P (|, <6/16, forall 1 <u<16,1<j,I< 1<k,m< M)

5
2P<ﬂ Aw>,
w=1
5

P (|SM —xM| > ) <P(U >§w§5:1P(Aw)

which implies

where the last inequality follows Boole’s inequality and A denotes the complement of A.
Then we only need to give an upper bound for P(4,), w=1,...,5.
By Theorem 14 and the definition of ¢1 1/)4, we have

P(A) =P (|gij — 95l >61F31 <i<n,1 <j<p)

(o) i k)
=2 {e p( 721/3%(T,L)+6\/§%51(T7L)51> P
of

7220,max®3(L) + 61/2X0,maxtV3 (L) 61

Let y1 = v/2/(12x 144d33 /30 max) and 73 = 1/(72X0.max X (144d3\/3N0 max)?). I 11 < 71
§/M™B and 43 < 3 - 62/M?*+28 then 7207 < 6/24916; and 72X0 max®3 < 61/2X0.max 301,

+ exp
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which implies that

P(Ay)
5 > 51 ( 5 >
<2 % NViexp |- 4 Lexp(——2L
" eXp( V2L L) T\ i)\ ()

) o 5 52
<2 ~ N L)) vexp |- ®(T,L) | + Lexp -k
= np{exp< v )> eXp( 2 )> eXp( 32(T, L)>

(41) 01 < 52 )
< 4dnpex ————®(T,L) | +2npLex -
< dnp p( NG T ( )) rlew |\ ——0 D
dnpe ! i (T, L)
f— X J— . . s
pesp 172860 maxdd  M'TP

62
+ 2npL exp < 6228dé)\0,maxM2+2ﬁ1/;2 (T, L)) ’
(B.11)
where (i) follows the definition of ®(T, L) and (i) follows the fact that Ao max > 1.
Next, we bound P(A4). For any two real values 21,22 and any positive integer k, we
have

1 1 k B
(o1 + )" < (J21] + el = 2 (zw +2m|) <25 (o] 4 J2al)

where the last line follows from Jensen’s inequality. Since E[||g;;||?] = Njo, i = 1,...,n,
j=1,2...,p, then, by Jensen’s inequality and Lemma 41, for any k > 2, we have

E[(lgisll? = 20)"] < 2571 (B [lgagl ™ + M| ) < 2571 (200) k! + M) < (4hg0)" kL.
Thus,

= k! _
SE | (gl = 2o)"| < Gm x (32X%) x (4x0)" 72
=1

Then by Lemma 39, for any € > 0, we have

1 ¢ 2 ne?
P 1= Ngill? = Njo| > ¢ ] <2 N L——
< n lg:sl 70 6) = 2exp ( 64)\]20 + 8)\j06>

1 « 5 1
P(ﬂ;”glj” >2)\0,max> §P<n

<

Finally,

3

lgil1% > 2%’())

-1
> llgisl* = Ajo| > /\j0>
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and

- 1 — 9 . n
P(Ay) =P (n ; ll9i511” > 2Xomax, FJ=1,... ,p> < 2pexp (_5) . (B.12)

Next, we bound P(As). Let f(fj(s, t) = % o1 9ii(8)gij(t) and Kj; (s, t) = E[gi;(s)gii(t)],
j €V, and define A
Ay |KY — K9 |lus <62 Vi=1,...,p.

Note that

g 9
Hij(Svt) - ij(svt)”HS

1<~ .
= || 22 [9i3(5) = 9ii(s) + 943 ()] 95 (1) — 935 (8) + 93 (V)] — KYi(s,t)
=1 HS
1< 2 @ 1<
= > Ndis — gisl* + - > lgig — gill - llgisll + - > [gij(S)gz'j(t) - Kfj(s,t)}
i=1 i=1 i=1 HS

Let N
25" [oste) ) — K50
=1

Ag : < 4>\O,max61a Vi=1,...,p.
HS

We show that A; N Ay N Ag = A),. By Jensen’s inequality, we have

1 < 1 <
2
EZIIQU'H < EZHQU’” :
=1 =1

On the event Ay, we have (1/n) >, [gij]] < /2Momax for any j =1,...,p. When Ay, Ay,
and Ag hold simultaneously, we have

||f{]«‘!j(3’ t) - Kfj(sa 75)||HS S 5% +2 \ 2>\U,rr1ax51 + 4)\O,max61 S 9>\0,max61a

Whigh is Ay. Therefore, Ay N Ay N Ag = A, which implies that Aly = A7 U A4 U Ag and
P(A’3) < P(Ay) + P(A4) + P(Ag). We upper bound P(Ag) next.

By Lemma 42, for any j = 1,...,p, we have
1 " n52
P ( 'n > lous)ais(t) ~ K9, 0))| > 4Ao,maxal> <2em (151,

=1

HS

Thus,

- no? 1 52
P(Ag) < 2pexp % )= 2p exp _373248d3)\2 X No g | - (B.13)

0,max

Combining (B.11), (B.12), and (B.13), we have

57



ZHAO, WANG, AND KOLAR

- 1 ) n
P(Aly) < 4pMexp | — - ®(T,L) | + 2pex (_7)
(A7) < 4p p( 172857 N . MTH ( )) pexp (——
) 1 52
M W TEOVIE S VRN VE

Finally, P(Ay) < P(A’x )+ P(A'y;), where A’ , and Ay, are defined similarly to Ay with
g being X and Y, since

1K (s.8) = K55(s,0) s < K55 (s, 6) — K5 (s O)llms + 1K j(s,1) — KJ3(s. ) s

Thus, we have

. 1 1 n
P(A,;) < 8pMexp | — . C®(T, L) | + 4pex <_7)
(da) <8 p( 738 Voromeds 38 >> PEP ™7
44 1 “n &2
ex .
POV 7373248000 e M2

For P(A3), note that Y7 lfz]k ~x2forany j=1,...,pand k =1,..., M. By Pages
28-29 of Boucheron et al. (2013), for any € > 0, we have

Z w—1>¢| <exp|— ne’ .
g - 4+ 4e

P(A3) < pM exp (—%) :

Letting e = 1/2, we have

Finally, we upper bound P(As). Note that

E [(aijkailm — E(aijraiim)) ] = )\k/Q k/Q [(gzjkgzlm - E(gijkfilm))k}

< dfE [(&jk&lm - E(&ijk&ilm))k} ,

and
E [(&jkﬁilm — E(&'jkﬁilm))k] <2kt (E “&'jkﬁilm‘k} + \E(&jkfumﬂk)
< 2k71 ( [5@]1] >
< 2k=L(9kkl 4+ 1)
< 4%k,
Thus

E [(aijkailm — E(aijkailm))k} < (4dp)" k!
and Lemma 39 tells us that for any 1 < j,l <pand 1 < k,m < M, we have

1n
o
n:

g Ak Ailm — Ojlkm
i=1
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Therefore,

- 9 né?
0

Let C) = 12, Cy = 1/(1728v6Xomax), C3 = 9, Cy = 1/(373248d§A3 0), C5 = 2, and
Ce = 1/(6228d Ao, max)- The final result follows by combining the upper bounds on P(A,,),
w=1,...,5.
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C. Additional Results

In this section, we establish additional results that are needed to prove the main results.

C.1 Theorem 14 and Its Proof

We give a non-asymptotic error bound on the function estimated using the basis expansion,
which is subsequently used to establish Theorem 13.

For a random function g(¢) € H, where t € T, T is a closed interval of the real line,
and H is a separable Hilbert space, we have noisy discrete observations at time points
tq,to,...,t7 generated from the model below:

hi = g(tx) + €,

where ¢, "% N(0,03), k = 1,...,T. Let b(t) = (bi(t),ba(t),...,b.(t)T be the vector of
the basis functions. Let §(t) = 57b(t) be the estimator of g(t), where § € R” is obtained
by minimizing the least square loss:

T

A 2
B = arg minz <5Tb(tk) — hk> .
BERE 11
We define the design matrix B as
bi(t1) - br(th)
B = : .. : c RTXL
by (tT) ce bL(tT)

so that .
3= (BTB) BTh,

where h = (h1, ho, ..., hy) T € RT.

We assume that g(t) = Yoo, B5bm(t), and we can decompose g(t) as g = ¢" + g+,
where ¢"' € Span(b) and g+ € Span(b)t. Let Ao := E[||g||?] and A\g = E[||g"}||?]. Tt is then
easy to check that Ao = Yoo | E[(8},)?] and A\g = Yoo, E[(8},)?]. We assume that the
basis functions {;(¢)};°, make up a complete orthonormal system (CONS) of H, that is,

Span ({b;}7°,) = H (see Definition 2.4.11 of Hsing and Eubank (2015)), and have continuous
derivative functions with

Dy, := supsupl|b(t)| < oo, Dy (1) = suplbj(t)| < oo, D1y 1, = max Dy (1).
I>1 teT teT 1<ISL

We further assume that the observation time points {tj : 1 < k < T'} satisfy
e —t-1) 1 Co
— <2

T T~ 17

where to and (7, ) are endpoints of 7 and (p is a positive constant. We further assume
that >0’ E[(85,)%] Di,(m) < oo, and we define

va(L) = Y E[(8,)%] Di(m).

m>L

max
1<k<T+1
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Let

7Ly = 2k L) =M
¢1( ) ) \/m’ ¢3( ) )\0/)\07
and
6T, L) = 51— (189 [D§(¢o+ DHTIPDYy, 1 +2D5 (260 + 1)?] LPy3(L)

()‘flin)Z
+D5,(Co + DY TPL?y4(L))

Then we have the following theorem.

Theorem 14 For any § > 0, we have

~ 52 52
Plg =3l >0) < 2exp <_ T202(T, L) + 62 (T, L)5> e <_w2(TL)>

52
FRew <_ 722003(L) + 6v/Zro\/U3(L)0 ) '

Proof For a fixed g, since Span ({;}7°,) = H, we can assume that g(t) = Y72, 57bi(t)
where 8 = (g,b)) = [rg(t)bi(t)dt. Let g* = (B7,--- ,B5)T € RE. We have ¢'(t) =

(65)Tb(t) = Sf, Brbu(t) and gt (t) = 3°)o Bibi(t). Thus, we have
hr = g(tk> + € = (ﬂ*)—rb(tk) + gl(tk) + €.

Let h* = (gt(t1), g (t2), ... ,gL(tT))T and € = (e1,€2,...,€ep) ', so that h = BB* +ht +e.
Then, E(8) = 8* + (B"B) "' BTh' and

g(t) — g(t) = §(t) — g'(t) — g (t) = g(t) — (B*) Tb(t) — g™ (¢)
_ T
_ (3 - E(B))Tb(t) + ( BTB> 1 BThL> b(t) — gt (2).

By Lemma 36, we then have

19 =9l <

o]

(3-E@®)" b(t)H () BThL>T b(t)

<|B-E@)| % 162z + ‘(BTB)_l BTht

1
< bl g2+ |9
2

<|6-E@)|, 16l + x| BT, < e o

1
Amin (BT B
Let

A . 1
Ji=|B=E@B)| x Ibllzy. o= @) < B e x bl s =gt
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where |T| denotes the length of the interval, then ||§g — ¢g|| < J1 + J2 + J3. This equation
holds with probability one, since it holds for any g € H. We then bound J;, Jo, and J3
individually.

We bound Ji. Recall that [|b]|29 = V'L and 91 (T, L) = oo]|b]l 2.2V L/\/Amin (BT B).
Treating ¢ as fixed, we have B ~ Np, (E(B),U% (BTB)fl) and

1 (BTB>1/2 (B E(B)) ~ N (0,11) -

o)
Since
:(3_1@(3) x]]bHEQ,Qz‘(BTB)_I/Q (B ) (5 E(B)) X bl] 22,2
0 |[0][ z2 1 A A
Afmn ;23 J—( ) (B—E(B))2,
we have

- (878)" (5-20)

g0

P(J1>5)§P<

0
>
2 UollbllcQ,z/vAmin(BTB)>

(C.1)

(i o
= 2o <_8¢%<T, L) + 2v2¢ (T, L)5> ’

where (i) follows Lemma 38. The bound does not depend on g, so it holds when g is also
random.
Next, we bound Jo. Let (BT h'); denote the I-th element of the vector BTh*. Then

T
(BThH) = bits = 8 Z bu(ti)b
k=1

m>L

and (BTh'); follows a mean zero Gaussian distribution, since g is a Gaussian random
function with mean zero. Furthermore,

T 2
IE[BThL ] S E [ (Zbl(tk)bm(tk)> (C.2)
k=1

m>L

From the definition of Dgp, D1(+), for any I < m, we have

sup(bi(t)bim (t)) < Dgp,

teT
sup (by(t)bin(t))" = sup{bj(t)bm (t) + bi ()b, (8)} < Dop(D1,p(1) + D1p(m)).
teT teT
Note that [ by(t)bm(t)dt = 0, 1 < m. Then, by Lemma 40, for all 1 <1 < m < oo, we have
1 & 1 1
— by(tr)b =|= bi(tp)bm(te) — — [ bi(t)db
7 3 bl ‘T};z(k) (1) = 77 | )

- Do p(D1p(1) + D1p(m))(Co + 1)%|T /2 + D (260 + 1)
— T )
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which implies that

T

> bi(tk)bm ()

< =Dop(Co + 1D?T|(D1(1) + D1 p(m)) + D3, (2G0 + 1).

N

T 2 2
(Z bz(tk)bm(tk)> < <;D0,b(<() + 1)?TI(D1p(D) + D1p(m)) + D5 4(2¢0 + 1))
k=1

IN

1
QDg,b(Co + DYTP(D1p(l) + Dip(m))* + 2D5,(260 + 1)
< D§y(Co+ DYTP(D? (1) 4+ DF y(m)) + 2Dg 4(2¢0 + 1)°

and, by (C.2),

E |(BTRY?] < [D3u(Go+ DATIEDE M) + 2D8,(260 +1)2] > E [8:7]
m>L

+ Dgy(Co+ DT Y E[B57] Di4(m)

m>L
(D, (Co + DYTIPDE (1) + 2D5 (260 + 1)*] Ay + D§ (Co + 1)* [ T*a(L)
(D ,(Co + DYTIPD 1 +2D5,(260 + 1)%] Ay + Dg (Co + 1) T1¢a(L)
= o [D§4(Co + DITIPDTy 1+ 2D5 (260 + 1)%] ¢3(L)
+ D§ 4y (Co + DT Pwa(L).

<
<

Using a tail bound for Gaussian random variable (e.g., Section 2.1.2 of Wainwright (2019)),
we have

P(Jy>68) <P(|BTh'| >M <P (BT >A5§in5
’ - 7L ) - Usisn )

962
= Lo <‘w2<T,L>> |

Finally, we bound J3. By Lemma 41 and the definition of ¢53(L), we have E [||g*[|**] <
(2X\o0t3(L))*k!. By Jensen’s inequality, we have

(C.3)

B 1o 1] =& |Vilg 1] <l < (VERwD) &

Thus, by Lemma 39, we have

8Aov3(L) +2v/2X0+/th3(L)d
The final result follows from (C.1), (C.3), and (C.4). [ |

P(Js>08) =P (HgLH > 5) < 2exp <_ o ) . (C.4)
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D. Lemmas and Their Proofs
In this section, we introduce some useful lemmas along with their proofs.
Lemma 15 Let 00 = max{|S5M |, VM| ). Suppose that

1SXM XM <5 |SVM VM| < g, (D.1)
for some 6 > 0. Then

[(S¥M @ §XAM) — (2VM @ BXM)| o < 6% + 200max,

and
SV — gXM) — vee (BVM — 28| < 26. (D.2)

| vec (

Proof Note that for any (j,1), (j/,1') € V? and 1 < k, k', m,m’ < M, by (D.1), we have

S0 ST, — M S
< |85 = T[S e — EY,%, |+ (B |85tk = S
AT
< ’SXM _ EXM’oo ’SYM _ EYM‘OO ¥ Ounax ’SY,M _ EY,M‘OO ¥ Ounax |SX,M XM N
< 6% 4 260 max.
For (D.2), note that
|vec (SYM _ gXMY _ yee (RV:M _ EXM)loo _ KSX,M XMy (GYM EY,M)‘OO
< |SXM g XMy | gYM _ gYM |
< 26.
This completes the proof. |

Lemma 16 Given ZUW, 22 AW A@) ¢ RMXM gnd X > 0, let {Z(l),Z(Q)} denote the
solution of

arg min ZHZ AD |2 4 NZzW — 2O, (D.3)
{zW), Z(Q)}

If |[AY) — A®) || p < 2, then

70 = 7 — % (A<1> + A(Q)) . (D.4)
If |AD) — A@) || p > 2)\, then
Z0) _ 40 A ( A0 A(z)) 7
[AT — A®T] D)
5(2) _ 42 o A - (Au) A(a))
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Proof The subdifferential of the objective function in (D.3) is
G(l)(Z(l), Z(2)) =z _ 20 4 )\T(Z(l), Z(2))7
GA(zW 72y .= 7z — A@ _\1(zWV | Zz(2),

where o
zW_z e (1 )

T7(zW, 2@y = { 120-20]x NPASEAAC)

{T eRMXM :|T|p <1} if 20 = 2@

The optimality condition is 0 € G(@(Z(1), Z(2)),

Claim We have Z() # Z(®) if and only if ||[A®) — A®)||p > 2]

We first prove the necessity, that is, when Z(1) # Z®_ then [|[A1) — A®)||p > 2). By
the optimality condition, we have

S B
S() _ 5(2) _ (A(l) _ A(2)> _ QAM =
1Z0) — Z@ ||y

)

which implies that
(AW — A lp =20+ 120 = ZP || > 2.

We then prove the sufficiency, that is, when [AD) — A@)||p > 2], then Z() # Z(), By the
optimality condition, we have Z(!) + Z<2) AW 4 A( ) If ZW = Z@) | then 21 = Z2(2) =
(A 1+ APy /2, Furthermore 1ZD) — AW ||p = |AD) — AQ)||p/2 = )\HT(Z(I) Z@)|lp < A,

which implies that ||AM) A(2 Ilr < 2)\ Thls contradicts the assumption that [|A®1) —
A@)||p > 2X. Thus, we must have Z(1) £ Z(2

By proving the claim, we have already established (D.4). We now prove (D.5). When
|AD — A@)||p > 2\, according to the claim above, we must have Z() # Z(). Then

1120 - 20|k

which implies that Z() — Z() = o . (A(l) — A(Q)), where « is a constant. The result in
(D.5) follows by substituting the relationship back into the above display. |

Lemma 17 Let |- |12 be defined as in (B.2), where G = {Gt}i=1,.. N, is a set of indices.
For any matriz A € RPPM*x0*M? qnq 6 ¢ RP*M? e have |07 Af| < M2|A\Oo\9]i2.

Proof By direct calculation, we have

2 Ng
0740 < 35 400, < Al (zw) ik (355

i g i t=1 keGy

t=1

Ng 2 Ng 2
= |A]oo Z 0c,l1] <|Alw ZMWGrb = M?|Al|6]3 2,
=1

65



ZHAO, WANG, AND KOLAR

where we use that for any vector v € R", |v]; < y/n|v]s. [ |

Lemma 18 Suppose that M is defined as in (B.1). For any 6§ € M, we have |0]12 < 1/s|0]2.
Furthermore, for U(M) as defined in (B.4), we have V(M) = /s.

Proof By the definitions of M and |- |12, we have

012 =D [cla+ Y l0clo=>D 0cla < Vs | D el | = Vslol

teSg t¢Sg teSg teSg

To show ¥(M) = /s, it suffices to show that the upper bound above can be achieved. Se-
lect § € RP°M? g that |0G,|2 = ¢, Vt € Sg, where c¢ is some positive constant. This implies
that 0|1 2 = sc and 0|2 = v/sc so that |0]1 2 = v/s|0]2. Thus, ¥(M) = \/s. [ |

Lemma 19 Let R(-) be the norm defined in (B.2). Its dual norm R*(-), defined in (B.3),
18

R'(v) = max[ocilo

Proof For any u satisfying |uf;2 <1 and v € Rp2M2, we have

Ng Ng Ng
) =3 (ogeua) <3 oG laluc > < ( ma rvctb) S Jug, s
=1 =1 t=1,2,+,Ng =1

— < .
C;Sémg ‘”Gt‘2> uhe < _max lucl2

]

We show that this upper bound can be obtained. Let ¢* = argmax,_; 5 ... n, [vG,| and set

u such that
0 t £ t*
UG, = VG t = ¢t*
[vG i [2
Then |ul12 =1 and (v,u) = |vg,. |2 = maxy—1,.. N [Va,|2- [ |

Lemma 20 Given that A1-A5 hold, we have |I1]| < 6/16 for alll < j,l <p, 1 <k,m < M.

Proof This follows directly from the assumption that As is true. |

Lemma 21 Given that A1-A5 hold, we have |I3] < 6/16 foralll < j,l <p, 1 <k,m < M.
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Proof We have

’12| - Zawk gzl gzl ¢lm

<

Z azyk gzl gzl

(4)

1
< \lnz de Z”gzl_glez < 51

(ugz) \/>51)\1/2 \/>f51k 8/2 < \[\th

where (i) follows Lemma 36, (ii) follows A, (iii) follows As. From the definition of dy, we
have |I2| < /3/2dyd;. Since

1/2
= 51)\jk

Z ijk

51 =6/ (144d3M1+5 \/3)\0,max) < §/(8v/6d), (D.6)
we have
3 3 ) 1)
—dod <\/>d-:. D.7
\/g01_ 2% 5 /ods 16 (D.7)
Thus, |I2| < 0/16. |

Lemma 22 Given that A1-A5 hold, we have |I3] < 6/16 foralll < j,l <p, 1 <k,m < M.

Proof We have

1/2

Zfzgkgzl
L& 1/2
1/2 ( Zf%k) (n Z||g¢z\|2> [ Prm — Pmll
i=1
n 1/2
1 N
1/2 ( Z zgk) (n Z||gu\|2> dim|| Ky — Kyl|ns,
i=1

where (i) follows Lemma 36, and (éi) follows Lemma 37. Since /\%2 < VJd&ik P2, q,, <
dom! B and As-A4 hold, we have

T3] < /dydak™PPm! P \/g V220 max02 < dg M \/3X0 maxda.

By the definition of d2, we have

) 5
A2MY B /300 maxd2 < d2MY TP /300 max ¥ = —. D.8
0 Oumen2 =10 ST 16 M B e 16 (D5)

Thus, |I3| < 0/16. [ |

o -

1 )
13| = ‘(n > aijegit, dum — )| <
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Lemma 23 Given that A1-A5 hold, we have |I4] < §/16 for all1 < j,l <p, 1 <k,m < M.
Proof We have

121 o . -
14| < Aj]é E”Z&jk (Ga — gi) [ d1m — Puml|

n 1/2
1 . N
1/2 ( Zﬁwk> (n > g - gil\2> | Gtm — Bl
i=1
1/2

1/2 n
( 1 R S
1/2dlm< E 5@]1@) (nE !!giz—gil\\2> | Ky — Kyllns,
=1

where (i) follows Lemma 36, and (ii) follows Lemma 37. Since )\ 2 < Vdik=P2, 4, <
dom'B and A;-As hold, we have

L] < \/gv dydak™PPm 515, < \/gd%M1+55152

(zu) 5 \[dng—’—ﬁ(sl(SQ i ) <i
67

N 16 \/>d051 16 16dO\/ 3)\O,max N

where (7i7) follows (D.7). [ |

Lemma 24 Given that A1-A5 hold, we have |I5| < 6/16 for alll < j,l <p, 1 <k,m < M.

Proof This proof is similar to the proof of Lemma 21, thus is omitted. |

Lemma 25 Given that A1-A5 hold, we have |Ig| < 6/16 foralll < j,l <p, 1 <k,m < M.
Proof We have

16|

IN

1 — 1 —
= Kgij = 9ij, D)2 - | = > Wga — gits Gum) 2
ni3 ni3

n

1~ 1 .
< gZHgij—gz‘jH” ﬁZHgiz—gqu-
=1

=1

By the assumption that A; holds, we have |Ig] < 6. By (D.6),(D.7) and Lemma 21, we
have

(D.9)

which completes the proof. |
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Lemma 26 Given that A1-A5 hold, we have |I7] < §/16 for all1 < j,l <p, 1 <k,m < M.

Proof We have

1 ¢ 1
= Udij — gij» Gin) | - g2|<gila¢lm_¢lm>|2
=1

> n 4
\ =1

1., 1 < X
< EZng‘j—ginQ' ;ZngIVH@m—@mH?
i=1 =1

(%) .
S 61H¢lm - ¢lm” :

1 & (id) .
E Zngle S 51 V 2)\0,max : H¢lm - ¢lm”
i=1

(iid) . (iv)
< 010/ 20 maxdim || Kt — Kyllas < 01024/2X0.maxim < don/2M0 max M1 P6162,

where (i) follows since A; holds, (ii) follows since A4 holds, (iii) follows from Lemma 37,
and (iv) follows since Ay holds. By (D.6) and (D.8), we have

dor/220,max M 15616 2
7] < = x 20V 2A0umn ”séx\[x o<
16 dZM+P\/3X0 maxd2 — 16 3 8V6dz ~ 16
which completes the proof. |

Lemma 27 Given that A1-A5 hold, we have |I3] < 6/16 for all1 < j,l <p, 1 <k,m < M.

Proof We have

1 e 1 e .
[1g] < - z;@ij — Gij» bjk)|? - o ;\(91'1 — Gil, Otm — Gim) |
1= 1=

1~ s 1~ )
< n Zng‘j — gijl1* - n Z”gil — gl *|b1m — Piml|?
i=1 i=1

(7) R (i7) N .
< 63| bt — Pimll < O3 dyn || Ky — Kyllus < 67dem P || Ky — Ky |ns
< SdoM'" P\ Ky — Kyllus < doM' P35,

where (i) follows since A; holds, (ii) follows from Lemma 37, and (iii) follows since Aj
holds. By (D.9), we have

M1+8 52
5] < . M0

5
< 9y
=16 52 =16

which completes the proof. |

69



ZHAO, WANG, AND KOLAR

Lemma 28 Given that A1-A5 hold, we have |Ig] < §/16 for all1 < j,l <p, 1 <k,m < M.

Proof This proof is similar to the proof of Lemma 22, and is therefore omitted. |

Lemma 29 Given that A1-A5 hold, we have |I1g| < §/16 foralll < j,l <p,1 <k,m < M.

Proof This proof is similar to the proof of Lemma 26, and is therefore omitted. |

Lemma 30 Given that A1-A5 hold, we have |I11]| < §/16 foralll < j,l <p,1 <k,m < M.

Proof We have

1 ¢ ] 1 ¢ ;
[l <~ > Kgig> bir — b - . > Kgits bim — Pim) 2
=1 =1

1 < 1 — . .
<\lm > llgil? - - > lgall? - lldk — djell - | dim — Gimll
=1 i=1

(@) . R (44)
< 220 max || @k — Dkl dim — Gimll < 200 maxO3djkdim < 220, maxd5d3k PmI A
where (i) follows since A4 holds and (ii) follows from Lemma 37. Then, we have
|Ill| < 2d%)‘0,maxM2+265%.
By (D.8), we have

5 200w M55
16 M5, /30 maxds ~ 16’

which completes the proof. |

2d2 N0, max M*T2P53 < (D.10)

Lemma 31 Given that A1-A5 hold, we have |I12] < §/16 foralll < j,l <p,1 <k,m < M.

Proof We have

n

1 , 1 e . .
T12] < ﬁz|<gij,¢jk — k)l - nzl|<gu = gits Ptm — bim)|?
1=

1=1

IN

1< 1., . ’ ’
- > lgisli? - - > Mg = gall? - llés — jkll - | dim — P
=1 =1

—~
.
~

< V 2)\O,max616§djkdlm < d% \/ 2A0,maxk1+ﬁml+6515§7
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where (7) follows since A1-As hold and Lemma 37. Then, we have

|T12| < d3/270 max M*T2P5163.

By (D.6) and (D.10), we have

d2 /200 max M 1285152
A2\ /2N 0 max M2 205,52 < = 0. 1 o 90 (D.11)

- 16 2d2 N0 max M 212563 16

which completes the proof. |

Lemma 32 Given that A1-A5 hold, we have |I13] < §/16 for alll < j,l <p,1 <k,m < M.

Proof This proof is similar to the proof of Lemma 23, and is therefore omitted. |

Lemma 33 Given that A1-A5 hold, we have |I14] < §/16 foralll1 < j,l <p,1 <k,m < M.

Proof This proof is similar to the proof of Lemma 27, and is therefore omitted. |

Lemma 34 Given that A1-A5 hold, we have |I15| < §/16 for all1 < j,l <p, 1<k,m <
M.

Proof This proof is similar to the proof of Lemma 21, thus is omitted. |

Lemma 35 Given that A1-A5 hold, we have |I1g| < 6/16 foralll < j,l <p,1 <k,m < M.

Proof We have

1o . 1< . . R
16l < 4| > Mgy — gl - - > Mg = gall? - 1656 — Ssxll - Gt — dim
=1 =1

(i)
< 63djpdim 05 < A3k PmITPs6E < d3AMPTP5253,

where (7) follows since A; and Az hold, and Lemma 37. Thus, by (D.7) and (D.11), we have

5 d3M 24205252 0
[l16] < 5 <
2 /200, max M 2128562 — 16
which completes the proof. |
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Lemma 36 Suppose f1, fo,..., fn € H and vi,vo,...,v, € R. Then

n n
=N DBREN DI A&
i=1 =1

n

> vifi

i=1

Proof Note that

n 2

> il

i=1

n

:/<;vifi(t)>2dt
< (g) (; ff(t)) dt = (;) (gufin?),

where (i) follows the Cauchy-Schwarz inequality. This directly implies the result. |

Lemma 37 (Lemma 4.3 of Bosq (2000)) Suppose that Assumption 3 holds. Denote
qgjk = sgn <<<5jk, ¢jk>> ¢jk, where sgn(t) =1 ift > 0 and sgn(t) = —1 if t < 0. Then

Pk — il < djrll K55 — Kjjll ms,s

where djl = 2\/?(/\j1 — )\jg)_l and djk = Qﬂmax{(/\j(k,l) — )\jk)_l, ()\jk — )‘j(k+1))_1}7
k> 2.

Lemma 38 Suppose z ~ N, (0,11). Then

52
P >0) <2 _— ], 0 > 0.
(el > 8) < 2exp (- 0 )

Proof Since
k)

I
E[lel3] = =27 x 2 <KD,

Aw‘h
[\
N ey

we have
ko k!
k 2k ] L . k—2
E|I:15) < E[I213] < V& (VL) < 5 -4L- (VD)
for k > 2. The result follows from Lemma 39. [ |

Lemma 39 (Theorem 2.5 (2) of Bosq (2000)) Let Z1, Zs, ..., Z, be independent ran-
dom variables in a separable Hilbert space with norm ||-||. If E[Z;] =0,i=1,...,n, and

zn:E [HZZ-H’“} < %!nLng_z, k> 2,
=1

for two positive constants Ly and Lo, then

P (HZ Zi|| > n(5> < 2exp <—2L1"+2L25) . 5>0.

i=1
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Lemma 40 Let f(t) be a function defined on T and suppose that f has a continuous
derivative. Let Do ¢ = sup;er|f(t)| and Dy f = sup;er|f'(t)|. Assume that Do g, Dy s <
oo. Let |T| denote the length of the interval T, and let uy < uz < --- < ur € T. We denote
the endpoints of T as ug and upy1. Assume that there is a positive constant (y such that

max

Up — Up—1 o (D.12)
1<k<T+1 '

7l T’ T

Let (1 =Co+ 1. Then

T
7 3ot = g [ s

k=1

Dl,fC%|7"/2 + Do, (¢1 + Co)
7 :

Proof Since

1
> )~ 17 /T f(tdt| <

N

T

1 1
T Zf(wc) NG kZ:lf(uk)(Uk — Up—1)

k=1
1 & 1
7 2 ) 1) = /T F(t)dt]

we proceed to show that the first part is smaller than Dy ¢(o/T and that the second part is
smaller than (Dy ¢(?|T|/2 + Dy ¢1)/T. For the first part, we have

1
T

1 EZ 1 E T | wp— s
7 ) = 7 > ) (ur = upa)| < D01 (un)] |5 — 7
b=t k=1 k=1
T
e et 1 S o Do,y
= 2R 7] T E |f(ug)| < 25 xT x D T

To prove the second part, we first note that based on (D.12), we have

max |up — ugp—1| < €1|7—’.
1<k<T+1 T

Then, for any t € (ug,ug+1), by Taylor’s expansion, we have f(t) = f(ug) + f/(£)(t — ux),
where t € (ug,t), and | f(t) — f(ug)| = |f (£)|(t — ug) < Dy f(t — ug). Therefore,

1 & 1
m Zf(uk)(uk —Up—1) — 7 /Tf(t)dt

UT+1
: m Z/Uk 76w = st0lan oy [ o

b G| T]

x T x Dy x/ (t— )dtJr—xDo’ X
<7 T T T
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1 ol —w)? 1 GIT]|
xT x D ———— + — XDy x

17 Y 2 T T
1 Diy * Q7]

: D
|T| 2 <1<r1?3%(+1uk+1 uk‘) T X0 X T
1 GIT]? i

X + — X Dy ¢ X
T o ( T |T| YT
_ Dy @IT1/2+ Do s
T .
The result follows by combining the two bounds. |

Lemma 41 Let g be a mean zero Gaussian random function in a Hilbert space H. We have
E [HgH%] < (2)\0)k - k! where \g = E [Hg\ﬂ

Proof Let {¢m, }m>1 be the orthonormal eigenfunctions of g and a,, = (g, ). Then a,, ~
N(0,\p,) and Ny = Zm>1 Am. Let &, = )\fnl/%m. By the Karhunen-Loeve theorem, we

00 1/2 k
have g = Y00y Al e Thus, [lgl) = (Lm1 An€s)  and g2 = (Zpmi Anél) -

By Jensen’s mequahty, we have

ol = [ 3 | - [z At
Zle )\m

m>1
k o k—1
A
PR IRETE L SR R D opH=
m>1 2imz1 Am m>1 m>1
Thus,
k—1 k
Ellg*] < [ S am] [ B[] ] = [ X ] B[]
m21 m>1 m>1
k k
S Am | o P2PT(+1/2) < [ DY A | 28 KL= (200)FR,
m>1 m>1
which completes the proof. |

Lemma 42 For any d >0 and any j = 1,...,p, we have

P > 5| <2e no”
X .
B = TP T 64N e + BA 0
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Proof Since g;;(t) =) 1/2§wm¢ﬁn( t) and &;jm ~ N(0,1), we have

m>1 jm
1/2,1/2
gz] glj Z )‘jin Aj{nlfzjmgijm’¢jm(5)¢jm’(t)a
m,m’>1
and 21/
1/2,1/2
Kjj(s,t) = Elgi;(s)gi5(1 Z )\]m Jm/ jm (8) @ jms (8) Lo
m,m’>1

where 1.,y = 1(m =m') =1 if m =m’ and 0 if m # m/. Thus,

lgi3(8)9i5 (1) — Kji(s,)5s = > NjmNjme (Eigmigm — L),

m,m/>1

and, for any k£ > 2, we have

E {96 ()91 (6) — K55 (5, )y

k/2
=k Z NjmAjm! (EijmEijm — ]lmm/)2
m,m’>1
k/2—1
(4) )
< Z )\jm)\jm/ Z )\jm)\jm/E |:(€ijm§ijm’ — ]lmm’) :| ,
m,m/>1 mom/>1

where (7) follows from Jensen’s inequality. Since

E [ (€mijme — Lmm)*] < 271 (B [(€gimEijm)*] +1)
<257 (BJglh] +1) < 2571 (2FR 4 1) < 4R

we have E [Hgij(s)gij(t) — ij(s,t)H]ffIS] < (4Xj0)*k! < (4X0,max)"k!. The result follows from
Lemma 39. |
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