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Abstract

Gradient-descent (GD) based algorithms are an indispensable tool for optimizing modern
machine learning models. The paper considers distributed stochastic GD (D-SGD)—a
network-based variant of GD. Distributed algorithms play an important role in large-scale
machine learning problems as well as the Internet of Things (IoT) and related applications.
The paper considers two main issues. First, we study convergence of D-SGD to critical
points when the loss function is nonconvex and nonsmooth. We consider a broad range of
nonsmooth loss functions including those of practical interest in modern deep learning. It
is shown that, for each fixed initialization, D-SGD converges to critical points of the loss
with probability one. Next, we consider the problem of avoiding saddle points. It is well
known that classical GD avoids saddle points; however, analogous results have been absent
for distributed variants of GD. For this problem, we again assume that loss functions may
be nonconvex and nonsmooth, but are smooth in a neighborhood of a saddle point. It is
shown that, for any fixed initialization, D-SGD avoids such saddle points with probability
one. Results are proved by studying the underlying (distributed) gradient flow, using the
ordinary differential equation (ODE) method of stochastic approximation.
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SWENSON, MURRAY, POOR, AND KAR

1. Introduction

With the rise of deep learning, nonconvex optimization has emerged as a crucial component
of machine learning, data science, and signal processing. Applications often involve large
optimization problems that are addressed using first-order techniques such as gradient
descent. In this paper we study distributed (i.e., network-based) variants of gradient descent
for nonconvex optimization.

There are several important reasons for considering distributed algorithms. Foremost,
they are an important tool for handling large-scale optimization problems that cannot be
accommodated on a single machine (Lian et al., 2017). Such problems are increasingly
commonplace in machine learning applications, where data sets can be enormous. Distributed
algorithms are also useful for federated learning (Koneény et al., 2015), and have applications
in a range of important domains including vehicular networks (Chang et al., 2020), edge
computing (Wang et al., 2019), and distributed control (Duchi et al., 2011).

Formally, we will consider the following setup: Suppose there are N computing nodes, or
agents. Each agent n =1,..., N possesses a private function f, : R — R that is nonconvex
and possibly nonsmooth, and accessible only to agent n. Agents are assumed to be equipped
with an overlaid communication network that may be used to communicate with neighboring
agents. We are interested in optimizing the sum function f : R* — R given by

N
f@) = falx). (1)
n=1

Problems of this form are common in machine learning, with the most prominent example
being empirical risk minimization. Concretely, suppose that D,, = {(z;,v;)}: represents a
local data set collected or stored by agent n. Let ¢(-,-) denote some predefined loss function,
and let h(-,6) denote a parametric hypothesis class, with parameter 6. In empirical risk
minimization, the objective is to minimize the empirical risk over the data held by all agents,
i.e., solve the optimization problem

N
min Z L(h(z,0),y) = melnz Z L(h(z,0),y),
(z,y)€U,, Dn n=1(z,y)€Dn

where the objective above fits the form of (1) with f,(0) = >_(, ,\ep, ¢(h(2:,0),yi). Non-
convexity in this setting is typically induced by the function h (Goodfellow et al., 2016).

A basic but crucial theoretical guarantee for nonconvex optimization is that an algorithm
converges to local minima. This is known to occur for many centralized first-order algorithms
(Lee et al., 2016, 2019; Pemantle, 1990). However, this issue is not well understood in the
distributed setting. Despite the importance of distributed algorithms for multi-agent and
large-scale processing, basic theoretical guarantees are lacking, and there is a paucity of tools
for gaining insight into the fundamental structure of distributed optimization dynamics near
saddle points. Motivated by these issues, in this paper we consider distributed stochastic
gradient descent (D-SGD)—a simple distributed variant of SGD. We will characterize
fundamental convergence properties of D-SGD (namely, avoidance of saddle points and
convergence to local minima).

The main results of the paper will be formally presented in the next section but may be
summarized as follows:
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1. D-SGD converges to critical points of (1) when each f, is nonconvex and nonsmooth
(but locally Lipschitz; see Theorems 1 and 6).

2. D-SGD avoids saddle points of (1) if each f,, is sufficiently smooth in a neighborhood
of the saddle point (see Theorems 3 and 7).

Regarding the first contribution, there have been many excellent prior works considering
the convergence of D-SGD (and other distributed algorithms) to critical points. See Section
2.6 for a detailed discussion. Motivated by applications in machine learning, here we
consider convergence to critical points under more general nonsmoothness assumptions than
previously considered. Previous work on distributed nonconvex nonsmooth optimization
typically assumes that nonsmoothness enters the global loss function via an additive convex
(or difference of convex) nonsmooth regularizer (Di Lorenzo and Scutari, 2016; Scutari and
Sun, 2019). This allows for nonsmooth regularization but precludes important cases such as
training neural networks with nonsmooth activation functions. In this paper we consider a
substantially relaxed notion of nonsmoothness that encompasses a wide range of popular
neural network architectures.

Showing nonconvergence to saddle points is considerably more challenging than showing
convergence to critical points. To our knowledge, these results represent the first rigorous
analysis of D-SGD showing nonconvergence to saddle points. More precisely, we will show
nonconvergence to saddle points with nonsingular Hessian. In the optimization literature, a
point is sometimes called second-order stationary if it meets the second-order criteria for
optimality (the gradient is zero and the Hessian is positive semidefinite). Together, our
results demonstrate, for the first time, convergence of D-SGD to second-order stationary
points. We note that several recent works including (Vlaski and Sayed, 2021a,b; Daneshmand
et al., 2020, 2018; Hong et al., 2018) have obtained important related results concerning
saddle point avoidance in distributed settings. See Section 2.6 for a detailed positioning of
our results in the literature.

Our analysis techniques for establishing these results notably rely on studying underlying
ordinary differential equations (ODEs). There has been a line of recent work that analyses
optimization algorithms using an ODE approach (Su et al., 2014; Krichene et al., 2015; Shi
et al., 2021; Davis et al., 2020). This is a powerful technique that can significantly simplify
the analysis and distill the problem to a setting where fundamental intuition is far more
transparent. The analysis approach we take in this paper follows that tradition.

Organization: The remainder of the paper is organized as follows. Section 2 presents the
main results, reviews related literature, and introduces notation to be used in the proofs.
Sections 3-8 prove the main results (see Section 2.8 for an overview of these sections and
the general proof strategy). Section 9 concludes the paper.

2. Setup and Main Results

We will now present the D-SGD algorithm and main results of the paper. We begin in
Sections 2.1-2.2 by presenting our main results in the context of smooth loss functions.
Subsequently, in Section 2.3 we generalize our results to the case where loss functions are
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nonsmooth.! To simplify the presentation, Sections 2.1-2.3 only contain the statements
of the main results without detailed discussion. In Sections 2.4-2.5 we give an in-depth
discussion of the results and assumptions used. Section 2.6 discusses related work. Section
2.7 gives a high-level overview of proof techniques, including our use of ODE-based methods.
Section 2.8 gives a detailed roadmap of the proof strategy to be used through the rest of the
paper. Finally, Section 2.9 sets up the notation to be used through the rest of the paper.

In D-SGD, agents are assumed to be equipped with a communication network, represented
by an undirected, unweighted graph G = (V, E), where the set of vertices V' represents the
set of agents and an edge (i,j) € E between vertices represents the ability of agents to
communicate.

D-SGD Algorithm: Let k > 1 be an integer (representing discrete time steps) and let x,, (k)
denote agent n’s estimate of a minimizer of (1) at iteration k. The D-SGD algorithm is
defined agentwise by the recursion

Tn(k+ 1) = 2y (k) — ap(V fn(zn (k) + &a(k 4+ 1)) + B Z (ze(k) — zn(k)), (2)

0eQy

for n =1,..., N, where {ag}r>1,{Br}tr>1 C (0,1] are scalar weight parameters, &, (k) is
zero-mean noise, and {2, represents the set of neighbors of agent n in the graph G. The
algorithm is initialized by setting the vector (x,(0))2_; to some point zg € RV

Intuition: The D-SGD algorithm above follows the discrete-time consensus+innovations
form (Kar et al., 2012) and is related to the class of diffusion (Chen and Sayed, 2012) and
distributed gradient descent (DGD) (Nedic and Ozdaglar, 2009) processes for distributed
optimization.

In order to see how D-SGD relates to classical (centralized) SGD, observe that the
algorithm consists of two components: a consensus term B Y ,cq, (z¢(k) — zn(k)) and a
local (stochastic) gradient descent term —ay, (V frn(2(k)) + &u(k + 1)). The consensus term
is related to well-studied consensus algorithms (Dimakis et al., 2010) (in particular, if one
sets f, =0, then (2) reduces to a standard consensus algorithm). Intuitively, the consensus
term asymptotically forces each z, (k) towards the network mean z(k) := % nyzl Zp(k). In
turn, the network mean behaves (nearly) like a classical stochastic gradient descent process.
To see this, one takes the average over agents on both sides of (2) to obtain

z(k+1) = —ay, (Vf(@(k)) + &k + 1)),

where (k) := % nN:1 »(k) is the network-averaged noise and f is given by (1).2 Thus,
all together, we will see that z(k) behaves like classical SGD and z, (k) — Z(k) for each
agent n. It is important to note that rigorously establishing these relationships is nontrivial.
However, the intuition established here provides guidance for how to approach the analysis
and interpret results.

1. The results of Section 2.3 are more general than those of Sections 2.1-2.2. However, because handling
nonconvex nonsmooth loss functions requires concepts and notation that are not mainstream, we have
elected to present these results separately to improve readability.

2. The approximate equality is due to the fact that it deals with V f(Z(k)) rather than Zf;l V fn(zn(E)).
This is made rigorous in Section 4.
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2.1 Convergence to Critical Points

We will now consider convergence to critical points when loss functions are smooth. We
will make the following assumptions, recalling that a detailed discussion of assumptions can
be found in Section 2.5. When we make an assumption concerning f,,, we mean that the
assumption holds for each f, in (1).

Assumption A.1 f, : R? = R is continuously differentiable with locally Lipschitz continu-
ous gradient.

Assumption A.2 There exists a radius R > 0 and constants C1,Co > 0 such that

vfn(x) x
<Han(x)H’ ”m”> >C1 and ||V fu(2)]] < Collz]|

for all ||z|| > R.

Assumption A.3
1. The graph G = (V, E) is undirected, unweighted, and connected.
2. a =0 (k™) and B, = O (k™) with 0 < 75 < T, 5 < 7o < 1.
3. The gradient noise at each agent n satisfies
E(&n (k)| Fe1) =0 and  E([[& (k)| Fs-1) < B
for some B > 0, and all k > 1.

Assumption A.4 Let CP; C R? denote the set of critical points of f. The set R\ f(CPy)
1s dense in R.

Assumption A.1l is a standard smoothness assumption. Assumption A.2 ensures that the
gradient points outwards asymptotically, and imposes a mild restriction on the growth rate
of the gradient. Note that this assumption is satisfied in the case of ¢1 and {5 regularization.
Assumption A.3, part 1 ensures that information can diffuse through the network. Part 2
assumes a convenient form for the update weights (see Section 2.9 for a formal definition of
©(-) notation). Part 3 makes a standard assumption that the gradient noise is zero mean
with bounded variance.

Finally, in Assumption A.4 we recall that a point x* is said to be a critical point of
fif Vf(z*) = 0. The set of critical values is given by the image of the set of critical
points, f(CPy). Assumption A.4 simply states that the set of non-critical values is dense
in R. While this assumption is quite technical, we emphasize that it is a mild assumption
commonly used obtain convergence to critical points in stochastic approximation procedures;
cf. (Davis et al., 2020; Duchi and Ruan, 2018; Benaim et al., 2005). The assumption holds
in many practical circumstances of interest involving nonsmooth loss functions (Davis et al.,
2020). For further discussion of assumptions, we refer readers to Section 2.5.

Our first main result, stated next, is that D-SGD achieves consensus and converges to
critical points under these assumptions.
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Theorem 1 (Convergence to Critical Points) Let {(z,(k))Y_;}1>1 be a D-SGD pro-
cess (2) with f given by (1). Suppose Assumptions A.1-A.J hold. Then, given any fized
initial condition, for each n =1,..., N the following hold with probability 1:

(i) Agents achieve consensus in the sense that limy_,o ||zn (k) — xze(k)|| = 0 for all £ =
1,....N.

(ii) x (k) converges to the set of critical points of f.

We note that in this result and many of the following results, x, (k) converges to the set
of critical points. This is because the critical point set may contain a connected set. See
Section 2.9 for the definition of setwise convergence. An extension of Theorem 1 for the case
of nonsmooth loss functions will be given in Theorem 6.

2.2 Avoiding Saddle Points

Next, we consider the issue of avoiding saddle points when loss functions are smooth. We
say that 2* € R? is a saddle point of f if Vf(2*) = 0 and z* is neither a local maximum or
minimum of f. We will consider saddle points satisfying the following notion of regularity.

Definition 2 (Regular Saddle Point) A saddle point * of f will be said to be regular
(or nondegenerate) if the Hessian V2 f(x*) is an invertible matriz.
Note that this is equivalent to requiring all eigenvalues of V2 f(z*) to be nonzero.?

To ensure D-SGD avoids saddle points, we will require the following assumption. While
the assumption is quite technical, it is relatively mild.

Assumption A.5 (Differentiability of Eigenvectors) Suppose z* € R? is a saddle
point of (1). For each n, the eigenvectors of V2 f,(z) are differentiable at x* in the sense
that, for each x in a neighborhood of x*, there exists an orthonormal matriz Uy, (x) that
diagonalizes V2 f,,(z) such that x +— Uy, (z) is differentiable in a neighborhood of z*.

We emphasize that this assumption is relatively innocuous and should be satisfied by most
functions encountered in practice. The assumption does not arise in centralized optimization
but is needed to rule out certain highly pathological cases that can arise in the distributed
setting, e.g., see Example 19 in (Swenson et al., 2021). The assumption is, in fact, guaranteed
to hold under more familiar (and less technical) conditions. For example, the assumption
always holds when each eigenvalue of V2, (z*) is unique or if each f,, is analytic (Kato,
2013). However, we have chosen to state Assumption A.5 in its present form in order to keep
it as unrestrictive as possible. Further discussion of this assumption and a simple illustrative
example can be found in Section 2.5. Discussion of why the assumption is needed in the
distributed setting can be found in Section 6 (see Remark 22).

In order to prevent D-SGD from getting trapped in “bad” sets (e.g., saddle points or
stable manifolds), we must assume that the noise provides some minimum excitation.

3. The term nondegenerate is commonly used for this concept in the optimization community. However,
since we will deal with nonconvergence to these points, we prefer to use the term “regular” in this paper
to avoid frequent (and confusing) use of double negatives.
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Assumption A.6 For every unit vector § € R? and some constant ¢; > 0 we have
E((E(k)T0) | Fp—1) = e,
where {(k) == SN &.(k) and for a € R we let (a)T := max{0, a}.

Intuitively, Assumption A.6 simply asserts that the networked-average noise occasionally
perturbs in all directions. The assumption is easily satisfied, for example, if each &, (k) is
independently drawn from a nondegenerate (with positive definite covariance) Gaussian
distribution or a uniform distribution over the d-dimensional unit sphere at each agent.

Finally, we will assume a slightly stronger smoothness condition than required earlier for
convergence to critical points (cf. Assumption A.1).4

Assumption A.7 f, : R* = R is three times continuously differentiable.

The next theorem gives our second main result. The theorem shows that the critical
point reached by D-SGD cannot be a regular saddle point.

Theorem 3 (Nonconvergence to Saddle Points) Suppose {(z,(k)))_1}k>1 s a D-
SGD process (2), f is given by (1), and x* is a reqular saddle point of f. Suppose Assumptions
A.2-A.3 and A.5-A.7 hold. Then, for eachn =1,..., N, and for any initialization xy € RV?

P(xn (k) — z*) = 0.

Finally, as an immediate consequence of Theorems 1 and 3, we obtain the following
local-minimum convergence guarantee.

Theorem 4 (Convergence to Local Minima) Suppose {(z,(k)))_;}i>1 is a D-SGD
process (2) with f given by (1). Suppose Assumptions A.2-A.7, hold and that every sad-
dle point of f is regular. Then for each n = 1,...,N, and for any initial condition,
limy o0 |2n (k) — z¢(k)|| = 0 for all £, and z,(k) converges to the set of local minima of f
with probability 1.

An extension of Theorems 3 and 4 to the case of nonsmooth loss functions will be given
in Theorems 7-8.

2.3 Extension: Nonsmooth Loss Functions

In the previous two sections we focused on smooth loss functions. However, nonsmooth loss
functions play a critical role in many machine learning applications, e.g., deep learning with
ReLU activation functions or ¢; regularization. In this section we will obtain the following
generalizations of the above results:

1. If f, is nonsmooth, then D-SGD still converges to critical points.

4. In the optimization literature, smoothness often means that a function has a Lipschitz continuous gradient,
as in Assumption A.1. In the differential equations literature, the degree of smoothness refers to the
number of times a function is continuously differentiable. We will use the term smoothness to refer to
both concepts. However, note that if a function is more than twice continuously differentiable, it has a
locally Lipschitz gradient, so Assumption A.7 is stronger than Assumption A.1.
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2. If f,, is nonsmooth in general, but is smooth in a neighborhood of a saddle point, then
we still obtain nonconvergence to the saddle point.

We will formalize these generalizations now. Instead of Assumption A.1, consider the
following assumption.

Assumption A.8 f, is locally Lipschitz continuous.

Under this assumption it is a well-known consequence of Rademacher’s theorem that f,, is
differentiable almost everywhere (Evans and Gariepy, 2015, Ch. 3). Thus one may define
the following generalization of the gradient for such functions:

Definition 5 (Generalized Gradient) Given a locally Lipschitz continuous function h,
the generalized gradient of h is given by

1—00

Oh(z) := co { lim Vh(x;) : x; = z, Vh(z;) exists} ,

where co denotes the convex hull.

Properties of the generalized gradient and further discussion of this definition can be found
in (Clarke, 1990). Of particular note, if h is locally Lipschitz continuous, then 0h(x) is
a nonempty compact convex set for all x. If h is continuously differentiable, then Oh(x)
coincides with the traditional gradient and if h is convex, then Oh(x) simply gives the
subgradient set.

Given Definition 5, a point z* is said to be a critical point of f if 0 € df(z*) and z* will
be called a saddle point if it is a critical point but not a local maximum or minimum.

We will make the following direct generalization of Assumption A.2 for nonsmooth
functions.

Assumption A.9 There exists a radius R > 0 and constants C1,Co > 0 such that

v
(i) =€ and ol < Calel
[[oll ™ [l]l
for allv € 0f,(z) and ||z|| > R.

In this context, D-SGD is given by the recursion

Tk +1) = 2, (k) + B Z (ze(k) — 2 (k) — ar(v(k) + &n(k + 1)), 3)

ey

where v(k) € 0fp(zn(k)).
Finally, in order to ensure that D-SGD will descend the objective function, we require
the following technical assumption.

Assumption A.10 (Chain rule) For any absolutely continuous function x : [0, 00) — R%,

f satisfies the chain rule
d d
GIx(0) = (0. 5x(0).

for some v € f(x(t)), and almost all t > 0.
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This assumption is a technical regularity condition needed to avoid pathological cases—we
expect it to be satisfied by most functions encountered in practice. Further intuition for
why the assumption is needed can be found in (Daniilidis and Drusvyatskiy, 2020) (see also
Remark 12 below). In particular, the assumption is guaranteed to hold for a wide range of
functions including common nonsmooth neural network architectures (Davis et al., 2020,
Sec. 5).

Under these relaxed assumptions we obtain convergence to critical points of nonsmooth
loss functions. The following result generalizes Theorem 1.

Theorem 6 (Convergence to Critical Points) Suppose {(x,(k)))_}x>1 satisfies (3)
with f given by (1). Suppose Assumptions A.5-A.4 and A.8-A.10 hold. Then for each agent
n we have that: (i) agents reach consensus in the sense that ||z (k) — x¢(k)|| — O for each
¢=1,...,N and (ii) z,(k) converges to the set of critical points of f.

The next theorem generalizes Theorem 3. Critically, note that in the theorem we only
assume smoothness in a neighborhood of x*.

Theorem 7 (Nonconvergence to Saddle Points) Suppose {(z,(k)))_; }rx>1 satisfies (3)
with f given by (1). Suppose Assumptions A.3, A.5-A.6, and A.8-A.10 hold. Suppose x* is
a regqular saddle point and there exists some neighborhood of x* on which Assumption A.7
holds. Then for eachn =1,...,N and for any initialization xo € RN we have

P(zn(k) = 2*) =0.

Finally, combining Theorems 6 and 7 we immediately obtain the following result, generalizing
Theorem 4.

Theorem 8 (Convergence to Local Minima) Suppose {(z,(k)))_; }r>1 satisfies (3)
with f given by (1). Suppose Assumptions A.5-A.6, and A.5-A.10 hold. Suppose that for
every saddle point x*, x* is reqular and A.7 holds in some neighborhood of x*. Then for
eachn =1,...,N, and for any initial condition xo € RN, limy_,o0 |20 (k) — z¢(K)|| = 0 for
each £, and x, (k) converges to the set of local minima of f with probability 1.

2.4 Discussion

The main novelty of these results is that they show (i) convergence to critical points of
D-SGD under weak nonsmoothness assumptions and (ii) nonconvergence to saddle points.
Regarding (i), convergence to critical points is shown under Assumption A.8 (Lipschitz
continuous loss functions), which is essentially the weakest assumption one can make while
still ensuring the generalized gradient still exists. In this sense, our results hold for a
very broad class of nonsmooth functions. In order to obtain convergence to critical points,
additional technical assumptions are made, but as discussed in Section 2.5, these are all
fairly mild. From a practical standpoint, our result showing convergence to critical points
(Theorem 6) applies to most nonsmooth neural network architectures used in practice today,
cf. (Davis et al., 2020).

Regarding (ii), most previous work on D-SGD has focused on showing convergence to
critical points under various assumptions but has not dealt with nonconvergence to saddle
points (see Section 2.6 for a discussion of related work). Analyzing nonconvergence to saddle
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points is challenging as it requires dealing with tools that are not standard in optimization.
In particular, one typically deals with stable manifolds—a concept from classical dynamical
systems theory (Coddington and Levinson, 1955). Stable manifolds have been used to study
gradient dynamics in the centralized regime and show nonconvergence to saddle points (Lee
et al., 2016; Pemantle, 1990). However, showing nonconvergence of D-SGD to saddle points is
more challenging than in the centralized case because the classical theory for stable manifolds
does not apply. This is because the scaling factors aj and S in (2) make the dynamics
nonautonomous (meaning the right hand side depends on time). The nonautonomous nature
of the dynamics is an intrinsic part of their operation—by changing the relative weight
placed on the consensus vs gradient descent terms over time, the consensus term gradually
“overpowers” the gradient descent term, ensuring that consensus is reached, but at a point
that also optimizes the loss function. Classical stable manifold theory, which is traditionally
applied to show nonconvergence to saddle points, does not apply to nonautonomous systems.

To our knowledge, no analogous theory for stable manifolds exists for generic nonau-
tonomous systems, which necessitates much of the analysis in the present paper. In particular,
the backbone of our proof is a novel stable manifold theorem for (continuous-time) distributed
gradient flow (DGF') developed in (Swenson et al., 2021).

Our analysis, both for showing convergence to critical points and nonconvergence to
saddle points, will rely on studying the ordinary differential equation (ODE) that underlies
D-SGD. ODE-based methods for studying optimization dynamics have grown in popularity
recently (Su et al., 2014; Krichene et al., 2015; Wibisono et al., 2016). These powerful
techniques often allow for much simpler analysis and provide deep insights by characterizing
the qualitative properties of the underlying ODE. A high-level discussion of proof techniques
and our use of ODE-based methods will be given in Section 2.7 and a more detailed roadmap
of the proof strategy will be given in Section 2.8.

It is worth noting that the problem of minimizing (1) in a distributed setting can be
viewed as a subspace-constrained optimization problem (see Section 3). Subspace-constrained
optimization problems have many applications in engineering, including distributed opti-
mization and inference (Hajinezhad and Hong, 2019; Nassif et al., 2020a,b). While this
paper is motivated by the application of distributed nonconvex optimization and our main
results will be stated in this context, all of our results are in fact proved for the broader class
of subspace-constrained optimization problems. See Sections 2.8 and 3 for more details.

2.5 Discussion of Assumptions

In order to keep the presentation of the main results concise, we have deferred an in-
depth discussion of assumptions to this section. For convenience, a table summarizing the
assumptions and their usage in the main results can be found in Figures 1 and 2.

We will begin by discussing assumptions related to convergence to critical points. Theorem
6 is a strict generalization of Theorem 1, hence we will focus on the assumptions made in
that theorem. Assumption A.8 is a standard notion of continuity. (Note that it is weaker
than the standard smoothness assumption A.1 used in Theorem 1.) Assumption A.8 is
essentially the weakest assumption under which the generalized gradient can be ensured to
exist, and hence under which D-SGD dynamics are well defined. For a discussion of other
notions of nonsmoothness, see (Li et al., 2020).

10
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Assumption A.9 (the generalization of A.2 to nonsmooth functions) is nonstandard, but
is relatively straightforward. The assumption comes in two parts. The first statement in the
assumption is essentially a weak form of coercivity. A standard coercivity assumption in the
context of optimization is to assume that f(z) — oo as ||z|| — oco. In contrast, the first part
of Assumption A.9 merely assumes that the gradient points outward asymptotically. On the
other hand, the second part of Assumption A.9 is not related to coercivity. It is a restriction
on the asymptotic growth rate of the gradient. The assumption is effectively equivalent
to requiring that f, be bounded by a quadratic function in the sense that f,(z) < C|z||?
for some C' > 0. This relationship can be obtained by integrating the inequality in A.9
and applying the fundamental theorem of calculus. This assumption is needed to rule out
unbounded oscillations that can occur due to discretization error. The only place in the
paper it is directly applied is the proof of Lemma 13 (see in turn, Lemma 14) where we show
that iterates of D-SGD remain in a compact set. This is required to show convergence to
critical points using the ODE method of stochastic approximation—see Theorem 17, item
1 and (Davis et al., 2020). Notably, the assumption is not required to obtain convergence
to critical points in the continuous-time settings—see Assumption A.3 and Theorem 3 in
(Swenson et al., 2021). To the best of our understanding, the fact that we needed this
assumption is an artifact of discretization.

Assumption A.10 is a technical assumption that is required to ensure that a generalized
gradient descent process actually descends the objective function when it is nonsmooth (i.e.,
under Assumption A.8). To understand why the assumption is needed, note that in the
context of smooth optimization, if h is a differentiable function and x(¢) is a gradient flow
trajectory, so that 4x(t) = —Vh(x(t)), we have

d d 9

2 11(x(0) = (VA(x(t), 2 x(8)) = —[[VR(x@))I7, (4)
where the first equality follows from the standard chain rule. This equality establishes the
critical relationship that a gradient flow trajectory descends the objective. For generalized
gradient descent processes on nonsmooth functions (e.g., satisfying A.8), the chain rule need
not hold and it is possible that a descent relationship such as (4) does not hold. Examples
where this occurs are typically pathological and are not likely be encountered in practice
(Daniilidis and Drusvyatskiy, 2020). Hence, the assumption is quite mild but is required for
technical reasons.

Assumption A.3 is standard. Assumption A.4 is technical but is a standard assumption
for obtaining convergence to critical points in stochastic approximation algorithms (Duchi
and Ruan, 2018; Davis et al., 2020), and the assumption is quite mild.

We will now discuss the assumptions made for nonconvergence to saddle points. We will
focus on the Assumptions of Theorem 7 as this generalizes Theorem 3. Assumption A.5 is
not a standard assumption and is specifically required to handle the setting of distributed
optimization. To clarify the assumption, the following example provides an illustration of
what is meant by “differentiable eigenvectors” in the assumption.

Example 1 Consider the function f(x,y) = % + zy + % The Hessian of this function

will take the form
2
2, €T 1
Vof= [1 J .

11



SWENSON, MURRAY, POOR, AND KAR

We may compute that the eigenvectors of this matrix are given by

22—1—/5—2x2424 22 —14+/5—2x2 424
’Ul ([L‘ = 2 s ’02 xr) = 2
1 1

If we define

Ulaw) = |[HE #30]

then U is a unitary matriz which diagonalizes V2f. One can verify that the components of
this matriz are differentiable in (x,y), and hence this matriz would satisfy the “differentiable
eigenvectors” assumption. We notice that U(x,vy) is not the only matriz diagonalizing V2 f
at any given point, but this particular choice does give a differentiable function. Assumption
A.5 is known to hold for analytic functions (Kato, 2013, p. 111), and counterexamples
where the assumption fails to hold must be carefully constructed to demonstrate the pathology
(Swenson et al., 2021, Example 19) (Kato, 2013, p. 111). Hence, we anticipate it holds in
many common situations.

Regarding Assumption A.5, it is worth noting that the property we will require in proofs is
that the Hessian of the sum function (z,)N_; — Y f,(z,,) has differentiable eigenvectors.
However, because the Hessian of this function is block diagonal, it is equivalent to assume
that the property holds for each block, which is what is done in Assumption A.5. This is
why the assumption deals with the individual functions and not the sum function.

In words, Assumption A.6 assumes that the noise occasionally perturbs in all directions.
It is the same assumption made in (Pemantle, 1990). The assumption enables gradient
dynamics to escape saddle points by knocking the optimization process out of any undesirable
sets it could get trapped in. Finally, to ensure nonconvergence to a saddle point, Assumption
A.7 requires that each f,, is three times continuously differentiable (i.e., C3) in a neighborhood
of the saddle point. The reason the assumption is needed is because we use the existence of
a stable manifold near the saddle point to establish nonconvergence to the saddle point. The
techniques for establishing the existence of stable manifolds typically require the function to
be locally C3.

2.6 Related Work

There has been a significant body of recent research on first-order algorithms for nonconvex
optimization in classical (centralized) settings. Research on saddle-point nonconvergence and
saddle-point escape time in centralized gradient methods includes (Lee et al., 2018; Ge et al.,
2015; Du et al., 2018; Jin et al., 2021; Murray et al., 2019; Du et al., 2018, 2019). Reference
(Pemantle, 1990) considers nonconvergence to unstable points (such as saddle points) in
autonomous stochastic recursive dynamical systems (such as centralized gradient descent).
Some of the key techniques used in the present paper to study D-SGD are inspired by the
techniques developed in (Pemantle, 1990). We stress, however, that the nonautonomous
nature of the distributed dynamics makes the problem here more challenging and precludes
the use of classical stable manifold theorems that crucially underpin all of above results.

12
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Assumption Short description of assumption

Al fn is C! with Lipschitz gradient.

A2 V fn points outward as x — 0o
The connectivity graph is connected, weights oy, 8 have

A3 appropriate decay, and the noise injection is mean zero
and finite variance.

A4 The set of critical values of f has a dense complement.

A5 The matrix V2f,(x) may be diagonalized using a differen-

) tiable matrix U(x).

A6 The noise provides some minimal excitation in all direc-
tions.

A7 fn is thrice differentiable.

A8 fn is locally Lipschitz continuous.

A9 The generalized gradient also points outward as x — oo.

A.10 A generalized chain rule holds for gradient flow paths.

Figure 1: Table of main assumptions, with brief descriptions.

Theorem | Short description of theorem ﬁsses(?mptlons
D-SGD achieves consensus and converges to
1 . . . . . Al1-A4
critical points (when f,, has Lipschitz gradient).
3 D-SGD does not converge to saddle points | A.2-A.3, A.5-
which are regular (assuming f,, is C?) A7
4 D-SGD converges to local minimizers assuming A2AT
that all saddle points are regular and f,, is C°. T
D—'S‘GD a(?h1ev.es consensus and convergesj to A3AAL AS
6 critical points in non-smooth case (generalizes
A.10
Theorem 1)
D—SGD does not conveltge t.o saddle points A3 A5AG.
7 which are regular and thrice differentiable near ASA 10
the saddle point (generalizes Theorem 3). R
D-SGD must converge t? local m1n1m1zer§ RN 6, A.S-
8 non-smooth case, assuming all saddle points
A.10
are regular enough to apply Theorem 7.

Figure 2: Table of main results, with brief descriptions.
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Distributed gradient algorithms for convex optimization have been the subject of intensive
research over the past decade, see e.g., (Nedic and Ozdaglar, 2009; Rabbat and Nowak, 2004;
Duchi et al., 2011; Ram et al., 2010; Scaman et al., 2019; Jakoveti¢ et al., 2014; Nedi¢ and
Olshevsky, 2014) and references therein. Important considerations include time-varying
vs. static communication graphs (Nedié¢ and Olshevsky, 2014), directed vs. undirected
communication graphs (Nedi¢ and Olshevsky, 2014), communication efficiency (Mota et al.,
2013), rate of convergence (Jakovetié et al., 2014; Scaman et al., 2019; Jakovetié, 2018; Uribe
et al., 2020; Scaman et al., 2019; Mokhtari and Ribeiro, 2016), and mitigating communication
overhead (Koloskova et al., 2019).

Distributed algorithms for nonconvexr optimization have been a subject of more recent
focus. The majority of work on distributed gradient methods for nonconvex optimization
have focused on addressing various challenging issues related to convergence to critical points
(Bianchi and Jakubowicz, 2012; Di Lorenzo and Scutari, 2016; Sun et al., 2016; Scutari
and Sun, 2019; Tatarenko and Touri, 2017; Tian et al., 2018; Sun and Hong, 2019; Wai
et al., 2017). More recent work has focused on refined convergence guarantees. References
(Daneshmand et al., 2020, 2018) consider deterministic DGD and nonconvergence to saddle
points. It is shown that for sufficiently small constant step size, DGD avoids regular saddle
points and converges to the neighborhood of a second-order stationary point from almost
all initializations. The result relies on the classical stable manifold theorem applied to
an appropriate Lyapunov function that captures both the consensus dynamics and the
gradient dynamics descending (1) given a fixed step size. In a similar vein, the work (Vlaski
and Sayed, 2021a,b) considers a constant-step size gradient-based algorithm for distributed
stochastic optimization. It is shown that the algorithm avoids saddle points, and a polynomial
escape time bound is established. The work (Vlaski and Sayed, 2021c) considers relaxed
conditions on gradient noise variance to escape saddle points. Our work differs from these in
that we consider a decaying step size (and stochastic, vis-a-vis (Daneshmand et al., 2020))
version of D-SGD that is able to asymptotically handle noise and obtain convergence to
consensus and convergence to local minima, rather than a neighborhood of local minima or
recurrence to minima. Moreover, we explicitly characterize the mean dynamics of D-SGD
(i.e., continuous-time DGF'), which is a powerful technical tool and provides significant
insight into the structure of distributed gradient algorithms near saddle points. We also
note that a primal-dual method for distributed nonconvex optimization with local minima,
convergence guarantees was considered in (Hong et al., 2018). In this paper, however, we
focus explicitly on properties of distributed gradient descent.

The present work is closely related to (Bianchi and Jakubowicz, 2012) which considers
a slightly different variant of D-SGD for constrained optimization. In order to handle the
constraint, (Bianchi and Jakubowicz, 2012) utilizes a projection step integrated with each
D-SGD iteration. Reference (Bianchi and Jakubowicz, 2012) showed convergence of this
algorithm to the set of KK'T points. Our work may be seen as a partial generalization of
(Bianchi and Jakubowicz, 2012) in that we consider unconstrained optimization of (1) (thus
omitting the projection step) for nonsmooth functions and study the problem saddle point
avoidance. We note that, in order to focus on the essential problems in evasion of saddle
points in distributed optimization, we have decided to focus on the relatively simple setting
of time-invariant directed communication graphs. Future work may consider extensions to
undirected and time-varying graphs.
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The topic of distributed optimization when loss functions are both nonconvexr and
nonsmooth has received limited attention in the literature. References (Di Lorenzo and
Scutari, 2016) and (Scutari and Sun, 2019) consider convergence to critical points when the
distributed objective is the sum of a smooth nonconvex component and a nonsmooth convex
component (or difference-of-convex with smooth convex part). More recently, (Kungurtsev,
2022) studied a variant of D-SGD assuming agents’ private loss functions are obtained as
the maximum of the set of smooth loss functions and have bounded Lipschitz constant.
This assumption captures many problems of interest but does not permit, for example,
¢5 regularization. In contrast, centralized SGD for nonsmooth nonconvex optimization
was studied in the recent paper (Davis et al., 2020), which demonstrated convergence
of SGD to critical points under very broad assumptions that include nonsmooth neural
network architectures and typical regularization schemes. The current paper demonstrates
convergence of D-SGD to critical points under similar assumptions to (Davis et al., 2020),
with the exception that, due to the distributed setting, we also require Assumption A.5 (See
Theorem 6 above).® As discussed above, we reiterate this additional assumption is quite
weak.

In a companion paper (Swenson et al., 2021) (see also (Swenson et al., 2019b)), we study
the problem of nonconvergence to saddle points for (continuous-time) DGF and establish
a stable manifold theorem for DGF. The stable manifold for DGF plays a key role in the
analysis of saddle point avoidance for D-SGD in the present paper. We also remark that
a distributed gradient-based algorithms for computing global minima have recently been
considered in (Swenson et al., 2019a, 2020). In these algorithms, noise is deliberately added
in order to escape local minima and seek out global minima.

2.7 High-Level Discussion of Proof Techniques

Our approach for proving the main results will be to study a differential equation (or
inclusion) that approximates the dynamics (3) asymptotically. A standard technique in
the ODE method of stochastic approximation is to relate the limit set of a discrete-time
process to the limit set of its continuous-time analog. Typically, one shows that the limit
set of the discrete-time process is contained in the limit set of the continuous-time analog.
Proving convergence of the discrete-time process to some set then reduces to simply proving
convergence of the continuous-time analog to the set. This is the approach that we will take
to proving convergence to critical points. In particular, we will leverage the results of (Davis
et al., 2020), which provides powerful tools for analyzing processes when the continuous-time
analog is a differential inclusion.

Proving nonconvergence to saddle points requires a different tack. Showing nonconver-
gence of the continuous-time analog to a point is not sufficient to ensure that the discrete-time
process will not converge to it. Instead, we wish to identify some underlying structure from
which the discrete-time dynamics are “repelled.” Near a saddle point, one can show the

5. Aside from Assumption A.5, our assumptions are nearly identical to those made in (Davis et al., 2020),
modulo minor differences; e.g., (Davis et al., 2020) assumes iterates remain bounded, while we explicitly
assume loss functions to be coercive (Assumption A.9) in order to ensure bounded iterates (via Lemma
14).
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Figure 3: In orange, the stable manifold for continuous GD applied to a fixed (autonomous)
function over R? with a saddle point at the origin. The proof that D-SGD avoids
saddle points (Theorems 3 and 7) is intricate, but the underlying intuition is
simple and is captured in this figure. First, we will see that D-SGD (2) (or (3))
approximates some continuous gradient flow as £k — oo. The underlying gradient
flow will be referred to as DGF. We compute the stable manifold for DGF near
saddle points—a low-dimensional surface passing through the saddle point. The
stable manifold for DGF is the key object in our analysis: It is precisely the set
that D-SGD is repelled from (asymptotically, and in expectation). Utilizing this
property, we prove that D-SGD avoids saddle points. The figure visualizes only
classical centralized GD in two dimensions. In D-SGD, and in higher dimensions,
the stable manifold is more complex (and time varying), but the basic idea is the
same. This technique originated in (Pemantle, 1990).
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existence of a stable manifold for gradient flows (Chicone, 2006). In (Pemantle, 1990) it was
shown that for autonomous systems (ODEs where the right-hand side does not depend on
time) discrete-time dynamics are asymptotically repelled from the stable manifold of the
underlying continuous-time system. We will prove our results following a similar strategy.
As noted earlier, because D-SGD is nonautonomous, classical theory does not apply. In
(Swenson et al., 2021) the existence of stable manifolds was proved for the continuous-time
variant of D-SGD. In this paper, we will show that D-SGD is repelled from the stable
manifold of its continuous-time analog. This will imply nonconvergence to the saddle point,
almost surely.

2.8 Roadmap of Proof Strategy

Our approach to proving the main results (Sections 2.1-2.3) will be as follows. First, we
note that we will focus on proving results in the nonsmooth setting, as results in the smooth
setting follow as a special case. Thus, we will prove Theorems 6 and 7.

Next, we observe that the problem of minimizing (1) in a distributed setting is a special
case of a general subspace-constrained optimization problem. (This observation has been
made in several other recent papers, e.g., (Hong et al., 2018).) Rather than focus only on
the particular setting of distributed gradient descent, we will study the broader problem
of subspace-constrained optimization, and we will prove our main results about D-SGD as
direct corollaries to results in this general framework. We emphasize that the move to a
more general framework will not come at the cost of a more complex presentation. The effect
is the opposite—the general framework allows us to dispense with cumbersome notation
associated with distributed consensus processes. The D-SGD dynamics (3) simply become
the gradient descent dynamics for an objective function plus a quadratic penalty. Proofs are
simplified and intuition is more transparent.

In Section 3 we introduce the general subspace-constrained optimization problem. We
also introduce dynamics for solving said optimization problem that generalize (3).

In Section 4 we prove convergence to critical points (i.e., Theorem 6). Convergence
to critical points can be studied by approximating D-SGD with an appropriate gradient
flow system. We will prove our results using the so-called ODE approach to stochastic
approximation (Benaim, 1996). More precisely, in order to prove results in the context of
nonsmooth loss functions, we will study differential inclusions, rather than ODEs. A key
tool in this analysis will be results developed in (Davis et al., 2020).

We will then turn our attention to the problem of showing nonconvergence to saddle
points. Our approach to addressing this problem will again rely on approximating D-SGD
with a continuous-time gradient flow, which we refer to as DGF. However, unlike the case of
studying convergence to critical points, there are no standard tools to be applied in this case.
To address this problem, we first consider the DGF ODE.® In (Swenson et al., 2021) it was
shown that a stable manifold exists for DGF near regular saddle points. In classical ODE
theory it is well known that the stable manifold is a Lyapunov unstable set. The same holds
for the stable manifold for DGF. As a consequence, D-SGD will be shown to be “repelled”
from from the DGF stable manifold. Intuitively, leveraging this property we will be able to

6. In fact, we will consider a continuous-time version of our generalized dynamics introduced in Section 3.2.
But for simplicity we refer to this as continuous-time DGF here.
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show almost sure nonconvergence to saddle points. See Figure 3 for further intuition and a
low-dimensional visualization of this idea for classical GD.

More precisely, In Section 5 we state our general saddle-point nonconvergence result for
the subspace-constrained setting (Theorem 19) and briefly review how this implies Theorem
7.

In Section 6 we review the stable-manifold theorem for DGF from (Swenson et al., 2021).
Here we will also prove an important smoothness property of the stable manifold (Lemma
24) which will be necessary in proving nonconvergence to saddle points.

In Section 7 we further characterize the stable manifold for DGF and prove a key
inequality (see (38) and Proposition 36). Informally, this inequality states that D-SGD is
repelled from the stable manifold. We note that this is the most technically involved aspect
of the paper.

Finally, in Section 8 we perform the stochastic analysis of D-SGD and formally prove
nonconvergence to saddle points (Theorem 7). Importantly, we note that our approach to
proving Theorem 7 builds upon the techniques developed in (Pemantle, 1990) to characterize
nonconvergence to unstable points in autonomous dynamical systems. However, in studying
D-SGD we are required to study nonautonomous dynamics which makes the problem
substantially more challenging.

2.9 Notation

Throughout the paper, we use bold face letters, e.g., x(t) to refer to continuous-time processes
where t € R is the time index, and we use non-bold letters, e.g., z(k) to refer to discrete-time
processes, where k is a positive integer. When referring to weight parameters such as oy and
B¢, in order to reduce clutter we will place the time index in the subscript (since there is no
need to specify an agent n associated with these quantities). We say that g € C"(R™; R"),
for integer r > 1, if g : R™ — R” is a function that is r-times continuously differentiable.
When the domain and codomain are clear from the context, we simply use the shorthand
g € O or say g is C". If g is C', we use the notation D[g, ] to denote the derivative of
g at the point z. Treating Dlg,z] : R™ — R"™ as a linear operator, we use the notation
Dlg,z|(y), y € R™ to indicate the action of Dl[g, x| on y. When the meaning is clear from
the context, we will sometimes use the shorthand Dg(z) to denote D[g, x|, and treat D[g, z]
and Dg(z) as n x m matrices. When g € C?, then we use D?[g, ] to indicate the second
derivative of g at x, where D?[g, 7] : R™ x R™ — R" is a bilinear operator, and we use the
notation D?[g, z](y, z) to indicate its action on inputs , z € R™. Moreover, in the case that
g:R"” = R is C?, we often use the standard notation Vg and V?¢ to refer to the gradient
and Hessian of g respectively. Given functions g,h : R — R we say that g(t) = O(h(t)) if
there exist constants a,b > 0 such that ah(t) < g(t) < bh(t) for all ¢ sufficiently large.

At a few points in the manuscript we move to Einstein notation, in which any repetition
in subscripts denote an implied summation over that index: i.e. A;b; = y A;;bj. This
convention condenses tensor operations, and is particularly useful for chain rule computations
for vector fields. As this notation is less standard in the optimization literature, we only use
it in specific situations where matrix notation would become cumbersome, e.g. Lemma 24.

We will use || - || to denote the standard Euclidean norm. Given a set S C R? and point
x € RY, we let dist(z, S) := inf,eg |2 —y|| and for 6 > 0 we let Bs(S) := {z : dist(x, S) < 6}
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When we say z(k) — S as k — oo, we mean that limy_, . dist(z(k), S) = 0. Given a,b € R,
a A b is the minimum of ¢ and b. A ® B indicates the Kronecker product of matrices A and
B. Given a matrix A € R?*?, diag(A) is the d-dimensional vector containing the diagonal
entries of A. In an abuse of notation, given a vector v € R%, we also use diag(v) to denote
the d x d diagonal matrix with entries of v on the diagonal.

Given a graph G = (V, E), the set of vertices V' = {1, ..., N} will be used to denote the set
of agents and an edge (7, j) € E will denote the ability of two agents to exchange information.
In this paper we will assume G is undirected, meaning that (i, j) € F implies that (j,4) € E.
We let ,, denote the set of neighbors of agent n, namely Q, ={i € 1...N :i #n,(i,n) € E},
and we let d,, = |Q,|. The graph Laplacian is given by the N x N matrix L = D — A, where
D = diag(dy,...,dn) is the degree matrix and A = (a;;) is the adjancency matrix defined
by a;; = 1if (i,j) € E and a;; = 0 otherwise. Further details on spectral graph theory can
be found in (Chung, 1997).

Suppose that F' : R? — R is of class C!, and consider the general gradient-descent
differential equation

x = —VF(x), (5)
where x : R — R? and % denotes %X(t). We say x is a solution to (5) with initial condition
To at time tq if x is C1, satisfies x(¢g) = w0, and satisfies (5) for all t > to.

It is known that the generalized gradient (Definition 5) is upper semicontinuous when
the function in question is locally Lipschitz continuous (Clarke, 1990). This concept will be
important in the subsequent analysis and is formally defined as follows.

Definition 9 A set-valued function G : R™ — R™ is said to be upper semicontinuous at x
if for any € > 0 there exists a 0 > 0 such that for all y € Bs(z), G(y) C B:(G(x))

We will consider recursive stochastic processes {y(k)}32, of the form y(k + 1) = y(k) +
G(y(k),&(k 4+ 1), k), where G : R x R x R, £(k + 1) denotes a noise term and k& denotes
the iteration number. We use Fj, = o({z(j), £()) ?:1) to denote the filtration representing
the information available at iteration k.

A list of shorthand symbols commonly used throughout the paper (e.g., N = number of
agents) can be found in the appendix.

3. Generalized Setup: Subspace-Constrained Optimization

The problem of minimizing (1) in a distributed setting is equivalent to the subspace-
constrained optimization problem

N
min Z fn(xn). (6)
n=1

T1=To=:=TN

Rather than focus on the particular problem (6), we will study the broader class of all
subspace-constrained optimization problems, of which (6) is a special case. There are several
advantages to taking this approach. Notation is simplified, proofs and intuition are more
transparent, and results apply in a more general context.
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In this section, we introduce a simple subspace-constrained optimization problem (general-
izing (6)) that will be considered in the remainder of the paper. We then set up optimization
dynamics extending (3) which address the general subspace-constrained optimization prob-
lem.

The general optimization problem and dynamics will be set up in Section 3.2. However,
before setting up the general framework, we will first briefly review continuous-time DGF
and discuss a key time change operation in Section 3.1. In particular, after a time-change,
D-SGD and DGF will admit a clean and intuitive interpretation in terms of gradient descent
with respect to a penalty function. This interpretation will be described in Section 3.2.

3.1 Continuous-Time DGF and Time Changes

The approach we will take for analyzing (2) throughout the paper will be to approximate
the algorithm with a continuous-time ODE that is easier to study (i.e., DGF). Let x,(t)
represent agent n’s estimate of a minimizer of (1) at time t € [0,00). We define DGF
agentwise by the ODE

xn(t) = B Z (x¢(t) = %xn(t)) — AV fu(xn(t)) (7)
LeQy,
forn=1,...,N, where t — o4 € (0,1] and ¢t — 5; € (0,1] are weight parameters.
The ODE (7) may be expressed compactly as

% = Bi(L @ Ig)x — ar(V fr (%)),

where we let x : R — RV? be the vectorization x := (x1,...,Xy), where x, : R — R4
represents the state of agent n, and, as before, we assume a; = o(f;). It will often be
convenient to study this ODE under a time change. In particular, assuming oy > 0 for ¢ > 0,
set S(t) = fot oy dr and let T'(7) denote the inverse of S(t), so that T'(S(t)) = t. Letting
y(7) = x(T(7)) we have

d
Y1) =9r(L®la)y(r) - (VEa(y(M))nzrs (8)
where v, = gi—((ﬂ) — 00 as T — oo. Likewise, if we set S(t) = fg Br dr and let T'(7) denote
the inverse of S(t) we have
(1) = (L@ I)y(1) = 4= (V fuly (7))n1, (9)
where 4, = (;%ET)) — 0 as 7 — oo. Thus, processes of the form (8) or (9), with 74 — oo or

4+ — 0 respectively, generalize dynamics of the form (7). When convenient, we will study
(8) or (9) (with associated parameter 7, or 4,) in lieu of (7).
3.2 Subspace-Constrained Optimization Framework
Consider the optimization problem
min  h(x P.1
min h(x) (P.1)
subject to z'Qz =0,
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where h: RM — R is a C! function and Q € RM*M s a positive semidefinite matrix. We
will often denote the constraint set by

C={zeR:27Qz=0}. (10)
Since @ is positive semidefinite, C is precisely {z : Qz = 0}, i.e., the nullspace of @Q); we write
the constraint in its quadratic form because we will solve this problem using a penalization

approach that connects directly with the quadratic form. In the remainder of the paper we
will focus on algorithms for computing local minima of (P.1).

Continuous-Time Dynamics. Suppose h is C' and consider the following continuous-time
dynamical system for solving (P.1):”

% = —7Qx — Vh(x), (11)

where the weight 74 — oo. Note that these may be viewed as the gradient descent dynamics
associated with the (time-varying) function x — h(x) + v2'Qx, i.e.,

x ==V, (h(x) + 7x'Qx) .

The term ;2" Qz may be thought of as a quadratic penalty term that punishes deviations
from C with increasing severity as t — oc.

Discrete-Time Dynamics. Suppose h is locally Lipschitz continuous, and consider the
following discrete-time dynamics for solving (P.1):

2k +1) = (k) = ax (v(k) + wQu(k) + &k +1)), (12)

where v(k) € Oh(x(k)), v» — oo, oy, — 0, and {&(k)}x>1 represents noise given by a
Martingale difference sequence (i.e., conditionally zero-mean noise as in Assumption A.3).
If h € C!, the recursion (12) may be viewed as a perturbed discretization of the ODE (11)
with (diminishing) step size ay, in the sense that, the expected update satisfies

E(z(k+ 1)|Fk) = (k) + Oék( — 7 Qx(k) — Vh (z(k)) )

Letting 8 = axvk, using similar reasoning to the continuous-time case, the discrete-time
D-SGD process (3) may be seen as a special case of (12), where we use v to be consistent
with the penalty interpretation of Section 3.1.

7. The behavior of DGF with nonsmooth loss functions was considered in (Swenson et al., 2021). In this
paper, when we study DGF it will be in the neighborhood of saddle points where we will always assume
h is smooth. Thus, when studying the descent process (11) in this paper we will always consider the
gradient Vh, not the generalized gradient Oh. However, when discussing discrete-time processes below,
we will consider nonsmooth loss functions and generalized gradients.
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3.3 Interpreting Results: From General Framework to D-SGD Framework

All of the results in the remainder of the paper will be proved in the context of Problem (P.1)
and optimization dynamics (12). Under Assumptions A.3-A.7, the problem of optimizing
(1) under the D-SGD dynamics (3) is a special case of this general framework in which we
let the dimension be M = Nd, the state z € RNV? is given by the vectorization of all agents’
states = (x,,))\_;, the objective function is given by h(x) = 22;1 fn(xy), and the penalty
term is generated by the matrix @Q = (L ® I;), where I; is the d x d identity matrix and L
denotes the graph Laplacian of G. Under Assumption A.3, the nullspace of (L ® I;) is the
consensus subspace {(r,)N_; € RN : z; = ... = xy}. Thus, the constraint space C in (10)
is given by the consensus subspace in the context of D-SGD.

We now introduce some conventions that will simplify presentation. Unless otherwise
noted, without loss of generality assume the coordinate system is rotated so that the

constraint space is given by
C={reRM z41 = =2y =0}, (13)
where we let d = dimC. Given a vector x € RM | we will use the decomposition

T = (Tey Tne), (14)

T, € Rd, Tne € RM _d, where the subscripts indicate the “constraint” and “not constraint”
components respectively. In a slight abuse of notation, given z, € R¢ we let

hlc(xc) := h(ze,0).

Given z € RM define 0, h(z) := {z € R? : (2,9) € Oh(z), forsomey € RM=} In a
slight abuse of terminology, we say that z* = (z¥,2%.) € RM is a critical point of h|¢ if
0 € 0z h(x},0), or equivalently, if 0 € Ohlc(x)).

In the D-SGD framework of Section 2, convergence of D-SGD to consensus corresponds
here to convergence of (12) to C. Likewise, critical points of (1) correspond to critical points
of hlc.

In order to show the main results in Section 2 (Theorems 6 and 7), we will show that
the following hold with probability 1: (12) converges to C (see Theorem 10); (12) converges
to critical points of h|¢ (see Theorem 10); (12) does not converge to regular saddle points of
hlc (see Theorem 19).

*
nc

4. Convergence to Critical Points

In this section we show that (12) converges to critical points of h|c. We begin by presenting
several assumptions. We emphasize that the assumptions made through the remainder the
paper are distinct from all assumptions made thus far in that all subsequent assumptions
apply to the general subspace-constrained optimization framework of (P.1) and (12). We
will make sufficiently broad assumptions so that the D-SGD framework of Section 2 is
special case of the general framework. To distinguish the assumptions pertaining to each
framework, the assumptions for the distributed framework are numbered A.1, A.2, etc.,
while the assumptions for the general subspace-constrained framework will be numbered
B.1, B.2, etc.
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Assumption B.1 h is locally Lipschitz continuous.

Assumption B.2 For some radius R > 0 and constants C1,Cy > 0 the following conditions
hold:
(z,v) = Ci|z|f|v] and  |Jv]| < Coflz|, (15)

for all v € Oh(x) and ||z|| > R.

Note that the first part of (15) simply ensures that asymptotically, the negative gradient
points inwards. The second part of (15) ensures that the function is asymptotically sub-
quadratic in the sense that (selections of) the generalized gradient grow more slowly than
the gradient of some quadratic function.

Assumption B.3 Let CPy,, be the set of critical points of hlc. Assume the set R\h|c(CPy,.)
s dense in R.

Assumption B.4 For any absolutely continuous function z : [0,00) — R%, hlc satisfies the
chain rule

L hlea(t) = (v, (1)

for some v € 0f(z(t)), and almost all t > 0.
Assumption B.5 Q € RM*M s positive semidefinite with at least one zero eigenvalue.
Assumption B.6 oy = O(k™™) and v, = O(k™) where 5 < 7, < 7o <1, ay, v # 0.

Finally, we will assume the following regarding the noise process {{(k)}r>1 in (12). We
recall that we assume a coordinate rotation so C = {z € RM . ZTgy1 =...=zpy =0}, and
let £(k) be decomposed as &(k) = (&c(k), Enc(k)).

Assumption B.7 For all k > 1, E(&.(k)|Fr_1) = 0 and E(||(k)||*|Fx) < B for some
B> 0.

We will prove the following result.

Theorem 10 Let {z(k)}r>1 be a solution to (12) and suppose that Assumptions B.1-B.7
hold. Then,

(i) x(k) = C as k — oc.
(ii) x(k) converges to the set of critical points of h|¢ as k — oo.

Remark 11 (Proving Theorem 6) By Section 3.5 we see that optimizing (1) using D-
SGD is a special case of optimizing (P.1) using (12). Note that Assumption A.S5, part 1
implies that L @ 15 has exactly d zero eigenvalues, and thus is a special case of Assumption
B.5. From here it is straightforward to verify that the remaining Assumptions hold and see
that Theorem 10 implies Theorem 6 (which, in turn, implies Theorem 1).
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Remark 12 (On Assumption B.4) Suppose g : R? — R is some smooth function and
x(t) a gradient flow trajectory for g, i.e., %X(t) = Vg(x(t)). Then by the chain rule we have

S a(x(t)) = (Vglx(0), x(0)) =~ [Va(x()I

This condition allows us to guarantee that x(t) descends g, i.e., when x(t) is not at a critical
point of g we have %g(x(t)) < 0. This property is crucial for Lyapunov-function based
analysis. When dealing with nonsmooth loss functions, ensuring that gradient flow trajectories
possess the descent property is nontrivial. Assumption B.4 (respectively, Assumption A.10)
ensures that we have a descent property for gradient flows of hlc (respectively, f).

The proof of Theorem 10 will be given in Sections 4.1-4.2 below. In particular, the
theorem will follow immediately from Lemmas 16 and 18 below.

4.1 Convergence to the Constraint Space

We now prove that z(k) converges to C. Note that under the coordinate change in (13), @

has block diagonal form
0 0
= —~ 1
(5 o) 1o

where @ e RWM—=d)x(M—d) ig nositive definite and here 0 denotes a zero matrix of appropriate
dimension. Let z(k) be decomposed as

(k) = <;n(£3)> , (17)

where z.(k) € R? and z,.(k) € RM~9,
We begin with the following technical lemma.

Lemma 13 Suppose Assumptions B.2, B.5, and B.6 hold. Then for all k sufficiently large,
|lz|| > R and v € Oh(z) we have

(@~ Sea(v — MQa), v+ 34Qu) > 0.

Proof Throughout the proof we let v € Oh(x). We break the analysis into two cases. First,
suppose that Qz = 0. Expanding the inner product we obtain

(@ = sonle = mQe), v + 1) = {z,0) = o]

Qf
> Cillzflloll = = [lv]”
01 Qe
> @IIUH2 - 5 lvlI* >0,

where the second line follows using the first part of (15), the third line from the second part
of (15), and the last inequality holds for ¢ large as ap — 0 as k — oo.
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Suppose now that Qx # 0. Let Anin denote the magnitude of the smallest nonzero
eigenvalue of () and let A,.x denote the magnitude of the largest eigenvalue of (). Expanding
the inner product and again employing (15) as above we obtain

1
(z — 50%(@ — 1,Qx), v+7,Qx)
ay
=(z,v + %Q@;HU + 71.Qz|?

g
2<$7U> + ’7k<x7 Q.T> - 7 (H’UH2 + W%AmaXHxHQ + 2%@, Ql’>)

2 O 2 ak’Yl%» 2
2Clz [l + vAminllz]|” = 07 = =5 Amaxl2]” — crypAmaxllvll]|2]]
& Qg ak’72
252HUH2 + Y Amin [ 2]|* — 7HUH2 - E Amax 12 ]* = Cooe Ve Amax]|2 |

C a
= 1 g HUHZ + Yk <)\min - ﬂAmax - CQCVk)\maX> HxHQ
Cy 2

>0,

where the last inequality holds for t sufficiently large as ap — 0 and agyy — 0 as k — oco. B

The next lemma is a key result showing that iterates of (12) remain some compact set.

Lemma 14 Let {z(k)}r>1 be a solution to (12) and suppose that Assumptions B.1-B.2
and B.5-B.7 hold. Then with probability 1, there exists a compact set K C RM such that
x(k) € K for all k > 1.

Proof By our recursion relation (12), we have

l(k + 1)|1% =||l=(k)||> — 2{z(k) - %aw(lf),akw(k»
— 2(o€(k + 1), 2(k) — aew(k)) + af||€(k + 1),

where we let w(k) = v(k) + Qz(k), v(k) € Oh(x(k)). By Lemma 13, for ||z(k)|| > R we
obtain

ek + 1) < \/IISE(/’ff)II2 — 2wk + 1), 2(k) — agw(k)) + o §(k + 1)1,

This then gives

o . _9la (k) —apw(k), o [lEk+ D]
lz(k + D] <] (k)H\/l 2(ar(k+1), EOIE )+ EoIE

Note that \/y <y, for all y > 0. This follows by observing that y — ,/y is concave and
estimating with a first-order approximation at y = 1. Using this in the display above we
obtain

X — W 2
otk + D) < L] (1~ 2eng(e+ 1), D000y 4 2 ISEEDEY g
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Consider the random variable

> i+ 1)]2
(k) = max(la(b)], B) + 3 a2 1LV

As the £(k) have bounded variance and the oy are square summable, the second sum is
almost surely finite (Williams, 1991, Sec. 12.2). Then, by (18), we have that

x(k) — akw(k)>
(k)|

As the {(k) are mean zero (Assumption B.7), this implies that {z(k)}x>1 is a non—negative

supermartingale. By Doob’s supermartingale inequality (Durrett, 2010, Section 4.4), w

see that P(supg>; 2(k) > A) < (z(l)) for every A > 0. Sending A — oo we see that

P(supy>y 2(k) = oo} = 0. In turn thls implies that supg>; [|2(k)| < oo, almost surely. MW

2(k+1) < z(k) — 2<ak§(k: +1),

The following result from (Kar et al., 2013) will be useful.

Lemma 15 (Kar et al. (2013), Lemma 4.1) Let {2)}r>1 be an RY valued sequence sat-
1sfying
21 < (1= r1(k))zi + ra2(k),

where {ri(k)}x>1 and {ra(k)}r>1 are deterministic sequences with

ai a2

(k+1)% (k4 1)%’

and aj,az > 0,0 < 8 < 1, d > 0. Then, if 61 < b, (k+1)%2z, — 0 as k — oo for all
0<§y <dg—01.

<rk)<1 and rok)<

The next result shows that (12) converges to C.

Lemma 16 Let {x(k)}r>1 be a solution to (12) and suppose that Assumptions B.1-B.2 and
B.5-B.7 hold. Then z(k) — C as k — oo, with probability 1.

Proof Let C and @ be as given in (13) and (16) and let (k) be decomposed as (17). By
(12) we have

Tne(k+ 1) = xpe(k) — akvk@ajnc(k‘) + agr(xz(k)) + agbne(k + 1), (19)

where r(z(k)) € — [ah(x(k:))]ij\idﬂ, and &ne(k) = [& (k)M 4, - By Lemma 14, (k) remains
in a compact set K with probability 1. Using Assumption B.1, let L > 0 be the local
Lipschitz constant for A over the set K so that W <L for all z,y € K, and, in
palr‘mculaur7 |Oh(z)|| < L for all x € K. By Assumption B.7, we may choose the previous

L sufficiently large so that we also have |[|{nc(k)|| < L for all k. Let Amin be the smallest
eigenvalue of Q (where Apin is necessarily positive, since, by construction, Q is positive

definite). From (19) we have
[Zne(k + )| < (1 — axVeAmin) [|[Zne () || + ax2L.

Invoking the step size requirement in Assumption B.6, Lemma 15 implies that ||z,.(k)|| — 0.
|
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4.2 Convergence to Critical Points

We now prove that z(k) converges to critical points of h|c. This result will follow as a simple
consequence of the following result from (Davis et al., 2020) and the results of the previous
section. In the statement of the theorem we will use the convention that for a (possibly
set-valued) function H mapping from R™! to R™2, H~! denotes the preimage of H, i.e.,
HYz)={zeR™ :z¢€ H(x)}.

Theorem 17 (Davis et al. (2020), Theorem 3.2) Let m > 1 be an integer and suppose
that {wi}r>1 C R™ is a sequence satisfying the recursive relationship

Wit1 = W + ag (Yk + M) (20)

where wi, Yi, M € R™ and ag is a scalar. Suppose that G : R™ — R™ is a set-valued map
and that the following conditions hold:

1. supy, |wg|| < oo and supy, [lyx| < oc.
2. {ag}tr>1 satisfies ap >0, >, ap =00 and ), az < 0.
3. limy oo Y gy QMK €xists, with probability 1.

4. For any bounded increasing sequence {k;j};>1 such that wy; converges to a point w it

holds that

n—o0

N RS i
lim dist EZykj,G(w) = 0.
j=1
Suppose, moreover, that ¢ : R™ — R is a candidate Lyapunov function satisfying the
following conditions:
5. For a dense set of values r € R, the intersection ¢~ 1(r) N G=1(0) is empty.

6. Whenever z : R — R™ is a trajectory of the differential inclusion

Calt) € Ca), (21)
and 0 & G(z(0)), there exists a real T > 0 satisfying

¢(z(T) < sup ¢(z(t)) < ¢(z(0)).

t€[0,T]
Then every limit point of {wg}x>1 lies in G71(0) and ¢(wy) converges to a limit as k — o0o.

Lemma 18 Let {z(k)}r>1 be a solution to (12) and suppose that Assumptions B.1-B.7
hold. Then x(k) converges to the set of critical points of h|c, almost surely.
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Proof The problem at hand fits the template of Theorem 17 as follows. Let the dimension
m from Theorem 17 be given by m = dimC. Let z(k), v(k), and (k) be as given in
(12), and decompose each of these as in (13)—(14) to obtain z.(k), v.(k), and &.(k). Let
Tk, yr and ng in (20) be assigned as follows. Let z; = x.(k); let yr = v.(k); and let
nk = &e(k). For z. € RY™C et ¢ and G from Theorem 17 be assigned as ¢(x.) = hle(z.)
and G(z.) = Ohlc(x.).

We now verify that the conditions of Theorem 17 hold. Condition 1 holds as a consequence
of Lemma 14. Condition 2 holds by Assumption B.6 where we let ay = a. To verify
that Condition 3 holds, recall that if X7, Xo,... are random variables with EX; = 0 and
Yoo, Var(X;) < oo, then )2, X; converges with probability 1 (Durrett, 2010, Sec. 1.8,
Theorem (8.3)). It then follows that Condition 3 holds by Assumptions B.6 and B.7. That
Condition 4 holds follows from the fact that dh(-) is upper semicontinuous (Definition 9)
and convex (Clarke, 1990), and the fact that x,.(k) — 0 (Lemma 16). Condition 5 holds by
Assumption B.3. To verify that Condition 6 holds, note that in the present context, the
differential inclusion (21) is given by

d
a(t) € 0 h(z(1)).

Suppose that 0 ¢ Oh|c(z(0)). By upper semicontinuity of dhlc(-) we have that 0 ¢ dhlc(z)
for z in an open neighborhood of z(0). Using Assumption B.4, it follows that ¢ — h(z(t)) is
monotonically nonincreasing for ¢ > 0 and for any ¢ > 0 we have

hle(z(t)) < hle(2(0)).

Thus, Condition 6 holds. Having verified the conditions of Theorem 17, the result immedi-
ately follows. |

5. Non-Convergence to Saddle Points: General Result

We now state our main result concerning nonconvergence to saddle points in the context
of the subspace-constrained setup of Section 3. (In the context of D-SGD, the next result
implies Theorem 7). Before stating the result we will require the following three additional
assumptions.

Assumption B.8 For some constant ¢y > 0 there holds
E((E(K)T0)"|Fr-1) > e,

for every unit vector 6 € C.

In the next two assumptions, x* denotes some saddle point of interest.

Assumption B.9 Assume that the eigenvectors of V2h(z) are differentiable near x* in the
sense that for each x near x*, there exists an orthonormal matriz U(z) that diagonalizes
V2h(z) such that x +— U(x) is differentiable at z*.
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This assumption is used to make the analysis more tractable. In particular, it is needed to
apply the stable manifold theorem. (See Section 6 and Remark 22 below for more details.)
The assumption is relatively mild an only needed to rule out pathological functions (see
Example 19 in (Swenson et al., 2021)). Finally, we assume that A is slightly more regular in
a neighborhood of x* as follows.

Assumption B.10 h € C? in a neighborhood of x*.

Theorem 19 Let {z(k)}r>1 satisfy (12). Let x* be a regular saddle point of h|c. Suppose
Assumptions B.1-B.2, B.5-B.8 hold and B.9-B.10 hold relative to z*. Then for any
initialization,

k—o0

P ( lim 2(k) = ac) = 0.

Theorem 19 is the focal point of the paper. It implies Theorem 7 (and, of course, Theorem
3). See Remark 20 below for more details. The remainder of the paper will focus on proving
Theorem 19. In (Swenson et al., 2021) it was shown that a time-varying stable manifold
exists for DGF near saddle points. The key idea of the proof of Theorem 19 will be to show
that solutions of (12) are repelled from this stable manifold.

The proof of Theorem 19 will proceed as follows: In Section 6 we will review the stable
manifold theorem for DGF and will prove a key smoothness property of the stable manifold
(Theorem 24). Next, in Section 7 we will consider the relationship of the discrete-time
process (12) to the stable manifold for DGF and establish a key inequality relating to the
instability of the stable manifold (Proposition 36, Property 4). Finally, in Section 8 we will
carry out the stochastic analysis of (12) required to prove Theorem 19.

We emphasize that our approach to proving Theorem 19 is based upon the techniques
developed in (Pemantle, 1990). We note, however, that (Pemantle, 1990) studies autonomous
dynamical systems. The dynamics (12) (and (11)) are non-autonomous, and the approach
used in (Pemantle, 1990) requires substantial modification to address the non-autonomous
setting.

Remark 20 (Proving Theorem 7) Recall that (12) is a generalization of (3) where @ =
L®]I1, (see Section 3.2). Note that assumption A.3, part 1 implies that L& 1, has exactly d zero
eigenvalues, and thus is a special case of Assumption B.5. From here, it is straightforward
to verify the remaining assumptions and see that Theorem 19 implies Theorem 7.

6. Continuous-Time Dynamics and the Stable-Manifold Theorem

The analysis of Section 7 will build off of the stable-manifold theorem derived in (Swenson
et al., 2021). In this section, we review the key results from (Swenson et al., 2021) that will
be required later in the paper. In particular, in Section 6.1 we review the stable-manifold
theorem for DGF.® In Section 6.2 we review some key definitions from (Swenson et al., 2021)
that will be required in the subsequent analysis.” In Section 6.3 we prove an important
smoothness property of the stable manifold that will be required later.

8. In fact, the stable manifold applies to the process (11). However, to simplify nomenclature we refer to it
as the stable manifold for DGF.

9. In order to minimize the overlap between this paper and (Swenson et al., 2021), Sections 6.1-6.2 review
only the material from (Swenson et al., 2021) that is required to keep the present paper self contained.
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6.1 The Stable-Manifold Theorem for DGF
The following result states the stable manifold theorem for DGF.

Theorem 21 ((Swenson et al., 2021), Theorem 21) Suppose that h is C? in a neigh-
borhood of x* and x* is a regular saddle point of h|c. Suppose that Assumptions B.5 and B.9
hold and the weight function t — ~; is C' and satisfies vy — 0o. Let q denote the number of
negative eigenvalues of V2h|c(x*). Then there exists a C* manifold S C [0,00) x RM with
dimension M — q+ 1 such that the following holds: For all ty sufficiently large, a solution x
to (11) converges to x* if and only if x is initialized on S, i.e., x(to) = xo, with (to,zo) € S.

Remark 22 (On the eigenvector differentiability assumption) We require Assump-
tion B.9 to establish a stable manifold theorem for DGF, but an analogous assumption is not
needed in the classical setting. At a high level, the reason Assumption B.9 is needed here
1s because we are dealing with constrained optimization and penalty methods that operate
from the exterior of the constraint set. That is, trajectories to our optimization dynamics
generally reside outside the constraint set. As trajectories are brought towards a point in
the constraint set C (or the consensus subspace in the case of DGF), it can occur that that
the eigenvectors along the path rotate without converging to a limit. e.q., Example 19 in
(Swenson et al., 2021). Assumption B.9 allows us to rule out such pathological behavior.

6.2 Stable Manifold: Key Definitions and Notation

In (Swenson et al., 2021) the stable manifold is constructed using a change of coordinates.
The stable manifold is simpler to express and analyze under this change of coordinates. For
the sake of subsequent manipulations, we will review the coordinate change now and review
other key properties of the stable manifold for DGF.

For convenience, we will consider critical point of h|¢ residing at the origin. The following
result from (Swenson et al., 2021) establishes the existence of a time-varying critical point
of the penalized function h(z) + y;2"Qx near 0.

Lemma 23 ((Swenson et al., 2021), Lemma 23) Suppose that h is C? in a neighbor-
hood of 0 and 0 is a reqular saddle point of h|c. Suppose that Assumptions B.5 and B.9 hold
and the weight function t — ~; is C' in t and satisfies vy — co. Then there exists a constant
Y0 > 0 and a function g : [y9,00) — RM such that (i) Vh(g(v)) — g(7)"Q = 0 for all v > o
and (i) g(y) = 0 as v — o0o. Moreover, the arc length of {g() : v > Yo} is finite, where 7
is a sufficiently large constant, i.e.,

/ lg'(s)| ds < .
.

0

Having established the existence of the time-varying critical point g(t), it will be con-
venient to consider a time-varying coordinate change that recenters the coordinate system
about ¢(t) and rotates the coordinate system so as to make the Hessian of h(z) + 2" Qx
diagonal at g(t). We will do this next. We note that this same change of coordinates is
used in (Swenson et al., 2021) (see proof of Lemma 24 therein). However, we repeat the
construction of the coordinate change here because several of the intermediate quantities
defined during this construction will be critical to the analysis later in the paper.
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For ¢t > 0 let

At) = V2 (h(x) + ’yt;:zTQx) (22)

x=g(vt)

be the linearization of the right hand side of (11) centered about g(7:). Letting y = = — g(y4),
we let

F(y,t) = =Vzh(y + g(n)) — nQy +g(n) — Alt)y (23)

represent the error between the linearized and nonlinear dynamics.
For each t > 0, let U(¢t) be a unitary matrix that diagonalizes A(t) (which is possible as
A(t) is always symmetric), so that

At) = UBDABUR)T, (24)

where A(t) is diagonal. Since 7; € C!, by Assumption B.9 we may construct U(t) as a
differentiable function with U(t) converging to some fixed matrix as ¢t — oo (see (Swenson
et al., 2021)). The stable manifold can be constructed by recentering about g(y:) and
rotating by U(t). In particular, letting z(t) := U(t) (x(t) — g(7¢)) we obtain the convenient
coordinate-changed ODE

a(t) = U (AU 2(t) + PO 2(0).1) - o (1)3) + UOU @) 2(0)
=: H(z(t),t). (25)

Let the diagonal matrix A(t) above be decomposed as!”

a0 = (3" 4) (26)

where AS(t) € R™*" and A%(t) € RM=7)x(M=ns) denote the ‘stable’ and ‘unstable’
diagonal submatrices respectively, and ng denotes the number of ‘stable’ coordinates. It can
be shown that for ¢ sufficiently large, all entries in A*(t) are less than some constant ¢ < 0
and all entries in A"(t) are greater than 0 ; see (Swenson et al., 2021), proof of Lemma 24.
With this in mind, when defining the dimension ng above, we implicitly take time sufficiently
large.'!

Let the matrices

t
u . e t12 At(r)dr 0 s . 0 0
V¥(ta, t1) = 0 o) VE(tg, t1) = 0 SN (27)

denote the respective evolution operators corresponding to the stable and unstable elements
in A(t).

10. To simplify notation in this paper, the ordering of coordinates in the following equations has been changed
from that used in (Swenson et al., 2021).

11. Alternatively, ns can be computed as the number of negative eigenvalues in V?h|c(z*) plus M — dim C
(where M — dimC = the number of “off-constraint” directions). Intuitively, the penalty makes all
off-constraint directions stable for ¢ sufficiently large.

31



SWENSON, MURRAY, POOR, AND KAR

Similar to (23), after recentering and rotating, the error between the linearized and
nonlinear dynamics is given by

Fz,t) = UR)FU®) 2t) + UDU(t)2 (28)

Note that F(0,t) = 0 and F(z,t) = o(|z|?) for t > 0. Consequently, for any ¢ > 0 there
exists an r > 0 and a T > 0 such that for all ¢ > T we have

|F'(z,t) — F(z,t)| <e|lz — Z|, V 2,z € B.(0). (29)

Let tg € R, a® € R"s, and t > 1.
Solutions of the following integral equation may be used to compute the stable manifold.

u(t, (to, a”)) =V°(t, to) <£> (30)
+ /tt VE(t,T) <F(u(7—7 (to,a®)), 7) — U(T)g,(f%_)/%_> "

0

_ /too VU(t,T) (F(U(T, (to,a®)), 7) — U(r)g’(%)%) ir,

where u: R x R x R? — RM and 0 is a vector of zeros of appropriate dimension. To be
precise, we have included the initial time ty as a parameter in u. However, in most of our
analysis tg will be fixed. Thus, in an abuse of notation, we will generally suppress the %
argument and only specify u in terms of the arguments ¢ and a*, i.e., u(t, a®).

It is important to note that (30) is not only useful for constructing the stable manifold
(via Picard iteration (Coddington and Levinson, 1955)) but it also provides an extremely
useful representation formula for the stable manifold that will be used extensively in the
sequel.

We may choose constants ¢ > 0 and K > 0 such that the following estimates hold

IVo(t2, )| < Kem 047t gy >4
IV (2, t1)]| < K270, ty < t1.
One useful property of solutions to (30) is that they are exponentially stable in the sense

that!2
lu(t,a®)| < 2K (1 + |a®[)e" 0, (31)

for some constant a > 0.
Given the above construction, the stable manifold is defined as follows. For each ¢ € [T, 00)
define the component map 9; : R x R"s — R by

Vi(to, z5) = uj(to, (to,25)), Jj=mns+1,...,M, (32)

12. Recent work has considered optimization dynamics near “strict” saddle points, where the Hessian has at
least one negative eigenvalue (but may have zero eigenvalues) (Ge et al., 2015). An important reason we
consider regular rather than strict saddle points, is one cannot in general guarantee that this estimate
holds near saddle points that are merely strict.
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and let ¢ = (wj)jj‘ins +1- The stable manifold is defined with respect to the z-coordinate
system as
S = {(to, 25, ¥(t0, 7)), to > T, 25 € R¥ N By (0)}.

The stable manifold for (11) in the original coordinates, denoted here by S, is obtained by
an appropriate change of coordinates, S = {(t,z) € R x RM : U(t)(x — g(v)) € S}.

We will rely heavily on the definition of the stable manifold in terms of (32) (and (30))
in the sequel.

6.3 Stable-Manifold: Higher-Order Smoothness

In this section we will strengthen the continuity assumption made in Theorem 21 slightly.
We will show that if h is one degree smoother than assumed in Theorem 21, then the stable
manifold is also one degree smoother (see Assumption B.10). To simplify the presentation,
in the following proof we (sparingly) use Einstein notation, wherein repeated indices denote
summation over that index.

Lemma 24 Suppose that =* is a reqular saddle point of hlc and Assumptions B.5 and
B.9-B.10 hold. Assume the weight function t — v; is C' and satisfies 4y — oo. Then the
stable manifold S is C?, uniformly in t. That is, the functions 1; used to define S in (32)
are C? and the second derivatives of each 1; are bounded uniformly in t.

Proof The proof of this result is an extension of the proof in the classical autonomous
case (Coddington and Levinson, 1955, Sec. 13.4) to the present setting. Let u(t,a®) be the
solution to (30) given a® € R™s. Given u, fix i € {1,...,ns} and suppose z(t,a®) solves

2(t,a®) =V°(t, to)es (33)
+ /t Ve (t, 1) Dy F(u(r, a®), 7)a(r, a) dr

- /too VU(t,7)DyF(u(r,a®), 7)z(r, a) dr.

In (Swenson et al., 2021), Lemma 24, it was shown that there exists a unique solution to

(33) for ||a®|| sufficiently small. Moreover, it was shown that if z(¢,as) solves (33) then

z(t,as) = (aujé(;%as))jj\il; this is precisely how S was shown to be C*.

In addition to i fixed above, fix j € {1,...,ns}. We will compute the vector of partial

derivatives (dg ;ﬁggﬁ)é‘i 1- Consider the integral equation, for vector w with coordinates wy,
i 9%

using Einstein notation and writing V/ and V" to be the entries of the matrices V* and

V.

wy(t,a®) = (34)

Véfm(t,T) [ZT(’T, aS)DQFm(u(T, a®),7)z(1,a®) + Dy Fpp(u(r,a®), 7)w(T, as)] dr

T
to

- /t V(1) 27 (70 D2 (. ). 7). 0%) + D (u(ra®). P)w(r,a")] dr.
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Again using standard successive approximation techniques, i.e., Picard iterations, we see
that for a® sufficiently small and ¢ sufficiently large, there exists a unique solution (in the
class of continuous functions) to (34).

(tas \ M
Using the same reasoning used to show that z(¢, a®) = (uJ g;? )) - in the proof of Lemma
j:

. . s 0z;(t,a®) M Ouy(t,a®) M
25 in (Swenson et al., 2021), it follows that w(t,a®) = ( Jaa; )571 = <75)

We now show that w(t,a®) is uniformly bounded in ¢. Using (34) we have
t
[w(t,a®)|| < /t Ve, DIIDZF (u(r,a®), 7)|||lz(r, a*)||* dr (35)
0

IV (t, D) ID2 F(u(r, a®), 7) || w(r, a®)| dr

to

+ /too Vet DIIDIE (u(r,a®), 7)|l|2(r, o*)||* dr
+ /too IVt DD F(u(r,a®), 7)|[lw(r, a®)| dr.

Recall that F is defined in (23), and F is obtained from F by (28). From (23), and the
assumption that h € C3, we see that | D2F(z,t)|| is uniformly bounded for all ¢ > ¢y and z
in a neighborhood of 0. Since u(t,a®) — 0 as t — oo and U(t) is a unitary transformation,
this implies that || D2F(u(t,a®),t)|| is uniformly bounded for all t > to.

It can be shown that z(¢,as) satisfies

|2(t,a®)| < 2K|a®|e~ (1) (36)

(Swenson et al., 2021, Equation (30)). Thus, we may bound the w-independent components
of (35) as

t

t Vet DD (u(r,a%),7) | |12(7, a%)|* dr

0

+/t IVt DI D2 E(u(r, a®), 7)|l||2(r, a*)||* dr

t [e%e)
<C e~ (o+e)(t=7) gr 1 C/ =7 dr < C’g,
¢ o

to

for some constant C' > 0. }
Let £ > 0 be such that £2 < 1. Let to be such that || D, F(u(t,a®),t)|| < e for all t > t,
and all a® sufficiently small. Returnmg to (35) we have

|w(t,a®)|| < 2C+K5/ ~(et) =) 1w (7, q )|]dT+K5/ T\ w(T, a®)| dr.
o

to

Letting M = sup,;>,, |[w(t,a”)|| the above yields

2 2KeM
M o< 20 2REM
o o
Since QKEM < 2 , we get M < 4¢ which concludes the proof. |
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7. A Key Inequality: D-SGD is Repelled from the Stable Manifold

In this section our goal is to characterize the manner in which state-time pairs (z,t) are
repelled from the DGF stable manifold S under the dynamics (12). For convenience, let

J(z,t) == =Vh(z) — %Qx (37)

denote the right hand side of (11). Informally, our goal is to show an inequality of the
following form:

dist((z + eJ(z,1),1),S) > (1 4 coe)dist((x,t),S) — c3e2, (38)

where here, dist refers to a notion of distance that we have not yet defined, ¢ € [0, 1], and
¢ca,c3 > 0 are constants. The idea is that the expected movement of a step of (12) (which
is an Euler approximation of (11)) pushes state-time iterates (z,t) away form the stable
manifold S. This will be formalized below.!3

Proving an inequality of this form will be main goal of this section. This will be
accomplished in Proposition 36, property 4.1 (The remaining properties in Proposition 36
are straightforward, but are included as they will be required in Section 8.)

In broad strokes, the main ideas underlying the proof of (38) (or rather, Proposition 36,
property 4) are as follows.

e To simplify the analysis, we will consider a change of coordinates that “straightens
out” the stable manifold of (11). This is accomplished in (39)-(41). The vector field
of the “rectified” ODE is given by G, defined in (41).

e The key inequality (38) will follow by examining a linearization of G. In particular, we
will need the matrix representing the linearization of G, denoted by W; (see (56)), to
have a uniform spectral gap, i.e., for all ¢ sufficiently large, W} has at least one positive
and one negative eigenvalue, and there exists some constant ¢ > 0 (independent of ¢)
such that any eigenvalue \ € o(W;) satisfies |[\| > ¢. Once this property is obtained, it
is clear that there is an exponential dichotomy near the saddle point, and the proof
of (38) follows readily. Thus, a large portion of this section will focus on deriving the
existence of the spectral gap for W;.

e In order to show the existence of a spectral gap, it is helpful to characterize the
geometry of § as t — oo. This is because the rectified ODE is explicitly defined to
“straighten out” S. By showing that time slices Sy, := {(z,t) € S : t = to} converge
in some sense as ty — 00, one may deduce that D,G (and hence W;) has a simple
structure as ¢ — oo (see Lemma 32).

13. Here, we treat the nonautonomous vector field as an augmented autonomous vector field with %t =1.
Also, we note that the €2 term is simply a consequence of handling nonlinearities in the dynamics. As
€ — 0, this intuition holds arbitrarily close to S.

14. The stable manifold is most easily studied under a change of coordinates. T" in property 4 represents the
appropriate change of coordinates. The function 7n(z,t), defined in (58), represents the “distance” from a
point (z,t) to the stable manifold. Note that 7 is defined with respect to the coordinate change T', so
points must pass through T before being fed to 7.
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e The structure of S is elucidated by studying the “constrained” dynamics obtained by
restricting the ODE (11) to C (see (42)). In particular, one sees that as tg — 0o, Sy,
approximates the stable manifold of the constrained system in an appropriate sense
(see Lemma (27)).

Above, we have tried to capture the motivation and main ideas of how we approach the
proof. The precise steps we will follow are these:

1. We define the rectified ODE (41).
2. We define the autonomous in-constraint ODE (42).

3. We show that time slices of the non-autonomous stable manifold, given by &;,, converge
to the stable manifold of (42) as tg — oo (Lemma 27).

4. We show that W, has a uniform spectral gap (Lemma 32).

5. We show that the desired inequality for n holds in the context of the rectified system
(Lemma 35).

6. We prove (38) (Proposition 36, item 4).

We now proceed as outlined above. Without loss of generality we assume z* = 0 and
let C = span{ey, e, ..., edqimc}, where e; denotes the i-th canonical vector in RM. Let the
constraint space C be decomposed as

C=E;,+ FE,,

where

Eg :=span{z € C: V2h(0)z = Az, A < 0}

and
E, :=span{z €C: V2h(0)z = Az, A > 0}.

Here, F; and F, correspond to the stable and unstable eigenspaces of the gradient-flow
system restricted to C and linearized about the origin.

The (nonautonomous) stable manifold S constructed in Section 6 may be represented
locally as a function 1 : E; x C*+ x [0,00) — E,. More precisely, the stable manifold may be
represented locally as!®

S = {(l’,t) Py = w($5,xnc,t), t Z tUa ||:L'S|| < 65 ||l'ncH < 5}7

for some § > 0. Note that this representation of the stable manifold is with respect to the
coordinate change discussed in Section 6.2.

15. Note that a stable input as for (32) corresponds to as = (xs, Tnc). The idea is that for ¢ sufficiently large,
these coordinates are the stable coordinates in the sense that they correspond to negative eigenvalues in
A(t), given in (24).
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For convenience, we now construct a map which flattens out the stable manifold. Namely,
we define

xu 1/}(‘%.57 xnC7 t)
O(x,t)=| zs | — 0 . (39)
Tne 0

This function locally maps the stable manifold S to the subspace {(y,t) : y; = 0 for i €
1...ny,} :=U, where n,, is the number of unstable coordinates.
Next, we notice that

I D
—na
where D(ajs,xnc) denotes a single derivative bundling the zs and z,. coordinates. Since

D(0,t) = 0 (Lemma 25 in (Swenson et al., 2021); see also (36) above) and since 1 is C! in
z uniformly in time (Lemma 24), we may use the inverse function theorem to establish that
there exist a C! function x — ®~1(-,¢) in some ball B(0,r), for any time t. We emphasize
that ®~'(-,¢) inverts the first argument given a time .

Now, suppose that x(t) satisfies the ODE x = H(x,t), with H as given in (25). If we
let w(t) = ®(x(t),t), then, by construction of ®, the space U := {x € RM : 2; =0 for i €
1...ny} is (forward) invariant for w; i.e., w(tp) €e Y = w(t) € U for all t > ty. A chain
rule computation shows that w satisfies the ODE

W = G(w,t) i= Dy [®,& 1 (w,t)|H(® Y (w,1),t) + D[, (& (w,t),1)]. (41)

In particular, note that U/ is the “straightened out” stable manifold for the above ODE.
Consequently, we sometimes refer to (41) as the rectified ODE.

Our first result in this section will be to show that ®(-,¢) converges to a limit as t — co.
Equivalently, this may be thought of as showing that “time slices” of the stable manifold
converge to a limit as t — co. To this end, consider the (autonomous) ODE

d . -
SX(1) = ~Vhle(x(1), (42)
with % : [0,00) — RUMC Supposing that 0 is a regular saddle point of hlc, by the classical
stable manifold theorem there exists a stable manifold S* for (42), associated with the rest
point at the origin (Chicone, 2006). Let 1* : RIMC)—nu _ R he the function defining S*,
ie.,

S = {SL‘ e RIMC . o = LZ)*(:US)} . (43)

Let ®* : RImC _ RAmMC he given by

O () = <IZ> N <w*<0:cs>> 7 (44)

where here 0 denotes the zero vector in RY¥™C—"«  Here, ®* serves an analogous role to
® in (39), straightening out the stable manifold of the autonomous system into the stable
eigenspace of the autonomous system.

Until now, we have been able to restrict our analysis of (11) to a neighborhood of z*
(where, by Assumption B.10, & is smooth). In the following lemma, we consider global
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behavior of (11). Consequently, we must treat (11) as a differential inclusion rather than a
differential equation. (This will be the only point in the paper where treating the differential
inclusion for the continuous dynamics is explicitly required.) In particular, instead of (11),
consider the differential inclusion

X € =1 Qx — Oh(x). (45)

Note that this is equivalent to (11) in a neighborhood of a saddle point satisfying Assumption
B.10. We will say that x : R — RM is a solution to (45) if it is absolutely continuous and
satisfies (45) for almost all ¢. Under Assumption B.1, the set Oh(x) is a nonempty, convex,
and compact (Clarke, 1990). Consequently, solutions to (45) in the above sense exist (though
they may not be unique) (Aubin and Cellina, 1984).

The next lemma shows that that we obtain uniform convergence to C for initializations
in a neighborhood of the origin.

Lemma 25 (Uniform convergence to C) Suppose Assumptions B.1, B.2, and B.5 hold.
For any open neighborhood N of 0 and any € > 0 there exists a t > 0 such that for any solution
x(t) of (45) with initial condition x(tg) = xo € N, tg > 0, there holds dist(x(t),C) < e for
allt > t.

Remark 26 The assumption that h is coercive (Assumption B.2) in Theorem 19 stems
from this lemma.

Proof Without loss of generality, let C be as given in (13) and let x(¢) be decomposed as

Xc(t) >
x(t) = .
0= ()
By Assumption B.2 there exists a compact set K 20, K C RM that is invariant under (11).
Without loss of generality, assume that N C K. Let M = sup{||z|| : z € 9h(z), = € K}.

Let Amin be the smallest positive eigenvalue of Q. Choose ¢; so that Y Amine > 2M for all
t > t;. Then for all t > t; and all x with ||x,.(¢)|| > & we have

d Xne(t) d —
— N Xnclt)|| = 77 ° 7 Xnell SM_ )\min

<-M.
Hence, for t > t1, ||%nc(t)|| < |[Xne(t1)|| — M(t — t1). But since K is invariant we have

| Xne(t)|] < C for C = sup,e ||z]|. Setting ¢ = t; + C]\f yields the desired result. [ |

The following lemma shows that x — ®(z,t) has a limit as ¢ — co. We will require the
following definition. Let
Pc := (laime 0) € RO

be the orthogonal projection onto C = span{ey, ..., edimc}, where here 0 is the zero matrix
of appropriate dimension.
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Lemma 27 Suppose Assumptions B.2, B.5 and B.9-B.10 hold and that 0 is a regular saddle
point of hlc. Let ® and ®* be the maps (39) and (44) respectively. Let x be decomposed as
T = (Ty, Ts, Tne). For all x in a neighborhood of 0 we have that limy_, oo Pe®(xy, Ts, Tne, t) =
O*(y, x5).

Proof Recall that ® and ®* are defined using the stable manifolds of (11) and (42). The
stable manifolds for each ODE, in turn, are constructed using appropriate integral equations
(e.g., (30) and (Chicone, 2006, Ch. 4)). We will prove the theorem by recasting the result in
terms of the integral equations defining S and S*.

Let U(t) € RMXM he the diagonalization of A(t) defined after (24). We remind the reader
that A(t) is the linear part of the evolution of y, which is governed by the nonautonomous
differential equation after recentering at the perturbed saddle point g(v¢); see equations
(22)—(24). Let B be given by

B := —V?h¢(0), (46)

so that B represents the linearization of (42) about the origin, and let U € RdimCxdimC
be a unitary matrix that diagonalizes B so B = UA*UT, where A* = diag (A**, A*#), and
where A% ¢ R(AmMC—nu)x(dimC—nu) })ag positive diagonal entries and A% € R™ X" hag
negative diagonal entries. Thus far, we have assumed coordinates to be rotated so that
C = span{ey,...,eqimc}. Without loss of generality, we will now assume a rotation of
coordinates within C; namely, we will assume that U = Igjmc-

Analogous to (27), define

. A*«“(t2*t1) 0 o 0 0
V (t27t1) = (e 0 O> R V (tz,tl) = <0 eA*’S(tZ_tl)) .

Finally, for z. € R1™C let F(z.) := —Vh|c(x.) — Bex. Solutions to the following equation
define the “classical” stable manifold of the (C-restricted) gradient system (42) (Chicone,
2006, Ch. 4)

t 00

w(t,a®) = V°(t, to) <£S) +/ VE(t,m)F(w(r, ai))dT—/ Ve(t,T)F(w(r,ay))dr, (47)
C to t

where a € R¥mC=7u_ Note that this is the classical analog of (30). We emphasize that in

this classical setting one does not have any ¢ dependence (outside of w) within the integrals;

the inclusion of ¢ dependence in I necessitated the analysis in (Swenson et al., 2021).
Let T : RM x [0,00) — RM be given by

T(u,t) == U(t) (u = g(7)) (48)

where ¢g(v) and U(t) are defined in Section 6.2. Note that T" is the coordinate transformation
used to recenter and diagonalize in the computation of the nonautonomous stable manifold
(see Lemma 24 in (Swenson et al., 2021)). Note that T 1(u,t) := UT(t)u + g(7) is well
defined and (i) by Assumption B.9 we have U(t) — U = I and (ii) by Lemma 23 we have
g(v) = 0ast — oo.

Given a® € R™ (where ny = M — n,) let u(¢,a®) be the solution to (30). Let a} = Pca®
(the subscripts indicating the ‘in-constraint’ component of a®) and let w(t, a?) be the solution
to (47) given al.
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Recall that ® and ®* ((39) and (44)) are defined in terms of ¥ and ¢*. In turn, v is
defined in (32) and v¢* is defined as

¥j(ag) := w(to, ag), (49)

j=1,...,ny, where t — w(t,a?) is the solution to (47) given a? and initialization time %
(Chicone, 2006, Ch. 4).16 Thus, loosely speaking, to show the claim in the lemma, it suffices
to show that the relevant coordinates of u(tp, as) and w(tg, a?) converge in some appropriate
sense as tg — 0o. However, since u was constructed with respect to the coordinate change
(48), in order to compare u and w we first need to move them into comparable coordinate
systems.

To make this precise, recall that in (30), u was defined using the arguments u(¢, to, a®)
(though we have typically suppressed the argument ¢, for brevity). Below, we will require
explicit mention of the initial time argument ¢3. The lemma holds if we show that

. —1 ~8 _ S —
Jim [P (u(to,to, %), t0) = wito, a2)]| = 0. (50)

where @* = T((a*,0),t), as € RM~" (0 € R™ (this simply shifts as into the appropriate
coordinate system). In words, (50) may be interpreted as follows:

1. We are given some “stable” initialization as € RIMC and a time t.

2. a? extracts the in-constraint components of a® and w(tg, a%) returns the unique point
in RY™C lying on S* corresponding to a$ (see (49) and (43)).

3. a° is the transformation of as into the alternate coordinate system (via (48)). The
map u(to, (tg,@*))) returns the unique point in R on the stable manifold S (defined
with respect to the alternate coordinate system) corresponding to a®. Afterwards,
T~1(-,tp) moves this point back into the regular coordinate system in RM . Finally, the
projection P¢ projects this down to the d-dimensional space C so it may be compared
with w(to,a?).

Given that we wish to show (50), for brevity of notation we will again return to expressing
u as a function of two arguments so that u(¢,a®) means u(¢, tg, a®). Explicitly expanding
T~ (u(ty,a*),tp) and using (30) we have

Tﬁl(u(to, ds), to) :UT(to) (Eg) —-UT (to) - Vu(t(), T)F(u(T, ds), 7') dr

to

oo
U [Vt U ()i dr + ()
t
Using this expression along with (47) and the triangle inequality, we obtain the bound

[P~ (ulto,a%), to) — w(to, az)|| < (a) + (b) + (c), (51)

16. We remark that, in an abuse of notation 1) and 1* have been defined using the natural indexing associated
with w and u. This has been done to sidestep the distracting minutia of indexing. We emphasize that
these are simply maps with domain/codomain ¢ : R"* — R"™* and ¢* : RIMC—mu _y R7u
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(a) = ||P¢ [UT(to) <%> +g(%0)] - (‘ff) H

(b) = /OO PeUT (to)V*(to, ) F(u(to, @), to) dr — /Oo V¥(to, ) F(w(to,af)) dr

to to

© = |070) [~ VU0, ) )i dr

to

We will bound each of these in turn. Beginning with (a), recall that a®* = T'((a®,0), o)
and note that the bracketed term simply gives T-1(@%,t9) = (a*,0), so, term (a) is zero.

We now consider (b). Let Viug(to, 7) = (V (o, 7) 0) € R*M be an augmented version of
V. Suppressing arguments we have,

/ - (PCUTV“F dr — V“F) dr

to

< / ’(PCUTV“ — Vi F+ Ve F— V“F‘ dr (52)

to

g/ ’(PCUTvu _Va";g)ﬁ‘ d7'+/ ‘VU(PCF—F)‘ dr,
0

to t

where in the last line we simply observe that Va%g = (V¥ 0)F = VUP,F.

We now bound the right hand side of (52), beginning with the second term. By
construction, we have F(0,%9) = 0 and F(0) = 0. Moreover, by construction F(-, o) and F
are uniformly Lipschitz in a neighborhood of 0. By (31) (and a similar argument for w), we
have u(7,a;) < ce=®77%) and w(7,as) < ce*"%) for some constants ¢ > 0 and a > 0,

independent of t3. Hence,
[PeF(ulto, @), to) — F(w(to, a))| < 2ce™10),

and, since V“(to, 7) is uniformly bounded for 7 > t(, we have

o0

tli_r}n [V (to, 7)(PeF(u(r,a®), 7) — F(w(r,a)))|dr = 0.

0—00 to
We now bound the first term in on the RHS of (52). Let A(t) be as defined in (24). Let
the elements A1(t),..., A (t) of A(t) be ordered respecting the ordering assumed for x
earlier (see (39)) and similarly for elements of A. By Lemma 41 we see that \;(t) — \;,
i=1,...,dimC. Thus,

e>\i(7'—t0) - eftg Ai(s) ds -0

lim sup
to—o0 >t

for i = 1,...,ns. Since PcU(tg) — (Igimc 0) this implies

PeUT (to) V2 (to, 7) (‘6) — V3 (to, 7) <%3> ‘ =0, (53)

lim sup
to—o0 >to
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where we recall that a° is given after (50) and a} = Pca®.

By (53), we have that [PcUT (to)V%(to,7) — V*(to,7))| < ¢ for some constant ¢ > 0 for
all to sufficiently large and all ¢ > to. Again using the facts that F(0,t) = 0 for all ¢, F(-,t)
is uniformly Lipschitz in a ball about zero, and the estimate that [u(t, a®)| < e~®(~t0) holds
in a ball about the origin, uniformly for all ¢, we get that

[e.9]

lim (PeUT (to) V¥ (to, 7) — V¥(to, 7)) F(ulty, a®), 7) dr = 0.
to—o0 to
Finally, handling (c), we note that, as ftzo |g'(v+)¥+|dT < 0o by Lemma 23, and as V" is
bounded, we can deduce that

lim U'(t) [ V"(to,")U()g (v+)3r dr = 0.

to—o00 to

This accounts for all terms on the right hand side of (51), thus giving (50). |

Remark 28 The intuitive interpretation of Lemma 27 is that the stable manifolds of (11)
and (42) asymptotically aligned, in some sense. A technical but important detail to note when
interpreting this lemma is that ® is defined with respect to the change of coordinates T' (see
(48) ) while ®* is not. However, since g(y¢) — 0 and the rotation matriz U(t) asymptotically
aligns with U, ® and ®* are asymptotically defined with respect to the same coordinate
system.

When approximating D-SGD with DGF, we will make the following assumption about
the growth rate of +; for the continuous-time process. When we approximate D-SGD, this
assumption will easily be satisfied as a consequence of Assumption B.6.

Assumption B.11 ~; takes the form v = O(t") for some r > 0.

Lemma 29 Suppose Assumption B.11 holds. The following technical condition holds: For
fized tg,
t t
/ Yee~ Jrrsdsg=alr=to)gr 50 a5 t— o0
to
where a > 0.

Proof Given the assumed form for v, there will exist a x > 0 so that for any t > 7 > ¢
t
satisfying t — 7 > k (or, equivalently, 7 < t — k) we have that e=(=7) > ¢~ Jrsds - We may
then estimate
¢

t t—kK
’Yt\/ e f: s dsefa(‘rfto) dr S'Yt/ e*(tfﬂ')*a(ﬂ'fto) dr +'Yt/ efa(ffto) dr

to to t—K

t t
g')/t/ e—(t—T)—a(T—to) dT—F’Yt/ e—a(T—to) dr

to t—kK
<Ct'e™™ = 0 as t — oo,

for some constant C' > 0, depending on tg. [ ]
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Lemma 30 Suppose Assumptions B.5 and B.9-B.11 hold and that 0 is a regqular saddle
point of hlc. Then Dy®(0,t) — 0 and Dz ®(0,t) — 0 as t — oo.

Proof Recalling that ® is defined in (39), the result is equivalent to %¢(t,0) — 0 and
%{;xw(t,O) — 0, where 9 is defined componentwise in (32) and where u(¢,a®) denotes a

solution to (30) with stable initialization a®.

Thus, the claim holds if %u(t, 0) — 0 and ag—ztu(t, 0) — 0, where u satisfies

s

u(t, a®) =V*(t, to) <‘(‘)> (54)

s [viien) (Patatn) - U Gorie) dr

to

- [ v (Pt n) - U@ 6050 dr

We begin by estimating %u(t, 0) — 0. Note that the first term on the RHS of (54) is zero
(as as = 0) and so the time derivative of this term is also zero. For the second term on the
RHS of (54), taking a derivative in ¢ we obtain that this term is equal to

F(a(t,0),1) = U9 (03 + | AOV*(1.7) (Flalr,a®).7) = U (7 )ir) dr. - (59)

The first term above clearly goes to zero as u(0,t) — 0 (by (31)) and F satisfies (29), with
F(0,t) =0.

The second term in (55) goes to zero as t — oo by the fact that U(t) converges to a limit
(by Assumption B.9) and ¢'(y:)% — 0 by Lemma 23.

Note that for A\;(¢) in the stable block of A(t) (see (26)), either \;(¢) converges to a limit
(by Lemma 41) or A;(t) — —oo at rate \;(t) = ©(y:). By (29), (31), and Lemma 23 we see
that ||F(u(r,a®),7) — U(7)g (7+)¥-|| remains bounded for 7 > t;. Thus, by Lemma 29 the
third term in (55) also goes to zero.

The third term on the RHS of (54) is bounded similarly, with the simplification that
elements in the unstable block of A(t) are actually bounded (i.e., they converge to a finite
limit by Lemma 41). The D,; terms are handled in a completely analogous way. |

Let
W, = D,G(0,t), (56)

where G is given in Equation (41).
The next lemma considers basic properties of “approximate” eigenvalues and eigenvectors
of a matrix that will be used to characterize the eigenstructure of W;.

Lemma 31 Suppose that A is a symmetric, m x m matriz and for some ||z|| = 1 we have
that (A— X))z =y and ||y||2 = €. Then dist(\,0(A)) < ey/m. Suppose, moreover, that there
is a set of k orthogonal vectors {z'} satisfying (A — M\)z* = y; with |ly;|| < e. Then A has
at least k mutually orthogonal eigenvectors whose eigenvalues satisfy |\ — \;| < Ce, where
C > 0 depends on k and m.
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Proof Let A\; € R and v; € R™ be the eigenvalue/eigenvector pairs of A satisfying ||v;|| = 1.
Because A is symmetric it possesses orthogonal eigenvectors and we have z = > 1" | (v; - )v;.

Thus, we may write
m

(A=ADz=> (A = N(vi - 2)v; = 3.

=1

In turn, we have that, for all i, v; - @ = {25 As [y - v;| < €, and as [v; - 7| must be greater
than 1/y/m for at least one i, we then have that there exists an ¢ such that |\; — A\| < ey/m.

Let Py . be the projection onto the eigenspace associated with all the eigenvalues within
distance Ke of \. Using the same argument as above, on can verify that ||(I — Py .)z||? < %2,
and hence || Py c2'|| = /1 — % = 1 — g for each of the 2. As the 2" are orthonormal, we
can use this to infer that || Py .2’ Py 27|| < 32 for i # j. Thus for K large enough, one has
that the Py 2 are linearly independent, and hence the projection has rank at least k£, which
completes the proof. [ |

The next lemma characterizes the spectral gap of W;. This is the key ingredient
establishing that (41) has an exponential dichotomy and that the stable manifold is a linearly
unstable set.

Lemma 32 (Spectral gap of W;) Suppose that h € C?, Assumptions B.2, B.5, B.9, and
B.11 hold, and that 0 is a regular saddle point of h|c. The following two properties hold:
(i) For all t sufficiently large, Wy has precisely M — n,, negative eigenvalues and mn, positive
etgenvalues.

(ii) There exists a t* such that inf{\ € o(W;) : A > 0,t > t*} > 0.

Proof By Equation (40) and Lemma 25 in (Swenson et al., 2021) we have D,®(0,t) = I.
By Lemma 27 we have ®~1(0,¢) — 0 as t — oo. By Lemma 30 we have D;®(0,t) — 0 as
t — oo.

From (41) and (56) we see that

Wt = Dz [Dz [(I)v ((I)_I(Oa t)a t)]H((b_l(Ov t)a t) - Dt[q)v ((I)_l(ov t)a t)]a (q)_l(()’ t)v t)]
= D2[®,(®10,1), )] (H(®1(0,1),t),-) + D.®(0,t) D, H(®1(0,1),t) D, & 1(0, 1)
+ Dy ®(®71(0,1),t) D, ®71(0, ).

By Lemmas 27 and 30 we obtain that

Wi = D H(®1(0,1),t) + o(1) = —D2h(0) — 1:Q + o(1).

2 (A1 Ay 0 0
_Dmh(O)_/YtQ_(AS A4 o 0 Qnm ’

where @ has the above structure by our assumption on the ordering of coordinates (and
the fact that C is the nullspace of Q) and where we have ordered coordinates so that
the first column represents the action in on-constraint directions and the second column

represents the action in off-constraint directions. In particular, we have A; € RdimCxdimC
and Ay € R(M—dimC)X(M—dimC)'

Let
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We remark that A; is precisely the Hessian of h|c(0). Let e = (0,v) satisfy |e] = 1
and Qpcv = Av. Then (Wy + yAl)e = (Av, Agv) 4+ o(1). Dividing these matrices by
and applying the previous lemma gives that, for large ¢, W; has at least rank(Q) linearly
independent eigenvectors with eigenvalue given by —y A + O(1), where A is an eigenvalue of

@ne-

Similarly, if we let v be a unit length eigenvector of A; with eigenvalue A, then we have

(W; — \I) <%1Q281A3v> = O(1).

Applying Lemma 31 to these approximate eigenvectors, and using the fact that A; has a
spectral gap (since we assume that 0 is a regular saddle point of h|¢) then completes the
proof. |

Having established that W; has a spectral gap, the next lemma shows that, under our
choice of coordinates, W; has a convenient structure.

Lemma 33 Suppose that h € C?, Assumptions B.2, B.5, B.9, and B.11 hold and that 0 is
a regqular saddle point of h|c. Then for all t sufficiently large, Wy has the block diagonal form

(P 0
Wt_<0 Qt>’

where P; is positive definite and Q¢ is negative definite.

We remark that the block diagonal structure of Wy noted above is a direct consequence of
the fact that we are dealing with the vector field for which the stable manifold has been
rectified. We now prove the lemma.

Proof First, recall that, by construction, i := {z € RM : 2y = ... = x,,, = 0} is invariant
under (41). Note that, if an eigenvector of W; has positive eigenvalue, then it must lie in U.
If this were false, then the space U would not be stable under (41). By Lemma 32, for ¢
sufficiently large, W; has precisely n, positive eigenvalues and M — n, negative eigenvalues.
Let the eigenstructure be arranged so that Aj,...,A,, are positive and the remaining
eigenvalues are negative for ¢ sufficiently large. (This does not conflict with previous
assumptions about ordering or rotation of components.) The corresponding eigenvectors of

vy, ...,y of Wy are divided into two sets so that span{vy,...,v,, } =span{ey,..., ey, } =U
and span{vn, 11, ...,0n} = span{en,11,...,en} = U,
Letting V' = [v1,...,v)] be the matrix formed by taking the eigenvectors as columns,

by orthogonality V has block diagonal structure

VA
=0 w)

and for A = diag (A\1,..., ), we have

_ T _ Vl 0 Al 0 VlT 0 . VY1A1V1T 0
Wt_v”‘(o v o a)\o vr) =0 0 way)
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We now define a function that gives a convenient notion of distance to the stable manifold.
Let

Pla)=Y a2, (57)
i=1
and
n(x,t) = d(®(z, 1)), (58)
The following lemma characterizes the manner in which taking a step in (11) pushes
away from the set U = {r € RM : 2y = --- = x,,, = 0} (i.e., roughly, the “straightened-out”

version of S).

Remark 34 (Use of h € C? assumption) We remark that the following lemma is the only
point in the paper at which Assumption B.10 (h € C3) and Lemma 24 are (directly) used.
All other uses of Assumption B.10 in the paper propagate from this lemma.

Lemma 35 Suppose Assumptions B.2, B.5 and B.9-B.10 hold and that 0 is a reqular saddle
point of h|c. Then there exists a constant ¢ > 0 and a § > 0 such that

d*(x +eG(x,t)) > (1 + ec)d?(x)
for alle € [0,1], € Bs(0), and all t sufficiently large, where G is given in Equation (41).

Proof Recall that Y = {2z : 21 =--- = x,, = 0} is an invariant set for (41). This implies
that Gi(z,t) =0 for x €U, i =1,...,ny. In turn, this implies that, for x € U,

an(x7 t)

I 0 ke {ny+1,... M
92008 0, ifjke{n,+ } (59)

(i.e., if j, k are both “stable” coordinates). By Taylor’s theorem, for i = 1,...,n, we have
Gi(.T, t) = (th)z + Rl(l‘, t),

where, given an integer n, we use the notation [n] := {1,...,n}, and where R;(z,t) denotes
the remainder term. Noting that G € C? since H € C? (which follows from Assumption
B.10), we may express the remainder term as

Ri(z,t) = Z R; o(x,t)x”

|af=2

where

1
Ryn(z,t) = / (1— $)D°Gy(sz, ) ds,
0
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and where here we use the notation o = (ai,...,ap) to denote a multi-index, || =
902G (z,t
W and z¢ = IE(lll"'l'?\ZM

1 M

(Konigsberger, 2013). Recalling (59) we see that R;(z,t) takes the form

Ri(x,t) = Z ci,j(x,t):nj:rk.

JE[n]
ke[M]

a1 + ...+ apr denotes the cardinality, D*G; denotes

By Lemma 24 we have that | D2G;(z,t)|| < C for some C > 0, for all t >t and all x in
a neighborhood of zero. Using the integral form for the remainder above, we see that the
bounded second derivative for GG implies that for all z in a neighborhood of zero and all
t > 0 we have

(x,t)] < c’ Z xjxk’ (60)
JE[M]
k’e[nu]

for some ¢ > 0. Note that if we restrict x € Bs(0) then clearly we have the componentwise
estimate |z;| < d, j € [M]. Implementing this simple estimate in (60) we see that

Ri(x,t) < ded(x) (61)

for some ¢ > 0 and = € Bs(0).
For ¢ € [0, 1], we now compute
P (x+eG(x,t) =Y (x+eG(,1));

=1
Ny

= Z((ZE + €Wt$)i + SRZ'(‘T, t))2
=1

—Zx—i—eth +Z (x + eWyz) 5R(a:t)+52R(xt)) (62)

=R(x,t)

and we define R(x,t) as in the last line above. Note that W} is bounded in unstable directions
and so |Wiz| < d(x). By (61) and the definition of R(x,t) we see that we may choose a
constant ¢ > 0 and J > 0 such that

R(z,t) < éd*(z) (63)

for all z € B5(0) and t > ty.

We now focus on estimating the first term on the right-hand side (last line) of (62). For ¢
sufficiently large, W; has the block diagonal structure indicated in Lemma 33. Let P, be the
positive definite block. Let A} denote smallest positive eigenvalue of Wy at time ¢ and note
that by Lemma 32 there exists a time ¢* such that A := inf;>4« A > 0. Thus we see that

Ny

Z(:p + eWix)? = (zy + ePixy) (xy + ePyy) = x] (I +eP) (I + ePy)xy > (14 eX)2d%(x),

=1
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for all ¢t sufficiently large. Choose ¢ € (0,e)) in (63) and a corresponding § > 0. Letting
¢ =X — ¢, noting that (1+eX)? > (1+ e)), and returning to (62) this implies that

&P (z + eG(z,t) > (1 4 ec)d?(z)

for all x € Bs(0) and ¢ sufficiently large. [ |

The following lemma reviews the properties of d and 1 defined in (57) and (58). More
to the point, the lemma characterizes the relationship between taking discretized steps of
(12) and the stable manifold S, in particular, showing that (12) is repelled from S. The
properties demonstrated in this lemma will be used in the following section to prove Theorem
19.

Before stating the lemma, we recall that we use the following notational convention: If
g is C1(R™; R™), we use the notation D[g,z] to denote the derivative of g at the point .
Treating D[g, 2] : R™ — R"™ as a linear operator, we use the notation Dlg, z](y) or D[g,z] oy,
y € R™ to indicate the action of D[g, z] on y. We also recall that J is the vector field defined
in (37).

Proposition 36 Suppose Assumptions B.2, B.5 and B.9-B.10 hold and that 0 is a regular
saddle point of h|c. Assume that t — ~; is C%. Let J be defined in (37). Then d(-) and
n(-,-) have the following properties.

1. d(cz) = cd(z) for allc >0
2. d(-) is convex
3. d(-) is Lipschitz continuous

4. There exist constants ca,c3 > 0 and a § > 0 such that
(T (x +eJ(z,t),t+¢e),t+¢)) > (1 + coe)n(T(z,t),t) — c3e?
fore €[0,1], z € Bs(0), and t sufficiently large.

5. Let n(x,t) = n(T(x,t),t). Forn(xz,t) # 0, x in a neighborhood of 0 and all t > 0, we
have

Din, (x,t)](J(x,t),1) > 0.

Remark 37 (S as the repelling object) In this paper we have discussed stable manifolds
for continuous-time systems. Discrete-time systems (with constant step size) also possess
stable manifolds (Shub, 2013), and these manifolds generally differ from their continuous-time
counterparts (when the discrete-time processes is obtained by discretization of a continuous
time process). It is important to note that, in each case, the associated stable manifold is
precisely the set that the process (be it discrete or continuous-time) is repelled from. Note that
in Proposition 36, we study the continuous-time stable manifold S as a repelling object for a
discretization of (11) with step size €. Because we are using the “wrong” stable manifold,
these dynamics are not perfectly repelled from S; this is captured by the error term at the
end of property 4 above, indicating that arbitrarily close to S, the discretization may not
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step away from S. However, as € — 0, S approzimates the stable manifold of the discretized
system with higher fidelity, and this error term goes to zero. Since Theorem 19 considers a
discretization of (11) with decaying step size (i.e., (12)), S is asymptotically repelling for
these dynamics.

Proof The proof of this proposition is similar to the proof of Proposition 3 in (Pemantle,
1990). Properties 1-3 follow readily from the definition of d. Property 5 follows from
Property 4 by taking ¢ — 0. Property 4 is proved as follows. First, note that if x = J(x,1),
so that x satisfies (11), and y = T'(x,t), then

y=DTo (J(’;’ﬂ) — DT (J(Tl(ly’t)’t)> ,

where here we use DT as shorthand for DT, (x,t)]. Note that, by construction, the right
hand side above coincides with the vector field H defined in (25). (This may also be verified
directly using (25) and (48).)

In the computations below we take derivatives of ® with respect the base point (7'(z,t),t),
so D, ® represents D, [P, (T(x,t),t)] and likewise for D;®. Derivatives of T are taken with
respect to the base point (z,t). Taking the Taylor expansion of ® o T' we have

O(T(x+ed(z,t),t+e),t+e)=D(T(x,t),t) +eDy,Po DT o (J(alc, t)> +eDy® + O(e?)

-1
— &(y,t) +eDu® o DT o <J(T gy’t)’”) 1D + O(?)

= ®(y,t) +eD,® o H(y,t) + eDi® + O(e?)
=w+eD,® o H(® (w,t),t) +eDi® 4 O(£?)
= w+ G(w,t) + O(e?)

where in the first line, the O(¢?) term follows from Taylor’s theorem using the fact that ® is
C? (this follows from (39) and Lemma 24) and 7" is C? (which follows by (48) and the fact
that 7; is assumed to be C?), in the second line we let y = T'(x,t), in the third line we use
the form of H given above, in the fourth line we let w = ®(y,t), and in the last line we use
the definition of G in (41). Thus, we see that

n(T(x+eJ(z,t),t+¢),t+¢))

(®(T(x +eH(z,t),t+¢),t+¢))

d
d(®(T(z,1),t) + Gy, t) + O(e?))

> (1 + ce)d(®(T (2, 1), 1)) — c3e”
= (1 + coe)n(T(z,t),t) — c3e2,

for constants cg, c3 > 0, where the inequality follows by Lemma 35 and the fact that d is
Lipschitz. |
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8. Stochastic Analysis

We now prove Theorem 19. Our analysis follows a similar approach to (Pemantle, 1990, Sec.
4). The strategy of our analysis will rely on the observation that (12) is a noisy discretization
of the continuous-time process (11). As a consequence, we will see that solutions to (12) are
asymptotically repelled from the stable manifold of (11).

To be more precise, suppose that the hypotheses of Theorem 19 hold. Note that the
stable manifold constructed in Theorem 21 depends not only on h and @), but also on the
(continuous-time) weight parameter ;. In order to construct appropriate continuous-time
weight parameters given discrete-time weights oy, and g, let ¢ — 4 be a smooth interpolation
of 4 so that v; and ~, coincide when t = k, k € {1,2,...} and 74 € C2. (Note that if 73
satisfies B.6, then ~; can be constructed to satisfy Assumption B.11.) Per Theorem 21, let
S be the stable manifold associated with the process (11) at the given saddle point, given ;.
We will see that solutions to (12) are repelled from S, thus constructed.

For k£ > 1 let
k
Qk = Zozj.
j=1

Informally, (12) may be thought of as an Euler approximation of (11) with (diminishing)
step size ag. In this interpretation, (; represents the time elapsed by iteration k.

Let d(-) and n(-,-) be as in (57) and (58). With T" defined in (48), let z(k) = T'(x(k), Cx),
let

Sk = n(2(k), C);

let Xy :== Sg — Sk—1, and let Fj, .= o ({x(j),ﬁ(j) ;?:1), for k > 1, where o(-) denotes the
o-algebra generated by a random variable (Durrett, 2010). Here, Sy represents the distance
of the D-SGD process, x(k), from the stable manifold at iteration k, and X} represents the

incremental process.!”

To show Theorem 19 it is sufficient to show that P(Sy # 0) = 1. Intuitively, the proof of
Theorem 19 may be broken down into two parts. First, the nondegenerate nature of the
noise sequence {{(k)} (Assumption B.8) ensures that Sj will eventually wander far from
zero (Lemma 38 below). Second, due to the instability of S under (11), Sk has positive drift
so that, if S; wanders far from 0, it is unlikely to return (Lemma 39 below). After proving
Lemmas 38-39, a brief proof of Theorem 19 is given in Section 8.1.

Lemma 38 Suppose that the hypotheses of Theorem 19 hold. Then there exists a constant
cq > 0 such that for all k sufficiently large,

P (Sup S; > ey k2T
Jj>k

fk) >1/2.

17. n takes as inputs points in the alternate coordinate system defined by T'. Hence, we pass z(k) to n rather
than z(k).
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Proof The proof is similar to the proof of Lemma 1 in (Pemantle, 1990), but adapted to
the nonautonomous case. Throughout the proof, without loss of generality, we will assume
that sup, ; |J(z,t)| < co, where .J is the vector field defined in (37).'®
Let
T :=inf {m >k:S, > C4k1/2_7‘)‘} ,

be a stopping time indicating the first time (after time k) that S, attains the value cakt/2= o
where 7, is the decay rate of o assumed in Assumption B.6. We will prove the result by
considering the growth of the second moment of E(S%|F). To that end, for m > k, we
begin by estimating the incremental growth

B2 1) [ Fi) — E(S%nn | Fi) =E (L7500 (2K 4150 + X211 F)
=E(E(175>m2Xm+15m|Fm)|F)
+ EE(75m X1 Fm) Fi)- (64)
We will estimate both of the terms on the right hand side above, beginning with the
term E(17>,2X,4+15m|Fm). Note that 17~,, and S, are F,,-measurable and so may be
pulled out of the conditional expectation. 3
We will now estimate a lower bound on E(X,,+1|Fn). Let ®(x,t) := ®(T(x,t),t).
Observe that
E(Xm+1|~Fm) :E(U (Z(m + 1)7 Cm-i—l) -n (x(m)a Cm) ‘fm)
=E(d(®(z(m + 1), Gn+1)|Fn) — Sm

where the inequality follows from Jensen’s inequality and the convexity of d. Taking the
first-order Taylor approximation of ® and continuing from (65) above we obtain

. =d(E(<i><m<m>, Gns1) + Dal®, (@(m), G (@(m + 1) — 2(m)
+O(je(m +1) — x(m)]Q)‘Fm)) —S,,

=d(®(@(m), Gu1) + Dal®, (2(m), s ) E (a(m + 1) = a(m)|[ F.n) )
+ O(E(la(m + 1) = a(m)|[* | Fn)) = S (66)

where the second line follows using the fact that D2® is uniformly bounded in ¢ (Lemma
24), so that D, ® is Locally Lipschitz in  with a constant that holds uniformly across time.
Using (12) and Assumption B.7, we see that

E (Jlz(m +1) = 2(m)|*|Fun) < a7,C

for some C' > 0. Thus, continuing from (66) above, employing this estimate, the Lipschitz
estimate from Proposition 36, and the step-size assumption B.6, we obtain,

oo =d(®(2(m), Ga1) + Da[®, (2(m), Gma1)|amJ (2(m), Gn)) +O(m ™) — S,

18. The analysis is easily extended to the case where this property only holds locally near x* using a simple
coupling argument, identical to the end of (Pemantle, 1990, Sec. 4).
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where we recall that J is the right hand side of (11) (see (37)). Next we “undo” the Taylor
approximation to obtain

Lo =d(B(z(m) + amJ(2(m), Gn), Gmi1)) + O(Im ™™ J (@(m), Gn)|?) + O(m™27) — 5,y
=n (T (z(m) + amd (x(m), Gn), Cm) aCm-i-l) + O(mi%‘l) — Sm
>(1+ coam)n(T(2(m), Gm)s Gn) — cam™>™ = Sy
>Cm~ ™8, — cgm ™2™, (67)

where the first inequality follows from Property 4 of Proposition 36 and the second inequality
follows from Assumption B.6. Thus we see that

E(2Xm415m|Fm) = Cm ™82 + cym™ ™S, (68)

for some C > 0.

We now estimate the second term on the right hand side of (64). We will use the
following convention: At x = 0, where d is not differentiable, we will take D[d,0] to be
the particular subgradient of d given by D[d,0] = lims_,g D[d, ] where & = (1,,,,, Opr—n,)s
where here 1 and 0 denote vectors of ones and zeros of appropriate size, so that, by (57) we
have D[d,0] = (15, Om—n, ). Similarly, at points where ®(z,t) = 0, we define D[n, (x,t)] in
terms of the previously mentioned definition of DId, 0].

Define 7j(z, t) := n(T(x,t),t) = d(®(x,t)). Observe that

(2(m + 1), Gus1) = A(m), Gn)
(®(z(m+1),¢ma1)) — d(@(z(m), Cm))

NEMICIE <m+1> <m+1>—<i><x<m>,<m>>
m), Gu))] (Dal®, (2(m), Gl (w(m + 1) = 2(m))
+ Dif, (2(m), G + O(l(x(m + 1) = a(m), o)1)

= am D[}, (x(m), Gn)] (J(x(m)a Cm)1+ §(m + 1)> +O(m~2)

for some C' > 0, where the first inequality follows by convexity of d, the fourth line follows
by smoothness of ®, and in the last line we use the fact that (11 — ¢ = am, and again use
the fact that D2® is uniformly bounded in ¢ (Lemma 24) to obtain the O(m~2™) bound on
the error.

There exists a constant c¢5 > 0 such that, for all z in a neighborhood of zero, all ¢
sufficiently large,

1D, (2, D] > . (69)
This follows using the facts that ||D[d,z]|| = \/n, for all z (by our earlier choice of a

conventional subgradient for d), ® € C! (by (39) and Lemma 24), D;®(0,t) — 0 as t — oo
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(by Lemma 30), and D,®(0,t) — I as t — co. From here we get

E(X | F) 2 B ((D[ﬁ, (alm). G} (7100 ) S 1>>)+ \fm) + O(m~m)

> anE <<D[ﬁ, (alm 6 (7 1))>+ ]fm) £ O(m™m)

= +
= amealt <<m () !fm) + O(m™2)
> cym” ™ + O(m ™),

where the second line follows from Proposition 36, property 5, the third line follows from
(69) and the fourth line follows from Assumption B.8.
The above inequality implies that

E (X2 41| Fm) = Cm 2™ (70)

for some C' > 0.
We may now complete the estimate in (64). Suppose that S, = O(m~"). Then the
r.h.s. of (70) dominates the r.h.s. of (68) and we have

E(2Xm41Sm + X2 11| Fm) > Cm =2 (71)

for some C' > 0. On the other hand, if S, is not O(m~"*), then the r.h.s. of (68) grows at
least as fast as m 2™, and (71) still holds. Returning to (64), this gives

C
E (S’Qr/\(m+1)|}—k> —E (S’Qr/\m|}—k:) >E (1T>mem }—k)

> Cm ™2 P(T = oo|Fp).

By induction we have

m—1

1
E (STl Fr) > S7 + CP(T = ool Fi) Y i
j=k
1 1
> CP(T = ool Fy) <k2m—1 - mzm—1> : (72)

We will now compute an upper bound on E(Sgn\mv-'k). Observe that

E (S%m|Fr) =E ((S(TAm)—l + XTAm)2‘]:k)

=F (S(QTAmH’fk) +2F (S(T/\m)—lXT/\m‘}—k) +E (Xf_m’fk)

02 02
S it E (Xram|Fe) +E (X3um| 7 )
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where the last line follows by using the definition of 7. Observe that
E (XFnm|Fi) = E (Ln-1)>7E (Xm|Fno1) [Fr) < aiC,

for some C > 0, where the last inequality follows by using Assumption B.7, (12), and the
fact that n is Lipschitz. Likewise, we see that HE (XT/\m‘fk) H < oy, C for some C > 0.
Using the step size bound in Assumption B.6 we obtain

9 c? c? 1 2c2
E (ST/\m“Fk) < k27a—1 + 2]{:27—&_% ¢+ k27a c = k27a—1" (73)
for all k sufficiently large.
Combining (72) and (73) we get
2c2 1 1
W = CP(T - OO|‘Fk) <k27’al - m2m1> ’

Letting m — oo we get that P(7 = oo|F}) is bounded by a constant times ¢3. This can be
made smaller than % by choosing ¢4 small enough (which is permissible as we are setting ¢y
in this lemma) in which case we have

P <sup S > 0414:1/2_7‘*\]:;@) =1—-P(T = oo|Fy) > 1/2.

m>k

Lemma 39 Suppose that the hypotheses of Theorem 19 hold. Then there exists a constant
a > 0 such that
P (inf Sj > Cikl/QfT"‘ Fr, Sp > C4k1/27—°‘> > a.
i>k 2
The proof of this lemma is nearly identical to the proof of Lemma 2 in (Pemantle, 1990),
and is omitted for brevity.

Remark 40 We remark that the only difference in the proofs is that in Lemma 39 above
we are required to handle noise with bounded variance rather than noise that is bounded
almost surely. In particular, Equation (16) in (Pemantle, 1990) must be obtained using
Assumption B.7 rather than a bounded noise assumption. This is accomplished by observing
that for Yy = X — BE(Xg|Fr—1), we have E(Yy|Fr_1) = 0. Thus, for the stopping time
T={j>k:5;< %k%_%‘} we have

2

T T 0o 1
_ 2
E|| Y] | = 2B <O oy <O,
j=k j=k j=k

for some C' > 0, where the first equality follows by observing that for cross terms j < k we
have
E(YY)) = E(Y;E(Y:|F;)) = 0,

where the last inequality from Assumption B.6.
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Informally, we note that the lemma follows from the observation that for m > k we
have E(X,,,41|Fm) > 0, locally, so that Sy has positive drift. This follows from the estimate
derived in (65)(67) and the fact that we condition on the event Sj, > ¢4k~ in Lemma
39.

8.1 Proof of Theorem 19

Theorem 19 follows from Lemmas 38 and 39 as follows. Note that the event that Si converges
to zero, i.e., the event E := {S;, — 0}, is contained in Fo := (Jj~ Fk. Suppose, for the sake
of contradiction, that P(E) > 0. Then, there exists a sequence of events (Ey)x, Er € F
such that Ey O F and P(ER\E) — 0 as k — oo. Thus, for all k sufficiently large, there
exists a neighborhood N of 0 such that the probability of leaving N conditioned on Ej, may
be made arbitrarily large; in particular, larger than 1 — §. But by Lemmas 38 and 39 the
probability of leaving leaving A conditioned on any event in Fj, is greater than a/2 for all k
sufficiently large. Thus, by contradiction, we see that P(S; — 0) = 0.

9. Conclusions

The paper considered distributed stochastic gradient descent (D-SGD) for nonconvex op-
timization. In order to obtain convergence guarantees in the presence of noise, the paper
considered decaying step size algorithms. It was shown that D-SGD achieves local-minimum
convergence guarantees similar to those known to hold in the centralized setting. In particu-
lar, it was shown that D-SGD converges to critical points for nonconvex nonsmooth loss
functions and avoids saddle points when the function is smooth in a neighborhood of the
saddle point and the saddle point is regular (see Definition 2). The assumption that a saddle
is regular is similar to (but slightly stronger than) the commonly employed assumption that
a saddle is “strict” (Ge et al., 2015). Proof techniques relied on the method of stochastic
approximation. In particular, D-SGD was approximated with a continuous-time distributed
gradient flow (referred to as DGF). Nonconvergence to saddle points was obtained by
studying the (nonclassical) stable manifold for DGF. Because the dynamics are nonclassical,
standard theoretical tools could not be applied, and new tools for handling nonautonomous
systems were developed.

We note several potential directions for future research. First, we note that the paper
makes the assumption that saddle points are regular (Definition 2). It may be worthwhile
considering extensions to strict saddle points (Ge et al., 2015), or higher-order saddle points
e.g., (Anandkumar and Ge, 2016). The paper assumes that gradient noise is bounded
(Assumption A.3). This assumption is simply made for analytical convenience and can likely
be relaxed. The paper also makes the strong assumption that agents communicate over an
undirected time-invariant graph. This assumption was made for analytical convenience, and
can likely also be relaxed. It may be worthwhile to study applications of the results obtained
for the general framework of Section 3.2 to time-varying and directed communication graphs.
Another important future research direction may be to study the role of stable manifolds and
the techniques developed in this paper in order to understand saddle point nonconvergence in
important practical scenarios such as D-SGD with compressed inter-agent message passing,
quantization, or other errors. Finally future work may also consider extending the techniques
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developed here to more sophisticated distributed first-order algorithms, such as those with
momentum or adaptive step sizes.
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Appendix A.

The following lemma characterizes the asymptotic properties of the linearization of (11) near
saddle points.

Lemma 41 Let A(t) be given by (22) and let B be given by (46). Let d = dimC, let
{A(t), ..., m(t)} and {\1,..., g} denote the eigenvalues of A(t) and B respectively, and
assume that \i(t) < X\;(t), i < j, and likewise for the (\)&,. Assume h is C* and
Assumption B.9 holds. Then \i(t) — X\, i =1,...,d, and \j(t) > o0, i=d+1,..., M.

Proof This follows by the continuity of eigenvalues as a function of matrices which holds
under Assumption B.9 and the assumption that h is C2, e.g., see (Kato, 2013, p. 110). M

Summary of Some Common Notational Conventions:
e f = sum function (1)

e N = number of agents

C = constraint subspace (see (10))

e d = dimension of domain of f or dimension of C

M = dimension of ambient space in general setup (see Section 3)

e h:RM 5 R is general objective function (see (P.1))

Q € RM>*M g quadratic penalty function matrix (see (P.1))

e x* = critical point of interest

n. = number of positive (i.e., “unstable”) eigenvalues of V2h|c(z*)

ns = M — n, = dimension of stable eigenspace of V2h(z*) 4+ ~7Q, for v > 0 large (see
above (26))
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