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Abstract

In this paper we analyze the graph-based approach to semi-supervised learning under a
manifold assumption. We adopt a Bayesian perspective and demonstrate that, for a suitable
choice of prior constructed with sufficiently many unlabeled data, the posterior contracts
around the truth at a rate that is minimax optimal up to a logarithmic factor. Our theory
covers both regression and classification.

Keywords: semi-supervised learning, graph-Laplacians, Bayesian nonparametrics, Gaus-
sian fields on manifold

1. Introduction

Semi-supervised learning (SSL) refers to machine learning techniques that combine during
training a small amount of labeled data with a large amount of unlabeled data. SSL has
received increasing attention over the past decades because in many recent applications
labeled data are expensive to collect while unlabeled data are abundant. Examples include
analysis of body-worn videos and video surveillance (Qiao et al., 2019), text categorization
and translation (Shi et al., 2010), image classification (Zhu, 2005) and protein structure
prediction (Weston et al., 2005). The aim of this paper is to investigate whether unlabeled
data can enhance learning performance. The answer to such question necessarily depends
on the model assumptions and the methodology employed. Our main contribution is to
show that under a standard manifold assumption, unlabeled data are helpful when using
graph-based methods in a Bayesian setting. We do so by establishing that the optimal
posterior contraction rate is achieved (up to a logarithmic factor) provided that the size of
the unlabeled dataset grows sufficiently fast with the size of the labeled dataset.

The SSL problem of interest can be informally described as follows. Given labeled data
{(X1,Y1),...,(Xy,Ys)} and unlabeled data {X,,11,...,Xn, }, the goal is to predict Y from
X. More precisely, we are interested in the SSL problem of inferring the regression function
fo(x) := E(Y|X = z) at the given features Xy, = {Xi,...,Xn,} in either of these two
settings:
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1. Regression: Y = fo(X) + 1, where n ~ N'(0,02) with 02 known.
2. Binary classification: P(Y = 1]X) = fo(X).

We analyze graph-based methods applied to this inference task under the manifold as-
sumption that X takes values on a hidden manifold M. This assumption is natural when
the features Xy, live in a high-dimensional ambient space but admit a low-dimensional
representation (Bickel and Li, 2007; Niyogi, 2013; Garcia Trillos et al., 2019b, 2020). For
instance, Hein and Audibert (2005) and Costa and Hero (2006) demonstrate the low in-
trinsic dimension of standard datasets for image classification. Graph-based methods are
well-suited under the manifold assumption as they allow to uncover the geometry of the
hidden manifold and promote smoothness of the inferred fy along it. Indeed, graph-based
methods are among the most powerful classification techniques for SSL problems where
similar features are expected to belong to the same class (Belkin et al., 2004; Belkin and
Niyogi, 2004; Zhu, 2005). The central idea behind traditional graph-based methods is to
infer fp by minimizing an objective function comprising at least two terms: (i) a regular-
ization term constructed with a graph-Laplacian of the features X, , which leverages the
ability of unsupervised graph-based techniques to extract geometric information from M;
and (ii) a data-fidelity term that incorporates the labeled data. We adopt an analogous
Bayesian perspective where: (i) the prior distribution IL, (- | Xy, ) will be defined using a
graph-Laplacian of the features X, (hence the notation “given X,”) to extract geometric
information from M; and (ii) the likelihood function promotes matching the labeled data.
Assuming the data are independent so that the likelihood factorizes, the posterior takes the
form

(B | Xx,, V) /B I Ly () da(f | X,), BB, (1)
=1

where Y, := {Y1,...,Y,} and B is the Borel o-algebra on R (here we are identifying
functions over X, with R¥»). The conditional likelihood of Y;|X; is given by

1 Y, — f(X5)?
in the regression setting and
Ly, x,(f) = f(X)" 1= (X)) ™" (3)

in the classification setting.

We shall analyze our Bayesian approach in a frequentist perspective by assuming the
data is generated from a fixed truth fy and studying the contraction rate of the posterior
around fp, defined as the sequence of real numbers ¢, such that

ExEf, I, (f : du(f, fo) = Muen | Xn,, Yu) —— 0,

for any sequence M,, — oo and some suitable semi-metric d,,. Here the double expectation
ExEy, is taken first with respect to the conditional data distribution of },,| X1, ..., X, spec-
ified by fo and then with respect to the marginal of Xy, . The idea of posterior contraction
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rate was formally introduced in Ghosal et al. (2000) and Shen and Wasserman (2001) and
has since then become a popular criterion for analyzing Bayesian methods. In particular,
contraction of the posterior with rate e, gives a point estimator defined as

Jor = angmax [T, (f : dn(f,9) < Masn | X, V)]
g

that converges to fy with the same rate ¢,, which together with the minimax theory for
statistical estimation quantifies the performance of our Bayesian SSL procedure.

Our main result, Theorem 1, shows that the posterior (1) contracts around fy at the
minimax optimal rate (up to logarithmic factors), provided that the prior distribution
IT,(-| XN, ) is carefully designed and that N, grows at a certain polynomial rate with n.
More broadly, our theory suggests that graph-based methods require abundant unlabeled
data in order to effectively extract geometric information to regularize SSL problems.

1.1 Related Work

The question of whether unlabeled data enhance SSL performance has been widely studied.
Positive and negative conclusions have been reached depending on the assumptions made
on the relationship between the target function and the marginal data distribution, and
also on the methodology employed (Cozman and Cohen, 2006; Bickel and Li, 2007; Liang
et al., 2007; Wasserman and Lafferty, 2008; Niyogi, 2013; Singh et al., 2008). Two standard
model assumptions are the clustering assumption (Seeger, 2000), which states that the
target function is smooth over high density regions, and the manifold assumption that we
have introduced. The latter has been extensively used in the statistical learning literature,
and specifically in SSL, e.g. Bickel and Li (2007); Wasserman and Lafferty (2008); Castillo
et al. (2014); Yang and Dunson (2016); Garcia Trillos et al. (2019b, 2020).

Several methodologies for SSL have been developed based on generative modeling, sup-
port vector machines, semi-definite programming, graph-based methods, etc. (see the
overview in Zhu (2005) and Chapelle et al. (2006)). Our focus is on graph-based approaches
that combine label information with geometric information extracted from the unlabeled
data employing graphical unsupervised techniques (Von Luxburg, 2007). This heuristic has
motivated the use of graph-based regularizations in a wide number of applications, but a
rigorous analysis of the mechanisms by which unlabeled data enhance the performance of
graph-based SSL methods is only starting to emerge. The recent papers Bertozzi et al.
(2021) and Hoffmann et al. (2020) studied posterior consistency (the asymptotics of the
posterior probability IL,(f : d.(f, fo) > €| data) for a fixed small number ¢) for a fixed
sample size in the small noise limit, whereas we consider the large n limit and further
establish posterior contraction rates. Rates of convergence for optimization rather than
Bayesian formulations of graph-based SSL have been recently established in Calder et al.
(2020). In a Bayesian framework, Garcia Trillos and Sanz-Alonso (2018) and Garcia Trillos
et al. (2020) show the continuum limit of posterior distributions as the size of the unlabeled
dataset grows, without increasing the size of the labeled dataset. These papers did not
investigate whether the posteriors contract around the truth, and they did not demonstrate
the value of unlabeled data in boosting learning performance. The work Kirichenko and
van Zanten (2017) studies fully-supervised function estimation on large graphs assuming
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that the truth changes with the size of the graph. In contrast, we investigate posterior
contraction in a SSL setting with a fized truth fy defined on the underlying manifold M.

Our analysis uses tools from Bayesian nonparametrics and spectral analysis of graph-
Laplacians. We will provide the necessary background on posterior contraction in Section 3,
and we refer to (Ghosal and van der Vaart, 2017, Chapters 6, 8 and 11) for a comprehensive
introduction to this subject. While numerous results on spectral convergence of graph-
Laplacians can be found in the literature, our analysis of posterior contraction requires
bounds in L*-metric with rates, recently developed in Dunson et al. (2021) and Calder et al.
(2022). The idea of incorporating Bayesian nonparametrics tools in analyzing computational
algorithms can also be found in Sanz-Alonso and Yang (2022b), which considers Gaussian
process methodologies based on finite elements.

1.2 Main Contributions and Scope

Our main result, Theorem 1, is to our knowledge the first to establish posterior contraction
rates for graph-based SSL. In doing so, we provide novel understanding on the relative
value of labeled and unlabeled data, and we set forth a rigorous quantitative framework in
which to analyze this question. We point out, however, two caveats. First, our theory is
non-adaptive in the sense that the Bayesian methodology we analyze only achieves optimal
contraction rates when a priori information on the smoothness of the truth is available. Our
analysis is motivated by existing graph-based techniques, and the development and analysis
of adaptive graph-based methods for SSL is an important research direction stemming
from our work, but beyond the scope of this paper. Second, our results build on existing
spectral convergence rates of graph-Laplacians that may be suboptimal; as a consequence,
the required sample size of the unlabeled data that we establish may not be sharp. Due to
the plug-in nature of our analysis, improved spectral convergence rates will automatically
translate into a sharper bound on the sample complexity. Despite these caveats, our theory
provides evidence that letting the unlabeled dataset grow polynomially with the labeled
dataset, as suggested by Theorem 1, is a fundamental requirement for standard graph-
based methods to achieve optimal contraction.

A central part of our proof is devoted to analyzing the convergence of a discretely in-
dexed Gauss-Markov random field in an unstructured data cloud to a Matérn-type Gaussian
field on M. This is formalized in Theorem 7, a result that we believe to be of indepen-
dent interest. Finally, our work contributes to the Bayesian nonparametrics literature on
manifolds (Castillo et al., 2014).

Outline The rest of this paper is organized as follows. Section 2 introduces the construc-
tion of the graph-based prior and states our main result. Section 3 provides the necessary
background on posterior contraction and outlines our analysis. Section 4 proves our main
result, and we close in Section 5.

Notation We denote by £(Z) the law of the random variable Z. For a, b two real numbers,
we denote a A b = min{a,b} and a V b = max{a,b}. The symbol < will denote less than
or equal to up to a universal constant. For two real sequences {a,} and {b,}, we denote
(i) an < by, if limy (b, /ayn) = 0; (ii) an = O(by,) if limsup,,(by/a,) < C for some positive
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constant C; and (iii) a, =< by if ¢ < liminf,(a,/b,) < limsup,(a,/b,) < ca for some
positive constants ci, co. Finally we let v denote the Lebesgue measure on R.

2. Prior Construction and Main Result

In this section we introduce the graph-based prior IL,, (- | X, ) and we state the main result of
this paper. Before doing so, we formalize our setting. We assume to be given labeled data
(X1, Y1), ..., (X0, Yy) "X £(X,Y) and unlabeled data Xni1,..., Xy, %5 £(X), where
(X} 41 are independent from {X;};" ;. Recall that the goal is to estimate the regression

function
fo(x) =E(Y|X =)

at the given features Xy, = {X1,...,Xn, }. We suppose that pu := £(X) is supported on
an m-dimensional smooth, connected, compact manifold M without boundary embedded
in R?, with the absolute value of the sectional curvature bounded and with Riemannian
metric inherited from the embedding. For technical reasons, we further assume that m > 2
and that M is a homogeneous manifold (the group of isometries acts transitively on M,
e.g. spheres and tori) normalized so that its volume is 1. We assume for simplicity that p
is the uniform distribution on M. As discussed in Section 5, our results can be generalized
to nonuniform marginal density.

2.1 Graph-based Prior

We now describe the construction of the graph-based prior IT,(- | Xn,) on fy restricted to
the given features X, . The priors we consider have the general form

where W,, is a Gauss-Markov random field in RN whose covariance will be defined in
terms of a graph-Laplacian (Von Luxburg, 2007) of X, . For the regression problem, ®
is taken to be the identity. For the classification problem, where fy takes values in (0, 1),
®: R — (0,1) is a link function, which we assume throughout to be invertible and twice
differentiable with ®/(®(1 — ®)) uniformly bounded and [(®”)?/®'dy < oo. The logistic
function, for instance, satisfies all these standard requirements.

In the remainder of this subsection we introduce and motivate our construction of the
Gauss-Markov random field W,,. The starting point is to define a similarity matrix H €
RNnXNn whose entries H;; > 0 represent the closeness between features X; and X;. For
reasons discussed in Subsection 2.1.1 below, we set

2(m+2)
Hij; = N oot {|X; — X5 < Cw, b (5)
nVmGpN,
where | - | is the Euclidean distance in RY, v, is the volume of the m—dimensional unit

ball, and (p, is the connectivity of the graph, a user-specified parameter. Recall that
a graph-Laplacian is a positive semi-definite matrix obtained by suitably transforming a
similarity matrix. For concreteness, we work with the unnormalized graph-Laplacian matrix
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Ap, := D — H, where D is the diagonal matrix with entries D;; = Z;V:nl H;;. For a vector

v € R naturally identified with a function on the data cloud X, N, , we have

N,
1 n
vI Ay v = 3 § 1 Hijlv(X;) —v(X;)2 (6)

We see that indeed Ay, is positive semi-definite and that functions v that change slowly
with respect to the similarity H have a small value of v/ Ay, v. This naturally suggests
considering the Gaussian distribution N(0, (In, + Ap, ) %) since the likelihood for the
samples will then have a term similar to (6). Based on this idea we shall define the Gauss-
Markov random field W, as the principal components of it. Precisely, let {(AEN”), @DZ(N"))}fV:’H
be the ordered eigenpairs of Ay, and define

P -2 .
Wo =3 [+ 2] Pepl™, 6 N ,1), )
=1

where ky, < N, is to be determined. Notice that W,, as in (7) is a truncation of the
Karhunen-Loeve expansion of samples from N(0, (Iy, + An, )~*) and therefore the termi-
nology “principal components”.

The law of W,, depends on three parameters: the graph connectivity (n, used to define
the similarity matrix H, the smoothness parameter s, and the principal components trun-
cation parameter kp, . The connectivity (y, determines the sparsity of the precision matrix
of W,,, and it should be taken to decrease with IV,, to better resolve the geometry of M as
more unlabeled data are available. The smoothness s controls the level of regularization.
Larger s leads to faster decay of the coefficients in (7) and smoother samples. The trunca-
tion parameter ky, < IV, allows us to keep only the components of the graph-Laplacian
that contain useful geometric information on M. Suitable choices and scalings of these three
parameters, as well as further insights on their interpretation, will be given as we develop
our theory. Importantly, the construction does not require knowledge of the underlying
manifold M, but only of its dimension. These data-driven Gauss-Markov fields have been
used within various intrinsic approaches to Bayesian learning, see e.g. Garcia Trillos and
Sanz-Alonso (2018); Garcia Trillos et al. (2019b, 2020); Harlim et al. (2020).

2.1.1 INTERPRETATION AS A DISCRETELY INDEXED MATERN FIELD

The Gauss-Markov field W,, can be interpreted as a discretely indexed Matérn Gaussian
field (Sanz-Alonso and Yang, 2022a). Consider the Gaussian measure N (0, (I — A)™%)),
where —A denotes the Laplace-Beltrami operator on M and the fractional order operator
is defined spectrally. Then, draws from N (0, (I — A)~*®)) admit a representation

[e.o]

_s i.1.d.
WM=3 "1+ M) 28k, & XTN(0,1), (8)
i=1
where (\;,1);)’s are the ordered eigenpairs of the Laplace-Beltrami operator. Note the
analogy with (7). The field WM is a generalization of the Matérn model to compact
manifolds (Lindgren et al., 2011; Sanz-Alonso and Yang, 2022a). An important step in our
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analysis of posterior contraction will be to show the convergence of W,, towards W™, in
a sense to be made precise in Subsection 4.3, provided that the connectivity, smoothness
and truncation parameters of W, are suitably chosen. The similarity matrix defined in (5)
enables this convergence result, but other choices (e.g. K-nearest neighbors) are possible.
Key to showing convergence of W,, to WM is the spectral convergence of A N, to —A. The
truncation parameter ky, is motivated by the fact that only the first eigenpairs of Ay,
accurately approximate those of —A; see Proposition 10 below for a precise statement.

2.1.2 RECONCILING OPTIMIZATION AND BAYESIAN PERSPECTIVES

To further motivate the definition of W,,, we relate our prior construction to the optimization
literature. To streamline the discussion, let us focus on the regression problem where the
link function ® in (4) is the identity map. Classical graph-based optimization recovers fy
at Xy, using fTAn, f as a regularizer and an appropriate data-fidelity term to match the
labeled data, for instance,

fo = argmin Y|V = f(X;)* + AfTAN, f, 9)
fERNn

i=1

where A controls the level of regularization. The solution to (9) is conceptually equivalent
to the mazximum a posteriori estimator in the Bayesian approach when the prior is chosen
to be N(0, Aj\,i), where AN}L denotes the pseudo-inverse of Ay, . The paper Nadler et al.
(2009) shows that (9) is not well-posed when m > 2, in the sense that as the number
of unlabeled data points increases the solution degenerates to a noninformative function.
The authors suggest that this issue can be alleviated by defining the regularization term
as A fTAan f with s > %, so that higher order “derivatives” of f are controlled. Similar
behavior has been observed with p-Laplacian regularizations (El Alaoui et al., 2016). The
parameter s in (7) plays the exact same role, and we shall see that suitably scaling s with
m is needed to warrant consistent learning in the limit of large unlabeled datasets.

2.2 Main Result

Now we are ready to state our main result. Let § > 0 be arbitrary. Let p,, = % if m=2

and p,, = % otherwise. Let ag = % if s < %m + % and «s = 1 otherwise.

Theorem 1 Suppose ®~1(fy) € Bgopo. Let T1,, be the prior defined by (4) and (7) with
5> %m — % Consider the following scaling for (n, , kn, and Ny.

1 m
_— Pm — . MPm_
1. m < 4: (n, < N, " (log N,) 35 ky, < Ny Hro@msmabes (oo N )7 Gs=6m+2)as
with

(m+4+6)pm

Ny = nlmH)as(logn)™ 2 (10)

__1 m N W _ mpm
2. m>5: Cn, = Ny, 2 (log N) 3k, =< N 0"70% (log N,,)~ Tomominas with

N, = n?mes (log n)™Pm, (11)
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(s— BB (s="3)NB
Then, for e, a multiple of n= 25 (logn) -2 and all M,, — oo,

n—oo

ExEs I, (f € L=(un,) : [|f = folln = Mngn | XN, Yn) — 0, (12)

where py,, is the empirical measure of Xy, and ||f — foll2 == 230 [F(Xi) — fo(Xi)[.
Here Eg, denotes expectation with respect to the conditional distribution of YVp|Xi,...,Xn
determined by fo and Ex denotes expectation with respect to the marginal distribution of
Xy, .

n

Theorem 1 presents the posterior contraction rates with respect to the priors constructed
in Section 2.1 under suitable choices of the parameters. Several remarks are in order.

The truth fj is assumed to belong to a Besov-type space BO’BO’OO on manifolds, defined in
Subsection 4.2 in analogy to the usual Besov space B{;m (R™) on Euclidean space. We recall
that B&,M(Rm) coincides with the Holder space C?(R™) (the space of functions with ||
continuous derivatives whose |/ |-th derivative is § — |]|-Hélder continuous) when § ¢ N
and contains C#(R™) when 8 € N (see e.g. (Triebel, 1992, Theorem 1.3.4)). Therefore,
Bo’go’OO can be interpreted as an analog of the Holder space with parameter 8 on manifolds,
and in particular represents a space of S-regular functions.

The key implication of Theorem 1 is that when s — % = 3, we recover the rate
n~B/(2B+m) (log n)1/4, which is minimax optimal up to a logarithmic factor for S-regular
functions. The assumption s > %m — % then requires 8 > m — %, so optimal contraction
rates can only be attained if fj is not too rough. Theorem 1 can be extended to hold for all
s > m if the eigenfunctions of the Laplace-Beltrami operator on M are uniformly bounded,
which holds for the family of flat manifolds (Toth and Zelditch, 2002) that include for in-
stance the tori. As mentioned in Subsection 1.2, the above choice of s requires knowing the

regularity of fp and is not adaptive.

Another key ingredient of the result is the scaling for N, as in (10) and (11), which are
both larger than a multiple of n?™ since a, > 1 in all cases. In other words, the required
sample size of the unlabeled data should grow polynomially with respect to the sample size
of the labeled data in order to achieve the near optimal contraction rates described above,
thereby justifying the claim that unlabeled data help.

We further remark that Theorem 1 only gives an upper bound for the required sample
size N, whose proof (see Section 4) in fact has a plug-in nature. Suppose the sequence
of Gaussian-Markov fields W,, in (7) converges in some semimetric d,, towards W™ in (8)
with rate E¢d,,(W,,, WM) = R(N,,) for some function R. The required sample size is then
obtained by matching R(N,,) with n=1. In particular, any improvement of the rate R(N,,)
shown in Subsection 4.3 will lead to a reduction of the required sample size. However, the
spectral convergence rate in Proposition 10 and hence R(N,,) should not be faster than the

resolution of the point cloud, which is shown to scale like N, Umin Proposition 6. Therefore

by matching N,, /m Sith n=! we expect a polynomial dependence of IV;, on n to be necessary
to achieve optimal contraction rate, further demonstrating the need of unlabeled data in
our specific setting.
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3. Posterior Contraction: Background and Set-up

In this section we present necessary background on posterior contraction rates. In Subsec-
tion 3.1 we review the main results on posterior contraction that our theory builds on, and
in Subsection 3.2 we explain how these general results are used in our proof.

It will be important to note that our prior is constructed with the X;’s, and we shall
view our observations as the Y;’s only, as the notation in (1) suggests. In particular, the Y;’s
are independent but non-identically distributed (i.n.i.d.) and hence we will apply general
results from Ghosal and van der Vaart (2007). This also explains the double expectation in
(12), where the randomness of the X;’s is treated separately.

3.1 General Principles

Here we review general posterior contraction theory for the problem of estimating fo at
the continuum level from i.n.i.d data, following Ghosal and van der Vaart (2007). Suppose
the data {Y;}? , are generated according to a density P}:) = [[i~, ps,,i for some ground
truth parameter fy, where py, ; is the individual density for each observation. Let II, be a
sequence of priors over fy that is supported on some parameter space F equipped with a
semimetric dy,. Theorem 4 of Ghosal and van der Vaart (2007) states that

n—oQ

Ef 1L, (f € F : dulf, fo) = Mgy | Vo) =% 0, (13)

provided that there exists sets F,, C F and positive real numbers &,,, K so that

log N(ep, Fn,dp) < nei, (14)
Hn(]:ﬁ) < 67(K+4)’ﬂ5%7 (15)
T (B (fo,en)) > e 5740, (16)

where N(gy, Fn,dy) is the minimum number of d,-balls of radius &, needed to cover F,.
Here

. 1 @ 1 o
Bn(angn) = {f S f: E ZdKL(pf,iapfo,i) S E?w EZUKL(pf,iapfo,i) S C€%} ) (17)

=1 i=1

where C' is a universal constant, di(p,q) = [plog(p/q)dy is the Kullback-Leibler diver-
gence and vk, (p,q) = [ p|log(p/q) — dxi(p,q)|*dy. Conditions (15) and (14) roughly state
that there are approximating sieves JF,, which capture most of the prior probability while
not being too large. Condition (16) requires sufficient prior mass near the truth fy and
together with (14) further indicates that the priors should be “uniformly spread”. In fact
the three conditions are stronger than those in (Ghosal and van der Vaart, 2007, Theorem
4) but will suffice in our case for Gaussian process priors to be discussed shortly below. We
shall refer to (Ghosal et al., 2000, Section 2) and (Ghosal and van der Vaart, 2007, Section
2) for further discussion on the interpretation and relaxation of these conditions.

The general theory can be used to analyze a wide range of statistical models but does
not give a recipe for constructing the sieves F,, and &,. However, when the priors are
Gaussian there exists a simple relation between ¢, and the priors. Suppose in addition that
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IT,, = L(wy,) are Gaussian measures on some Banach space (B, || - ||g) that converge to a
fixed Gaussian measure IT = £(w) on the same Banach space with 10E|w,, — w|3 < n~!.
Theorem 2.2 in van der Vaart and van Zanten (2008a) then states that the contraction rate
€n, can be obtained by studying the concentration function of the limit prior II, defined as

Pro(e) : Ihll —log P(Jlwlle < &), (18)

= inf
heH:||h— follz<e
where (H, ||-||m) is the reproducing kernel Hilbert space (RKHS) of II (see e.g. van der Vaart
and van Zanten (2008b) for more details on Gaussian measures and the associated RKHSs).
More precisely, if €, satisfies ¢y, () < nsi, then for the same ¢, and some F,,, the three
conditions (14), (15) and (16) are satisfied (possibly for different proportion constants in
front of ne2) with d,, and B (fo,en) replaced by ||-||g and {f : || f — folls < en}, respectively.

3.2 Application to Our Setting

In this subsection we discuss how we utilize the general theory outlined above, and provide
a road map for the proof of Theorem 1. Notice that in (12) the sequence of posteriors are
supported on the discrete space L (uy, ), whose size changes with n. To alleviate this
issue we will reduce the analysis to a sequence of posteriors IIM (- | Xn.,, ),) supported on
the same continuum space L*°(u) in Subsection 4.1. The corresponding sequence of priors
will turn out to have the form ITM(- |Xy,) = L(®(IW,,)), with W,, defined in (7) and T a
suitable interpolation map so that ZW,, is a Gaussian process on M that approximates WM.
Our analysis will then consist of the following steps. We will establish the three conditions
(14), (15), (16) for WM in Subsection 4.2, followed by a convergence rate analysis of ZW,,
towards WM in Subsection 4.3, so that the three conditions are inherited by ZW,,. The
assumptions on the link function ® will then allow us to conclude similar conditions for
O(IW,,).

The discrepancy measure d,, can be taken as the empirical L?-norm ||-||,, in the regression
case (Ghosal and van der Vaart, 2017, Section 8.3.2) and the root average square Hellinger
distance in the classification setting (Ghosal and van der Vaart, 2007, Section 3), defined
as

Bl f)=23 / (vE7i — VPra) dr. (19)
=1

In the latter case, one can show that d,, i is equivalent to || - ||,,. Indeed, since the densities
are uniformly bounded, ||f — f’||,, is bounded above by a multiple of (19). Furthermore (19)
is upper bounded by a multiple of ||f — f’||, by (Ghosal and van der Vaart, 2017, Lemma

2.8(ii)) given our assumption on ®. Hence this explains the choice of || - ||, in (12).
A natural choice for the Banach space in our setting is then B = L°°(u) since (i)
dn = || - lln < |- [[zeeuy; and (ii) By (fo,en) D {f € F : [|f — follpeo(uy < Cen} for some

universal constant C. The first point is clear and an upper bound on the metric entropy
(14) in || || oo () Will automatically yield an upper bound in ||-[,. The second point follows
from the fact that one can upper bound the two quantities in (17) by || f — fol|» and hence
|f = follzee(uy in both the regression and classification setting. Therefore the prior mass
condition (16) for WM in L>°(yu) balls is sufficient to give the corresponding condition for

10
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B*(fo,&n). This motivates us to consider the continuum Gaussian field defined in (8) as an
element in L*°(u) in Subsection 4.2 and the L°(u) convergence rate in Subsection 4.3.

4. Proof of the Main Result

In this section we prove Theorem 1. An important part of the proof is to formalize the
convergence of the Gauss-Markov random field W, in (7), defined in the data cloud Xy, ,
to the Matérn field WM in (8), defined in M. To that end, we introduce an interpolation
of W,, into M

an _ S ..
WM =3 [1 n A§N">] Pe™ oy & R N (0,1), (20)
i=1
where T, : M — {X1,..., Xy, } are transport maps to be specified in Proposition 6 below.

In Subsection 4.1 we show that it suffices to establish posterior contraction with respect to
the prior

LY (- X,) = L(R(W;) | Xw,). (21)

In Subsection 4.2 we show concentration properties of the limiting Gaussian field WM. In
Subsection 4.3 we establish the L°°(u)-convergence rate of W' towards WM. Combining
the facts that W,{Vl is close to WM with the contraction properties of WM, we deduce
that L(WM | Xy,) satisfies the three conditions (14), (15), (16). We complete the proof in
Subsection 4.4 by lifting these conditions to £(®(W;M)| Xy, ) in both the regression and
classification problems.

4.1 Reduction via Interpolation

Here we show that in order to establish Theorem 1 it suffices to prove posterior contraction
with respect to the continuum prior I (- | X, ) defined in (21). Let Z := Zy;,, : L>=(un, ) —
L*>°(u) be the interpolation map defined by Zu := w o Tl,. Specifically, we claim that, in
order to establish Theorem 1, it suffices to show that

ExEs, 1" (f € Z(L®(un,)) : 1 = folln > Maen | Xy, Vu) == 0.
The only property of the maps Ty, in (20) that we will use in this subsection is that

Ty, (X;) = X;. In order to establish the claim, let A,, = {f € L>®(un,) : ||f— folln > Mnen}.
Since A, C Z7Y(Z(A,,)) we have

Hn(An | XNnvyn) < Hn(I_I(I(An)) | XN, , yn) = Iﬁ [Hn( | XN, , yn)](I(An))a
where Zy denotes push-forward through the map Z. (Recall that the push-forward of a mea-

sure v through the map Z is defined by the relationship (Zyv)(B) := v(Z~!(B)).) Therefore,
it follows from Lemma 2 below that

Hn(An ’ XNna yn) < H%(I(An)’XNnvyn% (22)

11
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and hence it suffices to bound the right-hand side of (22). Since Ty, (X;) = X;, we have

Z(An) ={f o TN, : If = folln = Mnen} = {f o T, : [[f © T, = folln = Mnen}
={f € Z(L®(un,)) : If = folln = Mnen},

and the claim is established.
Lemma 2 It holds that TIM (- | Xn,, V) = Ti[IL, (- | XN, » V)]

Proof Step 1: First we show that II)(- | X, ) = Z4[IL, (- | Xn,,)]- Since Z is linear, we have

that W' = ZW,,. Then observe that Z(®(W,)) = ®(Z(W,)). Indeed, for z € Ty ({X;}),

we have

Therefore, we have that
(- |Xn,) = L(@(W;)| X, ) = L(Z(®(Wn))| X, ).
Finally, note that Zy[IL, (- | Xn,)] = L(Z(®(W,))|Xn,, ), since
I, (Bl Xy, ) = T (Z71(B)| X, ) = P(®(Wa) € I71(B)|X,) = P(Z(®(Wn)) € B|Xy,).

Step 2: Now we show that IIM(-| X,., Vn) = (1L, (- | Xn,,, Vn)]- By definition of pushfor-
ward measure, it suffices to show that, for any measurable B,

(B | X, Vo) = (7 (B) | Xy, Vn).-
Using Step 1, the left-hand side equals

_ Je It Ly, x, () dZy [T (f | X))
fI(LOO(MNn)) H?:1 LmXi(f) dIﬁ [Hn(f ‘ XNn)] ’

(B | X, Vn) (23)

where Ly, x,(f) is given in (2) and (3). Note that pointwise values of f are well-defined
since ZyI1,, is supported on Z(L>(un;,)). By the change-of-variable formula for pushforward
measures,

(23) Jz-1(my T2t Lysyx, 0 Z(fn) dILn (fo | X,
Sy izt Lyigx, 0 Z(fn) diLu(fu | Xw,,)”

which equals (1) with B replaced by Z~!(B), by noticing that Ly, x, o Z(fn) is exactly the
same as in (2) and (3). The result follows. [ |

12
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4.2 Regularity and Contraction Properties of the Limiting Field

In this subection we study the limit Gaussian measure 7 = N(0, (I — A)™%) = L(WM).
Recall that the samples admit Karhunen-Loeéve expansion
> ..
WM=S"(+A) B, &R N(0,1), (24)
i=1
where (\;,1);)’s are the eigenpairs of the Laplace-Beltrami operator —A on M. Notice that
a larger s leads to a faster dZecay of the coefficients and hence more regular sample paths.
From Weyl’s law that \; < im (see e.g. (Canzani, 2013, Theorem 72)), setting s > %5 makes
7 a well-defined measure on L?(u1). To ensure almost sure continuity of the samples so that
point evaluations are well-defined and = is supported over L*(u), we need the stronger
1

assumption that s >m — 3.

Lemma 3 Ifs>m — %, then samples of m are almost surely continuous.

Proof By (Lang et al., 2016, Corollary 4.5), it suffices to show that
E¢[W™M(z) = WM(y)P? < Cdp(a,y)",

for some 1 > 0. We have

Mg

2
Ee[WM(z) — WwM(y)? Eg< (14 X))~ £<wz<>—¢z<y>>>

=1
= Z +X0) (@) — i(y)
since E¢&;¢; = 0 for i # j. By Proposition 13,

i) — dily)| < CALT

i () = i(y)| < (IVeill oo (uydm(z,y) < CN; 2 dpa(z,y).
Using Weyl’s law, we have

WE

m—1
E[WM(z) - WM(y)? < <1+A@->—Smin{A;”“dM(:c,y)?,Ai2 }

.
Il
=

AN

s
Il
_

28 .2m+2 .m=1
i mmm{z mdpg(x,y)% i m }

K s)
72s+2m+2 —2s+m—1
M(x,y)Z/ z dz—i—/ z= m  dz.
1 K

QU

<

Setting K = d(x, y)f%g, we have

4s—4m—+42

Ee|W™ (z) = WHM(y)? S dpm(a,y) =+

The result follows since s > m — % [ |

13
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Remark 4 The argument above relies on the worst case L (1) bound on the eigenfunctions
of —A given in Proposition 13. If the eigenfunctions are uniformly bounded (which holds
for the family of flat manifolds (Toth and Zelditch, 2002) that includes, for instance, the
torus), then continuity can be guaranteed for s > 3.

From now on, we shall consider m as a measure over L°°(u) with continuous sample
paths, where pointwise evaluation is well-defined. Using the series representation (24), the
reproducing kernel Hilbert space H associated with 7 has the following characterization

H= {hzz hiti « ||hl% ::Zh?(l+)\i)s<oo}. (25)
i=1 i=1

From the general theory in van der Vaart and van Zanten (2008a), the concentration prop-
erties of W can be characterized by the concentration function

Pup (€) = inf 1h]If — 1og P(IW | ooy <€), (26)

heH:”h—wOHLOO(H) <e

where wq belongs to the support of 7. For our purpose, wy will be set as ®~!(fy). The
three conditions (14), (15) and (16) hold for the &, that satisfies pu, (c,) < ne.

Before stating our main result in this subsection, we follow Castillo et al. (2014) and
Coulhon et al. (2012) to define a Besov space which will be needed to characterize the
regularity of wg. Let U be an even function in the Schwartz space S(R) with

11

0<¥ <1, lllzlon[—§,§],

supp(¥) C [-1,1].

Define the Besov space
B . i {w Al = s 2 (VB )~ w Ol < oo} ,
where U;(-) = W(277.) and, for w = Y52, witl;,
U (VA)w = imj(\/x)wiwi-
i=1

It was shown in (Coulhon et al., 2012, Proposition 6.2) that the definition is independent
of the choice of W.

Theorem 5 Suppose wy € Bgoyoo. Consider the prior 1 = N(0,(I — A)™*) with s >
BAm—%. Then there exists sets B, C L>(u) so that
log N(3en, B, || - | () < GCnsi,
W(B,i) < e—C’nsfl7
2

T(|lw — wol| poo(uy < 26n) = €0,

. . (s=3)n8 (s=3)nG . L
where e, is a multiple of n= 25 (logn) %-2mn and C > 1 is a constant satisfying
e~ Cnep 1

5

14
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Proof As noted above, it suffices to show that the above ¢, satisfies py, (e,) < ne2, where
Y, 1s defined in (26). To bound the small ball probability, it suffices by general results
from Li and Linde (1999) to bound the metric entropy of Hy, the unit ball in H. Notice
that (25) has the form of a Sobolev ball of regularity s. Classical results for Sobolev spaces
on R™ such as (Edmunds and Triebel, 1996, Theorem 3.3.2) have shown that the entropy
in the L> metric is bounded by a multiple of e~"/%. The manifold case has been treated
in (Kushpel and Levesley, 2015, Theorem 3.12) assuming homogeneity, which includes an
additional logarithmic factor, i.e.,

1
_m 1)\2
log N (e [ o) S < (102 ) (27)
The original theorem was about entropy numbers but can be translated to the above state-

ment on metric entropy and its proof suggested that when p = 2 the theorem holds with
s > . In particular their Sobolev class is defined as

ISU2 = {h = h1 +i)‘;%hzwz . ihf S 1}7
=2 =1

which is compatible with our H. (We remark that although Kushpel and Levesley (2015)
defined their Sobolev class with a further mean-zero condition, their proof actually applied
to the general case.) Now by (27) and (Li and Linde, 1999, Theorem 1.2) we have

_2m ]_ 25s—m
—log P(|lw||poo(y) <€) S 2-m <log 5) ) (28)

For the decentering function, let Cp = [|wo| gz and consider h = ¥ 7(VA)wy with J

large enough so that Cy2P7 < . Since wy € Bgo,oo, we have
105 (VA)wy — wol| ey < Co2 7, jEN. (29)

In particular [[h — wol|geo(u) < Co2~ P87 < e. Suppose wp has the representation wy =

Yoo, withi. We then have h = Y W ;(v/A)wp; € H since ¥ 5(v/A;) = 0 for /A; > 27,
Moreover, since ¥y <1,

J
IalE < Y0 wi@+x)*< Yo 2wi+d Y wi(l+N) (30)
VAi<2/ VA1 J=12i-1<y /X <2
By (29), we have
o w4 N S22V Y wi <2780, (VA)wo — woll3

271/ X <29 21V
S 2280y (VA )wo — woll3, S 2270,

15
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Therefore recalling that Co2— 87 < ¢,
. ] 2(s—pB)
(30) < Z 23wi2 + 222(57,8)3 < 92(s—B)J <M

Vi<l j=1

since the first sum remains bounded as J — co. Combining the above with (28), we get

__2m 1 2s—m 72(5*ﬁ>
Pwo (5) S g zeom <10g E) +te L

which implies

Therefore by choosing

) (s—B)nB
en =Cn 35 (logn) 4s—2m

for a large enough constant C, the condition py, (¢,) < ne? is satisfied. The three assertions
then follow from (van der Vaart and van Zanten, 2008a, Theorem 2.1). |

4.3 Convergence of Gaussian Fields in L (u)

In this subsection we establish L>°(u) convergence of WM to WM. We shall denote N := N,,
throughout the rest of this subsection to simplify our notation. Recall that

kn _s .
Wt =3 [1aM] T eu™ oy, & NO),
WM = Z(l + )26, &i v N(0,1),

i1

In order to show the convergence, the transportation maps T will be assumed to be close
to the identity in the sense made precise in the following proposition from (Garcia Trillos
et al., 2019a, Theorem 2).

Proposition 6 For v > 1, there exists a transportation map T : M — {X1,..., Xn}
satisfying T, (X;) = X; so that, with probability 1 — O(N~7),

1 N Pm
ox = sup da(, T () < L8N

where p,, = % if m=2 and p, = % otherwise.

16
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The transport map 7', is a measure-preserving transformation in the sense that M(Tﬁj (U)) =
un, (U) for all U C M measurable. The additional requirement T (X;) = X; that was ab-
sent in (Garcfa Trillos et al., 2019a, Theorem 2) is valid here since modifying T on a set of
pu-measure 0 does not affect the measure preserving property and (32) still holds in this case.
The scaling in (32) can be thought as the resolution of the point cloud, and is important in
suitably defining the choice of connectivity (y, as we shall see.

The main result of this subsection is the following.

Theorem 7 Let § > 0 be arbitrary.

1. %m—%<s§%m+g. Set

I S S
(n = N™ a5 (log N) B, ky = N rt) @8 (log N) ™ 2miiz, m < 4,
(v = N~ (log N)3*,  ky = Nnsi2 (log N) " mtiz, m > 5.

Then, with probability tending to 1,

____2s=3m+1 pm (2s—3m+1)
™ M2 N~ (m+4+5)(6m+6) (]Og N) m¥i2 | m < 4,
Ee||Wy" =W HL""(u) N _ 2s—3mi41_ pm(2s—3m+1)
N m2m+12) (Jog N)  12m$12 m > 5.
2. 8> %m—i—%. Set

1 m —__m ___Mmpm

(n < N”m+i73 (log N)pT, kn =< N m+at8)@s=3m+1) (log N )~ 4s—6m+2 m < 4,
1 m 1 ___mpm

CN = N_%(log ]\I)pT7 kN = N 4s—6m+2 (10g N) 4s—6m+2 m >

Then, with probability tending to 1,

N~ w55 (log N) 3, m <4,
Pm

Ee|Wit = WML S
el Iz () Nfﬁ(logN)T, m > 5.

We remark that the statement “with probability tending to 1”7 refers to the randomness
coming from the X;’s. By solving for N so that the rate matches n~!, we get the following.

Corollary 8 Let 6 > 0 be arbitrary. Let

N =< n®(logn)*?,

where
m-+4-+6)(6m-+6 Pm (m~+4+48 . 3 1 9 5
Oélz—( 25_32_51_’_1 ), a2:7m( 5 ), ’Lf m§4, §m—§<8§§m+§,
m(12m-+12 : 3 1 9 5
a1:2(sTm+1)v a9 = MpPpm, if m>5, sm—35<s<sm+ 3,
m 44§ .
ar=m+4+9, 042:%, if m§4,s>%m—|—g,
a1 =2m, a9 = mpm, if m25,s>%m+%.

Let {ny and kn have the same scaling as in Theorem 7. Then, with probability tending to 1,

Ee|Wa" = WMoy Sn7h

~
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Remark 9 For flat manifolds the results of Theorem 7 and Corollary 8 can be shown to
hold for s > m with corresponding modifications in the scaling of the parameters.

The key to show the above results is to derive convergence rates for
N N
A =l and Y o Ty = il e,

We shall build our analysis on the existing results from the literature. Recall that ( is the
connectivity of the graph and the resolution py defined in (32). Assuming we are in the
event that (32) holds, the following results from (Sanz-Alonso and Yang, 2022a, Theorem
4.6 & 4.7) bound the spectral approximations.

Proposition 10 (Spectral Approximation) Suppose pn < (n and (N+v/Aky <K 1 for

N large. Then there exists orthonormalized eigenfunctions {ng)}i]\il and {1;}2, so that,
fori=1,... kn,

A=Al S8 (2 /) 3
CN
16 0 Ty — il 8 (25 + vv/Rs). (34)

Remark 11 Proposition 10 bounds the eigenfunction approzimation in L*(p) norm and
we need to lift such result to the L*°(un) norm. We remark that L>(uy) convergence rates
have already been established in the literature (see e.g. Dunson et al. (2021) and Calder
et al. (2022)). However these results do not contain an explicit proportion constant in terms
of the index i as in (34). Instead of going through their details to find the explicit constants,
which would make our presentation much more involved, we directly show L (uy) bounds
based on Proposition 10, by following the same idea as in Calder et al. (2022). Since we
build our results from (34), which is not the sharpest bound in the literature, our results in
Theorem 7 and Corollary 8 suffer the same drawback. Nevertheless, the goal of this paper
s to demonstrate the idea that unlabeled data helps and hence the finding sharpest scaling
of N, is less essential.

Below we record four results from (Calder and Garcia Trillos, 2022, Theorem 3.3), (Don-
nelly, 2006, Theorem 1.2) and (Xu, 2006, Equation (2.10)), (Calder et al., 2020, Corollary
2.5) that will be needed.

Proposition 12 (Pointwise Error of Ay) Let f € C3(M). Then with probability 1 —
2n exp(—cN(ﬁH),

[ANf(2) = Af (@)oo un) < CO+ [1fllesr) )N

Proposition 13 (Bounds on Eigenfunctions and Their Gradients) Let be an L?(u)-
normalized eigenfunction of —A associated with eigenvalue \ # 0. Then, for k € N,

m—1

¥l ooy S CA T,
m—1
VR4 ooy < CAFF T2

18
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Proposition 14 (L Bound In Terms of L! Bound) Suppose {x < A7 where cis a

m+4

sufficiently small constant depending only on M. Then with probability 1—0@:,67” exp(—cN(y
2N exp(—cN(A+1)"™)

el oy < CA+ 1) ull 1,0
for all w € L*(un) with A, < A, where

A 0o
A, i JANUlLe ) (35)
e/l zoo ()

Notice that the high probability condition is satisfied only if
(N exp(—eNCyH) — 2N exp(—eN(A+1)"™) = 0

and this requires some care in setting the scaling of (x and ky. In particular a sufficient
condition for (y is (v = N ~wTis for an arbitrarily small 6 > 0. On the other hand
the condition for A reduces to the scaling of ky. Indeed if u = @ng), then A\, = )\EN)
and therefore A can be chosen as a multiple of \; given the spectral approximation in
Proposition 10. We will show that the same choice of A suffices when u = ¢§N) — ;. Since
we are interested in bounding the first ky eigenfunctions, we can set A to be multiple of
Aky- Therefore in order to make 2N exp (—c¢N(A+1)"™) < 1, it is sufficient to have
Moy SN 17%6, ie,if ky SN = by Weyl’s law. Therefore we should keep the following in
mind when we set the scaling later

_ 2
N wems <(y, ky SN, ovkp <1, (36)

where the third requirement corresponds to the condition that {x(A+ 1) <ec.
Now we are ready to show the L*(uy) bound of eigenfunction approximations.

Lemma 15 Under the same conditions and the intersection of the high probability events
as in Propositions 10 and 14 we have, fori=1,... kn,

.3
1™ 0 Ty — il ooy S AP 143 %]:: + vV

Proof We will first modify the L?(u)-bound (34) to an L?(uy)-bound using the regularity
of eigenfunctions of —A, which is then lifted to an L (uy)-bound using Proposition 12 and
14. Finally we use regularity of the eigenfuctions again to transfer the L°°(uy)-bound to an
L*>°(p)-bound. To start, we notice that the transport T induces a partition of M by the
sets {U; = Ty'({X;})}Y,. Furthermore, the measure preserving property gives u(U;) = +
and Proposition 6 implies that U; C Ba(X;, pv). We then have

1 N N
™ =il Faguy) = 77 D™ () = (XD = /U ™ (X3) = a(X) ()
=1 =1 i

N
<30 [ 2V ) = )+ 24 (w) = (X0 ),
=1 i

19
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where
. — (X ?d < l V. l|2 p2
g [¥i(2) = ¥i(Xi)["du(z) < L IVills pv-
Hence by Proposition 13 and Weyl’s law

N N ,m+1
165 — ill2ay < 2087 0 Ty — il + Ci .

Since imiT p% is of higher order than (34), we conclude that

[EORE Villtaguyy S © <Z\\; + CN\//\7> : (37)
Now let g = ng) — 122 with 1); = wi’{Xh...,XN}- We have by Proposition 12

N )
1ANGl o (un) < TANES) = Athill Lo (un) + 1A% — AN Loe un)
< MG Xl oo ey + C L+ [Willesan v
N N N
<A™ =il oo gy + I = Nill93 ] oo ey + CL+ 195l )

m+5
< )‘EN)HQHLOO(HN) +C\;? <pN + CN> ,

v

where we have used (33) and Proposition 13 in the last step. Therefore recalling the
definition in (35), we have

N _ m+5
Ay <A 4 Clglzh N (’;’; +cN) |

If Ay > )\EN) + 1, then we have
m+5
2

91l Lo (un) < CN; (g\\; + CN) - (38)

V) 1, then Proposition 14 and (37) implies

Otherwise if A; < A;
gl oo () < C [)\5 )+ 1} 9l o (un) < C)\?H—IHQHL?(MN) < O i~ + NV A

(39)
where we have used the fact that )\EN) < O\ and ||gllp1(uy) < l9llz2(uy)- Comparing (39)
with (38), we see that the error in (39) dominates. To finish, we need again to lift the
L (pupn)-bound to a L>®(u)-bound using regularity of the 1;’s. Notice that

N N
5% o T =il = mi, sup 14" 0 Tv(w) ~ (@)
- = J

< max _ sup (|¢§N)(Xj) — (X)) + [i(X;) — wz(w)l)

- 1§j§Nx€Uj

N
<D™ = il Lo (un) + 1981 Lo (o
S )\THZ%\/ Zﬂ + vV
N
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where in the last step ||Vbi[| oo (,)pn is a higher order term that we drop. [ |

Now we are finally ready to show the L>°(u) convergence of WM towards W™,
Proof [Proof of Theorem 7] Recall that

kN

WM =Y [1 + )\EN)] E o™ o Ty,

i=1

WM =1+ N\i) " 28

i=1
Consider two intermediate quantities:

kn
=1
kN
Wt = "(1+ i)~ 2.

i=1

By the triangle inequality,

— — — — 2
Bel| Wt — WM < Be (1WA = Wil oy + WM = W ooy + 1T = WM o)

< 3(Bel Wit = W3y + Bel Wit = WM |B iy + Be Wt = WHM3c),

so it suffices to bound each term. First, by Proposition 13 and Weyl’s law,

BT~ WMy <Be | S0 S0 (62075004 ) Sl el v
i=kn+1j=kn+1

s m 1
< Z Z 14+ M) 3(1+ M) 5A © )\
i=kn+1j=kn+1
2
= i A+ 2T | 2 U oow%z*%“dxr<k2”iml
7 7 ~ ~ VN
i=kn+1 kn
(40)
Similarly,
kn _s _s ?
— N)] "2 2 N
B[ Wi = Wl S [Z 1AM = ] 7 >oTNHLw<M)]
i=1
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By Lipschitz continuity of 2=%/2 on [1,00) and (33), for i = 1,..., ky,
AN

)

A (g + QMAT)

“1 + AEN)]—% _ [1 + )\i] 1AM A )\i)}_%_l

-1

_s
2

S+ A+ )]
A (2 /).
N
By (34), if we choose ky so that

k3 (g: +CN\//\,§N> <1, (41)

then we have, fori =1,..., ky,

N N m-l
1™ 0 Tl ooy < 168 0 Ty = Wil poo(uy + il ooy S A © -

Therefore
N S

B[ W - W2y S [Z ( NP )

2
2
] S (pN +CN\/ )\k’N>
(N

—2s+m—1
where we have used that A, * is summable for s > %m — % Lastly, by Lemma 15,
. 2
_ - s (N
Bel| W = Wi |3y S [ D01+ 20) 73|l o Ty — wz-HLoo(u)]
Li=1
. . 2
SIS+ itz 2 o/
= CN
—2s+9m+5
$| I ] (”N+CN> (43)
(N
Combining (40), (42), (43), we have
—2s+3m—1 —25+9m+5
M M ™ —m | (PN
B W= Wy Sy vk | (Za).

Now we will set (i and ky based on the dimension m and the smoothness parameter s.
Case 1: s < %m + % Let 0 > 0 be arbitrary and set

1

(N = N—‘m+14+5 (log N)me, kn = N (mta0)6+5) (log N)_%, m < 4
CNfoﬁ(logN)me, kNxN12m+12(logN) T it m > 5.
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One can check that the conditions in (36) and (41) are satisfied and we get

____2s=3m4l pm(25—3m+1)
N Mo N~ tat) om0 (log N)  1zm+1z m < 4,
EgHWn -W HLOO(M) 5 _ _2s=3m+1_ pm(2s—3m+1)
N~ m@mt12) (log N)~ zm+iz m > 5.

Case 2: s > %m + % Now (44) simplifies to

7254;277171 pN
mw#—wW$W5%+(@+@)

Therefore by setting

IN

(v = N~ (log N)8,  ky = NGowo6esmin (log N) =m2,  m
(v = N™3i(log N)'E, by = N0 (log N) ™72,

we have

Pm

N~ w3 (log N, m < 4,

Ee|[WM —wM|2 ., | <
elW;, [Ty S N (log N) - S

Again one can check that the conditions in (36) and (41) are satisfied. This finishes the

proof.
|

4.4 Putting Everything Together

Now we are ready to prove Theorem 1.
Proof [Proof of Theorem 1| By Subsection 4.1, it suffices to show that

EXEfOHTLM <f € I(LOO(I’LN'IL)) : Hf - fOHn Z Mngn ’ XNn?yn) TH_OO) 07
with the said ,,. Let A,, be the high probability event in Corollary 8. Denote F, (XN, , V) :=
TM(f € T(L®(un,)) : If = folln > Muen | Vn). We have
EXEfOFn(XNny yn) = Ex[Efan(XNn, yn)]lAn + EX[EfOFn(XNm yn)]].A%.

Since F,(Xn,,Yn) < 1, the second term is upper bounded by Px(A$) — 0. It then
suffices to show E fOFn(XNn,yn) — 0 in the event of A,,. By Corollary 8 we can have
10E¢ |[|[WM — WMH%OO(M) < n~!if we set a large enough proportion constant for N,,. This

together with Theorem 5 and (van der Vaart and van Zanten, 2008a, Theorem 2.2) implies
that there exists sets B, C Z(L*(un,)) (by taking the intersection of the sets B, in
Theorem 5 and Z(L*(uy,))) so that, for the same &, in the theorem statement,

log N (6, Bn, || - || 1o () < 24Cnep,
7_(_7{:/1 (Bfl) 6_4077'6%,
2

T (1w = @7 (fo)ll oy < den) = e,

IN
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where mM = L(WM).

Case 1: Regression. In the regression case, since ® is the identity, we have ITM = 7M
and the above three conditions are true with ;" replaced by IIM. Furthermore, since | - ||,
is upper bounded by || - |[ze(,), the above conditions remain true for the empirical norm.
This together with the general results in (Ghosal and van der Vaart, 2017, Section 8.3.2)
proves the assertion.

Case 2: Classification. In the classification setting, by (Ghosal and van der Vaart,
2017, Lemma 2.8) the average Kullback-Leibler divergence and variance in (17) between
the densities after applying the link function ® are upper bounded by a multiple of the
empirical norm. In particular if we set B,, = ®(B,,), then the conditions in (14), (15) and
(16) hold, for a possibly different proportion constant for €,. Moreover, as discussed before,
the root average square Hellinger distance d,, in (19) is equivalent to the empirical norm.
Hence the result follows by (Ghosal and van der Vaart, 2007, Theorem 4). |

5. Discussion

In this paper we have analyzed graph-based SSL using recent results on spectral convergence
of graph Laplacians and standard Bayesian nonparametrics techniques. We show that, for
a suitable choice of prior constructed with sufficiently many unlabeled data, the posterior
contracts around the truth at a rate that is minimax optimal up to logarithmic factor. Our
theory applies to both regression and classification.

We have assumed throughout that the X;’s are uniformly distributed on M. Our re-
sults can be generalized to nonuniform positive density ¢ with respect to the volume form.
In such a case, the continuum field is the Gaussian measure N (0, (I — Ay))~° where
Ay = —%div(qQV) is a weighted Laplacian-Beltrami operator, for which spectral con-
vergence results can be found in Garcia Trillos et al. (2019a). Since we do not have an
explicit dependence of the proportion constant on the index ¢ as in Proposition 10, we have
chosen to present our result in the uniform case. However, similar conclusions should be
expected to hold in the general case.

The Bayesian methodology we analyzed is inspired by popular existing graph-based
optimization methods for SSL (Belkin et al., 2004; Zhu, 2005). In order to achieve optimal
contraction, the prior smoothness parameter needs to match the regularity of the truth,
which is rarely available in applications. An important research direction stemming from
our work is the development and analysis of adaptive Bayesian SSL methodologies that
can achieve optimal contraction without a priori smoothness information. We expect that
the existing results on adaptive estimation on manifolds (Castillo et al., 2014) and on large
graphs (Kirichenko and van Zanten, 2017) will be an important stepping stone in this
direction.
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