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Abstract

This paper studies the problem of estimating the means 6, € R? of a symmetric two-
component Gaussian mixture 0, - N(0,,I) + (1 — 0.) - N(—6.,I), where the weights o,
and 1 — §, are unequal. Assuming that J, is known, we show that the population ver-
sion of the EM algorithm globally converges if the initial estimate has non-negative inner
product with the mean of the larger weight component. This can be achieved by the triv-
ial initialization 6y = 0. For the empirical iteration based on n samples, we show that
when initialized at 8y = 0, the EM algorithm adaptively achieves the minimax error rate

~ . 1 d 1 d rd\1/4 . 1 . . .

O(mln {m\/;, oV n (E) }) in no more than O(m> iterations (with
high probability). We also consider the EM iteration for estimating the weight d,, assum-
ing a fixed mean 6 (which is possibly mismatched to 6,). For the empirical iteration of n

samples, we show that the minimax error rate O(ﬁ \/%) is achieved in no more than

O(ﬁ) iterations. These results robustify and complement recent results of Wu and
Zhou (2019) obtained for the equal weights case d, = 1/2.

Keywords:  expectation-maximization, finite-sample guarantees, Gaussian mixtures,
global convergence, parameter estimation

1. Introduction

The expectation-maximization (EM) algorithm developed by Dempster et al. (1977) is a
heuristic formulated to approximate the maximum likelihood estimator (MLE) in paramet-
ric models (X, S) ~ Py(x,s) when X is observed, but S is latent. Remarkably, despite its
simplicity, widespread use, and rich history (McLachlan and Krishnan, 2007; Gupta and
Chen, 2011), no theoretical guarantees on its performance for finite number of iterations
and samples were established until recently. Recently, Balakrishnan et al. (2017) obtained
the first such explicit guarantees, and proved general bounds on the statistical precision,
the convergence rate, and the basin of attraction (the distance of the initial estimate from
the ground truth sufficient to obtain a statistically accurate solution). These bounds ap-
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ply to any latent variables model, yet require verifying several conditions for each concrete
model. As a canonical example, these conditions were explicitly verified for the symmetric
two-component Gaussian mixture (2-GM). The resulting guarantees are not sharp, however,
both in the strong conditions required for their validity, as well as their distance from the
accuracy guarantees of optimal algorithms. Consequently, a dedicated analysis of EM for
2-GM was conducted by various authors (Klusowski and Brinda, 2016; Wu et al., 2016; Xu
et al., 2016; Daskalakis et al., 2017; Wu and Zhou, 2019; Dwivedi et al., 2020a, 2018, 2020b).
The performance of EM for 2-GM with balanced components, i.e., when both weights equal
1/2, was by and large recently settled by Wu and Zhou (2019).

In this paper, we proceed in the direction of Wu and Zhou (2019), and sharply analyze
a slight variation of the balanced 2-GM model—namely, the unbalanced symmetric 2-GM
model. Some of the key arguments made by Wu and Zhou (2019) strongly depend on the
symmetry properties of the EM iteration, which are a direct result of the symmetry in the
model. It seems challenging to adapt these arguments to the unbalanced model, where
symmetry breaks down due to the unequal weights. Our analysis therefore uses indirect
arguments, which are based on comparisons between the EM iterations of unbalanced mod-
els for different weights. In particular, we compare the iterations for unbalanced models
with the iterations for the balanced model, since the latter is already known to globally
converge (Wu and Zhou, 2019). For the population iteration, we prove that increasing the
larger of the two weights, that is, enhancing the model imbalance, makes the corresponding
EM iteration converge faster. By contrast, this increase also increases our empirical error
bound, i.e., the bound on the difference between the empirical iteration and the popula-
tion iteration. As we prove, however, this does not result in deterioration of the statistical
accuracy of the estimate because this increased error is compensated for by the improved
convergence of the population iteration. Hence, the overall statistical accuracy actually
improves when the model is more unbalanced.

1.1 EM for Two-Component Gaussian Mixture

The symmetric two-component Gaussian mixture (2-GM) model in d > 1 dimensions is
given by

Py, =" N9, 1) + 152 - N(—0,1,) . (1)

iid.
~ P9*7P*

The goal is to estimate the parameter 6, € R? from n samples (X1,...,X,)
under the ¢y loss function 4(0,6,) = ||0 — 6,| when p, # 0 (unbalanced model), or under
09(0,6,) = min(||0 — 64|, |0 + 0«||) when p, = 0 (balanced model). The dimension d is
allowed to be high, and both d and p, may scale with the number of samples n. Based
on the n samples and the value of p,, the EM algorithm defines a mapping f,(#) which
is iteratively applied to produce a sequence of estimates 6; = f,,(6;—1) for all ¢ > 1, given
an initial guess 6y. This mapping f, is described in detail later in the introduction. We
will refer to f,,(0) as the empirical iteration, and to the idealized operator f(6) obtained by
replacing empirical averages with expected values as the population iteration.

Balanced GM. The general results of Balakrishnan et al. (2017) specialized to the bal-
anced 2-GM (1) (p. = 0) require that the separation between the means is lower bounded
as ||0.]|= (1), and that the initial estimate 6y is at most ||f.||/4 in ¢y distance from 0.,.
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When these two conditions hold, Balakrishnan et al. (2017) state that EM converges to
a neighborhood of 6, of radius O(y/d/n) (i.e., parametric error rate), after no more than
O(1/||6«]|?) iterations. The qualifying conditions above are problematic for several reasons:
(1) Without knowing 6* one has no way of knowing when the separation condition holds;
(2) EM can be slow and inaccurate when there is no separation between the components
(Redner and Walker, 1984) and in this case no guarantees are provided by Balakrishnan
et al. (2017); (3) One of the main challenges in utilizing EM is the choice of initial guess.
A common method is attempting multiple random guesses followed by a choice of the op-
timal converged solution (Karlis and Xekalaki, 2003). For a high-dimensional parameter
vector, the guarantee of Balakrishnan et al. (2017) on the volume of the basin of attraction
that ensures good convergence is negligible compared to the volume of the feasible set of
parameter vectors, and hence randomly initializing is not proved to succeed.

These drawbacks have led to various attempts to sharpen the above results (Klusowski
and Brinda, 2016; Wu et al., 2016; Xu et al., 2016; Daskalakis et al., 2017; Wu and Zhou,
2019), which will be discussed in more detail in Section 1.5. For the population itera-
tion, various authors (Xu et al., 2016; Daskalakis et al., 2017; Wu and Zhou, 2019) proved
global convergence to 10, at a geometric rate, unless the initial guess g is orthogonal to
0. (in which case EM converges to the saddle point § = 0). For the empirical iteration,
sharp high-probability guarantees were obtained by Wu and Zhou (2019) as follows: In the
worst case, without any separation condition, the EM algorithm applied to (1) achieves
an error rate of O((d/n)Y/*) in at most O(y/n) iterations. If, however, a separation of

ICAES Q((logg%l)l/‘l) holds, then an error rate of O(He—l*H\/ login'd) is achieved by EM after
logn

no more than O(W) iterations, and in addition, the EM iteration converges to the MLE.

Evidently, for ||0.||= Q(1), this implies a parametric error rate in the number of samples,
and geometric rate in the number of iterations. Hence, the EM algorithm adapts to the
actual separation between the two means (as captured by ||f.]|), to achieve error rate of
O(min{Hal—*H\/d/ n, (d/n)'/*}). Moreover, no other estimation technique can perform signif-
icantly better since, up to logarithmic factors, this error rate matches the local minimax
rate (Wu and Zhou, 2019, Appendix B). Remarkably, it was also shown by Wu and Zhou
(2019) that these guarantees are achieved by a random initialization of the EM algorithm,
in which 6y is an isotropic random d-dimensional vector scaled to have appropriately low
norm.

Unbalanced GM and preview of results. In this work, we study the model (1) for p, €
(0,1). The value of p, may be fixed, or, more interestingly, px = p«n — 0 as n — oo at
some arbitrary rate. Note that the samples from the model (1) are equal in distribution to

X=50+2, 2)

where S € {£1} is such that P[S = 1] = (1 + p«)/2 and Z ~ N(0,1;), with S and Z
independent. Intuitively, moving p, away from 0 reduces uncertainty in the signs {S;},
and one might expect that this would lead to better error rates for estimating 6.. The
problem is indeed trivial for the extreme case p, = 1 in which case (1) coincides with the
Gaussian location model. More generally, it seems helpful that for p, # 0 the expectation
E[X] = p.b. is a vector in the direction of ,.
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While estimation seems easier for p, # 0, in this case the model (1) is no longer balanced,
and this makes a direct analysis of the EM iteration difficult. Nonetheless, we prove a global
convergence property for the population iteration, which shows that any initial guess 6
with (Ao, 8«) > 0 converges to 6, (including the trivial initialization 6y = 0). We also show
that the EM iteration might have a spurious (stable) fixed point §_ # —6, which satisfies
(0_,04) < 0 whose existence depends on the value of (ps,6s). This phenomenon does not
occur in the balanced case.

For the empirical iteration, we first note that a method-of-moments estimator pi*En [X] =

pin >, X; achieves an error rate of O(p%\/d/n). In addition, an estimator can always
ignore the reduced uncertainty in the signs, formally, by multiplying each sample with a
random sign R; € {£1} such that P[R; = 1] = 1/2 for each i € [n]. This reduces the p, # 0

case to the p, = 0 case, and then an error rate of O(min{m\/d/n, (d/n)'/*}) can be

achieved, using the balanced EM iteration.! The main result of this paper is analysis of the
unbalanced EM iteration for the estimation of 6, which shows that the EM iteration adap-
tively achieves the minimum of both error rates, i.e., O(min{p% Vd/n, m Vd/n, (d/n)/4).
As for the balanced case, this error rate obtained by the EM algorithm coincides with the
local minimax rate for any p., up to logarithmic terms.

1.2 Main Result

It will be convenient throughout to use the weight parameter § := (1 — p)/2 interchange-
ably with p according to convenience.? We denote the corresponding inverse-temperature

parameter by

1 1+p _
5y = 5log 0 = tanh™'(p) 3)

and let pg denote the inverse relation. With a slight abuse of notation from (3), we also
denote S5 := 3 log 1% (and sometimes just 8). Let 6, € R? and p, € [0,1] (or &, € [0,1/2])
denote the ground truth of the model (1). Given n independent and identically distributed
(i.i.d.) samples X = (Xi,...,X,) L Py, p., the goal is to estimate the parameter 6,
under the ¢y loss function, up to the identifiability of the model. For p, > 0 this amounts
to the standard loss function £(6,6.) = ||§ — 6.|| and when p, = 0 then the loss function is
lo(0,0x) = min {[|6 — 0.[], [0 + .|}

Assumptions. Our results will depend on the following global assumptions:

1. Norm assumption: There exists Cyp > 0 such that ||0,]|< Cy.

2. Unbalancedness assumption: There exists C, € (0, 1) such that |p,|< C,,.

Because p +— %log %f%g is convex and increasing in [0,1/2), an immediate consequence of

the unbalancedness assumption is that |3,,|< Cg holds for C5 := % log }fgz , and that there

exist (C 5,65) such that Cgps <[5, |< Cpps. These assumptions are based on the fact that
the interesting regime is in which ||6,|| and p, are close to zero.

1. In the latter case, this error is actually only with respect to (w.r.t.) the sign-ambiguous loss function £g
(see Proposition 11).
2. The notation used in this section is standard. See Section 1.6 for notational conventions.
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EM iteration. While we focus on estimating 0, for a given p,, we will also consider the
opposite case of estimating p,., and briefly discuss the joint estimation problem. Thus, we
will next consider the more general joint iteration. The evolution of the iterates {(6;, pt) }72,
of the EM algorithm can be brought to a simple closed form we describe next. To start,
the density function of observed samples X from (1) is given by

o) = (15) eta = 0)+ (152 ) pta+0)

1 1—
_ elel®2 . ) K?) o 0.X) 4 <2P> e<e,x>]

= e llalP/2. o(z) - cosh ({0, X) + 5,) , (4)
where p(z) := \/%6—\\1”2/ 2 is the standard normal density in R%. Similarly, the full obser-

vation, which also includes the latent sign s (2) is given by a standard Gaussian density

Po,p(s,x) = <1 ‘;SP> p(x — sb).

Assume that X = z is given and the EM algorithm has ran up to its tth iteration, and
so (0, pt) is given. The next iteration of the EM algorithm is the pair (6¢41, pt+1) which
maximizes the following Q-function:

QO.p106,p) =Y Pop(s| X)logps (s, X).
se{£1}™
Using the i.i.d. property of X, and the expression (4) for the density, this is equivalent to

- 14+ Sip
(041, pry1) € argminZEghpt [log <2Z> | X; = xl}
Pi=1

+ argmin {n|]9H2— <9, inEOt,pt [Si | X = xz]>} )
o i=1

where S; € {£1} for ¢ € [n] with P[S; = 1] = (14 p¢)/2, and are i.i.d.. Hence, given (6, pt),
the optimization over (6, p) is decoupled, and its solution is given by the pair

1< 1<
9t+1 = ﬁ le'l : Eet,pt [Sl | Xi= xl] ; Pt+1 = ﬁ ZlEGt,pt [Sl | Xi = xl] s
1= 1=

where

o 4p) et (1 —p) e O
Eetapt [S ’ X - $] - (1 + p) . €<0’x> + (1 _ p) . €7<9’m> - tal’lh(<9,$> + IBP) . (5)

Hence the EM iteration {6, p:}$2; of the symmetric 2-GM model evolves according to

Orr1 = fu(Or, pt | Ok, i) (6)
Pt+1 = h’n(phat | 9*7/)*)7 (7)
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where the sample mean EM iteration is

(1+p) el —(1—p).e 00
(14 p) - e®X) 4 (1 = p) - e~ %)

fn(evp ‘ ‘9*7,0*) =E, [X ] =E, [X : tanh(<97X> +Bp)] s

(8)
and the sample weight EM iteration is
(1+ p)el?X) — (1 - p)e= %)
(1+p)el®X) + (1= p)e=®X)

ha(p,0 | 04, ps) = En —E, [tanh (0, X) + 8,)] . (9)

In the limit of n — oo, the iterations (8) and (9) tend, respectively, to the population mean
and population weight EM iterations

f(97p| e*ap*):E[Xtanh(<97X>+BP)]’ XNPQ*,p*
and
W(p,8 | 62rp2) = E[tanh (6, X) + 5,)], X ~ P p..

We will usually omit (6, p,) from the notation for the iteration, except when it is required
to avoid confusion.
Statement of Results. The balanced case p, = 0 was analyzed by Wu and Zhou (2019):

Theorem 1 (Wu and Zhou, 2019, Theorems 1 and 2) Assume that ||0.||< Cy and that
n > dlog®d, and consider the balanced EM iteration 0,41 = fn(0:,0 ] 04,0). There exists
Co > 0 such that if @ is drawn uniformly from the unit sphere S%=', and the iteration is

1/4
initialized with 0y = Cy (%) -4 then with probability 1 — 0,(1)

(10)

n

3 1/4
(060,00 < (dk’g ”)

1/4
holds for allt 2 \/n. Furthermore, if ||6.]|2 (@) then with probability 1 — o, (1)

1 dlogn
00(0,,00) <
00 = 1V "

holds for all t 2 ﬁgfﬁé. The constants involved in the asymptotic inequalities depend only

on Cy.
Our main result complements Theorem 1 in the unbalanced case, p, # 0:

Theorem 2 (Simplified version of Theorem 10) Assume that ||0.||< Cy and that |p4|< C,,
as well as n 2 dlogn.

1/4
If ps = (dlo%) then the unbalanced EM iteration 0y11 = fn (0, ps | Ox, ps) initialized
with either 8g = 0 or 0y = p%]En(X) satisfies that with probability 1 — o0, (1)

1 dlogn
max {p., [[0«[|} V. n

0(0x,0;) <

6
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dl dl
0.1 L/ Momn | Ly Jdloen < g, 1< g | pu S 110

0o =0 TS TS TS oo
QOZP%En(X) T§1 T§1 TSJ ||91||2

Table 1: T: Number of iterations until convergence of unbalanced EM algorithm.

hold for all t > T, where upper bounds on T are specified in Table 1. The constants involved
in the asymptotic inequalities depend only on (Cy,C,).

1/4
If pe < (dlo%) the balanced EM iteration as in Theorem 1 guarantees (10). If, in
addition P
dlogn ! 1 dlogn
lo.1z (FE) T 2 02 (1)
n 161V n

holds, then by setting s; = sign(f;, E,[X]) it holds that

for all t 2, ﬁg%.

Interpretation of results. Note that in comparison to the balanced case p, = 0, the case
px > 0 simplifies the analysis of the EM iteration in the sense that the algorithm may be
initialized at 8p = 0 or at 6y = p%En [X], and no random initialization is required—the
expected value E[X] is proportional to 6, and steers the iteration in the right direction.
Nonetheless, an isotropic random initialization in a ball is not advised for the p, > 0 case,
since there is a probability of 1/2 that the random initialization 6 is negatively correlated
with 6, (the mean of the component with the larger weight 1—4,.), which leads to convergence
to a spurious fixed point (even for the population version).

dlogn 1/4 .
oen can be interpreted

The convergence times specified in Table 1 in case p, = (
as follows. While the EM iteration is d-dimensional, it can be decomposed into movements
in the signal direction (the direction of 6,), and in its orthogonal direction (Daskalakis
et al., 2017; Wu and Zhou, 2019). The factor dominating the number of iterations until
convergence is the time it takes the projected one-dimensional EM iteration in the direction
of 8, to converge:

e When ||6,]< p%\ / dlo% the signal is very low, and the EM estimate remains around
0. for all iterations (for both types of initialization).

e When p%\/dlo% < 104]|S p«, an error rate of O(p%\/dlo%) is achieved by 6y =

p%En(X ) starting from the first iteration (and the EM iterations remain at this area
of low statistical error). When 6y = 0 the one-dimensional EM iteration in direction
of 6, is contracting with slope bounded by 1 — cp? for some ¢ > 0 and the convergence
time is O(1/p?).
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e When p, < ||6«]|, an error rate of O(m dlogny ig achieved. For fy = p—l*En(X), it is
shown that the empirical iteration converges faster than the corresponding balanced
iteration starting from the first iteration. For 6y = 0 the same effect occurs, but
after an initial phase of additive increase in 6, and this early phase dominates the

convergence time.

Evidently, the worst convergence time of the balanced iteration is also similar to the worst
case convergence time of the unbalanced iteration and given by O(y/n), which is achieved

1/4
when p, < (dlo%) . We also remark that as was shown by Daskalakis et al. (2017) and

Wu and Zhou (2019), the analysis of the EM iteration in high dimension is possible when
it is initialized with a low norm, but not zero. For the unbalanced model, initializing at
0y = 0 leads to global convergence, yet represents the longest convergence time (worst-case
scenario). It should be noted that the bounds on the convergence times for 6y = p%En(X )
exhibit a discontinuity at ||0«||= ps«. This is because T does not capture the time required for
convergence to a fixed point but rather to a neighborhood around 6, within the statistical
error rate.

The information-theoretic lower bounds obtained by Wu and Zhou (2019) for p, = 0
are generalized in Theorem 20 (Appendix B) and show that the error rate achieved by
EM in Theorem 2 equals the minimax error rates (up to logarithmic factors) whenever

1/4
Px 2 <dlo#> . It switches from the minimax error rate O(p% \/d/n) assured for any signal

strength to the local minimax error rates for stronger signals O(m\/d/n) at ||0.]|= px. In

the balanced case p, = 0, a similar switch occurs at ||6.]< (d/ n)l/ 4 improving from error

rate of O((d/n)"*) to O(m\/d/ n). This observation along with expected monotonicity

1/4
of the error rates in p, elucidates the condition p, = (C“O%) in Theorem 2 (see the

rigorous statement in Theorem 20).

dlogn 1/4
— .

We complete the picture by discussing the case p, < < In this case, the

minimax error rate analysis (Theorem 20) suggests that the error rates cannot be improved
due to the unbalancedness of the samples. However, the error rate of the balanced case can
be achieved for the ¢y loss function (which allows for sign ambiguity), and when condition
(11) holds, it can be achieved without sign ambiguity. The idea is simply to use the
balanced iteration which is insensitive to the actual signs generating the samples X, and
upon convergence, evaluate the angle between 6, and E,[X]. With high probability, this

~ 0.1
fails then no correct decoding of the sign is possible, as the signal is too low compared to

the unbalancedness of the iteration (cf. the minimax error rates of estimating p when 6, is
known and d is fixed of Theorem 22 in Appendix B).

detects the correct sign required to estimate 6, when p, > i1/ ‘“‘;g ™ If this condition

3. For illustration, consider one-dimensional convergence, let the required statistical accuracy be w, and
suppose that 8p = 0. If 6, < w then statistical accuracy is achieved already in the first iteration, and then
it is only need to be proved (and also possible, as we shall show throughout) that the iteration remains
at this accuracy for all subsequent iterations. If, however, the order of 0. is increased, say 0. = 2w, then
the iteration should increase, say, from 6y = 0 to 8; > w to achieve statistical accuracy, and the required
number of iteration for this increase depends on w.
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We note in passing that we also analyze an EM iteration for estimating p, given any fixed
value of 6 (perhaps mismatched to 6.). As we will discuss in Section 2.5, this shows that
the given EM algorithm can be used for joint estimation of (6., ps) if sufficient separation
holds. Characterizing the minimal separation required for joint estimation remains an open
problem.

Significance of the unbalanced model:

1. The likelihood-based EM has method-of-moments alternatives (Anandkumar et al.,
2014; Heinrich and Kahn, 2015; Wu and Yang, 2020) which may achieve the same
error rates as the EM algorithm, perhaps at a higher computational cost. Specifi-
cally, for the balanced 2-GM model, the optimal error rate? is achieved by a spec-
tral algorithm (Wu and Zhou, 2019). Such an algorithm estimates 6, by fsp =
\/ max{Apax — 1,0} Hsp where A\pax and Hsp are, respectlvely, the maximal eigenvalue

and the corresponding normalized maximal eigenvector Gsp, of the empirical covari-
ance matrix E,[X X7]. The spectral algorithm can be interpreted as eliminating the
sign ambiguity by “squaring” the samples, since the covariance matrix

EXXT] =0.0F +1,,

does not depend on the unknown sign S (cf. the model in Equation 1). Hence,
while EM attempts to learn the latent signs, spectral algorithms attempt to eliminate
them. Despite this conceptual difference, it was observed by Daskalakis et al. (2017)
that whenever ||0;|| has sufficiently low norm, the EM iteration behaves as a power
iteration on the empirical covariance matrix, and in this regime the operation of EM is
not fundamentally different from a spectral algorithm. Nonetheless, sign elimination
can only be optimal for sufficiently small values of p,, since the distribution of the
statistic E,,[X X 7] is insensitive to the value of p., so it cannot lower its error in case
px > 0. Our results thus demonstrate that EM is nearly optimal in a regime in which
the estimator must learn the latent signs.

2. The worst case error over ||§||* is given by max{(d/n)'/* X /d/n} and improves
as py is increased. In practice, p. may be increased, e.g., by collecting additional
information on the latent signs generating [%p*rﬂ of the samples, and then align
the signs of those samples by proper multiplication by {£1}. As another example,
consider a communication system in which (S1,...,5,) € {£1}" are the input bits
to a noisy channel whose output at time i is given by X; = 6,.S; + Z, as in (2). In
order to decode the bits, a typical decoder will estimate 6, as a preliminary step, and
assume that the samples are i.i.d..> The input distribution P[S; = 1] = (1 — p.)/2
then trades-off between estimation and data rate, with best estimation and zero data
rate for p, = 1 versus maximal data rate and worst estimation for p, = 0.

3. The proofs of global convergence for the balanced 2-GM model (p, = 0) (Xu et al.,
2016; Daskalakis et al., 2017; Wu and Zhou, 2019) rely heavily on global symmetry

4. In fact, unlike EM, method-of-moments do not have “spurious” logarithmic terms.

5. Typically, the data bits are encoded using an error correcting code before being sent over the channel,
and so the bits {S;} are not i.i.d.. Nonetheless, the receiver may ignore these dependencies for the
purpose of estimation.
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properties of the population iteration (see next, Section 1.3). This lack of symmetry
is challenging for proving global convergence. For example, we show that a stable
spurious fixed point is possible at some 6 € (—6,,0) . Nonetheless, we show that
(essentially) global convergence to 6, is not restricted to p. = 0.

1.3 Discussion of Proof Ideas

In order to give context for the proof ideas, we first consider the balanced case p, = 0 and
describe the ideas behind the results of Xu et al. (2016); Daskalakis et al. (2017); Wu and
Zhou (2019), and how they compare with the general analysis of Balakrishnan et al. (2017).
There are two main ideas—one pertains to the population iteration and the other to the
empirical error.

For the population iteration, Balakrishnan et al. (2017) prove a guarantee on the con-
vergence radius using a fixed-point theorem whose conditions require contractivity of the
iterative iteration. The guarantee on the size of the basin of attraction is obtained from a
guarantee on the contractivity of f(#) in this region. However, global convergence cannot
be established by such an argument since the EM iteration for (1) with p, = 0 is in fact
not globally contractive. Nonetheless, contractivity is only a sufficient, but not necessary
condition for convergence, and other global properties of the iteration may be used. For
example, in the one-dimensional case d = 1, the balanced EM iteration has two stable fixed
points 6 = +6,, due to the well known consistency property of EM (both which are accept-
able solutions with £y(0, 6,) = 0), and a single unstable fixed point § = 0. The fact that any
other fixed point is impossible follows from the observation that f(f) is an odd function,
which is concave for § € Ry (Wu and Zhou, 2019). By contrast, in the unbalanced case
(ps > 0), neither concavity (say, for all 8 € Ry ) nor global contractivity hold for unbalanced
iterations. It is also seems to be difficult to analytically characterize the required distance
of 8 from 6, for these properties to hold.

For the empirical iteration, the error guarantee made by Balakrishnan et al. (2017) is
obtained from the following high probability uniform error bound on the empirical error

sup \\fn(9>—f(9)\\—0< d) | (12)

n
0:]100— 0 || < %1/ |

However, it was observed by Dwivedi et al. (2020a) and Wu and Zhou (2019) that a stronger
bound on the error can be obtained which allows arbitrarily small ||0.|| and ||| by “local-
izing” the error as follows:

~ d
su n(0) — f()||=10|-0 — 1. 13
9:\\9\\2@‘” 0) = £O)= 10l (\/Z) (13)

So, while the empirical iteration analyzed using (12) requires strong separation ||6,||= (1),
no such condition is required when the bound (13) is used, leading to the sharp results
obtained by Wu and Zhou (2019).

The analysis of the unbalanced case p. # 0 in this paper is based on the following
intuitive idea of p-ordering of iterations, which allows a comparison with the p, = 0 case.
If p. =1, the model (1) is the Gaussian location model, for which it can be easily verified

10
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(see Section 1.2) that the EM iteration converges in a single iteration to the sample mean
(which is also the MLE). Extrapolating from this extreme case, we might expect that if
p1 > po then the iteration for p; will converge faster since the model more closely resembles
the Gaussian location model. We state global comparison results (Theorem 4 for d = 1
and Proposition 9 for d > 1) establishing this property for any arbitrary pair pg, p1 € [0, 1].
Combining this property with the known global convergence rate of the balanced case p, = 0
yields the global convergence proof of the population iteration for unbalanced p, # 0.

For the empirical iteration, it turns out that increasing p has an opposite effect. We
generalize the localized error bound developed by Wu and Zhou (2019) in (13) from p, =0
to a general p, € [0,1] and obtain that

sup || fa(6) — f(8)l|l= max {||6]], p:} - O (\/5) : (14)

0:0]|<C

indicating that the empirical error increases with p,. The main challenge of the analysis of
the empirical iteration is to prove that the increased empirical error for larger p, is com-
pensated by the improved convergence rate of the population iteration. It should be noted,
however, that the empirical error may break key properties of the population iteration. For
example, for d = 1, the convergence of the population iteration for 6y = 0 towards 0, is
based on the fact that f(0) > 0, assuming without loss of generality (w.l.o.g.) that 6, > 0.
Clearly, the empirical error (14) might result in f,,(0) < 0 which would steer the iteration
towards a spurious fixed point in R_. Our analysis shows that with high probability this
occurs only if ||0,] is low, so that this bad convergence does not dominate the error rate.

It is reasonable to expect that an argument that hinges on “ordering-of-iterations” and
error localization would be beneficial in analyzing more complicated models. These include,
e.g., a hidden-Markov 2-GM model, which is similar to the model studied here, except that
Sp is uniform, and the the unknown signs {.5; }i~1 evolve according to a stationary symmetric
binary Markov chain with flip probability ¢ € (0,1/2). As ¢ approaches 0, this model also
tends to essentially a Gaussian location model (except for a sign-ambiguity). So it expected
that the population EM iteration will converge better for ( compared to models with larger
flip probability. We envision that with some additional innovation, similar ideas could be
used for unbalanced 2-GM model with zero mean (unlike the non-zero mean in our model),
or a model with unknown covariance matrix.

1.4 General Background on the EM Algorithm

In this section, we briefly outline relevant background on the EM algorithm. It is well
known that it is typically computationally complex to compute the MLE

OvLe = argmax E,, [log Py(X)]
0

in parametric models (X,S) ~ Py(x,s) for which only X is observed but S is latent.
For one thing, exact marginalization over the latent variables S to obtain the likelihood
Py(x) (or its gradient) is computationally heavy due the need to sum over all possible
configurations of the latent variable. Moreover, in most interesting cases, the likelihood
Py(x) is not a concave function of #, and so standard optimization techniques do not have

11
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strong guarantees. Various authors (Baum et al., 1970; Beale and Little, 1975; Hartley,
1958; Healy and Westmacott, 1956; Sundberg, 1974; Woodbury, 1970; Hasselblad, 1966,
1969) have independently proposed several heuristics akin to the EM algorithm for this
problem, and the EM algorithm was later on formulated in its well known form in the
seminal paper of Dempster et al. (1977), which also proposed a wide range of statistical
applications.

The EM is an iterative procedure, which determines an empirical operator f,, based
on n samples from the data X ~ Py. Given an initial guess 0y, the algorithm produces
a sequence of iterations 6, = f,(0;—1) for all ¢ > 1. Owing to its name, the empirical
operator is determined by solving two steps. The first step computes a posterior probability
Py, (S | X) on the latent variable S based on the current estimate 6;, and then averages the
log-likelihood with this posterior (“expectation”) to obtain the Q-function

QO] 6) :/pgt(s | X)-logpg(X,s)-ds.

The second step then sets 6,41 = f,(0;) := argmax, Q(0 | 6;) (“maximization”). In many
practical cases, the last maximization step can be solved analytically and an explicit expres-
sion of the operator f,(-) is available. A different interpretation of EM as a minorization-
maximization algorithm is obtained from the fact that the bound

log Py(x) —log Py, () = Q(0 | 0;) — Q(0: | 61)

holds for any 0, which immediately implies a strong general property: The EM algorithm
produces increasing likelihoods Py, (x) as t increases. This elegant property, along with its
typically low computational complexity has contributed to its widespread application in
numerous applications (Gupta and Chen, 2011).

Despite the above appealing properties, not long after its formulation by Dempster
et al. (1977), it was recognized that the EM algorithm may actually fail to compute the
MLE. Wu (1983) clarified that in the general case, the EM algorithm may converge to
local maxima of the likelihood, or even get trapped in a saddle point. Clearly, such local
maxima may be far from the required MLE, and in high dimension their number could
be exponentially large. Consequently, except in favorable cases in which the likelihood is
unimodal, the convergence of the EM algorithm heavily depends on the initial guess. In
practice, this necessitates complicated initialization algorithms such as multiple restarts
with random initial estimates (Karlis and Xekalaki, 2003), or using a pilot estimator to
obtain an initial guess. Both options are typically costly. In the more restricted case of
mixtures of exponential families, Redner and Walker (1984) showed that EM converges at
a geometric rate to the MLE, under positivity conditions of the Fisher information matrix
and the mixing weights, and more importantly, assuming local initialization. However,
the dependence of the guarantees on the convergence radius and rate are only qualitative
and do not specify their dependence on the parameters of the model. Furthermore, it was
empirically observed by Redner and Walker (1984) that the EM iterations can become
painfully slow to converge whenever the separation between the components is low.

Later works (Hero and Fessler, 1995; Meng and Rubin, 1994; Chrétien and Hero, 2008)
displayed similar guarantees, albeit to a local maxima of the likelihood, which, naturally,
might be far from the true likelihood. Xu and Jordan (1996) have cast the EM algorithm
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for Gaussian mixtures as a gradient ascent algorithm, where in each step the gradient is
pre-multiplied by a positive-definite matrix, and exemplified slow convergence akin to first-
order optimization methods. These drawbacks of EM were then addressed by a multitude
of ad hoc methods and variants, comprehensively summarized by McLachlan and Krishnan
(2007). The bottom line however, that even if the MLE is known to have good statisti-
cal properties, it is not clear whether they can be computationally achieved by the EM
algorithm.

The apparent discrepancy between the wide practicality of the EM algorithm versus
its relatively weak theoretical guarantees mentioned above, along with the growth in size
and dimension of modern data sets, resulted in two paradigm shifts in the anticipated
goals expected from its analysis. The first one, most notably made by Balakrishnan et al.
(2017), is the explicit characterization of the statistical precision, convergence rate, and
the distance of the initialization from the ground truth required to obtain that statistically
accurate solution (basin of attraction). The characterization made by Balakrishnan et al.
(2017) is based on general smoothness and stability properties of the auxiliary function
Q6 | 0'), which need to be verified independently for any given problem. As concrete
examples, these conditions were applied by Balakrishnan et al. (2017) to canonical models
such as the balanced 2-GM, symmetric mixture of two regressions, and linear regression
with missing covariates. Nonetheless, as discussed in Section 1.1, this approach, even when
combined with further refinements (Klusowski and Brinda, 2016; Wu et al., 2016), did not
lead to sharp results for the basic balanced 2-GM model. As discussed in Section 1.2,
the local convergence result of the 2-GM model was then improved to global convergence
guarantees by various authors. For the idealized population version, it was shown by various
authors (Xu et al., 2016; Daskalakis et al., 2017) that EM converges at a geometric rate to
+0,, unless the initial guess 0y is orthogonal to 6,. A finite sample analysis was made by
Daskalakis et al. (2017), but was based on sample-splitting—EM was assumed to run on a
fresh batch of samples at each iteration. Optimality of EM in terms of statistical error and
convergence time was ultimately established by Wu and Zhou (2019).

1.5 Other Known Results

The unbalanced 2-GM model studied in this paper was mostly explored in relation to
misspecification or overspecification, i.e., cases in which the true model does not belong
to the set of fitted models, or belongs to a simpler set of models. An extreme case of
2-GM mixture model was considered by Dwivedi et al. (2020a), in which the components
are not separated at all, thus reduced to a zero-mean Gaussian 6, = 0. The EM algorithm
was designed to operate on the unbalanced model (1) with p, # 0 that over-fits the true
model. For this case, it was shown that the population iteration is globally contracting at
a rate ||@p41]= ||0](1 — %) and thus globally converging at a geometric rate, and has a

statistical error of O(p% \/g), which is parametric for fixed p, but in general, worse than
p%\/%) ), and from our Theorem 2. This behavior was contrasted with

the same setting, except for which p, = 0, where it was shown that convergence of the
population EM is much slower, and behaves as |01 = ||6¢[|(1 — ||6¢]|*), and the error rate

the minimax rate (

for the sample-based EM is O((d/n)'/*). This error rate was achieved by partitioning the
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EM iterations to multi-epochs, where in the ith epoch, ||6;| € [(%)a“’l , (%)al] for judiciously
chosen powers o;. With this approach, the guarantees on the empirical error in the iterations
of the Ith epoch improve as [ T oo, which allows the “localization” of the empirical error
discussed in Section 1.3. Dwivedi et al. (2020b) also considered the EM for 2-GM mixture
model with 6, = 0, but in which the algorithm is also allowed to fit the variance of the
samples. The obtained behavior is distinctively different in one and multiple dimensions.
For d > 2, the number of required iterations is O(y/d/n), and the error rate for estimating
the mean is O((d/n)'/*), whereas for d = 1 the number of required iterations is even larger
O(n?/*), and so is the error rate O((1/n)'/®). Other misspecified models were considered by
Dwivedi et al. (2018), and one of them is an unbalanced 2-GM one-dimensional mixture to
a balanced 2-GM one-dimensional mixture, albeit with a smaller, unknown variance. The
paper bounded the distance between the true parameter and the parameter corresponding to
the KL projection of the true model onto the set of allowed models. Based on this bound,
the population EM operator was shown be contractive w.r.t. the projected parameter,
and geometric convergence with statistical error rate O(1/y/n) of the samples-based EM
iteration was established.

Following the general analysis made by Balakrishnan et al. (2017), various latent mod-
els were explored. A high-dimensional setting with d > n and sparsity assumptions was
studied by various authors (Wang et al., 2014; Yi and Caramanis, 2015), which proposed
truncation and regularization approaches for modifying EM to that setting, and provided
results comparable to that of Balakrishnan et al. (2017). The problem of estimating mix-
tures of linear regressions was considered by Klusowski et al. (2019), which enlarged the
contraction region assured by Balakrishnan et al. (2017) for this case, and showed that any
initial guess with sufficiently large angle with the target parameter vector, rather than the
small distance requirement of Balakrishnan et al. (2017), will converge to 6,. It also showed
that a sample-splitting version of the EM algorithm converges with high probability. Global
convergence of the sample EM iteration was later established by Kwon et al. (2019) by con-
trolling both the empirical error and empirical angle between the population and empirical
iterations. Results of this nature were then generalized to the k mixture of linear regression
by Klusowski et al. (2019). The k-GM for a general k > 2 was studied by Yan et al. (2017);
Zhao et al. (2018), which provided results comparable to Balakrishnan et al. (2017) for
gradient EM under minimal separation condition between the means, and closeness of the
initial guess to the true means. Beyond the i.i.d. setting, estimation problems in hidden
Markov models using EM were studied by Yang et al. (2015); Aiylam (2018).

1.6 Notational Conventions

Constant values which are used to state results or used in more than a single place in the
paper are denoted by sans-serif letters and are summarized in Table 2.5 Constants which are
used only locally are denoted by ¢, C, cg, .... Those constants are either universal or depend
only on the parameters of the global assumptions Cy and C,. Asymptotic relations such as
<, = are within these constant factors. Standard Bachmann—Landau asymptotic notation

6. In principle, these constants can be upper bounded by functions of the global constants Co and C,.
Since, this will lead to rather cumbersome statements of the results described in this paper, and since
obtaining tight bounds for these constants is an onerous task, we opt to leave them unspecified.
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Constant Description
Cop Global assumption (Section 1.2): Maximal norm of 64
Cp Global assumption (Section 1.2): Maximal absolute value of py
Cs Global assumption (Section 1.2): Maximal absolute value of 3,,
(Qﬁ,EB) Global assumption (Section 1.2): Cgp < |Bp[< Cgp-
Cw Concentration (Section 2.1): Constant for empirical iteration error (w.h.p.)
{Cgl)} Result for d = 1 mean iteration (Section 2.1): Constants in Theorem 6
T Result for d = 1 mean iteration (Section 2.1): Convergence time in Theorem 6
c” Proof of d = 1 mean iteration (Lemma 15): A constant for a bound on f’/(0)
{ng)} Result for d > 1 mean iteration (Section 2.3): Constants in Theorem 10
ng), T(Gd) Result for d > 1 mean iteration (Section 2.3): Convergence times in Theorem 10
Cr,0, C'}é, C%’/ Proof of d > 1 mean iteration (Lemma 17): Constants for bounds on F(a, b) and its derivatives
C(C?,>p7 C(C;i,)n Proof of d > 1 mean iteration (Proposition 9): Constants for bounds on G(a, b) and its derivatives
Cs,d) Proof of d > 1 mean iteration (Proposition 11): A constant for a condition on n = ||6.]|
{CEP)} Result for weight iteration (Section 2.4): Constants in Theorem 12
T(P) Result for weight iteration (Section 2.4): Convergence time in Theorem 12
C;L’ Proof for weight iteration (Lemma 18): A constant for a bound on the second derivative of h(p)

Table 2: Summary of global constants.

will be used, where in specific, the notation a, = O(bn) for a pair of positive sequences
{an}nen, {bn} ken implies that there exists k € Ny so that limsup,, . bn(l‘;ﬁ)k < oo (i.e.,
an = O(by, - (logn)¥)).

The expectation of a random variable U is denoted by E[U], and the empirical mean
of n i.i.d. samples (Uy,...,U,) of U is denoted by E,[(U)] := £ Y- | U;. The distribution
(law) of a random variable U will be denoted by £(U). The 1-Wasserstein distance between
probability measures p and v is given by (Villani, 2003) W1 (V,U) = inf E|V — U| where the
infimum is over all couplings of p and v, i.e., a pair of random variables (V,U) such that
L(V)=pand L(U) = v. The Euclidean norm is denoted by |||, and the Euclidean ball of
radius 7 in dimension d is denoted by B?(r), where for d = 1 we omit the superscript. A
unit vector in the direction of a vector 6 is denoted by g. For a given Orlicz function ¢, the
Orlicz norm of a random variable U is denoted by ||U||,= infi~o {E[¢(|U|/t)] < 1}, where U
is called o-sub-gaussian (resp. o-sub-exponential) if |U]|y, < o where 95(t) = exp(t?) — 1=
(resp. ||U||y, < o where 1)1 (t) = exp(t)—1) . Theset {1,...,n} is denoted by [n], equivalence

(usually local simplification of notation) is denoted by =, and equality in distribution by
d

1.7 Organization

Section 2 contains detailed statements of the results, along with discussions, and proof
outlines. Proofs appear in later sections according to order. Specifically:

e In Section 2.1 we generalize the uniform error concentration bounds of Wu and Zhou
(2019) to the unbalanced case, and also states such a bound for the weight iteration.
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The proof is not fundamentally different from Wu and Zhou (2019) and is provided
in Appendix A for completeness.

e In Section 2.2 we analyze the mean population and empirical EM iterations assuming
the true weight p, is known for d = 1.

e In Section 2.3 we extend the analysis of the previous section to d > 1, and prove the
main result of the paper.

e In Section 2.4 we analyze the population and empirical EM iterations for the weight
assuming a fixed mean € (possibly mismatched to 6.,).

e In Section 2.5 we briefly discuss the problem in which both p, and 6, are unknown,
and the estimator is required to jointly estimate both.

In Appendix B we analyze minimax rates, and in Appendix C we provide miscellaneous
results used in the paper.

2. Detailed Results

In this section we describe our results in detail.

2.1 Concentration of the Empirical EM Iteration

We first establish the concentration properties of the empirical iterations to their population
versions. The following theorem is a generalization of the result of Wu and Zhou (2019,
Theorem 4) from the p = 0 case to p # 0 case, and is proved in Appendix A.

Theorem 3 Assume that that ||0.]|< Cg and that |p«|< C,, and consider the event

&= {l/n(0,p) = 10, p)lI< max{||0f], p} - wa} N {[hn(p,0) = h(p, )] < [|0]-wn}  (15)

where
dl
Wy = Cw ogn .
n
Then, there exist a constant C,, which depends on (Cy,C,) such that P[€] > 1 —

n > Cdlogn.

L for all

n

We assume in the rest of the paper that the high probability event (15) holds, and often
denote wy by w for brevity. Note that in general, the error bound depends on the iteration
values (6, p) and is uniform in the ground truth parameters (6, p.) (as long as they satisfy
the global assumptions). For the mean iteration, it is interesting to contrast the balanced
iteration of p = 0 with p # 0. For the balanced iteration, f,(0,0) = E,[X - tanh(f, X)]
and so f,,(0,0) = f(0,0) = 0 € R? with probability 1. Hence, a valid upper bound on the
empirical error may tend to zero as ||| — 0, and, indeed, Wu and Zhou (2019, Theorem 4)
have obtained an empirical error bound of order Op(]|f||w). Similar intuition was used by
Dwivedi et al. (2020a,b) to “localize” the error around ||f]|~ 0, although in a more granular
way. When the iteration is unbalanced, i.e., p # 0, the iteration f,,(0, p) = p-E,[X] is a non-
degenerate random variable, whose population version is f(0, p) = p-E[X] = p?-6,. In fact,
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in one-dimension, f,(0, p) might even be negative (i.e., have opposite sign to its population
version). Hence, one cannot expect the empirical error to behave as in the balanced case,
and an additional term is required, which depends on p, as given in (15). Evidently, as
p increases, so does the error bound. Intuition again may arise from the extreme case,
this time when p = 1. In this case the iteration is simply lim,_,1 fn(6,p) = E,[X], ie.,
the iteration provides the empirical mean at a single step, which clearly must have an

empirical error of Op(\/%), even with ||f|| being arbitrarily small. Figuratively speaking,

the more the iteration is “aggressive” in assuming prior knowledge regarding the signs {.S;}
generating the samples, the larger is the empirical error in the iteration. On the other
hand, as we shall see, such (correct) prior knowledge improves the convergence properties
of the population iteration. So, the convergence properties of the empirical iteration for
p > 0 are obtained from a balance between improved population convergence compared to
p = 0 which compensate for the larger empirical error. The error in the weight iteration
is proportional to Op(||@]|-w1), which agrees with the observations that h,(6,p) — p as
|6]|— 0, and p is unidentifiable, along with the observation that the weight iteration is
effectively one-dimensional, and so the error is proportional to wy rather than to wy.

2.2 The Mean Iteration for Known Weight at d =1

In this section we consider the mean iteration in one dimension. While the model for d = 1 is
simple, its analysis already captures some of the complication of the analysis, and also serves
as a building block for the analysis of the d > 1 case. We assume that §, = (1 — p,)/2 =9
is known and fixed, and this true parameter is used in the EM iteration. Hence the model
can be written as

Pn,éz (1_5)N(7771)+6N(_7771)a
where 7 := [|6.]|> 0 is assumed w.l.o.g.. The population version of the EM iteration for this

case can be written as

1—-9)- X9_5, —X0
f(0]n,0):=E X'El—di-zﬁfua-zm —E[X - tanh(X0 + 8)] ,

with X ~ (1 —0)N(n,1) + 0N(—n,1) and where we abbreviate to f(0 | n) or f(0) when
possible. Similarly, the empirical iteration will be denoted by f,,(6 | n,9), and abbreviated to
fn(0). Figure 1 illustrates several EM iterations (based on single runs of n = 10% samples).

We begin with the population iteration.
Theorem 4 (Population mean iteration, known weight, d = 1) The following holds:

1. The unique fized point of @ — f(0 | n,9) in Ry is = n, and its fized points in R_
are confined to the interval (—n,0).

2. If Oy > 0 then the iteration 0411 = f(6; | n,0) converges to 0.

3. Let 6 < 6 < 1/2 and 0o > 0. Consider the iteration 0, = f(0_1 | 1,0) such that
0o = 00 > 0. Then | — 04> |n — 0 for allt > 1, i.e., the convergence is faster as ¢
is lower. The same holds for 6 = 1/2 if 6y > 0.
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Figure 1: Tllustration of f(0,9 | n,d) for n =2 and n = 0.4.
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Though not crucial for the analysis or later derivations, we conjecture from exhaustive
numerical evidence that there are only two spurious fixed points of f(#) in R_, and fur-
thermore, there exists d.; € (0,1/2) such that the number of fixed points of f(#) in R_
is

2, 6€ (bers3)

1, 6 ="0c

0, 0€l0,6c)

Theorem 4 establishes global convergence properties for the unbalanced one-dimensional
EM population iteration, when initializing either with the correct sign of the larger weight
component, or with a neutral sign (§ = 0). Nonetheless, the illustration in Figure 1 also
demonstrates that initializing with the strictly wrong sign may lead to convergence to a
spurious stable fixed point which is at a non-zero distance from —n, even when n — oc.
Thus, a correct initialization of this iteration is both simple and crucial.

To describe the proof idea of Theorem 4, we briefly recall the properties of the balanced
iteration f(6 | n, %) and why this iteration globally converges. As evident from Figure 1
and proved by Wu and Zhou (2019, Section 2), § — f(6 | 1, 3) is an odd increasing function
which is concave on R4. It is not difficult to show (see also Proposition 23 in Appendix C)
that in this case that the iteration must converge to one of the three unique fixed points
9 = 0,+6. The general consistency property of EM? then implies that § = . Thus, for
the balanced iteration, the concavity property provides a global property on the iteration
which is used to establish global convergence.

The reduced uncertainty in the 6 < 1/2 case hints that the iteration should converge
faster and more accurately than for the 6 = 1/2 case. However, at the same time, the
change from § = 1/2 to 0 < 1/2 breaks the symmetry in the iteration, and hence the
concavity property of the iteration in Ry. For example, the yellow iteration in Figure 1
corresponding to § = 0.01 is non-concave around 6 ~ 0.6. While the second-derivative of
the iteration at # =~ 0.6 can be numerically shown have a small magnitude (and as evident
from the figure, the iteration is rather flat there), no general concavity statement can be
made, and hence a different global property is required. The consistency property assures
at @ = 7 the iteration is insensitive to 8, and specifically that f(n | n,d) = n for all 6. As
evident from Figure 1, and as is true in general, for # < n and 6 > n a change in ¢ bares an
opposite, yet consistent effect. The next proposition summarizes this property, along with
another global property related to “oddness dominance” that will be used in the analysis
of the empirical iteration.

Proposition 5 Assume that n >0 and § € [0, 1].
1. f(0|n,8)>—f(—601|n,0) for all 6 > 0.

2.0 — f(0 ] n,0) is non-increasing (resp. constant, resp. mon-decreasing) for 6 < n
(resp. forn =40, resp. 0 >n).

The second property can be described as § = 1 being a “pivot-point” for the iteration as §
is varied (see Figure 1). Given the second property of Proposition 5, along with the known
convergence for the case 6 = 1/2, global convergence can be easily established for 6y > 0.

7. Consistency can also be proved directly for the Gaussian mixture model—see proof of Lemma 15 below.
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In order to prove property 2 in Proposition 5, one may assume an arbitrary and fixed
true parameter > 0, and attempt to establish this property for all § € R. It turns out
that if 8 < 0, this property can be proved by a direct reasoning on % f(0 | n,0). However,
similar strategy seems daunting for 8 > 0, and our proof is built on an indirect argument.
More explicitly, for 8 > 0 it is required to be proved that:

>0, 0<n<é
<0, n>80

af(0 | n,9)
96

The proof of (16) is based on the following ideas:

e Analyzing % f(0]n,d) as a function of 7, rather than as a function of # directly. For
this to be useful, we will need to analyze n € R and not just n € R;.

e Expressing % f(6]n,0) as a convolution of some function with a Gaussian kernel. We
then exploit a wvariation diminishing property of Gaussian kernels which implies that
if a function h(f) has k zero-crossings in R, its convolution with a Gaussian kernel
may only reduce the number of zero-crossings. See Proposition 25 in Appendix C.3
for a formal statement. This allows us to prove that 7 — % f(0 ] n,0) has a single
crossing point for some 6.

e Then, utilizing the consistency property, which states that f(6 | n,0) = 6 for 6 = n
and any ¢, establishes that 0y = 6, and this results (16).

The idea of analyzing the iteration w.r.t. the true parameter n, rather than w.r.t. 6 was
previously used by Daskalakis et al. (2017), which used it in order to prove one-dimensional
global convergence (as well as convergence rates) for the balanced iteration. While such an
argument is not essential for this case given the direct analysis of Wu and Zhou (2019), an
idea in that spirit is useful here for proving a different global property.

We now turn to the empirical iteration. As we show next, the improved convergence in
the unbalanced case compared to the balanced case stated in Theorem 4 compensates for
the larger empirical error.

Theorem 6 Assume that |n|< Cy, |p«|< C, and that the high probability event (15) holds.
Consider the empirical mean EM iteration 0, = fn(6i—1) = fn(6i—1,9 | n,9). There exists

no(Cg, C,) and constants {Cgl)(Cg, C,)} such that if p, > Cgl) w1 and n > ng then

g(etvn) S Cgl) - min {a)lv u}l}
P N
holds for all t > Tg(l))zo where
1, U
1 w w 1
™ s - Llog (Cgs)), @ <<y
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1)

in case the iteration was initialized by 0g = 0, and for all t > Téozluz X] where
pn
0 1, n<Cip
Too=1E,(x] = cH1, 1 cWyen<c
P 3 2 g Cél>pw1 ) 4 P <1=>Lg

in case the iteration was initialized by Oy = %En[X].

The proof uses a “sandwiching” argument developed by Wu and Zhou (2019) that bounds
the empirical iteration f_(0) < f,(0) < f1(0) by the envelopes f1(6) = f(6) = max{|0|, p} -
wi (which holds with high probability), and the resulting iterations 6 = fi (6;_1) obtained
when initializing those iterations and the empirical iteration with the same initial guess
96: = 0y. We consider both 8y = 0 or 6y = %En[X]. First, it is proved that all three
iterations {6;}, {ch} converge to fixed points, 7, n+ respectively. Then, the analysis is split
into three regimes. For initialization at 8y = 0:

1. If % < 71 < p then the envelopes converge to fixed points 0 < n— <1, < 14, and the

envelopes are approximated as f1 () ~ 1 — cp? for some ¢ > 0. Thus, the envelopes
are contractions whose convergence times is on the order of O(p%).

. If p < n then convergence has two phases. At the first phase, 0; is low, and the
iteration increases additively each step from 6y = 0 by Q(p?n) at each iteration.
Thus, after T} = O(%) iterations, 6; = Q(p). At this point, the empirical error is
wi - max{0, p} < w16, to wit, the same empirical error as for the balanced iteration.
Since the population iteration converges faster in the unbalanced case than in the
balanced case (Theorem 4), and the empirical error in this case is of the same order,
then the convergence of the unbalanced empirical iteration is only faster than that
of the empirical balanced iteration. The latter was analyzed by Wu and Zhou (2019,
Theorem 3), and its result is used here.

CIfn < % then analysis similar to the previous cases shows that the upper envelope 6,

will increase, and will remain within the required statistical error, i.e., 0 < 6, < %,
for all t > 1. On the other hand, for the lower envelope, it is not guaranteed that
f=(0) > 0, and so it is also not guaranteed that ; will increase and converge to a
positive fixed point. If it does converge to a positive fixed point n— > 0, then n_ < n4
must also hold, and, as for the upper envelope, 0 < 6, < %, for all t > 1. If, however,
this is not the case and f_(0) < 0, then 6, will decrease and converge to a negative
fixed point n— < 0. In that event, the oddness domination property of the population
iteration (Proposition 5, item 1) assures that |n_|< 74, and so the same statistical
error O(%) is again assured.

For initialization at 6y = %En[X |, the error in the first iteration is already within the
statistical accuracy in Cases 1 and 3. For Case 2, it can be shown that the first phase of
convergence does not occur, and the convergence is as in the balanced case.
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2.3 The Mean Iteration for Known Weight at d > 1

We now consider the general d > 1 case. Recall that the n i.i.d. samples are given by
X ~ (1 —=6)- N(0y,13) +6 - N(—04, 1) where 6, € R% and § € (0,1/2) is known. For the
population mean EM iteration we show that:

Theorem 7 (Population iteration, known weight, d > 1) Consider the population mean
EM iteration 0y = f(0y—1,0 | 04,6). If (6p,0+) > 0 then limy_o 0y = 0.. Specifically, this
holds for 8y = 0.

As in the one-dimensional case, the idealized population iteration does not converge to a
spurious fixed point, whenever the iteration is not initialized in a direction which has an
obtuse angle with 6, (which is the mean of the larger weight component, 1—¢). Furthermore,
such initialization can be achieved by setting 6 = 0, since £(0,9 | 0s,8) = (1 — 25)2 - 0,
which already points to the desired direction. Evidently, in this case, 6; x 0, for all t > 1.
A slightly more general property holds for any initialization, and this is the basic ingredient
of the proof which we describe next.

The proof of Theorem 7 is based on an observation made by Xu et al. (2016); Daskalakis
et al. (2017) that the population mean EM iteration is “trapped” to the two-dimensional
space spanned by the true vector 6, and the initial guess 6. Wu and Zhou (2019) formulated
this observation in the following way. Let us denote 7 := ||f,]| for brevity, let V' ~ (1 —§) -
N(n,1)+6-N(—n,1) and W ~ N(0,1) be such that V' L W, and define:

F((a,b),d | n,0) = E[V tanh(aV + bW + B)] ,

and
G((a,b),0 | n,0) = E[W tanh(aV + bW + B)] ,

where we omit the dependence in (1, d) whenever it is inessential and simply write F'(a,b |
n,0), G(a,b | n,0), or even just, F(a,b), G(a,b). The following was proved by Wu and
Zhou (2019, Lemma 4) for the balanced case,® but the proof is similar for any § € [0, 1] and
thus omitted.

Lemma 8 Consider the population mean iteration 0,11 = f(0;,6 | 0«,0), and define

Oy =ap -0, + b - &

where n = 04|, 0, = 0./n, & L n and ||&||= 1 such that span{f,,&} = span{b,,0;} and
by > 0. Then, 0; € span{6y, 0.} (i.e., & = &) for all t, and

atp1 = F(ag, by)
bt+1 == G(at, bt) .

We refer to F(-) as the signal iteration and to G(-) as the orthogonal iteration. Lemma 8
thus implies that to analyze the iteration 6,41 = f(6:,0 | 64,0) it suffices to analyze the
evolution of {a, b;}, and that 6, — 6, is equivalent to a; — 7 and b — 0.

In the balanced case, the population mean EM iteration was shown to globally con-
verge to 10, by showing that the orthogonal error goes to zero unconditionally of the

8. A similar, but not identical, claim was previously made by Daskalakis et al. (2017).
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signal iteration, i.e., by — 0 is always satisfied. Then, the problem is reduced to the one-
dimensional iteration studied in the previous section. Essentially, this global property holds
due to the fact that for G(a,b | 1, 3) is a concave increasing function with G(a,0) = 0,
and %G(a, b)‘b:0 < 1 (Wu and Zhou, 2019, Lemma 5). As in the one-dimensional case, in
the unbalanced case, the lack of symmetry in case of § < 1/2 breaks down the concavity
property of G(a,b | n,6), and so a different global property is required. This is achieved in
the following proposition, which states properties of G(a,b | n,d) w.r.t. the true parameters
(n,0), and specifically states that G(a,b | n,d) is dominated by G(a,b | n,1/2), and so the
orthogonal iteration in case of 6 < 1/2 converges faster than in the case of § = 1/2.

Proposition 9

1. Monotonicity w.r.t. 6: If a > 0 then § — G(a,b | n,0) is an increasing function on
[0,1/2].

2. Dominance w.r.t. 6: Let Cy > 0 be given. There exists Cg)p(Cg,C/g,Cf) > 0 and
no(Co, Cg, Cy) such that for any n > ng

2 b2
< 1y cld) 2, o a+ @ 2
G(CL, b | 7776) — G(avb ‘ n, 2) C ,pp b — b(1 2 + 4(@2 + b2) CG,pp

for all (a,b,n) € [0,C¢)* x [0, Cg).

3. Monotonicity w.r.t. n: For a > 0, n — G(a,b | n,9) is a decreasing function in
nel0,a+ %]

4. Dominance w.r.t. n: Let C(Gd)77 = 3Cy. Then,

G(a,b|1,8) < G(a,b]0,6) + C) br?
for all (a,b,m) € R x Ry x [0, Cy].

Given items 1 and 2 of Proposition 9, it is evident that unconditional convergence of the
orthogonal part of the iteration to zero is assured in the unbalanced case (and the conver-
gence is only faster compared to the balanced case). After such convergence, the problem is
almost precisely reduced to the one-dimensional setting in the signal iteration {a;}, except
for a small residual additive error resulting from orthogonal iteration. However, as was
shown in the one-dimensional analysis, the unbalanced mean EM iteration may tolerate
small additive term (therein, this was due to the term wyp which, unlike the error term w16
does not vanishes when [|||— 0), and so this additive term does not prevent convergence.
We now turn to the empirical iteration:

Theorem 10 Assume that ||0.]|< Cy and that |p.|< C,, and that the high probability event
(15) holds. Consider the empirical mean EM iteration 0; = fr,(0:—1,6 | 04,9). There ezists

ng and constants {C(d)} which depend on (Cy, C,) such that if p, > ng)\/(; and n > ng then
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holds for all t > T(d’) T( ) T(d) where either 8y = 0 or Oy = %EH[X], Téi) s determined

dlogn

as in Theorem 6 by replacing’ wi — w = /Cq, and where

(@) 1»( : n<p
= d
G S og (C(d) ) 7

The proof of this theorem is based on splitting the analysis into three regimes 0 < n < p,
w

° S n < pand n 2 p. First, it is shown that when initializing at either 5 = 0 or
0y = %En [X], the orthogonal iteration satisfies b; = O(%), and remains so for all iterations.
In the n < % regime, this is shown by the local behavior of G(a,b | n,d) around n ~ 0
(Proposition 9, item 4). In the n 2 % this is proved by the dominance relation to the
balanced orthogonal iteration (Proposition 9, items 1 and 2), along with a verification that
a; remains positive for all iterations (so that these dominance relations are in fact valid).
Given that b, = O(%), the effect of the orthogonal iteration on the signal iteration is
negligible, and it is essentially reduced to the one-dimensional iteration. The convergence
time for this is Téi) (when setting the specific initialization for 6p'%), and the resulting error
for the signal iteration is |a; — n[= O(min{%, %}). If n < p then this is also the error rate
for 0, as |0 — 0.]= O(|lax — n|+0b:). If n > p, then the orthogonal iteration can be shown to
decrease to O(%) after additional Tgi) iterations.

We next consider the case of p, which is too small to satisfy the condition of Theorem
10.

Proposition 11 (Empirical iteration, known weight, d > 1, small p.) Assume that ||6.]|<
Co and that the high probability event (15) holds. Further assume that the balanced EM
weight iteration is run 0y = f,(0,—1,0 = % | 0,0 = %) with random initialization as in
Theorem 1. Let 0; = 5,6, where s, = sign(Ey,[X],6,). Then, there exists ng)(Cg) > 0 such
that if

2 < p < < Oy
n
then
06,,6,) < cg‘”%

holds for all t > ﬁg%

Theorem 10 and Proposition 11 together imply Theorem 2, which is the main result of the
paper.

2.4 The Weight Iteration for a Fixed Mean

In previous sections, we have considered the mean iteration assuming a known weight. In
this section, we study the opposite extreme case, and study the weight iteration assuming a

9. The constants determining Téij) might also be different than for d = 1.

10. In fact, Theorem 10 is valid for any 6y for which b; = O(%),
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fixed mean 0, and specifically, the case in which # = 0, holds. In this case, the log-likelihood
is given by
- 1+p 1—0p
PMLE = argmaleog = Lo Xt =B H(Xibu) )
; 2 2
pE[O,l] =1
As apparent and also well-known, the log-likelihood is a concave function of the unknown

parameter p, and so, the EM algorithm is assured to converge to the MLE (Wu, 1983).
Alternatively, a simple method-of-moments estimator pyion = ﬁ(&, E,[X]) can be readily

shown to achieve the minimax error rate for this problem, given roughly by min{m, 1}

(see Theorem 22 in Appendix B). Nonetheless, in this section we directly analyze the EM
iteration and provide statistical and computational guarantees similar to the previous sec-
tions. Despite the favorable behavior mentioned above, the analysis of the EM iteration is
delicate, especially in the mismatched case 6 # .. Understanding the EM iteration in this
setting may then further illuminate its basic features.

We thus assume in this section the model

1 1-—
P, - #.N(H*JH L N(=0.,1)

where § = % . As in Section 2.3, the weight iteration can be written as

(1+ p)elldlV — (1 — p)e-lielV
(1 + p)e||9||v + (1 — p)e_HGHV

h(P79 ‘ 9*7/’*) =E

where V ~ (X22) . N((0,6.),1) + (552) - N(—(0,6.,),1) and § = 0/||0]|. Similarly, the

empirical iteration will be denoted by hy(p,¢). In addition, since |p.|< C, is assumed, we
may also consider truncated iterations given by [h(p, 0 | 0, ps)]c, where

—C,, t<-C,
[tlc, = { ¢, —-C,<t<C,.
G, t>¢C,

Figure 2 illustrates EM iteration (based on single runs of n = 10% samples).

As expected, for a given fixed 6, the iteration is essentially one-dimensional and does
not depend on d. Note also that if (6, 6,) = 0 then p, is not identifiable, and, in accordance,
the population iteration is useless; indeed h(p) = p for this case. Regarding the population
iteration, we have the following theorem:

Theorem 12 (Population weight iteration, fized mean) Assume that p, > 0 and that
(0,6.) #0. The following holds:

1. The iteration h(p,0) has either two or three fixed points in [—1,1]. The boundaries
p = %1 are always fized points. There exists a third fized point py € (—1,1) if and

only if
_ e2lel KHP) e~2004) 4 (1_”) -62<979*>} >1 (17
p=1 2 :
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EM iteration
n = 1000000, 4, = 0.20

h(p,n | 1, p«)

Figure 2: Ilustration of h(p,n | n, ps) for p,. = 0.6.

and if it exists, it satisfies py € (0,1) if (0,60,) > 0 and py € (—1,0) if (6,6,) < 0.
Specifically, condition (17) holds if ||0||> |<é, 0.)|, and, furthermore, if @ = 0, then
P# = Px-

2. If py > 0 exists then the iteration pi1 = h(py,0) converges monotonically upwards
(resp. downwards) to py if po € (—1, py] (resp. po € [pg,1)).

The proof mainly uses the following properties of p — h(p,6): It increases monotonically
from h(—1,0) = —1 to h(1,0) = 1, and in case there is a fixed point py € (—1,1), its
uniqueness follows from the fact that h(p,6) changes its curvature only once as p traverse
from —1 to 1 (from concave to convex).

A rough characterization of the influence of mismatched 6 can be derived as follows.
Note that for the method-of-moments estimator, a mismatch in the knowledge of 6, when
assuming the true vector is 6 # 6, results in bias in estimation, such that, on the population

level
1 4 1 .
pyioM = 7 (0L E[X]) = (0, 64) - pac.-
el 16]]
Thus, pyvom < ps if and only if (6,6,) < ||0]|. The next proposition shows the same effect
for the EM iteration:

Proposition 13 Assume that p, > 0 and that <é,0*> > 0. Let py be the fized point of
p — h(p,0) which satisfies py € (—=1,1) (if such exists). Then, py < p« if and only if
(0,6.) < [16]].
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The proof of the global property in Proposition 13 is again based on the variation dimin-
ishing property of the Gaussian kernel, on consistency, and on exploring the location of the
fixed point as a function of the true parameter 6, for a fixed 6.

The empirical weight iteration satisfies the following theorem:

Theorem 14 (Empirical weight iteration, known mean) Assume that ||6.]|< Cy and that
|p«|< C,, and that the high probability event (15) holds. Consider the truncated empirical
weight iteration py = [hn(pi—1,0+ | Ox, px)lc, when initialized with pg = 0. There erists

no(Co, Cp) and constants {CEP)} which depend on (Cy,C,) such that if ||0||> Cgp)% and
n > ng then

w1
Upt, ps) < Cép)m

(p)
holds for all t > T = %

The proof is based on bounding the empirical iteration with envelopes of absolute error
w1||0«]|, and analyzing their convergence. As might be expected, both the error bound and
convergence time diverge when ||6.||— 0; In the extreme case ||0.||= 0, p. is not identifiable
at all. The error bound of the EM iteration (and thus, also the MLE) matches that of the
method-of-moments estimator, and also the minimax error rate (Theorem 22 in Appendix
B).

2.5 An Open Problem: Joint Mean and Weight Estimation

We have analyzed the EM algorithm for the model Fjs in case one of the parameters
is known and the other is required to be estimated. We next briefly discuss the more
challenging scenario in which both §, and 6, are required to be jointly estimated. In this
case, each of the parameters serves as a nuisance parameter for estimating the other one,
and the exact statistical and computational rates of EM remains an open problem. We
nonetheless briefly discuss several aspects of this problem.

For the idealized population version, it is straightforward to ensure convergence, even
far from the solution by a proper “scheduling”, i.e., not necessarily running both (6)-(7) at
each iteration. Specifically, a simple possible scheduling is “freezing” 6; = 6y and running
the weight iteration for T steps until convergence, then freezing p; = p7, and running the
mean iteration until convergence, and so on. The initialization and scheduling order will
then affect convergence. If we set pg = 0 and run the balanced mean iteration 0yy; =
f(6y, %|77,5) it will converge to 0,. If we after this convergence we will run the weight
iteration pry1 = h(p,0s) it will converge to p,. Thus, this scheduling globally converges
to (0«, p«). By contrast, while we have empirically observed that initializing with a frozen
0o also globally converges, it is more challenging to establish via our methods. To see
this, suppose for simplicity that d = 1. Note that Proposition 13 hints the importance
of assuring that 6y > 6, = n so that the weight iteration p;+1 = h(p:,0) will have a
fixed point px < ps. If this condition does not hold, then the weight iteration might
not have a fixed point pg in (—1,1), and the iteration will converge to the spurious fixed
point of p = 1. Thus, we would like to initialize with a frozen 6y such that |6p|> 7.
By our assumptions, this could be achieved, by setting [|fp||= Cy. Next, we freeze p; at
the obtained fixed point p4, and run the mean iteration. The following property can be
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proved: Let X ~ (1 —0,)-N(n,1)+ 6, - N(—n,1) with n > 0 and assume that § > 0. Then
f(0,6 | n,04) < f(0,6 ] n,6) if and only if §, > §. Due to consistency and the convergence
properties of f(6,0 | n,0) (Theorem 4), it can also be assured that f(6,d | n,d.) has no
fixed points in (n,00), and has at least a single fixed point in (0,7n] (which might not be
unique). Upon convergence to such a fixed point 1y < 7, we may freeze it and run the
weight iteration h(p,np). At this phase, since ny < 7 it is not clear that the weight iteration
will have a non-trivial fixed point px € (—1,1). A more delicate argument is required to
assure global convergence for a scheduling that begins with a phase of frozen 6;. For the
population iteration, we can always choose to begin with p = 0 that is provably globally
converges, but it is not clear if this scheduling is better in terms of the empirical iteration.

For the empirical iteration, the result of running the balanced mean EM iteration (or
a spectral algorithm) can clearly be used to obtain with high probability an initial guess
0o with [0y — 0.]|= O(y/w) if ||6.]|< v/ and |6y — 6. ||= O(”;J—*”) otherwise. In the former
case, 0y is not informative regarding the direction of 6,, and so this initial guess is not
expected to be better than 6y = 0. When [|6.]2 +/w, the initial guess has non-trivial
angle with 6., and so it seems beneficial to initialize with that 6y. Furthermore, the only
possible case case in which EM algorithm can improve the error rate is p. > ||0.]|2 /w.
A possible direction to prove such a result, is to learn the stability of the mean iteration
w.r.t. error in the weight and vice-versa. Specifically, using 6 with |6 — 6, < oy i the
iteration pi+1 = h(pt, 0 | O, p«) shifts the population fixed point by at most O(W), but
this is larger than the shift due to the empirical error which is O(Hg’—*H). If, however, one
can use p with |[p — p«|< H;TH in the empirical mean iteration 0y11 = f,(0s, pt | O«, p«) then
this mismatch can be shown to be negligible compared to the empirical error. Thus, with
this scheduling, the key point is how to finely estimate 8, so that its effect on the weight
iteration will be negligible. Nonetheless, if non trivial separation holds and 6, = (1) then
running the balanced EM mean iteration followed by the weight iteration leads to (nearly)
optimal error rates.

3. Proofs for Section 2.2

In this section we prove the results of Section 2.2.

3.1 Population Iteration

The following lemma summarizes simple properties of the mean population iteration for
d=1.

Lemma 15 Assume that n > 0. The following properties hold for f(0) = f(0,0 | n,9):

1. Iteration: f(0) = (1—26)%2-1n >0, f(n) =n (consistency) and limg_,o f(0) <n+1<
Cy + 1.

2. First order derivative: f(0) is increasing on R and

X2
(1 —8)-eX0 4§ e=X0)>?

X2
[coshQ(XH + )

F(0)=E }:45(1—5)-1@ >0.
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AL=0
f1(0) =48(1—4) - [* +1]

and furthermore, if 0 > n then
1
() <2v/6(1 - (5)67%772 <1- 1 -max{min{n?, 1}, p*}.

3. Second order derivative:

X3 tanh(X6 + B)

3 ((1 —6)-eX0 -4 e_Xe)
cosh?( X0 + 3)

f1(6) = —2Ex (1 —0)-eX0 4§ e=X0)?

= -8:0(1-6)E

Furthermore, there exists C"(Cy, C,) such that for all € R
’f”(@)} < " max{6, p}.
Proof We only explicitly prove non-trivial properties, or ones which are non-trivial exten-
sions of the results of Wu and Zhou (2019, Lemma 3). Let Z ~ N(0,1).
1. The consistency property is well-known, but can also be proved explicitly:
f(n) @ e /2 R [Z. ((1 —6) - P/ e*Zn)}
—e 2K [Ze?M] — se 2R (Z - (e + e 7M)]
O e=/2 g [ze21) Q =12 R [pen) =,

where (a) is by change of measure (see Equation 52 in Appendix C.1), (b) is by oddness
of the argument in the second expectation, (c) is by Stein’s identity (see Equation 55
in Appendix C.1).

2. The bound on f’(6) for 6 > n holds since
72 46(1 - 9)
(1—10)-e20 +5-e29)

(1—0)-e?M46§-e4n
(1—10)-e20 +§.e20

5 - ((1 —5)‘eZ’7+5'eZ’7)]

0)
<e 3" E [22.2 5(1—9)-

9 9 /601 = 8)e 3" x
—5) - en e 4N —8) e Zn . eZn
gllp (=0 e®4d- 7 1, (1-06)-e?145-c
2 (1-10)-e?946-e20 2 (1—0)-e %0 445.e%0

@ -3 . 5. 2
< e 2" .2y/5(1-9) - E[Z] (18)

where: (a) is proved again by a change of measure; (b) holds since by the inequality
of arithmetic and geometric means, for any a > 0

(1— gfg;? o1 =2Vl =9),
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(c) follows since Z < _z ; (d) holds since

1 (1-6)-b+d-0" 1 (1-6)-b"+45-b

maxX 2 Tt U= al+s.a

1. 19
5€(0,1], a>b>1 2 (1-0)-a+d-a~ (19)

To show that (19) holds, note that objective function on the left-hand side (Lh.s.) is a
convex function of b for a given (a,d), hence it is maximized for either b = a or b = 1.
At b = a the value of the objective is 1. At b = 1 we maximize over a > 1:

1 1 1 1
rg§¥§‘(1—5)-a+5-a*1+§'(1—5)-a*1+5-a
_ 1 a+at
T2 1021 82+46(1-0) (ata)

1 c
= max — - =1,

e>2 2 (1-26)246(1-96)-c

where ¢ = a + a~! was used, and the fact that the function to be maximized has a

single maximum in Ry at ¢ = \/%(12:55) < 2. Using § = %, we thus have f/'(6) =

V1—p?- e~2"". The final bound is obtained from /1 — p?<1-— % and e~ 27 <

max{e~!,1— %2}

3. The bound on the second derivative follows from |[tanh(¢)|< ¢t and cosh(¢) > 1.
|
We next turn to prove Proposition 5. To this end, we need the following technical lemma:

Lemma 16 Let 5 > 0 be given, and let

1 1
a 20 cosh?(u + f3) " 2(1 — 6) cosh?(u — B)

s(u) := —tanh(u + B) + tanh(u — B) (20)

Then, %s(u) = 0 has a unique solution, this solution is negative, and s(u) < 0 for all

u € R.

Proof For u < 0 the claim that s(u) < 0 holds since both tanh(u — 8) < tanh(u + 53)
and (1 — 0)cosh?(u — 8) > dcosh?(u + ) hold when § > 0. For u > 0, we begin by
analyzing L s(u) and show that the real solution of s(u) = 0 is negative and unique.
Using the double-argument identities 1 4 cosh(2t) = 2 cosh?(t), sinh(2t) = 2sinh(t) cosh(t),

the half-argument identity tanh(}) = mzl}?(i};)(ﬁl) we obtain that the derivative is

ds(u)  1—gtanh(u+p) 1- 15 tanh(u — j3)

du cosh?(u + B) cosh?(u — f3) (1)

Y

and thus get that %s(u) = 0 is equivalent to

1 + cosh(2u — 28)7? 1+ cosh(2u — 23) — 1175 sinh(2u — 2.3)
1+ cosh(2u+28)] 1+ cosh(2u +23) — % sinh(2u + 28)

Y
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or, by using exp(23) = %}5 and denoting v := €?*, equivalent to

2
5 — § s 2
P+%r¢1+ﬁjﬂﬁ 2+ 55097 — %y
2 5.—1_ (1=0)2 .~
[2+1‘%5¢—1+16;5¢] 2+ Gyt - Sy

After further algebraic manipulations, the last display can be shown to be equivalent to
(26—1)[0) + 1 — 8]-[(1 — &) + 8]+ [20(1 — 8)1p™ + 36(1 — 8)3p* + (1 — 28)*y — 5(1 — &)] = 0.
As 6 € (0, %) and ¥ > 0, the only real solution to this equation is the solution to

25(1 — 8)Y* +35(1 — 8)? + (1 — 26)*p — 6(1 — &) = 0.

The Lh.s. of the last display is an increasing function of ¢ € Ry with value —§(1 — ) at
1 = 0 and a strictly positive value at v» = 1. Thus, the above equation has a single real
solution which belongs to (0,1). Hence, %s(u) = 0 has a unique solution, and this solution
is negative.

We next use this property %s(u) to show that s(u) < 0 for all w > 0. As s(0) =
4(26 — 1) < 0 and limy_, s(u) = 0, the mean value theorem implies that +-s(u) must be
strictly positive for some u > 0. Since %s(u) # 0 for u > 0, s(u) must be increasing for all
u > 0. Since limy o s(u) = 0 holds, s(u) > 0 is impossible for u > 0. [ ]

Proof (of Proposition 5) Let U ~ N(n,1). To prove the first property, we write

=E[X - tanh(X6 + 3) — X - tanh(X6 — [3)]
= (1-20)-E[U - tanh(U0 + §) — U - tanh(U8 — B)]
>0
which holds since u +— u - tanh(uf + 8) — u - tanh(uf — /) is an odd function, that is positive

on R+.
To prove the second property, we write the iteration as

f(O@]n,0)=E[(1—-9)-Utanh(U+ B)+ - U tanh(U6 — B)],

and then analyze its derivative w.r.t. §

of (8] n,6)

55 = E[-U tanh(U0 + ) + U tanh(U6 — )]

1 (1-oU 5U
26(1 —06)  lcosh?>(UO+ B)  cosh?*(U—B)]

To prove the required property, we will show that

<0, O<n

o1@1n8) |, _,
65 - Y 77_
>0, 0>n
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and to this end we split the analysis to the cases # =0, § < 0 and 6 > 0.

Case § = 0: In this case, trivially, % 9—0 = —4(1 —20)n < 0 for n > 0 and
5€(0,3).

Case 8 < 0: Let

q1(u) := —utanh(uf + ) + utanh(uf — 3)

and note that since tanh is monotonically increasing and negative for ¢ < 0, it holds that
q1(u) is an odd function, and ¢;(u) < 0 for all w > 0. Thus E[¢;(U)] < 0. Also let

o (1—-0)u B ou
o cosh?(uf + B)  cosh?(uf — B)

q2(u)

Since cosh is an even function with a unique minimum at ¢ = 0, it holds that

1-9)
cosh?(uf + B)  cosh?(ub — B)

@2(u) =u >0,

and

. (1=08u du . (1=0)u N du
~ cosh®(uf + B8)  cosh®(uf — B)  cosh?(uf — B)  cosh?(ub + 3)

g2(u) + q2(—u)

1 1
- <cosh2(uo9 +B)  cosh®(ub — 5)) -0

for any u > 0. Thus ga2(u) > —ga2(—u) for u > 0, and E[g2(U)] > 0 (see Appendix C.1). The
required property then follows since W =E[q(U)] - mﬂi [72(U)] < 0.
Case § > 0: We follow the ideas outlined in the discussion following the statement of

the proposition. We note that %&"’6) =E[U - s(U)] where s(u) is as defined in (20), and
s0

af(@|n,é

OO L10) _ 1y (o) » () (22)
a6

where ¢(n) := & - e~°/2 is the Gaussian kernel, and the convolution is w.r.t. 7.

Var
We begin by proving that n — % has at least a single zero-crossing in Ry by
showing that for n = 0 and as n — oo:

9f(6 | n,9)
09

9f(6 | n,9)

>0, 96

n=0

T0asn— .
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At n = 0, using the definitions of ¢;(u) and ¢2(u), and recalling that Z ~ N(0,1)

af@mo)|  _ 1
T | Elq(2)] - mE [02(Z)]
@ —25(11_5)}3 [92(Z)]
1

- _mE [02(Z) + q2(—2))]

~-m 5 “ e - 7))

(b
20

where (a) is since ¢1(u) is an odd function, and (b) is since for # > 0 and any u € R

1 1
" <cosh2(u0 + p) a cosh?(uf) — B)) <0

For n — oo, we note that the first term in the limit of W is

WILIIOIOE [—(Z +n)tanh ((Z +n)0 + B) 4+ (Z +n) tanh ((Z + n)0 — B)]
— 8 | i (~(Z -+ ) tonh (2 + )9 + ) — anh ((Z + )8~ )

by dominated convergence theorem. Then, by L’Hi'g)%pital

nlin;o(z +n) [tanh ((z + n)0 4 B) — tanh ((z + n)0 — B)]
~ lim [tanh ((z +n)0 + §) — tanh ((z + 1)0 — ()]
1500 (z+mn)t
[ 2 1 - 2 1
— Jim gLleost’(Hmo+h) 008}12 (o= _
m—o0 —(z+n)”
since cosh(t) > €'/2 for t > 0. The second term in the limit of W can be analyzed
similarly and also equals zero. The fact that the limit of w to 0 is from below, can be

deduced from 7 - s(fn) < 0 for all n > 0 (Lemma 16) and the convolution relation (22).

Next, we prove that the zero-crossing of n — W in R4 is unique. The function
1 — 1 - $(0n) has a unique zero-crossing at n = 0 since Lemma 16 implies that s(6n) < 0
for all n > 0. Furthermore, for any given 6, n — n - s(6n) is a bounded function. Indeed,
n - s(6n) is clearly bounded for |n|< 1. For |n|> 1, note that using tanh(t) = 1 — #th)’ it
holds that for any n > 0

[tanh(0n + B) — tanh(6n — 5)]

e P e’
cosh(0n+ B)  cosh(fn — j)
<e 0. 268,

_97]
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and analogous result holds for n < 0. Also, using cosh(t) > 1+ %, it holds that

'( 1 _ 1 >‘ < 1 n 1
20 cosh?(Bnp + B)  2(1 —6) cosh?(Bn —B) )| — 928 (1 I w)Q 2(1 — ) (1 i w)Q .

Hence, |17 - s(6n)| < |n|-[e~" - 2¢8 + ﬁ] which is bounded for all |n|> 1.

The variation diminishing property of the Gaussian kernel (Proposition 25, Appendix

. . . af(0]n,6
C.3), and the convolution relation (22) imply that %

as a function of . From all the above, W has exactly a single zero-crossing for some

n > 0. The consistency property implies that w = 0, and so this zero-crossing

has at most a single zero-crossing

must occur at = 6. From this, (16) follows. [ ]

Proof (of theorem 4) Recall that 7 and 0 are the only fixed points of the balanced iter-
ation f(6,% | n, %), and that f(|6],3 [ n,3) > [6] for 0 < |0|< n, and f(|6],% | n,3) < |6] for
|0|> 1. The claim then follows from Proposition 5, item 2. The last two claims follow from
Proposition 23, items 4 and 5. |

3.2 Empirical Iteration

Proof (of Theorem 6) We analyze the empirical iteration f,(6) = f,(6,6 | n,0). From
Lemma 15 and assuming the high probability event (15), it holds that

| fn(0)]< Cog4+ 14w < Cop+2

for all n sufficiently large, and that

fn(0) = f-(0) := f(0) — max{|6], p} - w, (23)
and

fn(0) < f1(0) := f(0) + max{|0], p} - w, (24)
where we abbreviate here w = wy = 1/C, 1ngL “ and f4(6) will be referred to as the lower

(—) and upper (+) envelopes. We consider the empirical iteration 6;11 = f,(6;) as well
as the lower and upper envelopes iterations Gﬁl = fy (Gft), all which are initialized at the
same point, to wit, 0y = HS—L. We begin by thoroughly analyzing the initialization 6y = 0
and then briefly discuss the initialization 6y = %En [X] (which is similar and simpler). In
the first step of the proof, we show that {;} and {#:} all converge monotonically to fixed
points. In the second step, we analyze the convergence time and the distance between the
fixed points. We split the analysis into three different regimes for 7.

Fized points: We show that {#;} and {#7} converge monotonically to fixed points, which
we denote, respectively, by 7, and 1. We use several intuitive properties of convergence of
one-dimensional iterations, which are formally stated and proved in Proposition 23, items
1 and 4.
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For the empirical iteration f,(6), since

/ . X?
Jn(0) = En [COShQ(XG + ﬁ)} =0

and f,(0) is bounded by assumption, {6;} converges monotonically to a fixed point 7, and
is either increasing or decreasing according to the sign of f,(0).

For the upper envelope f(0), recall from Lemma 15 that f(0) is increasing and bounded.
So limg_,s f() = 0. Hence, f(6) is increasing, and for n > ny(C,) it holds that
limg o0 f(f) < 1. Thus {6, } is increasing and converges to a fixed point 7.

For the lower envelope f_(#), first note that there exists n1(Cy,C,) such that f_(6) is
increasing for all 6 € [—Cy, Cy] since

(0> f(0) —w> min E X

—w>0. 25
0<n<Cy coshQ(\X|C9+5) ? =

If f_(0) > 0 then since f(#) has a unique fixed point 7 in [0, 00), f—(#) must have a fixed
point in [0,7], and no fixed points in [n,00), and {#, } is increasing to one of the fixed
points in [0,7). If f_(0) < 0 then as the negative fixed points of f(6) are confined to [—n, 0]
(Theorem 4) similar reasoning as for the upper envelope leads to the conclusion that {6, }
is decreasing and converges to some fixed point n_ < 0. Furthermore, since the negative
fixed points of f(6) are confined to [—7,0] (Theorem 4) and since f(0) > —f(—6) for all
6 > 0 (Proposition 5, item 1) the minimal negative fixed point < 0 satisfies | |< |n4].

Stochastic error and convergence time: We now prove bounds on the stochastic error and
on the required number of iterations for convergence. We will use constants C'1,Cy,C3 > 0
which satisfy relations that will be specified throughout the proof. Assume that p > Ci+/w.
We split the analysis to three regimes for n given by [0, %], [%,Cgp] and [Cap, Cy| where

Cy > /1/C5 is assumed so that these are three non-empty intervals. For simplicity, we
assume that Cy <1 (its value will eventually be chosen to be sufficiently small).
Case 1: Assume 1 € [%, Cyp]. For 6 > n, Lemma 15 implies that

2

f;(e)gl—pzﬂu.

Thus, assuming C; > /12 then fi0) <1- %. For 0 < 0 < n, we have
| £"(6)] < C" - max{n, p} < C"p,
and using f.(0) = fi.(n) — [, £"(6)d0, it holds that

2
Fi) <1- %—i—cﬂp(n—e)—l-w

p2
<l=F+Cnp+w

p2
g1—Z+c”02p2+w.
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Assuming that C; > V12 and Cy < 52 we get that f, () <1 — %. Thus, f+(0) is a
contraction for 6 € [0, 00). Hence, sois f_(0) (as 0 < f7.(0) < f.(6)). Furthermore, it holds
that f4(0) > f_(0) = f(0) — pw > 0 for all n > ny(Cy,C,). Thus both 6;° are increasing

and converge to fixed points ny > 0 where ny > n > n_ and satisfy ny — 0?5 <ne(l-— %)t
(Proposition 23, item 6). We next analyze the errors e_ =n—n_ > 0 and ey =n4 —n > 0.
For the error of the lower envelope, let 6 € [n—,n] and recall that n— < n < Csp. Then,
1"(8) > —C"p and so

f'm) = £1(0) = Cp(n = 0),
as well as f_(6) > f(0) — pw. Hence

n—pw=f_(n)
n
—f(n " (0) - do
f(n)+[;f()

<77+/nf’(0)-d9
777

2 2
n? —n?
<n—+ f'(n)e-+C"p <776— -3 )

<0+ f'(n)e- + C"Cap’e_.

The above implies ¢ (1 — f'(n) — Cep?) < pw and since f/'(n) <1 — % then if Cy < % we
obtain 7 —7- < 8%. Since - — 6, < n-(1— %)t < Cy(1-— f—;)t it holds that n— — 6, < 8%
for all ¢t > % log (% . 5) (Proposition 23, item 6) and so also n — 0, < 16%. The analysis
for 4 is similar:

N+ = f+(n+)
= 1)+ [ £10)-ds

n
=0+ pwtep (f'(n) +w) .

Then, since 77 < Cap and f/(6) < 1 — £ it holds that e (& —w) < pw for all § > 7. Since
p > Ciy/w, assuming C; > /8 we get ny —n < 8%. Furthermore, for all n > n3(C,),
N+ < 2n and so for all ¢t > ;—3 log <%£> it holds that |n — 6, |< 16<.

Case 2: Assume 7 € [Cap, Cy]. The convergence has two phases. The time spent in
phase 1 (resp. phase 2) until the required convergence is assured will be denoted by T
(resp. T3).

1. We show that there exists C'5 < % sufficiently small and C; sufficiently large such that
f=(8) > 6+ Lp*n holds for all 6 € [0, C3p] (note that p > 26 is assured). In turn, this
inequality is satisfied if

f(0)>6+w(d+p)+ ép% (26)
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holds. Since

0
F10) = £(0) + /0 IORY

C
> (1= p")(1+n%) = 07 = C"pf,

and as f(0) = p?n, we get that

0
£(6) = £(0) + /0 ORE

2 2 2 CH 3 C” 2
Z pon+ (1= p ) (A +07)0 = ~=0" = —-pf”.

Thus, (26) is satisfied if the following inequality holds:

5 C// C//
6”2” + (1= pHn%0 > p*0 + ?93 + 7p92 + wh + wp. (27)
Since clearly (1 — p?)n?0 > 0, this inequality can be assured to hold for all n >
n4(Cw, C1) large enough, by proper choice of constants. Specifically, by “allocating”
% p*n for each of the five additive terms on the right-hand side (r.h.s.) of (27), and using

the assumption p > C1+/w, the inequality (27) is satisfied for C3 < min {%, 45,2, gg?, }

(for the first three terms) and C; > max{\/%, \/CEQ } (for the fourth and fifth
terms). Therefore, as long as 6; < Csp, it holds that 6,11 — 6, > % p*n. So, initializing
from 6y = 0, it holds that 6, > Csp for all t > T} = % where T7 < % Naturally,
this holds for ;" too.

. At this phase, the convergence behaves similarly to the balanced case. Specifically, as
C3 <1 and since 8 > Csp then

and

Using Theorem 4, the convergence of the envelopes with f(6) + C%Ow is faster than
the convergence of the envelopes of the balanced iterations f (0,% | 0, %) + C%Hw.
Thus, the one-dimensional analysis and result of Wu and Zhou (2019, Theorem 3)
holds. Specifically, Wu and Zhou (2019, Theorem 3) demonstrated the existence of
constants {¢;} such that if the balanced EM is initialized at 6y = C5p, assuming that

N > c4y/w it holds that |ny — n|< CQ% forallt > Ty = f]—% log (Cslpw). The condition

n > c4y/w is satisfied by requiring that Cy > 8—42.
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Case 3: Assume 7 € |0, %] For the upper envelope, as in case 2, fy(0) is increasing and

satisfies f1(0) > 0 and thus ;" is increasing and converges to a fixed point 7, > 0. In
addition, similar analysis shows that ny —n < 8%. Thus, for all ¢t > 1

w
16, = n|< |6F |+ n|< ns|+]nl< 10

So, the error is O(%) for all iterations. For the lower envelope, by the assumption on n > ny
in (25), f-(0) is increasing for § € B(Cp). If f_(0) > 0 then 6, will converge to a fixed point
0 < n— < n4 and similar analysis as for the upper envelope implies that |0, — n|< 10% for
all t > 1. Otherwise, if f_(0) < 0, {6, } is decreasing and converges to a fixed point 7_. As
was shown in the analysis of the fixed points, it must hold that |n_|< |n4| and so the last
bound on |#, — 7| is valid in this case too.

The result for 6y = 0 then follows from summarizing all three cases, and determining
the constants in the following order: Cs to be sufficiently small, then C5 sufficiently small,
and finally C sufficiently large.

We now discuss the case 0y = %En[X]. Since f(0) = p?n and f,(0) = pE,[X], and
under the high probability event |f,(0) — f(0)|< wp we have that |6y — n|< “ which is in
fact already within the error rate obtained in Cases 1 and 3 above. By repeating the same
arguments in those cases, the error is O(%) for all subsequent iterations. In Case 2, the first
phase is unnecessary since in this case n > Cyp and so 1 — % > Csp as long as C3 < % and

C1 > W/C%' Thus, if 6y < n only the second phase in the analysis above occurs. If 6y > 7

then the analysis of the balanced iteration (Wu and Zhou, 2019, Theorem 3) is similarly
intact. |

4. Proofs for Section 2.3

In this section we prove the results of Section 2.3.

4.1 Population Iteration

The next lemma summarizes basic properties of F'(-) and G(-) which are useful for the
unbalanced iteration analysis.

Lemma 17 (Properties of F and G as functions of (a,b)) Assume thatb >0 and § € [0, 3).
Then:

1. Monotonicity: a — F(a,b) and b — G(a,b) are monotonically increasing functions.
2. Positivity: F(a,b) >0 for a >0, and G(a,b) > 0= G(a,0).

3. Strict positivity of F(0,b): For any Cy > 0 there exists Crg > 0 which depends on
(Cf, Cp) such that minye(o ¢y F/(0,0) > Crop™n.

4. Boundedness: |F(a,b)|<n+1 and G(a,b) <n+1.
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5. Upper bounded first derivatives:

aF(a,b)’ < m

<\/1+4+n?
b i

9 — 9

g

‘§1+ﬁ
a

da

0G(a,b)
— <
0b -

6. Lower bounded first derivative: Let Cy > 0 be given. There exists C}(Cp,Cy,Cg) >0

such that
) F(a,b)
min
abel0,C;2 Oa

1
>l

7. Derivative at b= 0: For a € [0, 1)

M < 45(1 _ 5)
ob |-
and for a > n
9G(a,b) <2y/6(1— 5)6_%772 <1- L max{min{n?, 1}, p?} .
ob |- 4
8. Crossed derivative at b = 0:

0F(a,b)

=0.
ab |-

9. Upper bounded crossed second order derivatives at b= 0:

0%F(a,b _
’ @0 < a1+ m2) 4+ pCs(1 4+ 1)

ob?

b=0

9%G(ab) _ 0%F(a,b)

and the same bound holds for =—gps= = =5

10. Upper bounded crossed third order derivatives: There exists C}l(Cp) > 0 such that

93F (a,b)
ob3

‘<C%

Proof

1. We have

0F (a,b)

V2
B |0
da cosh®(aV + bW + j3)

and similarly,

2
8G@J)_E[ W ]>O.
b cosh®(aV + bW + )
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2. F(a,b) > 0 for a > 0 since a — F(a,b) is increasing and
F(0,b) = E[V] - E[tanh(bW + 3)] > 0 (28)

where the inequality is because E[V] = (1 — 20)n > 0 and since tanh is odd and
increasing and W is symmetric. Similarly, G(a,b) > 0 = G(a,0) = E[W]-E[tanh(aV +
B)] = 0 because b — G(a,b) is increasing.

3. The minimal value of minycp ¢, E [tanh(bW + 5)] is obtained for b = Cy as

OE [tanh (bW + B)] _ o [ W ]

Z com (oW 1 B
w W
= ]E |:COSh(bW + /8)2 - COSh(bW _ ,8)2 ‘ W > 0:|

We next analyze the minimal value ¢(8) := E[tanh(C;W + 3)]. It holds that ¢(0) =
Eftanh(C¢W)] = 0 and that

/ L dQ(B) _ 1
¢ ()= g g [coshz(CfW + B)]

> 0 and only depends on C. Also,

and so ¢'(0) = E[chfvv)]

I o dQQ(B) _ _2tanh(CfW+ﬁ)
¢(8):= gz [ cosh?(CyW + B) ]
E A
Cy~ [cosh?(CyW + B)
<0

by Stein’s identity (see (55) in Appendix C.1), and where the inequality is as in (29).
Hence, 8 +— ¢(f) is a concave function at § € R, and so for all 8 € [0,Cgl, ¢(B) is
lower bounded by the straight line connecting ¢(0) and ¢(Cg), to wit,

Bltanh(C/W + 8)] = a(8) > 1628 = €1 > Cicp.

The claim then follows from (28) and E[V] = pn > 0.
4. [F(a,b)|< E[|[V tanh(aV + bW + B)|] < E|[V|< n+ /2/7, and, similarly,
|G(a,b)|< E[|W tanh(aV + 0W + B)|] < E|W|< /2/7.

5. We only show

’ dF (a, b) ’ B
ab

a4 <E[WV| < VEWIEVA

[coshQ(aV + bW + )

since cosh(t) > 1. The other bounds are proved similarly.
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. Let U ~ N(n,1), U L W. Then, for any a,b € [0,Cy]?

0F(a,b) [ V2
Oa | cosh?(aV + bW + ﬁ)}
[ 2V2
| 1 + cosh(2aV + 2bW + 25)}
2(1 - 6)U? N 26U ]
| 1+ cosh(2aU + 2bW +25) = 1+ cosh(2aU — 26W — 203)
(1—-6)U? 6U?
cosh(2aU + 2bW + 2[3) * cosh(2aU — 2bW — 26)}

—
S

)
E

Y

—
=
=

v
=

E

U2
l:COSh 2aU + 2bW + 20) - cosh(2aU — 2bW — 2,6)]

12
cosh(4al) + Cosh(4bW + 45)]

—
Vo

Ve

E

U2
E
[cosh (4C¢U) + cosh(4bW + 4B)}
4U
2cosh(4CtU) + exp (4b|W| 4 45)

202
>E
- [2 cosh(4C¢U) + exp (4Cf |W| + 46)]
!
=Lr > 0

where (a) and (b) are since cosh(t) > 1, (¢) is since cosh(t) is an even function, and

increasing for ¢ > 0, (d) is since cosh(t) > leltl.
. We have
0G(a,b) w2
ob " |cosh(aV + bW + j3)2
and
9G(a,b)

0b

e
b0 cosh(aV + f5)?

= 45(1 — 6)E

1
(1 —68)e?V + 5eaV)2] '
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At this point, for a > n, the proof follows the same steps of the proof of Lemma 15,
item 2 and thus omitted. For a € [0,7)] we let Z ~ N(0,1)

0G(a,b) (1—68)e"? + e "%
((1 = 6)eaV + fe—aV)?

(@) —n2/2
= 46(1 — L )
h 5(1—9d)e [

® 4501 — §)e/2x

E [1 (1 —6)e"? 4 de~ 1% (1 —0)e "% + §en? ]

1
2((1=06)e +8e=aV)>  2((1—6)e=V + feaV)?

(c)

< 46(1 — 5)6_’72/2 ‘E [e"z]

= 45(1 - 6),
where (a) is by a change of measure (see Equation 52 in Appendix C.1) and (b) is by
the symmetry of N(0,1). The inequality (¢) can be proved pointwise as follows: We

denote v, = e"? and ¥, = e*?, and may assume that Z > 0 if we show it holds for
all § € [0,1]. Thus, it remains to show that

[ (1= &)ty + duy, L a- )byt + Sy
1\ 2 — 2
(1 =0)pa+0va’)”  ((1—d)a’ + o)
We prove this inequality by showing that it holds for v, = v, and then show that the
term in the Lh.s. of (30) is non-increasing in v, for ¢, € (14, 00). We first verify the
inequality (30) for 1, = 1),. In this case
1 1
max [ — + — — 27%]
Vo>l (1= 0)a + 0% (1=0)Ya +6¢ba
1 1
- o —9
pesve [heres t oa v Y
and the term in brackets is non-positive (its maximal value is 0 obtained by v, = 1).
To prove that the Lh.s. of (30) is monotonic w.r.t. 1, we next differentiate w.r.t. to

Qpn:

max

e - 2%] <0. (30)
nZ%a

) [ (=g o0y (=0 o0y ]
O | (1= 0)pa+ 60 ) (= 0)bat +60a)>

S\ = e+ 00 [ =0yt + o)’

g( L0 5+ 0 2)—2. (31)
(1= 0)a +dva']”  [(1=6)va" + 6]

This last term in (31) is symmetric w.r.t. J so we may return to assume § € [0, %],

which along 1, > 1 satisfies (1 —68)Y+0w,; 1 > 1 and (1—0)w, L+ 09, > 2./5(1 — 0).

With these properties, we may further upper bound (31) as

<1_5+4(11—6)>_2<0'
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8. We have
0F(a,b)

0b

.
b:(]_ cosh?(aV + j) -

9. We have

9*G(a,b)  0°F(a,b) _oF [WQV tanh(aV + bW + 6)]
dadb 02 cosh?(aV + bW + B)
and so using [tanh(¢)|< ¢ and cosh(t) > 1

ce[ Moy )
~ " Lcosh®(aV + B)

0?F(a,b)

57 <aE[|V*] +BE[[V]] .

b=0
10. We have

1 — 2sinh®(aV + bW + B))

W3V( ;
cosh®(aV + bW + 3)

—2E

BF(a,b)|
o’ |~

< 2 [[WPV]]

< 2/EWOE [V]

< 2/15(1 +n?)

1—2sinh?(t)

cosh™ (D) is maximized at t = 0 and its maximal value is 1.

since ‘

We next turn to prove Proposition 9:
Proof (of Proposition 9)

1. By Stein’s identity (see Equation 55 in Appendix C.1), for U ~ N(an, a® + b?)

G(a,b|n,6) [ -0 J ]
b N cosh®(U + ) cosh®>(U +B)]

Then,

9 [3Gla,b | n,0)]
96

1— ﬁtanh(U - B) — %tanh(U + p)

cosh?(U — ) cosh?(U + 3)

where s(u) was defined in (20), and its derivative is denoted by s'(u) = S—Z (as in
Equation 21), r(u) := s'(au) and U ~ N(n,1 + Z—z) Recall that Lemma 16 implies
that s'(u) has at most a single zero-crossing at some u < 0. As a > 0, 7(u) also has
a single zero-crossing at some u < 0. Hence, from Proposition 25, the total positivity

of the Gaussian kernel implies that 1 +— ¢(n) has at most a single zero-crossing point
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as a function of n € R (note that for the sake of the proof we allow n < 0). We next
show that the zero crossing must occur for n < 0. We do so by evaluating g(n) for

1n = 0 and for large n. For n =0, UwN(O,l—i—Z—z) 24 _T and so
1 1 tanh(aU + 3) ]
O)={—+=-|E|———=| >0 32
a(0) (1—(5 5) [cosh%aU—i—ﬂ) (32)
since t +— Ctj;};((tg) is an odd function, positive (resp. negative) on Ry (resp. R_).

+ tanh(B3)— 115 tanh()
cosh?(B)
zero-crossing of r(u) at some u < 0, we have that r(u) > 0 for all u € R;. Since

qn)=rn)*xp(n| 1+ Z—i) where ¢(n | 0?) is the Gaussian kernel with variance o2,

ie., p(n|o?) = (2r2)~1/2.¢71"/(29%) there exists some 19 > 0 such that g(n) > 0 for
all n > no (note that g(n) is bounded because r(u) is). Since ¢(n) > 0 for n = 0 and all

1 > 1o, ¢(n) must have an even number of zero-crossing in R . Since it cannot have
b 09

Furthermore, noting that r(0) = > 0, and using again the single

more than one single crossing, it does not have any. Hence, ¢(n
for all n > 0, and thus G(a,b | n,d) < G(a,b|n, %)

2. Let V ~ N(n,1). We analyze the partial derivatives of
Gla,b|n.6) =E[W - ((1 - 8) tanh(aV + bW + 5) + Stanh(~aV + bW + 6) )|
=K [W : ((1 — &) tanh(aV + bW + f3) + & tanh(aV + bW — 5))}

w.r.t. 0 around § = % (i.e., 8 = 0) and then use Taylor expansion for %G(a,b | m,0).

For brevity, we denote U = aV + bW ~ N(an,a? + b?).

(a) First derivative: Taking partial derivative w.r.t. 6!

({W =E[W - (tanh(U — ) — tanh(U + 3))]
1 1
e [W <_2écosh2(U+,8) " 2(1 — §) cosh?(U — B))]
we get Wh:l =0

(b) Second derivative: Taking the next partial derivative w.r.t. §

9*G(a,b|n,6) 1
952 ~ 2821 o2
(1 =0)[1 —tanh(U + B)] | d[1 —tanh(U — B)]
e [W ( cosh?(U + f) * cosh?(U — j3) ﬂ (33)

11. Note that this form is different from the form used in the previous item, and is before applying Stein’s
identity.
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and letting U = U — an ~ N(0,a® + b?),

H? [%G(a,b | n, 5)]

g [ [ o)

062 ) cosh?(U)
0=3
4 1 — tanh
—-.E [ME(U)]-E[W\U}}
b cosh”(U)
4 — [1—tanh(U + an)]
Caz 42 cosh?(TU + an)
4
= 2 Ao(a,b),
where the equality holds since E[W | U] = ﬁ(U —an) and where Ag(a,b) was

implicitly defined. We next show that Ag(a,b) < 0. To this end, first assume

that both a > 0 and b > 0, and let h(t) := 1;)‘;12*&(;). It holds that h(t) > 0 for all

t € R, h(t) < h(—t) for t > 0, and h(t) has unique maximum at t = —log v/2 < 0.
In addition, for any w > 0, it holds that h(—u + an) > h(u + an). Indeed, if
—u + an > 0 then this is true since h(t) is strictly decreasing for ¢ > 0, and if
—u + an < 0 then h(—u + an) > h(u — an) > h(uw+ an). Now, the conditional
version of the expectation defining Ag(a,b), when conditioned on |U|=u > 0
satisfies

— — 1
E[U-h(U+an) | |U=1] = 3 [@-h(w+an)—u-h(-u+an)] <0,
and so Ag(a,b) < 0. Therefore, any (a,b,n) € (0,Cf]? x [0, Cy] satisfies

0 [§G(a,b | n,0)]
037

=TI(a,b,n) <0.

=1

We may now consider the cases a =0 or b = 0. If a = 0 but b # 0 or vice-versa,
similar analysis to before shows that I'(a,b,n7) < 0. For (a,b) = (0,0) we use
Stein’s identity (see Equation 55 in Appendix C.1) to obtain

4 6—2(U+an) —9
714 a/, b = 4 * ]E Y
a? +b? o(a,b) cosh*(U + an)
2 a .
and so %W s = —4 for (a,b) = (0,0). So, there exists C2(C, Cy, Cg) >
2
0 such that
max I'(a,b,n) = —Cy < 0.

(a,b,?])E[O,CfP X [O,Cg]

(¢) Third derivative: We show that its absolute value is upper bounded. As apparent

2 .
from form (33), the second derivative W can be written as the sum of two

terms of the same form. We show how to bound the derivative of the first, and as
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it is similar, omit the bounding of the second. Recalling that U ~ N (0, a? + b?),
the first term is,

1 B W[l —tanh(U+5)q

20%(1 —0) cosh?(U + j3)
1 b — [1—tanh(U + an + B)]
262(1 — 0) a? + b2 cosh?(U + an + B)
using again E[W | U] = ﬁ(U — an). Hence - w has two terms of a

similar form, the first of them is

1 é?{ 1 ®E[U‘ﬂ—umMU+an+ﬁﬂ

}

a2 +b2 96 | 2021 — cosh?(U + an + B)
1 (1-396) — [1—tanh(U + an + B)]
a2 b2 3(1—6)2 cosh?(U + an + B)
1 1 _ —2U—2an—25 _ 9

T2 253 2E U- : — 2

a?+b* 63(1—9) [1 -+ cosh(2U + 2an + 28)]
o (1-39) 1
= —mAl(a, b) — mAQ(CL, b) N

_3
where Aj(a,b), A2(a,b) where implicitly defined. The multiplicative factors %

and m are upper bounded since ¢ is assume to be bounded away from zero
8 < Cg), and so we focus on Aq(a,b), As(a,b). Further,
B

1 — [1—tanh(U + an + B)] 1 — 2
Aq(a,b) = ——E . — 2= E|U| < ——=
1(& ) a2 + b2 ‘ COShZ(U+a77+ﬁ) a2+ b2 ‘ ‘ /a2 + b2
and
1 -7 —2U—2an—28 __ 92
AQ(a,b):ﬁ'E U - ¢ p— 2
a® +b | [1+ cosh(2U + 2an + 2)]
4 L —2U —2an—28
<57 E U _ - — 2
a®+b [2 + e2U+2an+28 4 672U72an72,8]
1 — 2
+a2+b2'E ‘U‘ — 2]
[1+ cosh(2U + 2an + 24)]
6 6

= ory ElUl< =%

Thus, if either @ > 0 or b > 0 then both Aj(a,b) < co and Az(a,b) < co. It
remains to consider limits to (a,b) = (0,0). The limits for A;(a,b) can be shown
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to be finite by an analysis similar to the one made for the second derivative
2
%. For As(a,b), using Stein’s identity (see Equation 55 in Appendix

C.1)
) e—2U—2a1-28 _ 9
Az(a,b0) = 5——5E U i
a?+b [1+ cosh(2U + 2an + 23)]
r —2U—2an—28
= _92.E ° 2
| [1+ cosh(2T + 2an + 23)]
- (G_QU—Qan—QB _ 2) sinh(20 + 2an + 2)
_4.F — 3
[1+ cosh(2U + 2an + 28)]

and so [A2(0,0)|< 2e7% + 4]e~2# —2|sinh(28) < oo. Hence, there exists
C3(Cy,Cp) such that

9° [3G(a,b | n,0)]
963

sup
(a,b,m)€[0,C¢]2x[0,Co]

<0y

From the analysis of the derivatives, and recalling that p = 2(% —0), for any (a,b,n) €
[0,Cf]? x [0, Cp] it holds that

G(CL, b | 7, 5) G(aa b ’ m, %) 02 2
< _ 2. =353,
b - b s 7T’
If Cg is such that p < % = pthen $G(a,b | n,0) < $G(a,b | n, %)—%?-pQ. Otherwise,
by dominance of G w.r.t § (item 1)

M_@ﬁ

1
gG(G,,b ’ 7775) b )

IN

%G@,bln,l%ﬁ)g

1
BG(GJ) | m, %) - C4p2

IN

for some constant C4 (which depends on Cg). Taking ng) = min(1Cy, Cy)
G(a,b | n,8) < Gla,b| n, ) = C\Vp%
@’ 4+ (@
B < 2+ 4(a2+p2) ! P>

where the upper bound on G(a,b | 7, %) was obtained in the analysis of the balanced
iteration (Wu and Zhou, 2019, Lemma 5, item 8).

. Let Z ~ N(0,1). By Stein’s identity for W (see Equation 55 in Appendix C.1), and
a change of measure (see Equation 52 in Appendix C.1)

b
G(a,b|n,6)=E [coshZ(aV + bW + 6)]

b
— 2R 1—8)e" + e %
‘ [coshz(aZ + bW + B) ( Je ")
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Then,
9G(a,b|n,9)
o
2 bz _
=—n-Ga,b|n,0)+e /2 E [cosh(aZ—i—bW—i—ﬁ)Q ((1 = 0)e"” — de ”Z)]
h(aZz
_ ope 2R [tan WaZ HOWE5) (4 gyent - 56—772)} , (34)
cosh”(aZ + bW + 3)

by Stein’s identity for Z. Letting U = aZ + bW + B ~ N(B,a® + b?), we have that

— 2
Z|U ~ N(“{iéﬂbﬁ),a;ﬁ), and so

dG(a,b | n,9) n*a’
bl St Bl I L VA =
on P 2(a? +b?) .

E [% <(1 — &) exp (;jbz(U - 5)) — Sexp <—a2Tb2(U—B))>} .

Letting

a2 + b2 a2 + b2
< 1 and using exp() = /(1 —6§)/é it holds that

p+t=(1—5)exp<— e 5>7p—:zéexp< 77a B>,

then under the assumption
p+ = p—. Now,

h(u) tanh(u) . nau . nau
cosh?(u) Pro®Pla e ) PP T e

satisfies that for u > 0, h(u) > 0 and |h(u)|> |h(—u)|. Thus, we deduce that

2,2
aG(a’;M"S) — 9. ¢ IO [h(U)] <0
n

(see the Gaussian average of odd function property in Appendix C.1).

na
a?+b?

on on?
(a,b,n), and the result then follows from Taylor expansion.

. 2
. We show that %M . < 0 and that %M is uniformly bounded over all

a) First derivative: Let U ~ N(0,a% + b?). If b = 0 then 9G(abin.d) = 0 and
on 0
n=

so we next assume b > 0. From (34) and Stein’s identity (see Equation 55 in
Appendix C.1)

G (a,b|n,0)
on

tanh(U + f) }
cosh?(U + )

= —2(1—26) - bE [
n=0
1

U
=120 ba2 + b2]E [coshz(U+ B)]

<0

i —

since for u > 0, 8 > 0 it holds that cosh(u+ ) > cosh(—u+3) > 0 and U = —U.
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(b) Second derivative: Let Z ~ N(0,1). Taking the next partial derivative w.r.t. n

n (34)
9*G(a,b|n,6) _ 9G(a,b|n,d)
on? - on
— e 2. E [Z tanhQ(aZ oW+ 5) (1= 8)e"” + s %)
cosh”(aZ + bW + )

The absolute value of the first term is bounded by 2Cyb since

’3G(a,b | 7,9)

5 ‘ < 2be PR [(1 — 8)e"? + 5e 7] = 2
n
(using tallg((?

since

) < 1). The absolute value of the second term is bounded by 4Cyb

|

B HZ tanh(aZ 4+ bW + j3) _§)en? 4 567772)

cosh?(aZ + bW + B) (
<E[|Z|((1-6)e" +de )]
=E[|Z] "]
<2-E[Ze"]
@Ws. nE [e”z]
= 2pell’ /2

where (a) follows from Stein’s identity. Thus,

2 a
agT(g’b)’ < 6Cyb.

We may now prove that the population mean iteration converges.

Proof (of Theorem 4) If ag > 0 then a; > 0 for all ¢ > 1 (Lemma 17, item 2). Consider
the upper envelope iteration b, = G(as, b/ | 1, 3), where bf = by. Since b — G(a,b | n,6)
is increasing for @ > 0 (Lemma 17, item 1), Proposition 9, item 1 and induction imply that
btJr > by for all t > 1. It follows from the analysis of the balanced iteration (Wu and Zhou,
2019, Lemma 5, item 8) that (see Proposition 9, item 2 and its proof) that b;” — 0. Thus
also by — 0 as t — oco. As ‘%‘ < V14 n? <1+ Cy is uniformly bounded (Lemma

17, item 5), for any given € > 0, there exists ¢ > 0 such that
|F(at, be) — F(ar, 0)] <,
where F'(at,0) = f(0 | n,0), i.e., the population mean iteration in d = 1. Theorem 6 shows

that convergence is assured for any given sufficiently small absolute error, and that the error
|6 — n| tends to zero as € — 0. [ |
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4.2 Empirical Iteration

Proof (of Theorem 10) We analyze the empirical iteration 0,41 = f,(0:) = frn(6:,0 | 64,0).
We will assume that p > C1y/w and specify conditions on Cy along the proof. As for the
population iteration (Lemma 8), we may write

~

Or = ap - 0.+ b - &

where 7 = ||6.]], 6. = %*, & L nand ||&||= 1 such that span{6.,&} = span{f.,6;} and
by > 0. Assuming the high probability event (15) holds, we have that

[/n(0) = F(O)]|< max{n, p} - w

and so for the signal iteration

at+1 = <9t+17é*> = <fn(9t)vé*>
< F(at, b) +max {|a¢| + bs, p} - w
< Flag, by) + (lag] + b+ p) - w
= Fy(at, by) ,

and, similarly,

at+1 > F(ag, b)) — max {|a¢| + b, p} - w
> Fat, b) — (Jae] + be + p) - w
= F,(at,bt).

In the same spirit, for the orthogonal iteration , it holds that

bip1 < Glag,by) + max {|ag| + by, p} - w.

We split the analysis into two regimes of n < % and n 2 2. In the former regime,

the iteration dwells around ||6;||< “, though the corresponding signal iteration a; might be
negative. In the later regime, it is assured that a; > 0 for all ¢ (given that ag > 0), and so
properties such as dominance of the orthogonal iteration may be used. As a preliminary
step, we show that the iteration is bounded:

Step 0 (Boundedness): We prove that for all n sufficiently large, it holds that |a;|,b; < Cf
for allt > 1if Cy > max{2Cy, p/2,4(Cy+1)}. By induction, when the iteration is initialized
with 0y = 0 then |ag|= bp = 0. When 6y = %En [X] then assuming the high probability
event (15) it holds that |[6p]|< n+ 2 < 2Cy for all n > ng(Cy, C,) (see the end of the proof
of Theorem 6). Thus also |ag|, by < 2Cy. Note that for all n > nq(C,) it holds that w < 1/4.
For the induction step, assume that |a;|,b; < C for some t. Then, using Lemma 17, item 4

aty1 < F(ag, by) + max {|as| + by, p} - w
<Cp+1+ Qwa
<Cy,

and a similar lower bound on a;y; holds, as well as a similar upper bound b;y;. We
henceforth assume that |a|, by < Cy.
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Large signal case: Assume that n > C’O% where Cjy > 0 is to be specified later on.

Step 1 (Orthogonal iteration and Positivity): We prove by induction that there exists
¢1 > 0 to be specified (large enough) such that if ag > 0 and by < 01% then a; > 0 and
by < 01% for all t. For ¢t = 0, this is satisfied when initializing with both 6y = 0 since,

trivially, ag = by = 0, and also when initializing with 6, = %En [X], since under the high
probability event (15)

1 1 w

IIPEn[X] Al p2||fn(0) fO)]I< o
Taking Cp > 2 (say) implies that ap > 0 and by < £. We assume that a; > 0 and that
by < cl% and show that these properties continue to hold after iteration ¢t + 1. We first
consider the orthogonal iteration which is analyzed through its upper bound. There are
two differences compared to the balanced case (Wu and Zhou, 2019, Theorem 5): 1) The
slope of the upper bound on b; has additional —Cg{)pp2 term (which improves the bound on
b; and improves convergence to low values). 2) The empirical error has an additional wp
term which deteriorates the bound on b;. Nonetheless, the first effect dominates the second.

Specifically, from Proposition 9, item 2,'? since a; > 0 and n > C’O% was assumed,

2 2

at+bt Gp 2
_ S +b 35
Ew TP 5 P + w (a¢ + by + p) (35)

biy1 < b |1

(d) 3 2
Gp 2 t az
<b|1+w—--—Ep _6+ sup |way ——= | +wp
2

2 0<ar<Cy Cy
(®) ct B Cow?
<b [1-Gep2) - L4 2
S O 9 s + 1D, + wp

where in (a) we have used Cy = 2 + 80]%, and (b) holds by requiring that C7 > /C(Ld). We
G,p
assume w.l.o.g. that Cg)p < 1 as otherwise, we may weaken the bound by setting C(Gd)p =1.

Now, we may show that by < cl%: Let co > 0 be a constant to be specified.
e If 0 < b; < cow then the bound

(d)
biy1 < by 1-%& +WCf+prCI%

holds as long as ¢ +w(Cy + p) < % (condition I).
o If cow < by < cl% we may use the bound

(d)
2 Co 4by

bt+1 <b|1- +wp = h(bt) .

(d)
12. For simplicity of later notation, the constant C(Ci)p was reduced to %
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Under the assumption p > Ci+/w it holds that °;—22 < Ci% — 0 as n — oo Thus, we may

assume that ¢; < 22 and co > /C5 (condition II), so that for all n > na(c1, Cy, Co, Cy)

w2

d
dh ) C(G’)'DPQ 3 Cow? S 1 3c3w? Cy

db 2 Gy A T2 Oy 4

(d)
In this event, b — h(b) is increasing, and thus if % +1—c1-5% < 0 (condition IIT)

then
o1 < max  h(b) = h(cr—)
caw<b<er p
(d)
<c—+ f;Jrl Cg’” wp
< le

holds. We choose ¢y such that condition IT holds, and then choose ¢; > 1 and large
enough so that conditions I and IIT will hold (note that no may be affected by these
choices).

Thus, we have proved that by < 61% in the next iteration. We next show that a;+; > 0.
Using the boundedness from step 0 and Lemma 17, items 1 and 3

ar+1 > F(ag, by) — max {|ay| + by, p} - w
(a) 2
> Flas, by) —way — ¢1— — puw
p
®) 1" w?
> F(0,b) + Cpar —way —c1— — pw
p

© w?
> (Cp—w)ay +p | Cropn — g

>0,

where (a) is by the induction assumption, (b) is by the uniform bound on %—5 in Lemma 17
item 6 and Taylor expansion, (¢) is by the lower bound on F'(0,b) in Lemma 17 item 3, and

the final inequality holds as long as n is sufficiently large so that w < C., and % < 1, when
requiring that Cy > %.

Step 2 (Signal iteration): From the previous step, we may assume that a; > 0 and
b < cl% for all ¢ > 0. Lemma 17 items 8, 9 and 10 characterize the derivative of F(a,b)
w.r.t. b around b = 0. Using these claims and the global assumptions n < Cy and 8 < Cgp,
Taylor expansion of F'(a,b) around b = 0 results

Fi(a,b) < F(a,0) + [Cy - (Ja[+p)b? + CEb’ + w(la|+b+ p)]
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and
F_(a,b) > F(a,0) — [C5 - (|a|+p)b* + CEb* + w(|a|+b+ p)]

Observe that for b = 0 it holds that F'(a,0) = f(6,6 | n,0) is simply the one-dimensional
iteration with absolute mean 7n. Furthermore, the envelopes Fli(a,b) are the same as one-
dimensional envelopes fi(#) with 6 = a except for excess error Cs - (|a|+p)b? + CZb® + wb
which results from the orthogonal error when b # 0. From the previous step, we have
that b; < clf < 4 \f < Clp for all ¢ and thus we may evaluate the terms of this excess

error under this assumptlon Then, C3 - |a|b? < C3&- w\a| Cs - pb? < O3+ Cpr, Cip® <

cy 012 wp, and wb < pr Hence, the excess error is no more than Cy(|a|+p)w for some

Cy > 0. Since the one-dimensional envelopes have error max{|a|, p}w > (\a|—|—p)w and
max{|a|, p}w < (|a|+p)w (see Equation 23 and Equation 24), the excess error due to b # 0
only contributes to increasing the factor multiplying (|a|+p)w. Thus, taking Fi(as, b;) as
envelopes of one dimensional iteration for a; (with b; acting as bounded disturbance), we
obtain that, orderwise, the statistical error and convergence time of a; are the same as for 6,
in the one-dimensional empirical iteration given in Theorem 6. Thus, after the convergence

time specified in Theorem 6, the error is |a; — n|< Cs min {% ﬂ} where C5 < C( )(1 + Chy)

(note, however, that w = \/dek’%with d > 1). We denote this convergence time by Tj,.
Step 3 (Refinement of the orthogonal iteration): At the end of the previous step, it

was shown that the error in |a; — n|< min {; %}, whereas in the proceeding step it was

shown that b; < “. We next refine the latter bound to b; < 3‘7’ in case n > p. Assume that
Cy > 30501 SO that after the previous step it holds that a; € [, 2] for all t > T,. Thus,
it holds that

a? + b? S n%/4

> C7n?
2+4(a?+0%) ~ 2+4(4C§+c1°;—§) "

for some C7 > 0. Utilizing the bound of Proposition 9 item 2, we get
bit1 < by (1 e ng)p2> + max {|a¢| + b, p} - w

<b (1—Cs(n® +p%) +Con - w

where Cg < C7 + C( ) and Cy < max{2Cy,1 + £ } From convergence properties of one-

dimensional iterations, (Proposition 23, item 7) bt < 809 . % for all ¢t > T, + Tj, where

2 809&)
T, < -1 — .
"= Cyip? Og( >

Small signal case: Assume that n < C(]%. As the signal is small, we show that the
EM iteration remains small for all iterations. There are only two steps—an analysis of the
orthogonal iteration (without assuming that a; is positive), and then the signal iteration.

Step 1 (Orthogonal iteration): In this case a; < 0 is possible, and so we cannot use
the dominance relation to the balanced iteration (Proposition 9 item 1). However, since
the signal is small, we may use Taylor expansion to relate G(a,b | 1,6) to G(a,b | 0,06)
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(Proposition 9 item 4), and then use the fact that for n = 0, the weight ¢ does not affect

the iteration at all. Specifically, Proposition 9, items 1 and 4, along with the assumption
act® \ /4

p > C1/w while requiring that C; > (C(Gd)”> v/Cp imply that

1

2
Gla,b|n,6) < Gla,b]0,6) + bC&C&%

a’® + b? (d) (d) w?
<b|l—————— —C 2L o=
- ( 2+ 4(a? + b2) G T Canto 02 >

(d)
<b|1 A Y

= C2+4(a?+02) 2

for all (a,b,n) € [-Cf,Cf]* x [0,Cy]. Thus, the bound (35) holds for this case too (note
that the error w(a¢ + by + ) with mixed signs for a; < 0 and b; > 0 is only lower than both
being positive). Hence, for all (a,b,n) € [-Cy, Cf]? x [0, Cy] it holds that

(d )
G,)p 2 7ﬁ+ Chw?

b1 <bs [ 1-—
t+1 S Ot 5 s b,

+ wp.

Similar analysis to the large signal case then yields b; < 01% for all ¢.
Step 2 (Signal iteration): The analysis is similar to the large signal case, which shows
that |a; — n|< Cs® for t > T,. The conclusion then follows since for some Cg > 0

w
|60 — 6] S\@t—?ﬂ‘f'btﬁcﬁ';-

We complete the proof of Theorem 2 with the case of p < \/w:

Proof (of Proposition 11) The balanced iteration f,(6,6 = % | 64,6 = 3) = E,[X -
tanh(X#))] is insensitive to the actual signs generating the samples (X1, ..., X,,), and thus
the convergence result of Theorem 1 holds, where we note that its error guarantee is w.r.t.
£y. It is thus remain to show that s; correctly adjusts the sign of 6;. Recall that p =1 — 24,
and let ¢ = %En [X] — 0«. Under the high probability event (15)

1 1

1 w
ell= || sE.X] — SE[X]||= = || fn(0,0 | 04,0) — (0,6 ] 04,0)||< —.
lell Hp2 [X] pE [X]]| pgllf( | 64,6) — f(6,0 ] 6, )|l ;

By the guarantees of the balanced iteration, there exists ¢y such that for ¢ large enough (as
specified in the theorem) ||6; — 0,]|< Co%. Thus, if n > ¢;4/w for properly large ¢1, then
[(01,0.)]= 26,1 (61, 2)]- Hence,

1
s¢ = sign(6y, ;En[XD = sign ((0, 0+) + (O, en)) = sign(y, 0s) .
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5. Proofs for Section 2.4

In this section we prove the results of Section 2.4.

5.1 Population Iteration

We begin with basic properties:

Lemma 18 Assume that p, > 0 and that (8,0,) > 0. Then:

1.

Iteration: The iteration is consistent h(px,0s) = p«, at the boundaries lim 1 h(p,0) =
1 and lim, 1 h(p,0) = —1. At p=0

h(0,6) > p. [1 - e_<9’9*>/2} .

First order derivative: It holds that d%h(p, 0) > 0 and so p — h(p,8) is increasing on
[—1,1]. At the left boundary lim,| a%h(p,@) > 1, and at the right boundary

.0 Coaez (L) 206 (1P 20060
l‘}%llla—ph(pﬁ)—e — ) + — )¢

for which lim1 £-h(p,0) > 1 if [|6]|> |(6,6.)].

Second order derivative: There exists p < p. such that h(p) is strictly concave on

[—1,p] and strictly convex on [p,1]. Consequently, %’;’9) is strictly decreasing on

[—1,p] and strictly increasing on [p, 1].

. Contractivity at p € [0, p.]: If ||0]|> |(0,0,)| then

Oh(p,0) _ _16.0.)12/2 5 16]1*
K sk . — - - .
plonl  Op B R

2
Bounded second derivative for 6 = 0.: max,c(,c,) g }3(559*) < CYen? for Cf =
32436(4C2+1)
(1-C2)2

Proof Let Z ~ N(0,1) and U ~ N(n,1) where n = (6,6.).

1.

Consistency for 6 = 60, is well-known and can be proved as in the proof of Lemma 15,
item 1. The limits at the boundaries are immediate. At p =0

h(0,0) = E [tanh (]|0]|V)]
— (152 B oo + (152 Bl (- o0
= p.E [tanh (0]
> i [1 — e’<9’9*>/2} ,

where the last inequality is from (53) in Appendix C.1.
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. By direct computation

o Oh(p®) 1 :
R (p) == op  1—p? E [(:osh2 (e + Bp):|

1
=K >0

[(g2)elelv 4 (152)e-te] ’

and so the iteration is monotonically increasing. The limit at p = —1

i =[] = (252) o) (152 )

pl—1
_ 2o [(HP) (200 <1 - p*) _6_2<9,9*>]
2 2

>1

where the last inequality is since <1+Tp> s+ (%) 57! for s € [1,00) is minimized

for s =1 (assuming p, > 0). Similarly, the limit at p =1
sy -] - () o] (152) sl

Pl
_ oo Klzp> 2600.) <1—2P> .62<9,9*>} _ (36)

. By direct computation

_Ph(p0) 2 ,E[p—tanhuwrvmp)]

0 A2 L cosh® (J6f[V + 5y)

and evidently, lim, h”(p) > 0. At p =0,

o [ tanh (6V)
0 =28 [ o) <O

W (p) :

since P[V = v] > P[V = —v] for any v > 0 (see Equation 56 in Appendix C.1) and
tanh is an odd function. To show that h(p) changes its curvature from convex to
concave as p increases from —1 to 1 only a single time at some p, we note that

W (p) :

 Ph(p,0) 3 cosh (28] V) — 1
= <1—p2>2'E{ ]

cosh® (|0]V + B,)

Thus, h”(p) is monotonically increasing. The fact that p < p, follows from h”(p,) > 0
but we omit the full proof since this property is inconsequential for further analysis.

. We prove the claimed bound at the edge points of the interval [0, p.], and then the
same bound holds at the interior of the interval since the property of h”(p) stated in
item 3 implies that max,c(o ,,1 h'(p) is bounded by its values at the edge points. At
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p=0,let Vi ~1.N(n1)+ 1 N(-n,1) be a balanced version of V, where we recall
2
that n = (6,0,) here. Then,

O =B | e )

—~
S
N

1
E 2
cost?([6][V:)

nZ —nZ
® -n2/2 1 e te 1 Z>0
cosh(][6][2) ~ ellblZ 1 e~TlolZ
(C) 2 1
< e MR E|l— —
= [mmmmzﬂ
2
geny;<l_ 16 )
2(1+ 2/[0]2)
5
e | B lo)< 1
= { o o> 1 (37)

where (a) is since cosh?(t) is even, (b) is by a change of measure (see Equation 52 in Ap-

pendix C.1) and symmetry, (c) is since max,>p>1 312:11 = max {1, maxXg>1 (1%&-2? <1
(e.g., by the inequality of arithmetic and geometric means), and (d) is by the result

of Wu and Zhou (2019, eq.(125) and Lemma 24). At p = p, it holds that

. 1
W (ps) =E |:<1+p*> clolv 4 (1 2/?*) e ||9||v}
@ -2 g ! () ()
(Be) elonz 4 (1p=) e-lonz - (Lape) clolz 4 (g o-lol2
D o g !

(HTP> eliolz 1 (PTP) o102

_72/2' 1
= E{w%mﬂZ+BJ

(C) 2 1
<e M2 El——
= [wwmeJ
5
6
1

: 1ofl< 1

0)|? ’

where (a) is again by a change of measure, (b) is as in (18) assuming [|0]|> n = (8, 6,),
(c) is since the argument inside the expectation is an even function of 3, and using
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arguments similar to (32) to show that

0 1 _ tanh(||0]|Z + B)
a5 [cosh(||9|Z+B)] =" [coshuwnzw)] <0

and (d) is as in (37).

5. To bound the second derivative let n = ||0|| and V ~ (1 —=0d,)- N(n,1) +0s- N(—n,1).
Then, for any p € [0,C,)

2 & [ptanh(nVJrﬁp)] _ 2
(1—p?)? cosh® (nV +8,) |~ (1—p

and using ¢ = n* +nZ + 3, with Z ~ N(0,1) we may write

p—tanh(y)] | . - [p+ tanh(i)
cosh?(1,) ]—HS* E[ cosh?(y_) } '

We will bound a(n) by its Taylor expansion around n = 0. Note that a(0) = 0 (since
p = tanh(f3,)), and that the first derivative is

h”(p) = 2)2 : a’(n)

) = (1-5.) 5 |

a'(n) = =—4(1-6)-E|(2n+2)-

2 + psinh(2¢4) — cosh(2¢4)
[1+ cosh? (204)] 2
2+ psinh(2y_) — cosh(sz_)]

+46,-E 5
[1+ cosh? (2¢4_)]

(2n+2) -

and so a’(0) = 0. Next we upper bound the second derivative a”(n) = %. As d'(n)
in the last display is comprised from a mixture of two expectations, we only bound
the first (and the second one can be bounded similarly by the same bound). So,

O

m+ Z)-
an (2n+Z2)

2 + psinh(2,) — cosh(2¢+)]
[1+ cosh? (2¢94)] 2

2 + psinh(2y4) — cosh(2¢4)
[1 + cosh? (21/1+)]2

p 4 pcosh(2t1) — 5sinh(2¢y ) + cosh(2¢, ) sinh(2¢4 ) — psinh?(2¢,)

1+ cosh? (2¢+)]3

=2-E +E|[(2n+ Z)*x

Using |sinh(¢)|< |cosh(t)| and the triangle inequality, the absolute value of the above
expression is bounded from above by

23+p)+Bp+6)-E[(2n+ 2)*] <8+ 9(4n*+1).

Hence, a”(n) < 32+ 36(4C3 + 1) for all n € Cy and the result follows from Taylor
expansion.
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We may now prove the convergence of the population iteration.

Proof (of Theorem 12) For brevity, we denote the iteration by h(p). Let h'(p) = a%h(p, 0)
and recall that Lemma 18 states that: h’'(—1) > 1; that there exists a p such that h'(p) is
strictly decreasing in (—1,p) and strictly increasing in (p, 1); that p = £1 are fixed points
of h(p) = h(p,0). Note also that an explicit expression for h'(1) is given in (36). We show
that:

1. If /(1) <1 then h(p) has no fixed points in (—1,1).
2. If A'(1) > 1 then h(p) has a unique fixed point py € (—1,1).

In the second case, we may deduce that h(p) > p for p € (—1,p4) and h(p) < p for
p € (p#,1). By Lemma 18 item 2, h(p) is increasing, and so Proposition 23, item 4 and
analogous arguments imply that the iteration p;11 = h(p;) will converge monotonically
upwards (resp. downwards) to py if pg € (=1, px] (resp. po € [px,1)). By consistency
(Lemma 18) py = p for 6 = 6,.

Case 1: Assume h/(1) < 1. By the properties mentioned above, it must be that there
exists p € (—1,1] such that

>1, —1<p<p
W) =1, p=p (38)
<1, p<p<l

Assume by contradiction that p; € (—1,1) is a fixed point. Further assume that there are
no other fixed points in (—1,p1).'® Since h(—1) > 1, Proposition 23, item 2 implies that
h'(p1) < 1. Hence, (38) implies that p; > p, and so h/(p) < 1 for all p € (p1,1). But this
implies
1
W1 = hipn)+ [ B (o< i+ (1= 1) max 1(p) <1 (39)
1 pElp1,1]

which contradicts the property h(1) = 1.

Case 2: Assume A/(1) > 1. In this case h(p) < p for p close enough to p = 1 from
below, and as h'(—1) > 1 then h(p) > p for p close enough to p = —1 from above. By the
intermediate value theorem for h(p) — p for p € [—1,1], there must exists at least a single
fixed point py4 for h(p) in (—1,1). We show that py4 is unique. By the properties mentioned
above, it must be that there exists —1 < p_ < p4 < 1 such that

(>1, —1<p<p_

=1, p=p-
Wip) <1 p_<p<p (40)
= 17 p= ﬁ-ﬁ-

\>1> 15+<p§1

13. The fixed points of h(p) must be isolated; see Proposition 23, item 2.
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(and also h'(p) decreases in (—1,p) and increases in (p, 1) where p € (p—, p4)). If there are
multiple fixed points in (—1,1) then we denote by px the minimal one. Since A/(—1) > 1
Proposition 23, item 2 implies that h'(py) < 1, and, in fact, a similar argument to (39)
together with (40) show that h'(px) < 1. We next separately show that there are no fixed
points in (—1, px) and in (p4,1):

e Assume by contradiction that p; € (pg,1) is a fixed point, and further assume that
there are no other fixed points in (py4, p1). By Proposition 23, item 2, it holds that
h'(p1) > 1. Since h'(p) has (strictly) increased from h'(py) < 1 to h'(p1) > 1, (40)
implies that h/(p) is strictly increasing on (p1,1). Hence, h(p) > p for all p € (p1,1).
However, as p = 1 is a fixed point, and h’(1) > 1, continuity of h(p) implies that there
exists p; < p < 1 such that h(p) < p for p € (p,1); a contradiction.

e Assume by contradiction that p; € (—1, p4) is a fixed point, and further assume that p;
is such that there are no other fixed points in (—1, p1). Since h(—1) > 1, Proposition
23, item 2, implies that h'(p1) < 1. We consider separately the cases h/(p1) < 1 and
R'(p1) = 1. First, if h'(p1) < 1, then there exists p such that h(p) < p for (p1,p).
Since h'(pg) < 1 it holds that there exists p such that h(p) > p for p € (p, p). By the
mean value theorem, there must exist at least one more fixed point py € (p1, py) for
which h'(p2) > 1 (Proposition 23, item 2). Since h'(p) has increased from h'(p1) < 1
to h(p2) > 1, (40) implies that we must have that p; < ps. But since py > po
(40) implies that h/(px) > 1; a contradiction since it holds h/(px) < 1. Second, if
R'(p1) = 1, then if, in addition, p; = p4 then h/(p) is strictly increasing on (p1,1)
which will result A/(p4) > 1; a contradiction. If A'(p1) = 1 and p; = p_ then a similar
proof to the case h'(p1) < 1 holds verbatim.

Proof (of Proposition 13) As discussed in the beginning of Section 2.4, we may assume d =
1, with n = <é, 0,). Per the statement of the theorem, we assume that # > 0 and that there
exists a fixed point py € (—1,1). According to Theorem 12, this fixed point must be unique
and so h(p, 0n, ps) > p for p € (=1, px) and h(p,0 | n, p.) < p for p € (px,1). Consequently,
the location of py with respect to p, may be determined by comparing h(ps,6 | 1, p«) to
= h(p«,n | M, p«) = p«. Specifically, it suffices to show that h(ps, 8 | 1, px) > p« for 6 € (0,7)
and h(p«, 8 | 1, px) < ps for 6 > n. In the former case, this implies that px > p, and in the
latter case, this implies that py < p, (and that such py € (—1,1) exists). To show that
property, we take similar strategy as in the analysis of the mean iteration (Proposition 5),
and prove this “global” property by exploring h(ps, 8 | 1, ps) as a function of 7 for a fixed
6. We thus denote it here explicitly as k(0 | n) := h(ps, 0 | 0, p«). Thus, it boils down to
show that for 6 > 0

{k(9|n)<k(0|9)=p*, 0>n (41)

RO 0) > kO]6) =p. §<n
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To this end, note that

k(0| n) — k(0| 0)
=E{(1 - 4,) [tanh (OU + B5,) — 1] — 0. [tanh (6U — Bs,) — 1]}
= E[s(0U)] = s(6n) * o(n) (42)
where p(n) = \/%6_772/ 2 is the Gaussian kernel and
s(u) := (1 — d,) [tanh (u + Bs,) — 1] — 0« [tanh (u — B5,) — 1] .

Note that k(0 | n) — k(6 | ) = 0 for n = 6. We will show that this is a unique zero-crossing
point of n — k(0 | n) — k(0 | ) by analyzing s(u). The function s(u) has a single zero-
crossing point at u = 0 since: (a) It can be shown by some simple algebra that the unique
root of s(u) = 0 is u = 0, and (b) s(u) changes from negative to positive at u = 0 since
limy, oo S(u) = —2p, < 0 and

dz(“) —(1-26)—2 >0
U |,—p cosh®(5s, )
Thus, s = 0 is a unique zero-crossing point of s(u). As in the proof of Proposition 5, the
convolution relation (42) and the variation diminishing property of the Gaussian kernel
(Proposition 25 in Appendix C.3) imply that n — k(0 | n) — k(0 | 0) has at most a single
zero-crossing point as a function of n € R (note that for the sake of the proof we allow
7 < 0). Clearly, this zero-crossing point can only be at 7 = 6. To show that this is indeed a
zero crossing point, we show that k(6 | n) — k(6 | ) changes from negative to positive from
n =0 ton — oco. Indeed, for n =0

k(@ |n=0)—k(@|0)=E[tanh (0Z + B5,)] — px <0
because k(6 | n=0) — k(0 | 0)|g—o= tanh(Bs,) — p« = 0 and

O[O [ n=0)~ k(O] 0)] _ z
a0 cosh? (07 + Ss,)

<0

(by conditioning on |Z| and using 4, < 3 and 6,35, > 0 ). For n — oo, since s(u) > 0 for
all u > 0, (42) implies that k(6 | n) — k(0 | 6) > 0 for all n large enough. Thus, n = 0 is a
unique zero-crossing point of k(6 | n) — k(6 | 6) and (41) holds. [ ]

5.2 Empirical Iteration

Proof (of Theorem 14) Let hy(p) = hn(p,0s). Under the high probability event (15), it
holds that h,(p) is sandwiched between the envelopes

hn(p) < h(p) + nwr := hy(p)

and
hn(p) = h(p) — w1 := h_(p)
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and where 1 = [|6,]|. Thus, for the weight iteration, the empirical error is absolute, i.e.,
comprised of an additive term nw; which does not depend on p. Furthermore, the trun-
cated empirical iteration [h,(p)]c, is bounded by the truncated envelopes [h+(p)|c,. The
truncation does not affect the analysis of the lower envelope, but will be used for the error
analysis of the upper envelope.

By repeating the arguments in the proof of Theorem 12, it can be shown that h_(p) has
only two fixed points in [—1, 1], denoted here by p_ and p, such that p_ 1 p. and p | —1
as w; — 0 (or, n — 00)."* Hence, h(p) > p for p € (p, p_), and if the iteration is initialized
in pg € (p,p—) it will converge to p_. We next show that this holds for initialization at

2
po = 0. It is readily verified that n — 1_67]7;/2 is an even function of n which is strictly
—e—C5/2

decreasing for n > 0. Since n < Cy it holds that 1 — e /2 > Cin? for ¢ =1 = — > 0.
6

Then, Lemma 18, item 1 implies that if n > C% . % then
h—(0) > p. [1 -~ e”’m] — w1 > Crpan® — nwy > 0.

Hence the iteration piy1 = h—(p;) with pg = 0 will converge to p—. Analogous claims hold
for the upper envelope for which clearly h(0) > 0. We next bound the errors p, — p— and
p+ — p« and the convergence times of the envelops. For the lower envelope, the truncation is

inconsequential. Lemma 18, item 4 implies that ' (p) < min{e™!,1— %} for all p € [0, p«],
and so

p—=h_(p-)
= h(p-) — nw1

Px
= h(p«) — / ' (p)dp — nwi
P _/
= ps — / K (p)dp — nuw1

2
> Py — min{e_l, 1— %} (e — p=) — M1 .

Thus, the error is at most

px — p— < o1 — < max {12M,2C9w1} < 12C§ il .
1 —max{e !, 1 -5} n n
Further note that as p, > C% : % was assumed, this also implies that p_ > &= We now

turn to the convergence time. Again, since h’_(p) < min{e™!,1— %} < 1forall p € (0,p-),
Proposition 23, item 6, implies that |p; — p—|< % for all

1 w1
> : 7 log .
1 —max{e 1, 1-% n-p-

14. Indeed, the proof Theorem 12 mostly uses the first order derivative h'(p) which is not changed by absolute
€errors.
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The r.h.s. is at most 12C2n~2log(Cy).
For the upper envelope, we use again Lemma 18, item 4 implies that h/(p,) < max{e™!, 1—

71’—;} Furthermore, by the truncation operation p < C, and Lemma 18, item 5 imply that
K’ (p) < Cyn?. Since py — px — 0 as n — oo there exists ng such that %(,{4 —ps) < i

and so by Taylor expansion, for any p € [px, p+]

W (p) < (pe) + Ch(p = pn’

2

- n
< LN [ O
< max{e ", 24}

With this bound on the first derivative, the analysis is similar to the one made for the lower
envelope. ]
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Appendix A. A Proof for the Concentration Inequality of Section 2.1

The proof of Theorem 3 follows the analysis of Wu and Zhou (2019, Proof of Theorem
4), where here, uniform convergence of the relative error should be assured for all possible
By, and uniform convergence of the error is also established for the weight iteration. For
legibility of the proof, we summarize the required bounds on the moments and the tail
bounds in the following lemma.

Lemma 19 Let X ~ Py, ,, for arbitrary p, € (—1,1) and 6, € R?. There exists an absolute
constant ¢ > 0 and ng € N such that the following holds:

1. Population moments:
|| X|*= d +[|6.]%,

and
E|| X< c(]|0.]|+Vd)? .

2. Concentration of empirical moments:
P [E, [|X]?] > 2)6.]2+10d] < e
and for all n > ng

P, [IX]] > 46,7 +164%2 + 16n%?| < e7em.
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3. Concentration of projections: For any u,v € S* 1 and b > 0 and n > 0

bdlogn
n

P E [(u, X)] = Ep [(u, X)] > \/(1 +16-11%)

] < 2exp (—cbdlogn) ,

and for any n > bdlogn

P [|E[<u,X><v7X>] — B [(u, X)o, X)]| > (1+ 0,121 b‘“f”] < 2exp (~chdlogn) .

4. Concentration of empirical EM iterations at a single point: For anyu,v € S¥1,b>0
and n > bdlogn

P [|<u,fn<e,p>> — (. £(0.p))] = (1011 +5,) - (1+ He*um/bc“;’g”] < 2exp (~cbdlogn) .

Proof
1. The second moment follows from direct computation. For the third moment, we
use || X|[|< ||0«||+|Z]|] where Z ~ N(0,1;). By Vershynin (2018, Theorem 3.1.1)
HZ||—Vd|ly,< 1 and so also [[[|Z][[ly,< Vd. Hence, |[X[|ly,< [|6+]|+Vd. The re-

sults then follows the moment property of the sub-gaussian || X|| (Vershynin, 2018,
Proposition 2.5.2).

2. Since E, [||X|]?] < 2[|6.]*+2E, [||Z]?], where nE, [||Z]*] ~ X2, using the x? tail
bound (54) in Appendix C.1 it holds that

P [E, [||Z]?] > 5d] <e ™.

Hence,
P [E, [|X]%] > 26.]>+10d] < e~

For the third moment,
3
B (1XI7) < 410, F+42, [12]°) < al6.1*+4 (maxiz )

Since ||[|Z:||—V/d||y, < 1 we have P[|| Z;||—v/d > /n] < e for some ¢y > 0. By the
union bound, there exists ng(co) and ¢; > 0 such that for all n > ng

P m?>}<||Zi||Z Vd+ \/ﬁ] <ne W < e A",
S

Thus, E, [||IZ|?] £ (Vd+y/n)? < 4d®/? 4 4n3/? with probability larger than 1—e~".
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3. We note that [[{u, X )[4, < /1 + [|0]]? for any u € S"~!, and so the first claim fol-
lows from sub-gaussian concentration (Vershynin, 2018, Proposition 2.6.1). Next, by
Vershynin (2018, Lemma 2.7.7)

{u, X) - {0, XDy, < Ity Xl (0, XDy, = 1+ (107

and Bernstein’s inequality (Vershynin, 2018, Corollary 2.8.3) implies the required
inequality for any b > 0 such that n > bdlogn.

4. For the mean iteration using the fact that product of sub-gaussian is sub-exponential
(Vershynin, 2018, Lemma 2.7.7) (twice)

| e, %) - tamh (10110, ) + 8, )| < 01| (. ) - 0. 3|+ By 1w, X)L,

< 011w X, 0. ]| + By e ) s,
< (I6]1+8,) - (1 + 1612) .

Bernstein’s inequality (Vershynin, 2018, Corollary 2.8.3) implies the required inequal-
ity for any b > 0 such that n > bdlogn.

Define for some arbitrary nonnegative constants {C; > 0} j¢[3) the events

EN(C) i= { fa(0,p) € BUCY), VO € R, ¥p e B(C,)}

EP(Cs, C1) =
{anw,p) ~ 10l Ca (l0l1+5,) || TET, o e BUC), € B(C»} ,

logn

EX(C3) = {hnm 0) — h(p,0)| < C3]0]- , VO eRY Vp e (—1, 1)} :

To prove the theorem we will show that there exist constants ¢, C', C's > 0 which depend on
(Cp, C,) such that for all n > Cdlogn

1
P[eD(C) N ER(Co, 0N ED(Cy)] 21—

with Cy := 5(vV/d+Cy) and Cy = C (1+ C2). The proof is then completed using the relation
Cap < 18| < Egp (with Csz and ég depending on C,).
For &(Ll)(C’l) we note that

1720, )< [Er[X tanh((6, X) + S)]| < En[[| X[} < vEn[[|X]?)

and then use Lemma 19.
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For 5,(12)(02, Cy), let e < % be given, and let C € S*! be an e-net of S* ! in Euclidean

distance, whose size satisfies [C|< (2)?, whose existence is assured by Vershynin (2018,

Corollary 4.2.13). By a standard argument (Vershynin, 2018, Exercise 4.4.2)

Furthermore, any 6 € S9! may be approximated by v € C such that ||]-]|v — 0[|< €[|6]|.
As tanh is 1-Lipschitz

E[(u, X) tanh(]|6]|(0, X) + 5,)] — E[(u, X) tanh(||6]|(v, X) + ﬁp)]‘ < e[l E| X
Repeating the same argument for the empirical iteration we get
1fn(0.0) = f(6,p)| <2- (unz})aéjw Fa(ll0]-0,p) = F(lI61]-v, p)) + €l0]]- (Bl X [*+Eq [ X?)

= ax P(u,v,|0,p).
max, @, v, 6]

Define the sets A = B(e) x B(e) and A = B(Cy) x B(C1)\\A. By the union bound, the
required probability is bounded as:

PP o)< 3 Plauwu,p)eAz@(u,v,Heu,m>c2<\|e\+5p>-\/fflogn]

(u,v)eC?
(43)

(161l p) € A: @ (u, v, [10]], p) > Co (10]]+5,) - \/Zlogn] - (44)

The probability pertaining to the set A in (43) is analyzed as follows. Since tanh’ < 1 and
[tanh”|< 1 Taylor expansion of tanh around 0 implies

[E [(u, X) tanh ([|6[| (v, X) + 8,)] = E [{u, X) ([|6][{v, X) + 5,)]|
< [101*-E [I{u, X)| (v, X)?] + B; - E [[{u, X)] -

+P

Repeating the same argument for the empirical iteration, and then using the triangle and
Cauchy-Schwartz inequalities, we obtain

B(u,v, 6] p) < 0]E [, X){v, X)] — Ex [(, X) (0, X)]| + By |E [(1t, X)] — E, [{u, X)]|

+O1PE [IXIP] + 85 VE X2 + 101PEn [IX1P] + 85 v/En [I1X]12]
+ellfll- (EIX I +Ea ] X]%) -

By Lemma 19, for any given (u,v, |||, 8,) € C* x A, as long as n > bdlogn, there exists
absolute constants {c¢;} such that

P (u,v, [|0], p) 2 bdlogn 3,.3/2
Pl|————— >c1 (1+ 6 ——— e [ [|0«]]7+n
g, > o (10 (1012

< 4exp (—cabdlogn) + exp(—can) + exp(—dn) < exp(—csbdlogn).
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We will choose € < <4 with sufficiently small ¢4 and b to be sufficiently large so that the

n2
probability in (43) is bounded by exp(—c4bdlogn) for Cy = (1 + Cg) \/% log n.

The probability of A in (44) is analyzed as follows. Let Rs be an €>-net of [~Cg, Cg]
of size 2Cg - €72, and let Ry be an e?-net of [0,Cy] of size O - € 2. As tanh is 1-Lipschitz,
and by the triangle and Cauchy-Schwartz inequalities, for any (u,v) € C* and (||0]], 8,) € A
there exists (s,v) € Rg x Ry such that

E[(u, X) tanh([|0]| (v, X) + 5,)] — E[(u, X) tanh(s(v, X) + 7)]|

< (B [1x)7] + VEIX]?)

< e(loll+8,) (E [1X11°] + VEIXT?)

where the first term in the r.h.s. (resp. second) corresponds to the approximation of ||6|

with s (resp. 3 with ), and the second inequality is since (||f],p) € A. Repeating the
same argument for the empirical iteration, we deduce

(I)(u7v7 He”ap) < (s,fy)Iél’I%;{XRg ’E [<U7X> - tanh (S(U, X> + '7)] - En [<U7X> - tanh (S(U, X> + '7)”

+ 26(16114+6,) ( [1X1%] + En [I1X1) + VEIXIE + /Ea X))

= W(u,v,s,py).

By Lemma 19, for any given (u,v,s,7) € C?> xRy x Rg, and any b > 0 such that n > bdlogn
there exists absolute constants {c;}

bdlogn
U(u,v,8,py) > (s+7) - (L4 [16.]*)4/ Tg +cre(s +v)(d + ||9*||2)]

< 2exp (—cabdlogn) + exp(—dn) < exp(—csbdlogn). (45)

P

We will choose € < 04\/6“25 for sufficiently small ¢4 so that the probability in (45) is
bounded by exp(—csbdlogn) for

bdlogn
Ca = cs- ([0]145,) - (1 + ||9*||2)\/T-

By a union bound over Ry x Rg of size 2C5016*4, the probability in (44) is upper bounded
by exp(—cgbdlogn). The proof is then completed by another union bound over C? whose
size is (2)?¢, and taking b to be large enough.

We next turn to the analysis for 87(?)(03, (1), which deals with the error of the weight
iteration. Since this is, in essence, a one-dimensional iteration, the analysis is somewhat
simpler. Since tanh is 1-Lipschitz, for all § € R?

tanh(|[0]|u + B,) — tanh([|6][v + B,)| < [|0]]|u — v].
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Let X(™ be a random variable distributed according to the empirical distribution of {Xi} .
Hence, by coupling,
n(p,0) = h(p,0)] < [E [tanh(|0]| (9, X) + ,) — tanh (0]} (0, X ) + 5,)] |

< E [[tann(|0]| (0, X) + 8,) — tanh(6]1(0, X ™) + 5,

< IoIIE [[(8, x) — (6, x|

< [|01-Wa (v, vn) (46)
where W1 is the first order Wasserstein distance, v = L£((0,X )) and vy, is the empirical law
of {(6, X;)}m - Now, 0, X) ~ (1 = 8)N((0,0.),1) + 6.N(—(0,6.),1) and so ||(8, X)||4,<
V14642 for any 0 € S*1. The concentration inequality of Fournier and Guillin (2015,

Theorem 2, Case 1) with the choices d = 1 (the dimension of (9, X)), p = 1 (Wasserstein

distance order) and a = 2 (for the 1, condition E[e?XI°] < o0o) implies that for zo > 0
there exists ¢, C' > 0 such that

logn

< C-exp(—clogn) . (47)

P [Wl(l/, Up) >
n

The bounds (46) and (47) imply that & (C3) has high probability as stated in the theorem.
|

Appendix B. Minimax Rates

Theorem 20 (Minimaz rates for mean estimation) For any d > 2, n € N andn > 0, let 9

be any estimator of 0, based on X = (X1,...,X,) ~ LR Py, p.- Then, ford <n

( 1
uE s \f
) 1 i1 fd g,
sup inf By, . |£0,0,)] = ¢ oY oe Ve (48)
3oy 10+ 1= L/E p<n<1
%, n>1
if pe > ($)Y* and
1/4
n< ()"

d (%)1/4<71<1.

n,
1
n
\/g, n>1

sup inf E9*7p* {5(5,0*)} =
d(ps) 10<11=n

if pe < (411

68



EM ALGORITHM IS ADAPTIVELY-OPTIMAL

Proof

Upper bounds: The error rates in all cases except for the second case in (48) were shown
to be achieved by a spectral method (Wu and Zhou, 2019, Appendix B). Specifically, in case
P < (%)1/ 4 then the knowledge of the weight can be completely ignored by the estimator.

Furthermore, the same method achieves %\/g in the third case of (48). We next show that

an error rate of p%\/g is also achievable by the estimator 6(p,) = pi*En [X]. Indeed, let
X =56, + Z as in (2). Then,

Eo. p. [00(p.),0.)] < ENd(p.) 6.

Pele (50151 - )+ BRI

lle*lulﬁ
P*\/ﬁ Px VT

1 /d
<

_En

IN

N

where the penultimate asymptotic inequality follows from: (a) For the first term, as || E,[1{S =
— 1} = 0u [, < % for some universal constant ¢; > 0 (Vershynin, 2018, Example 2.5.8. and

Proposition 2.6.1), and so
c
E [IBa[S) - pull] = 2B [Ea[1{S = —1}] = )]l < —=
for some universal constant ¢y > 0 (Vershynin, 2018, Proposition 2.5.2). (b) For the second
term, similarly, ||||En[Z]|]y, < 03\/% for some universal constant ¢z > 0 as in Lemma 19,

and using the result of Vershynin (2018, Proposition 2.6.1).
Lower bounds: The proof follows that of Wu and Zhou (2019, Appendix B), which uses
Fano’s method (Yang and Barron, 1999) for all cases which are not lower bounded by the /o

error-rate of the standard Gaussian location model min{n, \/g }. Thus, we mainly highlight

the main difference and omit all other details. First note that if [p.|> % (say), then the

lower bound (48) us again equivalent to the ¢ error-rate of the standard Gaussian location
model, and thus no proof is required. Thus, we may henceforth only consider the case
|p«|< 3. The lower bound of Wu and Zhou (2019) is based on Lemma 27 therein which is
here generalized from p = 0 to any p € (—1,1) as follows:

Lemma 21 Let 0 <n <1 and |p|< % Then there exists a universal constant C' such that
for any d > 1 and u,v € S 1

AKL (Pypupl| Ppvp) < C - (u,0) -7 (n* + p7) .
Proof By symmetry, it suffice to prove
AKL(Pypl| Pvp) < C - (101 = B0 (n* + p?) ,

and by rotational invariance of the normal distribution it can be assumed that v = e; =
(1,0,...,0). Let A = max {1 — uq, |lur||} <1 whereu; = (ug,...,uq) (and similar notation

69



WEINBERGER AND BRESLER

will be used for any d-dimensional vector). Further, let @ be the distribution of X =
(X1,...X4) € R? under 6, = nu = ney, to wit Q = Qx,,.x, = Pyp. ®N(0,I3_1) (which is
a product distribution), and let P be the corresponding distribution under 6, = nu. From
the chain rule of the KL divergence

AKL(Pyupl | Pyov.p) = dkL(Px, [|Qx;) + Epy, [dki(Px, x, 1IN (0, Ia-1))] = (I) + (1D).

We bound the two KL divergence terms using the corresponding chi-square divergence.

Bounding (I): In one dimension,

i[5+ ()
= 677]2/2(,0(1') [cosh(nz) + psinh(nz)] .
Hence, denoting for brevity
Qe p(w) 1= e~ (17912 (cosh (1 — €)z) + psinh ((n — €)x)) — e~""/? (cosh (yz) + psinh (nz))

we get for e = nA

(I) = dkr(Px, ||@x,) (49)

< dx2 (Pn—e,pHQn,p)
2

— 772/2 . . ae’n’p(l‘)
c /go(x) cosh(nz) —i—psinh(nx)dm

@ [4e
S5 [ e, o

@ \/4;76 . 6_(77_6)2 /QD($) [cosh2 ((77 — e)x) —+ p2 sinh2 ((77 — 6).7})] dx
) \/Z 262072 [ () [eosh (1= €)2) cosh () + 7 s (= ) sinh ()]
e [ o) eosh () + 7 sink )]

9 5 oosh (1 - 2) + cosh (47) — 2cosh (nn — )]
+ \/f [sinh ((7] — 6)2) + sinh (772) — 2sinh (n(n — 6))] P’
< Cié(n? + p%) = CL* > (n* + p?) (50)

where (a) is since by the inequality of arithmetic and geometric means cosh(t) + psinh(t) =
<1+Tp> e 4 <%> e % > /1—p? and using 0 < n < 1 and |p|< %; (b) is obtained by
expanding the square, and noting sinh is odd and that as p(x) e~%/2 is an even function,
[ ¢(x)f(z)dz = 0 for any odd function f; (c) is obtained by the identities

/go(ac) cosh(nz)?dz = e’ cosh(n?), /go(w) cosh(nz)?dz = e’ sinh(n?),
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1 (+n0)? 1 (n—n)?
2

/go(x) cosh(nix) cosh(nyz)dr = 3¢ + 5€ %

1 (n+n2)? 1 (—n)?
— p) 2 .

/(p(:n) sinh(mx) sinh(nez)dx = 5¢

2 ?
(d) is by Taylor expansion of cosh and sinh around 7?2, since |¢|< v/2n < v/2 and where
C1 > 0 is a universal constant.
Bounding (II): The proof follows that of Wu and Zhou (2019) up until almost the very
last step. Recall that under P one can write X = R; + Z; for i € [d] where R; = S - nu;
where S € {£1} and P[S = —1] = J.. Then,

(I1) = Epy, [dxL(Px, x, [[IN(0, Ia-1))]
(a)
<E [dxz (PXL|X1HN(07 Id—l))]
(b) 2 d 2 2 4
<7’ > ulEpy, [E’[R ] X1]] + Ca(n))
1=2

d
9D 2.3 wEpy, [tanh®(uy X + 8,)] + Ca(n))*
=2
@ , N, 2 252, g2 4
<n 'ZuiEle [2(U17I X7 +ﬂp)] + Ca(nA)
1=2

(e)
< 4022 420577 p° A2 + Ca(nA)?

(f)
< CiP(n* + pH)A?, (51)

where (a) is by bounding the KL divergence using the chi-square divergence; (b) stems from
the Ingster-Suslina identity (Ingster and Suslina, 2012) along with Taylor expansion (see
details in Wu and Zhou, 2019, Appendix B); (c) follows from E, ,[S | X1] = tanh(nXy +f,)
(see Equation 5); (d) follows from tanh?(z) < xz?; (e) follows from |ui|< 1, [jul||< A,
Epy, [X?] =1+n*<2, and B, < Csp for all |p|< £ and C3 > 0 is a universal constant; (f)
holds for a universal constant Cy > 0 since \ < 1.

Combining (50) and (51) we complete the proof of the lemma. [ ]

For completeness, we outline the proof of the lower bound using Fano’s method. The
method states that if there exists a set of M parameters ©y; = {01,...,0x} such that
I1(0; X) < log M and ||0y, — 0, ||> €n for all m,m’ € [M], m’ # m then the lower bound is of
the order en. This is shown by bounding the mutual information with the KL radius of ©
as 1(0; X) < nmax,, i) AKL (P, pl[Pay,p) for some 6. Wu and Zhou (2019, Appendix B)
constructed a set {6y} U Oy with M > e“0? for some Cp, and a small constant cq > 0 such
that: (a) ||0]|= n for all m € 0U [m]; (b) ||0m — On||> coen for all m,m’ € [M],m' # m;
(c) |10m — 6o]|< 2cpen for all m € [m]. By Lemma 21

1(0:X) _ 1(6:X)
logM ~—  d

S

max_dgr, (P, p

n n
 ax [Paoe) S € n*(max{n, p})?
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and so choosing

1
e = min{1, \/E}
nmax{n, p} V n

yields a minimax lower bound of rate min{7, %\/g , %\/% }. |

Theorem 22 (Minimazx rates for weight estimation) For any d,n € N let p be any estimator
of p« based on X = (X1,...,X,) B Py, .. Then,
po o< 2

s inf_ Eo.p. (£, pi)] =< wi E <<t
PUx) £ 1
L o>t

Proof Given the measurements {X;}? , the projections {(f,, X;)}7_, are sufficient statis-
tics for the estimation of p,. Hence we may assume that d = 1, and we may write
X; = Sif« + Z; € R? for i € [n] where S; € {£1} and P[S; = —1] = 6.

Upper bound: The first case can be achieved by the trivial estimator p = 0. For the
other two cases, as in the proof of Theorem 20, the estimator p(6,) = m@*,En[X |) can
be shown to achieve an error rate of max{ﬁ, W} where the first term stems from the

empirical error of E,[S], and the second term is due to the additive error Z.

Lower bound: If ||0.]|> 1 we may bound the error rate of the given estimator by the
error rate of an estimator which known the noise sequence {Z;}"_,, which, equivalently, has
direct access to {S;}7_;. This is a simple Bernoulli model and the error rate is ﬁ We thus

next assume that [|6.]|=n < 1. As the calculation in the bound of term (I) in Lemma 21,

dKL(PmpHPn,O) < dx2 (Pn,pHPn,O)

2 12
e p° - sinh (n:c)d
¢ /90(1:) cosh(nx) v

< 6_772/2/90(13)[)2 - sinh?(nz)dz
=T /? sinh(n?)p?
< Cn*p?,
for some C' > 0 using sinh(t) < C|t| for ¢ < 1. Le-Cam’s two point argument with

— comindp. L . a mini 1
z = comin{p, ; \/ﬁ} and c¢p > 0 small enough then results a minimax error rate of R

Appendix C. Miscellaneous

In this Appendix we summarize various results which are used in the proofs.
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C.1 Useful Results

We collect here several useful results which are repeatedly used throughout the paper:

e Relations for inverse temperature parameter: For 5 := % log IT“; it holds that tanh(3) =

C.2

_ 1 dBs _ 1 gy _ _1
1—257C08h(5)—\/ﬁ,and%——m andd—;—ﬁ.

Change of measure: Let V ~ (1—9)-N(0,1)+(1—9) - N(—6,1) and let Z ~ N(0,1).
Then, for any integrable function f

E[f(V)] =e @2 E[f(Z) - cosh(0Z + B5)]
= PR [f(2)- (1= 8)' +0e77) ] (52)

For U ~ N(n,1) (Daskalakis et al., 2017, Lemma 2)
E [tanh(U6)] > 1 — e /2 (53)

(a+b)F < 281 (ak 4 bF) for k > 1.

Chi-square tail bound: (Boucheron et al., 2013, Remark 2.11)

Pxi>2k+3t] <P {Xi — k> 2Vktk + Qt} <e . (54)

Stein’s identity: (Vershynin, 2018, Lemma 7.2.3) Let Z ~ N(0,02). Let f be a
differentiable function such that E|f’(Z)|< co. Then,

E[f(2) Z)=o’E[f(2)]. (55)

Let V ~ (1—6)N(0,1) +6N(—0,1) with 6 > 0 and § < 3. Then P[V = v | |V|=v] >
P[V = —v | |[V|=v] for any v > 0. This follows from Chebyshev’s sum inequality
PV =uv||[V|l=v] (1-08)p(n—uv)+dp(n+wv)

BV = —o| [VI=o] ~ (1=0)p(n+v) +0p(n—v) ' (56)

since 1 — ¢ > 60 and p(n +v) < p(n —v).

Gaussian average of odd function. Let f(u) be an odd function which is positive on
R4 and negative on R_. Let U be a continuous random variable such that P[U = u |
|U|=u] > P[U = —u | |[U|= u]. Then, E[f(U)] > 0. This is satisfied for U ~ N(n,o?)
with n > 0.

Convergence Properties of One-Dimensional Iterations

Proposition 23 (Convergence properties of one-dimensional iterations) Let 6 — h(0) be
an analytic monotonically increasing function, and h(6) — 6 is not identically 0. Let 6y be
given, and suppose that either supgs.g, h(0) < 0o orlimg_,o h'(0) < 1. Let hy () be another
function which satisfies the same properties as h(-).
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. If h(6p) > Oy for some Oy then h(0) has at least a single fized point in (6, 0).

Let {ék}~ be an enumeration of the fired points of h(0). For all k > 1, if B0 < 1
then h'(Ok+1) > 1 and if W' (0r) > 1 then h'(0x41) < 1.

Assume that h(0) is strictly concave on [0y, 00). If h(6p) > 0y then h(0) has a single
fized point in (0, 00). If h(6y) < Oy then h(0) has at most two fixed points in (6y, 00).

Consider the iteration 0,41 = h(0y). If 61 = h(6y) > 0y (resp. 61 < 0y) then {041}
is monotonically increasing (resp. decreasing) and converges to a fized point 0. It
holds that h'(0s) < 1 (resp. W (0x) > 1).

Consider, in addition, the iteration 9t+1 = h (0) such that 6y = 9 , and suppose that
hy(0) > h(0) on [0y, 00). O > 0, for all t > 1, and this holds speczﬁcally in the limit
t — oco. Hence, if, in addition, lim; o 0; = limt_mo H;F = 0 then 04 —9? < O — by,
i.e., the convergence of {0} to the fized point is faster than that of {0;}.

Convergence rate of a contraction: If maxee[gog }h’( ) ¢ <1 then 0 — 6; <
(O — bp) - ¢*, and O — 0y < ¢ for all t > 1= C -log 5—%4- (assuming ¢ > oo — b,
otherwise t > 1 suffice).

Suppose that 0 < h(0) < (1—a)0+b fora € (0,1). Then h(6;) < %b for allt > Llog ¢

Proof

1.

Under both conditions, there exists #; such that h(6;) < 6. The claim follows from
the intermediate value theorem for the function h(f) — 6.

. First, we note that such an enumeration is possible since i () —0 is analytic and not a

constant, and so its zeros in R are isolated. Assume w.l.o.g. that h’(91) > 1. Thus,

h(6) > 6 for all @ € (fy,6) and so I () = lim, o M02=00=0 _ G2=h(®:=0) < e
analogous property is proved similarly.

. Let 6; be the minimal fixed point which is larger than 6. If h(6y) > 6y then we must

have h/(61) < 1 and by concavity h’'() < 1 for all # > #;. Thus there are no fixed
points in (61, 00). If ~(fy) < Oy then assume by contradiction that there are more than
or three fixed points {f)}. By strict concavity, it is not possible that h’(6;) = 1 for
any of the fixed point since this fixed point would be unique. By the previous item,
the signs h/(f;) — 1 are alternating. Thus, there exists k such that A'(f;) > 1 and
B (9k+1) < 1. Strict concavity implies that no fixed points are possible in (—oco, 6;),
(0, 0x+1) and (0, 00). So h(f) cannot be more than two fixed points in (g, oc).

. Assume 6; > 6. Since h is increasing, then 0y = h(6;) > h(&o) = 6. By induction,

{0:} is an increasing an bounded sequence, and thus has a limit f. Since h is continuous
0 = limy_yoo Oy11 = limy_yoo h(6;) = h(limp_o ) = h(@), and so 6 is a fixed point.
The proof for 61 < 6y is similar.

. By induction 6, = h*(0;) > h*(6;) > h(6;) = b111.
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6. By induction and |0;41 — Oso|= |h(0;) — h(00)|< (|0: — O|. To achieve Oy — 0, < ¢

. log =20 . .
we may require t > Olig(ﬁ, and the claim holds since log(ll 70 < ﬁ

7. By induction 6y1 < (1 —a)t + 22:1 b(1 —a)! < (1—a)' + 2. Using —a > log(1 — a)
we have (1 —a)! < 2ift > llog 4.

C.3 Totally Positive Kernels and Variation Diminishing Property

Let A,B CR. A kernel K : A x B — R is said to be totally positive of order k, TPy if for
allm e [k] and all x1 < -+ < 2, and y; < -+ < Yy, (with z; € A and y; € B for i € [k]) it
holds that

K(zi,y1) - K(z1,Ym)
1"y Ym
K($m,y1) K(xmaym)

If K is TPy, for all k& € N then the kernel is said to be totally positive (resp. strictly totally
positive), which is written TP .

An important consequence of totally positive property is its variation diminishing prop-
erty. The number of zero-crossings of a function f: B — R is the supremum of the numbers
of sign changes in sequences of the form f(z1),... f(xy,), for m € N, z; € B for all i € [m]
and x1 < --- < Iy, where zero values in the sequence are discarded. The following is a
result by Karlin (Marshall et al., 1979, Theorem A.5 p. 759):

Theorem 24 (Variation diminishing property of totally positive kernels) Let A,B C R,
and let K: A x B — R be Borel-measurable and TPy. Let o be a reqular o-finite measure
on B, and let f: B +— R be a bounded measurable function such that

o(z) = /B K (2, 9)f (4)do(y)

converges absolutely. If f changes sign at most j < k — 1 times on B, then g changes signs
at most j times on A.

Proposition 25 Let f:R — R be a bounded and measurable function. If f has at most
J sign-changes on R, then g:R w R defined by g(n) = Eyonem)[f(U)] has at most j
stgns-changes on R.

Proof The Gaussian kernel K(z,y) = =@ %° for A = B = R is TPy, (Marshall et al.,
1979, Theorem A.6.B p. 759). We use Theorem 24 and

o(n) = E[f(U)] = / (1 — ) f ()
= \/12? / e W2 f(u)du = —= / e~ @7 f(@)da = g(v277) (57)
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with @ = % and 7 = % as well as the observation that f(%) (resp. g(v/21)) has the same
zero-crossings as f(u) (resp. g(n)). [ ]
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