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Abstract

Truncated densities are probability density functions defined on truncated domains. They
share the same parametric form with their non-truncated counterparts up to a normalizing
constant. Since the computation of their normalizing constants is usually infeasible, Maxi-
mum Likelihood Estimation cannot be easily applied to estimate truncated density models.
Score Matching (SM) is a powerful tool for fitting parameters using only unnormalized
models. However, it cannot be directly applied here as boundary conditions that derive a
tractable SM objective are not satisfied by truncated densities. This paper studies parameter
estimation for truncated probability densities using SM. The estimator minimizes a weighted
Fisher divergence. The weight function is simply the shortest distance from a data point
to the domain’s boundary. We show this choice of weight function naturally arises from
minimizing the Stein discrepancy and upper bounding the finite-sample estimation error.
We demonstrate the usefulness of our method via numerical experiments and a study on
the Chicago crime data set. We also show that the proposed density estimation can correct
the outlier-trimming bias caused by aggressive outlier detection methods.

Keywords: score matching, truncated density estimation, unnormalized density models,
stein operator, non-asymptotic analysis

1. Introduction

In many applications, we cannot observe a problem’s “full picture”. Instead, our observation
window is limited, so we can only observe a truncated data set. For example, a police
department can only monitor crimes within their city’s boundary, although crimes do not
automatically stop at an artificial border. Similarly, we can only observe some geolocation
tracking data up to the coverage of mobile signals. Data sets like these are skewed represen-
tations of actual activities due to truncation. In many cases, these truncation boundaries
can be very complex. For example, the boundary of the city of Chicago is a complex polygon
(see Figure 1) which cannot be easily approximated by a bounding box or circle.
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Figure 1: Boundary of Chicago, where blue dots are locations of homicides in 2008.

The key challenge of estimating parameters in truncated densities is that the normalizing
constant is not computationally tractable. The normalizing constant ensures that the
integration of a density function equals one over its input domain. As the normalization takes
place in an irregular bounded domain in R?, the integration does not have a closed-form in
general. This integration creates a computational issue since the classic Maximum Likelihood
Estimation (MLE) requires the evaluation of such a normalizing constant. Although the
normalizing constant in the likelihood function can be approximated using Monte Carlo
methods (Geyer, 1994), it is hard to guarantee the approximation accuracy when the data is
in high dimensional space, and the truncation domain is complex.

Recent years have seen a new class of estimators called Score Matching (SM) (Hyvérinen,
2005, 2007; Lyu, 2009) rise in popularity. They estimate parameters by minimizing the
Fisher-Hyvérinen divergence (Lyu, 2009). This divergence is defined using the difference
between the gradients of log model density and log data density. The gradients are taken with
respect to the input variable, and the normalizing constant is eliminated and not involved in
the estimation procedure. Thus SM is a natural candidate for estimating truncated density
models.

However, the original SM cannot work for estimating these truncated models, as the
regularity condition used to derive the tractable objective function is not satisfied. Hyvérinen
(2007) and Yu et al. (2019) proposed generalized SM to handle the distributions on the
non-negative orthant R‘i. In generalized SM, a weight function is introduced to satisfy
the boundary condition required for deriving the tractable objective function. Promising
results have been observed on high-dimensional non-negative graphical model structure
estimation (Yu et al., 2019). When the density is truncated in a dimension-wise manner
with a lower and upper bound, this problem is known as a doubly truncated distribution
estimation (Turnbull, 1976; Moreira and de Ufia-Alvarez, 2012). Though some works have
tackled the problem of estimating truncated multivariate Gaussian densities (Daskalakis
et al., 2018, 2019), little work has been done for estimating a wide range of density models
with complicated truncation domains. Note that if the truncation domain is simple, it is
possible to apply the change of variable rule to our data set so that the truncated density
estimation becomes a non-truncated (or doubly truncated) density estimation problem in
the new domain. This technique has been widely used in modelling distributions on a sphere
(Mardia and Jupp, 2009). However, this technique is not applicable when the truncation
domain is complex, such as the one in the Chicago Crime data set.
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This paper proposes a novel estimator for truncated density models using generalized
SM. Our choice of the weight function is the shortest distance from the data point to the
truncation boundary. We show that this choice naturally arises from minimizing a Stein
Discrepancy and lowering the finite sample estimation error upperbound. We can efficiently
compute this distance for many complicated domains.

We demonstrate the usefulness of our method via numerical experiments and an applica-
tion to the Chicago crime data set. Finally, we apply this estimator to correct the outlier
trimming bias caused by One-class Support Vector Machines.

2. Problem Formulation

Denote a probability density function parameterized by € over the domain V C R? as
po(x),x € V. Without loss of generality, we can write

mie) = Zlor

20(0) = | po(@)de,

where pg is an unnormalized model and Zy (0) is the normalizing constant so that pg(x)
is integrated to 1 over its domain V. The domain V C R¢ may be a complicated bounded
domain e.g., a polytope. In such cases, Zy(6) may not have a closed-form and cannot be
efficiently evaluated. For example, let pg be a Gaussian mixture model restricted in a generic
polygon, then Zy(0) does not have a closed-form expression.

Our task is classic statistical model estimation: Suppose that V is given, we want
to estimate the parameter 8 in pg(x) using X, = {x;}}_;, which is a set of observed i.i.d.
samples from a truncated data generating distribution ) with an unknown probability
density function ¢(x),x € V.

The challenge comes from the fact that we need to obtain the estimator of 8 using only
the unnormalized density model pg(x): It is not straightforward to calculate Zy (0) for a
complicated V. Therefore, MLE, which requires evaluating the normalizing constant, cannot
be performed easily. A popular tool for estimating unnormalized densities is Score Matching
(SM) proposed by Hyvérinen (2005). We now introduce SM and its extension (Yu et al.,
2019), then explain why it cannot be readily used for estimating complicated truncated
densities.

Notation: The finite set {1,...,d} for a positive integer d is denoted by [d]. Given
a vector x, let xj denote the k-th element of . Let (-,-) be the standard inner product,
and the Euclidean norm of the vector a is denoted as ||la|| = v/{(a,a). The ¢P-norm of x
is denoted by ||x||,. Thus, ||| = ||x||2 holds. Let 0y, for k € [d] be the partial differential
operator % and V be (91, ...,0;) to the function f(x) for € RY. Similarly, the gradient
operator with respect to the parameter @ € © C R" of the statistical model pg(x) is denoted
by Vg = (6%1, e %). E,[f(x)] stands for the expectation of f(x) with respect to the
probability density g(x). To reduce the clutter, we sometimes shorten pg(x) and g(x) as pg
and g wherever such abbreviations do not lead to confusion. In addition, the log-likelihood
log pg(x) is expressed by lo(x). || fllr2q) = (Bq [f(ac)ﬂ)l/2 where @ denotes a distribution
with density function ¢(). Let e;,i = 1,...,d be the unit vector along the i-th axis in R%,
i.e., e; = (1,0,...,0), etc. We use V to represent the closure of a bounded open set V.
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3. Score Matching and Its Generalization

In this section, we introduce classic SM (Hyvérinen, 2005) and one of its variants (Yu et al.,
2019).

Definition 1 The Fisher-Hyvarinen (FH) divergence (Lyu, 2009) between q and pg is
defined as

FH(q, p) := Ey[||V log pe(x) — V log g(z)|?]-

Suppose g(x) > 0 on R?. Then, the FH divergence is non-negative and it vanishes if and
only if pg(x) = g(x) almost surely. When a density model pg(z) is defined on V = R? SM
finds an estimate of @ by minimizing FH(q, pg) over the parameter space 8 € © C R", i.e.,

Osn := argmin FH(q, pg)
]

= argminF, ([ Valog po?] — 2B, [(Valog pe, Valoga)] + C, (1)

where C' is a constant independent of 8. The key advantage of SM is that the normalizing
constant Zy (0) is not required when evaluating (1) as Vg logpg(x) = V4 logpe(x). Thus,
SM is widely used for estimating “unnormalizable” statistical models.

Unfortunately, (1) is not tractable as we cannot directly evaluate the second term of (1)
without access to V logq. Using the integration by parts rule, however, we find that the
equality,

d
Eq[(Velog pe, Valog q)] = — Y Eq[071log po]
k=1
holds under the smoothness condition of log pg(x) and log () w.r.t.  and the boundary
condition

lim ¢(x)0) logpe(x) = 0,VEk € [d]. (2)

|xg|—o00

Many density functions defined on R?, such as multivariate Gaussian or Gaussian mixture,
satisfy these conditions. See the study by Hyvérinen (2005, 2007) for details. Thus,
FH-divergence in (1) can be re-written as

d
FH(q, po) = Eq[||[ Vo logpall?] + 2 Eq[0flog pe] + C (3)
k=1

where the objective only relies on ¢ through the expectations which can be approximated by
the empirical mean over the observed samples X,,.
When pg(z) is defined on the truncated subset in R? such as the non-negative orthant,

R% := {x € R%zy, > 0,VEk € [d]},

the boundary condition required to apply the integration by parts rule (i.e., (2)) no longer
holds for many density functions such as Gaussian or Gaussian mixtures. To estimate
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parameters of density functions on the non-negative orthant, Hyvéarinen (2007); Yu et al.
(2019) introduced generalized SM:

Ocsm = arg;nin FHy(q,pe),

FHy(q, pe) := Ey[||g"/? 0 Vi log pg — g'/% 0 V. log q||%],

d
= Z Eqlgk - (O 10g pe)’] =2 Eglgr - (Oxlogpe)(Oklogq)l +C,  (4)
k=1 k=1
where g(z) := (g1(),...,g4(x)) € R? is a non-negative valued, continuously differentiable

function with g(0) = 0. g'/? is the element-wise square root operation applied on g and o is

the element-wise product. Examples of g include gx(x) = zj or gx(x) = max(zg, 1), Vk € [d]
given x € le_.

We can derive the tractable objective function from (4) with the help of a lemma, which
appeared in the proof of Theorem 3 in Yu et al. (2019). Here we restate it using our symbols
for convenience.

Lemma 1 Suppose that log q(x) and g(x) are continuously differentiable almost everywhere
(a.e.) on RL and logpe(x) is twice continuously differentiable with respect to x on R%.
Furthermore, we assume the boundary condition,

lim gk (2)q(x) 0 log pe(x) = 0

|zg | =04, |z k| =00

for k € [d]. Then,

d d
> Eqlgk - (0r1og pe)(0y log q)] Z [Ok (910K log po)].

i=1 -
Readers can find the proof in Section A.1 in (Yu et al., 2019) which uses dimension-wise
integration by parts. Using Lemma 1, the generalized SM objective (4) has a tractable
expression,

d d
(a4 o) Z - (O logpe)?] +2 Y Eqy[01 (g0 log pe)] + C (5)
k=1 k=1

where C' is a constant independent of 8. One can replace the expectation with the empirical
mean over X, to obtain an unbiased estimator of the above objective function. It is
straightforward to modify the generalized SM formulation to work for doubly truncated
distributions. For example, gx(x) = min{xzy — ax, by — xx} can be used to estimate truncated
densities on the product space [[¢_; (ax, by).

It is worth pointing out that Lemma 1 is a specification of the divergence theorem such as
Green’s or Stokes’ theorem, which usually deals with a bounded domain. Recently, Mardia
et al. (2016) studied an SM objective based on Stokes’ theorem for estimating densities on a
Riemannian manifold.

We intend to extend the generalized SM to a generic truncated domain. We now show
the validity of the objective function (4) when considering a generic domain V. For two
differantiable probability densities p(x) and ¢(x) with respect to the Lebesgue measure p(-)
on V C R? the following lemma holds:
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Lemma 2 Suppose that V is a connected open subset in R? and that gi(x) > 0 and
q(x) > 0,V € V. Then, FHgy(q,p) = 0 if and only if p = q for the probability density
functions p and q.

Proof First, it is easy to see that p = ¢ = FHy(p,q) = 0. Second, as FHgy(q,p) = 0,
gr(2)q(2)||Va log g(x) — Vg logp(x)||? = 0 should hold a.e. with respect to j on V. Thus,
we have Vg (logg(x) —logp(x)) =0 on V. As V is connected, log ¢(x) — log p(x) should be
a constant independent of  on V. Hence, p(x) is proportional to g(x) on V. As both are
normalized probability density functions, we have p = q. |

The following theorem states that the minimizer of FHy (g, pg) is unique and is the true
parameter under a mild identifiability condition.

Theorem 1 Suppose all assumptions stated in Lemma 2 holds. Let P = {pg(x)|0 € © C
R"} be a set of parametric statistical models on the connected open subset V in R, If the
model pg is identifiable in the sense that u({x | pe(x) # pe(x)}) > 0 holds for 8 £ 6', and
q = pe, € P, then argmin FHy(q, pg) is unique and is 6.

6co

Proof Given the assumption on ¢, we have FHy(q,pg,) = 0. Thus, 6y is a minimizer of
FHg(q, pg). Moreover, Lemma 2 guarantees that FHg(pg, pgr) > 0 holds for 8 # 6’. We can
prove this by the contradiction. Suppose FHg(pg,pg:) = 0 for 8 # 6’. Thus, Lemma 2 states
po(x) = per(x) must hold on V. This contradicts u({x |pe(x) # pe'(x)}) > 0. Hence, for
all @ # 6y, FHgy(pe,, pe) = FHg(q,pe) > 0. This leads to the conclusion that the minimizer
0 is unique. [ |

Remark 1 When the domain is not connected, FHy(q,p) = 0 implies that p is proportional
to q on each connected region. However, for common statistical models, the proportional
relationship on each connected region implies that the probability densities are the same. For
instance, let us consider the truncated Gaussian model pg on V that is the disjoint union
of Vi and Va, where 0 is the mean parameter of the Gaussian distribution pg on R®. If
Do/ e, is a constant function on a small open subset in V', we see that @ = 0y holds. Hence,
Theorem 1 holds for such models even when the domain V is not connected.

When using generalized SM on a generic domain V', the more significant challenge is
selecting a weight function g. First, we explain an intuitive way to construct g. Then we
show this intuitive choice is theoretically sound and empirically effective.

Denote the boundary of V' as V. We can design a weight function g taking 0 at 9V,
then hopefully an analogue to Lemma 1 would hold, giving a tractable form of the estimator.
For example, we can consider a dist(x, z), which is a distance function between & and z,
and let the weight function g, be

gk = go := min dist(x,2), Vkeld, zeV. (6)
zedV
i.e., the distance from x to the truncation boundary 0V. See Figure 2 for examples of gg

defined on some simple bounded domains V. This weight function is intuitive and can be
easily computed for many complex truncation boundaries (See Section 7 for details).
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(a) (b) (c)

Figure 2: Examples of go(x) for (a) a circular boundary (b) a triangular boundary and (c)
a polygon boundary. Here dist(-,-) is the Euclidean distance function.

Since go(x) > 0,Va € V by construction, Theorem 1 guarantees the minimizer of the
generalized SM objective is the true parameter as long as V' is a connected open domain
and pg is correctly specified.

However, there are a few major concerns:

1. It is unclear whether letting g, = go would entail a tractable objective function. Lemma
1 is only derived for the non-negative orthant and it assumes gi(x) to be continuous
differentiable a.e.. However, the distance weight g is not necessarily differentiable a.e.
on V.

2. The efficacy of the distance weight gg is unclear. The weight function g can be any
function that satisfies the boundary condition (g taking 0 at V') and is positive and
differentiable on V. It is unclear why using go as the weight function would yield good
statistical estimation performance.

The following sections address these two concerns from theoretical and empirical perspec-
tives. For simplicity, we refer to generalized SM with gp = g as truncated SM, or TruncSM
for short.

4. Tractable Truncated Score Matching Objective

Theorem 1 states that when V is a connected open domain, TruncSM is a valid density
estimation criterion. Now we will show when V is a special kind of connected and open
domain, the TruncSM objective is computationally tractable.

The key step of deriving a tractable SM objective is to show that the distance weight go
is weakly differentiable, so an analogue to Lemma 1 can be proven. Let us formally define
the notion of a weakly differentiable function via Sobolev-Hilbert space:

Definition 2 (Sobolev-Hilbert space) : Let L?(V) be the L? space on V C RY endowed
with the Lebesque measure. Then, H' (V') is the Sobolev-Hilbert space space defined by

HY(V) = {f e LA(V) ‘ 1FIZ2 ) + D2 IDkf 22y < OO}’
k
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(a) Lipschitz domain (b) Crack domain

Figure 3: Lipschitz domain vs. Crack domain

where Dy, is the weak derivative corresponding to Oy and | f|r2vy = 1/ [y |f()|*d.

In this paper, we focus on a special type of open and connected domain, called Lipschitz
domain. In engineering applications, most domains are Lipschitz domains. Intuitively
speaking, a Lipschitz domain V C R? is a bounded connected open domain whose local
boundary is a level set of some Lipschitz function. However, it does not include domains
with “cracks” (see Figure 3). All polytopes are Lipschitz domains.

Definition 3 (Lipschitz Domain) Let V be an open and bounded domain in R%. We say
V' is a Lipschitz domain if for any € OV, there exists an r > 0 and a Lipschitz function
fz1,...,x4-1) such that V N B(xz,r) is expressed by {z € B(x,r)|zqa > f(z1,...,24-1) }
upon a transformation of the coordinate system if necessary. B(x,r) denotes a d-dimensional
ball centered at x with radius r.

The full definition of the weak derivative and more details about Lipschitz domains and
Sobolev-Hilbert spaces can be found in Section 7 of (Atkinson and Han, 2005).

We prove the following lemma which states that gg defined on a Lipschitz domain is in
HY(V), thus is weakly differentiable. The proof can be found in Appendix B.

Lemma 3 Suppose V is a Lipschitz domain, then go € H* (V).

The classic Green’s and Stokes’ theorem that proved Lemma 1 could not be applied
to derive a tractable objective anymore as functions in H' (V) are not differentiable in a
classic sense. However, there exists an extension of Green’s theorem of weakly differentiable
functions (Proposition 7.6.1 in Atkinson and Han, 2005).

Lemma 4 (Extended Green’s Theorem) For the Lipschitz domain V C R?, suppose
fi, f2 € H(V),

| h@opie)dz= [ p@)h@w@ds - [ h@osede. ke d,
|4 ov \4

where (v1,...,vq) is the unit outward normal vector on OV and ds is the surface element on

ov.

Now we apply Lemma 3 and 4 to obtain a tractable form of TruncSM objective:
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Theorem 2 Assume V C R? is a Lipschitz domain. Suppose q, 0 logpg € H (V) and that
for any z € OV it holds that

lim g(x)go(x)0k log pe(x)vi(z) = 0,VE € [d],

r—z
where x — z takes any point sequence converging to z € OV into account. Then, we have

d

d
> Eqylgo - (Ok log pe) (9 1og q)] = — > Eq[Ok(g00k log pa)].
=1 k=1

The proof of the above theorem can be found in Appendix C. This indicates that TruncSM
indeed has a tractable objective function.

Orsm = arg;nin FHy, (g, pe),

d d
= argmin > Eylgo - (Oxlogpe)®] +2 > Ey0k(900k log pe)]
k=1 P
d d d
= argmin > Eqlgo - (Oxlogpe)?] +2 ) Eqlgodi log pe] + 2> Eqldkgo - Ok log pel,
k=1 k=1 k=1
(7)

where each expectation can be approximated using samples from the data set X, ~ Q.

Although (7) is similar to the generalized SM objective (5) (it replaces g with go ), this
result cannot be taken for granted. It highlights an important restriction of TruncSM: V'
needs to be a Lipschitz domain. This constraint is required to ensure the weak differentiability
of go, and is connected with the Lipschitzness of gg. This result also suggests that we may
be able to bypass this constraint when using different weight functions in generalized SM.
The study along this line can be interesting for future work.

Now we turn our focus to the efficacy of TruncSM. In the next section, we show TruncSM
is a Minimum Stein Discrepancy Estimator (Barp et al., 2019).

5. Truncated Score Matching as Minimum Stein Discrepancy Estimator

Maximum Stein Discrepancies are a family of discrepancies that measure the differences
between two distributions (Chwialkowski et al., 2016; Liu et al., 2016). For simplicity, we
assume that g and fg are smooth in this section.

Definition 4 Given an f : R — R%, a Stein operator is defined as

d
Tpf == {(Oclogp) - fr + Onfr},
k=1
where f = (f1,..., fa), p is a probability density function and S, := {f |E,[T,f] = 0} is
called a Stein class of p. The Maximum Stein Discrepancy between two densities ¢ and p
(Chwialkowski et al., 2016; Liu et al., 2016) is defined as maxges, Eq [T f].
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By constructing different Stein classes S),, we obtain different Maximum Stein Discrepancies.
Since our task is estimating a parametric density model pg, we can consider a density
estimator that minimizes this discrepancy, i.e., argmin max FESpy E, [Tpe f]. This estimator

has been shown to be effective, robust, and closely related to SM. It is called Minimum Stein
Discrepancy Estimator (Barp et al., 2019).

When using the above estimator, the key issue is constructing a Stein class Sp, which is
expressive enough to capture subtle differences between ¢ and pg. In the following theorem,
we construct a Stein class with f that is the product of a smooth function and a Lipschitz
function. We show the Maximum Stein Discrepancy using this specific Stein class becomes
FH divergence weighted by the distance weight gg.

First, we introduce a Lemma whose proof can be found in Appendix D.1.

Lemma 5 Let Lipy (V) be the set of all functions f : V — R
e that are L-Lipschitz continuous with respect to dist(-,-)
o satisfies the property that f(x) = 0,V € OV

then max cpint vrela) FHy(q,pe) = L - FHy,(q, pe).

Theorem 3 Let F be a function class such that Vf € F, f = ho g'/? and E,||h(x)|? < 1,
where h : V — RY is a smooth function and Yk, g, € Lipk (V) then

o F is a Stein class of a smooth density q defined on V.
o If Oily is smooth with respect to @ for all k, we have max ge 7 Eq [Ty, f] = /L - FHy,(q, pe)-

The proof can be found in Appendix D.2 and it is partly based on the proof of Theorem 2
in Barp et al. (2019). Theorem 3 shows that the TruncSM objective is a Maximum Stein
Discrepancy thus Otgy is a Minimum Stein Discrepancy Estimator.

Similarly, we can show how a “capped” distance weight arises by choosing a slightly
different family for g in Theorem 3. We find this capped weight function can be also
effective in many tasks (see Section 6.3 and 8.2).

Corollary 1 Let us define LTpé(V) = {f € Lipk(V)|f(z) < 1} and a new function class
F such that for all f € F, f = hog'/? B ||h(x)|?> <1, and g € LTpOL(V), then

max Eq [Tpef] =\ FH§L (Q7p9>a

ferF
where gr, = min(1, L - gp).

The proof can be found in Appendix D.3.

Yu et al. (2019) proposed to use a weight function gy = min(1,x),k = 1,...,d for
estimating density functions defined on the non-negative orthant. This weight function is the
special case of g, when V is the entire non-negative orthant. We refer to gy, as a “capped
weight function”. The capped weight function is discussed in the recent paper by Yu et al.
(2021) in the context of generalized SM for the unbounded V.

10
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Although Theorem 3 and Corollary 1 show that gy and g7, are natural in the sense that
they both give rise to Stein divergences, these choices may not be necessarily efficient in
statistical inference tasks. In Section 6 and 8, we show that our choices of weight functions
also lead to good statistical inference performance.

In the following section, we investigate the statistical guarantee of TruncSM through
finite sample estimation error analysis.

6. Finite Sample Statistical Guarantee of Generalized Score Matching and
Optimality of Truncated Score Matching

To discuss the efficiency of the TruncSM estimator, we first establish a finite sample estimation
error bound for generalized SM. Using this result, we show that the TruncSM estimator is a
good statistical estimator.

There have been studies (Yu et al. 2019; Barp et al. 2019) on the asymptotic accuracy
of generalized SM. However, it is hard to study the impact of weight functions from the
asymptotic variance due to its complicated expression.

We now establish an estimation error bound for generalized SM using a generic weight
function g. For the convenience of discussion in this section, let us rewrite the generalized
SM objective function as

d
M(0) = E,[mg(x)], where mg(x) := Z [(0k€9)2 + 28£€9]gk + 20ilg Okgr ¢, (8)
N—_ —————— N——

k=1
=: A (:0) =:By(x;0)

where we abbreviated logpg as fg. It holds that FHy(q,pg) = M(0) + C in which C is
independent of 6. Given finite samples X, ~ @, M (6) is approximated by the empirical
mean:

1 n
= — E me(x;).
n “
=1

Then 6, the minimizer of M() s.t. € © C R is an M-estimator (van der Vaart, 2000)
with the estimation function mg(x). If ¢y is the log-likelihood of an exponential family
distribution, i.e., £y := 8" t(x) — log Z(0), where Z(8) is the normalizing constant,

n d
>3 {|67 ot(@)ant(2) "0 + 207 Rt(a:)| gu(@i) + 207 dpt(@)Ohgn }

which is convex and quadratic with respect to 8. Thus, a unique 6 can be easily obtained
as long as 2371 | 4 gr(@)Opt(x:)Opt(x;) T € R™" is invertible. However, our theorem
below does not assume that pg has a specific form.

6.1 Non-Asymptotic Error Bound

We first establish the non-asymptotic error bound of the generalized SM procedure (8). Let
0* € O be the minimizer of M(0) over ©. We assume that the optimal parameter 8* is
well-separated from other neighbouring parameters in terms of the population objective
values:

11
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Assumption 1 Assume that there exists o > 1 such that

inf  M(0) — M(0*) > Cy6“ 9
1o M(0) = M%) = C, )
holds for any small 6 > 0. Here, Cy is a positive constant that depends on the weight function
g such that Cug = aCy for any positive constant a.

Although we mainly focus on the dependency between the convergence rate and g, the con-
stant Cy can also depend on the dimensionality of the parameter space r, as we demonstrate
in the following example.

Example 1 Let us consider the exponential family
po —exp{Ztk )0k — ¢ 0)},0€®CRT (10)

such that © is bounded, i.e., ||0] < R.
Suppose q = pg+, guaranteed by Theorem 1 under mild conditions. Then, some calculation
yields that M(0) is a convex quadratic function,

M(8) — M(6*) = (6 —6%)" (ZTk> (6 —6%),

where (Ty)i; = (Eg*[gk( )Okti(x)Okt;()])i; € R™". Note that Ty is positive semidefinite.
We assume that & Zk 1T = T = O holds for a positive definite matriz T € R™", where
the inequalities are defined in the sense of positive definiteness. A mild assumption is that
the eigenvalues of T does not depend on d. Let \y > --- > A\, > 0 be eigenvalues of T, then,
we have

M(0) — M(6%) > d).||0 — 6| (11)

Hence, Cg = d)\, and o = 2 meet Assumption 1. One can also confirm that Cug = aCy for
any a > 0.

Assumption 2 The sequence 0 converges to 8* in probability.

The consistency of M-estimator has been well-studied in the statistical literature, thus
we do not discuss this in detail. Here we are only interested in the rate that governs the
convergence of 0 and its implication on choosing gi. A set of sufficient conditions for proving
the consistency of @ is discussed in Theorem 5.7 of van der Vaart (2000).

We also make continuity assumptions on mg(x). This is needed to ensure the upper-
boundedness of the covering number when proving the convergence rate.

Assumption 3 For the function Ay and By in mg(x), there exists Ay, By, Yk such that

| A (2, 01) — Ag(x, 02)| < Ag(a)[|01 — 6],

|Bi(,61) — Bi(x, 02)| < Bi(x)]|61 — 6. (12)

12
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If Ag(x,0) is differentiable with respect to 6 for all k, due to Taylor expansion and Schwarz
inequality, we see |Ag(z,61) — Ag(z, 62)| < supgee [VoAx(x,0)[ - |61 — 62|. Applying
the same argument to By(x, ), we can see that both Ay := supgeg [|[VoAr(z, 0)|]2 and
By, := supgee || VoBi(z, 0) |2 would satisfy Assumption 3.

Let us define a function I'(g; A, B) using Ay, and By:

d

Digi 4, B) i= 3 { B ANl /" + (B, BYE,(0ua) )"} (13)
k=1

then we have the following non-asymptotic estimation error bound of generalized SM:

Theorem 4 Suppose that Assumptions 1, 2 and 8 hold and that gy, rgx, A and B have the
fourth order moment under the population distribution q. Then for 6 < CK, - Q}I/_FI 1“(96712,3)

we have

1/(a—1)
N I'(g; A, B
pel6—0 < (cK, . D9AD) [T >1-4, (14)
0Cy n
where C' is a universal constant and K, = 2(12_27{11

The proof can be found in Appendix E. In the proof, we use the convergence analysis of
the M-estimator according to Section 5.8 in van der Vaart (2000).

Example 2 Let us analyse the estimation error for the exponential family. Following the

model definition (10), we can see that « = 2 and I'g = O(d)'. The analysis in Example 1
1

leads to Cgq = d\,. Thus, we have g—z ~ - and

~ ¢ fr
_ 6* < — =) >1=
Pr <||0 072 < 6/\r’/n> >1-46,

where C' is a constant independent of d,r and §. In the above bound, the probability & and
the sample size n are variables and other parameters such as v and A\, are regarded as a
fixed constant.

Theorem 4 shows how the choice of weight g affects the convergence rate of || — 6*||,.

The only term involving g on the RHS of (14) is g—z. Naturally, we would like to choose a g

such that g—z is minimized. Some details will be discussed in Section 6.2 and Appendix F.

6.2 Choice of Weight Function

When our model pg is not correctly-specified, 8* depends on the weight function g. For
simplicity, we assume the model is correctly specified and is identifiable, thus Theorem 1
ensures that 8* is unique and pg+ = ¢ under mild conditions.

We cannot minimize C—Z with respect to g analytically, as we do not know ¢(x) and the

closed form expressions of Ay or By. Numerical minimization of #* can also be cumbersome.
g

1. For simplicity, let us shorten I'(g; A, B) as I'g from now on.

13
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Instead, we present a lightweight selection procedure, Wthh eventually gives rise to the
distance weight function gy by controlling an upperbound of
Suppose there exists a constant I'g > supgeg I'g, where G i 1s a functlon family from which

Ly

g is chosen. We can obtain an upperbound g—i > o The choice of G is important as I'g

may not exist or be very large for some G. However, (13) suggests that as long as |0gx| and
|gk| are upper bounded and Ay and By are well behaved, I'g should exist. Let us consider
G:={g:V — Rg, € Lip{(V),Vk € [d]}.

We can see Vg € G, |0rgx| < 1 due to the property of Lipschitz function and |gx| is bounded
as it is defined over a bounded domain.

Note that we have used Lipschitz functions to construct a Stein class in Section 5, but
here, Lipschitz functions emerge from a different context: Suppressing the upperbound of
Iy.

After fixing G, we seek to maximize the denominator Cy4 by choosing an appropriate
g € G. Let us introduce the following proposition:

Proposition 1 Given the G defined above, suppose q = pg~, then

inf M, (0) — M, (0F f M.(0) — M. (0
9;”91_119*“25 go( ) go( ) > EIEIPOHGIHB*||>6 g( ) g< ),
where Mg(0) is M(0) using g as weight function.

Proof
Mgo (0) - Mgo (0*)
FHgo (9) - FHQO (0*)

inf
0:(16—06*||>6

= inf
0:(|0—6%||>5
inf  supFHy(0) — FHy(6"
= o s R (6) — FHy(67)

inf  sup Mg(0) — Mg(0") >sup inf  Mgy(0) — Mg (6™).

"~ 0:10-623 geg (6) = My (67) geg 6:/|0—6%(|>6 9(0) = My (67)
The second equality is due to Lemma 5 and FHg(H*) = 0,Vg. The inequality is due to the
max-min inequality. |

Proposition 1 shows, when using the distance weight gg as the weight function, Assumption
1 should hold for a constant Cy, = supgeg Cy. Since go = (go, - - -, go) i3 in G (see the proof
of Lemma 3), go maximizes Cy for all g € G.

As I'g does not depend on any individual g, go minimizes the upper bound

Note that we can reach a similar conclusmn by replacing G with G := {g G Rd|9kz €
LlpO(V),Vk € [d]} and the minimizer of - ¢ would change from distance go to the capped
distance gr,.

Here we do not claim that gg or its capped counterpart gy, is the best weight function
for estimating truncated densities using generalized SM. (13) and (14) suggest that there
should be other data-driven choices of g that yield better error bounds. However, go should
be an adequate choice without using any information on ¢,pg and V, judging from our
analysis. Finding a tractable data-driven g that minimizes the estimation error bound is an
interesting future work (See Section 9 for more information).
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Figure 4: Top row: unnormalized gz(x), where OV in Example 3 is illustrated using a red
dashed line. Bottom row: unnormalized pgist(2) in Example 3.

6.3 Case Study: Truncated Density in a Unit Ball

In this section, we consider a case where ¢ has a parametric form, V' is a unit ball. Although
this is a particular setting, we can see how the relationship between ¢, V', and different
choices of L in g7, would influence the error bound. In what follows, we consider the capped
distance weight gr(x) = min { Lgo(x), 1} which has been introduced in Corollary 1 where
the distance weight gg is defined using the euclidean distance.

Let us define pqisi(z) as the probability density of Z = go(X) for X ~ ¢. For simplicity,
we assume that there exist positive constants b and b’ such that bz® < pqist(2) < b'2% holds
for 0 < z < ¢, where ¢ and 5 are constants. Note that § should be greater than —1 since
the integral of pgist(2) on the interval (0, ¢) should be bounded.

Example 3 Let V be the unit open ¢? ball in RY, de., V = {x € R?|||z| < 1}. We
can consider a distribution qg(z) o (1 — ||z|)? on V, where 3 > —1. Then, we have
paist (2) o< (1 = 2)37128 0 < 2 < 1. For a small z, we have bz® < pgisi(2) < /25,

See Figure 4 for illustrations of unnormalized gg and paist(2; ). It can be seen that:
o If g(x) converges to a positive constant as  — IV, § = 0.
o If g(x) tends to zero, as & — IV, B > 0.
o If g(x) tends to infinity, as @ — 9V, 5 < 0.
For > —1 and L > max{1,1/c}, where c is independent of L, we have the bounds for

Tgp, .
CgL :

Cyp\"* (1-8)/2 - L b\ (3—B)/4
Cu (1— L@) + Opep09/2 < 2 < (1— LB;I) +Cper LO-AMA, (1)
gr
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where cg, c1,¢,8, Cy g, Ca, Cp are positive constants independent of L. The first term of the
lower and upper bounds is positive for L > 1. The detailed derivation of this bound is found
in Appendix G. Although we assume that pgist takes a specific form in this example, the
derivation mostly concerns the behavior of pgist(z), 2 < ¢. Thus a slight modification of (15)
should cover a different pair of pgis; and gg that has the same behavior near the boundary.

First, let us consider the condition § > 3 in which case ¢(x) rapidly goes to zero as x
converges to a point on the boundary of V. The upper and lower bounds in (15) converge
to C4 as L tends to infinity, meaning that a large L does guarantee a reasonable accuracy.
When § > 3, q(x) is almost zero around the boundary (see Figure 4). By setting L to a large
value, TruncSM with g, is essentially the classic SM which is well-suited for non-truncated
density estimation.

On the other hand, when ¢ goes to zero slowly (0 < 8 < 1) or converges to a constant
at the boundary (8 < 0), a larger L leads to a larger lower bound, which is undesirable. In
particular, when 8 < 0, increasing L will increase both upper and lowerbound rapidly. This
trend implies a smaller L would yield better performance when 3 is small.

Our analysis can also be visually validated via Figure 4: When g is large, pgist is low
around the boundary, thus a steep gr, (i.e., large L) near the boundary would not blow up
I'y (which depends on Ey[(Okgx)?] < L*). However, as we reduce 3, paist takes higher values
near the boundary. A steep gz, near the boundary would lead to a large I'g, hence a larger
estimation error.

For the truncated distribution on the bounded domain, such as the truncated Gaussian
(or Gaussian mixture) model, the probability density pgist(2) is greater than a positive
constant near the boundary. The above analysis shows that the capped distance function
works efficiently for such truncated probability models. We will empirically validate this
analysis in Section 8.2.

7. Computation of Distance Weight ¢,

Compared to other weight function choices, distance weight gy (and capped distance gr,)
have a significant advantage: the computation of gy and its gradient can be efficiently carried
out for a properly defined V.

For example, if V' and 9V are expressed by V = {x € R%u(x) < 0} and 9V =
{x € Riu(x) = 0} using a function u : V — R, evaluating go(x) can be turned into
an optimization problem: go(x) = min,{dist(x, z) |u(z) = 0}. In addition, if Euclidean
distance is considered, the gradient of go(x) is simply given by Vzgo(x) = (x — &)/||x — Z||,
where & is the minimizer of min,cyy || — z||.

We only need to evaluate gy and 0rgo exactly once for all ® € X, before estimating é,
since gg is model agnostic. This can be advantageous when pg is a sophisticated model and
the optimization for 0 is time-consuming. In contrast, if one uses Monte Carlo methods
(e.g., Kannan et al. 1997) to approximate the normalizing constant Zy () in the likelihood
gradient, They must update the estimate of Zy (0) throughout the entire gradient descent
procedure. Approximating Zy (@) using Markov Chain Monte Carlo (MCMC) (Robert and
Casella, 2013) can also get less efficient both in terms of statistical accuracy and computation
as dimensionality increases. Moreover, some algorithms designed for estimating the truncated
multivariate Gaussian likelihood gradient, such as the ones proposed by Daskalakis et al.
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(2018, 2019), do not require exhaustive sampling. They need to evaluate a membership
oracle (if ¢ € V or not) for auxiliary samples freshly drawn at each iteration. Membership
evaluation can be more efficient than computing go(x) for each . However, TruncSM only
once evaluates go for samples in the data set X,. Thus it is a fixed computation cost that
does not grow with the number of gradient descent iterations.

There may be a U C V, for all & € U, the corresponding & is not unique. If so, gg
will be non-differentiable on U. However, Lemma 3 implies that the area in V', where gg
is non-differentiable, has a measure zero. Thus U also has a measure of zero. Therefore,
we do not need to worry about such a case in practice. In what follows, we show efficient
analytical methods for computing the distance function defined over unit ball, unit cube,
convezx polytopes and polygons.

o For the Unit Ball, V = {x € RY|||z| < 1}, the distance function and its gradient:

—

ey

o For the Unit Cube, V = {x € R?|||z|| < 1}, the distance function and its gradient:

go(®) =1 — [|lz[|, Vago(x) =

go(x) =1 —||x|loo, Vago(z) = —ej, j = arginax|$k|-

« For the Convex Polytope V = {x € R%{a;,x) + b; < 0,t = 1,..., T}, the distance
function is given by

gofa) = min{ o — =] | max{(ar. 2) + b} = 0} = i [OZLERL g

te[T) lla|
for # € V. The envelope theorem (Milgrom and Segal, 2002) yields Vggo(x) =
—ay/||as-||, where t* € [T] is the minimizer of (16). Briec (1997) studied another
representation of the minimum distance problem for the convex polyhedral using the
extreme points. Note that if V' is not a convex set, (16) cannot be used.

« For the Convex Polytope V = {x € R%(a;,x) + by < 0,t = 1,...,T}, let us compute
the ¢!-based distance function go(x) = min,csy ||® — z||; for z € V. It holds that
go(x) = max{|a||x + ae; € V, Vi} since V is convex. The condition x + ae; € V, Vi
is expressed by a(a;, e;) < —(as,x) — b, for all ¢t and i. Hence, we have

(at, ) + by

<at7 ei)

— min w‘ (17)

x) = min
g0() tel]  [arfo

i,ts.t. (at,e;)#0

The envelope theorem (Milgrom and Segal, 2002) yields Vzgo(x) = —as/ oo for

x € V, where t* € [T] is the minimizer of the last minimization in (17).

|ay
« For the Polygon V in R? surrounded by the points py, pa, ..., pr € R?, the boundary
is given by OV = UL {ap; + (1 — a)piy1]|a € [0, 1]}, where pri1 = p1. Hence we have

go(x) = min oin |z — apy — (1 = a)pryal|-
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The minimizer of the inner optimization is a; = min{l, max{0, W}}.

Hence, we obtain go(x) = min,cir) | — cypr — (1 — au)pit1l|, and Vggo(x) = n/|n,
where n = x — ay«py= — (1 — ay=)pp=41 and where t* € [T] is the minimizer of go(x).

In these cases, the computation of gy can be done in polynomial time with respect to d
(if T in convex polytope is a polynomial function of d).

8. Numerical and Real-world Data Analysis

To demonstrate the efficacy of TruncSM empirically, we conduct a wide range of ex-
periments. This section uses the Euclidean metric for g9 and g;. The code and data
sets to reproduce our experiments are available at https://github.com/anewgithubname/
Truncated-Score-Matching.

8.1 Illustrative Example and Computation Time

In the first experiment, we show an illustrative example comparing TruncSM and Rejection
Sampling MLE (RJ-MLE) and their computational times. RJ-MLE uses rejection sampling
to approximate the intractable normalizing term Zy (0) and perform maximum likelihood
estimation. It can be seen as an example of Monte Carlo MLE (Geyer, 1994). Samples are
generated from a Gaussian mixture on R?, with centers at

K1 = [2’2]7 K2 = [_2’2]’ M3 = [—2, _2]7 M4 = [2)_2])

and standard deviations all set to 1. The pre-truncated data set can be seen in Figure 5(a)
as black dots. To create a truncated data set, we limit our observation window to be a green
polygon region in the middle, thus only samples inside the green polygon (blue points) can
be observed. The task is to find all four centers of the mixture model using only blue points.
We generate 10,000 samples, only 1417 of which can be used for parameter estimation within
the truncation boundary. Our unnormalized density model is a Gaussian mixture model
with four components (parametrized by 61,...,04) and the unit variance-covariance matrix:
D61,...,04 (m) = Z?:l Nm(elv I)'

As the polygon boundary 9V of the non-convex domain V in R? consists of line segments,
the analytical algorithm in Section 7 is available to compute gg and V,go efficiently. We
compare with RJ-MLE which uses rejection sampling to approximate the normalizing
constant Zy(0) := [y, g, 6,(x)dx. In this experiment, 500,000 particles are used to
approximate Zy (@) and they are drawn from a bivariate uniform distribution with density
Uy, (—2,2) - Uy, (—2,2). The estimated mixture component centers are plotted as green
crosses (RJ-MLE) and red dots (TruncSM) in Figure 5(a). It can be seen that both methods
give estimates close to the true mixture centers. However, the computation time for TruncSM
and RJ-MLE are 0.35 seconds and 3.35 seconds respectively? 3.

It is worth noting that our particle distribution is carefully chosen so that it tightly
covers the truncation domain. It ensures the best rejection sampling performance: Over-
coverage would increase the computational cost, and insufficient coverage would lower the

2. For TruncSM, we include the calculation time for both go and Orgr. Same below.
3. Our experiments are run on a workstation with an AMD Ryzen 1700 CPU with 32GB memory.
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comparison for TruncSM (red) and RJ-MLE (blue)

Figure 5: Gaussian mixture centers truncated by a polygon

approximation accuracy of Zy(0). While in a lower-dimensional space, the visualization
helps, it is unclear how to come up with a good rejection sampling distribution in a
higher-dimensional space.

To further investigate the computation time between TruncSM and RJ-MLE, we study
the estimation accuracy and computation time (with standard deviation) against the number
of particles used for rejection sampling by RJ-MLE. We optimize both objective functions
using MATLAB’s fminunc function with default settings. From Figure 5(b), we can see
that when using a large number of particles to approximate Zy (8), RJ-MLE can achieve a
slightly better performance than TruncSM. However, the slight improvement of estimation
accuracy comes with a significant penalty in computation cost even with an optimal choice
of the rejection sampling distribution.

8.2 Capped Weight Function

Now we investigate the performance of a capped weight function: gr, := min(1, L - go()).
It can be seen that when L is small, g; will never be capped. Thus it is equivalent to gg
after multiplying a constant, which does not affect the estimator. In this experiment, two
different truncation domains are used: a single rectangle and two disjoint rectangles. 1600
samples are drawn from a normal distribution N([1,1],I). We monitor the performance
of TruncSM using g;, as the weight function as V' grows in size. We measure the growth
of V using a scaling factor b (see Appendix I on how polygons are re-scaled). As shown in
Remark 1, the true parameter is identifiable by TruncSM even when the domain consists of
two disjoint rectangles.

Figure 6 illustrates the truncated data sets as V' grows, the estimation performance and
the percentage of data points whose g;, are capped.
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Figure 6: The truncated data sets, the estimation performance, and the percentage of data
points whose gy, are capped as V enlarges. b is the scaling multiplier of polygon
vertices. It can be seen that as the area of V' grows, gz (x) becomes capped for
more and more samples in our data set (the bottom right plots in both (a) and
(b)). This phenomenon is expected as the boundary stretches, fewer and fewer

points are adjacent to the boundary.
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Figure 7: Chicago Crime data set, whose truncation boundary is a polygon. Blue circles
are homicide locations. gq is visualized at the upper right corner. The estimated
component centers of TruncSM, RJ-MLE and MLE are plotted.

In Figure 6(a), we can observe that the performance gaps between L = 0.1, L = 10, and
L = 100 widen and shrink: If the truncation domain is small, not many samples are included
in the truncation domain. Thus algorithms with all choices of L would suffer. However, as
the truncation boundary grows, the difference starts to show: TruncSM with a smaller L
performs better, as we analyzed in Section 6.3. As V' grows beyond a certain point, the data
set essentially becomes non-truncated, and TruncSM using large L reduces to a classic SM
since gy, are always capped at 1. At this time, TruncSM with all choices of L converges
to the same level of performance. Figure 6(b) shows a similar story, but estimation errors
with different L converge to different levels as V' enlarges: V never covers the center of our
data set; thus, our data sets are always truncated. Again TruncSM with a smaller L gives a
better performance, as we analyzed in Section 6.3.

8.3 2008 Chicago Crime Data Set

We also test the performance of TruncSM on a real-world truncated density estimation
problem: Analyzing the crime occurrences in Chicago. The data set contains locations of
homicides that happened in Chicago during 2008. We fit a Gaussian mixture model with
two components on this data set. The standard deviations of the two components are fixed
to the same value, roughly half of the “width” of the city.

In this experiment, we compare TruncSM with vanilla MLE using the non-truncated
density model (MLE for short) and RJ-MLE using the truncated density model. In this
data set, the Chicago city boundary is expressed via a polygon in R2, so the distance weight
go is calculated using the analytical solution given in Section 7.

The estimated means of two components are plotted in Figure 7. The estimated 95%
confidence region is plotted for TruncSM and RJ-MLE as red and black dotted circles,
respectively. We can see that TruncSM, MLE, and RJ-MLE all picked centers on the north
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and south side of the city. However, MLE picked a northern location inside the city, while
TruncSM and RJ-MLE picked a spot right next to the western border of Chicago.

In this case, TruncSM and RJ-MLE tend to put observed crimes on the decaying slope
of a Gaussian density which would better explain the declining crime rate from the west to
the east. Unaware of the truncation, MLE puts the Gaussian center in the middle of the
city, while the crimes rarely happen in the east.

Although all estimators tested in this section solve non-convex optimization problems,
we observe only minor changes in estimated Gaussian centers between different runs in the
vast majority of runs with different initializations. See Appendix J for more discussion on
this.

8.4 Outlier Over-trimming Compensation

Removing outliers is a vital data preprocessing step. If we know the percentage of outliers
in our data set, we can adopt methods such as One-class Support Vector Machines (OSVM)
(Scholkopf et al.,; 1999) to remove them. However, it is often impossible to determine the
percentage of outliers a priori and aggressively setting the outlier percentage may result in
inliers being removed from the data set.

Consider outlier trimming using OSVM. The method outputs a “decision function”
u(zx) = 3, &;¢j(x) which defines a domain V := {x € Re|u(z) > 0}, where a; is the
parameter obtained from OSVM procedure and ¢; is a kernel function. In this experiment,
we use Gaussian kernel, defined as ¢;(z) := exp(—||z; — z|*/20?), where j is the j-th
datapoint in the contaminated data set. OSVM chooses a V' such that a certain proportion
(e.g., 80%) of our data set is included in V. We discard any data point not in V' as “outliers”.
However, if the specified outlier percentage is larger, we will trim inliers from our data set
too, and our data set becomes a truncated data set. Estimation without considering the
truncation boundary would lead to biased estimates.

This phenomenon is demonstrated using the following simulated experiment. We sample

1.52 0 3.5 [.8%2 0
xinlier - N <07 [ 0 1]) 7 wOUtlier - N <l 3 ] 7 l 0 '82]> .

In total, 500 inlier samples and 50 outlier samples are drawn. The outlier percentage (v) in
OSVM is set to 20%. In this experiment, we allow MATLAB to automatically determine
the kernel bandwidth o according to its predefined protocol. The data set (black dots), the
selected inliers (blue dots), and the truncation domain V' given by OSVM are visualized in
the top left plot in Figure 8. On one hand, we can see that OSVM does separate the inliers
from outliers using a boundary function u(x). On the other hand, some inlier samples are
also removed due to the aggressive setting of the outlier proportion.

We use the trimmed data set to estimate a truncated multivariate normal distribution
pus(x) o< N(p,X), where X is restricted to be a diagonal matrix. In this experiment,
TruncSM uses the distance weight go. go and V. go are computed numerically using the
constrained optimization described in Section 7. We compare TruncSM with vanilla MLE,
which does not use truncation information. Ellipses visualize the true and estimated
95% confidence regions in Figure 8. The vanilla MLE underestimates the variance of the
inlier distribution, while TruncSM accurately recovers the 95% confidence region using the
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Figure 8: Top-left: MLE underestimates the 95% confidence region due to the truncation.
The confidence region estimated by TruncSM is much closer to the true confidence
region. Top-right, MLE is getting less and less accurate as the percentage of
truncated samples (controlled by v) increases while TruncSM maintains good
accuracy. Bottom two rows: TruncSM achieves a comparable or better performance
than vanilla MLE as the percentage of truncation increases on the CIFAR-10 data
set.

estimated inlier density function. We then perform the same experiment in a much higher
dimensional space: The inlier distribution is a 20-dimensional standard normal distribution,
while the outlier distribution is a 20-dimensional normal distribution with mean 1 and unit
variance. The truncation boundary (induced by a kernel function) is highly irregular in this
experiment.

In the top-right plot of Figure 8, we plot the hold-out likelihood versus different settings
of outlier proportion (v) in OSVM. The likelihood is computed using both vanilla MLE
and TruncSM solutions. As we can see, the more aggressive our outlier trimming is, the
worse the vanilla MLE performs. On the other hand, TruncSM only drops very slightly in
performance as more and more inlier data points are truncated.
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We now experiment on a real-world data set, CIFAR-10, which contains ten different
classes of 32 by 32 images. To speed up the computation, we reduced the dimension of the
data set to 10 using PCA. We artificially add 10% outliers drawn from a normal distribution
for each class with mean 1 and unit variance. We use TruncSM and vanilla MLE to estimate
a multivariate Normal distribution for each class in the reduced 10-dimensional space and
plot the hold-out likelihood of each method. The hold-out likelihood is plotted at the bottom
two rows of Figure 8. For a large v, we find that TruncSM performs better than MLE. The
hold-out likelihood shows that TruncSM can correct the estimation bias induced by the
trimmed data. Although the advantage of TruncSM is more minor on this data set, we
argue that this is a very challenging problem: The data set is hardly Gaussian, so the model
assumption used by TruncSM is wrong. In some cases (automobile and truck), TruncSM
significantly outperforms MLE.

9. Conclusions and Future Works

We propose an estimator for truncated statistical models with complex truncation boundaries
based on generalized SM. The proposed method uses the shortest distance (or capped distance)
from a data point to the truncation boundary as the weight function. Such a choice of weight
function naturally arises from minimizing Stein Discrepancy and lowering the estimation
error upper bound. The proposed weight function is also computationally favorable for high
dimensional truncation domains. Experiments on synthetic data and the Chicago crime data
set show promising results. The proposed estimator was later applied to outlier trimming
bias correction.

Although the proposed method achieves promising results in truncated density estimation,
there are interesting open questions:

e How to choose an optimal weight function g when pg, ¢ and V' are given? As we have
seen from (14) in Theorem 4, the statistical estimation error depends on the ratio
g—z and both I'y and Cy depends on the weight function g, the density model pg, the

data density ¢ and the truncation boundary V. A natural idea is to choose a g that

minimizes *. Can we find an efficient numerical procedure for such a minimization?
g9

e The related question is, how to choose an appropriate distance metric in gg? For
example, /! and ¢? distances are both good choices for gg. Again, Theorem 4 suggests
that, in terms of upper bounding the statistical estimation error, the answer depends
on q, pg as well as V. However, how would the geometry of V, ¢, and pgy affect the
choice of the distance metric? See Appendix H for an empirical comparison between
¢! and (2 distances.

e The computation of gy for a generic V is not trivial. In particular, when the dimension-
ality of data is large, computing gy can become computationally infeasible. Finding
efficient ways of evaluating or approximately evaluating go may help us extend the
usage of the TruncSM estimator to higher-dimensional data sets.

e In many applications, our data set is automatically filtered by some algorithm. Outlier
trimming by OSVM is just one example. Suppose we have mixed images of cats and
dogs and a binary classifier. We can quickly identify the high confidence region of each
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class. However, the classification step would also create artificial truncation boundaries
around the distributions of individual classes. Can we use TruncSM to reconstruct the
true underlying distribution using these pre-classified images?
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A. Generalized Score Matching

Assume that p(zx),q(x) and g(z) take strictly positive values on the domain V C R
Suppose that generalized SM objective function with weight g is equal to zero, i.e.,

E,[llg"/%(x) o Vi logp(x) — g7/ (2) o V4 log g(x)]|*] = 0. (A.18)

Then, we have V (logp(x) —log ¢(x)) = 0, meaning that p(x) = Cq(x) on (the connected
domain) V' with a positive constant C. Since both p and ¢ are the probability densities on
V, we have C = 1.

B. Proof of Lemma 3

Proof First, we show that go is Lipschitz continuous with respect to the metric dist(,-).

Vo, y € V, go(Ta) — go(xp) = <wf,féianv Jnax dist(zq, ") — diSt(il?b,w"))

< < max dist(z,, 2") — dist(x, :13")) < dist(xq, Tp).
x''edV

The last inequality is due to the triangle inequality. Likewise, go(@y) — go(x,) is also
bounded above by dist(xg, xp). Therefore gg is a Lipschitz function with Lipschitz constant
1. Rademacher’s theorem (Evans and Gariepy, 1992) asserts that a Lipschitz continuous
function is differentiable at every point in a Lipschitz domain outside a set of measure zero.
Therefore, we can construct

) ) (B.19)
arbitary constant, otherwise

Orgo(x), if go is differentiable,
Dygo(x) 1:{ oi) ’
We can check that Dygo(x) is a valid weak derivative (Definition 7.1.3. in Atkinson and
Han 2005):

| @ ars@iz =~ | Dig(@)ofe)dz.
|4 |4

where ¢ is any m-times differentiable function on a compact support on V. The equality
holds due to the classic integration by parts formula for continuous differentiable functions.
go is only non-differentiable over a zero set, so the arbitary constant we set in (B.19) does
not affect the outcome of the integration. Since V' is a bounded domain and gg is 1-Lipschitz,
go and Dyigo are both bounded in terms of the || - ||z2(yy) norm. Therefore, go is weakly
differentiable and in a Sobolev-Hilbert space. |

C. Proof of Theorem 2

Proof In this proof, we apply Theorem 4 to derive a tractable expression for M (8). Let
us consider the second term of M(0). As g(x) and go(x)0) logpg(x) are functions in the
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Sobolev-Hilbert space of the first order, the direct application of Theorem 4 leads to

M=~

/V 91() 0% log py (2)][0k log ¢(x)]¢(x)dx

B
Il
—

Il
M&

/V 91 () [0k 10g po ()] [Oxq ()] dz

b
Il

1

M&

{ /8 k(@) [0 og po(@)]g(@)vi(x)ds - /V Ol ()0 1ogpe<w>]q<x>dw}
k

d
_ kg /V O [gi ()% log py (x)q(x)d.

1

The second equality is ensured by Theorem 4 and the third equality holds from the boundary
condition imposed in the theorem. |

D. Proofs of Theorem 3 and Corollary 1 in Section 5

D.1 Proof of Lemma 5

max  Eg | (Orle — Oxlog Q)ng] =L-E,; lZ(aﬂe — Olog q)%g0| = L - FHg, (g, pe),
gr€Lipf (V) k k

The first equality holds since V&, (9xlg — Olog q)> > 0. Since for all g € Lip5(V), gr(2) =
0,Vz € 9V,

gr(x) = gr(x) — gr(2') < Ld(x,2"),Va' € OV = gp(x) < L- i d(x,z) = Lgo(x),
(D.20)

Hence the second equality.

D.2 Proofs of Theorem 3

Proof As we stated in the proof of v Lemma 3, due to Rademacher’s theorem (Evans and
Gariepy, 1992), any Lipschitz function defined on a Lipschitz domain is in H'(V'), hence
gr € HY(V) and Vk, f, € HY(V). Using the fact that fi,q,g € H*(V), fe(x) = 0,Vx € OV,
we can verify that f is in a Stein class of ¢ by applying the same integration by parts
techniques used in Section C. Therefore, we can write the Stein discrepancy between pg and
q as:

?Q%Eq [Tpe f] = I}lea}( By [Tpe f — Ty ] (D.21)
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Now we optimize (D.21) analytically using Theorem 2 in Barp et al. (2019)

1
max E, [T, —T,fl= max max[E Orle — Orlo -g2h
fer q[ pef qf] greLipk(v) b q [zk:( (2 9] k gQ) 9 k]

= max(v) J E, [Z(&Ma — Oklog q)2gk1 :

gk GLipé’ A

Applying Lemma 5, we obtain the desired result. |

D.3 Proof of Corollary 1

Proof The proof is mostly the same as the proof of Theorem 3. However we need to prove
a different version of Lemma 5 for the capped Lip{} (V') family.

Lemma 5 states gp(z) < L - min,coy dist(x, z) = go(z) for all gx € Lip(V). Further,
we know that gr < 1 by definition. Therefore gi(«) < min(1, Lgo(x)) = gr. Notice that

Jr, € LTpOL(V) Using the same argument in Section D.1, we can see
max By | Y (9kly — Iplogq)’g| = FHy, (4, pe)-
gr€Lipg (V) k

Applying this result to the last step in Section D.2, gives the desired result. |

E. Proof of Theorem 4

We assume that

E[ sup |Gp(me—mg-)|] < 0;5'8, (E.22)
0:(16—6+| <o
where G, f = ﬁ Yois1 (f(X5) —Eq[f(X)]) for the independent random variables X1,..., X,

from ¢, and CE’] is a positive constant depending on the function g satisfying the same
property as Cg. Then, the estimation accuracy is given by the following theorem.

Theorem E.5 (Theorem 5.52 in van der Vaart (2000)) Suppose Assumption 1, 2 and
(E.22) hold for a« > >0 and o > 1. Then, for any positive integer K we have

) * 2K K(f—a) 22a C.‘/J
P{‘9‘9‘>M}52 ST TC
Hence, we have ||§ — 0| = O,(n~"/(=F)). Our concern is the relation between the

coefficient of the convergence rate and the weight function g.
The upper bound of the expectation (E.22) is closely related to the covering number of
the parameter space © C R". Let us define Nj(e, F, L?(Q)) be the bracketing number of F
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with the radius & under the norm of L?(Q) and Jp (6, F, L?*(Q)) be

1)
Jy(6,F, LA(Q)) = /0 JJlog Ny (e, F. LA(Q))de

Then, the following theorem holds.

Theorem E.6 (Corollary 19.35 of van der Vaart (2000)) Let F' be an envelope for
the function class F C L*(Q), i.e., supsex || f(%)|loo < F(2) for every @ € V and suppose
Eg[|F(X)[?] < co. Then, we have

E[sup [Gn(£)]] < CJy(IFll12(q), F» L*(Q)),
feF

where C' is a universal constant.
The bracketing number of the parametric model is given by the following proposition.

Proposition 2 (Example 19.6 in van der Vaart (2000)) The bracketing number of
the parametrized loss function mg(x) is given as follows. Let © C R” be contained in
a ball of radius R. Let F = {mg(x) |0 € O} be a function class indexed by O. Suppose there
exists a function m(z) with ||| r2q) < oo such that

Ime, (z) —me, ()| < m(z)|[61 — 022

forallx € V and 01,05 € ©. Then, for every e > 0,
) 4R\"
Ny(ellllaioy 7 Q) < (1427 )
In our case, we need to evaluate E[sup sz, |Gn(f)|] for

F5 = {mg(x) —me-(x) |0 € O, |0 — 07| <},

where 6 is the minimizer of the expected loss M (€). The function r(x) in Proposition 2
should satisfy

|(me, (&) —me-()) — (Mg, () —me-(x))| = |me, () — me,(x)| < 112(x)|01 — 62].

Then, Proposition 2 leads to

) 46\"
Ny(ellnllaay o H@) < (142

The envelope function Fj(x) of F;s is given by Fs(x) = r(x)d, because
Ime(x) — me- ()| < 1in()]|6 — 67| < 1ir()d.

Hence, we obtain

. 4N\ "
Ny(ellFsll2@)s For L(Q)) = Ny(edllrinll 2y, Fo LA(Q)) < (1 * s> :
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and thus,

1 4
Elsup [Gu(f)] < caHmHLQ(Q)\/;/O /log (1 + E)da < OVl 2o
€55

holds, where C' and C” are universal constants. We find that 3 in (E.22) is given by 8 = 1.
Let us evaluate the norm |72 2(gy. For the function Ay and By in (8), we have the
following inequalities

| A (2, 01) — Ag(x, 02)| < Ag(a)[|01 — 6],

|Bi(x,01) — Bi(x,0:)| < Bi(x)| 61 — 6. (E.23)

It is straightforward to see that the following 7 satisfies the required condition:

(x) = {ge(®)Ap(x) + |Okgr ()| Br(z)}.
"

Cauchy-Schwarz inequality leads to ||gxAg|| 2Q) < (B [AL)Y4(E,[gi])Y/4. The similar
inequality holds for || ByOgx|| 12(Q)- Hence, we have

d

Irll2g) < (g A, B) = Y- { (BalANEL o)/ + (B BE, |00/ 13).  (B20)
k=1

In summary, we have the estimation error bound in Theorem 4.

F. Some More Analysis of Weight Functions

In this subsection, we assume that the statistical model is realizable, i.e., ¢ = pg+ holds. Let
U be a subset in the domain V. Under the regularity condition later shown in Appendix F.1,
one can find that the constant Cg in (9) is given by
Cy = min min g (x F.25
Y 2eU keld) 95(2) (F.25)

up to a constant independent of g. As the continuous and non-negative weight function
gr(x) can take zero only on the boundary 0V, Cg > 0 holds if U is a closed subset which
does not include boundary points of V.

Let us consider I'(g; A, B)/Cy in the upper bound in Theorem 4. The following theorem
ensures that the minimum function

h(z) = min () (F.26)

improves the upper bound of the estimation error under some conditions on g.

Theorem F.7 Let g = (g1,...,94) and h = (h,...,h) be the weight functions, where h is
defined by (F.26). Suppose that gy is differentiable on V' except a measure zero set and that
the set {x € V| gr.(x) = gi(x), Ik, k' € [d],k # k'} is measure zero. We assume that

Okgk ()| > [Okgr ()],
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holds for € € V and k € [d], where k* € [d] is the number such that h(x) = gi-(x). Then,
we have

I(h:A.B) _T(g:A.B)
Ch B Cg ’

where Cy and Cy, are defined by (F.25).

The proof is found in Appendix F.2.

Example 4 (Bounded Rectangular Domain) For the d-dimensional rectangular V =
szl[o, k), let us consider the statistical accuracy of the generalized score matching (SM)
method (Yu et al., 2019) with gr(x) = min{xy, ¢y — x}, and h(x) = ming gx(x). Note that
the weight h is nothing but gy in (6). According to Theorem F.7, we find that the estimator
with the weight h is superior to the estimator with the above gi,...,gq in the sense of the
estimation error bound.

Example 5 (Unit ball under p-norm) Let us define V' as the d-dimensional unit ball
under p-norm, V = {x € R?|||z||, < 1}. The weight g.(x) is defined by the distance from x
to the boundary of V' along the k-th axis. This is expressed by

gr(x) = max{|e| |z + ce, € V} = min{(1 — ||z |2)"/? — zp, 2 + (1 — ||z l2) P},

where ey, is the unit vector along with the k-th axis, T is the d—1 dimensional vector dropped

the k-th element xj, from x. Some calculation yields the inequality |Okgr(x)] = 1 > |Okge(x)]

for £ = argmin gi(x). Hence, the minimum function h(x) = ming gi(x) improves the error
k

bound of the estimator with the weight gi. One can confirm that h(x) = min,cpy || — 2|1
holds. Likewise, for the truncated domain V = {x = (x1,...,74) € RY|z|, < 1, 2; >
¢it, ¢i € R, one can prove the inequality |Okgr(x)| = 1 > |Okge(x)|. The above assertions
are explained in Appendiz F.3.

Under the assumption of Theorem F.7, we find that the homogeneous weight h improves
the upper bound of the estimation error for the estimator with g. Furthermore, the weight
h corresponds to the minimum ¢' distance to the boundary as shown in Example 5. To
compare the distance-based homogeneous weights, we need to evaluate the estimation error
upper bound for each distance. In Appendix H, we show the numerical comparison between
¢! and ¢? distances and numerical evaluation of the theoretical upper bound.

F.1 Derivation of (F.25)
Suppose the true probability g(x) is pg«(x). Let U be an open subset of V. Then, we have

M(0) — M(6%) = /V ng(w)(ak log pg(x) — O logpg*(:c))ng* (x)dx
k

> [ 3" (@)@ logpo(w) — 0k logpo- (2))*po- (w)da
U™k

> 1:516111]1 mkin{gk(a:)} /U %:(o% log pg(x) — Ok log pe-(x))*pe- (x)dz.
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Suppose that the Hessian matrix of
/U Z(@k log pg(x) — O log pe- (zc))ng*(a:)dw (F.27)
k

as the function of 0 is non-degenerate, there exists a constant Cy independent of g such that
the above integral is bounded below by Cyl|@ — 6*||?. Hence, Cy = mingecy ming{gx(z)}
satisfies the required condition.

F.2 Proof of Theorem F.7

From the definition of h, one can find

Cy = minmi = min h(x) = Cp,.
g = minmin gy(x) = min h(z) = Cn

We evaluate I'(g; A, B) and I'(h; A, B). As for the derivative function, the assumption
guarantees that Oxh(x) = Okgr~(x) and |Okgr(x)| > |Okgi~(x)|. Hence, we have

d
Plg: 4. B) = > (Egl A8, ”4+Z E, [|0kgu)"/*
k=1
d
> > (Bg[A]E[(min g1) ") 1/4+z E,[106g ')/
k=1
=I(h; A, B)

As a result, we obtain

I(g;:A,B) - T'(hAB)
Cy Ch :

F.3 Some Equations in Example 5

Proof of |0xgr(x)| > |Okgr+(x)|: Without loss of generality, we suppose € = (x1,...,24) > 0.
Then, gi(x) = (1— Ha:(k)Hg)l/p—xk holds. Firstly, we prove that g;(x) < gi(x) leads to 3 <
. For the sake of simplicity let us assume k = 1 and ¢ = 2. Let us define » = 1—af—---—ah
for ¢ > 0. Then, we find that go(x) < g1(x) leads to (c? — a))1/P + 21 < (P — 2B)V/P + 5.
The function f(z) = (? — 2P)Y/? 4z for 0 < x < ¢ is concave, takes the maximum value
at © = ¢/2/7(< ¢) and satisfies f(z) = f((c? — 2P)'/P). When y lies on the interval
between z and (¢? — 2P)Y/P, f(z) = f((c? — 2P)'/P) < f(y) holds. Suppose 2! + 2} < ¢?
and f(z1) < f(x2) = f((c? — 25)Y/P). If z lies on the interval between zo and (c? — x5)1/7,
f(x2) < f(x1) holds and it is the contradiction. Hence we have x1 < x5. Next, we evaluate
the absolute value of the derivatives. When g,(x) < gr(x), zr < x4 holds. For k # ¢, we
obtain |Oggr(@)| = 1 and |Okge(x)| = |zx[P~ (1 — @ [5)V/P7 < |aelP~" (|zolP) 77" =1 for
p=> 1

Rough sketch of the proof of h(x) = min,cyy ||& — z||1: Suppose that all the vertexes
of the polytope Bj(z,c) := {z € R¥|||x — z||; < ¢} are included in V. Then, By(x,c) C V
holds as V' is convex. Clearly, h(x) is expressed by sup.so{c|Bi(x,c) C V}. This is nothing
but the ¢!'-distance from z to the boundary of V. -
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G. Derivation of (15)

Let us define U by U = {x € Vlgo(x) > ¢}. We see that mingey gr.(x) = 1 holds from
Section F.1. Hence we have (5, = 1. Let us evaluate the fourth order moments of gr:

1/L
E[gi] = L4/O Z4pdist(z)dz + />1/L pdist(z)dz

1/L 1/L C
= L4/O Z4pdist(2,’)dz -+ 1 - ‘/O pdist(z)dz = ]_ — m’

where C is a positive constant such as ¢, g : m <C<Cyp:= ﬁQf‘TblB%. Due to

the non-negativity of E[g}], L'*# > C should hold. This inequality is guaranteed from

1> fol/L V2Pdz > fol/LpdiSt(z)dz. Let us evaluate the second term of I'(g; A, B). The
derivative Orgy, is given by

Ty — T,

_ — go(x) < 1/L,
oudn(@) = | Te—z| P& <V

O, go(l‘) > 1/L,

where & is the minimum solution of min,cyy || — z||. Hence, we have

_ 1/L b/
Ea-4:L4/ e — Zil* d:p<L4/ D (2)de < —L B3,
o=t e < ot [ e < S0

Next, we evaluate the lower bound of the fourth moment of the derivative Opgr. Jensen’s
inequality yields that

E[|0kg|"] zd:/ Jz — el (x)dz
k9L o@<ir go@)t !

>dL? E zd:/ Jn = Z4l” ?ﬁk‘Qq(m)da)

2

o(@)<1/L  Go(x)

Lt i ¥ ouop)
= — x)de | > —— L~
d </go(w)§1/L @) ) ~d(B+1)?

Let us define C4 = Z%Zl(Eq[Ai})l/‘*, Cp= Z%:l(Eq[Bé])l/zla co = (b°/(d(B + 1)2))1/4, and
= (V'/(B+ 1))/ Then, we have

Cr) o\ 1/4 (i A B 1/4
C (1 _ Lﬂbfl) 4+ CreoLl1=P/2 < I'(g; 4, B) <Oy (1 _ chfl) + Cpe LB-H/4,
gr

H. Choice of Weight Function: ¢! vs. ¢? distance

In this section, we test different metrics for go: ¢! distance dist(x,y) := ||z — y||; and
¢? distance dist(x,y) := ||z — y||2. The data set is generated from N (14- 0.5, I), where 1,4
and I; are the d dimensional all one vector and the d x d identity matrix respectively. The
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—4=d(z,y) = |x -yl
—$-d(@,y) = [« — yll»

Figure 9: Estimation accuracy of TruncSM using ¢! vs. ¢2 distance.

Table 1: Comparison of the weight h,, p = 1,2. The table shows { RdE,[|h,|*]'/* + (1
R) St By[|0khy| ] /4}/Ch, for R =0.2,0.8.

R=02 R =028
weight \ dim 2 3 4 ) 6 2 3 4 ) 6
hy 3.160 4.558 5.939 7.309 8.685 | 1.569 2.088 2.537 2975 3.371
ha 3.073 4279 5412 6.496 7.552 | 1.545 2.012 2.402 2.764 3.081

truncation domain is V' = {z|||z||; < 1 and z4 > 0}. 150 samples are generated. We plot
the estimation error ||@ — 0*|| and its standard deviation for both choices of distances: ¢!
and £2? versus the dimensionality d in Figure 9. It can be seen that the Euclidean distance,
i.e., 2 distance consistently achieves slightly lower error than the ¢! distance.

Let us numerically evaluate the upper bound I'(hy; A, B)/Ch, for the weight h, =
(hp, ..., hp), where hy(x) = min,cgy || — 2||p, p = 1,2. Let “supy” be the supremum over
all open subsets of V. Then, we have supy mingey hi(x) = 1/2 and supy mingey ha(x) =
1/(v/d 4 1). In order to obtain the tight bound, we use Cp, = 1/2 and Cp, = 1/(Vd+1)
for our evaluation. For A = maxy, E,[|Ax|!]'/4, B = max;, E,[|B|*]"/*, and R = A/(A + B),
clearly we have

d
[(hp; A, B) < (A+ B){RAEq[|hy|']"* + (1 = R) D Eqll0khy| T/},
k=1

For @ ~ Ny(14- 0.5, 1), we numerically evaluate E,[|hy|*] and E,[|Oxh,|*]. Table 1 shows
{RAE,[|h,|1Y* + (1 - R) X%, Eq[\ﬁkhp\‘l]l/‘l}/Chp of each dimension and weight for R =
0.2,0.8.

In this problem setup, one can confirm that the upper bound for p = 2 is slightly smaller
than that of p = 1 for all R € [0, 1], as the bound is the linear function of R. Our theoretical
investigation verifies the numerical results.
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Figure 10: Chicago data set: Gaussian mixture fitting with random initialization.

I. Increasing Boundary Size in Section 8.2

When experimenting with different values of L used in capping the distance function g7, an
increasing boundary size (shown by values of b in Figure 6) is used in the experiments. The
two regions, the square boundary and the disjoint boundary, are created by supplying set(s)
of vertices 2, detailing the locations of the polygonal truncation domain. The variable b
controls the boundary size by offsetting the supplied vertices in €. For the square, this was

qu = {<_b> _b)7 (_b7 b)7 (ba b)7 (b> _b)}

Increasing b in this scenario leads to the corners of the square boundary being shifted by
an equal amount. For the disjoint boundary, we use two sets of vertices for two disjoint
domains:

Quist :={(1 = b,0.5—b), (1 — b,0.5), (1 +b,0.5), (1 + b,0.5 — b)},
Qaisz :=={(1 = ,1.5), (1 = b, 1.5+ b), (1 + b, 1.5+ b), (1 + b, 1.5)}.

Increasing b, in this case, will enlarge the truncation domain while the “disjoint” section in
the middle remains unchanged.

J. Chicago Crime data set with Different Random Initialization

As we mentioned in Section 8.3, both TruncSM and RJ-MLE solve non-convex optimization
problems, so they can return local optima. Therefore, to show the stability of both methods’
solutions, in this experiment, we randomly initialize both methods with the initial point
, + €, where p, is the mean of the data set X, and ¢ ~ N(0, I, - 0.06%). We ran both
methods 500 times and plotted two lightly shaded balls centered at the estimated mixture
centers with their radius equal to the standard deviation. From the blue/red shades in
Figure 10, both algorithms consistently place centers in northern and southern Chicago, and
both balls are roughly centered at locations reported in Section 8.3. TruncSM also placed a
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Gaussian center outside the boundary of Chicago in one of the simulations. This placement
is a rare event and can be easily ruled out.
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