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Abstract

Quantile regression is the task of estimating a specified percentile response, such as the
median (50" percentile), from a collection of known covariates. We study quantile re-
gression with rectified linear unit (ReLU) neural networks as the chosen model class. We
derive an upper bound on the expected mean squared error of a ReLU network used to
estimate any quantile conditioning on a set of covariates. This upper bound only de-
pends on the best possible approximation error, the number of layers in the network,
and the number of nodes per layer. We further show upper bounds that are tight for
two large classes of functions: compositions of Holder functions and members of a Besov
space. These tight bounds imply RelLU networks with quantile regression achieve mini-
max rates for broad collections of function types. Unlike existing work, the theoretical
results hold under minimal assumptions and apply to general error distributions, including
heavy-tailed distributions. Empirical simulations on a suite of synthetic response func-
tions demonstrate the theoretical results translate to practical implementations of ReLU
networks. Overall, the theoretical and empirical results provide insight into the strong
performance of ReLU neural networks for quantile regression across a broad range of
function classes and error distributions. All code for this paper is publicly available at
https://github.com/tansey/quantile-regression.

Keywords: Deep networks, robust regression, minimax, sparse networks.

1. Introduction

The standard task in regression is to predict the mean response of some variable Y, con-
ditioned on a set of known covariates X. Typically, this is done by minimizing the mean
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squared error,
n

F0) = argmin = 3 (s — ()2, (1)
fer i3
where F is a function class.

In many scenarios, this may not be the desired estimand. For instance, if the data
contain outliers or the noise distribution of Y is heavy-tailed, eq. (1) will be an unstable.
The median is then often a more prudent quantity to estimate, even under a squared error
risk metric. Alternatively, fields such as quantitative finance and precision medicine are
often concerned with extremal risk as well as expected risk. In these domains, one may
wish to estimate tail events such as the 5 or 95" percentile outcome. Estimating the 5%,
50'" (median), 95", or any other response percentile conditional on covariates is the task
of quantile regression.

The goal of quantile regression is to estimate a quantile function. Formally, given inde-
pendent measurements {(z;,y;)}; C R? x R, from the random vector (X,Y) € R? x R,
the goal is to estimate f : R? — R given as

[ia) = Fyl_,(r), zeR,
where 7 € (0,1) is a quantile level, Fy|x—, is the distribution of Y conditioned on X = =,
and f*(-) is the quantile function for the 7" quantile. For example, when 7 = 0.5 the
function f(x) becomes the conditional median of Y given X = z. More generally, the
quantile level 7 corresponds to the (7 x 100)*® percentile response.

As an estimator for f}, we consider f of the form

f=argmin > pr(yi — f(x2)), (2)

feF =

where F is a class of neural network models, and p,(z) = max{7x, (7t — 1)z} is the quantile
loss function as in Koenker and Bassett Jr (1978). Neural network models optimizing eq. (2)
have been proposed in previous contexts (see Section 1.2). These models have shown strong
empirical performance, but a theoretical understanding of neural quantile regression remains
absent. In this paper, we lay the groundwork for the theoretical foundations of quantile
regression with neural networks. Below we briefly summarize our contributions.

1.1 Summary of results

We establish statistical guarantees for quantile regression with multilayer neural networks
built with the rectified linear unit (ReLU) activation function (¢(x) = max{z,0}). Specifi-
cally, we make the following contributions:

e For the class of ReLU neural networks F with W parameters, U nodes, and L layers,
we provide an upper bound on the expected value of the mean squared error for
estimating the quantile function f*(-) at the design points zi,...,z,. The upper
bound requires no assumptions about the function f(-) though it depends on the
best performance possible, under the quantile loss, for functions in the class F.
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e Suppose that f*(-) can be written as the composition of functions whose coordinates
are Holder functions (see Schmidt-Hieber (2020)). We show that there exists a sparse
ReLU neural network class F such that the corresponding quantile regression estima-
tor attains minimax rates, under squared error loss, for estimating f*(-). This result
holds under minimal assumptions on the distribution of (X,Y"). Consequently, quan-
tile regression with ReLLU networks can be directly applied to models with heavy-tailed
error distributions.

e Suppose that f;(-) belongs to a Besov space B, ([0, 1]9), where 0 < p,q < oo, and
s > d/p. We show that under mild conditions, there exists a ReLU neural net-
work structure F such that quantile regression constrained to F attains the rate

n~ =+ under the squared error loss. The resulting rate is minimax in balls of the
space B, ([0, 1]4). Thus, our work advances the nonparametric regression results
from Suzuki (2018) to the quantile regression setting where the distribution of the
errors can be arbitrary distributions.

In attaining these results, we highlight the novelty of the assumptions and the proof
argument discussed in Section 5. Additionally, we propose a novel method for estimat-
ing multiple quantiles simultaneously using ReLU networks while enforcing noncrossing
constraints. Our experiments suggest that this proposed approach is especially useful for
estimating quantiles close to 0 and 1.

1.2 Previous work

This paper lies at the intersection of nonparametric function estimation theory and quan-
tile regression. The theory we develop draws on two well-established, though mostly-
independent, lines of research in estimation theory: (i) universality and convergence rates
for neural networks, and (ii) minimax rates for estimating functions in a Besov space and
a space based on compositions of Holder functions. We merge and extend results from
these fields to analyze neural quantile regression. This provides a theoretical foundation
for a number of proposed neural quantile methods with strong empirical performance but
no prior theoretical motivation. We briefly outline relevant work in each of these areas and
situate this paper within these different lines of work.

Neural networks have been shown to have attractive theoretical properties in many sce-
narios. Hornik et al. (1989) showed that regardless of the activation function, single-layer
feedforward networks can approximate any measurable function; more thorough descrip-
tions of approximation theory for neural networks are given in White (1989); Barron (1993,
1994); Hornik et al. (1994); Anthony and Bartlett (2009). In the statistical theory litera-
ture, McCaffrey and Gallant (1994) proved convergence rates for single-layer feedforward
networks. Kohler and Krzyzak (2005) proved convergence rates for estimating a regression
function with a shallow network using sigmoid activation functions; Hamers and Kohler
(2006) developed risk bounds in a similar framework. Klusowski and Barron (2016a) de-
veloped risk bounds for high-dimensional ridge function combinations that include neural
networks. Klusowski and Barron (2016b) studied uniform approximations by neural net-
work models.
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More recently, an emerging line of research explores approximation theory for ReLLU
neural networks. These works are motivated by the empirical successes of ReLU networks,
which often outperform neural networks with other activation functions (e.g. Nair and Hin-
ton, 2010; Glorot et al., 2011) and have achieved state-of-the-art performance in a number
of domains (e.g. Krizhevsky et al., 2012; Devlin et al., 2019). Yarotsky (2017) provided
approximation results for Sobolev spaces, which were exploited by Farrell et al. (2018)
for semiparametric inference in causality related problems. Liang and Srikant (2016) and
Petersen and Voigtlaender (2018) provided approximation results for piecewise smooth func-
tions. Additional approximation results were also established in Schmidt-Hieber (2020) for
classes of functions constructed from Hélder functions. For such classes, the corresponding
approximation results were exploited by Schmidt-Hieber (2020) to obtain minimax rates for
nonparametric regression with ReLLU networks. More recently, Nakada and Imaizumi (2020)
proved minimax rates for nonparametric estimation with ReLLU networks in settings with
intrinsict low dimension of the data. Bauer and Kohler (2019) studied theoretical properties
of nonparametric regression with neural networks with sigmoid activation function.

Separate from neural network theory, related work has investigated regression when the
true function is in a Besov space. Such classes of functions are widely used in statistical
modeling due to their ability to capture spatial inhomogeneity in smoothness. In addition,
Besov spaces include more traditional smoothness spaces such as Holder and Sobolev spaces.
Some statistical works involving Besov spaces include Donoho et al. (1998) and Suzuki
(2018) which provided minimax results on Besov spaces in the context of regression based
on wavelet and neural network estimators respectively. Brown et al. (2008) studied the
one dimensional median regression setting when the median function belongs to a Besov
space. Uppal et al. (2019) considered the context of density estimation and convergence of
generative adversarial networks. A more mathematically generic treatment of Besov spaces
can be found in DeVore and Popov (1988) and Lindenstrauss and Tzafriri (2013).

In a line of empirical work, quantile regression with neural networks has been shown to
be a powerful nonparametric tool for modeling complex data sets. Successful applications
of neural quantile regression include precipitation downscaling and wind power (Cannon,
2011; Hatalis et al., 2017), credit portfolio analysis (Feng et al., 2010), value at risk (Xu
et al., 2016), financial returns (Taylor, 2000; Zhang et al., 2019), electrical industry forecasts
(Zhang et al., 2018), and transportation problems (Rodrigues and Pereira, 2020).

On the theoretical side of quantile regression with neural networks, White (1992) proved
convergence in probability results for shallow networks. Chen and White (1999) developed
theory for estimation with a general loss and with single hidden layer neural network ar-
chitectures based on a smooth activation function. For target functions in the Barron class
(Barron, 1993, 1994; Hornik et al., 1994), Chen and White (1999) proved convergence rates
better than n~ /4 rate in root-mean-square error metric for time series nonparametric quan-
tile regression. Similarly, Example 3.2.2 in Chen (2007) also established a faster than n—1/4
rate in root-mean-square error metric for nonparametric quantile regression in the Sobolev
space W ([0,1]%) (¢1-integrable functions with domain [0,1]¢ and ¢;-integrable first order
partial derivatives). In a related work, Chen et al. (2020) considered quantile treatment
effect estimation. Despites all these notable efforts, the results for quantile regression with
neural networks are not known to be minimax optimal. We fill this gap by considering



QUANTILE REGRESSION WITH RELU NETWORKS: ESTIMATORS AND MINIMAX RATES

quantile regression with deep ReLLU neural network architectures, showing minimax rates
for general classes of functions.

2. Neural quantile regression with ReLU networks

2.1 Univariate response quantile regression
For a vector v € R” we define the function ¢, : R" — R" as
ai p(ar — v1)
¢U = )
Ay ¢(ar - U’!‘)

where ¢ : R — R given as ¢(z) = max{z, 0} is the ReLU activation function. By conven-
tion, when v = 0 we write ¢ to denote ¢,. With this notation, we consider neural network
functions f : RP0 — RPL+1 of the form

flz) = A(L)¢VL o A(L—l)gbvh1 O-- OA(I)qbvl 0 A0z, (3)
where o denotes the composition of functions, and A® € RPi+1%Pi V; € RPi | py, ... ,PL+1 €
N fori € {0,1,..., L+1}. Here the matrices { A()} are the weights in the network, L is the
number of layers, and (po,...,pr+1)! € RET2 the width vector. In this section we assume

that pr+1 = 1.

Since we focus on quantile regression restricted to neural networks with ReLLU activation
functions, we briefly review how joint estimation of quantiles can be achieved. Specifically,
if multiple quantile levels are given in a set A C (0, 1), then it is natural to estimate the
quantile functions {f*(-)}-ca by solving the problem

arg min Z Z pr(yi — fr(i))

{frlren = (hhacr 25 (4)
subject to  fr(x;) < fo(zy) Vr <7, 7,7 €A, i=1,... n.

The constraints in (4) are noncrossing restrictions that are meant to ensure the monotonicity
of quantiles. However, due to the nature of stochastic subgradient descent, the monotonicity
constraints in (4) can make finding a solution to this problem challenging. To address this,
letting 79 < ... < T:n be the elements of A, we solve

n m n j
{ET}TEA = argmin ZPT(?JZ' — hey(24)) + Z ZPT {yz‘ — hro (i) — Z log <1 + eln (xi)> }
=1

{hr}reaCcF 4 j=1i=1
(5)
and set
J

fro(@) = hyy(2), and ij () = hyy () + Zlog (1 + eilfl(x)) for j=1,...,m.
=1

By construction, (5) implies that the quantile functions { fT}TeA satisfy the monotonicity
constraint in (4). We find this approach to be numerically stable as compared to other
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choices such as replacing the terms log(1+ e (zi)) with e (#:) A different alternative is to
estimate the quantile functions separately and then to order their output as in Chernozhukov
et al. (2010) and Zhang et al. (2019). In this paper, we will focus on solving (5) which we
find to be better in practice.

2.2 Extension to multivariate response

The framework that we have considered so far restricts the outcome variable to be univariate.
However, in many machine learning problems where neural networks are used the outcome
is multivariate. In this section we discuss two simple extensions of the quantile loss to the
multivariate response setting. Our experiments section will contain empirical evaluations
of the proposals here.

2.2.1 GEOMETRIC QUANTILES

We start by considering geometric quantiles. These were introduced by Chaudhuri (1996)
to generalize quantiles to multivariate settings. Specifically, suppose that we are given data
{(zi, )} CRY x RY | with d’ > 1. Furthermore, consider the Euclidean unit ball in R?,
namely B(4) = {u € R? : ||u|| < 1}, with || || the usual Euclidean norm. Chaudhuri (1996)
defines the function ¥(-,-) : R¥ x RY — R,

U(u,v) = [jvfl +v'u,

and proposes to minimize the empirical risk associated with this loss. Motivated by the
geometric quantile framework, we define the geometric quantile based on u € B@) and a
ReLU nerwork class F C {f : f : R - R¥}, as

fu = argmin Z\Il(u,yZ — f(xy)).

fer 3
Notice that when u = 0, fu becomes
n
fu = argmin > [lyi — f(@:)]. (6)
fer i—1

The latter can be thought as an estimator of the mean of y; conditioning on x;. In fact, (6)
is commonly known as the Li-median, see Vardi and Zhang (2000). The Li-median can be
interpreted as a robust version of the usual least squares,

arg min yi — fz)||* 7
g ;H ()l (7)

This is due to the fact that replacing || - ||*> with || -||, as in (6), has the advantage that large
residuals are not heavily penalized as in (7).
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2.2.2 MARGINAL QUANTILES

Marginals quantile have perhaps the advantage over geometric quantiles in that they can

produce actual prediction intervals, and have probabilistic meaning. However, as their

name suggests, marginal quantiles only produce predication intervals for each variable in

the output marginally, and thus do not produce a prediction region for the output jointly.
Let 7€ (0,1), and f7 : RT — RY, f(2) = (f7,(2), ..., f74(x))", where

fi@), = Byl (o), ®)

where Y = (Y7,...,Yy)" € RY. The functions fri(x), ..., ff y(z) are the marginal quan-
tiles of Y1,..., Yy respectively, conditioining on X. Marginél quantiles have been stud-
ied in the literature (c.f. Babu and Rao, 1989; Abdous and Theodorescu, 1992). Given
{(zi,y) ¥, € R x R? independent copies of (X,Y), the function [ can be estimated
with a multivariate output ReLLU neural network architecture F as

(fr,l;"' 7fT,d/)T = arg min ZZPT Yij — f] xz)) (9)

f=(ffa)TEF 21—

To be specific, here the class F consists of functions of the form (3) with pg = d and
Pr+1 = d.

3. Theory

We now proceed to provide statistical guarantees for quantile regression with ReLLU net-
works. Our theory is organized in three parts. First, we provide a general upper bound on
the mean squared error for estimating the quantile function. Second, we study a setting
where the quantile function is a member of a space of compositions of functions whose
coordinates are Holder functions. Finally, we assume that the quantile function belongs to
a Besov space.

3.1 Notation
Throughout this section, for functions f,g : R? — R, we define the function A2(f,g) as

A2 f? : ZDQ ( l)): (10)

with {z;}"_; the features and where
D?(t) := min {|¢|,t*} . (11)

This function was used as performance metric in a different quantile regression context in
Padilla and Chatterjee (2020).

Furthermore, for bounded functions f and g with f, g : [0,1]¢ — R, we define A%(f, g) as
A%(f,g) :=E (D2(f(X) - g(X))) ,and set A(f, g) := \/A2%(f,g). We also write || f—gll¢, :=
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VB (00 = 6(x)), and

n

1
If—glz = - > (@) — gla:)). (12)
i—1
For a matrix A € R**! we define
Al = 1G.5) Ay #0. 1€ [Losh g e (LoDl Ml = | max A

We also write |z | for the largest integer strictly smaller than z. The notation Ny and R
indicate the set of positive natural and real numbers respectively. For sequences a,, and b,
we write a, = O(by,) and a,, < by, if there exist C' > 0 and N > 0 such that n > N implies

ap, < Cby,. If a, = O(by,) and b, = O(a,) then we write a, < by,.
Finally, we refer to the quantities e; = y; — f¥(x;) for i = 1,...,n as the errors.

3.2 General upper bound
In this subsection we focus on quantile regression ReLLU estimators of the form

n
A~

f= argmin Y pr(yi — f(x)), (13)

FEFWUL), flle<F 3=

where F(W, U, L) is the class of networks of the form (3) such that the number of parameters
in the network is W, the number of nodes is U, and the number of layers is L. Here, F' is
a fixed positive constant.

Before arriving at our first result, we start by stating some assumptions regarding the
generative model. Throughout, we consider 7 € (0, 1) as fixed.

Assumption 1 We write f*(x;) = F_} (1) fori = 1,...,n. Here F, |z; 18 cumulative
yilzi Yi| T4
distribution function of y; conditioning on x; for i = 1,...,n. Also, y1,...,yn € R are

assumed to be independent.

Notice that Assumption 1 simply requires that the different outcome measurements are
independent conditioning on the design, which for this subsection is assumed to be fixed.

Assumption 2 There ezists a constant £ > 0 such that for § € R™ satisfying ||6]|cc < K
we have that, a.s.,

|Fyz|$z(f:(xl) +6i) — Fyllxl(f:(xl)” > B|5z|

fori=1,...,n and for some constant p > 0. We also require that

sSup pyz\xz(t) < ¢ a.s.,
teR

for some constant ¢ > 0, where py, |, is the probability density function of y; conditioning
on x;
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Assumption 2 requires that there exists a neighborhood around fX(z;) in which the
cumulative distribution function of y; conditioning on x; is well behaved. Related conditions
appeared as D.1 Belloni and Chernozhukov (2011), Condition 2 in He and Shi (1994), and
Assumption A in Padilla and Chatterjee (2020).

Next we define f,, the projection of the quantile function f* onto the network class
F(W,U, L) in the sense of the quantile risk.

Definition 1 We define the function f, as

E ZPT(Zi ZPT z_ Z))]?

=1

fn € arg min
FEFW.UL) | flleo<F

where z € R™ is an independent copy of y. We also define the approrimation error as

PIACRAY Zp” me)].

Notice that when f* € F(W,U, L) and || f||%, < F then the approximation error is zero.
However, in general f* ¢ F(W,U, L) and err; > 0.

We are now ready to present our first theorem which exploits the VC dimension results
from Bartlett et al. (2019).

erry = E

Theorem 2 ;Szuppose that Assumptions 1-2 hold and n > CLW log(U) for a large enough
C > 0. Then f defined in (13) satisfies

LWlogU -1 12
{LW logU ogn}] + egern,

n

E [Ai(f:, 7

zl,...,mn] §01F[

with ¢y > 0 a constant. Furthermore, it also holds that

{LWlogU -logn}
n

. 1/2
E|IF - £IE |+ e, Fyem.

xl,...,xn] < cimax{l, F}F [

Theorem 2 provides a general bound on the mean squared error that depends on the
sample size n, the parameters of the network, and the approximation error. For instance, if
L, W and U are constants in n, then the rate becomes n~/2 + err;. We do not claim that
this rate is optimal. The novelty in Theorem 2 is that it holds without any constraints on
the parameters of the neural network class used for estimation and without any smoothness
assumption of the quantile function. In the next two subsections, we will include some
constraints in the ReLLU network class, which will lead to rates that match minimax rates
in regression for very broad function classes.

Finally, we highlight that Theorem 2 gives a general risk bound on the performance of
quantile regression with ReLU networks. In the case of homescedastic errors with finite
variance, it is posssible to translate the upper bound in Theorem 2 to be an upper bound
on the genralization error. While our work here is theoretical, other authors (Jiang et al.,
2019) have studied empirical aspects of the generalization error in the classification setting.
It would be interesting to apply the ideas from Jiang et al. (2019) to the quantile setting,
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but that is out of the scope of this paper. Theorem 2 is also limited by the fact that
it is concerned with statistical guarantees for an optimal solution to the problem in (13),
whereas in practice one has to use stochastic gradient descent often times accompained by
early stopping or some other form of implicit regularization. We refer the reader to Soudry
et al. (2018) where the authors studied the optimization behavior of gradient descent in
general frameworks including clasification with neural networks.

3.3 Space of compositions based on Hoélder functions

Next we provide convergence rates for quantile regression with ReLLU networks under the
assumption that the quantile function belongs to a class of functions based on Holder spaces.
Such class of functions, defined below, was studied in Schmidt-Hieber (2020). There, the
authors showed that for such class, neural networks with ReLU activation function attain
minimax rates. However, the results in Schmidt-Hieber (2020) hold under the assumption
of Gaussian errors. We now show that it is possible to attain the same rates under general
error assumptions by employing the quantile loss. Before arriving at such result we start
by providing some definitions.

Definition 3 We define the class of ReLU neural networks G(L,p, s, F) as

G(L,p,5,F) = {f : fis of form (3), and 1o (JAD[lo + [Villo) < S, [Iflle < F,

x40 <1 [V < 1.
j 1 L =1 L

With the notation in Definition 3, we consider the estimator

f= argmin > pr(yi— f1), (14)

feg(L7p’S)F)7 Z:1
and define a || - ||s-projection of f¥, the true quantile function, onto G(L,p, S, F') as

fne argmin |[f - f7]le.
feg(L7p7S7F)7

A few comments are in order. First, notice that we assume that all the parameters are
bounded by one. As discussed in Schmidt-Hieber (2020), this is standard and in practice
can be achieved by projecting the parameters in [—1, 1] after every iteration of stochastic
subgradient descent. Second, we assume that the networks are sparse as was the case in
Schmidt-Hieber (2020) and Suzuki (2018). See Hassibi and Stork (1993); Han et al. (2015);
Frankle and Carbin (2018) and Gale et al. (2019) for different approaches to produce sparse
networks.

Before stating our main result of this subsection, we provide the definition of the function

class that we consider. Such class requires that we introduce some notation that comes from
Schmidt-Hieber (2020).

10
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Definition 4 For 8 > 0 and r € Ny we define the class of Holder functions of exponent 3
as

0°f(x) — 9°f(y)|
U= {f HICR SR 16° £ oot sup | fW)l
Z a: ||O¥=\_ﬁjx7éy,€$7y€[ |z — ylli 18]

a:llall<g
where 0% = 0% --- 0% with (o, ...,a,) € N".

We are now ready to construct the function class based on composition of Holder func-
tions.

Definition 5 For ¢ € Ny, d = (do,...,dgs1) € NT2 ¢ = (to,...,t,) € NIF' B8 =
(Bo,--.,Bq) € Rfl and K € Ry we define the class of functions

H(q,d,t,3,K) = {f =gs0-90 ¢ 9 =1(gij)j ¢ [ai,bi]% = [@it1,bip1]%+

gij € Cgi ([ai,bi]tin) , and lail, |bi| < K}

With Definitions 4-5, we now state an assumption on the true quantile function regard-
ing its smoothness.

Assumption 3 The quantile function f* satisfies f* € H(q,d,t,3,K) for some q € N4,
d=(do,...,dgt1) € NIt = (t1,...,ty) €NL, B = (Bo,...,By) ERL" and K € Ry We
also require that ||f*||lcc < F where F is the same apearing in (14). Moreover, we define
the smoothness indices

q
Br =B [ min{B, 1},

I=i+1
fori=1,...,q—1 and B; = 5.

Importantly, as Section 5 of Schmidt-Hieber (2020) showed, the class H(q,d,t, 3, K) is

challenging enough so that wavelet estimators are suboptimal for estimating f* € H(q, d,t, 5, K

Our main result in this section shows that, in contrast, quantile regression with ReLLU net-
works attains optimal rates.

As for the distribution of the data, our next assumption requires that the covariates
have a probability density function that is bounded by above and below.

Assumption 4 We assume that {(x;,y;)}}_, are independent copies of (X,Y), with X
having a probability density function gx with support in [0,1]¢ and such that

< inf gx(z) < sup gx(z) < e,
z€[0,1]4 zel0,1)d

for some constants c1,co > 0.

We are now ready to state our main result of this subsection that exploits the approxi-
mation results from Schmidt-Hieber (2020).

11

i)

).
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Theorem 6 Suppose that Assumptions 1-4 hold. In addition, suppose that for the class
G(L,p, S, F) the parameters are chosen to satisfy

Zg:(] 10g2 (4 ma'X{tia /BZ}) logQ(n) S L SJ Nén, max{l, K} S Fa

ne, S min p;, S <mne,logn, max p; Sn,
1= 1y = EARAS)
where
_ 267
L
€n, = max n Pith, (15)
i=0,1,...,q

Then there exists a constant C' > 0 such that with probability approaching one, we have that
max {||f = f1I3, 1f = £712} < CenLlog?n,
where f is the estimator defined in (14). Hence, if in addition L < logn, then

max {|If = f713,,I1f = £712} < Cenlog?n,

with probability approaching one.

Notice that Theorem 6 shows that the ReLU network based estimator defined in (14)
attains the rate €, under the mean squared error and the ¢5 metrics, ignoring L and the log
factors, for estimating quantile functions in the class H(q, d,t, 5, K). Importantly, the rate
€n, is minimax for estimating functions in the class H(q, d,t, 3, K). Specifically, Theorem
Schmidt-Hieber (2020) showed that if ¢; < min{dy,...,d;j—1} for all j then for a constant
¢ > 0 we have that

inf  sup||f = fo5l7, = cen,

I fis€M(a,dt,8,K)

where the infimum is taken over all possible estimators, and with the assumption that the
errors are Gaussian and the covariates are uniformly distributed in [0, 1]%. Thus, Theorem
6 provides an upper bound that nearly matches the lower bound and that it allows for
heavy-tailed error distributions

3.4 Besov spaces

Next we study quantile regression with ReLU networks in the context of Besov spaces.
Our main result from this subsection will be similar in spirit to Theorem 6 but under the
assumption that the quantile function belongs to a Besov space. To arrive at our main result,
we first introduce some notation regarding the ReLU class of networks that we consider.

Definition 7 For W, L € N, S, B € R we define the class of sparse networks Z(L,W, S, B)

as

Z(L,W,S,B) := {(A(L)¢(-)+b(L))o...o(A(1)a:—|—b(1)) : AD e RWW () ¢ RW

L
3= (140 + 7o) < S, g ma{ A s 50 o} < B}.
=1
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Notice that the space of networks Z(L, W, S, B) is actually similar to G(L,p, S, F'). The
main difference is that the networks in the former class have weight matrices of the same
size across the different layers. This minor differences are only necessary in order to achieve
the theoretical guarantees under the different classes to which the quantile function belongs.

We the notation from Definition 7, we focus on the estimator

. n
f= arg min > pelyi — @), (16)
FEL(LW,S,B), Iflle<F ;23
where F' > 0 is fixed.

Before providing a statistical guarantee for f in (16), we first state the required assump-

tions imposed on the generative model.

Assumption 5 The quantile function satifies f; € B, ([0, 09, 1fllee < F, where for
0<p,qg<o0, and 0 < s < oo we have s > d/p. Furthermore, the exists m € N such that
0 < s <min{m,m—1+1/p}. Here, B, ([0, 1]9) is a Besov space in [0,1]? as in Definition
14 in the Appendiz.

We are now ready to state the main result concerning estimation of a quantile function
that belongs to a Besov space.

Theorem 8 Suppose that Assumptions 1-2 and 4-5 hold. In addition, suppose that for the
class T(L,W, S, B) the parameters are chosen as

3max{d,m}

L =3+ 2log, (L2 4 5] logy max{d, m}], W = WoN,
S=(L-1)WZN+N, B=0 (N<v—1+d-1><max{1,<d/p—s>+}>) 7

for a constant cq,, > 0 that depends on d and m, a constant Wy > 0, and where v =
(s —0)/9,

§=d/p, e=N"S/4-WTHdE/=5)s 4 flog N} N < nE
Then there exists a constant C > 0 such that with probability approaching one, we have that

A . A N log n)?
max {|1f - £213,0F - 212} < o820

n 2s+d

with f defined as (16).

Notably, Theorem 8 shows that the neural network based quantile estimator f attains
the rate n_%, ignoring logarithmic factors, for estimating the quantile function. This
results generalizes Theorem 2 from Suzuki (2018) to the quantile regression setting. In
particular, Theorem 8 holds under general assumptions of the errors allowing for heavy-
tailed distributions. Furthermore, the rate n_%id is minimax for estimation, with Gaussian

errors, of the conditional mean when such function belongs to a fixed ball of the space
Bs ,([0,1]%), see Donoho et al. (1998) and Suzuki (2018).
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4. Experiments

We study the performance of ReLLU networks for quantile regression across a suite of heavy-
tailed synthetic and real-data benchmarks. The benchmarks include both univariate and
multivariate responses. For univariate responses, we consider two ReLU models: (i) the
néive strategy of fitting separate ReLU networks for each quantile then projecting the an-
swers to the monotone surface to enforce coherency of the quantiles, and (ii) the single
multitask ReLU network we propose in eq. (5) which enforces monotonicity directly and
shares statistical strength across quantiles. We compare the ReLU methods against quantile
regression versions of random forests (Meinshausen, 2006) and splines (Koenker et al., 1994;
He and Shi, 1994). In the univariate synthetic benchmarks, ReLLU networks are shown to
outperform random forests in all of the tested settings; splines outperform ReLLU networks
only when the true response function is smooth. For multivariate responses, we consider
the two different loss functions for multivariate quantiles proposed in section 2.2. In both
univariate and multivariate responses, the ReLU networks with quantile-based losses per-
form better when estimating the mean than using a squared error loss. The multitask
ReLU model is shown to perform better than the separate ReLU at extreme quantiles while
performing similarly or slightly worse at predicting the median.

4.1 Univariate response

We assess the performance of quantile regression with ReLU networks (Q-Network) on
five different generative models. Each model involves a set of covariates and a univariate
response target. The covariates determine the location of the response and a zero-mean,
symmetric function with heavy tails is used as the noise distribution; we focus here on
Student’s t and Laplace distributions.

We compare Quantile Networks with three other nonparametric methods: (i) mean
squared error regression with ReLU networks (SqErr Network), as in Problem 1; (ii) quantile
regression with natural splines (Quantile Splines, Koenker et al., 1994; He and Ng, 1999);
and quantile regression with random Forests (Quantile Forests, Meinshausen, 2006). For
the two neural network methods, we train the models using stochastic gradient descent
(SGD) as implemented in PyTorch (Paszke et al., 2019) with Nesterov momentum of 0.9,
starting learning rate of 0.1, and stepwise decay 0.5. The neural network models also use
the same architecture: two hidden layers of 200 units each, with dropout rate of 0.1 and
batch normalization in each layer. For the other two nonparametric methods, we choose
parameters to be flexible enough to capture a large number of nonlinearities while still
computationally feasible on a laptop for moderate-sized problems. For Quantile Splines, we
use a natural spline basis with 3 degrees of freedom; we use the implementation available
in the statsmodels package.! For Regression Forests, we use 100 tree estimators and a
minimum sample count for splits of 10; these are defaults in the scikit-garden package.?

We assess the performance of all methods using the mean squared error (MSE) between
the estimated and true quantile functions. In each experiment, the methods are estimated
at different training sample sizes n, n € {100, 1000,10000}, and different quantile levels T,
7 € {0.05,0.25,0.50,0.75,0.95}. Since SqErr Network only estimates the mean, we only

1. https://www.statsmodels.org
2. https://scikit-garden.github.io/
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evaluate it at 7 = 0.50, which is equivalent to the mean in all benchmarks. For each
benchmark, we generate 25 datasets independently from the same generative model and
evaluate performance using 10000 sampled covariates with the corresponding true quantile.
In each scenario the data are generated following the same location-plus-noise template,

where ¢; ~ G; for a distribution G; in R, and with fy : [0,1]? — R for a choice of d that is
scenario dependent. We consider 5 different scenarios following this template:

Scenario 1. We set

fole) = g2001(q), Vg€ R?
91(q) (V@i + q1 - @2, cos(2mqa)) T, Vg € R?,
2@ = Va+a@+E g, VYqeR?

and €; = v;g3(x;) where

g93(a) = lla = (1/2,1/2) ||, Vq € R?,
with v; 2 t(2), for i = 1,...,n, where t(2) is the t-distribution with 2 degrees of freedom.
Scenario 2. In this scenario we specify
fola) =ai + a3, a€0,1)%,
and generate ¢; nd Laplace(0,2) for i = 1,...,n.

Scenario 3. This is constructed by defining fo : [0,1]> — R as

folg) = vVat+qg+1 if ¢ <0.5,
’ Va1 + q2 otherwise,

and setting ¢; = y/x] Bv;, where B = (1,1/2)" and v; i t(2) fori=1,...,n.

Scenario 4. The function fy is chosen as

folo) = Vo +eF+a+ataes ¢e[0,1Y
with d = 5, and the errors as ¢; ind Laplace(0,2) for i = 1,...,n. Here, Laplace(0,2) is the
Laplace distribution with mean zero and scale parameter 2.

Scenario 5. The function fy : [0,1]'* — R is defined as fo(q) = g3 © g2 © g1(q) where
nle) = (Jad+32% 4,022 4)) T, ¢€0,1]'°,

g2(q) (qil,q2-q1) ", q €[0,1]2,
93((]) = Q1+\/(J1+QQ7 qc [07 1]27
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Scenario 1 Scenario 2
n Method 7=0.057=0257=050 7=0.75 7=0.95|7 =0.05 7=0.25 7 =0.50 7 = 0.75 7 = 0.95
SqErr Network * * 0.99 * * * * 0.33 * *
100 Q-Network (Separate) 4.66 0.60 0.20 0.36 5.01 6.08 1.96 1.15 2.00 6.40
Q-Network (Multitask)| 0.92 0.68 0.30 0.48 2.83 3.02 1.58 1.27 1.96 3.40
Quantile Spline 2.87 0.25 0.14 0.20 5.40 5.41 1.15 0.63 1.09 6.13
Quantile Forest 2.22 0.72 0.41 0.55 3.49 4.08 1.59 1.02 1.60 4.81
SqErr Network * * 0.96 * * * * 0.24 * *
1000 Q-Network (Separate) 0.46 0.07 0.05 0.05 0.43 1.59 0.25 0.13 0.35 1.64
Q-Network (Multitask)| 0.26 0.10 0.04 0.06 0.19 0.51 0.20 0.18 0.22 0.43
Quantile Spline 0.17 0.07 0.06 0.07 0.18 0.58 0.12 0.05 0.10 0.73
Quantile Forest 1.72 0.20 0.11 0.68 3.10 3.92 1.24 0.68 1.23 3.97
SqErr Network * * 0.95 * * * * 0.18 * *
10000 Q-Network (Separate) 0.05 0.01 0.01 0.01 0.07 0.28 0.03 0.01 0.03 0.22
Q-Network (Multitask)| 0.06 0.01 0.01 0.01 0.03 0.07 0.04 0.03 0.04 0.06
Quantile Spline 0.08 0.06 0.06 0.06 0.07 0.09 0.01 0.00 0.01 0.06
Quantile Forest 6.07 1.66 0.04 0.14 2.20 3.58 1.04 0.55 1.03 3.48
| Scenario 3 | Scenario 4
n Method 7=0057=0257=050T7=0.75 7=0.95|7=0.05 =025 7=0.50 7 =0.75 7 = 0.95
SqErr Network * * * * * * * 0.22 * *
100 Q-Network (Separate) | 14.66 0.86 0.33 0.91 5.83 6.64 2.82 1.62 3.13 9.99
Q-Network (Multitask)| 1.63 1.32 0.97 1.60 3.95 5.02 3.34 2.95 3.83 5.29
Quantile Spline 4.24 0.41 0.25 0.42 7.05 * * * * *
Quantile Forest 6.80 0.95 0.33 1.69 13.50 3.77 1.81 1.01 1.61 5.32
SqErr Network * * 0.21 * * * * 0.12 * *
1000 Q-Network (Separate) 1.30 0.08 0.06 0.11 1.02 2.28 0.37 0.18 0.30 1.64
Q-Network (Multitask)| 0.21 0.10 0.08 0.10 0.22 0.77 0.38 0.29 0.38 0.87
Quantile Spline 0.41 0.09 0.08 0.09 0.37 * * * * *
Quantile Forest 11.08 0.74 0.20 1.35 9.98 2.82 0.82 0.41 0.76 2.55
SqErr Network * * 0.17 * * * * 0.06 * *
10000 Q-Network (Separate) 0.26 0.02 0.02 0.02 0.19 0.39 0.07 0.03 0.06 0.32
Q-Network (Multitask)| 0.05 0.02 0.02 0.02 0.05 0.15 0.06 0.05 0.07 0.18
Quantile Spline 0.10 0.07 0.07 0.07 0.11 * * * * *
Quantile Forest 36.17 11.78 2.26 0.57 9.43 1.75 0.43 0.19 0.42 1.72

Table 1: Univariate Responses Tasks. Performances of different methods in Scenarios 1-
4, in terms of squared error from the true quantile averaged over 25 independent trials.
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Scenario 5

n Model 7=005 7=025 7=050 7=075 7=0.95
SqErr Network * * 31.26 * *
100 Q-Network (Separate) 18.51 2.81 1.41 2.85 17.31
Q-Network (Multitask) 4.16 3.99 2.37 3.27 10.08
Quantile Spline * * * * *
Quantile Forest 43.32 21.75 15.13 20.21 49.29
SqErr Network * * 30.72 * *
1000 Q-Network (Separate) 1.82 0.52 0.34 0.52 1.76
Q-Network (Multitask) 1.53 0.96 0.45 0.88 2.49
Quantile Spline * * * * *
Quantile Forest 29.46 12.55 7.33 10.85 32.85
SqErr Network * * 30.63 * *
10000 Q-Network (Separate) 0.30 0.09 0.07 0.08 0.28
Q-Network (Multitask) 0.24 0.16 0.09 0.18 0.37
Quantile Spline * * * * *
Quantile Forest 17.36 7.01 3.67 5.76 18.47

Table 2: Univariate Responses Tasks: Performance of different methods in Scenario 5, in
terms of squared error from the true quantile averaged over 25 independent trials.

where ¢ t(3) for i = 1,...,n, and ¢(3) denotes the t-distribution with 3 degrees of
freedom.

A visualization of the perfomance of the different approaches and true quantile functions
can be found in Section E of the Appendix.

We report the results for Scenarios 1-4 in Table 1 and Scenario 5 in Table 2. From Table
1 we can see that in Scenario 1, the Q-Network method outperforms the competitors for
most quantiles and sample sizes. The advantage becomes more evident as the sample size
grows. The closest competitor is Quantile Spline which is the best method in some small
sample problems. Furthermore, in Scenario 2 the best method is Quantile Spline, with
Q-Network as second best. This is not surprising since Scenario 2 consists of very smooth
quantile functions defined in a low dimensional domain (d = 2). In contrast, Scenario 3
consists of a quantile function with discontinuities and heteroscedastic errors. In this more
challenging setting, Q-Network outperforms other methods for larger values of n.

We do not compare against Quantile Splines in Scenarios 4-5 as such method does not
scale up to 5 dimensional problems or above. In Tables 1-2, we show that for Scenarios
4-5, and most quantiles, the clear best method is Q-Network (for n > 100), with Quantile
Forests as the second best. Across all scenarios, the multitask Q-Network is less sample
efficient than the separate Q-Network when predicting the median, though still typically
outperforms other methods. On the extremal quantiles (5% and 95%) the multitask Q-
Network outperforms all methods in all scenarios at most sample sizes. This suggests that
sharing statistical strength between quantiles through the multitask architecture has the
benefit of reducing the variance of the estimates for the extremes at minor cost to the
median prediction accuracy; exploring these tradeoffs is an interesting direction for future
work.

Overall, the results in Tables 1-2 demonstrate a clear advantage of the Q-Network
method. This method generally outperforms SqErr Network in most examples, presumably
due to the heavy-tailed or heteroscedastic error distributions. At the same time, Q-Network
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also outperforms the other competitors with larger sample size or more complicated quantile
functions.

One disconnect between our theoretical and empirical results is the structure of the
model class. Our theory results assume the ReLU networks are sparse, whereas our bench-
marks initialize the neural network models to be dense, randomly-weighted representations.
The success of the Q-Network in these conditions may therefore seem surpising. An ex-
amination of the distribution of the learned weights of the Q-Network (fig. 1) reveals that
the vast majority of weights in the Q-Network lie a small epsilon (e = 107°) of zero. The
nonzero weights tend to be thousands of times larger than the numerically zero weights
and therefore likely dominate the computation. Thus, the learned Q-Network is function-
ally sparse with most weights having no meaningful effect on the predictions. In contrast,
the SqErr network typically has a uniform distribution of weights, suggesting the internal
representation is dense.

Quantile Network (Multitask) Weights (n=1000)

30000 A
25000 A
20000 A
15000 A
10000 A

5000 H

0 ¥

-2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0

Figure 1: Quantile network weights are functionally sparse. Above: distribution of weights
for one instance of the Q-Network in Scenario 1 with 1000 training samples; other scenarios
and sample sizes produce qualitatively similar results. Approximately 75% of the weights
are less than 1079, suggesting they are dominated by the larger weights and therefore the
model is functionally sparse.

4.2 Multivariate response

We explore the performance of different quantile ReLLU network approaches for multivariate
responses as discussed in Section 2.2. We refer to the estimator in equation (6) as Geometric
Quantile, and the estimator in equation (9) as Quantile Network. As a benchmark, once
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n Method Scenario 6  Scenario 7
SqErr Network 0.92 0.24
100 Quantile Network 0.49 1.67
Geometric Quantile  0.54 2.36
SqErr Network 0.91 0.11
1000 Quantile Network 0.06 0.23
Geometric Quantile  0.07 0.14
SqErr Network 0.89 0.09
10000 Quantile Network 0.01 0.03
Geometric Quantile  0.01 0.03

Table 3: Multivariate Responses Tasks: Performance of different methods in Scenarios 6
and 7. We measure performance using the averaged mean squared error based on 25 Monte
Carlo simulations for the two synthetic multivariate benchmarks.

again, we consider the estimator based on the squared error loss and as defined in equation
(7). For all these estimators, the corresponding network class is chosen as in section 4.1.

We conduct simulations in two different scenarios. In each scenario, we evaluate perfor-
mance based on mean squared error defined as

1 L SN2
T ZZ (f:,j(xi) - fj(ib"z')) ;

j=1 i=1

where the quantile functions fr.(-), j=1,..., d', are defined in (8), and 7 = 0.5.
We consider two multivariate response generative models as follows.

Scenario 6.
Yi = @ogi(w)+e€
gile) = (ol -q)'

92(q) = (VQS+Q1,(Q1+Q2)3)T

U012 i=1,...,n,
€ 12(/1 Mtg(o,fz), izl,...,n,

where Mt3(0, I2) is the multivariate ¢-distribution with 3 degrees of freedom and scale
matrix identity Io € R?*2.

Scenario 7.

Yi = fo(z:) + &
fola) = (Vai+a Va3 +a)'
xR U, 14,

ind

€i j ~ Laplace(0, 2).

Table 3 illustrates the performance of different methods in Scenarios 6 and 7 with sample
sizes n = {100, 1000,10000}. We can see that for large n both Quantile Network and
Geometric Quantile outperform the ¢3-based approach SqErr Network. This corroborates
the results earlier in Section 4.1. Particularly, it demonstrates that both Quantile Network
and Geometric Quantile are robust estimators when dealing with heavy-tailed distributions.
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5. Proof ideas

In this section we give an overview behind the ideas of the proof of Theorems 6 and 8. For
both of these results we start by defining the empirical loss function

Mn(f) = Z Mn,l(f)7
=1

for f € F, where
- 1

Mi(f) [pr{yi — f(zi)} — priyi — fu(zi)}],

n
and we set

M (f) = ElpAY — f(X)} = pr{Y — fu(X)}], -

for the population loss. With this notation, we now proceed to break down the proof of

Theorems 6 and 8 into different steps, the details of which can be found in the Appendices.

Througout, for sequences a, and b, we write a,, < b, if a,, < ¢b, for a constant ¢ > 0.
Step 1. In Lemma 15 we show that

AX(f, fo) S Mu(f) + | fn = FE oA, fo) VE.

Thus, we relate the population loss function M,, with the function AZ2.
Step 2. Next, we use the optimality of f to show in Lemma 17 that

A(f, f) S Ma(f) = M (f) + 1fn = FFllooA(F fu) VF

Step 3. We then show a localization property in Lemma 18. Specifically, we show
that if

n

3E s =S G (@) — fule)? | <02 (17)

FEF, If=Fall2, <r2 T i

for {&;}" | Rademacher variables independent of {(z;,y;)}", then, with high probability,
it holds that if f € F, and ||f — f,|7, < r* then

If = fall2 < 4r2.

Step 4. Using Step 3, we show that if || f — fn|le, < 70 for some constant rq satisfying
(17), then, with high probability,

If = fall?, < 0¥ (n)

for a sequence ¥(n) that depends on n and the complexity of the class F.

Step 5. In Lemma 20 we give an upper bound on r* > 0, where r* satisfies that if
ro > r* then (17) holds with 7.

Step 6. The final step starts by assuming that || f— fXle, is upper bounded by some
large quantity. Then we repeatedly apply Steps 2 to 5 to arrive at the desired upper bound
in Theorem 6 (and similarly in Theorem 8).

As for the novelty of our argument, we highlight that Steps 1-2 have not appeared in
the literature before, whereas Steps 3—6 are also novel in the context of quantile regression.
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6. Discussion

In this paper we have studied, both theoretically and empirically, the statistical performance
of ReLLU networks for quantile regression. Our main theorems establish minimax estimation
rates under general classes of functions and distributions of the errors. These results rely on
the approximation theory from Schmidt-Hieber (2020) and Suzuki (2018). Future work can
extend these results to other function classes provided that the corresponding approximation
theory is used or developed. Empirically, experiments in both univariate and multivariate
response quantile regression with ReLU networks show an advantage over other quantile
regression methods. Quantile regression networks were also shown to outperform fo-based
regression with the same neural network architecture when the error distribution is heavy-
tailed. In the case of multivariate responses, quantile networks were also shown to perform
well in benchmarks.

However, we acknowledge a certain mismatch between our theory and empirical findings.
Specifically, some open questions that we leave for future work are the following.

e In our analysis, we study the statistical properties of a minimizer of the quantile
empirical loss restricted to the class of neural networks. It is unknown if the same
properties hold for the solutions used in practice based on stochastic gradient descent,
say with early stopping (Prechelt, 1998).

e In Theorems 6 and 8, the parameters of the neural networks classes considered are
restricted to be sparse. However, in our simulations, we do not enforce this constraint.
Despite that, Figure 1 shows that the estimated networks are sparse. This leads to the
fundamental question of whether or not it is possible to drop the sparsity assumption
from Theorems 6 and 8 and perhaps replace it with some more practical condition.
For instance, Soudry et al. (2018) argues that the model complexity can be controlled
by the dynamics of stochastic gradient descent instead of imposing sparsity penalties.
Unfortunately, we are not aware of how to do this while maintaining minimax rates,
and even in the regression setting, existing works enforcing the sparsity constraint
are very common in the literature (Suzuki, 2018; Schmidt-Hieber, 2020). Though our
upper bound in Theorem 12 holds without sparsity constraints.

e A theoretical study of statistical rates of convergence for multivariate response quantile
regression with ReLLU networks is left for future work.

Finally, we emphasize the sensitivity of Theorems 2, 6 and 8 to 7. Specifically, while
the rate in those theorems does not depend on 7, the constants involved in the rates be-
come larger as 7 becomes closer 0 or 1. This intuitively explains the higher errors in the
performance of Q-Network when 7 € {0.05,0.95} in Section 4.

Appendix A. Notation

For an € > 0 and a metric dist(-,-) on the class of functions F, we define the covering
number N(e, F,dist(+,-)) as the minimum number of balls of the form {g : dist(g, f) < €},
with f € F, needed to cover F.

We also write

Bl llesm) = {g = IlF = glle, <7}
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Furrthermore, if a, and b, are positive sequences, we say that a, < b, if there exists m
such that n > m implies a,, < cb,, for a constant ¢ > 0.

Appendix B. Theorem 2

Througouth this section we write F to refer to F(W, U, L).

B.1 Auxiliary results

Before stating our first result we first state some definitions and an auxiliary lemma.

Definition 9 We define the empirical loss function

=1

where .
Mi(f) = - (pr(yi = f(3)) — pr(yi — fu(2i)))
with
fn € argmin E pr(yi — f(20) — = prlys — 5 (x4))
gm Z Z
We also set

Mai(f) = Blpr(zi = F(@1)) = pr(zi = fuli))

where z € R™ is an independent copy of y.

Lemma 10 Suppose that Assumption 1-2 hold. Then there exists a constant c; such that
for any 6 € R™, we have

ZE pr(zi = f7(xi) = &) — pr(zi = fF(23))] = cr ZD2(5Z)
i=1

where § € R™ is an independent copy of y.

Proof See Lemma 13 in Padilla and Chatterjee (2020). [ |

Definition 11 Let H be a class of functions from X to R. We define the pseudodimension
of H, denoted as Pdim(H), as the largest integer m for which there exist (a1,b1) ..., (am,bm) €
X X R such that for all n € {0,1}™ there exists f € H such that

flai) > b =,
fori=1,....m

Theorem 12 (Theorem 7 from Bartlett et al. (2019)) With the notation from before,
we have that
Pdim (F(W,U, L)) = O(LW log(U)).

22



QUANTILE REGRESSION WITH RELU NETWORKS: ESTIMATORS AND MINIMAX RATES

B.2 Proof of Theorem 2

Proof Throughout this proof the covariates z1,...,x, are fixed. Let 0; = f(x;) — f¥(x;)
for i =1,...,n. Notice that

e[ 13 - fe)

IN

Can (iE[m{zi—fT 53] - Z {2 —

= —E {Mn(f)} + ierrl,

Cr Cr
(18)
where the inequality follows from Lemma 10.
Next we proceed to bound E{M,(f)}. To that end, notice that for a constant C' > 0,

E{Mn(f)} < 4E{;lelgn;§z xz}
FE i
- {?2%;5 ')
CF
< = /0 VI0gN (i Z/E, T In) di
S P

C\;Z; /02 \ g <<%>Pdim(}‘)> ”

~ LW1 -1
< CF\/ WlogU -logn
n

for some constant C' > 0, where the first inequality follows by simmetrization and Talgrand’s
inequality (Ledoux and Talagrand (2013)) similarly to Theorem 12 in Padilla and Chatterjee
(2020), the third inequality follows from Dudley’s theorem, the fourth holds because of
Lemma 4 in Farrell et al. (2018), and the last from Theorem 12.

|

Appendix C. Theorem 8

The proof is in the spirit of the proof of Theorem 1 in Farrell et al. (2018) combined with
results and ideas from Padilla and Chatterjee (2020) and Suzuki (2018).

C.1 Notation
Througout we let X = [0,1]%. For p >0 and f : X — R we let

I = ( [ (rarac) v

LP(X) ={f:f: X =R, and |f]|, <oo}.

and
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Definition 13 For a function f € LP(X) and p € (0, 00| we define the r-modulus of conti-
nuity as

wrp(f, ) = sup AL,
Ihfl2<t

with
. - Z;ZO T (]T”ir)!(—l)?"*jf(x +hj) if xeX, z+rhe X,
AL(f) = .
0 otherwise.

Definition 14 For 0 < p,q < oo, a >0, r = [a] + 1, we define the Besov space By (X)
as

By (%) = { £ € 17(x) + | fllpg, ) < o0}
where
1/ Bg ) = Ifllp + [ flBg, (x)
with

(2 (= wnp (f,£)) 1 )T if q < oo,
f|Bg,(x) =

sup ¢t “wyp(f,t) if ¢=o0
t>0
Throughout we denote by f,, € Z(L, W, S, B) a function satisfying

fn € arg min 1 = f7 lloo-

We also write

I(L,W,8,B) = {f € Z(L,W,5,B) : ||flleo < F}.

C.2 Auxiliary lemmas

Lemma 15 Suppose that || fr,— []lco < ¢ for a small enough constant c. With the notation
in (11) we have that

B3(f, 1) < - [EprY = FO0) = prlY = £a(0) + [ = S, SV

and

2F
I1F = fally, < = |

T

E (pr(Y = £(X) = pr (¥ = fa(O)) + 1o = fElollf = falleaVE]

for any f € f(L, W, S, B) and for some constant c;.
Proof Notice that by Equation B.3 in Belloni and Chernozhukov (2011),

pr(Y = f(X)) = pr(Y = fu(X)) = *(}gzg())f)f*(kf?(X))(T - LY < fu(X)})+
0 [1{Y§fn(X)_'_Z}_l{Yan(X)H dz
= —(f(X) = fu(X)(T - H{Y < f2(X)})—
(f( (X ) (XY < f7(X)} = HY < fu(X)H)+

)= fn(X)
/ Y < fulX) 4 2} = 1Y < fu(X)} d=.
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Hence, taking expectations and using Fubini’s theorem,

B (pe(Y = 100) = 0oV = (X)) = B (=700 - £,000E (- 10y < 0D ) -
B (00~ 000 (1Y < £00) 1Y < £0D|x ) ) +
E(/Of(x)—fn(x) [IE <1{Y < hX0) 1) X) B

E (1{1/ < fn(X)}‘X> ]dz

> —aR[[f(X) - ( )| -7 (X) = fu(X)M] +
IE(Dz(f(X) ( )
> _Cl\/E [1f(X X)PIWVE[f(X) — fu(X)P+
I[‘3(17"(f(X) ( )
> (
)

)
—c1lfn = f7lloo \/FN) {,fn

e B(D*(f(X) — fu(X

for a constant ¢; > 0, where the first inequality holds since the cumulative distribution
function of Y conditioning on X is Lipchitz around f*(X) by Assumption 2, and by the
same argument from the proof of Lemma 13 in Padilla and Chatterjee (2020).

|

Definition 16 We define the empirical loss function

= Z Mn,z(f)
i=1
where
Vi) = [pr{yi = S} = ooy — (e},
and we set

Mn(f) = Elp-AY = f(X)} = pr{Y — fu(X)}].

Lemma 17 Suppose that | fn — f*|lso < ¢ for a small enough constant c. The estimator f
defined in (16) satisfies

Nf fa) < o [Mal) = Va() + o = oA S)VE] .

Furthermore,

QF[

7_

1 = fall, < == [MalF) = Na(F) + 1 = £ loell f = FullesVF
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Proof By Lemma 15 we have that

N, f) < [B (o = FOO) = prlY = X)) + I — S loo A, ) VE]
< B (o = FOO) = 0 = Fu30) 1 S A F)VE-
LS et Fw) + 3 el - fnm))} ,
=1 =1
where the last inequality follows by the optimality of f . |

Lemma 18 Suppose that

1 n
BE( sup - D G(f (i) = fulzi)® | <02 (19)
FEL(L,W,S,B), Hf_anEQ <r2 =1

for {&1}, Rademacher variables independent of {(x;,yi)}"_,, and

max {4F\/Z, 4F\/;} <r. (20)

Then with probability at least 1 —e™7, || f — an%Q <2 with f € Z(L,W, S, B) implies
If = Fall < (2)%
Proof First notice that

|(f() = ful@))?] <2 [F2 + 1 fallZ]

for all . Hence,

E((f(X) = faX)') < 202 + | ful2)E ((£(X) = fu(X))?)
< 4R f - fullg,
Then by Theorem 2.1 in Bartlett et al. (2005) with probability at least 1 — exp(—7),
) sup {If = fallz = 11f = full?, }
FET(LW,S,B), |~ fall3, <r?
1 n
<3E sup D G(f(X0) — fulX0))? (21)

fei(L7W7S7B)7 ||f_f7l||%2§T2 n =1
162
+47«F\ﬁ+ !
n 3n

and the claim follows. [ |
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Lemma 19 Suppose that ||f — fulle, < ro, with ro satisfying (19)-(20) and Assumption 5
holds. Also, with the notation of Assumption 4, suppose that for the class Z(L, W, S, B) the
parameters are chosen as

gmax{d,m}

L =3+ 2[log, ( - ) +5][logy max{d,m}], W =WyN,
S=(L-WEN + N, B =0 (Nt maxli@p=s))))

for a constant cq,, that depends on d and m, a constant Wy, and where v = (s —0)/9,
_d
0= —, N =< n2s+d,
Then for some positive constant Cy it holds that

~ 2.5
IF = £ul7, < ColroF?o 3+ B2

2 —1
roF N(lo;gl N)2 n TOF\/N[(log N) +1nogr0 +10gn] i Nﬁs/droFlﬁ

d
with probability at least 1 — exp(—~), where N < n2s+d.

Proof Let

G = {9 9(@,y) = pr(y = f2) = prly = ula)), | € L(LW.S,B), |If = fulles <70}

Then for &, ..., &, independent Rademacher variables independent of {(x;, y;)}1;, we have
that
e |lf = fulld, < 2FIMu(f) = Mou(F) + 1 fn = FEllsollf = fulley V]

< 2F81€1}g) {E(g(X, Y)) — % Zg(-%,?ﬁ)} + 1 fn = Fillsoll f = falle, B3/
g =1

1
12FE <sup — &ig(xi, yi)
1

IN

(351791)7 ey (xnvyn)
geg n i=

5 [v | 100F2%y T .
#aro e [T 4 2O g ] - Salla

(22)
where the first inequality follows from Lemmas 17, and the third happens with probability
at least 1 — e~ and holds by Theorem 2.1 in Bartlett et al. (2005).
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Next, notice that for a constant C' > 0,

1 n
E{ Sup gzg xzv?Jz)) < EE ( sup — fz(f(xz) - fn(l‘z))>
1 n
< K ( sup = & f (i) - fn(fb’i)))
< inf {4 +12/2m\/1 N(8,Z(L,W, S, B), | - |ln)d6
= U<}1n<27‘0 Q \/ﬁ N og ) ) s My ) n
< inf {4 +12/2T°\/1 N(8,Z(L, W, S, B), | - |loc)do
- 0<%Xn<27‘0 @ 08 ©
. 247
< =0
< nf {4a+ 5 Vg N (0, Z(L, W, 8, B), || - Hoo)},
< C it a+ro\/N (log V)" +log o™ ]},
O0<a<ro n

(23)
where the first inequality follows by Talagrand’s inequality (Ledoux and Talagrand, 2013),
and the second holds with probability at least 1 — exp(—+v) by Lemma 18, the third by
Dudley’s chaining inequality, and the last by the proof Theorem 2 in Suzuki (2018) . The

d
latter theorem also gives N =< n2+d, and
||fn - f;-kHoo < ClNis/da

for some constant C; > 0. Hence, taking

(22) and (23) imply
IF =550, < & [ f3 4 205

CroF /w+CTOF\/N[(logN)2+1:gr0—1+logn} —|—C1T‘()N_S/dFl'5

with probability at least 1 — 2e™7. |

Lemma 20 Let r* be defined as

n

r*=inf ¢r>0:3E sup ! Zf,(f(atz) — falz))? ] <% Vs>,

FEL(LW,S,B), |f~falley<s " i=1

for {&}7_, Rademacher variables independent of {(xi,y;)}'y. Then under the conditions
of Lemma 19,

r* < C
n

\/N(losN)Q N \/N[(logN)Q—i—logn]] ’

~ d
for a constant C' > 0 and with N satisfying N < n2s+d.
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Proof Consider the set
G = {f € Z(LW.S.B) : |1 = full?, < ¢*)}

and the define the event
_ 2 *\ 2
E = { sup ||f — fall; < (2r7) }
fegr*

If r* satisfies (20) with v = logn then we have that P(E) > 1 — 1/n by Lemma 18.
Also,

(") < 3E sup LS G (f () — falwn)?

FEL(LW,S,B), || f—fall?, <(r)2 T

i=1
1 n
< 3E (E < _ sup - Zgl(f('rl) - fn(xl))2 T1y--- 7xn> 1E> +
FEL(LW,S,B), lf—fallZ<(2r)2 T i
12F?
n
1 n
< 3E (E < i sup - Z&(f(ﬂfz‘) — fal@))?|21, .. ,$n> 1E> +
fEI(vavsz)v Hf—an%S(zT‘*)z n =1
12F2
t
(24)
Next, let
G ={g: 9(e) = (f(z) = ful@))?, for some f € Z(L,W,$,B), |f = fulln < 2"}
Notice that if g1, go € G with g; = f; — fn, 7 = 1,2, then
l91(x) — g2(2)| = [fi(x) = f2(2)] - [f1(2) + fa(x) = 2fn(2)] < 4F||f1 = fallco-
Hence, combining this with (24), using Dudley’s chaining we obtain that
12 [ 12F
2 < 3E inf 4 / 1 Nln —
(7 < E{ dnf qda+ =% | Viog N8, G, 11 [ln) o | + =
12 [ 12F
< 3E inf 4 — 1 ) Moo — 25
< ooinf a+\/ﬁ i VIog N (5,6, || - | )}>+ - (25)
2 —1
P {a+T*\/N[(1ogN) +loga ]} L 12F
0<a<2r* n n

where the last inequality follows from Theorem 2 in Suzuki (2018), and with N satisfying

d ~
N = n?+d. Hence, if r* satisfies (20) then for a constant C' > 0

\/N(IOSN)Z N \/N[(logN)2+logn]] ’

r* < C

n
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which follows from (25) by taking

. |N(log N)?
a=r .
n

The claim follows. |

C.3 Proof of Theorem 8

Proof Throughout we use the notation from the proof of Lemma 19. Then we proceed as
in Farrell et al. (2018). Specifically, we divide the space Z(L, W, S, B) into sets of increasing
radius

B(fna H ’ wa?% B(fna || ' Hfz?QF)\B(fna || ' Hfzv?)v tee 7B(fn7 H : H€272IF)\B(fn7 H : H€272171?)7

where
= [ (%)J
Next, if 7 > r*, the by Lemma 18, with probability at least 1 — le™7, we have that
If = falle, < 27 implies ||f = folln < 27717
Then if for some j <[ it holds that
f€B(fasll - s 2P\B (s [ - ez, 277'7),

then by Lemma 19, with probability at least 1 — 4e™7, we have that

F ~ i 2.5
If = fallZ, < C[QJTFQ-E’\/Z_{_ PRy y

QIFF N(logN)2+'2j?F\/N[(logN)n2+210gn] —i—2j7“Ns/dF1'5:|

n

IN

92j-272

provided that

2 2
F2'5\/?+F\/N(IOgN) JrF\/N[(lOgN) +210gn]+N—s/dF1‘5
n n n

C

and 05
i < Lorpo
= 4 )

n
both of which for all j hold if

2 2
F2'5\/7+D | N(log N) +D\/N[(logN) +210gn]_’_Nfs/dF1.5
mn n mn

30

- 12,5
r=8C +24/ ¢ - T

(26)




QUANTILE REGRESSION WITH RELU NETWORKS: ESTIMATORS AND MINIMAX RATES

Therefore, by Lemmas 18-19, with probability at least 1 — e™7, we have that
If = falle <27, and  |f = falln <27,
which by the previous argument implies that
”f — falle, < 21_1?7 and Hf — falln < Qlﬁ
and continuing recursively we arrive at
If = fally <7, and  ||f = falla <27

The claim follows by noticing that Lemma 20 and (26) imply that

F < 8C [F25\/7+F\/T§N+F\/N logN2+210gn]+N s/dF15] 2\/@?_’_

\/N log N)2 +\/N (log N )2 —l—logn]]
n )

n

and the claim follows since || fn, — f[|oo < N7%/%. m

Appendix D. Proof of Theorem 6

The proof is similar to that of Theorem 8 relying in the lemmas given next.
Just as in Lemma 15, we have the following result.

Lemma 21 Suppose that || fn, — f]lcc < ¢ for a small enough constant c. Then
B2(f, 1) < o= [EprY = FO0) = prlY = £a(30) + [ = S, SV

and

2F [

7_

1 = falld, < 2= [E (s (V = F0) = oY = falXD) + W = F2llcllf = Falles VE

for any f € G(L,p, S, F), and for some constant c.
Similarly to Lemmas 18-20, we have the following three lemmas.

Lemma 22 Suppose that | fn — f*||lso < ¢ for a small enough constant c. The estimator f
satisfies

. 1 . . . .

D2(f, fa) < = [Ma(f) = Ma(f) + |l fo = F1 1o AF, f) V.

cr L

Furthermore,

17 = FallZ, < 25 [ M) = 0aF) 1= el f = FuleaVE]

7— L
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Lemma 23 If

n

- (feg( o . Z&'(f(X@') - fn(Xi))2> <r? (27)

Lp,S.F), |f=falle,<r ™ 524

for {& 1}, Rademacher variables independent of {(x;,yi)}i,, and

max{4F\[ 4F\r}<r (28)

Then with probability at least 1 —e™7, || f — anK2 <r% with f € G(L,p, S, F) implies

If = fulln < (20)%

Lemma 24 Suppose that ||f — full < ro, with ro satisfying (27)-(28) and Assumption 3
holds. Also, with the notation of Definition 5, suppose that for the class G(L,p, S, F') the
parameters are chosen to satisfy

Y1, logy (4 max{t;, 8;})logy(n) < L S nep,, max{l, K} <F,

ne, S min p;, S < ney,logn,  max p; Sn,
1=1,..., ,L—]-v )

where

_ 28

* .

€n, = max n it

7’:0717"'7‘1

Then

Hf— an%Q < ro\/Fenlogn[logL—i-Llogn} + r9v/Fey logn[log L 4+ Llogn + log (n)]

X
+roF? + =7 +7roF max n 25Tt
n 1=0,1,...,q9

with probability at least 1 — 2 exp(—7).
Proof Let
G={9:9(x.y) = pr(y — f(2)) = pr(y = ful(2)), fE€G(Lp, S, F), |[f = full <o}

Prooceding as in the proof of Lemma 19, we obtain that

12 [2ro
Ee (Sup Z&g xz,y@)> < C inf {4a+ \/10gN(5,g(L,p,S,F),II-IIn)d5},

geG N 0<a<ry Vn Jo
(29)
for some positive constant C'.
However, defining V = HLH(pl +1), then Lemma 5 in Schmidt-Hieber (2020) and (29)
imply that

12 (2
E¢ <sup Zﬁzg xz,yz)> < C inf {4a+\/ﬁ/a \/logN(é,g(L,p,S,F),H‘Hoo)dé}

0<a<r
9€9 =1 0

< 4Ca+ 200 /(5 + 1) log (2071 (L + 1)V2),
(30)
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where V = [[/2' (p; + 1). Therefore, setting

. TO\/(S +1) log7(1(L +1)V2)

I

(30) implies

Ee (?elg Zﬁzg xl,yl)> < 4C’r0\/(5 +1) logi(L + 1)V2)+24i;%0 \/(S + 1)log (2(L 4+ 1)V2n).

Hence, as in (22), we obtain that

2
2VF 24r00\/F(S + 1 log((L+ DV?) 144v/FroC
T n \/ﬁ

v 100F?~y . 5
+aro P L BT el - P

V(S +1)log (2(L +1)V2n)+

(31)
with probability at least 1 —e™7.
Furthermore, by Equation (26) in the proof of Theorem 1 in Schmidt-Hieber (2020) and
the argument therein, we have that
5* B¥

”fn — f‘;-”oo < C’ 131{1)( qc t; nfzﬁfﬂi, (32)

for positive constants ¢ and C’. Hence, combining (31) with (32) we arrive at
A VvVF F(S+1)1 L+1)V2 144~/ FroC
If—fullz, < 2 [247"00\/ (S+1)log((L+ DVE) | % /(S + 1) log (2(L + 1)V2n)+
cr n vn
100F° C
+47“0F2\/7+ 3 2 +7roF C' max ¢ EX R ,
n n

i=0,1,...,q

< ro\/Fenlogn[logL+logV]+r0\/Fenlogn[logL+logV—|—log(n)]
F? -
+r FQ\/7+7+7"0F max n 2%t
n n 1=0,1,...,q
< roy/Feplogn[log L + Llogn] + 79/ Feylogn [log L 4+ Llogn + log (n)]

1=0,1,....¢

F? -
—+r F2\/>+7+7“0F max n 2% th
n n

where in the last four inequalities we have used the choice of the network parameters. M

Lemma 25 Let r* be defined as

1 n
r*=inf{r >0 : 3E sup Z&Z(f(:cz) — fn(acz))2 <s3 Vs>ryp,
FeG(Lp,S,F), |f=falley<s T =5

for {& 3}, Rademacher variables independent of {(xi,yi)?_1}. Then under the conditions
of Lemma 24,

< Ce,L log2 n,

for a constant C > 0.
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Proof Proceeding as in the proof of Lemma 20, we obtain that for a constant C' > 0,

12F2

*\2 3 r .
(r)? < Co<an<f2r*{a+\/ﬁ\/logN(a,Q(L,p,S,F%H \oo)}+

*

12F?2

< C inf {OH—T

O<a<2r* \/’Tl

s it {a+ry/elogn[L] loga~1]}
S b qatr Venlogn[Llogn +loga~1]}t +

V(S +1)log (20~ 1(L + 1)V2)} +
12F?

where the second inequality follows from Lemma 5 in Schmidt-Hieber (2020), and the second
by the choice of the parameters in the network. Hence, setting

a = r*y\/e,Llog?n,
r* < \/enLlog?n.

we obtain that

Appendix E. Plots of scenarios from Section 4.1

Here we visualize the performances of different approaches and true quantile functions under
scenarios from Section 4.1. The plots are shown in Figures 2-4. There, we can see that
Q-Network is a better estimate for the quantile functions in general, compared to the other
methods.
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(a) f* (b) Quantile Forests

-2

(¢) Q-Network (d) Quantile Spline

“o0 0.2 0.4 06 0.8 1.0

X1

Figure 2: One instance of the true quantile function with 7 = 0.25 and its corresponding
estimates obtained from different methods. Here n = 10000 and the data are generated
under Scenario 2.
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(a) Quantile Forests, 7 = 0.05. (b) Q-Network, 7 = 0.05. (c) True ff, 7 =0.05.
X X x
o ’ %00 02 0.4 0.6 08 1.0 %00 02 04 06 0.8 1.0
X1 x1
(d) Quantile Forests, 7 = 0.50. (e) Q-Network, 7 = 0.50. (f) True fr, 7 = 0.50.
08 & 08 08
X X x
0.4 2 04 04
*%00 02 0.4 06 08 10 ’ %00 0.2 0.4 0.6 08 1.0 %00 0.2 04 06 08 1.0
Y y X, . y X X Y ) X, . . . y Y ) X, . . .
(g) Quantile Forests, 7 = 0.95. (h) Q-Network, 7 = 0.95. (i) True f*, 7 = 0.95.

X2

~

10 1.0

08 & 08

06 4 06

X

04 04

02 0 02

0.0 -2 0.0
0.0 02 04 06 08 10 !

X1

Figure 3: One instance of the true quantile function with = € {0.05,0.50,0.95} and its
corresponding estimates based on Q-Network and Quantile Forests. Here n = 10000 and
the data are generated under Scenario 1.
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(a) Quantile Forests, 7 = 0.50 (b) Q-Network, 7 = 0.50 (c) True f*, 7 =0.50
0.0 0.2 04 Xl 0.6 0.8 1.0 0.0 0.2 04 X1 0.6 0.8 1.0 0.0 0.2 04 Xl 0.6 0.8 1.0
(d) Quantile Spline, 7 =0.50  (e) SqErr Network, 7 = 0.50 (f) Q-Network, 7 = 0.75

1.0

08

0.6

Xz

0.4

0.2

0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0

X1 X1 X1
(g) Quantile Forests, 7 = 0.75. (h) Quantile Spline, 7 = 0.75. (i) True ff, 7=10.75

1.0

. 5 1.0
4
0.8 0.8
3
0.6 2 0.6
X
1
04 04
0
02 02
-1
0.0 2 00
0.0 0.2 04 0.6 0.8 1.0 X
X1

Figure 4: One instance of the true quantile function with 7 € {0.50,0.75} and of the
corresponding estimates obtained with the different methods. Here n = 10000 and the data
are generated under Scenario 3.

X2
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