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Abstract

Subsampling is a computationally effective approach to extract information from massive
data sets when computing resources are limited. After a subsample is taken from the full
data, most available methods use an inverse probability weighted (IPW) objective function
to estimate the model parameters. The IPW estimator does not fully utilize the informa-
tion in the selected subsample. In this paper, we propose to use the maximum sampled
conditional likelihood estimator (MSCLE) based on the sampled data. We established the
asymptotic normality of the MSCLE and prove that its asymptotic variance covariance
matrix is the smallest among a class of asymptotically unbiased estimators, including the
IPW estimator. We further discuss the asymptotic results with the L-optimal subsampling
probabilities and illustrate the estimation procedure with generalized linear models. Nu-
merical experiments are provided to evaluate the practical performance of the proposed
method.

Keywords:  Asymptotic Distribution; Bias Correction; Estimation Efficiency; Lower
Bound of Variance; Informative Subsampling

1. Introduction

In the era of big data, many data sets have huge volumes. If the data sets are too vo-
luminous then traditional data processing software products are not capable of processing
the data within a reasonable amount of time. In this case, a subsample or coreset of the
full data is often used to alleviate the computational burden. Subsampling is an emerging
area of research that balances the trade-off between computational efficiency and statistical
efficiency by developing an efficient subsampling design and estimation strategy. For this
purpose, existing research focuses more on designing the subsampling probabilities and less
on improving the estimator based on the selected subsample, e.g., Drineas et al. (2006);
Yang et al. (2015); Wang et al. (2018), among others.

In the linear regression model setup, optimal subsampling designs are well studied in the
literature. Specifically, statistical leverage scores or their variants are often recommended
to construct subsampling probabilities, see Drineas et al. (2006); Dhillon et al. (2013);
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McWilliams et al. (2014); Ma et al. (2015); Yang et al. (2015); Nie et al. (2018), and the
references therein. Instead of calculating exact leverage scores directly on the full data,
Drineas et al. (2012) proposed fast algorithms to approximate them. The aforementioned
sampling probabilities are not dependent on the response variable, and this type of sampling
schemes is referred to as non-informative subsampling. For this scenario, Wang et al. (2019)
proposed a deterministic selection algorithm that has high estimation efficiency.

Beyond linear regressions, Wang et al. (2018) proposed an optimal subsampling method
under the A-optimality criterion for logistic regression, which defines subsampling probabil-
ities that minimize the asymptotic mean squared error of the resulting subsample estimator.
They further considered the L-optimality to further improve the computational efficiency.
This method has been extended to include other models such as generalized linear models
(Ai et al., 2021), quantile regressions (Wang and Ma, 2021), quasi-likelihood models (Yu
et al., 2022), and etc. Ting and Brochu (2018) suggested using the influence function to
define optimal probabilities. Shen et al. (2021) proposed the surprise sampling method that
gives optimal forms to a variety of objectives. Wang et al. (2022) systematically compared
with-replacement sampling with Poisson sampling and recommended Poisson sampling for
its higher estimation efficiency and computational feasibility. Readers are refered to Yao
and Wang (2021) for a systematic review on this topic.

Unlike non-informative subsampling, the optimal subsampling probabilities depend on
the response variable as well as the covariates. If the sampling probabilities depend on the
response variable in addition to the auxiliary (covariate) variable, the sampling mechanism
is called informative (Pfeffermann et al., 1998). The selection probabilities in the informa-
tive sampling utilize information in both the covariates and the responses, so the resulting
subsample often contain more relevant information compared with non-informative sam-
pling. Under informative sampling, the selection probabilities are often inversely applied to
obtain the IPW estimator (Chambers and Skinner, 2003). However, the inverse probability
weighting scheme may not achieve efficient estimation.

Generally speaking, the informative subsampling can be viewed as a biased sampling
problem in statistics, as discussed in Cox (1969) and Qin (2017). To understand the biased
sampling problem, it is useful to consider selection bias in the context of two-phases of
sampling. In the first phase, we have a random sample of size N. In the second phase, we
select a subset of the original sample with known selection probability = («,y) which is a
function of the observations in the first-phase sample. If the selection probability depends
on the outcome variable y, it is also called outcome-dependent (two-phase) sampling. The
two-phase sampling design is commonly used in many disciplines. Kim et al. (2006) and
Saegusa and Wellner (2013) developed some theory for two-phase sampling. Some examples
of two-phase sampling can be found in Hsieh et al. (1985), Kalbfleisch and Lawless (1988),
Wild (1991), Scott and Wild (1991), Hu and Lawless (1996), Scott and Wild (1997), Hu and
Lawless (1997), Breslow and Holubkov (1997), and Whittemore (1997). The case-control
study is a popular example of the outcome-dependent two-phase sampling. If the outcome
is binary and the case with y = 1 is rare, it is sensible to oversample the cases with y = 1 in
the final sample. Such outcome-dependent two-phase sampling is used because it is either
more efficient or cost effective. Removing or reducing the selection bias in such sampling is
a crucial part of the estimation problem.
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For logistic regressions with case-control sampling, Scott and Wild (1986) showed that
the bias for the unweighted estimator only appears in the intercept estimator and they pro-
vided the expression of the bias term. For extremely imbalanced data, Wang (2020) proved
that with a case-control subsample, the IPW estimator and the unweighted estimator with
bias correction have the same convergence rate and asymptotic distribution as the full data
estimator if sufficient number of controls are selected; otherwise the latter is more efficient
than the former. The case-control sampling probabilities depend on the responses only
and do not utilize the information in the covariates. For binary logistic regression, Fithian
and Hastie (2014) proposed the local case-control subsampling probabilities which depend
on both the responses and the covariates. They showed that the bias in the regression
coefficient estimator is corrected by the pilot estimator used to calculated the sampling
probabilities. Wang (2019) extended this bias correction idea to the optimal subsampling
probabilities under the A- and L-optimality, and proved that an unweighted estimator with
bias correction has a higher estimation efficiency. For multi-class logistic regression, Han
et al. (2020) developed the local uncertainty sampling (LUS) that focuses on correcting the
unweighted objective function instead of correcting the bias in the resulting estimator. This
approach is using the sampled data conditional likelihood and is not restricted by a specific
form of the subsampling probabilities. Wang et al. (2021) adopted the idea and investigated
optimal negative subsampling for the case of extremely imbalanced binary data.

The aforementioned investigations exclusively focus on logistic regression. In this pa-
per, we will show that there is a general approach to extract more information from an
informative subsample without using inverse probability weighting. The basic strategy is
to treat the subsample estimation as a missing data problem and obtain the conditional
likelihood of the sampled data, which is based on the conditional density function of the
study variable given the covariate variable for the sampled data. The sampled conditional
likelihood has been used in the context of biased sampling problem, but to our best knowl-
edge, it has not been addressed in the subsampling area. The sampled conditional likelihood
approach is applicable for general parametric models and sampling probabilities. The inves-
tigations of Fithian and Hastie (2014); Wang (2019); Han et al. (2020) are all specific cases
of this general approach. We first establish the consistency and the asymptotic normality of
the maximum sampled conditional likelihood estimator under some regularity conditions.
Thus, statistical inference such as normal-based confidence intervals can be developed. We
also show that the resulting estimator has the highest estimation efficiency among a class
of asymptotically unbiased estimators, and it is more efficient than the IPW estimator.
The maximum sampled conditional likelihood estimator can be computed by applying the
Fisher-scoring algorithm with the closed-form formula for the Hessian matrix. Thus, the
computation is relatively simple and fast. As illustrated in the simulation study in Section
6, the efficiency gains of using the sampled conditional likelihood over the IPW estimator
are substantial.

If the subsampling probabilities are unknown, we may use an independent pilot sample
to estimate the parameters in the subsampling probabilities. Because the subsampling
probabilities are under our control, unlike the missing data problem, we can always use the
correct subsampling probabilities in constructing the sampled conditional likelihood. Thus,
even if the pilot samples are systematically different from the original sample, the statistical
properties of the maximum sampled conditional likelihood estimator remain valid.
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The rest of the paper is organized as follows. We present the proposed idea in Section 2
and discuss its asymptotic properties in Section 3. Section 4 considers the practical situa-
tion that informative subsampling probabilities depend on unknowns. Section 5 illustrates
structural results using a version of widely used informative subsampling probabilities and
Section 6 demonstrates the proposed method in the context of generalized linear models.
Section 8 provides numerical results based on simulated and real data sets. Some concluding
remarks are made in Section 8. Proofs, technical details, and additional numerical results
are given in the appendix.

2. Sampled data conditional likelihood estimator

Let (z;,v:), i = 1,..., N, be an independent sample from the distribution of (x,y), where x
is the covariate variable and y is the main response variable. Denote the density function
of y; given x; as f(y; | ©;,0), where 6 is the parameter of interest, and it is often estimated
by the maximum likelihood estimator (MLE),

N
éMLE = argmoaxz;ag?wiayi)a (1)

where £(0;x;,y;) = log f(y; | ;,0) is the log-likelihood function. For massive data, the
computational cost in the maximization for éMLE can be high, especially when there is no
closed-form solution and an iterative algorithm has to be used. To solve this computational
issue, approximation using a small subsample or a coreset of the data is regarded as an
effective solution.

To emphasize the fact that informative subsampling probabilities depend on the re-
sponses, we denote them as m(x;,y;) = P(0; =1 | @;,v;) € (0,1], 4 = 1,..., N. Here, ¢; is the
indicator variable signifying if the i-th data point is selected, i.e., 6; = 1 if (x;,y;) is in the
subsample and §; = 0 otherwise. We assume that the distribution of §; is Bernoulli with
parameter

P(6; =1 | xi,y) = m(x4,y;), for i=1,...,N. (2)

A commonly used subsample estimator is based on a IPW objective function,

6i¢(0; wz,yz

xz;yz

Oy = arg max lw(0) = arg maxz (3)

Here, the inverse probability weighting is necessary for Oy to be consistent. An unweighted
estimator is biased and inconsistent to neither the full data MLE nor the true parameter.
However, the weighting scheme in (3) does not fully extract the information in the subsample
as it down-weights more informative data points. Intuitively, one wants to assign a larger
m(x;,y;) to a data point if it contains more information about € so that we sample it with a
higher probability. If m;’s are non-informative such as in the leverage-based sampling, then
an unweighted estimator can still be consistent to the true parameter (e.g., Ma et al., 2015).
Actually, for non-informative sampling, an unweighted estimator is the best estimator with
the smallest asymptotic variance. If the subsampling mechanism is non-informative in the
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sense that the subsampling probability satisfies w(x,y) = 7(x), according to Rubin (1976),
the MLE of 6 is obtained by maximizing the complete-case (CC) log-likelihood

N
Occ = arg max ; 6il(0; i, yi).

Thus, the IPW estimator in (3) is inefficient. However, non-informative subsampling prob-
abilities may not be as effective as informative subsampling probabilities in identifying
informative data points in the first place. Thus we focus on informative subsampling only.

To avoid the inverse probability weighting, we propose to use the sampled data con-
ditional likelihood to obtain the subsample estimator. By Bayes’ theorem the conditional
density function of y; given x; for sampled data is

_ S| =i 0)m (i, yi)
J £y | zi; 0)m (@i, y)dy’
where dy is the Lebesgue measure for continuous responses and it is the counting measure

for discrete responses.
The sampled data conditional log-likelihood function from (4) has a general form of

fyi | zi, 0 =1;0) (4)

N N

(5(0) =Y ls(8; @i y:) = > di[log f(yi | mi;0) — log{7(x:;0)}] + C, (5)

i=1 =1

where

7(wi; 0) = E{m(wi, ) | 1} = / f(y | @i 0)m (i, y)dy,

and C = SN §;log{m(zi,y;)} does not contain @. The proposed estimator fg is the
maximizer of (5), namely, )
0s = arg max 05(0). (6)

Note that the density in (4) is not the joint density of (x;,y;) for sampled data; it is the
conditional density of y; given x; for sampled data. Therefore we call the corresponding
likelihood function the conditional likelihood, and call our estimator the maximum sampled
conditional likelihood estimator (MSCLE). If the subsampling probability 7 (x;, y;) depends
on z; only, then 7(x;;0) = m(x;) does not contain @ and thus the MSCLE reduces to the
MLE that maximizes the complete-case likelihood function.

Note that @y uses 71 (x;,:)’s as weights while O uses log{7(x;;0)} to correct the
log-likelihood function. In computing éW, if a data point with a very small value of 7(x;, y;)
is selected, then the objective function may be dominated by this data point. Although
this scenario happens with a very small probability, the asymptotic variance of Oy will be
greatly inflated (Hesterberg, 1995; Owen and Zhou, 2000; Ma et al., 2015). However, if we
use Og, this problem will be ameliorated for the following two reasons. 1) Since 7 (a;; 0) is
an weighted average of w(x;,y;) across the conditional distribution of y; given x;, we know
that m(x;;0)’s are less variable than 7(x;,y;)’s. As a result, even when 7(x;,y;) is very
close to zero, m(x;;6) can be bounded away from zero. 2) Even if 7(x;;0) and 7 (x;,y;)
approach to zero at the same rate, — log{7(x;; @)} approaches to infinity much slower than
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7 !(x;,y;) does. Compared with éW, és is based on the conditional likelihood of the
sampled data, and thus it has a higher estimation efficiency. The price to pay for using s
is that the integration in 7 (x;; @) depends on the model structure, and 7 (x;;€) may have
complicated or no explicit expressions for some models. On the other hand, éW directly
uses 7 1(x;, ;) and does not requires any extra model assumption and thus it is easier to
implement. We will show in Section 6 that 7(x;;0)’s have a closed-form solution for many
popular generalized linear models, and Newton’s method is applicable with closed-form
expressions for the score functions and Hessian matrices.

Assuming that derivatives can pass integration, the score function associated with £g(0)
is

: B N )/06
i5(0) = 55(5(8) = > 6i(0: wi. 1) - Za e /) ,
i=1 ;6

where ((0; z,y) = dlog f(y | x;0)/06 and

8807"(331‘39) = ;;f(y | @3 0)7 (2, y)dy = B{L(O; @i, yi)7(wi, i) | @i} (7)
Thus, we can express
N
ls(0) =>4 [é(e;wi,yz‘) —E{0(0: i, y;) | @i, 0 = 1}} ; (8)
=1

where
E{0(0; i, yi)m (s, i) | @i}
#(2::6) | ©)

The second term in (8) can be called the bias-adjustment term for the score function.

3. Asymptotic Results

We now presents some asymptotic results of the MSCLE of 8 proposed in (6). To do this,
we need the following regularity assumptions. As a convention in this paper, we use ¢
and / to denote gradient vector (of the first derivatives) and Hessian matrix (of the second
derivatives) of a function ¢ with respect to 8, respectively.

Assumption 1 Assume that ||[((0;2,y)||? and |(;x,y)| are integrable, where ||A| =
tr'/2(AT A) is the norm for a vector or matriz A. Here, £(0;x,y) = log f(y | =,0) is the

log-likelihood function of the original data distribution.

Assumption 2 The parameter space © is compact and the third order partial derivative
of £(0;x,y) and log{m(x;0)} with respect to any components of O is bounded in absolute
value by an integrable function B(x,y) that does not depend on 6.

Assumption 3 The matriz

E®{{(0; =, y)m(z,y) | x}

Yo = E|(%%(0; z, y)7(x, y) — 7(x; 0)

is finite and positive definite, where A®? = AA" for a vector or matriz A.
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Compared with commonly used assumptions in maximum likelihood theory, the above
Assumptions 2 and 3 impose additional constraints on the subsampling probability 7(x, y).
Assumption 2 imposes an integrable bound on log{7(x;0)} and its derivatives. This is
to prevent the distribution of 7(x,y) from having a large probability around zero. Since
7(x; 0) is an weighted average of 7(x,y) across the conditional distribution of y, it put less
probability around the boundary zero, so the required condition here is less restrictive com-
pared with those required by the IPW estimators for which 7(x,y) is in the denominator.
For the IPW estimator, it is often assumed that 7(x,y) is bounded away from zero (e.g.
Ai et al., 2021; Wang and Ma, 2021; Yu et al., 2022), which is a much stronger condition.
If the subsampling probability is non-informative, i.e. 7(x,y) = 7(x), then 7(x;0) does
not dependent on @, and thus Assumption 2 reduces to the common condition that the
third derivative of the log-likelihood is bounded in absolute value by an integrable random
variable. Assumption 3 ensures that the variance covariance matrix for the sampled data
conditional score function is positive definite. The key restriction here is the integrability
of 7 1(x; 0)E®2{0(0; @, y)w(x,y) | «}. Again, this is less restrictive compared with the
conditions required by the IPW estimator, and a specific example will be provided in Sec-
tion 5. For non-informative subsampling, a sufficient condition for Assumption 3 is that
E{(%%(0;x,y)n(x)} is finite and positive definite.

We can also see that our conditions on the sampling probability in Assumptions 2 and
3 are less restrictive from another angle. These conditions imposes restrictions on the
distribution of x only, while for IPW estimator with informative sampling probability the
required conditions impose restrictions on the distribution of y as well (e.g. Wang et al.,
2018; Wang and Ma, 2021; Wang et al., 2022; Yu et al., 2022, etc).

Theorem 1 Let {(xi,y:),i =1,---,N} be N independent realizations of (X,Y) with joint
density f(y | @;0)fx(x) for some @ € © and fx(x) is completely unspecified. Let Og be
the MSCLE of 6 defined in (6). Under Assumptions 1-3, as N goes to infinity,

VN(bs — 6) 2 No, £, (11)
where Xg is defined in (10), and Ly means convergence in distribution.

In Theorem 1, the subsample size n* = Zf\i 1 9; is random, and the average subsample size
n =E(n*) = NE{n(x,y)} goes to infinity as N — oc.

The estimator és is based on the conditional likelihood of the sampled data, so it
is expected to be more efficient than the IPW estimator. Actually, it is the most efficient
estimator in a class of asymptotically unbiased estimators. To see this, consider the following

class of estimating equations
N

Z(SiU(O;a:i,yi) = 0, (12)
i=1
where U (0; x, y) satisfies E{6U (8; ,y) | } = 0. Let 6, be the class of estimators obtained
through solving the class of estimating equations in (12). The class of estimators defined via
solving (12) includes the IPW estimator and the MSCLE as special cases. If U(0;x,y) =
W‘l(w,y)é(e;w,y), then 6, becomes the IPW estimator defined in (3); if UO;x,y) =
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éS(H;w,y) = é(@;w,y) - E{é(@;w,y) | £, = 1}, then 6., becomes the MSCLE defined
in (6).

The following theorem shows that the MSCLE is the most efficient among the class of
estimators defined through solving (12).

Theorem 2 Assume that the partial derivatives of E{oU(0;x,y) | x} with respect to 6
can be passed under the integration sign, and that the reqularity conditions for the following
standard asymptotic expansion holds.

N
éu = O_MglN_lzéiU(e;miayi) +0P(N_1/2)a (13)
=1

where Mg = E{0U (0;x,)} is full rank and U(0;x,y) = 8U(0;m,y)/aQT. Assume that
E{6U®%(0;x,y)} exists. The asymptotic variance covariance matriz of 8, scaled by N is
M, 'E{sU%2(0; m,y)}(Mgl)T, and it satisfies that

My 'E{5U®2(0; z,y)} (M )T > 51, (14)

in the Loewner ordering for any 6, where the equality holds if U (0;x,y) is a linear function
of the subsampled data conditional score function, namely U(0; x,y) = —MgEglﬁg(O; z,Y).

Remark 3 For the IPW estimator Oy in (3), let Vy denote the asymptotic variance
scaled by N, which typically has a form of (see Yu et al., 2022)

Vi = F_lE{é®;((i; Z’)y) }F—l, (15)

where F = E{é‘m(e;az,y)} is the Fisher information matriz of the original data distri-
bution. From Theorem 2, Vy > 251. Additionally, for Vy in (15), it requires
(@, y)I®2(0;x, 1) to be integrable, which may be violated if m(x,y) has a high den-
sity in the neighborhood of zero. On the other hand, for 251 in (10), it requires that
7 a@; O)ES2{0(0; @, y)7(x,y) | ) is integrable. It is the average probability 7(x;0) =
E{m(x,y) | } that is in the denominator. The MSCLE is less restrictive compared with
the IPW estimator because even if w(x,y) has a high density in the neighborhood of zero,
7(x; 0) may not be small.

4. Estimated subsampling probabilities

In practice, informative subsampling probabilities may depend on unknown parameters, say
1, and a pilot subsample is often used to estimate it. Here 1 may be the same as 6 or

contain 6 as its components. We denote the pilot estimator of 1 as 1, and assume that
’l§p1t is independent of the data to sample and converges to a limit, i.e., 19p1t Ei ¥,. Here

L, means convergence in probability.
The assumption that a pilot estimator is independent of the data is commonly used in
the literature (e.g., Fithian and Hastie, 2014; Han et al., 2020), and it is reasonable in the
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context of subsampling. If one uses simple random sampling to obtain a pilot subsample
or simply use the first certain number of observations as a pilot sample, then the pilot
subsample is independent of the rest of the data. Thus, taking the rest of the data as the
full data and performing informative subsampling, the pilot estimator is independent of the
full data. Since one is likely to assign a larger pilot subsample size for a larger original data
sample size, it is reasonable to assume that the pilot estimator converges to some limit. Here
we do not have to assume that the pilot estimator converges to the true parameter, namely,
the pilot estimator can be misspecified. As discussed in Section 1, because the subsampling
probabilities are under our control, we can always use the realized subsampling probabilities
in constructing the sampled likelihood. Thus, even if the pilot samples are systematically
different from the original sample, we can still use the realized subsampling probabilities
and the statistical properties of the maximum sampled conditional likelihood estimator
remain valid. If the pilot sample is systematically different from the original sample, the
pilot estimator may not be consistent to the true parameter and the resulting subsampling
probabilities may not be optimal anymore. We will show numerically in Section 8 that
the proposed MSCLE is more robust to pilot misspecification compared with the IPW
estimator.

Another practical consideration is the subsample size. In Section 2, the average sub-
sample size is n = NE{7(x,y)} which is the same order of N. Since the intended average
subsample size may be much smaller than the full data sample size in practice, in this sec-
tion we use n to denote the average subsample size, namely E{mx(x;,y;;¥)} = n/N, and
allow n = o(N). This means the subsampling probabilities are dependent on N and may
go to zero.

Given an estimated pilot ?§p1t7 the sampled data conditional log-likelihood function is
written as

N
5(0 | Opi) = > 6i[log f(yi | @i; ) — log{7mn (@6 | Ipie)}] + C, (16)
i—1
where
N (T30 | 9) = /f(y | 243 0)7 N (24, y;9)dy, (17)

and C' = Zfil di log{mn (s, ys; éplt)} does not contain 6. Here, we use notation conditional
on Yp; to emphasize its dependence on Y.
. We need

the following regularity assumptions to investigate the asymptotic distribution of és 5

Denote the sampled data estimator through maximizing £g(6 | 9p;) as és B
»Up

plt ’

Assumption 1’ For 9 in an neighborhood of 9,

N .
limsup —E{my(x,y;9)[((0;2,y)|"} <oo and (18)
n,N—oo T
. N i} ,
limsup —E{mn(x,y,3)||l(0;x,y)|*} < oc. (19)
n,N—oco M
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Assumption 2’ The parameter space © is compact and there exist a function Bg(x,y)
such that for any component of 8, say 0;,, 0;,, and 0,

PPU(0;,y)
— 2D < Bo(x,y), 20
oco | 00,005,005, | — 2(@) (20)
23 log{mn(x; 0 | 19)}’
su <Bg(x,y), 21
eeg‘ 00,00;,00,, <Bs(=y) (21)

where TN (x;0 | ) is defined in (17) and By(x,y) satisfies that for ¥ in a neighborhood of
I

N
limsup —E{my(z,y;9)Bs(z,y)} < cc. (22)
n,N—oco T
Assumption 3’ Asn and N goes to infinity, for 9 in an neighborhood of ¥,, the matriz
_ E¥{{(0;z,y)nn (x,y;9) | )
E{nn(x, y;9) | @}

where X g9 and Xg 9 are finite, positive definite, and continuous with respective to .

N T.
XNo9 = HE 220z, y)mn (T, y; 9) — Y9, (23)

Remark 4 Assumption 1’ is essentially moment conditions on the first and second deriva-
tives of the log-likelihood. If n~*Nwy(x,y;9) are bounded, then the integrability of ||((0; z, y)]|*
and ||0(0;x,y)||? is sufficient for Assumption 1°. We impose stronger moment conditions
here compared with the independent and identically distributed (i.i.d.) case in Section 2,
because we allow mn(x,y;?) to depend on N and 9 has to be estimated. Assumptions 2'-3’
are the counterparts corresponding to the Assumptions 2-3 in Section 2. Note that Xy 9.9

18 always semi-positive definite because it can be written as

_E{l(6; 2, y)nn(x,y:9) | m}]®2>- (24)

N ;
Svos— VE 9) (6
N,0,9 n (WN(:Bayv )|: ( ’w’y) ]E{';TN($,y, 19) |33}

If n "INy (x,y;9) are bounded away from zero, then with Assumption 1°, a sufficient
condition for Assumption 3’ is that the sequence of random variables

_E{(6;m,y)mn(z,y;0) | 2}
E{rn(x,y;9) | 2}

is full rank, for which a sufficient condition is that Ty (x,y;9) and cTé(B; x,y) has nonzero
correlation for any nonzero and nonrandom vector ¢. If my(x,y; ) is obtained by rescaling
a function of (x,y) i.e., mn(x,y;¥) = n/Nn(x,y;9) (e.g., the case in Section 5), where
m(x,y;9) does not depend on N, then Assumption 3’ reduces to the same requirement as
in Assumption 3 except that m(x,y) is replaced by 7(x,y; ). If n(x,y;¥) is bounded away
from zero, then a sufficient condition is the integrability of

0(8;x,y)

E-Yr(z,y;9) | £} E*{[|£(0; 2, y)||x(,y;9) | x}

together with a nonzero correlation between w(x,y;9) and ¢ €(0;x,y) for any nonzero
constant vector c.

10
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Theorem 5 Under Assumptions 1°-3°, as n and N goes to infinity,

D _
\/ﬁ(gsyﬁplt - 0) — N(Ov 20,191,)7 (25)

where Xg g, is the limit of ¥y g.9,-

Let éu Do be the estimator obtained through solving the following class of estimating
"Up

equations
N

> U (8;2iyi) =0, (26)
=1

where Uj; (0;x,y) satisfies that E{6Uj; (0;x,y) | ,9,;} = 0. The class of estimators
[ 9 p
P p

1t It

defined in (26) includes the IPW estimator with Uﬁp (O;x,y) = W&l(m,y;éplt)é(é?;m,y)

1t

and the MSCLE with Uy (8;,y) = (5(8;2,y | Opir)-

1t
Similar to Theorem 2, the following result shows that with estimated parameters in

subsampling probabilities, the proposed estimator is the most efficient among the class of
estimators defined through solving (26).

Theorem 6 Assume that the partial derivatives of E{oU 4 lt(0; x,y) | x, 1§plt} with respect
p

to 0 can be passed under the integration sign, and the regularity conditions for the following
standard asymptotic expansion holds.

N
0,5, =0-n""Mgy > 65Uz (0:ziyi) +op(n'/?), (27)
=1

where My g9 = n "NE{6Uy(0;x,y)} and U(0;x,y) = OU(0;x,y)/00 . Assume that
Mnygwo and Vygy = nleE{dU:?z(G;a:,y)} are continuous in ¥ and they converge to
finite and full rank matrices Mg 9 and Vg 9, respectively. The asymptotic variance covari-
ance matriz of 6., (multiplied by n) is MgprgpM;’bp, and it satisfies that

-1 —1 —1
Mg, Vo,Mgy =gy ; (28)
where the equality holds if U@plt(e;w,y) is asymptotically a linear function of ég(e;w,y |

1) in the sense that nleIE((SHTngpMHZ | 9p1) = op(1), where Tyg,, = Ulgplt(é’;:c,y) +
Mo,ﬂng,bpfs(e;m,y | Dpit)-

5. Subsampling probabilities based on gradient norms (GN)

We use a specific form of subsampling probabilities to illustrate our results. One way to
specify subsampling probabilities is to use the norm of the per-observation score function,
the gradient of the log-likelihood, by letting

W(wiayi) X ||£(07w7nyl)”7 for i= ]-7 "'7N7 (29)

11
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where o« means “proportional to”. This option leads to the L-optimal subsampling proba-
bilities that minimize the trace of the asymptotic variance covariance matrix for a linearly
transformed IPW estimator (Wang et al., 2018; Ai et al., 2021; Yu et al., 2022). While the
optimal probabilities in (29) are for the IPW estimator in (3), it can be used to obtain more
efficient subsample for our MSCLE.

Since (29) implies that the subsampling probabilities are dependent on the unknown
0, a pilot estimate is required. In addition, to control the average subsample size, the
subsampling probabilities need to be re-scaled and the scaling value may also be unknown.
Let 9 be the vector consisting of parameters that are required to calculate the subsampling
probabilities. The subsampling probabilities are presented as

WN(xi,yi;ﬂ) = TW, i:1,...,N, (30)
where 9 = (87, 0)T and ¥ = E{||{(0;z,y)|}. In practice, the unknown ¥ is replaced by a
pilot estimate 1§plt.

If the subsampling ratio n/N is large (far from zero), then it is possible that some
N (23, yi;9p) > 1in (30), and therefore the resulting average subsample size may be smaller
than n. However, in subsampling, the subsample size is typically much smaller than the full
data sample size, so it is reasonable to assume that n = o(N). In this case, the truncation
can be ignored, and the average subsample size is n asymptotically, namely,

Aly—1
n NV } ’

where a A b means the smaller value of a and b. For the rest of the paper, we assume that
n = o(N), and we call my(z;,y;; ) in (30) subsampling probabilities since the number of
cases that wy(x;, y;;9) > 1 is negligible in this scenario.

With the specific form of 7wy (x;, y;; 9) in (30), the sampled data conditional log-likelihood
function given pilot estimate 1§p1t = (églt, \f’plt)T can be written specifically as

N
ls(0 | Opit) = 251'[10% Fyi | 4;0) —log E{||€(Opie; i, yi)|| | @i Opie}] + C, (31)
i=1
where C' does not contain 6. Note that the second term contains @ through the expecta-
tion. Accordingly, a sufficient condition for Assumption 1’ is that [|£(0;x,y)]||||£(0; x,)]||?
and [|[6(0;x,y)|||¢(0;x,y)||* are integrable for @ in the neighborhood of 0,, and a suffi-
cient condition for (22) in Assumption 2’ is that [|¢(8;x,y)||Be(x,y) is integrable for  in
the neighborhood of 8,. These sufficient conditions for Assumptions 1’ and 2’ with the
specific subsampling probabilities 7y (x;, y;; ) are essentially moments conditions on the
log-likelihood of the original data distribution and its derivatives. Assumption 3’ requires
that

1
vy

BE(0(0: ) |0y 2, | @)
B0y 2. 0)] | 2}

is finite and positive definite, and a sufficient condition for 3¢, in (32) to be positive

o9, = —E|[(%%(0;2,y)[|((0p; x, y)|| — (32)

definite is that the quantity le(O; x,y) is dependent on y for any constant vector I # 0.

12
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For the IPW estimator, under some regularity conditions, the asymptotic variance-
covariance matrix (multiplied by n) is

é®2(0; Z, y) }Fl

A% = FlE{ i
Wi = T 168,z y)]

(33)

Comparing the expressions of 257191) in (32) and Vg, in (33), we see that the MSCLE
requires weaker assumptions than the IPW estimator. For example, for a normal linear
regression model with a known error variance, say o2 = 1, £(8;x,y) = —0.5(y — 1 0)x. If
0, # 0, i.e., the pilot estimate is not consistent, then given x,

2(9- TH)2.,.2
G (0;z,y) (y — " 0)°z;

: = 34
16z ) 2ly— 6] (34)

is not integrable; its expectation exists and equals +oc. Thus, any element of Vyyy, (if the
integral exists) will be +oo. This means that for a subsample taken according to (30), the
IPW estimator is not applicable for linear regression. On the other hand for the term in
the denominator of (32), by direct calculation we know that

E{l6(6p; 2, )|l | 2} = E(ly — 2" 6,| | 2)l|zl| = {2(a) ®(pa) + 26(1a) — palllell,  (35)

where p1g = (0, — 0), and ® and ¢ are the cumulative distribution function and the
probability density function, respectively, of the standard normal distribution. Thus under
some integrability requirement on the covariate &, the MSCLE is applicable.

From Theorem 6, we know that 2(319,, < Vy9,. Actually, for the IPW estimator, we
have

Vi, — Sgp, = VE{6(6,;2,9)6%%}, (36)

where

B0 ) |i0p )l [ 2}] oy (Oiwy)
B8y . y)] | @) 106,:.9)]

£=S, |(6:z.y) (37)

This implies that 2519;7 = Vg, if and only if £ = 0 almost surely, which occurs if and

only if é(ep; x,y) = 0 almost surely and this is not possible. Thus with the subsampling
probabilities mx (x;, yi;9)’s in (30) 2571910 <Vwao,-

The 7wy (x;,yi;9)’s in (30) are a version of the L-optimal subsampling probabilities.
If the pilot ’l§p1t is consistent, then 7y (x;, yi; ﬁplt)’s minimize the trace of the asymptotic
variance-covariance matrix of the IPW estimator of FO among all subsampling probabilities
with the same average subsample size. If the dimension of € is one, then 7y (x;, yi;9)’s
minimize the asymptotic variance of the IPW estimator of 8. Our results show that the

estimation efficiency can be further improved by using the proposed MSCLE.

13
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6. Generalized linear models

We provide more detailed discussions to illustrate the proposed estimator in the context
of generalized linear models (GLMs). As before, we use ¢ and /, respectively, to denote
gradient vector and Hessian matrix of £ with respect to a vector variable; and we use b’ and
b”, respectively, to denote the first derivative and the second derivative of a function b with
respect to a scalar variable.

Let y; be the response and x; be the corresponding covariate. A GLM assumes that the
conditional mean of the response y; give the covariate x;, u; = E(y; | @;), satisfies

9(pi) = g{E(yi | ®:)} = =0,

where g is the link function, =} @ is the linear predictor, and @ is the regression coefficient.
For commonly used GLMs, it is assumed that the distribution of the response y; given the
covariate x; belongs to the exponential family, namely,

yib(x; 0) — c(x;'6) }
3 ,

where a, b and ¢ are known scalar functions, and ¢ is the dispersion parameter. In the
framework of GLMs, if the link function g is selected such that b is the identity function,
i.e., b(z}0) = 16, then the link function is called the canonical link. With a canonical
link function, g{E(y; | z;)} = /(x}0) where ¢ is the derivative function of ¢. For example,
binary logistic regression is a special case of GLMs with the canonical link and the response
variable follows the Bernoulli distribution. Specifically, in logistic regression, a(y;,#) = 1,
b(z}0) = x10, c(xf0) = log{1 + exp(x0)}, and ¢ = 1. Multi-class logistic regression can
also be formulated into the family of GLMs with multivariate responses. We will provide
more details in Section 6.2.2.
For a GLM from the exponential family, the MLE of @ is the maximizer of

(38)

fyi| ©i;0,9) = a(y;, ¢) eXp{

N N
1
(6) => LB ai,y) = 3 > {yib(x]0) — c(x]0)} + C,
i=1 =1
where C' does not contain @, and the maximizer is the solution to the score equation
. N 1
0(0) => (B xi,y;) = 3 > (i — )b (x]0)z; = 0, (39)
i=1 =1

wi = (xF0)/b'(xF0), and V' and ¢’ are the first derivative functions of b and ¢, respectively.

6.1 Informative subsampling estimation

Multiple informative subsampling designs are available such as the local case-control (Fithian
and Hastie, 2014), the A- and L-optimal subsampling (Ai et al., 2021; Wang, 2019), and
the local uncertainty subsampling (Han et al., 2020). In GLMs with univariate responses,
these probabilities have a unified expression and they satisfy that

14
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where h(x;) > 0 is a criterion function that may or may not depend on 6. For example,
in logistic regression, if h(x;) = 1, then mx(x;, y;;?) corresponds to the local case-control
subsampling; if h(x;) = ||x;||, then 7TN($1, yi;9) corresponds to the L-optimal subsampling
discussed in Section 5; if h(x;) = ||{~(0)x;|| with £(8) being the Hessian matrix of £(8),
then mx(x;,y;;?) corresponds to the A-optimal subsampling and h(x;) depends on @ in
general for this case.

In practical implementation, a pilot estimate of ¥ is used, and to control the average
subsample size as n the subsampling probabilities are often taken as

lyi — il [V (2] Opne) [P(i), i=1,..,N, (41)

T (@i, yi; Opit) =
plt

where ji; = ¢/ (w?épn) JV (a:iTéplt), and éplt and \T/plt are pilot estimates of parameters 8 and
E{|(y — p)b'(xT0)|h(x)}, respectively.

For a subsample taken according to mx(x;, yi; 1§plt)’s, by direct calculation, the sampled
data log-likelihood function for @ simplifies to

ls(0 | 19p1t 2(5 {yZ (x; 0 —c(x TO) dlogE(|y; — ] | wi;éplt)} +C, (42)

where C do not contain 6. By direct calculation, we know that the MSCLE can be obtained
by solving the score equation,

N
25’(9 ’ ’lgplt) = ;Z(SZ <yi ﬁl Z)bl( O)CCZ = 07 (43)

K
i=1 0.

where ko ; = E(|ly; — fui| | @i; éplt) and R1; = E(vilyi — ] | 24 éplt)- The Hessian matrix is

ls(0 | Opir) = 25 (yz R;’l:>b”(a:;r 0)x;x)

1SN (Ray R
= Y a (2 S @) ] (44)

2 .
ORI MRoi oy

where &; = E(y?|yi — fis| | :;0p1). Note that on the right-hand-side of (44), the second
term is the dominating term, and the ﬁrst~ term is often ignored in numerical optimization,
namely, using E? . (0) instead of £5(0 | ¥p1), where

»Uplt

~2
O D) =~ 5. Zé (R 1) (1 (a 0) i (45)

K0,i Ko,

Here we use the superscript © because the resulting form of Newton’s method is often
called the Fisher scoring algorithm. If the canonical link is used as mostly implemented in
practice, then ¥'(-) = 1 and ”(-) = 0, and thus £5(0 | 9p) = £5(0 | Op). The MSCLE
can be calculated from the Fisher scoring algorithm by iteratively applying

9+ — 9 _ [P0 | § )} Lis(0D | D,y). (46)

15



WANG AND KiMm

We will show the explicit expressions of Ko ;, k14, and kg ; for the examples in the following
subsections.

For GLMs with the subsampling probabilities defined in (41), the X 9, has the following
specific form.

1 , , E*{(y — m)ly — ppl | 2}
0.0, = gag (b (@6, (=" 6) k() ['y —olly = p)* = E{ly — pp| | @} ]m®2>’

where u = /(z0)/b'(x10) and p, = /(x%0,)/V(xT0,). With a canonical link and a
consistent pilot estimate, 3¢ g, simplifies to

1 o By -ply—plla}], e
S (w)}E@y ul Jce) )

P Q2E{ly — plh E{ly — p| | =}

6.2 Examples
6.2.1 EXAMPLE: BINARY RESPONSE MODELS

Binary data are ubiquitous in case-control studies and classifications. Let y € {0, 1} be the
binary response variable and @ be the covariate vector. Assume that the probability for
y =1 given x is

P(y =1|z;0) = p(z"0), (47)

where p(+) is a smooth and monotonic function. The model in (47) is a GLM with a(y, ¢) =
1, b(x"0) = log{p(x*0)} —log{1 — p(x10)}, c(x70) = —log{l — p(xT0)}, and ¢ = 1. Tt is
easy to obtain that yu = ¢/(x10) /¥ (x*0) = p(x*0).

For independent full data from the model in (47), (x;,y;), i = 1, ..., N, the subsampling
probabilities in (41) reduce to

Tp 10T
~ n|{y; — p(x; 0)}b' (x,; 0)|h(x; )
TN (s, Yis Uplt) = H ( )N}( )‘( ), i=1,...,N. (48)
N

For a subsample taken according to WN(:vi,yi;ﬁplt) in (48), Ro,i, 14, and K3; have the
following specific expressions

Roi = p(z; 0) + p(m;réplt) - 2p($iT9)P(m;féplt)7 (49)
K1i = Ro; = p(z0) — P(mz’TG)p(wz‘Téplt)- (50)

We can use these expressions in (43) and (45), and use the Fisher scoring algorithm to find
the MSCLE 6_ 5 o which is the solution to
'Up

n

ol N[ (1= 2(@l0,)l(al0) {1 — p(aTo)
65(0"9"“);5@[‘”’ PEi8) = L aT0) + p@ ) — 2p(@ O)p( Op)
=0. (51)

b’(az?@)wi
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According to Theorem 5, the asymptotic variance-covariance matrix of és B (multiplied
by n) has an expression of

P (@76,)p (@ O) (@7 0) h(z)a™?
o9, = 3 E T T T T ’ (52)
U\ [p(276,){1 — p(xT0)} + p(xTO){1 — p(zT6,)}]
where
U, =E[[{y — p(z"6,)}V (x76,)|n(z)]. (53)
If the pilot estimates are consistent, then the expression in (52) simplifies to
E[y/(70) {1/ (z"0)}2h(x)a?]
399, =

o T IRy (@T0) (@) 54

A special case of the model in (47) is the widely used binary logistic regression model,

exp(z"6)
1+ exp(xzT8)’

for which b(xz10) = 210, c( Tg) = log{1 + exp(x Tg)}, and o' (£T@) = 1. For this model,
if h(x;) = 1 and \I'plt = n"'N, then WN(w,,yl,Oplt) in (48) become the local case-control
subsampling probabilities (Fithian and Hastie, 2014); letting F be a pilot estimate of the
Fisher information matrix E[p(x,8){1 — p(w,@)}a:a:T], if h(xz;) = ||a|| or ||[F~'a;|, then
N (X, yis éplt) in (48) become the L-optimal or A-optimal subsampling probabilities for the
IPW estimator (Wang et al., 2018; Wang, 2019).

By direct calculation, the sampled data conditional log-likelihood score equation in (51)
for logistic regression is simplified to

Ply=1|z;0) =p(xz"6) = (55)

(5(8 | Dpr) = 25 — p{al (6 — 6,1)} ]z = 0. (56)

Fithian and Hastie (2014) and Wang (2019) proposed to solve

Z 5 {yi — p(xF0)}z; =0, (57)

and then add éplt to the resulting estimator to correct the bias, which is identical to the
solution to (56). This indicates that the method in Fithian and Hastie (2014) and Wang
(2019) is actually the MSCLE, and the score equation in (56) explains where the magic bias
correction term in their method comes from.

Specific for logistic regression, the 3g 9, in (52) simplifies to

E[p(z78,){1 — p(xT0)}p{aT (0 — 6,)}h(z)x>?]
E[{y — p(xT6,)}h(z)] ’

which is the same as the result in Theorem 21 of Wang (2019). If the pilot estimate is
consistent so that 6, = 0, then the above expression simplifies to

E[p(z"0){1 - p(«"0)} h(x)2]
AE[p(x70){1 — p(xT0)}h(z)]

So.0, = (58)

0,9, = (59)
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When h(x) = 1, we see that

F
o0 = @ o)1 )] o

if & # 0, indicating that the per-observation information matrix of a local case-control
subsample is larger than that of a uniform subsample.

There is no general relationship between the efficiency of the MSCLE and that of the
full data MLE, except that the full data MLE has a higher estimation efficiency than a
subsample estimator. The interesting result that the asymptotic variance of the local case-
control subsampling estimator is twice of that of the full data MLE (Fithian and Hastie,
2014) lies in the very unique structure of the logistic regression model and the special form
of the local case-control inclusion probability. The MSCLE includes the local case-control
subsampling as a special case, so we can obtain some insights on this interesting result.
Since a larger sample size results in a smaller variance in general, it is important to pay
attention to the average sample size for a subsampling method. For the local case-control
subsampling probability with a consistent pilot under correctly specified logistic regression
model, the average sample size is asymptotically n = NE{|y—p(x*0)|} = 2NE[p(zT6){1 -
p(£70)}] and the per-observation information matrix is presented as 3g,9, in (60). Thus
the asymptotic variance of the local case-control subsampling is n*125719 = 2N~'F, while
the asymptotic variance of the full data MLE is N~'F.

By separating the average sample size and the per-observation information matrix, we
see that the local case-control subsampling is more appealing for more imbalanced data.
For the extreme case that p(£16) = 0.5 almost surely, the local case-control subsampling
estimator uses half of the full data on average to achieve the twice variance and it is just
the uniform subsampling. However for highly imbalanced data, n can be much smaller than
0.5N and the per-observation matrix is much larger than F.

One key for the interesting result in logistic regression with local case-control subsam-
pling is that elements of Xg ¢ and F are proportional to each other. Unfortunately, if the
model is not the logistic regression, if the sampling probability is not the local case-control
subsampling probability, or if the pilot is not consistent, then this proportional relationship
does not hold in general, as seen in (52), (54), (58), and (59) for different cases with binary
response models.

The local case-control subsampling sampling is also a quite unique example that the
IPW estimator is asymptotically as efficient as the MSCLE as noticed in Shen et al. (2021)
and Wang (2019), but again if the model or the sampling probability is changed, then the
result does not hold anymore.

6.2.2 EXAMPLE: MULTI-CLASS LOGISTIC REGRESSIONS

Now we discuss the multi-class logistic regression, which assume that an experiment has K
possible outcomes. This is a GLM with a multinomial distribution, a distribution in the
multivariate exponential family. For k =1, ..., K, let y; » = 1 if the k-th outcomes occurs in

the i-th experiment and y; ;, = 0 otherwise. Thus Zszl ¥ir, = 1. The multinomial logistic
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regression assumes that

__ oxp(@]6y)
Sy exp(@!6r)

where 8 = (67, ...,0%)T is the regression coefficient vector. Let y; = (y;1,..., i k). For
an observation (x;,y;), the density of the multivariate response y; at x; is

exp(Ye Yik®i 0r)  exp{0T(yi @ i)}

P(yir =124 0) = pi(x;,0)

k=1,2,.. K, (61)

ZZI; exp(z] 6;) Zl[il exp(z] ;)
where ® is the kronecker product. The full data log-likelihood is
N K
10) =Y o e o~ toe{ Y exielon}], (63)
i=1 =1
with the corresponding score function as
. N
(0) =Y {yi — p(z:,0)} ® x;, (64)
i=1

where p(z;,0) = {p1(x;,0), ...,px(x;,0)}T. Note that for this model Zszlpk(mi,B) =1,
so not all @;’s are estimable and a common constrain is to assume that the regression
coefficient corresponding to a baseline class is 0, e.g., 8 = 0. Thus the full vector of
unknown regression parameter is 0_x = (61,607 ,...,0% )T, whose dimension is (K — 1)d.

The approximate L-optimal subsampling probabilities for the IPW estimator (Yao and
Wang, 2019) are

5 nl|y: — p(@i, Opie) ||
TN (@i, Yis Fpi) = lv: (i pit) |l
N

. i=1,...N, (65)

where {Ivlplt is a pilot estimate of E{||ly—p(x, 0)||||z|}. For the sampled data, the conditional
log-likelihood score equation is (detailed derivations in Section A.5.1).

N
l5(0 | 9pr) = > 6:{yi — p{(6,6p)} @ x; =0, (66)
i=1
where
~g
Pia T -
Gia A ) o exp(x] O+ gik) _— s
D; (07 0 lt) - . y Digp = - y  Gik = IOg{ﬂ-N(mia 1k’a 9 lt)}> (67)
M) T SR el o p
i, K

and 1; is the K-dimensional unit vector with the k-th element being one and other elements
being zero. Here, the expression of 25(0 ] ﬁplt) in (66) holds in general and it is not restricted
to the sampling probability in (65). For the sampling probability in (65), the g;; in (66)
has a specific form of g; , = 0.5log { Z{il pi(z, éplt) + 1 — 2pg(x;, éplt)}.
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Note that g;;’s do not contain @; they depend only on the sample data and the pilot
éplt. Thus, solving (66) is as easy as solving the score function without correction. When
we use the constrain that Ox = 0, we only need to solve the first (K — 1)d components of
(66) and the last d equations are automatically satisfied. For the case of K = 2, the first
d equations are the same as the last d equations. In this special case, g; ; = —aziTéplt, and
the score equation in (66) reduce to that in (56).

The asymptotic variance-covariance matrix (multiplied by n) for the MSCLE of 6_x
with data taken according to (65) is

o9, = Ellly — p(z,60,)||z[{y-x — p? (8, 60,)}** @ 7]
2 E{lly — p(x. 0,)[|]} »

where (x,vy) is an observation from the data distribution, y_x is y with the K-th element
removed, p’ ,-(0,0,) is p9(0,0,) with the K-th element removed, and p?(@,0,) has the
same expression as p?(0, éplt) except that éplt is replaced by 6,,.

Since the expression of £5(6 | ﬁplt) in (66) holds in general, it holds for the LUS proba-
bility as well, so the LUS estimator is a specific case of the MSCLE. The LUS probability
is designed for imbalanced multi-class response models, and it has an expression of

N - 6 1—2¢(0 6
TS, 5 D) =2T{y > 2q(00)} LR vq( o) 7(0pr)

+ Iy < 2q(0,0)) {v—q(Bp)} + (1- 'y)n(éplt)’
Y= q(eplt)

where Q(eplt) = max{0'57p1(m70plt)7'"7pK($70plt)}v n(eplt) = I{yTp(m79plt) = Q(Oplt)}
with I() being the indicator function, and 7 is a tuning parameter that corresponds to an
upper bound of the average subsample size, namely, n > N/~.

Our Theorem 5 indicates that the inverse of the asymptotic variance of the LUS esti-
mator is proportional to

(68)

K

S E [pk(a:, 0)m"US (2, 11,;0,) {1, — p7(6,0,)}%2 ® m®2] , (69)
k=1

where p?(0,0,) has the same expression as pJ (6, éplt) in (66) except that éplt and x;
are replaced by 68, and x, respectively. Our results allow n = o(/N) which corresponds
to the scenario that v — oo. In this case, the LUS probability reduces to satisfy that
TS (@, 45 Op1) o q(Bp1) + {1 — 2¢(0p1) }n(Bp1), and (69) still holds with 7-US(z, 1,; 6,)
replaced by ¢(0,)+{1—2q(0,)} {1 p(x,0,) = q(6,)}. If the pilot is consistent, i.e., 8, = 6,
and 7 is fixed and finite, then the expression in (69) reduces to be proportional to the inverse
of Vyus in Corollary 4.1 of Han et al. (2020).

Note that the parameter v only controls an upper bound of the average subsample size,
so the expressions in (68) and (69) are not comparable because they are scaled by different
average subsample sizes. We will provide numerical comparisons by using the save average
subsample sizes in Section 8.1. We will also implement the IPW estimator to show that the
MSCLE has a higher estimation efficiency than the IPW estimator for the LUS probability
as well.

20



MAXIMUM SAMPLED CONDITIONAL LIKELIHOOD FOR INFORMATIVE SUBSAMPLING

6.2.3 EXAMPLE: POISSON REGRESSION

Poisson regression models are commonly used for modeling count data. It assumes that
given the covariate x;, the response y; follows a Poisson distribution with density
e Hi ,u?i 1

T
vl @exp(yiwiTa —e® ), yi=0,1,.., (70)
i it

flyi | zi;0) =

where 11; = exp(z} 0). This is a specific case of (38) with ¢ = 1, a(y;, ¢) = (y;!) ! b(ac-TO) =
16 and c(x}0) = exp(z}0). The link function in Poisson regression is g(p ) og (1)
and it is the canonical link.
For this model, the subsampling probabilities in (41) reduce to
3 nlyi — fuilh(zi)

WN(miayi;ﬁplt) Ta 1= 17"'7N7 (71)
plt

where f1; = exp(wiTéplt). For a subsample taken according to mx(x;, yi; 1§plt), the sampled
data conditional log-likelihood has the score equation and the Hessian matrix as

(5(8 | Bpe) = Zé(yl L (72)

R0,i
and
_ N ke R,
i5(0 ] Dpi) = — Z&-(% — T)wa (73)
— Ro,i RQ.4
=1 )
respectively.
Now we show the closed-form expressions of Ko, K1, and Kg;. Let m; = |fi;] be

the largest integer that is smaller than or equal to fi;, and let F'(-; ;) be the cumulative
distribution function for a Poisson distribution with mean ;. Here we show the results and
give the detailed derivations in Section A.5.2. We have that

Roi = 2 F (ma; pi) — 20 F(mg — 15 ) + g — fig, (74)
Rui = 2ui (i — VF(mi — 15 ) = 203 F (mi — 25 ) + i + 115 — i, (75)
Fo; = F1g + pi (i — 2){2F (my — 25 i) — 1} — 203 F(my — 35 3) + 115 (76)

With the above expressions, we can find the MSCLE by applying the Newton’s algorithm.
We will demonstrate the performance of the resulting estimator in Section 8

7. Model misspecification

When the assumed working model is misspecified, the meaning of consistency of an estimator
needs to be carefully defined. One definition of the consistency of a subsample estimator is
that it has the same probability limit as the full data estimator (Fithian and Hastie, 2014;
Han et al., 2020; Shen et al., 2021). In this definition, the IPW estimator 0w defined in (3)
is consistent, because the conditional expectation of the selection indicator § give the data
equals the inclusion probability and therefore the expectation of the objective function for

21



WANG AND KiMm

the IPW estimator is the same as that of the full data MLE. Specifically, the full data MLE
under a misspecified model estimates the @; that solves the following population estimation
equation

Et{é(ol;mvy)} =0, (77)

where we use E! to emphasize that the expectation is taken with respect to the true data
distribution. Since E{dn1(x,y){(0;x,y)] = E{{(0;x,y)], the IPW estimator Oy defined
in (3) always estimates the same 6; as the full data MLE. Actually, the subsample IPW
estimator Oy is often investigated as an estimator of the full data estimator in the literature
(e.g. Wang et al., 2018; Yu et al., 2022).

For the MSCLE, we use the assumed model structure to derive the subsampled con-
ditional likelihood, so if the subsampling probabilities also depend on the data then the
MSCLE is not consistent to the same limit as the full data MLE when the assumed model
structure is misspecified. The MSCLE is consistent to the 0;; that solves the following
population estimation equation if the assumed model is misspecified,

E{n(x,y;9) | x}
Ew{r(z,y;9) | =}

B! B (i(61; 2, y)m(w. 5 9) | 2} — EY{0(014: @, y)m(@, ;D) | m}] _o,

(78)
where EY is the expectation under the assumed working model and 9 the fixed parameter in
calculating the sampling probabilities. Clearly, 8; and 8, are different in general, although
they can be the same under the special case of the local case-control subsampling.

For an illustration, consider the problem under the more specific class of binary response
models discussed in Section 6.2.1. For this class of models, (77) and (78) are simplified as

Ee [{pt(m) - p(mTal)}b,(mTel)m] =0, (79)
and

m(x,0;9)m(x, 1;9)
(xTO)5)m(x, 1;9) + {1 — p(xT0;5) }w(x, 0; 9)

Ee {pt(w)—p(:zzTels)}p V(x"0,)x| =0, (80)

respectively, where E,, is the expectation respect to the distribution of & and p;(x) is the
true probability of y = 1 given «. If the subsampling probabilities do not depend on the
data, i.e., m(x,y; ) is a consistent across the data distribution, then (79) and (80) are
identical, meaning that the MSCLE is consistent to the full data MLE. In general for a
correctly specified model, pi(z) = p(xT ;) at the true parameter 8; and thus (79) and (80)
are both true when 6; = 6;; = 6,. For a misspecified model, heuristically, the 6; in (79)
tries to make p(x16;) to be close to p;(x) and thus it is a reasonable value to consider.
On the other hand, the €, in (80) also tries to make p(x'8;,) to be close to pi(x), and
thus it is also a reasonable value for the parameter when the model is misspecified. It is
difficult to argue which of 8; and ;4 is better, because the true p;(x) is unknown and the
definition of the closeness of p(x1@) to p;(x) varies. For example, the @’s that minimize
Eg[{pe(x) — p(£T0)}?] and Ex{|p:(x) — p(xT0)|} are typically different although they are
both reasonable objectives, and there is no easy way to tell whether 8; or 6;, is closer to
any of them.
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Specifically, if the sampling probabilities in (48) are used for logistic regression (b/(-) = 1)
and assume that the pilot ¥ = 65, then (80) simplifies to

Eg [{pt(x) — p(a:THIS)}h(w)az] =0. (81)

We see that ;5 in (81) is in general different from 6; unless h(x) = 1. Again, the ;5 in
the above population estimation equation also seems to be a reasonable target if the model
is misspecified. Existing investigations on optimal subsampling focus on defining the h(x)
to improve the estimation efficiency under a correctly specified model. Finding h(x) to
improve the subsample performance under model misspecifications is also interesting and
it requires future investigations.

8. Numerical experiments
8.1 Multi-class logistic regression

We demonstrate the performance of the proposed MSCLE estimator using the multi-class
logistic regression model discussed in Section 6.2.2. We set the full data sample size N =
105, and let the subsample sizes be n = 500; 1000; 1500; and 2000. We assume that the
responses have three possible categories (K = 3), and let the dimension of the covariates
x; = (1, a:TM)T’s be d = 4 where the first element of one is for the intercept parameters. For
this setup, the dimension of the unknown regression coefficient vector is eight, and we set
the true parameter to be 8_x = (0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4)T when generating
the data. To generate the covariates corresponding to the slope parameters, T_1;’s, we
consider the following distributions.

(a) Multivariate normal distribution &_;,; ~ N(0, ), where the (i, j)-th element of € is
¥;; = 0.5l and I() is the indicator function. This distribution is symmetric with
light tails. The resulting probabilities of the responses for the three possible categories
are 0.3, 0.39, and 0.31, respectively.

(b) Multivariate log-normal distribution _;; ~ LN(0,Q), where x_1; = exp(z;), z; ~
N(0,€), and Q is the same as defined in the above case a). This distribution is
asymmetric and positively skewed. The resulting probabilities of the responses for
the three possible categories are 0.22, 0.65, and 0.13, respectively.

(c) Multivariate ¢ distribution, x_;; ~ T3(0,€2), where € is defined in case a). This
distribution is symmetric, and response composition is similar to case a). However,
this distribution have heavier tails.

(d) Independent exponential distribution, x_; ; ~ EXP(1), where components of &_; ; in-
dependently follow the standard exponential distribution. This distribution is asym-
metric and positively skewed. The response composition is similar to case b).

We repeat the simulation for R = 1000 times and calculate the empirical mean squared
error (MSE) as R~} Zle ||0_T;<—9_KH2, empirical variance as R~! Efil ||0(_T}(—§_KH2 and
(r)

empirical squared bias as ||@_x — 6_g||2, where 8" i is the estimate at the r-th repetition

(r) »

and O_g is the average of 0 x's. In each repetition, we generate the full data set and
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use a uniform sample of size 400 to calculate the pilot estimates. Results are presented in
Figure 1. Since the empirical MSE is the sum of the asymptotic variance and empirical
squared bias, we only plot the empirical variances and squared biases. For comparison, we
also implement the commonly used IPW estimator (IPW) and a naive estimator (naive)
that is obtained by maximizing Zfi 1 0i4(0; x4, y;). We implement both the gradient normal
(GN) based sampling probability and the LUS probability. For the LUS probability, with
~v = N/n, the average subsample size would be smaller than n so the comparison would not
be fair. Thus we have to set 7 to be smaller than N/n for different distributions of @ in
order to have a fair comparison. Since the sampling ratios n/N considered here are small,
this is equivalent to scale the LUS probability by numbers that are larger than one.

The simulation results in Figure 1 can be summarized as follows: 1) The variance is
the dominating term in the MSE and the squared bias is a small term for the MSCLE and
the IPW estimators. 2) The bias of the Naive estimator does not decrease to zero with
the increase of the subsample size, which suggests that the naive estimator is subject to
non-negligible biases. 3) Both the IPW estimator and our proposed MSCLE show that
the variance decreases as the sample size increases. 3) In all scenarios for both the GN
probability and the LUS probability, our proposed MSCLE has smaller MSEs than the
IPW estimator, which confirms our theory in Theorem 6. We see that the GN probability
outperforms the LUS probability especially if the responses are balanced or if the covariate
distributions have heavy tails. This is because the LUS probability is designed specifically
to address imbalanced data and it does not take into account the structure information in
the variance matrix represented by .

To examine the impact of misspecification in the pilot estimator, we run the afore-
mentioned simulation with the same setting except that we use a wrong pilot estimator.
Specifically, for each component of the pilot estimator obtained from the pilot sample, we
add to it a random number generated from a uniform distribution between 1 and 2, and then
we use this misspecified pilot estimator to implement the all the estimators in comparison.
Results are presented in Figure 2.

From Figure 2, we see that the MSE gets larger for all the methods, especially for
the naive estimator and the IPW estimator. This is because with this misspecified pilot
estimator the resulting informative subamples are more different from the original data
distribution. The inflation on the MSE due to the misspecified pilot estimator is much
smaller for the MSCLE than that for the IPW estimator. The advantage of the MSCLE
over the IPW estimator become more significant with the misspecified pilot estimator. One
reason for this behavior is that adding a random bias to the pilot estimator 'l§p1t brings
in additional variation to the estimated probabilities 7y (x;, yi; @plt)’s. These probabilities
are in the denominators for the IPW estimator while they are in the expectation and then
log-transformed for the MSCLE, so the additional variation expresses more significantly
for the IPW estimator, resulting in a larger variance of the estimator. Another reason is
that the GN sampling probability is a version of the L-optimal probabilities for the IPW
estimator with consistent pilot (Wang et al., 2018; Ai et al., 2021; Yu et al., 2022), while
it is not optimal for the MSCLE, so a systematic bias on the pilot has a larger negative
impact on the IPW estimator. We have additional numerical experiments to investigate
the effect of different levels of pilot misspecification on the final estimator. Please see the
details in Section B.1 of the Appendix.
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Figure 1: Log of empirical variances and squared biases (the smaller the better) of subsample
estimators for different sample sizes in multi-class logistic regression.
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Figure 2: Log of empirical variances and squared biases (the smaller the better) of subsample
estimators for different sample sizes in multi-class logistic regression when the pilot estimator
is misspecified. 2
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To evaluate the performance of the asymptotic variance in Theorem 5, we also calculated
the estimated variance by plug-in estimation. The results are reported in Figure 3. The
empirical variances and the estimated variances are quite close, and this is the case for both

the GN sampling probability and the LUS probability, conforming our theoretical result in
Theorem 5.
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Figure 3: Log of empirical variances and average estimated variances of subsample MSCLE
for different sample sizes in multi-class logistic regression. Logarithm is taken for better
presentation.

The MSCLE needs to calculate 7y (x;; 0 | 1§plt)’s and may require more computational
resources. However, this is done only on the selected subsample, so the actual difference
for computational cost will not be large. To check this, we also recorded the computational
costs in terms of CPU times and memory allocations for the MSCLE and the IPW estimator.
As expected, the time differences would not be noticeable if we present the total time of
calculating a subsample estimator and calculating 7y (x;, ys; ﬁplt)’s. To see the differences
more clearly, we separated the times for calculating subsample estimators from those of
calculating 7y (2, yi; Opie)’s. We implemented all the algorithm in Julia (Bezanson et al.,
2017) on a Desktop running Ubuntu 20.04. We restricted all the calculations to use one
thread of the CPU with a base frequency of 2,200 megahertz and a maximum boosted

frequency of 4,549 megahertz. We repeated the simulation for 100 times, and calculated
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the average CPU times and memory allocations. We used a smaller number of iterations
here because the variations of the computational costs across different repetitions are much
smaller than that of the estimators.

Results for case (a) with multivariate normal covariates are reported in Table 1. Indeed,
the MSCLE takes more time than the IPW, but the difference is very small and is negligible
compared with the major time of calculating mx (i, yi; @plt)’s that both methods require.
In terms of the memory allocations, the major cost is also on calculating 7y (x;, yi; 1§plt)’s.
Here IPW uses a little more memory because we created an additional weighted covariate
matrix in the implementation to save some CPU time. The difference on memory allocations
is not significant either. Results for other covariate distributions are similar and thus we

omit them.

Table 1: Average CPU times and Memory allocations for the multi-class logistic regression

example. Here “calPI” is for the step of calculating sampling probabilities mn (x;, yi; Ppit)’s
and taking subsamples.

CPU time (millisecond) Memory allocation (megabyte)
n=500 1000 1500 2000 n =500 1000 1500 2000
MSCLE 028 045 062 0.77 0.88 1.72 2.56 3.40
IPW 027 041 054 0.71 0.89 1.78 2.64 3.53
calPI 41.17 39.18 38.99 38.19 160.38 160.41 160.44 160.47
Full 660.40 1,777.66

To exam the performance of the proposed method with a higher dimension, we also
performed experiments using a setting considered in Han et al. (2020). Specifically, the
conditional distribution of x_1; given y; = 1y is N(py, Q), for k = 1,2, and 3. Here, puy
is a 20 dimensional vector with the first ten elements being one and the last ten elements
being zero; peo is a 20 dimensional vector with the first ten elements being zero and the
last ten elements being one; ps is a 20 dimensional vector of zeros, and €24’s are all equal
to the identity matrix. The marginal distribution of y; is P(y; = 1;) = P(y; = 13) = 0.1
and P(y; = 12) = 0.8. We consider two settings of sampling rates. The first setting is with
N = 105 and n = 2000,4000,6000 and 10000, so the sampling rate n/N is low. For this
low sampling rate, we can control the average sample size by scaling the LUS probability
without affecting its form. The second setting is the same as that in Han et al. (2020) with
N = 50000 and v = 3,2, and 1.1. For this setting the sampling rate is high and we cannot
control the average sample size for the LUS probability without changing its form. We
implemented the LUS probability with the given values of -, and then implemented the GN
sampling probability with the actual average sample size acquired by the LUS probability.
Figure 4 presents the empirical variances and squared biases for the two settings. The
overall pattern here is similar to that with the low dimensional covariates. We omit the
results for the naive estimator here because it is biased as seen in previous examples.
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Figure 4: Log of empirical variances and squared biases (the smaller the better) of subsample
estimators for different sample sizes in multi-class logistic regression with the setting of the
LUS paper (Han et al., 2020).
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8.2 Poisson regression

In this section, we consider the Poisson regression model discussed in Section 6.2.3. As in
the previous example, we set the full data sample size N = 10, and let the subsample sizes
be n = 500; 1000; 1500; and 2000. We let the dimension of the covariates x; = (1, wzl’i)T’s
be d = 7 with the first element of one for the slope parameters. We set the true value of 6
as a vector of 0.25’s to generate the data, and consider the following distributions for the
covariates corresponding to the slope parameters, _1;’s.

(a) Independent uniform distribution x_;; ~ U(0,1), where components of x_;; inde-
pendently follow the standard uniform distribution. This distribution has a bounded
support and it is symmetric.

(b) Independent Beta distribution &_;; ~ B(2,5), where components of x_;; indepen-
dently follow the Beta distribution with parameters 2 and 5. This distribution has a
bounded support and it is skewed to the right.

(c) Multivariate normal distribution &_;; ~ N(0,€), where € is defined similarly to
that defined in Section 8.1. This distribution has an unbounded support and it is
symmetric.

(d) Independent exponential distribution, x_;; ~ EXP(2), where components of x_1;
independently follow the exponential distribution with rate parameter 2. This distri-
bution has an unbounded support, and it is asymmetric and positively skewed.

Here, the distribution in case (a) is the Case 1 used in Yu et al. (2022). We also considered
other cases of distributions used in their paper based on uniform distributions. The results
are omitted because the relative performance of the three estimators are similar to that of
case (a).

Again, we repeat the simulation for R = 1000 to calculate the empirical MSEs, variances,
and squared biases, for the three estimators: the proposed MSCLE estimator, the IPW
estimator, and the naive estimator (naive). Results on the empirical variances and squared
biases are presented in Figure 5.

The simulation results in Figure 5 shows similar patterns of the simulation study in
Section 8.1. The variance is the dominating term in the MSE for both the IPW estimator
and the MSCLE. The bias of the naive estimator does not decrease with the subsample size.
Both the IPW estimator and the MSCLE have smaller variances for larger sample sizes.
The MSCLE is uniformly more efficient than the other estimators in terms of the variances.

For the computational costs, the relative pattern is very similar to that for the multi-
class logistic regression and thus we omit the results.

We also have additional numerical results on the effect of pilot misspecification for
Poisson regression. Please see them in Section B.2 of the Appendix.
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Figure 5: Log of empirical variances and squared biases (the smaller the better) of subsample
estimators for different sample sizes in Poisson regression.
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Figure 6 plots the empirical variances and estimated variances to evaluate the perfor-
mance of the asymptotic variance in Theorem 5 for Poisson regression. We see that the
empirical variances and the estimated variances are very close, showing that the approxi-
mation based on the asymptotic distribution in Theorem 5 is accurate.

Empirical variance —0.25¢ Empirical variance
-3.6 Estimated variance Estimated variance
. _—0.50}
Q Q
v -39 Y]
8 8 —0.75¢
S -42 2 100}
=) <) ’
o o
—-4.5¢} —-1.25¢}
a8l . ‘ ‘ ‘ ‘ —-1.50¢ ‘ ‘ ‘ ‘ ‘
600 900 1200 1500 1800 600 900 1200 1500 1800
n n
(a) ©_1,’s are uniform (b) @_1,’s are Beta
-2.2t {8 Empirical variance -5.8¢ {8 Empirical variance
——Estimated variance ——Estimated variance
—2.4+ -6.01
[J] [J]
O -2.6¢ S 6.2}
© © 6.4
c 28} 5 6.4}
s 2
o —3.0r o —6.6
o o
-3.2} -6.8]
—-34 -7.0t
600 900 1200 1500 1800 600 900 1200 1500 1800
n n
(¢) _1,4’s are normal (d) ®_1,’s are exponential

Figure 6: Log of empirical variances and estimated variance of subsample estimators for
different sample sizes in Poisson regression. Logarithm is taken for better presentation.

8.3 Real data example: cover type data

To demonstrate the performance of the MSCLE, we applied it to the cover type data
(Blackard and Dean, 1999). This dataset contains N = 581,012 observations on ten quan-
titative variables that measure geographical features and lighting conditions. The interest
is to use these variables to build a model to predict the forest type. There are K = 7
forest types: Spruce/Fir (36.46%), Lodgepole Pine (48.76%), Ponderosa Pine (6.15%), As-
pen (1.63%), Douglas-fir (2.99%), Krummbholz (3.53%) and Cottonwood/Willow (0.427%),
where the number in the parentheses is the percentage of the forest type in the full data
set. We include an intercept in the model so d = 11 and the dimension of unknown param-
eter is (K — 1)d = 66. To fit a multi-class logistic regression model as in (61), we use the
probabilities defined in (65) to take subsamples of sizes n from the full data, and use the
subsamples to train the model. Pilot estimates are obtained from subsamples of average
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size 2000 taken according to proportional subsampling probabilities. Note that for real
data the true data generating model is unknown and any parametric model may be subject
to a certain level of model misspecification. We use the full data estimator as the “true
parameter” and repeat the subsampling estimator for 1000 times to calculated empirical
biases, variances, and MSEs.

Results are presented in Table 2. We present the squared biases so that they are directly
comparable to the variances. For comparison, we obtained the IPW estimator (IPW) and
the naive estimator (Naive), and also implement the uniform subsampling method (Uni-
form). In terms of MSE, MSCLE outperforms the IPW estimator, which outperforms the
Uniform method. The Naive method has small variances, but its biases are large and do
not seem to converge to zero.

Table 2: Empirical bias (squared), Variance (Var.) and the mean squared error (MSE) of
the four subsample estimators for cover type data

n = 4000 n = 6000 n = 8000
Bias® Var. MSE | BIAS?  Var. MSE | Bias? Var. MSE
MSCLE | 25.73 248.27 273.74 | 14.53 120.17 134.58 | 12.56 76.87 89.35
IPW 2297 325.70 348.35| 6.76  163.67 170.27 | 3.16 104.57 107.62
Naive 146.04 231.76 377.57 | 146.73 118.05 264.66 | 150.49 80.78 231.49

8.4 Real data example: the MINIST data

In this section, we illustrate the advantage of the MSCLE over the IPW estimator using
the famous MNIST data that is available at http://yann.lecun.com/exdb/mnist/. The
data has a training set with 60,000 instances and a testing set with 10,000 instances. Each
instance is an image of a handwritten digit with 28 by 28 greyscale pixels. The goal is to
train a model using the training set to predict the handwritten digits of {0, 1, 2, ..., 9}
in the testing set. We implement the convolutional neural network LeNet-5 (LeCun et al.,
1998) with Flux.jl (Innes, 2018), and use a subsample of average size n = 5,000 out of
N = 60,000 (about 8.3% of the training data) to train the model.

To apply the sampling probabilities presented in (65), we use the norms of the of the
28 by 28 greyscale pixels to replace ||x;||’s. Note that this does not give the GN sampling
probability for this model. We adopt this simplified version of the sampling probability
because the complicated model structure and high dimension (with 44,426 parameters)
makes it difficult to calculate the real gradient norms. The pilot probabilities p(x;, éplt)’s
are obtained from a pilot model trained with 2,000 uniformly selected instances from the
training set.

Due to the complexity of the model the parameters do not have explicit interpretations,
so we report the test accuracy which is the percentage of correct classification in the testing
set. Figure 7 plots the test accuracy against the epoch for the MSCLE and the IPW
estimator. The epoch value is the number of passes throughout the entire training set
that the mini batch gradient descent algorithm has completed. It is seen that the MSCLE
outperforms the IPW estimator uniformly across epochs.

Again, no model can be the exact data generating model for real data, so although
being a very rich model, the LeNet-5 model here may be subject to a certain level of
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misspecification as well. As a matter of fact, since the number of parameters is much larger
than the subsample size, some of the regularity assumptions in Section 4 may not hold. The
promising performance in Figure 7 indicates that the proposed MSCLE may be applicable
in more general scenarios than that restricted by the regularity assumptions in Section 4.

(o]
o

IPW
MSCLE

N
o

test accuracy (%)
(@)
o

N
o

20 30 40 50 60 70 80
epoch epoch

Figure 7: Classification accuracy (in percentage) on the test data against epoch in the
training using subsamples of size n = 5,000 from the MNIST data.

9. Discussion

Subsampling is a useful technique for handling big data. To estimate the parameters with
the subsample data, the inverse probability IPW estimator have been used as a gold stan-
dard method. In this paper, we consider an alternative method of parameter estimation
using the sampled conditional likelihood function. The resulting MSCLE is consistent and
is more efficient than the IPW estimator. The computation for obtaining MSCLE requires
computing the bias-adjustment term in the naive (complete-case) method. Explicit closed-
form formula for the bias-adjustment terms are given in Section 6.

To obtain efficient subsampling probabilities, we need consistent estimates of the model
parameters. In this paper, we assume that an independent pilot subsample is available
outside of the current sample. In this case, the theory can be developed as presented in
Section 4. Otherwise, one can consider an adaptive estimation method which simultaneously
updates the parameter estimates and the corresponding selection probabilities. Such adap-
tive methods introduce additional computational burden and also theoretical challenges. In
addition, the subsampling idea is closely related with reservior sampling (Efraimidis and
Spirakis, 2006) which is a useful tool for handling streaming data. Thus, the proposed
MSCLE can be used to handle the reservior sample with unequal selection probabilities.
Such extensions will be the topics for future research.
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Appendix A. Proofs and technical details
A.1 Proof of Theorem 1

For any functions hy(x,y) and ha(x), assuming integrability in the following, we have

E{6h1(z,y)ha(x)} = E[0ha(x)E{h(x,y) | 6,x}]
= E[r(, y)ha(@)E{n(w,y) | 2,6 = 1} | @,y]
— E[6ho(@)E{ I (2,9) | 2,6 =1} | @,y
= E[6ho(z)E{h1 (2, y) | x,6 = 1}]. (A.1)

The estimator O is the maximizer of £g(6) in (5), so VN (85 — 6) is the maximizer of
v(n) = £5(8 +1/vVN) — £5(6). By Taylor’s expansion,

1 T' 1 T
=—n (s5(0)+ -——m {s(0 A2
(n) = 5 Es(0) + 5m 5(0)n+ R, (A-2)
where R = op(1) because Assumption 2 indicates that
< Dl § B(mi, yi) = op(1). (A.3)
— 3N1/2 1y I .

~ For (5(0) = Efil 05(0; i, i), Ls(0;2;,y;) are iid. random vectors. Let hi(zi,yi) =
0(0;x;,y;) and ha(x;) = 1 in (A.1), we know that E{l5(0;x;,y;)} = 0, and using (8) we
have

V(s (030, )} = E(06(8: 2,9) — B{(O5 2, ) | .6 = 1)}]) (A4)
= E(0[02(6;2,y) — E°*{{(6;2,y) | @, 0 = 1)}]) (A.5)
—F (5 I:é®2(0; z, y) B E®2{£(07;7(yw)7;()m7 y) | :B}:|> = 3. (AG)
Thus, from the central limit theorem,
\/lﬁés(a) D, N(0, Zp). (A7)

Now we investigate the Hessian matrix

N
N i3(0) =3 D0 0:mi) ~ BATG:z ) | 21 = D
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_725 {/ amuyz) (yz!wz,é—l 0)dy
=A1 -~ Hy. (A.8)

Note that A is an average of i.i.d terms, and from Assumption 1 and (A.1), we know that
E(A1) = 0. Thus, from the strong law of large numbers, A; = o(1) almost surely.

Under Assumptions 1 and 2, and the fact that 7(«, y) is bounded above by one, deriva-
tives can pass the integration sign in [ f(y | ;)7 (x,y)dy by the dominated convergence
theorem. Thus, using (7) we have

flyi | @i, 0, =1;0)
Sl e O m(@s,ys)  fyi | @i 0) (@, v BLOO; @, yi)w(2i, y) | @)

' 77'(231';0) 77'2(581';0) '
_ Oz, yi) (@i, yi) f(yi | i3 6)  f(yi | @i 0)m (@i, ) BEAL(O; i, yi) (@i, y) | i} (A.9)
7(x;; 0) 72(x;;0) o

Thus, we have that

Nz(s [/@0:131,% y’xu i = 3/ (A.IO)
E{(®2(0; i, yi)m (@i, yi) | 2} B2 {0(0; i, yi)m (i y) | @i}
; | *(@i30) #(::6) (8.11)

Since Hy is an average of i.i.d terms, and (8) and (A.1) tells us that its expectation is
E(Hy) = Xp, from the strong law of large numbers, Hy — g almost surely. Therefore,

_%Zs(a) — 3+ op(1). (A.12)

From (A.2), (A.7) and (A.12), applying the Basic Corollary in page 2 of Hjort and
Pollard (2011) finishes the proof.

A.2 Proofs of Theorem 2
Let ¢s(0;x,y) = log{f(y | x,0 = 1;0)}. Note that E{éU (8;x,y) | x} = 0. Using

0

8GTE{dU (O;z,y) |z} = E{(SU(G xz,y) | x} + E{5U (0, w,y)ET(O x,y) | z},

we have

E{6U (0;z,y)(§(0;x,y)} = —E{oU (6;,)} = —My.

Hence, by calculating the variance covariance matrix

V{6M, U (8;z,y) + 0%, s(0; z,y)}
= V{6M,'U(8;z,y)} + My 'E{oU (8; x,y)(%(8;x,y)} ="
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+ 2, E{005(0; 2,y)U T (6; x, y)}(M_l)T + 3,0V {605(0;2,y)} 25"
= M, 'E{sU%*(8;z,y)}(M,")T — 2, >0,
we have proved (14). Now, we know that the equality holds if 7'(8) := My 'U(8;z,y) +

525155(9;':(:, y) is a constant vector. Since E{T'(8)} = 0, we have T'(@) = 0, or U (0; x, y)
—M9251€5(0; @,y). This completes the proof.

A.3 Proof of Theorem 5

Under Assumptions 1’ and 2’, and the fact that =y (x,y; ) is bounded above by one, we
know that derivatives can pass the integration sign in [ f(y | x;0)7ny (2, y; 9p1)dy by the
dominated convergence theorem. The score function for £5(0 | Y1) can be written as

N
(50| Opie) = > 6i[0(0; i, ;) — /Z(O;wi,y)f(y | 2,6 = 1;9p)dy], (A.13)
i=1
N . . ~
= 5ill(O; i, i) — B{L(B; @i, y) | i, 6 = 191}, (A.14)
i=1

where ~
fyi | mz;ﬂplt) (x4, yi)

ff ’.’131, plt) (ml,y)dy
Similarly to (A.1), for any functions hi(x,y) and ho(x), we have

Flyi| @i, 6, = 1,9,) = (A.15)

E{6hy(z, y)ha(z) | Fpn} = E[&hg(m)E{hl(az )| 8,2} ‘ {9plt}

= E [y (@, y: D)o @)E{hu(@.y) | 2,0 = 1} | @, I
|:5h2 :D way) | T, 0= 1} ‘ Z,Y; plt]
= E[6ho(x)E{h1(z,y) | x,6 =1} | ,ﬂplt] (A.16)

Now we prove Theorerrj 5. Since @ s is the maximizer (3f IICA 1§p1t), \/ﬁ(és,ﬁplt —0)
is the maximizer of v(n | 9p1) = £ o (0 +mn/yn)—Ls(0 | Ip1). By Taylor’s expansion,

_ ) _ 1 e _
Y | Opie) = —=n"ls(0 | Opre) + %nTﬁs(e | Fpie)n + R, (A.17)

L
Vn
where R = op(1). We show why R is a small term in probability in the following. By (20)
and (21) of Assumption 2’, R satisfies that

&3||n|? 1 X &3||n|?
r) < T 10> oy, (i) =TI (A18)
i=1

For any constant € > 0, from Markov’s inequality,

N [ an(@,y;91) Bz, y) f(y | 2;0)dy

P(A > € ’ 19p1t) < RV

= op(1), (A.19)
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where the last step above is because (22) and the fact that 1§p1t is independent of the
data imply that Nn 'E{ny(z,y; ﬁplt)Bﬁph (z,y) | 1§p1t} = Op(1). Because a conditional
probability is a bounded random variable, P(A > ¢) = E{P(A > ¢ | 1§p1t)} — 0, indicating
that A = op(1), and therefore R = op(1).

For (5(0 | 9p1), it is a sum of i.i.d terms conditionally on 9. Let hy(z,y) = £(0;,y)
and ho(z) = 1 in (A.16), we know that E{(s(6 | ﬁplt) \ ’l§p1t} = 0; and using a similar
procedure to obtain (A.6), we have

1. . - - N . . ~ -
“V{i5(0 | Bpn) | B} = —E(016(6: 2, ) — LB @,y) | 2,6 = 1,0 })°2 | D)

N . . ~ ~
= ZE<5[€®2(97w7y) - E®2{€(0;m,y) | x,0 = lvﬁplt)}] ‘ 19plt)
=Sy, = S0, (A.20)

where the convergence in probability in the last step is due to Assumption 3. Note that
ls(O; i,y | Vi) = 6i[£(0;wi,yj) — E{(O;x;,y;) | =i,0i = 1,9p1)}]. We check the
Lindeberg-Feller condition given 9. For any € > 0,

N
1 . _ . _ y
EZE{HES(G;%,%‘ | 910121 (/[€5(0; i, yi | Opie)[|* > ne) | Oy}
=1
N . _ . ~ N
= ;E{WS(O;C%% | Ope) P 1([1€5(0; i, yi | Fpie)|I* > ne) | Dot }
N
n2e
N . . _ il
= EEWV(@;%?J) —E{{(0;2,y) | i,6; = 1;950) ]| | Opue]
sy
n2e
16N ~ . ~
= WE{WN(xvy;ﬂplt)HE(e;may)H4 | Fpie }
= Op(l),

< S EB{|l0s(0; @i, yi | Do) [|* | Do}

< S B[540z, y) " +E{I0(0; 2, y)lI* | 2,0 = 1,9p10)} | Dpie]

where the last step is because (18) in Assumption 1 and the fact that ﬁplt is independent
of the data imply that

N . . _
gE{mv(w,yﬂ%u)\lf(@;a%:t/)H4 | 9pi} = Op(1). (A.21)

Thus, from the Lindeberg-Feller central limit theorem, conditionally on 1§p1t7
1
NLD

Now we investigate the Hessian matrix. Note that

05(0 | Dpi) 2> N(0,Zp.9,). (A.22)

E{é(e;a:ay) ’ CC,5 = Lﬁplt}] = /é(a;x,y)f(y ‘ :13,5 = 17Il§plt)dya (A'23)
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where f(y | x,0 =1, ﬁplt) is the density of y conditional on @, § = 1, and ﬁplt. We have

45 0| Ip) = Za (0; 4, y;) — E{U(O; 21, i) | 1,0 = 13901 }]

1 N

- 5251 [/ (0; i, y:) f (yi | i, 65 = 1, Dy )dy
Dyt
EAQ — HNp . (A24)

From (A.16), we know that E(Ay) = 0. For the ji, jo-th element of Ag, Ag j s,
(AQ J1,J2 éplt)

- ZE< 05203 i, y5) — B{Lj, 5, (8 i, wi) | 4, 60 = 1, 9p) }]? ‘ 1§plt)

| /\

= ZE( [106: s, 50) |12 + B0 1, i) | 1,60 = 13 90) %] | D)

| /\

o ZE( 16O 5, )12 + EL1E6; @, 50) | | s, 05 = 1, 900)] | D)

‘fTNE{wN(m,y; Do) 1£(05 2, )12 | Do } = 0p (1),
where the last step is because (19) of Assumption 1’ and the fact that the 1§plt is independent
of the data imply that Nn_lE{m\r(a:,y;lg?plt)HZ(O;:c,y)H2 | ’lgplt} = Op(1). Thus, Ay L o.
The partial derivative of f(y; | &, 6; = 1,9p1) with respect to 0 is
fyi | @i, 6 = 1,9p1)
Fyi | 4 0)7n (i, yis Opie)
 E{mn (@i, yis 9pe) | @i I}
Fyi | @i 0)mn (20, i3 O EL(0; i, i) 7 (24, 3 Opie) | %4, Dpie
E2{mn (i, yi; Opit) | T, Opie}
(O @i, yi) TN (T, v Opn) £ (i | 430)
a E{mn (2, yi; Opie) | Ti, Opit}
i | i 0)7n (x4, Y35 ~plt)E{é(a'5'3%%) (T4, y; plt) | i, 1olt]L
E2{77N<xhyu plt) | 4, plt}

Thus, we have that

l:E{E(29 0 wzayz)ﬂ'N(mzayu plt) | Zi, plt}
E{WN(mz’yzv plt) ‘ Zi, plt}

39



WANG AND KiMm

 EP2{0(6; i, yi)7 (i, y; Op) | $i,1§p1t}]
E2{7n (i, yi; Opie) | i, Fp1e }

Now we exam the limit of H;?,p“. First, the expectation satisfies that

Do | 3
EH" | 9p1)
N . - E®2 50 ’l§ ,3
—_F 5®2(9;w,y)7w(96,y;19p1t) _ { ( »:va)ﬂ-N(:vav plt) ‘ Z, plt}

n ]E{TrN(ma Y3 &plt) | Z, &plt}

ﬂplt] = ENﬁplt'

By the continuous mapping theorem, Assumption 3’, and the fact that 1§p1t is independent
9 = P
of the data, we know that E(H\"* | 9p1) = 2N7§plt — g9,
For the j-th diagonal element of Hy j;, using (A.16), we have

'l§ t Q
V(H; | Dpie)

N . - . - -
= EV[(;E{E?(O,:E,y) | 33,5 = 1a19p1t} - 6E2{€j(0;may) | m75 = 15,'-9p1t} ‘ 79plt:|

IN

4N . ~
S E[E105 2 )| | 2,0 = 1, D)

4N . ~
< S ESE{{(6:.y)[* | 2,0 = 1, D}
4N . ~
= BB 2,9 | I}
AN - . i1 a
= —SE{my (@i Dp) [0 2. )| | B} = 0p (1),

. . 9
where the last step is from (A.21). Thus, noting that H " > 0 and ZN@plt = Xg.9,+opr(1),

we know HZP“ = X9, + op(1). Therefore,
1. -
—#5(0 ‘ 19plt) = Eg,gp +op(1) (A.25)

From (A.17), (A.22) and (A.25), applying the Basic Corollary in page 2 of Hjort and
Pollard (2011) gives that for any constant vector c,

P{Vn%0.9,0,5  —0) <c| B} = 0(c),

where ® is the multivariate standard normal distribution function. Since a probability is
bounded, this implies that

A P
P{\/ﬁzgﬁp (Gsﬂgplt —0) <c} — P(c),
and this finishes the proof.
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A.4 Proof of Theorem 6
Note that ¢5(0;x,y ]~1§p1t) = log{f(y | =,0 = 1,1§p1t;0)}. Taking partial derivatives of
E{éU@plt(G;m,y) | £, 9p1:} = 0, we have
0=E{oU; (8:2,y) | z. O} +E{6U;  (8:2,9)05(6: 2,y | Dpi) | 2, Dy}
which implies
E{5U;  (0:2,9)05(0: .y | Fp) | Iy} = ~E(5U;  (0:.9) |y}
Hence, by calculating the variance covariance matrix conditional on éplt,
V{6My 5, Uy (8:2,y) +65g 5 Cs(8: 2,y | Dpie) | Dy}
= V{(SMgﬁpUﬁ (6;z,y) | ﬁplt} +M, E{éU (0:2,9) 5 (0, y) | D} Ty
S, E{6ls(0; 2,y | 19p1t)nglt(9;m,y ) | ﬂplt} M, )T
+ 2o, V{5ls(0; 2,y | o) | éplt}zrl
_ - —1
=nN {Me 9, YN, 19(M ) — M, ﬁpMN ﬁpltze,ﬂp
-1 AT -1
—Zo9,My 5., (Meﬁ '+ 2y, ENﬁpltzoﬂsp}{l +op(1)}
= nN_l{M‘;’prQ,g(M;igp) — 971917}{1 + Op(l)},
where the last step is from the continuous mapping theorem. Thus,
My, VooMgy )" — gy =n"'NV(EMyy Ty | i) {1 +op(1)},

where ‘ )
Tys,, = Us,, (0:2,y) + M9, % 9, Ls(60; 2,y | Ipir)-

Letting IV — oo, we know that Me_vi?pVO,ﬁ(Mgigp)T > 2519]9 in the Loewner ordering, and

the equality holds if n=* NE(3| Ty, [* | 9p) = op(1) because [[V(0Mgy Ty, | Dy <

Mg 5, 1PV (0T g, | Fpio)ll < Mgy IPIEGI Tyg 17 | Do)l

A.5 Technical details for examples
A.5.1 DERIVATION OF EQUATION (66) FOR MULTI-CLASS LOGISTIC REGRESSION

Derivation for the specific my(x;, y;; Dp1) in (66):
The sampled data log-likelihood function for @ (up to an additive constant) is

5(0 | 19p1t 25 [ Y Qx;) TO log{Zexp x; Ol)}—logIE{]yz (mi,éplt)H |aci,0~p1t} .

=1

By direct calculation, we know that the score function is

E 1 1 i)é i7é
RTINS Y PR T R
E{Hyl ($Zu0plt)H | xiaeplt}
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For k=1,...,K, when y; ,, = 1,

lyi = p(@i, Op10)|” = {1 = pr(@s, Op1)}* + > P} (@5, Op1e)
l;ék
K

=1- 2pk($27 plt +Zpl mlaeplt) = exXp 292k {ZP? Ccz; plt }

=1

Using the above expression, we obtain the following expectations.

_ s 1/2
E{yixllyi — p(i, Ope)|| | i, Opie } = pr(@i, 0) exp(ix {Zpl i, Opie } , and

K K 1/2
E{”yz - :177,7 plt)” ’ i, plt} - {Zpk wz: exp gz k }{ ZP wz; plt } .
=1

k=1

Thus, the ratio is

E{yiklly: — p(xi, Opie)|| | :} _ pe(®i,0)exp(gik) exp(z] Ok + Gi k)

E{lly: — p(xi Opi) | | i} S5 pu(@i, 0) exp(@in) Doy exp(] 6 + gi1)

Derivation for general 7y (x;, y;; @plt):

_ 59
= Pik

From the facts of 7y (x;;0 | 1§plt) = Z{il WN(wi,ll;ﬁplt)pl(:vi,G) and Op;(x;,0)/00 =

pi(xi, 0){1 — p(x;,0)) ® x;, we know that

Aog 7y (x40 | 9pi)  Sorsy (@i, 13 Ope)Opi (24, 8) /00
90 K a1 9 )pi(4, 0)
_ i (@i L Op)pi(2, 0) {1 — p(2i,6)) @ =
S (@, 13 910 pi (2, 6)
_ S (@, 13 9P (0, 0) 1
S v (@ 1 O )pi(4, 0)

Note that with g; , = log{mn (s, 11; ’&plt)}a the k-th element of

Z{il v (2, 13 Opre )i (1, 0)1
S (@, 15910 )i (4, )
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Thus the specific expression of (62) gives

Olog 7 (xi; 0 | 6plt) — far
o ={wi

é(e;aji,yi) — _pg(evéplt)}g’xi’

which finishes the proof.
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A.5.2 DERIVATIONS OF EQUATIONS (74), (75), AND (76) FOR POISSON REGRESSION

For non-negative integers m and k, denote

We have

| —
m—1 k—1 m—1
e Mp? k—1 k=1 e
=y gD = ( S Y
y=0 1=0 y=0
k-1
k—1
=MZZ;< l >Q(m 1,1)

q(m,0) = F(m; ),

q(m, 1) = pF(m — 1; p),

q(m,2) = pF(m — 1; p) + pF(m — 2; p),

q(m,3) = pF(m = 1; ) + 3p> F(m — 2; ) + p° F(m — 3; p).

Now, we derive the expectations. First,

elu"L

N - e 'u“L,U/
E(ly; — il | @i 0p1:) = Z lys — i) = 2 Z

yi=0
= 2f1;9(m;, 0) — 2q(mi, 1) + pi — fis
= 201" (ma; pi) = 20 F (mi — 15 i) + pi — fla
= 2(fti — pi) F'(mi — 15 pq) + 202 f (mis pas) + g — flg.

yz) + i —

Second,

Ooeuzy"

E(yilyi — fisl | @i; 0p1) = D

y;=0
-9 Z

yi=0
= 2f1iq(mi, 1) — 2q(mi, 2) + pi + 11 — pfis
= 2 F(mi — 15 i) = 20 F (mi — 15 i) + pd F(mi — 25 ma) } + i + 7 — pifii
= 2pi (i — V) F (my — 15 ) — 20 F(mq — 23 ) + i + pf — pafis.

g Wilye = fal)

e :u'z B
szz v) + E(y; — yifui | %)
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Third,

e /‘L’Llul

o0
By} lys — il | @55 0p1) = Y (w7 lyi — fal)

y;=0
-9 Z

= 2mq(mi, 2) — 2q(mi, 3) + pi + 3p + i — fii(pi + )

= 2 {pi F (mi — 15 i) + p F (i — 25 i)}
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= 25t — 1) F(mi — 1 ) + 203 (i — 3)F (i — 23 us) — 20 F (my — 3; pus)
i 3+ = i+ ).

74.

e/%

(il — 9) + B — y2 | )

Appendix B. Additional numerical experiments on pilot misspecifications

We carried out additional numerical experiments to investigate the effect of the magnitude
of pilot misspecification on different subsample estimators.

B.1 multi-class logistic regression

We used exactly the same setup as in Section 8.1 with ng = 400 and n = 2,000 in this
experiment. The only difference is that the pilot is set to be the true parameter plus A
times a vector of ones. With this setting, A controls the level of pilot misspecification
with A = 0 corresponding to the consistent pilot. We used the same approach used in
Section 8.1 to calculate the empirical MSEs, variances, and squared biases. The relative
pattern between the variances and the squared biases are the same as in Section 8.1, so we
report the empirical MSEs here only. We omit the results for the native estimator due to
its high bias.

Figure A.1 reports the results. The MSCLE dominates the corresponding IPW estimator
for both GN and LUS probabilities uniformly in A. For MSCLE, it has good performance
with a consistent pilot (A = 0), but its best performance may not always be achieved in
this case. The reason is that 25,191, in Theorem 5 may not necessarily be minimized at the

true parameter. Actually, for the MSCLE, there is no general solution to 9, so that 20_,1917
is minimized.

Note that 257191) depends on ¥, through 7y (2, y; ¥,) so the problem of find the optimal
9, is essentially finding the optimal sampling probability 7y (x,y;1,) for the MSCLE. The
problem is complicated even with a much simplified scenario of noninformative subsampling
so that my(x,y;9,) does not dependent on y, ie., my(x,y;9p) = 7n(x;9p). In this
scenario, the problem of determining the optimal 7y (x;%,) is called optimal design of
experiments (see, e.g., Kiefer, 1959; Pukelsheim, 2006), and the optimal 7y (x;9)) is binary
with possible values of zero and one (Pronzato and Wang, 2021). This topic is beyond the
scope our investigation because the primary focus of this study is to propose an improved
estimator for informative subsamples.
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For the IPW estimator, we see that the optimal performance is not achieved with A =0
for cases (b) and (d). This is because the GM sampling probabilities in (65) minimize the
variance of a certain linear function of the IPW estimator which is different from the MSE.
Nevertheless, for the IPW estimator, the optimal sampling probabilities exist under some
optimality criteria such as the A- and L- optimality, and it requires the pilot to be consistent
to achieve the optimal variance. The proposed MSCLE has a smaller variance matrix than
the weighted estimator. Thus, we can only conclude that the asymptotic variance of the
MSCLE has a smaller upper bound with a consistent pilot than with a misspecified pilot.
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-3.35¢ LUS-MSCLE
_ _ LUS-IPW
w Ll
g 340 \/\___./'\/ £
Es) E=)
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-0.2 -0.1 0.0 0.1 0.2 -0.2 -0.1 0.0 0.1 0.2
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(a) _1,’s are normal (b) ®_1,’s are lognormal
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(c) &_1,’s are T3 (d) &_1,’s are exponential

Figure A.1: Log of empirical MSEs of subsample estimators with ng = 400 and n = 2,000
in multi-class logistic regression when the misspecified pilot estimator is set to be the true
parameter plus a vector of \’s.

B.2 Poisson regression

We used exactly the same setup and procedure as in Section 8.2 to generate data and
calculate the empirical MSEs, variances, and squared biases for ng = 400 and n = 2, 000.
The only difference is that the pilot is set to be the true parameter plus A times a vector of
ones, so that A controls the level of pilot misspecification with A = 0 corresponding to the
consistent pilot. Again, we report the empirical MSEs here only and omit the results for
the native estimator.
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Figure A.2 reports the results. The MSCLE dominates the corresponding IPW estimator
uniformly, and both methods achieve the best performance for all the four cases with a
consistent pilot (A = 0) in this example.

We also consider the case of misspecified pilot estimator using the same procedure
considered in Section 8.1. The resulting impacts are similar to those observed in Section 8.1
so we omit the results.
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Figure A.2: Log of empirical MSEs of subsample estimators with ng = 400 and n = 2,000
in Poisson regression when the misspecified pilot estimator is set to be the true parameter
plus a vector of \’s.
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