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Abstract

Gaussian process regression is widely used in many fields, for example, machine learning,
reinforcement learning and uncertainty quantification. One key component of Gaussian
process regression is the unknown correlation function, which needs to be specified. In this
paper, we investigate what would happen if the correlation function is misspecified. We
derive upper and lower error bounds for Gaussian process regression with possibly misspec-
ified correlation functions. We find that when the sampling scheme is quasi-uniform, the
optimal convergence rate can be attained even if the smoothness of the imposed correlation
function exceeds that of the true correlation function. We also obtain convergence rates
of kernel ridge regression with misspecified kernel function, where the underlying truth is
a deterministic function. Our study reveals a close connection between the convergence
rates of Gaussian process regression and kernel ridge regression, which is aligned with the
relationship between sample paths of Gaussian process and the corresponding reproducing
kernel Hilbert space. This work establishes a bridge between Bayesian learning based on
Gaussian process and frequentist kernel methods with reproducing kernel Hilbert space.

Keywords: Gaussian process regression; Bayesian machine learning; Kernel ridge regres-
sion; Reproducing kernel Hilbert space; Space-filling designs

1. Introduction

Gaussian process regression is widely applied in machine learning (Rasmussen and Williams,
2006), including reinforcement learning (Rasmussen et al., 2003) and Bayesian optimiza-
tion (Shahriari et al., 2016; Frazier, 2018; Bull, 2011; Klein et al., 2017); spatial statistics
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(Cressie, 2015; Stein, 1999; Matheron, 1963); computer experiments (Santner et al., 2003;
Sacks et al., 1989), and many others, to capture the intrinsic randomness of the underlying
function. The goal of Gaussian process regression is to recover an underlying function based
on noisy observations. As a Bayesian machine learning method, the key idea of Gaussian
process regression is to impose a probabilistic structure, which is a Gaussian process, on
the underlying truth. Based on this assumption, the conditional distribution at each un-
observed point in the interested domain is normal with explicit mean and variance. The
conditional mean provides a natural predictor of the function value, and the pointwise con-
fidence interval constructed based on the conditional variance can be used for statistical
uncertainty quantification.

In this work, we establish error bounds on Gaussian process regression, where the smooth-
ness of the correlation function can be misspecified, and the observations have noise. We
consider that the underlying truth is a Gaussian process, which is a standard setting in
Gaussian process modeling (Stein, 1999; Santner et al., 2003; Gramacy, 2020). Although
the noisy observations have been extensively considered in the setting that the underlying
truth is a deterministic function (Wynne et al., 2021; Steinwart et al., 2009; Fischer and
Steinwart, 2020; van der Vaart and van Zanten, 2011, and references therein), (see Section
2 for more discussions), it is somewhat surprising that there has been little study on this
in the literature when the underlying truth is a Gaussian process. The difference is that,
the convergence results for a deterministic function usually depend on some quantities re-
lated to the underlying function (e.g., the norm of the underlying function in some function
space), while for a Gaussian process, these quantities themselves may be random. Thus,
the convergence for a Gaussian process regression needs to be analyzed with a different ap-
proach. We derive prediction lower and upper error bounds under Lo metric and with fixed
design. Specifically, we show that if the smoothness of the true correlation function is my
and the smoothness of the imposed correlation function lies in [mg, 00), with an appropriate
regularization parameter and quasi-uniform design points, the convergence rate under Lo
metric is n~(M0=4/2)/(2m0) where d is the dimension and n is the sample size. Furthermore,
we prove that this convergence rate is optimal under certain assumptions. Our theory can
be applied to justifying the use of space-filling designs, where the design points spread ap-
proximately evenly in the region of interest, since quasi-uniform designs are space-filling
designs. If the smoothness of the imposed correlation function, denoted by m, is less than
mg, we show that the convergence rate of upper error bound is n~(m—4/2)/(2m)

Here, we should keep in mind not to confuse the setting of Gaussian process regression with
the settings of other fields, including nonparametric regression (Gu, 2013; van de Geer,
2000) and posterior contraction of Gaussian process priors (van der Vaart and van Zanten,
2008a, 2011). The hypothesis spaces are different in the later two fields. In particular,
the underlying function is assumed to be deterministic, which leads to different notions of
smoothness and convergence rates (Kanagawa et al., 2018; Tuo and Wang, 2020).

We also consider one popular kernel method: kernel ridge regression, where the reproducing
kernel Hilbert space can be misspecified. This is a frequentist approach, where the underly-
ing truth is assumed to be a deterministic function. The reason for considering kernel ridge
regression is two-fold.
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First, the study paves the way to establish the intriguing relationship between Gaussian
process regression and kernel ridge regression with more details given later. At first sight,
the two areas are very different, for example, completely different approaches have been
employed to investigate their convergence rates respectively. On the other hand, the two
areas share some striking similarities in certain aspects, for example, their predictors take
rather similar forms, and also their model assumptions bear strong resemblance. A thorough
review on the differences and connection of Gaussian process and reproducing kernel Hilbert
space can be found in Kanagawa et al. (2018). Therefore, it is natural to ask whether
there are some deep relationships between Gaussian process regression and kernel ridge
regression. Kanagawa et al. (2018) provides a positive answer. Remark 5.5 of Kanagawa
et al. (2018) states a theoretical equivalence between Gaussian process regression and kernel
ridge regression, where the Gaussian process regression model and the convergence rate
(Kanagawa et al., 2018, Theorem 5.1) is based on the posterior contraction of Gaussian
process priors in van der Vaart and van Zanten (2011). Although the underlying truth
in van der Vaart and van Zanten (2011) is still a deterministic function, Remark 5.5 of
Kanagawa et al. (2018) reveals a relationship between Gaussian process regression and
kernel ridge regression. Based on the constructed convergence rate in Gaussian process
regression, we conduct a further investigation and establish a relationship based on the
situations where “the underlying truth in Gaussian process regression is a Gaussian process”
and “the underlying truth in kernel ridge regression is a deterministic function”.

We now describe briefly their relationship, which is summarized in Figure 1. If the true
correlation function has smoothness mg, then the sample paths of the Gaussian process
have a smoothness mg — d/2, but do not lie in the Sobolev space H™ %2 with a strictly
positive probability (Steinwart, 2019; Kanagawa et al., 2018). For a deterministic function
f with smoothness mq(f) = mg — d/2, the optimal convergence rate is n~™0(f)/(2mo(f)+d) —
n~(mo=d/2)/(2mo) " which coincides with the optimal convergence rate of Gaussian process
regression. Furthermore, the optimal value of the regularization parameter in kernel ridge
regression coincides with that of the regularization parameter in Gaussian process regression.
In other words, we can regard Gaussian process regression as kernel ridge regression with
an oversmoothed kernel function shifted by a smoothness d/2, from prediction perspective.
This coincidence reveals an interesting relationship between kernel ridge regression and
Gaussian process regression, and provides more insights on the connection between these
two methods.

Second, we will derive some new and interesting results on convergence rates, which comple-
ments the existing literature on this topic. Specifically, suppose f has smoothness mq(f),
and the corresponding Sobolev space with smoothness mg(f) is denoted by H™), We
show that the kernel ridge regression can still achieve the optimal convergence rate, if the
corresponding reproducing kernel Hilbert space is associated with a smoothness lying in
[mo(f)/2,00). If f € H™) this recovers the convergence results in the misspecified ker-
nel ridge regression literature (e.g., Blanchard and Miicke (2018); Dicker et al. (2017); Guo
et al. (2017); Lin et al. (2017); Steinwart et al. (2009); Fischer and Steinwart (2020)), while
the settings are different. See Section 2.2 for detailed discussion. Nevertheless, we note
that if a function has smoothness mg(f), it may not lie in the corresponding Sobolev space
with smoothness mg(f); examples include triangle function and Matérn kernel functions;
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Model Assumption Method Convergence rate
. Gaussian process mo-d/2
Gaussian process —— i " Op(n_ 2mo )
regression P
RKHS |s d/2
smoother Has a d /2 difference
than GP on the smoothness;
mo(f) = my —d/2
Reproducing kernel Kernel ridge ___my(f)
. . 2o (f)+d
Hilbert space regression Op(n “™o )

Figure 1: Relationship between the convergence rates of oversmoothed Gaussian process regression
(mo < m < o0) and kernel ridge regression. We use the following abbreviation. RKHS: Reproducing
kernel Hilbert space; GP: Gaussian process.

Method Model Assumption Convergence rate

Gaussian process
regression

f is a realization of
a Gaussian process Z.

_2mg—d

Op(n

for mg < m < .

2mo ) (optimal rate),

2m—d

OP(ni 2m )7
for m < my.

Kernel ridge

f is a deterministic

f e H™W): Op(n~ mo(+d),

mo (f)

OP(n_ 472nT-d ) ,

mo(f)

- function. H™): Op(n~ ZmothTd
regression unction fé p(n Q(n)), for m < mo(f)/2.
for mo(f)/2 < m < .
Table 1: Summary of the Ly convergence rates of misspecified Gaussian process regression and

kernel ridge regression. The function Q satisfies lims_, 4o (log Q(s))/(logs) = 0. The two rates on
the shaded row were presented in previous literature, while our settings and mathematical development
are different.

see Section 5.1.1. We are not aware of any work related to the convergence rate under the
scenario f ¢ H mo(f) but has smoothness mo(f)!. Table 1 summarizes the results obtained
in this work. For the briefness, we assume the design is quasi-uniform in Table 1, and
present general results in the main text.

The rest of this paper is arranged as follows. We first make comparison to related works
in Section 2. In Section 3, we introduce some preliminaries. In Section 4, we provide
convergence rates of misspecified Gaussian process regression. In Section 5, we discuss the
relationship between the convergence rates of misspecified Gaussian process regression and
kernel ridge regression, where we also present convergence rates of misspecified kernel ridge
regression. Numerical experiments are conducted in Section 6. Conclusions and discussion
are made in Section 7. Technical proofs are provided in Appendix.

1. This implies f € H™ for all m < mo(f) but f ¢ H™ ) Note that this is not misspecification. The
condition f ¢ H mo(f) g only related to f itself, not the prediction method we use. In previous works, it
is often assumed that f € H™ for all m < mo(f).
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2. Related literature

In this subsection, we first remark some differences between our results and previous works.
The previous works can be roughly divided into two fields: Gaussian process modeling,
where the underlying truth is assumed to be a Gaussian process, and deterministic function
reconstruction, where the underlying truth is modeled as a deterministic function. The
difference between the convergence rate analysis in these two settings is that, in deterministic
function reconstruction, the convergence rate usually involves some kind of function norm
of the underlying true function, while for Gaussian process modeling, this norm itself is also
random, which needs to be further considered. Although our work focuses on the Gaussian
process modeling, we also consider the kernel ridge regression and obtain some interesting
results. We utilize mathematical tools from both fields in the present work. For example,
Lemma 21 comes from Gaussian process modeling, and the rate of convergence of kernel
ridge regression is established based on the previous works Tuo et al. (2020); van de Geer
(2000). Moreover, mathematical tools in scattered data approximation (Wendland, 2004)
play an important role in our analysis.

2.1 Gaussian process modeling

The rate of convergence of Gaussian process regression without noise has been studied in
much literature, see Buslaev and Seleznjev (1999); Yakowitz and Szidarovszky (1985); Stein
(1990b) for example, where the convergence rate is pointwise or the input points are not
general scattered data points. Recent works Wang et al. (2020); Tuo and Wang (2020) study
the rate of convergence of Gaussian process regression in the L,(£2) norm, with 1 <p < oo
under different designs and misspeficied correlation functions in the noiseless case. To the
best of our knowledge, the only work that studies Gaussian process regression with noisy
observations is Lederer et al. (2019). In Lederer et al. (2019), a uniform error bound of
Gaussian process regression has been provided, where the unknown realization f and the
correlation function are assumed to have a Lipschitz continuity, and the noise is normal.
Furthermore, the correlation function in Lederer et al. (2019) is well-specified.

In this work, we study the rate of convergence of Gaussian process regression in the La(€2)
norm, under different designs and misspeficied correlation functions, but we take the noise
into consideration. These settings differentiate our work with the previous works in Gaussian
process modeling.

2.2 Deterministic function reconstruction

Comparing with Gaussian process modeling, there are much more literature studying the
deterministic function reconstruction. The most related fields to the present work are
kernel ridge regression, posterior contraction of Gaussian process priors, and scattered data
approximation.
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Kernel ridge regression Although we focus on the Gaussian process regression, we also
consider the kernel ridge regression and obtain some interesting results. We consider that
f has smoothness mg(f), in the sense that is to be introduced later in Section 5.1.1. If
the underlying true function f € H™ () we recover the convergence rates obtained by
Blanchard and Miicke (2018); Dicker et al. (2017); Guo et al. (2017); Lin et al. (2017);
Steinwart et al. (2009), while the model settings are different. Specifically, the design
points in the above works are random. Moreover, the assumptions are different. The
aforementioned works impose conditions on the eigenvalues and eigenfunctions (Blanchard
and Micke, 2018; Dicker et al., 2017; Guo et al., 2017; Lin et al., 2017; Steinwart et al.,
2009; Fischer and Steinwart, 2020).

The aforementioned works have different model settings from our work, which provides
some additional insights on the study of kernel ridge regression. Specifically, we adopt
model settings similar to Tuo et al. (2020), where the widely used Matérn kernel functions
can be used and the design points are fixed. These model settings allow us to consider
the case that the underlying function f ¢ H™0(f) but has smoothness mg(f). We employ
the empirical process technique together with Fourier transform to derive the convergence
rates. Following this approach, we do not need to make assumptions on the eigenvalues and
eigenfunctions, but we need additional conditions on the interested region. Moreover, our
results show the advantage of space-filling designs.

Posterior contraction of Gaussian process priors In this field, despite the use of
Gaussian process priors, the underlying function is still assumed to be deterministic. An
incomplete list of papers in this area includes Castillo (2008, 2014); Giordano and Nickl
(2019); Nickl and So6hl (2017); Pati et al. (2015); van der Vaart and van Zanten (2011,
2008a); van Waaij and van Zanten (2016). We are not aware of any error bounds in this
area in terms of our settings, i.e., fixed designs, fill and separation distances.

Scattered data approximation In the field of scattered data approximation, the goal
is to approximate or interpolate an underlying deterministic function. Examples include
Wendland (2004); Wendland and Rieger (2005); Rieger and Zwicknagl (2009); Narcowich
et al. (2006), which cover the noiseless case, and Wynne et al. (2021); Rieger and Zwicknagl
(2009), which cover the case that the observations have noise. The misspecification case is
considered in Narcowich et al. (2006); Wynne et al. (2021). Although the observations are
corrupted by noise in Wynne et al. (2021); Rieger and Zwicknagl (2009) as we considered
in the present work, the convergence rates are different. If one plugs in our settings into
their bounds, it can be seen that the prediction error bound does not converge to zero.
This is the price for the more general noise assumption in Wynne et al. (2021); Rieger and
Zwicknagl (2009). We impose the sub-Gaussian assumption (see Condition (C5) in Section
3.2) and obtain a sharper error bound.

3. Preliminaries

In this section, we introduce problem settings and conditions.
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3.1 Problem settings

Suppose that our observations (zy, y) satisfy the following model
yk:f(xk)+€k7k:17"'7n7 (1)

where z;, € Q C R? and ¢, b (0,02), i.e., independent and identically distributed random
noise with mean zero and variance ¢2. In Gaussian process regression, the underlying
function f is assumed to be a realization of a Gaussian process Z. From this point of view,
we shall not differentiate f and Z in Gaussian process regression. We assume Z is a zero-
mean stationary Gaussian process, denoted by Z ~ GP(0,02¥), with Cov(Z(z), Z(2')) =
02U (z —2') for z, 2’ € R% Here o2 is the variance, and ¥ is the ture but typically unknown

correlation function which is stationary, positive definite and integrable on R%.

For a moment, assume ¢;’s are normal. Given the correlation function ¥ and conditional on
Y = (y1,...,yn)T, Z(x) is normally distributed at an unobserved point x. The conditional
expectation and variance of Z(z) are given by

E(Z(2)|Y] =r(z)" (R + pl,) 'Y, (2)
Var[Z(z)|Y] =0 (¥(z — 2) — r(2)T (R + pl,) " 'r(z)), (3)

where 7(z) = (V(z — 21),...,¥(z — 2,))T, R = (¥(zj — z1))jk, In is an identity matrix,
and i = 02/0?. The conditional expectation (2) is a natural predictor of Z(x), and it can
be shown that the conditional expectation is indeed the best linear predictor (Ankenman
et al., 2010), in the sense that it has the minimal mean squared prediction error (MSPE),
which equals Var[Z(x)|Y].

In this work, we investigate what happens if another correlation function ®, referred to as
the imposed correlation function, is used in Gaussian process regression in place of the true
correlation function W. The resulting Gaussian process regression predictor after using ®
is

fG(x) = Tm(x)T(Rm + MmLz)ilY) x €, (4)

where 7, (z) = (®(z — 21),...,®(x — z,))" and Ry, = (®(z; — z1))jx. We suppose f,
is chosen according to our will and call it the regularization parameter. Clearly, fG in (4)
is no longer the best linear unbiased predictor. In this work, we are interested in the Lo
prediction error using the imposed correlation function @, i.e.,

1Z — f&ll o) (5)

Similar problem without the influence of noise has been considered in Tuo and Wang (2020).
Other convergence results of Gaussian process regression with misspecified correlation func-
tions can be found in Stein (1988, 1990a,b); Tuo and Wang (2020); Wang et al. (2020);
Yakowitz and Szidarovszky (1985), where the observations are noiseless. However, the ap-
pearance of noise can significantly change the analysis of convergence when the underlying
truth is a Gaussian process?, as we will see later.

2. This is different with the settings in Wynne et al. (2021), who also consider the noisy observations case
with fixed designs. In Wynne et al. (2021), the underlying truth is a deterministic function.
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3.2 Notation and conditions

In the rest of this work, the following definitions are used. For two positive sequences a,
and b,, we write a, < b, if, for some C,C’" > 0, C < a,/b, < C’. Similarly, we write
an 2 by if a, > Cb, for some constant C > 0, and a,, < by, if a, < C'b, for some constant

C" > 0. Also, C,C’,¢j,Cj,j > 0 are generic positive constants, of which value can change
from line to line. We use Q(s) to denote an increasing positive function satisfying

1
im 0896) (6)
s—+oo logs

and not depending on n, which may vary at each occurrence. The Euclidean metric is
denoted by || - ||o. The Fourier transform of f € Ly (R%) is given by

F(Hw)=@m " | fa)e ™ “de.
Rd
The following conditions will be assumed throughout the paper, unless otherwise specified.

(C1) The region of interest 2 C R? is a compact set with positive Lebesgue measure
and Lipschitz boundary, and satisfies an interior cone condition, i.e., there exist o €
(0,7/2) and R > 0 such that for every x € Q, a unit vector {(x) exists such that
the cone C(z,£(z),a,R) == {z+Ay:y € R |lyl| = 1,yT¢(x) > cosa, A € [0, R]} is
contained in €2.

(C2) There exists mg > d/2 such that,
cr(1+[lw]3) ™™ < F(¥)() < ea(1+ [|wl3) ™, Vw € RY

(C3) There exists m > d/2 such that,

cs(1+ [lw3) ™™ < F(@)(w) < ea(l+ [|w]|3) ™™, Vw € RY,
(C4) Let X = {X1, Xo,...} be a sequence of designs. Without loss of generality, assume
that card(X,) = n, where n takes its value in an infinite subset of N, and card(X)

denote the cardinality of set X. We call X a sampling scheme. The fill distance of
X, defined by

h =5 inf — X 7
X”’Q mlelg ijEXn ||x ]H2’ ( )
satisfies

hx, o < Cn_l/d,Vn > 1.

(C5) (Sub-Gaussian) Suppose €;’s in (1) are independent and identically distributed ran-
dom variables satisfying

CXEel+’/®* —1y< ', k=1,..,n.

Such random variables are called sub-Gaussian (van de Geer, 2000).
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Condition (C1) is a geometric condition on the region 2. We believe it holds in most prac-
tical situations, because the compactness and convexity imply the interior cone condition;
see Hofmann et al. (2007); Niculescu and Persson (2006).

Conditions (C2) and (C3) imply that the Fourier transforms of the true correlation function
and imposed correlation function have an algebraical decay. A prominent class of correlation
functions that have an algebraical decay of their Fourier transforms is the (isotropic) Matérn
correlation functions. The isotropic Matérn correlation functions (Stein, 1999) is defined by
1
Vr(zs9,v) = W(2ﬁ¢||33H2)VKV(QW¢H«T||2)7 (8)

with the Fourier transform (Tuo and Wu, 2016)

a a(v+ 4) 9 9 9 d
F(War) (i) = 4+ bt L () (awg? + wl) D), )
v
where ¢ > 0 is the scale parameter, and K, is the modified Bessel function of the sec-
ond kind. The parameter v is the smoothness parameter, which is associated with the
smoothness of the kernel function ¥j,.

Another example of correlation functions with algebraically decayed Fourier transforms is
the generalized Wendland correlation function (Wendland, 2004; Gneiting, 2002; Chernih
and Hubbert, 2014; Bevilacqua et al., 2019; Fasshauer and McCourt, 2015), defined as

1 1 2 2\k—1 1
u(u® — ||¢px 1 —w)du, 0<|x]| <=,
Vow(z) = { (1)3(2&7&1) Jigan o) ) wa’ 1 L °

where ¢,k > 0 and n > (d + 1)/2 + K, and B denotes the beta function. See Theorem 1 of
Bevilacqua et al. (2019).

In this work, we consider fixed designs, where the design points x1, ..., x, are fixed and
can be chosen according to our will. Fixed designs are widely used in the field of computer
experiments (Santner et al., 2003). Such designs include quasi-uniform designs (Borodachov
et al., 2007; Utreras, 1988), maximin Latin hypercube designs (Van Dam et al., 2007),
optimal Latin hypercube designs (Park, 1994), and grid points. Condition (C4) states that
the fill distance of designs can be controlled at a certain rate. It can be seen that any
quasi-uniform sampling scheme satisfies Condition (C4), as stated in the following example.

Definition 1 (Separation radius) For X = {x1,...,x,}, define the separation radius as

= mi _ 2. 10
ax 15}2}39“% w2/ (10)

Example 1 (Quasi-uniform designs) It is easy to check that hx o > qx (Wendland,
2004) for any set of points X. A sampling scheme X = {X1, Xo, ...} is called quasi-uniform
if hx,.0/qx, < C for all n. For a quasi-uniform sampling scheme, hx, o < qx, =< n—1/d
(Mdiller, 2009).
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Obviously, a sampling scheme satisfying Condition (C4) may not be quasi-uniform. For
example, we can add a point which is very close to one design point of a quasi-uniform
design such that the separation radius is close to zero, and hx, o/qx, < C does not hold.

Remark 1 Random samplings do not satisfy Condition (C4); see Example 1 of Tuo and
Wang (2020).

4. Rates of convergence for misspecified Gaussian process regression

In this section, we present our results on the convergence rate of the prediction error of
misspecified Gaussian process regression (5).

We start with the easiest case. If the imposed correlation function is the same as the true
correlation function, i.e., ® = ¥ and u,, = 02/0?, then fG is the best linear predictor
and achieves the minimal MSPE, which is Var[Z(z)|Y]; see Section 3.1. Obviously, the
best linear predictor achieves the optimal convergence rate for a sampling scheme X =
{X1,X5,...}. Tt can be shown that if u,, is any fixed positive constant and ® = W, the
optimal convergence rate can still be achieved.

Proposition 2 Let fg(a:) be as in (4) with ® =V and p,, = C, where C' > 0 is any fired
constant. For any fixed design X = {x1,...,x,} C Q,

E(fo(z) — Z(2))* < CLo*(¥(z — z) — r(2) (R + pln) ~'r(2)) = C1Var{Z ()Y ]

holds for all x € Q, where R, r(z) and p are as in (2), and the constant C only depends
on C, 02 and o2,

The proof of Proposition 2 can be found in Appendix C. Because Var[Z(x)|Y] is the minimal
MSPE, E(fq(x) — Z(x))? > Var[Z(z)|Y]. Proposition 2 shows that if the true correlation
function is used, the regularization parameter can be changed to any fixed constant and
would not influence the optimal convergence rate. However, Proposition 2 does not provide
any assertion on the convergence rate.

In the following, we provide several error bounds of misspecified Gaussian process regression
under noisy observations. Suppose that ¥ and ® satisfy Condition (C2) and Condition (C3),
respectively. If mg < m < oo, we call this case oversmoothed case and call the corresponding
imposed correlation function ® oversmoothed correlation function. On the other hand, if
d/2 < m < myg, we call this case undersmoothed case and call the corresponding imposed
correlation function ® undersmoothed correlation function. If m = mg, we call this case
well-specified case.

We first provide an upper bound on the term ¥(z — z) — r(z)T (R + pu1l,) " 'r(x) in the
following proposition, which is closely related to the conditional variance in (3). The proof
of Proposition 3 is provided in Appendix D. Proposition 3 plays a key role in the proofs of
Theorems 6 and 8.

10
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Proposition 3 Suppose Conditions (C1)-(C4) hold. Then we have for any positive con-
stant py > nt—2mo/d

d

U(z — ) — (@) (R + paLn) " r(z) S (u/n)' "2, (11)

where r(x) and R are as in (2).

Remark 4 Proposition 3 is a deterministic version of Lemma F.8 in Wang (2020). In
Proposition 3, the design points are fized, while in Lemma F.8 of Wang (2020), the design
points are uniformly distributed on €.

Remark 5 Note that when the observations are noisy, the convergence rate of the condi-
tional variance (3) can be directly obtained by setting puy = p, where p is as in (2). This
result is different with the existing results in scattered data approzimation (Wendland, 2004;
Wu and Schaback, 1993), where the observations have no noise.

We start with the oversmoothed case. In the following theorem, we assume that both the
true correlation function ¥ and the imposed correlation function ® are Matérn correlation
functions as in (8). Recall that hx o and gx are the fill distance and separation radius for
a design X as defined in (7) and (10), respectively. The proof of Theorem 6 is in Appendix
E.

Theorem 6 (Oversmoothed Matérn correlation function) Let VU and ® be two Matérn
correlation functions as in (8). Suppose Conditions (C1)-(C5) hold. Suppose mg < m <
0o and py, 2 nl=2F Then, for any ti,to > Cy and all n, with probability at least

1 — exp(—t2) — exp(—t3), we have

. _d
Z — fGH%Q(Q) <C <(1 +t1)°T + t%ﬂm2mn_<1_2m)> ,
_m=—mqg _ (m—mg)d d 2mqg—d (2mg—d)d
where T = pim ™ qy, ™ (o /1) "2 4 f1 " qx,”™ , and the constants C,Cy do
not depend on n, t1 and to.

The following corollary states that, if a sampling scheme is quasi-uniform, then Gaussian

process regression with an oversmoothed Matérn correlation function can still lead to the
2mgp—d

error bound Op(n 2?70 ). Recall that a sampling scheme X = {X;, X»,...} is said to be
quasi-uniform if hx, o/qx, < C for all n (see Example 1). Corollary 7 is a direct result of

Theorem 6 and the proof is omitted.

Corollary 7 (Oversmoothed Matérn correlation function and quasi-uniform design)
Let ¥ and ® be two Matérn correlation functions as in (8). Suppose Conditions (C1)-(C3)

11
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and (C5) hold. Suppose mg < m < oo and the sampling scheme X is quasi-uniform. Let
o = 0™+ Then, for all t > Cy and n, with probability at least 1 — exp(—t), we have

2mg—d

1Z  fallZ@ < CA+tn™ 2o,

where Cy and C are constants not depending on n and t. In particular, we have

2mg—d

1Z — el 7, = Op(n™ 2m0).

Now we consider Gaussian process regression with undersmoothed correlation functions.
The following theorem indicates that the convergence rate is slower than that of Gaus-
sian process regression with oversmoothed correlation functions, whose proof is provided in
Appendix F. Note that in Theorem 8, the true and imposed correlation functions are not
necessarily Matérn correlation functions.

Theorem 8 (Undersmoothed correlation function) Suppose Conditions (C1)-(C5) hold.
Suppose d/2 < m < mgy and iy, 2 nl=3F Then, for any ti,to > Cy and n, with probability
at least 1 — exp(—t2) — exp(—t2), we have

d

A 7i _ _L 4
1Z — fall2, ) S Brm® 0~ (730) 4 (14 12)2 (i )~ 3.

In particular, if py, is a fized constant, | Z — fgﬂzLQ(Q) = Op(n~ 2T2nr;d).

The following corollary provides error bounds in the well-specified case. Corollary 9 is a
direct result of Theorem 8, and the proof is omitted.

Corollary 9 (Well-specified correlation function) Suppose Conditions (C1)-(C5) hold.
Furthermore, suppose m = mg and pm, < 1. Then, for allt > Cy and n, with probability at
least 1 — exp(—t), we have

2mqg—d

1Z = fall? ) < CUL+tn™ 2mo,

where Cy and C are constants not depending on n and t. In particular, |Z — fg||2L2(Q) =

2mg—d
OIP (n 2m( ) .

Theorem 10 provides a lower error bound of Gaussian process regression, whose proof is
presented in Appendix G.

Theorem 10 (Lower error bounds of Gaussian process regression) Suppose Condi-
tions (C1)-(C5) hold. Assume mgo > d and Assumption G.0.1 holds. Then we have

2mg—d

E|Z ~ fali,@zn > .

12
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Remark 11 Theorem 10 requires a technical assumption Assumption G.0.1 in Appendiz G,
which essentially requires that there exists a correlation function K with uniformly bounded
eigenfunctions such that F(K)/F (V) is uniformly bounded. This assumption is slightly
weaker than the assumption that ¥ has uniformly bounded eigenfunctions. The later as-
sumption is typical in nonparametric regression literature. See Mendelson et al. (2010);
Steinwart et al. (2009) for example. Unfortunately, to the best of our knowledge, whether
Assumption G.0.1 holds for Matérn correlation functions is not present in literature.

Remark 12 Note that the convergence rate in Theorem 10 is different with the minimax
convergence rate in nonparameteric regression, where the underlying truth is a deterministic
function. Besides the different settings, another difference is that the minimax convergence
rate is considered in the worst case for a given function class, while Theorem 10 can be
treated as in an average case. We also note that Tuo and Wang (2020) provide lower error
bounds of Gaussian process regression in the noiseless case.

Combining Theorem 10 and Corollary 7, it can be seen that Gaussian process regression
with an oversmoothed Matérn correlation function achieves the optimal convergence rate,
if the sampling scheme is quasi-uniform, and the optimal convergence rate for Gaussian

2mg—d

_zmp—¢a
process regression is Op(n  2mo0 ). Corollary 9 states that the optimal convergence rate
can also be achieved if the Gaussian process regression with the true correlation function is
used, which is intuitively true.

Theorem 8 provides an upper bound on the Lo prediction error of Gaussian process regres-
sion with an undersmoothed correlation function. The upper bound is larger than that of the
Gaussian process regression with the true correlation function. Note that in Tuo and Wang
(2020) and Wang et al. (2020), if the observations have no noise, it has been shown that us-
ing an oversmoothed Matérn correlation function and a quasi-uniform sampling scheme can
achieve the optimal convergence rate, while using an undersmoothed correlation function
leads to an upper bound that has a slower convergence rate. Combining their results and
ours, we can conclude that if the sampling scheme is quasi-uniform, using oversmoothed
correlation functions is not detrimental to the convergence rate, no matter the observations
are corrupted by noise or not. Nevertheless, we still recommend practitioners to try to find
the correlation function with smoothness closed to the true smoothness. This is because
the constant in the convergence rate can be large if the imposed smoothness is too far away
from the true smoothness. Moreover, our results suggest that it is important to choose good
designs in practice.

5. Relationship of the convergence rates between Gaussian process
regression and kernel ridge regression

In this section, we discuss the relationship between the convergence rates of Gaussian pro-
cess regression and kernel ridge regression. For the conciseness of this paper, we move
the introduction to reproducing kernel Hilbert spaces, Sobolev spaces, and kernel ridge
regression to Appendix A.

13
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5.1 Rates of convergence for misspecified kernel ridge regression
5.1.1 SMOOTHNESS OF A DETERMINISTIC FUNCTION

We say that a deterministic function g € Ly(R%) has a finite degree of smoothness if the
quantity

mo(g) :=sup{k > 0: g € H*(R")} (12)

is finite, where H*(R?) is the Sobolev space with smoothness k. Here k can be a non-
integer, and the corresponding Sobolev space is called the fractional Sobolev space. We call
the quantity (12) the smoothness of g. The functions considered in this work are assumed
to have smoothness greater than d/2, which implies such function are continuous. Since 2
is compact and has a Lipschitz boundary, there exists an extension operator from Lo (f2)
to Lo(R?), such that the smoothness of each function is maintained (DeVore and Sharpley,
1993; Rychkov, 1999). We define the smoothness of a function g € Ly(£2) by the smoothness
of the extended function g, € Lo(R?) using (12).

From (12), it can be seen that a function g with smoothness mg(g) can be divided into
two scenarios: 1) g € H™ W (Q) but g ¢ H™(Q) for any m > mo(g); 2) g € H™(Q) for
any m < mo(g) but g ¢ H™(Q). As a simple example, by (9), it can be checked that
Matérn correlation functions fall into the second scenario. To the best of our knowledge,
the existing results on the kernel ridge regression only investigate the functions in the first
scenario.

The following lemma provides a characterization of function g that has smoothness mg(g)
but is not in the Sobolev space H™0(¥)(RY).

Lemma 13 Let mo(g) € (d/2,+00) be the smoothness of g. If g ¢ H™ 9 (RY), there exists
an increasing positive function @ : Ry — Ry satisfying (6) such that
2
/ ‘]:(g)(w | (1 + ||w||2)m0(g)dw <1,
Rt Q([wl]
|2

| F(g)(w 2\mo(9)+6 7, , _
/Rd () (14 |lw]®) dw = 00,V§ > 0.

~_ |~ ~— [ ~—

Note that (6) implies Q(s) increases slower than any s° with any § > 0. The proof of Lemma
13 can be found in Appendix H. We use the following example to illustrate the intuition
behind Lemma 13.

Example 2 Consider the triangle function

oy = 171k 1<

|z| > 1.

14
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It can be checked that f has smoothness 3/2 but f ¢ H®?(R). One can choose Q(t) =
Clog2(1 +t) defined on Ry with C' an appropriate constant such that

/ |f 1+ w|?)?2dw < 1,

u(1 + |w|?)¥* 0 dw = 00,¥6 > 0
R Qwl) O .

For the proof of the above statements, see Appendiz M.

5.1.2 MAIN RESULTS FOR MISSPECIFIED KERNEL RIDGE REGRESSION

Let f be a deterministic function with smoothness mg(f). The corresponding function
space of interest is the Sobolev space H™0(f) (Q), because by the definition of smoothness,
mo(f) = sup{k > d/2 : f € H*(Q)}. Theorem 10.45 of Wendland (2004) suggests that if
the kernel function ¥ satisfies Condition (C2) with mg = mg(f), Ny (€2) coincides with the
Sobolev space H™o(f )(Q), where Ny () is the reproducing kernel Hilbert space generated
by . Suppose a kernel ridge regression with reproducing kernel Hilbert space Ng () is used
to recover the function f. Furthermore, assume ® satisfies Condition (C3), which implies
that the corresponding reproducing kernel Hilbert space Ng(£2) coincides with the Sobolev
space H™(Q). We call ® the imposed kernel function, and ¥ the true kernel function.

Remark 14 For any constant ¢ > 0, it can be seen that Ny () coincides with Neg (L),
and two norms are equivalent. Therefore, we pick any fized kernel function ¥ satisfying
Condition (C2) with mg = mg(f) and call it the true kernel function. Any other kernel
function is called imposed kernel function if it is used in the kernel ridge regression.

With a slight abuse of terminology, we refer to the kernel ridge regression with reproducing
kernel Hilbert space Ng(€2) as the misspecified kernel ridge regression. The misspecified
kernel ridge regression can be written as

fm = argmin (1 > (ke — flzn)? + )\m||f||/2\f¢(9)>= (13)

feNs(@) \" 15

where \,, > 0 is a regularization parameter. Note that if A\, = Pom /n, where p,, is as in
(4), the representer theorem implies that fim has the same form as fg in (4).

There are two cases, according to the smoothness m of the reproducing kernel Hilbert
space Ng (), or equivalently, the smoothness of the Sobolev space H™(Q). If mo(f) <
m < oo, the corresponding Sobolev space H™(Q) ¢ H™()(Q). With a slight abuse of
terminology, we call this case oversmoothed case and call the corresponding kernel function
& oversmoothed kernel function, even if m may equal to mo(f). On the other hand, if
d/2 < m < mo(f), we call this case undersmoothed case and call ® undersmoothed kernel
function.

15
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In this work, we are interested in the convergence rate of the Lo prediction error ||f —
me Lo(0)- The following theorem states that, using an oversmoothed kernel function can
still lead to the optimal convergence rate, if the regularization parameter is appropriately
chosen. The proof of Theorem 15 is presented in Appendix I.

Theorem 15 (Kernel ridge regression with oversmoothed kernel function) Suppose
f has smoothness mo(f). Suppose Conditions (C1)-(C5) hold and mo(f) < m < oo. If
2

Am < n 2mo+d | the following statements are true for all n.

1. If f € H™U)(Q), then

R _ mep) X m—mg ()
If = finllLo() = Op(n 2m0%2) | frn || A () = Op(n?mol+d).

2. If f ¢ H™U)(Q), then

m—mq(f)

~ __mo(f) o
1f = fmllzo) = Op(n 200+ Q(n)), || fmllnp (@) = Op(n?m0+4Q(n)).

The next theorem states the convergence rate of upper error bounds in the undersmoothed
case, whose proof is provided in Appendix J.

Theorem 16 (Kernel ridge regression with undersmoothed kernel function) Suppose
f has smoothness mo(f). Suppose Conditions (C1)-(C5) hold and d/2 < m < mo(f). If
2

A X1 2mo$>+d, the following statements are true for all n.
1. If mo(f)/2 < m < mo(f), then we have:

__mo(f)
I~ Fallaey = { O Ty T EHMI@),
m 2 - m,
Op(n” 00T Q(n)), if f ¢ H™(Q).

2. Ifd/2 <m < mo(f)/2, then we have:

o __2m
1f = fmll L) = Op(n~ 3m+d).

From Theorems 15 and 16, we can see that the misspecified kernel ridge regression can
still achieve the optimal convergence rate, as long as the imposed kernel function satisfies
Condition (C3) with m > mg(f)/2. These results generalize the results in Tuo et al.
(2020), where the imposed kernel function satisfies m = mq(f)/2. Furthermore, this work
establishes the convergence results under the case that f ¢ H™0(/)(Q) but has smoothness

mo(f).
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5.2 Relationship of the convergence rates of kernel ridge regression and
Gaussian process regression

Although kernel ridge regression and Gaussian process regression have different model as-
sumptions, and we have applied completely different approaches to obtain the convergence
rates of error bounds, there is an intimate relationship between the constructed convergence
rates. This relationship, notably, is aligned with the relationship between the reproducing
kernel Hilbert space and Gaussian process, as we will explain in this section. For the ease
of mathematical treatment, we assume that the sampling scheme is quasi-uniform. We use
Vg, g, Ua, and P to denote the true kernel function, the imposed kernel function, the
true correlation function, and the imposed correlation function, respectively.

We first link the prediction error of kernel ridge regression and that of Gaussian process
regression, as shown in the following proposition. The proof is presented in Appendix K.

Proposition 17 Suppose f € Ny, () is a deterministic function, and Z ~ GP(0,¥¢) is
a Gaussian process. Suppose Vi and P are stationary, positive definite and integrable on
RY, UG = Uk, &g = P and Ny = /0. Then

E(f(z) = fm(2))? < CE(Z(z) - f(2)), Vo € Q,

where fr and fo are as in (13) and (4), respectively, and C = max(1, Hin/\p)

Proposition 17 states that the MSPE of kernel ridge regression E(f(z) — fyu(z))? on any
point 2 can be bounded by the MSPE of Gaussian process regression E(Z(x)— fo(x))2, when
the correlation functions are the same as the kernel functions, and \,, = p,;,/n. However,
Proposition 17 does not provide the optimal convergence rate of the MSPE E(f(2)— fyn(2))2.
To see this, let Vi = Vg = P = Pn. Furthermore, assume Wy satisfies Condition

2mq

(C2). The optimal convergence rate in kernel ridge regression is achieved if \,, < n 2mo+d,
However, Proposition 2 suggests that the optimal convergence rate of |Z — fal| Lo(Q) 18
achieved if pu,, is a fixed constant, and p,, does not have the same order of magnitude as
nAm. On the other hand, if we set A\, < 1/n, Theorem 4.1 of Wang (2020) implies that
the optimal convergence rate in kernel ridge regression cannot be achieved. In other words,
if we use Gaussian process regression with correlation function Vg = Wi and a constant
regularization parameter to make prediction on a deterministic function in Ny, (€), the
optimal convergence rate cannot be achieved. The difference between the convergence rates
of E(f ()= fin(2))? and E(Z(2)— fa(x))? can be interpreted by the difference of the support
of a Gaussian process and the corresponding reproducing kernel Hilbert space, where the
former is typically larger than the later (van der Vaart and van Zanten, 2008b).

In our results of Gaussian process regression, the smoothness mg showing in Condition (C2)
for a stationary Gaussian process Z should be interpreted as the mean squared differen-
tiability (Stein, 1999) of the Gaussian process, which is determined by the smoothness of
the correlation function . This is different with the smoothness of deterministic func-
tions. Nonetheless, we can consider the smoothness of sample paths of Z, under the usual
definition of smoothness for deterministic functions, which reveals an interesting connec-
tion between convergence rates of kernel ridge regression and Gaussian process regression.
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If Z ~ GP(0,%5) is a stationary Gaussian process with correlation function Ug satisfy-
ing Condition (C2), it can be shown that the sample path smoothness is lower than myg
with probability one (Driscoll, 1973; Kanagawa et al., 2018; Steinwart, 2019). The differ-
ence between the support of a Gaussian process and the corresponding reproducing kernel
Hilbert space has been sharply characterized by Steinwart (2019). Specifically, Steinwart
(2019) shows that the sample paths of Gaussian process Z lie in Sobolev space H*(2) with
o € (d/2,mg — d/2) with probability one, and do not lie in the Sobolev space H™0~%2(Q)
with a strictly positive probability. This implies that the sample paths of Gaussian process
Z have smoothness my — d/2 with a strictly positive probability. Consider a determinis-
tic function f with smoothness mq(f) = mg — d/2 but not lying in H™0~%2(Q). Theo-

rem 15 suggests that if an oversmoothed kernel function with smoothness m is used and
__2m _m . __mg(f) __mqg—d/2
Am X n 2mD+td = n mo then the convergence rate is n 2mo(N+d = n  2m0  up to a

difference of Q(n) with Q(n) = o(n’) for any § > 0. This convergence rate coincides with
the optimal convergence rate of Gaussian process regression, and the choice of the regular-

ization parameter has the same order of magnitude as nA,,, i.e., tm = n'"me = NAm. If
we choose the optimal order of magnitude of A\, = Cn~mo for any fixed positive constant
C and py, = nA,, the predictors of Gaussian process regression and kernel ridge regression
are identical (Kimeldorf and Wahba, 1970), and both achieve the optimal convergence rate.
In other words, we can regard Gaussian process regression as kernel ridge regression with an
oversmoothed kernel function, from the prediction perspective, and the optimal convergence
rates are almost the same, up to a small order of n® with any 6 > 0.

Remark 18 Kanagawa et al. (2018, Section 5.1) also discuss relationship between Gaus-
stan process regression and kernel ridge regression. The relationship of the convergence rate
of kernel ridge regression and the rate of posterior contraction of Gaussian process priors
is established. Note that the Gaussian process regression model and the convergence rate
(Kanagawa et al., 2018, Theorem 5.1) is based on the posterior contraction of Gaussian
process priors in van der Vaart and van Zanten (2011), where the underlying truth is still a
deterministic function. We consider “the underlying truth in Gaussian process regression s
a Gaussian process” and “the underlying truth in kernel ridge regression is a deterministic
function”. This differentiates our discussion with that in Kanagawa et al. (2018).

6. Numerical experiments

In this section, we conduct numerical experiments to study whether the convergence rates

given by Theorems 6 and 8 are accurate. We consider the region of interest = [0, 1]. It

has been shown in Theorems 6 and 8 that, if mg < m, taking p =< n~"/™0%! Jeads to the
2mg—d

error bound Op(n 2m0 ); on the other hand, if mg > m, taking pu < 1 yields the error
_ 2m—d

bound Op(n™ 2m ).

Let £ =E||Z — ]“:GHQL2 ()- We consider grid designs, such that the fill distance has the same
order of magnitude of the separation distance. If the convergence rates of £ are sharp, then
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we have the approximation

2 —
log€ ~ Mlog(l/n) +logecy, if mp <m,
2m0

2
log& =~ m

log(1/n) 4 log ca, if mg > m, (14)

where ¢ and cg are constants. Therefore, in the numerical experiments, we regress log £ on

log(1/n) and check whether the estimated slope is close to the theoretical assertion 2mo—d
2m—d

and s

, when mg < m and mg > m, respectively.

We consider the sample sizes n = 10k, for k& = 2,3,...,15. For each k, we simulate 100
realizations of a Gaussian process, where the correlation function is a Matérn correlation
function given by (8). We take p = 0.1 x n~™/™0F! when mg < m, and take p = 0.1
when mg > m. The noise is set to be normal with mean zero and variance 0.25. For
i-th realization of a Gaussian process, we generate 10k grid points as X, and use & =
555 Z?Ozol(Z(xj) — fa(x;))? to approximate HZ_fGH%Z(Q): where z;’s are the first 200 points
of the Halton sequence (Niederreiter, 1992). This should provide a good approximation since
the points are dense enough. The expectation £ is approximated by ﬁ 2100

=1

The results are presented in Table 2. The first two columns of Table 2 show the true
and imposed smoothness. We consider three scenarios: oversmoothed case (row 1 and
row 2), well-specified case (row 3), and undersmoothed case (row 4). The third and the
fourth columns show the convergence rates obtained from the numerical experiments and
the theoretical analysis, respectively. The fifth column shows the difference between the
fourth and the fifth columns, and the last column gives the R-squared values of the linear
regression of the simulated data.

mo | m | Estimated slope | Theoretical slope | Difference R?

1.6 | 3.3 0.7138 0.6875 0.0263 0.9846
2.0 | 3.0 0.7664 0.7500 0.0164 0.9810
2.0 | 2.0 0.7691 0.7500 0.0191 0.9817
3.0 20 0.7856 0.7500 0.0356 0.9787

Table 2: Numerical studies on the convergence rates of E||Z — fGH%Z(Q).

From Table 2, it can be seen that the estimated slopes are close to our theoretical assertions
for these cases. Figure 2 shows the scattered points and the regression lines under the four
combinations of (mg,m) in Table 2. From the R-squared values and Figure 2, we can see
that the regression lines fit the scattered points well.

7. Conclusions and discussion

In this work, we provide some upper and lower error bounds for Gaussian process regression
under misspecified correlation functions, when the observations are corrupted by noise. We
show that the optimal convergence rate of Gaussian process regression can be achieved by us-
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Figure 2: The regression line of log £ on log(1/n), under the four combinations of (mg, m) in Table
2. Each point denotes one average prediction error for each n.

ing an oversmoothed Matérn correlation function and a quasi-uniform sampling scheme. We
also show that if the underlying truth is a deterministic function, the optimal convergence
rate can still be achieved by kernel ridge regression if the kernel function is oversmoothed or
not “too undersmoothed”. Despite the difference of model assumptions and approaches in
the proofs, we find an interesting connection between the constructed convergence rates of
Gaussian process regression and kernel ridge regression. This connection is aligned with the
connection between Gaussian process and reproducing kernel Hilbert space. The finding of
the connection could serve as a bridge between Bayesian learning and frequentist learning,
and may inspire new advances in these two seemingly separate fields.

There are several remaining problems. First, when the underlying truth is a Gaussian
process, we consider fixed designs, which are also considered in Tuo and Wang (2020); Wang
et al. (2020); Tuo et al. (2020). Whether the results hold for random sampling needs further
study. Second, in addition to prediction, uncertainty quantification plays an important
role in statistics. Since Gaussian process regression imposes a probabilistic structure on
the underlying truth, it naturally induces an uncertainty quantification methodology via
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confidence interval. Uncertainty quantification under misspecification will be pursued in
the future.
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Appendix A. Reproducing kernel Hilbert space, Sobolev space and
kernel ridge regression

Reproducing kernel Hilbert space plays an important role in the study of kernel ridge
regression and Gaussian process regression. Suppose 1 C R? satisfies Condition (C1).
Assume that K : Q x Q — R is a symmetric positive definite kernel function. Define the
linear space

Fr(Q) = {Z BuK (- xy): B € Ryxp € Qn € N} , (15)

k=1

and equip this space with the bilinear form

<ZﬁkK(',xk)7Z%‘K(',$9)> Zﬂk% (zk, )
Jj=1 Kk k

Then the reproducing kernel Hilbert space Nk () generated by the kernel function K is
defined as the closure of Fx () under the inner product (-,)x, and the norm of Nk (Q)
is || fllae @) = /{fs I ), where (-, ) () is induced by (-,-) . The following theorem
gives another characterization of the reproducing kernel Hilbert space when K is defined
by a stationary kernel function ¥, via the Fourier transform. Note that a kernel function

U is said to be stationary if the value ¥(z, ) only depends on the difference x — 2/. Thus,
we can write ¥(x — 2’) := U(z, ).

Theorem 19 (Theorem 10.12 of Wendland (2004)) Let ¥ be a positive definite ker-
nel function which is stationary, continuous and integrable in RY. Deﬁne

G :={f € LyRYNCRY) : F(f)//F(¥) € Ly(R)},

with the inner product

Then G = Ng(R?), and both inner products coincide.

For an integer k, the Sobolev norm for function g on R? is defined by
IolBne = | F @)1+ ]
and the inner product of a Sobolev space H*(R?) is defined by
Py = [ FO@F@E0+ ] ds.
This definition can be naturally extended to Sobolev spaces with non-integer orders, which

are commonly known as the fractional Sobolev spaces, denoted by H™(R?) with a non-
integer m.

26



CONVERGENCE OF (GAUSSIAN PROCESS REGRESSION

Remark 20 In this work, we are only interested in Sobolev spaces with m > d/2 because
these spaces contain only continuous function according to the Sobolev embedding theorem.

A Sobolev space can also be defined on 2 C R, denoted by H™ (), with norm
£l () = f{|| fell grm ay : fe € H™(RY), fela = f},

where f.|q denotes the restriction of f. to Q. It can be shown that H™0(R?) coincides with
the reproducing kernel Hilbert space Ny (]Rd) with equivalent norms, if ¥ satisfies Condition
(C2) (Wendland (2004), Corollary 10.13). By the extension theorem (DeVore and Sharpley,
1993), Ny () also coincides with H™0(Q), and two norms are equivalent.

Given the observations (xg, yx) with relationship (1), the kernel ridge regression reconstructs
a function f € Ny (Q) by using

n

(= o)) + Mgl ) (16)

S

f = argmin <

9€N ¥ (Q) k=1
where A is a prespecified regularization parameter. Under certain conditions and if ¥
satisfies Condition (C2), the optimal order of magnitude of A is known in the literature

2m

__2mQ
(van de Geer, 2000), given by A = Cn 2mo+td where C can be any fixed positive constant.
The optimal choice of A leads to the optimal convergence rate under Lo metric, which is

n” FmoTd (Stone, 1982).

Appendix B. Notation

We use (-, ), to denote the empirical inner product, which is defined by
1 n
{foghn =~ > fan)glax)
k=1

for two functions f and g, and let ||g||2 = (g, g)» be the empirical norm of function g. In

particular, let
n

(e Fhn = > euf(an),

k=1

where € = (e1,...,¢,)T. For two vectors v and w, we use (v, w) = v’ w to denote the inner
product.

For notational simplification, let h,, = hx, o and ¢, = gx,, be the fill distance and separation
radius of design X,,, respectively. For the ease of treatment, in the rest of Appendix, we
assume the regularization parameter \,, < n® for some a € R. We use tr(A) to denote the
trace of a matrix A.
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Appendix C. Proof of Proposition 2

Without loss of generality, assume o = 1. Notice that for any u = (uy,...,u,)? € R and
any constant C1,

n n n
U —2) =2 wW(e—z)+ > > upu;(zy, — ;) + Crllull5 > Cyllull3,
j=1

k=1 j=1
because VU is positive definite. Plugging u = (R + C11,,)~'r(z), we have

Cir(z)T(R+ C 1) ?r(z) < V(z — x) — r(z) (R + C11,) (). (17)

If C < p=02/0?, then direct computation shows that

~

E(fa(x) — Z(x))?
=U(z —2) = 2r(z)" (R+ CL) 'r(z) + r(z)" (R + CL,) (R + pl,)(R+ CL,) 'r(x)
=U(z —z) — 2r(x)"(R+ CL,) 'r(z) + r(z)" (R+ CI,) "(R+ CL,)(R+ CI,) 'r(z)
+ (p—C)r(2)" (R+ CL,) *r(x)
=V(x—x)— r(:z) (R+ CIn)*lr(x) + (p— C’)T(a:)T(R + C’In)72r(g:)

< (1 + ”‘CC> (W(z —2) —r(@)T(R+ CIL,) r(z))

<E(U( =) = r(@)" (R + pl,) (), (18)

where the first inequality is because of (17), and the second inequality is because of (R +
pl,) = (R+CI,)™ !

If C > p, then we have
E(fa(z) — Z(x))’
=U(z — ) — 2r(z) (R + CL,) 'r(z) + r(z)T(R+ CL,) Y (R + pul,) (R + CI,) 'r(x)
<U(z —z) —r(z)T(R+ CL,) 'r(z), (19)
where the first inequality is because of R+ ul, < R+ C1,.
For any u = (uy,...,u,)T, the Fourier inversion theorem yields

U(r—x)— 2Zuj\11(x —xj)+ Z Zukug‘l’(ﬂﬁk — aj) + Cllull3

k=1 j=1

2
zxw zxw)
uje"\ I —
27Td/2 Z 3¢

F () (w)dw + Cllull3
C
§u< m/

2
z(x7 Wy ez(x,w)

FU) (w)deo + unuu%) (20)
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Let u(®) = (ugl),...,ug))T = (R + pl,) " 'r(z). Because u(® = (u§2),...,u,(12))T = (R +
C1I,)~'r(z) is the solution to the optimization problem

n n
min ¥z — ) f2ZuJ =)+ 3 Y e (wk = 25) + Cllul3,
U n

k=1 j=1

we have

U(r—2x)—r(z )T(R +CIL,) r(x)

=U(z — 1) QZu :c—acj)—i-ZZu,(f)u;?)\Il(xk—xj)—i-CHu(z)H%

k=1 j=1
W) 23wV )+ 30D WP — ) + O
j=1 k=1 j=1
C M, ; ?
SM( )a/2 Z Hei) — @09 F(W) (w)dw + M|U(1)H§>
C -
:;(\p(x — ) —r(x)" (R + uly)~'r(x)), (21)

where the second inequality is by (20). Combining (18) and (21), we finish the proof.

Appendix D. Proof of Proposition 3

Let I(x ) U(x—z)—7(z)T (R+p11,) " 'r(z). Consider function g(t) = ¥(z—t)—r(z)" (R+
pil,) " tr(t). It can be seen that

I(z) = g(x) < |9l Lo (0)- (22)

Direct computation shows that

9113, @) =¥ (z — @) = 2r(@) (R + paLn) " 'r(x) +r(@) (R + pln) " R(R + puln) (@)
<U(x —x)— r(x)T(R + m[n)*lr(m) = I(x). (23)

By the Gagliardo—Nirenberg interpolation inequality for functions in Sobolev spaces (Leoni,
2017; Brezis and Mironescu, 2019), it can be seen that

-5 L 5L d
190 o) S N9l 2, @5 N9l 7m0y S HgHL2 IIgII,\/@(QNHQHL2 I(z)am. (24)

It remains to bound ||g||1, ). Let fi(t) = r(x)" (R + p1l,) " 'r(t). It can be seen from the
representer theorem that

. M1 2
f1 = argmin |¥(z —-) — h||2 + =||h . 25
her(Q)H (@ =) =Rl + Al @) (25)
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By Lemma 26,

191l o) Shiellglamo @) + gl S B llglnm(@) + Igln < At (@)% + llglla, — (26)

where the second inequality is by the equivalence of | - || mo () and || - [| oy (@), and the last
inequality is by (23).

The empirical norm ||g||,, can be bounded by
gl =¥ (@ —-) = fillz
=% — ) = Al + 2 AR ) — SR @
< ) = W =2+ 0 ) ) D@ R+ L) RR + L) ()

:%\If(m — ) — %T(x)T(R + L) R+ L) (R + pa L)~ 'r(x)
2

+ ELr(@)" (R + 1) r(a)

(o ) = (@) (R paFa) (o) +par() (R + ) () ), (27)
where the first inequality is because fi is the solution to (25).
Notice that for any u = (u1, ..., u,)" € R",
m—x—2§:w (@) + 30 S Wi — )+ plluld > gl
k=1 j=1

because ¥ is positive definite. Plugging u = (R + p11,) " 1r(z), we have

par ()T (R + 1) 7 2r(x) < U(z — ) — r(x) T (R + po L) " Lr(z). (28)
Therefore, (28) and (27) imply that

ol <2 (0o ) = @) (Rt k) (o)) = 22 1), (20)

n

By (22), (24), (26), and (29), we have

I(z) S I(z)Y2 + |glln)' "= I (2) ™o

1/2 1— 4
mo 2 M1 1/2 2mo =
hol(x) 1/2I(m) I(z)*mo

1/2 ﬁ 1/%%
@m+) 0 () T (30)

1/2 n

where the last inequality is because p; = n'=2™0/4 Tt can be seen that (30) implies
d
,Ul 2m0
I < .
w= ()

30

This finishes the proof.
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Appendix E. Proof of Theorem 6

We first present several lemmas used in this proof. Lemma 21 is Lemma 24 in Tuo and
Wang (2020). The proof of Lemma 22 is provided in Appendix L.1.

Lemma 21 Suppose Q satisfies Condition (C1). Let G be a zero-mean Gaussian process on
Q with continuous sample paths almost surely and with a finite maximum pointwise variance
02 = sup,cq EG(x)? < 0o. Then for allu >0 and 1 < p < oo, we have

P (|Gl @) — ElGL,@ > u) < e /@08,
P (|G, — ElGlL,@ < —u) < e~u*/(2Cp0g)

with Cp, = Vol(Q)?/P. Here Vol(Q) denotes the volume of Q.

Lemma 22 Suppose the design points X = {x1,...,x,} and the separation radius of X
gx S 1. Let W be a Matérn correlation function satisfying Condition (C2) and Ax be the
mazimum eigenvalue of matriz (V(x; — x))k. Then

Ax < COgy?,
where C' is a constant depending on ¥ and €.
Now we begin to prove Theorem 6. Recall that y; = Z(z;) +¢;. Let € = (e1,...,€,)T and
F = (Z(z1), ..., Z(x,))T. Therefore,
fo(@) = r(@) " (Ro + ptmdn) 7 F + 1 (2) T (R + g L) e
Direct computation shows that
(Z(2) — fa(2))? =(Z(x) = rm(2)" (Ro + pim L) T F = 10 (2)" (R + 1) ~'€)?

<2(Z(z )_rm(fﬂ) ( m+NmIn)_1F)2+2(Tm(x)T(Rm+UmIn)_1€)2
=214 () + 2I5(z), (31)

where the inequality is by the Cauchy-Schwarz inequality. Let G(x) = Z(2) — 7y (2)T (Ry +
pmI,)"LF. Tt can be seen that G is also a mean zero Gaussian process.

By Jensen’s inequality and Fubini’s theorem,
(G Ly()? < ElGII,0) = /QE(Z(J?) — (@) (R + pin L)~ F)?dae

_/ EIL (z)dz < Vol(Q) sup EI1(z), (32)
Q zeQ

where Vol(2) is the volumn of €.

Next, we provide a uniform upper bound on EI;(z). Direct computation gives us

EL = U — 2) — 2r(@)" (R + pinn)"r(@) + 120(@) " (Run + L)~ BB + L)~ 1o (@),
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where r(x) and R are as in (2).

By the Fourier inversion theorem, for u = (u1, ..., un)" = (Rm + pmIn) ~'7m(z), we have

Eli(z / Zuj i) _ o=ile)| 7 (1) (w)duw
Jj=

2 2
n n

:/ z:zLjefi<9”j’“’> — e MW F(0) (w)dw +/ Zujefi@j’“’) — e F(0)(w)dw
llwll2<vy 1 llwll2>~ j=1

=111 + L2, (33)

where v > 1 will be determined later.

The first term I1; can be bounded by

2
n

I”?/ D ujem ) — e B (1 4 [lw]3) 0 dw
llwll2 <~ j=1
2

~

(1 + [lw]3) ™" dw

2m—2myg —i{x;,w) —z' T,w
Sy / § uje = (
lwll2<~ |

S,YZm—QmO/ Zu] —i(z ,w) _ —i(x,w) ]—'((I))(w)dw’ (34)
lwll2<~ |

where the first and third inequalities are because of Conditions (C2) and (C3), respectively.

By the Cauchy-Schwarz inequality, the second term I15 can be further split to

2
n

JED) SQ/ Zuj‘eii<xj’w> f(\P)(w)dw+2/
il | ||

. 2
)eﬂ@v@] F(0)(w)dw
wll2>y

=I5 + I1. (35)
Since ¥ satisfies Condition (C2), the term Iy can be bounded by
DS [ el s Sy, (36)
wll2>y
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and the term I3 can be bounded by

2
n

Is 3 / S wje )| (14 [wld) "m0 dw
lwllz> | $=
2

/ Zu (142 wllZ) ™0 d
lwll2>1

2

Sv‘“mO/ S e (1 4 [l m0d
[|wll2>1

7j=1
2

st [ e | () @7
Jj=

where the second inequality is by the change of variables, and the third inequality is by the
fact that (1 +*[w[3)™™ < (v*(1 + [|lw[|3)/2)~™° for ||w[l2 > 1.

Putting (36) and (37) into (35), we obtain

2
Iy S Vd_zmo/ Zu e~z w (1+ Hw||%)_m0dw_|_,y—2mo+d
Rd

2
Syt / Zu e @) | F(0)(w)dw + 5~ 2motd
R4

n
=070 " wjug W (v — yag) 42O
Jk=1

<y PTEMON x 3 4yt (38)

where the second inequality is because W satisfies Condition (C2), and vX = {yz1, ..., vz}
The separation distance of vX is vygx, which, together with Lemma 22, implies A,x <
C(vgx)™? (it can be seen by the choice of v later, ygx < 1). Plugging (34) and (38) into
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(33), we have

EIl (ZE)
2

SyPmRme /” » Zug 3] — 7| (@) (w)dw + 747270 A [ull3 + 7m0
wl2s8Y

2

P /” | Zuj ) i) F(@) (@) + T2 (ygx)ullf + 420k
w 2<’y

2
n

572"1—2’“0( / e e f(q’)(w)dw+7_2m(QX)_d||U||%> oy 2motd,
Wi22Y | j=1

(39)

_
Take v = iy (qx)~%?™ such that v=2™(qx) ™% = pu,. Clearly, v¢x < 1. By (39), E1(x)
can be further bounded by

2

" *€_i<mj’w> o e—i(x,w> ]—'(@)(w)dw + Hm|u||§>

_m=—mqg _ (m—mg)d
EnL(z) Spm ™ qx ™ (/ Z J
lwll2<y |5=1

2mqo—d (2mg—d)d
+ ™ (gx) 2m
2

_m-mg _ (m=mg)d n . .
Spm ™ gy " (/Rd Zuje—m]-m _ o ilzw) f(q))(w)dw+ﬂm||u||%>
j=1

2mqo—d (2mg—d)d

+ ™ (gx) 2m

_m=mg _ (m=mg)d -

I (T _zzu] (=) 3 wunle; — ) + il )
7,k=1
2mg—d S

+ " (qx)(2 T

_m=-mqg _ (m—mg)d 2mg—d (2mg—d)d
=pm " qx " ((I)(w_$)_rm(x)T(Rm‘i‘NmIn)_le(x))+Mm2m (gx) 2w

_m-—mg _ (m-mg)d 2mo d (2mg—d)d

Stm ™ Gy " (/)T 4 (qx) P (40)

where the last inequality is by applying Proposition 3 to the correlation function .

m—mqg _ (m—mg)d 2'm0 d (2mg—d)d

Let T = pim ™ qy ™ (um/n)'" I + um®™ (gx) 2m . Lemma 21, (32), and (40)
imply that for all ¢; > 0, with probability at least 1 — exp(—C%?),

G Loy S (1 + 1) T2,
which implies

IGI7, ) S (1 + )T (41)

34



CONVERGENCE OF (GAUSSIAN PROCESS REGRESSION

Next, we consider Is(x). This can be done by applying Theorem 29. Recall that Is(x) =
(rm ()T (R + pmIn) " te)?. Define fo(x) = 0 for all x € Q, ie., fa is a zero function.
Clearly, fo € Ng(Q) with | fallyp) = 0. Let fao(z) = P ()T (Ryy + ptm 1)~ '€, then

|]f2H%2(Q) = [,eq l2(z)dz. By the representer theorem, fo is the solution to

i Ly P 2, Hm .
min — T:) — € + rm )
senia) Z:j (§(2)) = &) + T g lnae)

Theorem 29 tells us that for all ¢ > Cy (with appropriate changes of notation), with prob-
ability at least 1 — O exp(—Cat?),

5 _ _d
If2 = f2ll7 0y < Cst*n™" (pm/n) "2,
which implies

d

/ Da(w)dr = ol o) < CotPn™ /)5 (42)
xre

since fo = 0. Note that (31) implies || Z — fGH%Q(Q) s ||G”%2(Q) + Hfz”%Q(Q). Thus, by (41)
and (42), we finish the proof of Theorem 6.

Appendix F. Proof of Theorem 8

Note that y; = Z(x;) + €. Let € = (€1, ...,,)T and F = (Z(z1), ..., Z(xy,))T. Therefore,
fa(@) = (@) (R + pmdn) " F + 1 (@) (R + pmLp) e

Similar to (31), we have

(Z(z) - fG(x))z <2(Z(x) — rm<x)T(Rm + MmIn)ilF)z + 2(Tm(x)T(Rm + :U«m[n)ile)Q

Let G(z) = Z(x) — mm(2)T (Ryy + ptmI) "' F, which is also a mean zero Gaussian process.

Similar to (32), we can obtain that

(EG £o0)* < Vol(Q) sup ElL (). (43)

Direct computation gives us
EL(z) = U(z — 2) — 2rm(2) " (R + i n) ~'7(2) + 10 (2) T (Rin + pnn) " R(Bon + i Ln) " rm (2).
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By the Fourier inversion theorem and Conditions (C2) and (C3), for v = (uq, ..., uy
(Ry + pn D) ~trm (), we have

2

ElL (x / Zuj —iley ) _ =ile)| F(0)(w)dw

2

(1 + [lw]3) ™0 dw

~

n
SCl/ S ugeileed il
R [

2

(1 + llwl3) ™" dw

~

<C wie —i(zj,w) _ —i(x,w
<a [ z j

<Cy /R ) Zu] Uzgw) _ o=@ F(®) (w)dw

=Cy(®(z — ) — T (@)T (R + piondn) "t () =: I3(z), (44)
where the second inequality is because m < my.

Applying Proposition 3 to the correlation function ® implies that

I3(x) < Cslpm/n)' " 7m. (45)

Lemma 21, (43), (44), and (45) imply that for all £; > 0, with probability at least 1 —
exp(—C#),

d

G170y < Ca(l+ 1) (i /m) "2 (46)

Similar to the proof of (42), for all to > Cp, with probability at least 1 — exp(—t2),
_d
/ I(z)dz < Cstipim>™ n~(1=3m), (47)
€

By the fact || Z — qu%Q(Q) < HGH%Q(Q) + |Fm ()T (R, —i—umIn)*leH%Z(Q), (46), and (47), we
finish the proof of Theorem 8.

Appendix G. Proof of Theorem 10

We first present several lemmas. Lemma 23 is Lemma F.7 of Wang (2020).

Lemma 23 Suppose A, B and C € R™" are positive definite matrices. We have

tr((A+ B)(A+B+C)™ ) > tr(A(A+C)™Y),
and tr((A+ B)*(A+ B+ C)7%) > tr(A*(A+ C)?).
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Let K be a stationary correlation function. Since a correlation function is positive definite,
by Mercer’s theorem, there exists a countable set of positive eigenvalues \;y > A2 > ... > 0
and an orthonormal basis for La(£2) {¢k tren such that

K(@—y) =Y Mee(@)er(y), z.y€, (48)
k=1

where the summation is uniformly and absolutely convergent.

Lemma 24 states the asymptotic rate of the eigenvalues of K, which is implied by the proof
of Lemma 18 of Tuo and Wang (2020).

Lemma 24 Suppose Condition (C1) holds. Suppose K is a stationary correlation function
satisfying Condition (C2) and has an expansion as in (48). Then, A\ < k—2mo/d,

We need the following technical assumption.

Assumption G.0.1 Suppose there exists a stationary correlation function K satisfying
Condition (C2) and a constant Ay > 0 such that

(K)
(D) < Ay, (49)

H}" K
Loo(RY)

and K has an expansion as in (48) with eigenfunctions ||og|lr. () < C for allk=1,2,...,
where C > 0 not depending on k.

Lemma 25 states that the MSPE E(Z(z) — fg(z))? can be further bounded by the term
related to K, and the proof is in Appendix L.2.

Lemma 25 Let U be a correlation function satisfying Condition (C2), and Z ~ GP(0,0%W).
Assume Assumption G.0.1 holds. Let {x1,...,x,} be a set of design points. Then for all
x €,

Var[Z(2)|Y] 2 K (z — 2) — rr(2)T (R + uln)~'ri (),
where Rig = (K (zj — xx))jk, Ti(7) = (K(x — 21), ..., K(z — 2,))T, and Y and p are as in
(2).

Lemma 26 and Lemma 28 state that under fixed designs, the empirical norm is close to the
Ly norm. Lemma 26 can be found in Madych and Potter (1985); Rieger (2008). The proof
of Lemma 28 is merely repeating the process of proving Lemma 26 as in Madych and Potter
(1985), thus is omitted.
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Lemma 26 Suppose g € H™(QY) for some m > d/2. Suppose Condition (C4) holds. Then
we have

191l 2o0) < C (R gl zm @) + 1lglln)

holds for all n, where C is a positive constant not depending on g and n.

Remark 27 Lemma 26 is a stronger version of Lemma 3.4 in Utreras (1988). In Lemma
3.4 of Utreras (1988), the fixed designs are assumed to be quasi-uniform. Lemma 3.4 of
Utreras (1988) is used in Tuo et al. (2020).

Lemma 28 Suppose g € H™(Q) for some m > d/2. Suppose Condition (C}) holds. Then
we have

lglln < C(hy gl mm ) + 9l Lo(e)

holds for all n, where C is a positive constant not depending on g and n.

By Lemma 25, it suffices to show

2mgp—d

/ K(z —z) —rg(x)T (Rg + plp)  trg(x)de > n” 2mo |
zeQ)

where K,rg, Ry, are as in Lemma 25. This is because for any linear predictor fg,
E(Z(z) — fa(x))? > Var[Z(z)|Y],Vz € Q.
Notice that for any u = (u1, ...,u,)’ € R",
n n n
K(w—z)=2) wK(x—aj)+) Y upuK (e, — ;) + pllull3 > ulull3,  (50)
j=1 k=1 j=1
since K is positive definite. Let u(z) = (uy(x),...,un(2))? = (Rx + pl,) 'ri(z), (50)
implies
pric ()T (Rg + pln) %ri(x) < K(z — x) — rg(2)T (R + pdyp) Lrg(z). (51)

From (51), it can be seen that it is sufficient to provide a lower bound on I(x) := 7 (z)7 (Rx+
wl,) " 2ry (), because u is a constant.

Let p = [n%(2m0) | where |-] is the floor function. Let K; = ﬁ(cpl(X),...,cpp(X)), and

Ky = ﬁ(gopH(X),gperg(X), ...), where 01(X) = (pr(x1), ..., or(2n))T for k = 1,2, ..., and
¢r’s are as in (48). Let Ay = diag(nA1, ...,n)p) and Ay = diag(nAp41,...), where A\;’s are as
in (48). Therefore, R = > 5o Mook (X)pr(X)T = K1 Ay KT + KoMy KT, Note that for any
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functions v1,va € H™(Q), |[viva|[mo () < Cllvillgmo(e)llv2l mo (o) (Adams and Fournier,
2003). Because I(z) = u(z)u(zx), we have

n
DU

k=1

<CY Nukllimog) < Cr Y Mkl @
H™0 () k=1 k=1

11| o () =

n

=C1 > ((Ri + pln) i R ((Ri + pln) ") = Cite((R + pln) *Ric),  (52)
k=1

where the first inequality is by the triangle inequality, and ((Rx + pl,)~!)s denotes the
k-th row of (Ry + ul,) " .

Next we provide a lower bound on )\min(KlT K;) and an upper bound on tr(KzT A2 K5).
For any a = (ay,...,ap)7 € RP such that |ja||2 = 1, consider function g; = YF_, axpy.
Since ;s are orthonormal, ||g[|z,@) = 1. By Lemma 24, Hngfqmo(Q) < 01H91HJ2\/K(Q) <

ClHSDpHJZ\/K(Q) < Oy/\y < C3p?™0/4 < Cyn. Therefore, by Lemma 26 and Condition (C4),

191l L) SCa(hpllg1llzmo () + llglln)
<Cs(n~m/*n!? + || g]|)
which implies

1 1
||g||n - C5||g||L2(Q) n - 2057

d—2mo)/2d

for some n > Ny, since my > d/2 and n! converges to zero. Then we have

Auin( KT K1) = inf ]2 = G, (53)

for some constant Cg > 0.

Considering tr(KJ A2 K>), we have

o n oo

m d

tr(Ky AoKo) = > e [ D () | <nCF > M < Conp™ a" 1 < Cgn¥a, (54)
k=p+1 j=1 k=p+1

where the first inequality is by Assumption G.0.1, and the second inequality is by Lemma
24 and the basic inequality 370~ k=2mo/d < pp=2mo/d+1,

By (52), [[I|| gm0 () can be further bounded by

11| grmo (o) SCrtr((KiA KT + KoAo K3 + puly) 2 (K1A KT + KoM K3))
<Oy (tr((K A KT + ul) 2K M KT)) + Crop e (Ko Ao KT, (55)

Let I} = tr((KlAle + u[n)*2K1A1Kf). We have

S T
Ni(KGAL KT ) 72 L,
I = E < < nmo ”
1 — (N(K1M K ) 4 p)? SpPsp (56)
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where \;(K1A1K{) denote the i-th eigenvalue of K1A; K7 .

Combining (54), (55), and (56), we find that ||| gmo ) < an2m0.

Together with Lemma 28, we have

_d__ ™o
Hln < Cro(hg® ][ gmo @) + [ Ly (@) < Cra(n®mo @ + (]|, q)- (57)

Let I,, = tr(R%(Rk + pln)~2). Note that \i(Ki1A1KT) = N(K{KiAy) for i = 1,...,p,
because if v; is eigenvector corresponding to i-th eigenvalue of KA K7, then

KlAlevi = )\ﬂ)z‘ = K1TK1A1K1T7)Z' = )\szvz
By Lemma 23 and Rx = KlAlKlT + KQAQKQT, it can be shown that

Iy >tr((K M K2 (K A KT + ul)™2)

< Xi(K A KT) )2
M (KA KT) +

< (M KTEY) )2
i (AIKl Kl) +u

—~

M- 10

=1

which implies
Iy >tr(A K] K1)? (MK Ky + p) ™) > te(AF (A + (KT K™Y 72). (58)

Combining (53) with (58), we conclude that

p
I, > tr(A2(Ay + Cr2lp) %) > 5 > Cisp > Chynd/(2mo) (59)
V23 G

where the third inequality is by Lemma 24. It follows the Cauchy-Schwarz inequality that

n n

1 1
o = | = > (ular)Tu(@r))? > = > ulwy) "ulwy) = I/n > Cran®/ o=,
"= "=
By (57), we have
sty 2 Il =m0 Cogn¥Cm=t o)~ 2 o,

for some n > Nj such that Cyznd/(2mo)—1 > 2nd/(2m‘3)_%, which can be done since mg >
d. Thus, for n > max(Ny, N1), we have E||Z — ng%Q(Q) > nd/(mo)=1" But for n <

max(Ng, N1), taking Cig = infn<max(N0,N1)nd/(2m0 “LE|Z - ng%Q (which is clearly

larger than zero), we can see that E||Z — fg”2 )= Crgn®/(2m0)=1 for all n < max(Ng, N1).
This finishes the proof.
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Appendix H. Proof of Lemma 13

In this section, we set m, := mq(g) for notational simplicity. Since g ¢ H™s(R?), we have
Jra IF () @)P(1 + [lw]|*)™sdw = oo, (60)
and o |F(9) (@)1 + w23 < 00,8 > 0. (61)

Using the hyperspherical coordinate transformation, we can represent w by a radial coor-
dinate r, and d — 1 angular coordinates ¢1, @2, ...,04. Let ¢ = (¢1,d2,...,04)7, and the
Jacobian of the transformation be J. We can rewrite the left-hand side in (60) as

/ / (r, )2 (1 + 7)™ |det(J)|dodr.
[0,27]d—

Let g1 (r) = (1+4r2)™s f[o ompa—1 [ F(9)(r, ¢)|?|det(J)|d¢. Therefore, (60) is equal to [;° g1 (r)dr,
which is infinite. It suffices to find an increasing function Q(r) satisfying

< g1(r)
[ G < o (62)
and
lim 108Q0) (63)

r—+oo  logr

where Cj is a constant. This is because by (63), we naturally have

Fl@) @A+ [l
I8 Q) o =00 (64

for any 41 > 0, and more specifically, if (64) is false, then there exists §; > 0 such that

/ [ (9) (@) [2(1 + [Jw]§)™s 1
Rd Q(llwll2)

By (63), there exists a constant C' such that for r > C, % < 01/4, which is the same as
Q(r) < r%/*, This implies that there exists a constant Cy such that Q(r) < Co(1 + 72)%/2

for all » > 0. Therefore, (65) yields

F(@) @)1 + [Py
m>/ <wm o

>C'0/ |F(g) ()21 + [Jw||?)™s 0/ 2dw = oo,

dw < 0. (65)

which leads to a contradiction.

We construct Q(r) by the following recurrence way. Let a; = 27 fori € Ny, ag = 1, 29 = 0,
and #1 = 1. Let Q(r) = 1 for 0 < r < x1. Since (61) implies that [;° gi(r)r~%dr < oo
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for any a > 0, there exists x2 > x7" such that [~ gi1(r)r~*'dr < 1. Let Q(r) = x; “'r®
for r € (x1,x2]. Suppose we have specified Q(r) for r € (x;—1,x;]. Clearly there exists an
xit1 > x;" such that f;il g1 (r)yr~%idr < 27" Take Q(r) = Q(z;)z; “r* for r € (w;, xiy1].
It can be seen that

i
_ X175 | oy
Qr) = [ xj] ]} r
j=1
and Q(r) is an increasing function. To show that Q(r) satisfies (62), we note that

szlQ Z/le /91 dr+221<(3’1,

=2
where the second inequality is because of the choice of x;’s and Q(r) > r® for r € (x;, Ti+1].

0

Next, we show Q(r) satisfies (63). For any ¢ > 0, there exists an integer N such that for
all r > xn, r € (xpr, 2pr41] for some M > 0,

log Q(r) . ( Ziz\ifl(aifl — ;) log Sﬂl) + (apr—1 — apr) log zas + apy logr
logr log r
(Zi]\ifl(awl — ;) log iL“z) (apr—1 — apr) logxpr + aprlogr
log r * logr
(Zi]\ifl(ai—l —a;)logzrp—1)  apqlogzy
logr + logr

<

+oap—1+apy < +2an-1 < 0,

TM—1 ITN-1

where the second inequality is because r > x;; > acﬁff, and the last inequality is because
ry_1 — oo and ay_1 — 0.

Appendix I. Proof of Theorem 15

In this section, we set mg := mg(f) for notational simplicity. We prove more general results
of Theorem 15, as follows. Note that in Theorem 29, H™°(Q) coincides with Ny ().

Theorem 29 Suppose the conditions of Theorem 15 hold. Suppose A\, = o(1) if f €
Ny (Q), and Ay, = o(Q(n)~™/™0) if f ¢ Ny (Q), where Q(n) is as in Lemma 15 with g = f.
2

2m
Furthermore, suppose Ay, 2 n 4C@m=mo)  [f f has smoothness mgo and f € Ng(Q), for all
t > Coy and n, with probability at least 1 — Cy exp(—Cat?),

1f = FmllF ) < CT, and || fmllae @) < CAR'T, (66)
where
d(mg—m) 2d 2mqg—d
T = max{tm5an~ A Z2 D | 17 A 1 @ + A A ()
om  Ammg—2mqd—2md 2(2m—d) 4
Ve i Ik S W CI) [FAIERES: ,t2n—1Am2m}.
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If f has smoothness mgy but f ¢ Ny (), for all t > Cy, with probability at least 1 —
C1 exp(—Cat?), we can obtain that

1f = full? () < CT, and || fllie o) < CAR'T, (67)

where

d(mg—m) d mg 1 2mg—d
T= max{t2m+dn 2m+d/\m(2m+d)Q( )2mFd A Q(n) + 4tn” 2 Ayt Q(n)l/Q,
4m 4mmg —2mgd—2md om—d 4
tIm—dn~ T Tm=a ), 2"Om=d Q(n)m,th_l)\m27”}.

2m
Note that Theorem 15 can be obtained by taking A\, < n 2mo+4 in Theorem 29.

Now we begin to prove Theorem 29. The following lemmas are used. Lemma 30 is Lemma
A.1in Tuo et al. (2020), which states that the inner product (e, g),, is small; also see Lemma
8.4 of van de Geer (2000).

Lemma 30 Suppose Condition (C5) holds. Let K be a kernel function, which is stationary,
positive definite and intergrable on RY. Suppose there exist constants c; > ¢; > 0 and
m > d/2 such that, for all w € RY,

c(l+ wl3)™™ < F(K)(w) < ea(1+ [Jw]3)™™
Then for all t > C, with probability at least 1 — Cy exp(—Cat?),
(€, 9)nl

sup A <nl
9N gl gl 35

Lemma 31 states the solution to the expectation version of (13) obtained by replacing || - ||,
with || - || 7,(q), denoted by f*, can approximate f well. The proof of Lemma 31 can be
found in Appendlx L.3.

Lemma 31 Suppose the conditions in Theorem 29 hold. Let f* be the solution to the
optimization problem

min + A 68
;Sn I = Al 171 (52)- (68)

If f € H™(Q), then

mq

1f = PR + Al 120 ) < OME 1 3o

where C' is a constant only depending on ), ®, and ¥ including m and mg. In particular,
we have

m m —m
1f = 117, < CM I R @nd 11 Ry < CA™ 113 ) (69)
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If f ¢ H™(Q), then there exists an increasing @ : Ry — Ry such that

1f = £, + Amllf* HN<1>(Q)<C>‘ "Q(n),

where C' is a constant only depending on 2, ®, and ¥ including m and mg. In particular,
we have

mo—m

1f = £ 12, < OMiE Q(n), and |F*]3 i) < CAm™ Qn). (70)

Proof of Theorem 29. The proof of Theorem 29 consists of two parts, according to f lies in

Ny (Q) or not.
Case 1: f has smoothness my and f € Ng(Q).

We first consider the case that f has smoothness my and f € Ny (). Let f* be as in
Lemma 31. Because f,, is the solution to (13), we have

ly = Fall2 + Al ol By < 1y = F212 + Al £ (71)
where y = (y1, ..., yn)". By rearrangement, (71) yields the basic inequality
1F = Foulls + AnllFnl Ry ) < IF = F7N% + AnllF Ry 0y + 2060 frn = f5ne (72)

We apply Lemma 30 to (e, f—1 *)» and obtain that with probability at least 1—C} exp(—Cat?),

(€ Fin = £ < 03 o = 702 o = £ . (73)
Plugging (73) into (72), the inequality
1 = Fonll? A Al By
<7 = £+ Ml P By + 20 o — £ 2 o — 17 HWQ
<IF = P12+ Dl By ey + 27 1F = Fanlln 2 o = FIZE
2t = U = S (74)

holds with probability at least 1 — C; exp(—Cst?). The last inequality in (74) is because
of the triangle inequality and the basic inequality (a + b)? < a? + b? for any a,b > 0 and
q € [0,1].

By the Gagliardo—Nirenberg interpolation inequality,

1 gty S 1 imoc@) S 15 Wi 17 ey S 15 U 17 e (75)
where the first and last inequalities are because || - || xy, () and [| - [y () are equivalent to

| - [[mo ) and || - || gm (), respectively. It can be seen from (75) that f — f* € Ny(Q),
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which is equivalent to f — f* € H™0(Q2). By Lemma 28, we have

1 = £l Shi®llf = £ g @) + 11 = Foll a0
Sha I lvg @) + 2 1 v ) + 11 = £l Lo

0 mo
<HI Fllvg ) + AN iy 171y + 1F = £ laeye (76)

where the second inequality is because of the triangle inequality, and the third inequality is
because of (75).

The reproducing property (Wendland, 2004) implies that for any = € €,
[f (@) = (8@ = D @] < 1fllvg @)@ — ), (77)
which implies HfHLQ(Q) < HfHLOO(Q) < Hf\\/\/q,(ﬂ). By Lemma 31, we obtain
1 N 2ac) < N fllza) + 11 = Fllia@) S 1 o) S 1 v @)
which, together with (69) and (76), yields
17 = 7l S0 oy + B (O™ ) vyt + M 1 v
R Mo

(mg=m)mg

00 mo
SRR Am >+ AT v ) (78)

where the second inequality is because A\, < C5 and m > my. By Condition (C4) and the
_ 2m? (mg—m)mg mg
condition \,, > n~ @@m-mo) it can be checked that A\, > < AZ". Therefore, (78)

can be further bounded by

(mg—m)mq

1f = Flln S (A Am 2 /\"””)Ilflljvwp @ S AP IIfH/\/@(Q (79)

Plugging (79) into (74), we have that with probability at least 1 — C} exp(—Cat?),
1F = Frullz 4 Anll fnl Ry ()
- * -1 o lmam ) § * %
S 1R @) + Al IR ) + 26072 1f = fanlln 2 1 = £ 0
1,50 _d s
+2tn72 (N [ f g @) 2 1 o — ||/\/'(I>(Q
m —m 1 N I—L N N %
i 1713, 0+ O™ W10+ 207315 = ol = 1
mg . da
T 2n B (OAR 1 g )2 | fon R @
SN2 -1 e
,S)\m ||f||/\/'\1,(Q) + 2tn 2Hf - fm”n HmeNq)(Q)
-3 £ 1_% * % -1 72%2 1—-4 7 %
£ 20 S = Ful b I NNTE  + 2n SO 1 ag) 55 ol 3

_1,. 70 _d e
+ 2t O 1 v )2 171122 (80)
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where the second inequality is because of Lemma 31, and the third inequality is because of
the triangle inequality || frn — f*lInp @) < [fmllnve@) + [1f*Ia ) and the basic inequality
(a+ )2 < a?+b? for any a,b >0 and ¢ € [0, 1].

Next, we consider two subcases.

Case 1.1: || fllnz(@) < /¥ np(- Then (80) implies

d
If - fm”2+)‘memHN¢Q)</\ ‘|fHN\I,(Q)+4tn2Hf flln 2 Hf*va’g(Q)

+4tn‘§(/\ﬁ7\\f\w¢(m) _%Hf*uf\g(ﬂ)

which implies either

A o mg 1, o _d " im
17 = Bl 4 Al By S M1 By + 0 OB Ul o) 55 1 3 s (81)

or

. A 1 polmgk e s
Hf—meiJr)\memH/Q\@(m Stz f = fmlln 2 IR

<t H|f = Flle P O™ o) 25 (82)

By Lemma 31, (81) implies

1 = finll + Amll Fnl Ry )

m m mo—m

<\ || £112 1\ 5m 1—d e d
SAR g ) i 2R ([ v @) 27 (™™ (| fllavg () 2
2m07d

mo
=Mt 3@ + 0722 ™ v (83)
Solving (82) leads to

d(mg—m) 2d
If = Fll? StEmtan~zmia \p @D 1IN (62

©)y

M 1 d(mg—m)

and Hmeijq)( <t2m+dn 2m+d/\ am2(2m—+d) A, im? Hf”_/i}:;(—é)a
d(mg—m) _
—tTmiay Tt A\ @) HfH 2m+d (84)

It can be seen that (83) yields

2mgp—d
1 = Fll2 S A 113, @ ™ | fllv@
. 9 mg—m 9 2m04d 4m
and ||l S Am™ 1@ + 07 Am ™ Ifllva @) (85)

Case 1.2: HmeNq)(Q) > || f*l|Azp(e2)- Then (80) implies

_1 P R S
1f = Fnll? + Al Fnl 1Rz ¥ IIfHNW F4n72|f = flln " 1l 37 0

p—— 7 _L ¢ i
+ 4tn"3 (Vn’" ||f||/\fq,(sz))1 m ||mef2\7Z>(Q)’
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which implies either

1 = fanll7 + Al iy )

1—d 3 e
N 1 sy + 480 O Lt )25 ol 35 (36)
or
Fo2 P2 < s p o1 17
Hf_men"'/\memHNq,(Q)Ntn 2| = finlln Hme,/\/'q,Q- (87)
@)

It can be seen that (86) implies either

A A~ mo
1f = Fnlls 4+ Xl Frn R () S A 1 R ) (88)
or
N N 1 mq d A _d_
1f = Fnll2 + Aol Fnl ) S #2072 O 1 Fllavg )™ 2 | o3 - (89)
Solving (88) leads to
~ mo—m
1F = Fnll2 S M 112 s and [ FmlBgey S A £ o (90)

Solving (89) yields

2mmg—mgd—md 2(2m—d)

T am—dym ,-Am e
1f = Fanll2 S A O g | £

2mmg—mgd—md 2(2m d)

N — ) ooy 1 4m __2m T
and | frullnmi) S Am 70T tmmman T | f| o (91)
Solving (87) yields
N 1 _d N 2m+d
1f = Flln S tn72 X0 and | fnllna(@) S tn 72 Am (92)

Combining all the cases listed in (84), (85), (90), (91) and (92), we have

£o2 Fo2 -1
If = fmlln ST, and || fmlln @) S A T (93)
where
d(mg—m) 2d mq 2mg—d
T = max{tmian~ i AG O | 7 A IR @+t B A [ f @
. 2mmqg—mgd—md 2(2m—d) _d
Fomedn~ 4m Tm—d \,, m(dm—d) ”f” 4m d ,t2n_1Am2m}'

It remains to bound the difference between ||f — fim|ln and ||f — fm‘|L2(Q), which can be
done by applying Lemma 26. To this end, note that f* — fm € N3 (), which is equivalent
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to f* — fm € H™(Q). By the triangle inequality and Lemma 31,

I1f = fnll Loy SIF = F¥ o) + I1F* = Fnll Lo
DN [l + B = Pl + 1 = Fonlle
DI |l + B = Fnllnay + 11" = Fnlln
N [l + R vy + R Frlln oy + 1F = £l + 11 = Fonlln

mo—m

N F v + B (1 F e + B ol + I1f = Fonlln
N [ F ) + B A | fllag (@) + AP AGY2TY? 4+ T2
<T'/2 (94)

The second inequality is by Lemma 31; the third inequality is by the equivalence of H™ ()
and Ng(Q); the fourth inequality is by the triangle inequality; the fifth inequality is by
Lemma 31 and (79); the sixth inequality is by (93); the last inequality is because of Condi-

2m

tion (C4) and the condition A\, = n 4@m=mo) > n —%". Then the desired results of Case 1
follow from (93) and (94).
Case 2: f has smoothness my and f ¢ Ny (Q).

Let f* be as in Lemma 31. Let 6 = 2(mofn2§$o dé?;)erQ > 0, we have f € H™% and

mo — d > d/2. Similar to the proof in Case 1, we can change (76) to

If = FFlln Sho0l| f — Fllgmo-s) + 1Lf = o
Sh;no_é”fHHm()*‘g(Q) + hzlo_éHf*HHmof& +If = Flla)

mo—3

m—mqo+
SHO =l gmo-s(ay + W21 oty 1 Ity + 1 = ooy, (95)

where the second inequality is by the triangle inequality, and last inequality is because of
the Gagliardo—Nirenberg interpolation inequality. The Sobolev embedding theorem suggests
that [|f]|z,) < Cslfllgrmo-s(q)- Therefore, Lemma 31 gives us

1 ea@) S W llpa@) + 1 = Fllza) S I llza) S 1 lamo-s(q), (96)
where the second inequality is because A, = o(Q(n)~™/™0) yields || f — f | o(@) = 0, which
implies || — /*|zy(gy < (C — 1)]1fll e for some C > 0.

By (70), (95), and (96), we have

m—m, mg—3§

ot
1F = F¥ Nl SER 00 f prma-a () + B 1Ll Ly alfa H% Q)+Hf Fllae)

Sho 0| L gpma-s ey + B (1| prma-s(gy) ™ Pt Q)Y £ AR Q)

(mg—m)(mg—9)

S(hMo=ON,, 2 A3 1/2 97
S Am +Aa") max{@Q(n) % | fll gmo-s ()} (97)
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where the last inequality is because A\, = o(Q(n)~"/™°) and my < m. Since Q is an
increasing function and satisfies

i 108 Q(r)

r—+oco  logr

)

there exists a constant Cy such that Q(r) < C4(1 + r2)° for all » > 0. Therefore, by the
extension theorem, there exists an extension of f. such that f = f.|q, and

sty S el = [ 1+ IlB)™ | F (7)) P

1 2\mg . 2
o [ AHWB™IFGR@E, o
Rd Q(llwll)
which implies max{Q(n)V/2, || fll yo-s(cy} S Q(n)1/2. Noting that h, S n~Y/4 because X
(mg—m)(mg—5) mg
satisfies Condition (C4), we have A0 =0\, 2" S Asm. Therefore, (97) can be further
bounded by
mg
1] = Flln S A5 Q) 2. (98)

Repeating the proof in the case of f € Ny (Q2), we can obtain that
1f = fmll7 <CoT, and || fmll 3y () < CoN' T,

where
T :max{t%n—%xg%cg(n)ﬁ, M Q(n) + tn=E A Qn)!/2,
tﬁn’%ﬁ%w@(n)%,t%—lmﬁ}.
Similar to the proof of (94), we have

I1f = fmllza@) U = FFllia@) + 1 = Fmllnac)
mo N ~
N Q)Y+ I = Fullirmi) + 17 = Fnlln

= mg—m
SA%WQ(n)1/2+h;n)\m2m Q(n)l/Q—i-hnm)\;IlT—i—T)
<T,

where the second inequality is by Lemma 31. This finishes the proof of the case f ¢ Ny (Q),
thus finishes the proof of Theorem 29.

Appendix J. Proof of Theorem 16

In this section, we set mq := mq(f) for notational simplicity. We show a generalized version
of Theorem 16 as follows. Recall that H™°(Q) coincides with Ny (Q).
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Theorem 32 Suppose conditions in Theorem 16 hold. Suppose Ay, = o(1) if f € Ny, and
A = 0(Q(n)=2m/™m0) if £ ¢ Ny. Furthermore, suppose Ay = n=F. If f € Ny(), let

__2mg _2(mg—m)
T — max{n 2mg+d HfH?\/\I/ + )\mn 2mg+d HfH?\/\I’ Q)?

Am Sme+2md 2mgd d 2m—d
tam—dp,  (dm- d)<2m0+d) /\ dm— dHfH‘lm d

)t2 *1A Qm}

For all t > Cy and n, with probability at least 1 — Cy exp(—Cat?),

If = Fnll o) <72,

If f & Ny(Q), for allt > Cy and n, with probability at least 1 — Cy exp(—Cot?),

A 1/2
1F = Fnll oy S T2

where

2m 2(mg—m)
Ty = max{n_QmoidQ( )+ Amn “emotd Q(n),

Am 8mm0+2'md 2mgd i _d - 2m—d 9 _1 _a
t4m*dn (4m—d)(2mg+d) )\ m— Q( )8m—2d7t n /\QO}‘

We first show that Theorem 32 implies Theorem 16. The results of Theorem 16 under the

case of mg/2 < m < my can be obtained by setting \,, < rf?’sﬁ.
Ifd/2 < m < mg/2, we have that f € H*™({2). Therefore, replacing mg by 2m and setting
Am X n~ 4m+d in the case of mgy/2 < m < my, we obtain
1 = Fnllia) S m s,
Therefore, we conclude that Theorem 32 implies Theorem 16.
Now we begin to prove Theorem 29. We need the following lemmas. Lemma 33 is Propo-

sition 2.1 of Tuo and Wu (2016).

Lemma 33 FEach h € Ny () has an extension h € Ng(R?) which defines an isometric map
from Na(Q) to No(R?). In other words,hela € No(Q), and (he, W) nryray = (hs h) np ()
for all hyh' € Ng(Q2), where he|q denotes the restriction of h. on the region Q.

Remark 34 As shown in Tuo et al. (2020), the map is extended by the map from Fg(Q2)
defined in (15) to Fg(R?) given by

ZB;C(I)(:C —x),x € Qs Zﬁktb(a: — ), x € R
k=1 k=1

Lemma 35 is implied by the proof of Theorem 2.2 of Tuo et al. (2020).
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Lemma 35 Let ® satisfy Condition (C3) and f € Ng(2). Let f. be an extended function
by the map in Lemma 33. Suppose f. € H*™(R?), then the integral equation

f@) = [ v -y, zen
Q
has a solution v = h¢lg € La(Q), where hy = F~YF(fe)/F(P)).

The proof has three steps. In Step 1, we establish an improved basic inequality. In Step 2,
we prove the results under the scenario that f € Ng (). In Step 3, we prove the results
under the scenario that f ¢ Ny ().

Step 1: Establish the improved basic inequality.
Let

1 2m—d/2
ram gzl Kaneaga(lal)

‘ligm (SL‘) =

i.e., Ua,, be the Matérn kernel function as in (8) with v = 2m—d/2 and ¢ = (24/2m — d/2)~L.
Therefore, (9) implies that there exist constants Cy > C1 > 0 such that

Cr(1+ [w]3) ™2™ < F(Wam)(w) < Co(1+ [lwl3) ™,
and Ny, () coincides with the Sobolev space H>™((Q).

Let f* be the solution to the optimization problem

min 0 1F = FIIZ ) + )‘2meHJ2\/q,2m(Q)v (99)

€ Yom

and f be the solution to the optimization problem

min [[f — FI2+ denllFle, o) (100)

€ Yom

__4m
where Ay, = n 2motd is a regularization parameter.

Because fm is the solution to (13), we have

ly = Fanlls + Al AR ) < My = £l + Al £33 (- (101)

By rearrangement, (101) yields

1f = Fmll? + Amll Finllry ) < IF = F2ll2 A+ Amll £33 ) + 206 fn = Fidme (102)

Notice that

1503 ) = 1R ) = 2055 = Fons Fid (@) — 1 = Fnl R - (103)
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Plugging (103) into (102) gives us

1 = Fnllz + Al = FnllRp iy < I = L% A+ 20 = Fons F) N () + 206 fin = Fidn-
(104)

Next, we consider the term (f; — fns fn)Np() in (104). By the representer theorem, the
solution of (100) can be expressed by

f:(l‘) = r2m(x)T(R2m + n)\ZmIn)_le

where rop, () = (Yo (z—121),. .., \I'Qm(az—xn))T, Row = (Wom(xj —xk)) jk, In is an identity
matrix, and F = (f(21),..., f(z,))T. We can extend f*(z) from Ny, () to Ny,,, (R?) by
the map

fi(@) = rom ()T (Rom + ndomIy) ' Fia € Qs frelz) = Tom ()T (Rom 4+ nomI,) "L F, 2 € RY

Clearly, Hf:;”j\/% Q) = ||€)‘";'{7e||/\/q/2 (rd)- As explained in Remark 34, f, ¢ is the extension as

in Lemma 33. By the equivalence of Ny, (R?) and H>™(R?), we can apply Lemma 35 to
~, and obtain

fix) = /Q B(r — yo(y)dy, =,

with v = hflog € La(Q), where hy = F~1(F(f:.)/F(®)). Proposition 10.28 of Wendland
(2004) shows that for any function g € Na(Q), (g, fr)nw(©@) = (9,V)1,(). Together with
(104), we have

1f = Fnll? 4 Amll = Fonll Ry ) S I = Filla + 20 fs = fins 0) Lo() + 206, fon = Fidn
<IF = F212 4 220l = follna@ 0l o) + 206, firn = fi)n- (105)

We call (105) the improved basic inequality, which improves the basic inequality (72) in the
oversmoothed case.

Step 2: Prove the results under the case f € Ng(Q).

Applying Lemma 30 to (e, fm — f*)n, we obtain that for all ¢ > Cj, with probability at least
1 — Cy exp(—Cat?),

(€ fin = £ < 03 o = 20 Fon = F2IZE . (106)
Plugging (106) into (105), we obtain
1F = Fmlls + Al £y = Fnll R )
<= Fil% + 20ml s = Fnll Lo 0l o) + Ctn™2 || fon — f;||7lz_%||fm - f;”ﬁ%gn
<|If = £rll2 4 2Amllf — ) ”UHLQ @ + 2Amllf = fll L Q)||UHL2(Q
I LIS o — £33 )+ OIS = Bl o = £21EE e (107)

52



CONVERGENCE OF (GAUSSIAN PROCESS REGRESSION

where the second inequality is because of the triangle inequality || frn — fln < |f — finlln +
Il f — f7|l» and the basic inequality (a + b)? < a? + b? for any a,b > 0 and ¢ € [0, 1].

Since mg/2 < m, we have 2m > myg. Recall that f* is the solution to (99). Lemma 31 gives
us that

m072m
1f = £, S M £ 113 @ and £ 1, @) S A2m™ 1 1Re 0)- (108)

As shown in (79), we have

X2 moy e Mg

1f = £l S (A g * 4 A0 )M vy o

(mg—2m)mg

SRR Ny, V’”)HfHNJ, <AD 111, () (109)

where the second inequality is because of the Cauchy-Schwarz inequality, and the last
(mg—2m)mqg mg

__4m mo
inequality is because h, <n ™% and gy, = n~ Fro+d (thus hA2Mo), 4m2 < A2m),

Because f; is the solution to (100), we have

1 = £ 4+ Dol £, o <IF = FI2 4 Dol ey, (110)
Combining (108), (109), and (110) yields

1f = Falln + Aemll f2 1R, (@) S ¥ 1113, (-

which implies
mp—2m

If=rlln S )\27" 1113 0 and 15313, @) S dem™ 1 IRe0)- (111)

Similar to (75), by the Gagliardo—Nirenberg interpolation inequality, we can show that

2m—mg

2m—mg
1fallvg @) S Wfallamo) S AN LGy IIanHzm y Sl ||fn|| e (112)

Applying Lemma 26 to || f — f||1,(), it can be seen that

1f = falla@) Sl = fallamo) + I1f = falln
Skl = fallnvg @) + 11 = falln
Sha I Ivg @) + 2o | fallvg () + I1F = f;illn

2m—mq
S f 1 ve (2 JrhnmonnllL2 IIan @ AR HfHN@
2m—mg
<ol il 2 2l (Q)H;WHM,@, (113)
where the second inequality is because || - [|gmo(q) is equivalent to || - ||ny, ), the third
inequality is because of the triangle inequality, the fourth inequality is because of (111) and
mo

(112), and the last inequality is because k70 < \Jm .
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Applying Lemma 26 to || f;]|1,(q) leads to

£l Loy SRRl z2m () + 1 fnlln S B x| Ny,, @) + 1l
Shime;“HNWm(m Al +11F = f*Hn

<hzmagn ! ) fllaacey + 1 Y Hf”/\/'q, S v @) (114)
where the second inequality is because || - [|g2m(g) is equivalent to [ - ||, (q), the third

inequality is because of the triangle inequality, the fourth inequality is because of (109) and
(111), and the last inequality is because of h,, < n~/? and (77).

Plugging (111) and (114) into (113), we have

mg(mg—2m)

1f = Fallza) S Ao *™ I @) + Ao ) @) S Ao 11N () (115)
mo(mo 2m)
where the last inequality is because hmox\ m? < )\fn”;, which can be checked by noting

the fact hy, < n~1/4 and Mgy, = n” F0 .
The Plancherel theorem (Bracewell, 1986) implies that

mg—2m

1ol s S W12, ey = I F @2ty S el gty S Man™ 1y
(116)

So far, we have provided upper bounds of || f — f5 |ln, [[f = f5 || Lo (@) and [|[v]| £, (). It remains
to solve (107), which can be divided to several cases. Note that (107) implies that either

1f = Fanlli + Xl £ = FrallRepiy < 201F = Filla + 20mllf = frll a0l o)), (117)

or

”f—fm”%‘F)\me; _fAmH/Q\/’q)(Q)
; -1 sl f |z
<22l f — Fnlla@ ol oy + Con 2 1f = Filln 2 1 fon = S22
1 R T
+CtnEf = Flln N5~ Fnll EE ). (118)

Plugging (111), (115), and (116) into (117) leads to

1f = Fmlls + Al frr = Frnll R0y S A 11y ) + AmAam™ £ 1R 0
which implies

1f = Fmll7 /\””HfHNW T AmAg "R @)

mo—m

and (15— Full3es ) S A I ) + Aot 112, - (119)
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Solving (118) is more complicated. By Lemma 26, it holds that
If = fnll Loy SEENF = Fmllm@) + I1f = Fnlln
Sha' llf = Fmlve @) + 1 = fmlln
Sha'lfn = Fmlve@) + 2 1F = Fallve@) + 1f = flln, (120)

where the second inequality is by the equivalence of || - || m(q) and || - || x7 (), and the third
inequality is by the triangle inequality.

By the Gagliardo—Nirenberg interpolation inequality, we have

mO m
15 = £l S 1F = Ellimiey S 1F = £l IF = Filito @y (121)
where the first inequality is because of the equivalence of || - || gmq) and [ - ||x (). Using
the Gagliardo-Nirenberg interpolation inequality again, we find that
2m—mq
I1f = fallzmo@) < W fllmo@) + 1 fallmmo(e) S 1 lmmo(o) + I1£2 11,00 ||anHzm
2m—mq (mg— 2”;>m0 (mo— 27;7')7”0
S vy + £ 0,55, 12 H @ S I lwva@) + 2 ™ I flva@) S Aem ™ 1 lavee)
(122)

where the first inequality is by the triangle inequality, the third inequality is by the equiv-
alence of || - || rmo(q) and || - |, () and the equivalence of || - || g2m () and | - HN\I/M (@), the
fourth inequality is by (111) and (114), and the last inequality is because A9, < 1 and
mo < 2m. Combining (115), (120), (121), and (122) leads to

1 = Fallzagey SN = Frllnaey + BT = F2 10 1F = £2ll i ey + 1 = Fonlo
PN = Pl + A gy + 1 = Flo (123)
Plugging (123) into (118) leads to
1F = Bl + Al 2 = FnlZes )
_

Shy Amllvll o1 £ = Fnllnv ) + hm)‘m||v||L2(Q)>\2m8m £ 1l @) + Amllvll Lo@l1f = Fnlln
_1 % l—lm ~ 1 A 1_% " ~ %
+itn 2| f = fulln 2 fm — anNq>(Q +in7 2| f = falln "7 = fmll {2 0
=+ I+ Is+ Iy + I5. (124)

Depending on which I}, is equal to max{Iy, Is, ..., I5}, (124) implies one of the following case
is true:

Case 1.1: I} = max{[y, Is,...,I5}. Under this case, we have

1f = FnllZ 4 Amll = Fonll Xy ) S P Aol Lo 15 = Fnlln - (125)

For the conciseness of this proof, we only provide details on solving (125) in Case 1.1. The
inequalities in other cases can be solved similarly.
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Note that (125) implies that

Ml fr = FnllRp ) S B Amlvll Lo s = Fnll v

which implies

mg—2m

1 = FralR o) S B 01 0y S B Aame™ 1R (0

where the last inequality is because of (116). Together with (125), we have

mg—2m

1 = Falls ShEAmllvll Lol = Fnllvme) S B Amdan™ 1 IR

Case 1.2: Iy = max{Iy, Is,...,I5}. Under this case, we have

3mg—4m

1 = Falls + Xl = FrulRp (@) S B Aol o) Aom™ £ lln o)

By (116), (128) yields

“ 5mg—8m
1 = 2 € B A A 1113 )

5mg—8m

1y = FnllRa) S B dom™ 11X
Case 1.3: I3 = max{[y,Is,...,I5}. Under this case, we have

1 = Falli + Xl £ = FullRep) S Amllol Lo lf = Frnlln-
Solving (130) leads to

mg—2m

1f = fmll7 S A2 113 (00

mo—2m

155 = Pl @) S AmAon?™ R ()s
where we use (116) to bound ||v]|L,q)

Case 1.4: I; = max{Iy, I2,...,I5}. Under this case, we have

A * A 1 " 1,% A
Hf_meEL—’_)‘men_fm”iﬂp(ﬂ) Stn ZHf_ann : ”fm fn”/\[q)(Q)

Solving (132) leads to

~ _d 2m—d
1f = Fml2 St w200, d(Alelflle @),

_4m mq

||f fm”/\/’@ @) S <t4m dn~ 4m d)\ Am—d d()\Qm”f”N\p(Q))

where we use (111) to bound || f — fX|,.

mfd

Case 1.5: I5 = max{[y, Is,...,I5}. Under this case, we have

£ * £ -1 A 7 %
1F = finll + Al frr = Frull Ry S t072F = Frnlln > 1157 = finll 3 )
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Solving (134) leads to

P2 < 42, —1 1y~ 25t
1 = Full? S 20002, £ FrlRm(@) S 20 A E (135)
Combining (119), (126), (127), (129), (131), (133), and (135) we have
1f = Fmlls S T = FnllRp ) S AT (136)
where
mog mg—m mg—2m
T = max{ A3 || flI3e, ) + A At 11y 0> B A g™ 11 f IRy 0
5mg 78m mo—2m
hy' A )\Zm " HfHNw X o™ Ml )

4am 2m 2m—d o 1 __d
tdm—d dn 4m— d)\ 4m d()\Qme”N\I/ )4m—d’t n- )\QO}
m —m

—max{/\ HfHNW + Ao, 2 | F 1R )
_da

4m 2m—d __d
o T B 71y o) B, 20,

9 mgp—2m mg—2m 1/d __4m
because A2 A, 7" < Ay, 2" by S and Aoy, = n” 2motd,

We finish Step 2 by bounding the difference between || f — fu||2 and ||f — me%Q(Q)' By
(115), (121), and (122), it can be seen that

mo—m 3mg—4m

If = Fallnve @) S IF = Fall e IF = fa HHmo @ = P Ty e (137)

By (120), (136), and (137), we have

I = Fll o) SN = Fnlve@) + R0 = Fillve) + 1f = fmlln

mO —4m
Shyt AP TY2 4+ W gn, S 1 g o) + T2
STI/Q N . 4m0;’;?23rzgofd)2md SJ T1/27
where the second inequality is by A\, = n_27m, the third inequality is by h, < n~ /¢ and
__4m
Ao = n 2motd and the last inequality is because the optimal convergence rate of T is

2mg _ 4Amgm+3mgd—2md
n 2"‘0+d which is always larger than n d@mo+d) Therefore, we finish the proof of

the case f € Ny(q)-
Step 3: Proof of the case f ¢ Nyq)

4m
Let f* be as in (99). We still set Aoy, = n 270, If f ¢ Ny(q), Lemma 31 gives us that

mo—2m

mq mg—=am
If = F¥1Z, < CAzQ(n), and IR, (@) < Chop™ Q(n), (138)
where @ : Ry — R, satisfies

lim 128Q0) _
r—+oo  logr
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m2 mo— .
Let 0 = 2(m0+221()(7%0%2/)2)+m% > 0. Thus, mo — 0 > d/2. As shown in (98) (note that we

replace m in (98) by 2m in (139)), we have

1F = £l < A2 Q)2 (139)

Note that (110) is also valid under the case of f ¢ Ny(q). Combining (139) with (110) and
(138), yields

mo
1 = 212+ Aol £33, (o) S M Q). (140)

By the Gagliardo—Nirenberg interpolation inequality, we have

2m—mqg+3d -5 2m—mg+95 mg—24

1l zrmo-s) S Wfallp, &y ||anH2m SIfallydy 1fallas o) (141)
where the last inequality is because of the equivalence of || - || g2m (o) and || - [|ag, (@)- By

Lemma 26, it can be seen that

1 = Fill o) SEo=°If = fallmmo-say + I1f = filln
SERO 1 F N rmo-s() + R 1ol zrmo-s () + 1 = folln

2m—mqo+90 mg—3§

0 mo
SE N mo-s iy + R Nl @y Inlla i (@ + A Q(n)'?,
(142)

where the second inequality is because of the triangle inequality, and the last inequality is
because of (140) and(141).

Since f* € Ny, (), ¥ € H*(Q). Applying Lemma 26 to f leads to

13l Loy SRR 1 Fllz2m () + 1L £l
<thIIJ”IIqu,2 @ [ flln + 1 = F7lln

mo 72m
<2 Q) 4 [ Flln + Mg Q)
<L (143)
where the second inequality is by the equivalence of || - || 2m(q) and || - ||y, () and the
triangle inequality, the third inequality is by (140), and the last inequality is because of
mg—2m 2m(2mg—d)+2mgd

(77) and h2m\,, 2" Q(n) Sn CmoFdd  Q(n) < 1.

Similar to the proof of Theorem 29, we have || f{| gmo-sq) < Q(n)Y/2. Plugging (143) into
(142), we have

m—mqg+4§ m—§

1 = £ zaey SHEO N imo-soy + Wi WA () + A Q)2
mg—2m
SE N fllrmo-a() + i g™ Q(n >1/2> S A Q)
A Q(n) 2, (144)
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(mg—2m)(mg—9)

where the second inequality is by (140), and the last inequality is because h?o_‘s)\Qm 8m? <
mg

Ay and Q(n) 2 1

The Plancherel theorem (Bracewell, 1986) implies that

mg—2m

1012 00 S g2y = 1)/ F @2, gty S ey, qmey S Aam™ Q).

Note that (107) also holds for f ¢ N\I/(Q). Repeating the process of obtaining (119), (126),
(127), (129), (131), (133), and (135), we have

1f = fulls S Tu s = FnllR 0y S A T (145)

where
mg mo—m
Ty = max{\J7 Q(n) + Ay, 2™ Q(n),
d mQo

B e — 2m—d ~ 5
t%niﬁ)\mélm_d (A%%Q(n))‘fmnﬁ,t2n_l)\m2m}'

It remains to bound the difference between ||f — fi||2 and ||f — me%z(Q)‘ Using the

mgd+2mmo(2m0—d)} ~ 0
)

Gagliardo—Nirenberg interpolation inequality, for 6; = min{mgy—m, Smmo Fimd

we find that

1 = Fallamo-s1(q) < 1fllgmo-a1 () + [l fallrmo-21 a)

2m—mg+d1 mqg—91
*
S M llamo-si oy + 11l ) Wfallgdn o)
2m—mg+d1 mqg—91

[ P o e ol o e
mo—2m 1/2
S I lamo-s1 (@) + o™ Q(0)'?)

mo—2m mo—581

S Qo™ Q)2 o (146)

where the first inequality is by the triangle inequality, the third inequality is by the equiv-
alence of || - ||g2m(q) and [ - ||ng, . the fourth inequality is by (140) and (143), and the

mg— 51
2m

last inequality is by || f[|gmo-s1(0) < Q(n)l/ 2 (which can be shown similarly as showing

~
mq (mo 2m)

1 £l mo-s0) S QUn)M2), and Q(n) "5 < Xy,
By the Gagliardo—Nirenberg interpolation inequality, we have

mg—381—m
* * m 5 mo—01

I = fallve @) S I = fallame) S W=l 1f = /o !H&O 510

mg —d7 mg—2m mg—91
S QMY 05 (A, Q(n)Y/2) )

3m873m06174mm0+2m61 3 —2m—38
_ 8m(mg—91) %
=Aom Q(n) mo=v (147)

where the first inequality is because of the equivalence of || - | gm o) and || - ||z (), and third
inequality is by (144) and (146).
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By Lemma 26, we have

1 = Fnll o) SRS = Fonllirm) + 1f = Finlln
SHIS = fnllwa o) + 1 = Fnlln
Sha'llfa = Fmlve@) + Bl = Fillnve@) + 11 = fmlln

3m0—3m051 4mmqg+2mdq 3mg—2m—35

SHPAMAT? RN, T Q) it 1
1/2
STl/ 9
where the second inequality is by the equivalence of || - [|gm ) and || - [|x; (@), the third
inequality is by the triangle inequality. The fourth inequality is by (136), (145), (146) and
(147), and the last inequality is by the facts that A, Chy <V N =1 2m0+d

2mg

and that since T) is always larger than n 2m0+d, it can be checked that T) 2 4 always
2

3m{—3mgd —4mmgy+2méy 3mg—2m—38

larger than A\, ~— *"m0~°V Q(n) 4mo—51) _ which is also because of our choice of
d1. Therefore, we finish the proof.

Appendix K. Proof of Proposition 17

Let u = (u1, ..., un)T = (R + pmIn) ~trm(x). By the representer theorem,
fm(@) =u"Y =u"F +u"e,
where F = (f(x1), ..., f(zn))T and € = (€1, ..., ;). Therefore,
E(f(x) = fu(2)* =(f(2) = " F)? + oZu"u, (148)

where o2 is the variance of ¢;. The Fourier inverse theorem implies

—iujf(fvj))
' / <Z“ﬂ e <“”>)f<f><w>dw
/ Zu] iz w) _ o—i(zw)
:(\Il(:z: —z)— 221@'\1/(3; — ;) + anzn:ukuj\ll(xk - xj)) ”fH/Z\/w(Q)’ (149)
-

Jj=1j=1

2

where the inequality is by the Cauchy-Schwarz inequality.
Now consider E(Z(z) — fa(x))?. Direct computation shows that

E(Z(x) — fa(x))? = (\I/(m —x) — ZZuj\I!(x —xj)+ Z Zuku]\ll(xk )> + o?ulu.
j=1

j=1j=1
(150)
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Plugging (149) into (148), we have

E(f(2) — fu(2))? < (w R ST TCEA NG o SR Te :vj)) 112 0
j=1

j=1 j=1
+ U?'LLTU
n n n
§C<\Il(a: —z)—2 Zu]\lf(a: —xj5) + Z Zukujlll(a:k — ;) + U?uTu>
=1 j=1 j=1

=CE(Z(2) - fa())?,

where C' = max{1, HfHJQ\fq,(Q)}’ and the last equality is by (150). This finishes the proof.

Appendix L. Proof of auxiliary lemmas

L.1 Proof of Lemma 22

We first state some lemmas used in this proof. Lemma 36 can be obtained by repeating the
arguments used to establish Theorem 2.2 of Narcowich et al. (1994); also see Equation (4)

in Narcowich et al. (2006). Lemma 37 is Lemma 3.2 of Narcowich et al. (2006). Lemma 38
can be obtained by elementary mathematical analysis, and the proof is in Appendix L.4.

Lemma 36 Let U be a Matérn correlation function satisfying Condition (C2). Suppose the
design points X = {x1,...,xn}. Let Ax be the maximum eigenvalue of matriz (V(x;—xr)) jk-
Then

Ax < 0(0)+ Y 3d(k +2)" " W (kqx),
k=1

where qx is the separation radius of X .

Lemma 37 Let ¥ be a Matérn correlation function satisfying Condition (C2). Then we
have that U is positive definite, decreasing on [0,00), and satisfies the bound

V(@) < /2mep,r’ 2T =y > 0,

where v =mqg — d/2.
Lemma 38 Define function g as
g(a:) — xd/2+m073/267:p7 x> 1.
We have g(x) < Ce™*/? for all x > 1, where C' = (d + 2mg)%/>t ™o,
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Now we begin to prove Lemma 22. Note that k + 2 < 3k for £ > 1, which, together with
Lemma 36, leads to

Ax <¥(0) + i 3d(k +2)7 W (kqx)
k=1

<U(0) + 3% ) kMU (kgx)

k=1
[1/qx] o)
=0(0)+3%d > kKT W(kax)+3% D> kT W(kgx)
k=1 k=[1/qx|+1
:\I/(O)-i-fl + I, (151)

where |a| is the integer part of @ € R;. Since ¥(x) is a decreasing function, the first term
I; can be bounded by

1/gx]
I <3% ) kTMw(0) < 137U (0)([1/gx ) < C13%dT(0)(1/gx)", (152)
k=1

where we utilize the basic inequality Y jr; k%~ < Oymd.

Using Lemma 37, the second term Is can be bounded by

I < 3dd Z k‘d_l\l’(/{?qX) < Oy Z kd—l(kqx)mo—d/2—1/2€—kqx+(m0—d/2)2/(2kqx)‘
k=11/ax)+1 k={1/qx)+1

Clearly, kgx > 1 for k > |1/qx | + 1, which implies e(mo—d/2)?/(2kax) < ¢(mo—d/2)*/2  There-
fore, I» can be further bounded by

oo

Iy <Chel™ =212ttt (k) (k)oY 2eRax

k=[1/qx]+1
:C2€(m0—d/2)2/2q)—(d+1 Z (qu)mo-i-d/Q—?:/Qe—qu

k=|1/qx]+1
—Che(mo=d/2*2=dt1 . (153)

where
13 — Z (qu)d/2+m0_3/2€_qu.
k=[1/qx]+1

Consider function g(x) = z%2tm0=3/2¢=% 4 > 1. By Lemma 38, we have g(z) < Cze™%/2,
where C5 = (d + 2m0)d/ 2+mo  This implies that I3 can be bounded by

o o
I3 < Cy Z e kax/2 < C4 Ze_qu/z
k=|1/qx |+1 k=0
Cs ax/2+1 _ 4
= < < 154
1—€*QX/2 >~ U3 QX/2 NqX ) ( )
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where third inequality is because of the basic inequality 1 —e™" > 25 for x > 0, and the

last equality is because ¢x < 1. Plugging (154) into (153), we have I < C’4q)_(d. Together
with (152) and (151), we can see the desired result holds.

L.2 Proof of Lemma 25

Let u = (u1,...,un)” = (R + pl,)"'r(z), where R, r and p are as in (2). The Fourier
inversion theorem implies that

K(z —2) — rg ()T (Rg + plp) g (x)

n n n
SK(w—2)=2) wK(@—z)+ Y Y wjupk (w; — zx) + plul3
j=1

j=1 k=1
_ 1 /
(27r)d Rd

Z uje_i<zj7w> _ e_i(z’w>
=1
1 - : ,
<Ay—— e Uzjw) _ gmifrw)
<o [ e -
<max{Ap, 1} 1/ iu,e—i(xj,m _ e izw)
B ’ (2m)¢ Ja o ’

=max{Ay, 1}(¥(z — z) — r(z)T (R + pul,) " tr(z)),

2
F(K) (w)dw + pl|ul/2

2
F(U)(w)dw + pl|u /2

2
F(U)(w)dw + pol|ul/2

where r and R are as in (2). This finishes the proof.

L.3 Proof of Lemma 31

In this section, we set mg := mo(f) for notational simplicity. Since 2 has Lipschitz bound-
ary, there exists an extension operator from Ly(Q2) to Lo(R?), such that the smoothness of
each function is maintained (DeVore and Sharpley, 1993; Rychkov, 1999). Therefore, there
exist constants 0 < C7 < Cq such that for any functions hy € H™ () and hy € H™(Q),
there exist h1, € H™(R?) and hy, € H™0(R?) satisfying

Cillh el gmray < 1M llam@) < Collhiell gmray, (155)
C1llh2.ell momay < lhallmmo() < Callha,ell grmo(ray, (156)

and hyc(z) = hi(z) and hge(z) = ho(z) for any x € Q. Let f; be the solution to the
optimization problem

sominfe = Tl o + Al oy (157)

where f, is the extension of f satisfying (156) with ho = f.
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Because @ satisfies Condition (C3), N3 () coincides with H™ (). Since f* is the solution
o (68), by (155), we have

17 = £ 12, + Amll S ) < Hf Pl + Ml el @)
<C3 (Hf fl 7"||L2 + A )) < C4 (er - f1||L2(Rd) + Am”fl”%[m(Rd)) ; (158)

where fi, is the restriction of f; onto (2.

By the Fourier transform and the Plancherel theorem (Bracewell, 1986), we have
er - f1||i2(Rd) + Am“fl”?'—]m(Rd)

- / F(f) () — FU) ()P + A / F()@)( + [w]B)™deo
R4 Rd
= /R (IF(F) (@) — FUD@I + Al F @) + ] 3)™) deo

[ el 2
_/Rd 1+ A (1 + [Jw]2)™ |F(fe)(w)]“dw

_ Am (L + [[w]3)™ 2 A (1 + [|wl|5)™ 5
= T T TP+ T8 gl T P

2\m 2 2
< /Q (1 B ) P+ /Q () )P, (159)

1

where Q1 = {w : A (1 + [|w|3)™ < 1}, Qf = R?\ Q, and the third equality follows that fi
is the solution to (157).

On the set Oy, since A\, (14 ||w||3)™ < 1 and m > my, it can be verified that A, (14 ||w||2)™ <

m

mq
)\ (1 + |lw||3)™. On the other hand, since A\, (1 + [|w||2)™ > 1 on the set Qf, we have
/\ (1 + ||wl|[3)™® > 1. Together with (159), we obtain

||f€ - f1||L2(Rd) + >\m||f1||Hm(Rd)

2\m 2 2
< [l Il P+ [ PG )P

1

Sy / (14 [wl2)™ | F(fo) (@) P + A / (1 + ]2 ™| F(f.) () Pdew
o Q¢

2 2 %; 2
=Mt ([ fellzrmomay < Cadmt [|f lzmo ) < Corm® 1f Iy (@) (160)

where the third inequality follows from (156) and the last inequality is because of the
equivalence of || - || gmo o) and || - ||ar )

Combining (158) and (160) yields

mg
1 = £ 1) + Al TR ) < Cort 1£ 113y (0

which implies

mO—m
1F* = 2, @) < Comi ||f||/\/\1/(Q) and || || % (0) < Codm™ 1 I3s ()
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Next, we consider the case f ¢ H™(Q). If f ¢ H™(Q), by Lemma 13, there exists a
function @ : Ry +— Ry such that

[ EURCIB™ g gy 290
Rd -

Q(||lwl2) r—+oo logr

Therefore, (159) can be changed to

1fe = fullZ ey + Amll FillFpm ey

0 (e o
-/, T (1t gy D@

el : A1+ )" :
= TR T TP 25 g P

< [ s BelBIF )R + [ IF) )

of
mg w)|? =0 w)|?
<c; <wczl<n> a5 a0 [ ”“”3)momdw>
SCSA%Q1(n)7 oy

where Qo = {w : Ap (1 + [|w|2)™ < Q(JJw2)™™0}, QF = R\ Qy, and Q1 : R, — R, is a
function such that sup,cq, Q(w)™'™o = Qq(n), since we assume \,, = n® for some a. It
can be seen that ()1 satisfies

lim log Q1(r)

=0.
r—+oco  logr

The second inequality of (161) follows from the fact that if w € Qo,

)‘m<1 + kug)m (/\m(l + Hng)m>mo/m
Qw0 =\ Q(wlay™m )

and otherwise

Am(1+ rwua>m>m0/m
C 0.
< Q([[wl2)m/mo i

Note that (158) also holds for f ¢ Ng(€). Therefore, it can be seen that (158) and (161)
imply that

mo—m

mg 0
1£* = £, < CsAi Qu(n) and [|f*|[3s, ) < CsAm™  Qu(n).
This finishes the proof of Lemma 31.
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L.4 Proof of Lemma 38

The result is implied by
g2Hmo=3/2=0 < Ce=/2 oy 2 4/24m0=3/2 < 0?2 o (d/2 + mg — 3/2) logx < log C + g

Consider function h(zx) = log C' + 5 — (% +mp — 3)logz. The first order derivative of h(z)
is
dh(z) 1 d/2+mo—3/2

dx 2 x
If d/2 +mo — 3/2 < 1/2, then h(z) is an increasing function on [1,00), which implies
h(z) > h(1) > 0, and the result of Lemma 38 holds. If d/2 + mo — 3/2 > 1/2, then h
decreases on [1,d + 2my — 3), and increases on [d + 2my — 3,00), which implies that h
takes the minimum at x = d 4 2my — 3. Since h(x) > h(d + 2mo — 3) for all z > 1 and
h(d + 2mg — 3) > 0, we finish the proof of Lemma 38.

Appendix M. Proof of statements in Example 2

Direct computation shows that the Fourier transform of f is

4sin?(w/2)
‘F(f)(w):W7 weR.
It can be seen that
/|f 2(1 4 [w]?)* 2w
/ F @)+ [w]?)dw = / 201 = cos@)® (g |1ty
R Tw
©2(1 — Cos(u)))2 " > 2(1 — sin(t))?
e R A=

o 2 [ 4sin(t)
2/0 ity /0 )"
o 2 [ 4sin(t)

Sl

dt = oo and [° 4O g — 9 (Bartle and Sherbert, 2000), which

7t

Note that [;* ﬂ(t+w/2)
implies [, |[F(f)(w)]*(1 + |lw[)3/2dw = oo. This implies f does not belong to the Sobolev
space H3/2(R). By checking that

/IF 21+ )20
2(1 — §
/ FN @)+ fw])* P dw = / AL D (1 ol
R W
1 2
_/ (C—Oi(w))(l + |w])* P dw +/ L o) < 00,5 > 0,
. Tw R\[-1,1] "W
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we can conclude that f has smoothness 3/2. It is easily seen that, the function Q(t) :=
2
C'log?(1 + t) defined on R, with C' an appropriate constant satisfies fR%(l +

|w|?)32dw < 1.
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